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Problem 40. Let G = GL(2,C) and B C G the set of upper triangular
matrices in G. Show that B is a closed subgroup and that the map

G - IP)I(C) gr [961]7

where e; is the first standard basis vector of C2, is the Chevalley quo-
tient of G' by B.

Problem 41. Let GG, B be as in the previous problem. Let p : G —
GL(V) be a finite dimensional representation of G. Show that VB =
V% i.e. any vector v € V fixed by B is fixed by the whole group G.
Hint: Apply the universal property of the categorical quotient G —
G/ B to the orbit map g — p(g)(v) and use that that this quotient can
be identified with the morphism G — P!C from the previous problem.

Problem 42. Let V be a finite dimensional vector space, f : V — V
a linear map and r € N. Consider the linear maps A"(f) and X7(f) :
ANV — ATV given by

AN (f)vg Avg A Lovp) = for) A flog) A f(o),
ST(F) (v Avg AL vy) ::Zvl/\mAf(vi)/\--J\vr.

Let W C V be an r-dimensional subspace. Define L := A"W and
consider this as a one-dimensional subspace of A"V.
(a) If fisin GL(V) show that f(W) = W if and only if A"(f)(L) =
L.
(b) If fisin End(V) show that f(W) C W ifand only if X" (f)(L) C
L.

Problem 43. Let p : G — GL(V) be a homomorphism of algebraic
groups, where V' is a finite dimensional vector space. We use the nota-
tion from the previous problem.
(a) Show that A"p : G — GL(A"V), g — A"(p(g)), is a homomor-
phism of algebraic groups.
(b) Show that the differential dA"p : g — Lie GL(A"V) = End(A"V)
is given by X — X" (dpX).



