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Problem 36. Let X = V be a finite dimensional k-vector space and
x ∈ X.

(a) For v ∈ V , show that Dv : k[X] → k, defined by

Dv(f) =
d

dt
|t=0(f(x + tv)),

is a point derivation at x, i. e. Dv ∈ Derk(k[X], k).

(b) Show that v 7→ Dv defines a canonical isomorphism V
∼−→ TxX.

(c) If U ⊂ X is an open subvariety and x ∈ U , show that TxU =
TxX.

Problem 37. Let G be an affine algebraic group. Show that

(ad X)(Y ) = [X, Y ]

for any X, Y ∈ Lie G = TeG.
Hint: If ∆(f) =

∑
fi ⊗ gi, then D̃(f) =

∑
fiD(gi) and [X, Y ](f) =∑

X(fi)Y (gi)− Y (fi)X(gi).

Problem 38. Describe the Lie algebras of the following affine algebraic
groups:

(a) SL(n, k) ⊂ GL(n, k);
(b) upper triangular matrices ⊂ GL(n, k);
(c) strictly upper triangular matrices ⊂ GL(n, k).

Problem 39. Consider the affine algebraic group PGL(2, k) from exer-
cise sheet 3, problem 8. Determine the Lie algebra of PGL(2, k) and de-
scribe the Lie algebra homomomorphism Lie SL(2, k) → Lie PGL(2, k).
What happens in characteristic 2?


