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Problem 44. Let B(m) = {F®u | 0 < i < m} be the crystal graph of the (m+1)-
dimensional irreducible U, (slz)-module L(m) with highest weight vector v and let
B(oco) = {F®Wuvg | i > 0} be the crystal graph of the Verma module M (0). Show:
The map ¥ : B(m) — B(co)Q@T,, fOu— fOuyy@t,, (0 <i<m),isan embedding
of Uy (sly)-crystals, but this crystal morphism is not strict.

Problem 45. Let A € X be a dominant integral weight and B(A) the crystal
graph of the irreducible highest weight U,(g)-module L()). Suppose that B is a
connected Ug,(g)-crystal. If there exists a strict crystal morphism ¥ : B(A) — B
such that (B(X\)) C B, then VU is a crystal isomorphism.

Problem 46. Let V' be the three-dimensional Uy (s(3)-module that is the quantized
version of the natural representation of sl3. Let (£, B) be its crystal basis. Draw the
crystal graph B® B and show that V@V = L(2¢1) ® L(e1 + €2) as Uy(sl3)-modules.

Problem 47. Let B; and B3 be normal crystals. Show that any injective morphism
f:B1 — B of crystals is strict.

Problem 48. Let A € X' be a miniscule dominant weight. Let 7y : [0,1] — Xg,
t — t\, be the path connecting 0 and A in a straight line. Compute what is
generated by 7 under the action of the Littelmann root operators ey, f,. Compare
it with the character formula for L(A).



