FUSION RINGS FOR QUANTUM GROUPS

HENNING HAAHR ANDERSEN AND CATHARINA STROPPEL

ABSTRACT. We study the fusion rings of tilting modules for a
quantum group at a root of unity modulo the tensor ideal of
negligible tilting modules. We identify them in type A with the
combinatorial rings from [12] and give a similar description of the
5P,,,-fusion ring in terms of noncommutative symmetric functions.
Moreover we give a presentation of all fusion rings in classical types
as quotients of polynomial rings. Finally we also compute the fu-
sion rings for type Gs.
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1. THE FUSION RULE FOR ¢-GROUPS AT ROOTS OF UNITY

In this section we recall the main definitions and facts about fusion
rings for quantum groups at complex roots of unity. Our presentation
is based on [I] and [2].

Suppose g is a complex simple Lie algebra. Fix an integer ¢ and
let U, denote the quantum group corresponding to g at a primitive
complex ¢’'th root of 1. By this we understand the Hopf algebra over
C obtained via Lusztig’s ¢-divided power construction, [14]. Then U,
has a triangular decomposition U, = U, U,?U; and we denote by B,
the ”Borel” subalgebra B, = U, Uy.

Let X be the lattice of integral weights with the positive cone X of
integral dominant weights. Then each A € X defines in a natural way
a 1-dimensional B,-module, also denoted A, and we set

(1.1) V,(A) = Ind X := F(Homp, (U,, )

where F'is the functor taking a U,-module into its maximal integrable
submodule.

Then V,(A) # 0iff X € X and for such A it contains a unique simple
U,submodule which we denote L,(\). The modules L,(\), A € X*
form a complete set of pairwise non-isomorphic representatives for the
isomorphism classes of simple Uj,-modules of type 1.

1.1. The category C,. Let C, be the category of finite dimensional
U,modules of type 1, and denote by Gr(C,) its Grothendieck group,
i.e. the abelian group generated by the isomorphism classes [M] of
objects M in C, modulo the relation [C] = [A]+ [B] for any short exact
sequence 0 - A — C — B — 0 in C,. The sets {[L,(\)]} ex+ and
{I[V4(N)]}rex+ are two Z-bases of Gr(C,). For any element f € Gr(C,)
we denote by [f : V,(A\)] the coefficient of f when expressed in the
basis {[V,(A)] }aex+, e

(1.2) f=> 1 VWV

rex+
If f=[M]with M € C, we write [M : V()] instead of [[M] : V,())].
The comultiplication of U, makes C, into a tensor category and gives
Gr(C,) a natural ring structure, the Grothendieck ring of C,.

Special elements in Gr(C,) are the Euler characters x(N) of finite
dimensional B,-modules N defined as follows:

(1.3) X(N) =D (~1)'[R' Indis) N,
i>0
where R! Indg‘; denotes the ith right derived functor of the left exact

functor Indg‘;. Then y is additive with respect to short exact sequences.
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Moreover, x(A) = [V,(A)] for all A € X, by the ¢g-version of Kempf’s
vanishing theorem, [16]. More generally,

(1.4) x(p) = (=1 x(w - )

for all € X and w € W. Here W is the Weyl group of g with length
function [. It acts on X by the "dot-action”, i.e. by its natural action
shifted so that —p becomes its fixed point: w - A = w(A + p) — p; here
p is as usual half the sum of the positive roots.

The B,-modules we want to consider are finite dimensional and split
into weight spaces M = @,M, as Ug—modules, so that we have

(1.5) X(M) =) (dim M,)x ().

The tensor identity R' Indy (M ® p) ~ M @ R'Indy u for all i € N
and M € C, implies

(1.6) X(M @ p) = [M]x(n).
Combining this with the additivity of x we get for each A € X
(1.7) [M][V4(A\)] = x(M @A) = > (dim M,)x(A + v).

veX

Using (1.4) we may rewrite this as

(L8) MV, = ) (Z(—l)“w) dime-u—A) [Vy(v)].

veXt \weW

The formula (1.8)) can then also be written

(1.9) (M@ Vy(A): Vo) = Y (=1)"") dim M,

forallv e XT.

If all weights of M ® A are dominant after adding p, then this formula
simplifies to

(1.10) (M @V, (\) : Vy(v)] =dim M,_,.

The antipode on U, gives the linear dual M* of a U;-module M a
U,module structure. For each A € Xt we define A,()\) as the dual of
V,(—woA) where wy is the longest element in W. Then A,(\) has the
same character as V,(\) and it has L,(\) as its unique highest weight
(it is the Weyl module with highest weight A\). A module Q € C, is
called tilting if it has both a V- and a V-filtration. For each A € Xt
there exists a unique indecomposable tilting module T},(\) which has
highest weight A\. Moreover, the set {7} ()} xex+ is up to isomorphisms
a complete list of indecomposable tilting modules in C,, see e.g. [15],

[6], .
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We denote by 7, the subcategory of C, consisting of all tilting mod-
ules. This is an additive (but not abelian) subcategory and since the
collection of modules with a V-filtration is stable under tensor prod-
ucts we see that 7, is an additive tensor category, [1].

Its (additive/split) Grothendieck ring Gr(7,) (defined by the rela-
tions [Q] = [@Q1] + [Q2] whenever Q = Q1 @ Q2 in 7T,) has basis
{[T;(N)]}rex+. Note that we abuse notation and again write [()] for the
image in Gr(7,) of a module Q € 7,. We shall denote by (f : T,()\))
the coefficient of f € Gr(7,) when expressed in the above basis. Thus
if @ € 7T, then (Q : T,()\)) is the multiplicity of T,(\) as a direct
summand of Q).

When / is odd we define A, to be the fundamental alcove in X, i.e.

(1.11) Ar={ e XT | A+p,ay) <l}
where « denotes the maximal short root.
The closure of A, is

(1.12) Ay={eX|0< (N +p,ay) <1}

If ¢ is even we set ¢/ = (/2. Excluding type G, see [1], the funda-
mental alcove in this case is

(1.13) A ={Ae X[ (4B <)

where [y denotes the maximal (long) root. In both the odd and even
case the affine Weyl group W, is the group generated by the reflections
in the walls of A,. A weight is called (-singular if it lies on a wall for
Wy. In case G5 the shape of A, depends additionally on whether 3
divides ¢ or not, see Section [0

Warning. Note that in classical types for odd ¢ (respectively for ¢
prime to 3 when the type is G) our affine Weyl group W/, is actually the
affine Weyl group for the dual root system in the Bourbaki convention,
cf. [3, Chapter VI, §2]. In the case of even ¢ (respectively for ¢ not
prime to 3 if the type is G3) our affine Weyl group W, corresponds to
the bourbakian affine Weyl group for the root system itself.

If A\ € A;N X* then the linkage principle, [2], gives
(1.14) Ly(A) = V4(A) =T, (V).
We have the following formula, cf [2], [10]
Theorem 1.1. Let Q) € T, and A € Ay. Then

(Q:T,(N) =D _(~1)™[Q: Vy(w- M)

w

where the sum runs over those w € Wy for which w- A € X+,
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Proof (Sketch, cf. [2] for details): Since both sides are additive in @
we may assume that @ = T,(v) for some v € X*. Then the left hand
side is 0y,. When v = \ we see from that the right hand side is
1. The linkage principle [2] gives that it is 0 unless v € W, - A and so
we are left to show that it vanishes when v = w - A for some non-trivial
element w € W,. This follows from the inductive construction of T, (v)
via translation functors, see [I]. O

By the above we can apply this formula to @ = L,()\) ® L,(u) when
A, it € Ay and obtain via formula ([1.9)) the following fusion rule

Corollary 1.2. Suppose A\, u € A;NXT. Then for any v € A, we have

(Lg(A) ® Ly(p) : Ty(v)) = Z (=1 dim V(N wv—p-

weWy

Note that the right hand side is a known integer because the weight
spaces of V() are determined e.g. by the Weyl character formula. A
simple special case of this is the following (compare (|1.10]))

Corollary 1.3. Suppose \, ;1 € Ay N Xt are such that n + p € A, for
all weights n of V4(X). Then for any v € Ay we have

(Lg(A) @ Lg(p) : Ty(v)) = dim Vg(A)p—p.

1.2. The fusion rings F, = F(g,(). Let N, denote the subcategory
of 7, consisting of those tilting modules which have no summands 7, ()
with A\ € A,. These are the negligible tilting modules which all have
quantum dimension 0, |2, §3]. It is also proved in [2] that AV, is a tensor
ideal in 7, and that the quotient T,/N, is semisimple.

We define the fusion ring F, = F(g,{) to be the corresponding
quotient of Gr(7,). For A € A, we denote the image of [T,()\)] in F,
by [A]. Then the set {[\]} ea, constitutes a Z-basis for F,. Note that
F, is a commutative associative ring. The commutativity follows from
the fact that a tilting module is determined up to isomorphism by its
character, so that the tensor product on 7, is commutative.

By Corollary [I.2] the multiplication in F, is given in basis vectors by

Nl = D (L) ® Lo(p) : Ty(v))[V]

VEA

(1.15) = D (D (=D dim Vy(A)wa—p) [V].

VEAZ U]EW[

We extend the notation [A] € F, to all A € X in the following way:
If A € X is f-singular then we set [A] = 0. If X is not (-singular
then there exists a unique w € W, with w - A € A, and we define

[\ = (=1)"®)[w - A]. In this notation we can also formulate (1.15) as
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follows
(1.16) Nl = 37 dim Ly(\), [+ v]

for all A\, u € Ay.

1.2.1. Generators of Nj. Let w; denote the i’th fundamental weight in
X and assume w; € Ay for all i. For classical types this means: If ¢ is
odd then ¢ > n + 1 for type A,, ¢ > 2n + 1 for types B, and C,,, and
¢ > 2n —1 for type D,,. If ¢ is even then ¢ > 2n + 2 for types A,, B,
and C,,, whereas ¢ > 4n — 2 for type D,,.

The linkage principle shows that this assumption implies that L,(w;) =
T,(w;) for all i. Hence the [L,(w;)]’s generate Gr(7,).

Let us denote by <’ the ordering on X defined by A <" p iff p =
A+ . myw; for some m; € Zx(. Note that this ordering is not the same
as the usual ordering < on X defined by the positive roots. We do have,
however, that if A <’ y then u — X is a rational linear combination
of positive roots (with denominators at worst equal to the index of
connection for our root system).

Proposition 1.4. The tensor ideal N in T, is generated by the set
G ={T,(p) | p minimal in X\ Ap with respect to <'}.

Proof. By definition of N, it contains the ideal I generated by G. To
show the converse we need to check that T,(\) € I for all A\ € X\ A,.
To see this pick v € Y. Za; such that (oy,v) € Zs, for all simple
roots ;. Multiplying v if neccessary by a large enough integer we can
ensure that also (w;,7) € Zs for all j. Suppose now that there exists
A e XT\ Ay with T,(\) ¢ I. Then we choose such a A for which (X, )
is minimal. Now this A cannot be minimal with respect to the ordering
<" because then Tj(\) would be one of the generators for I. Hence
there exists i such that A —w; € X\ Ay As (A —w;,y) < (A7) our
assumption on A implies that 7, (A —w;) € I. But then [ also contains
Ty(A — w;) ® Ly(w;). Now this tilting module decomposes as T,(\) @ R
with R = @@, a,T,(v) where a, # 0 implies v < A and v € X\ 4. In
particular R € I because all its summands 7T, (v) satisfy (v,v) < (A, 7).
Hence we have a contradiction. U

Remark. In type A we always have that the set of minimal elements
in X*\ Ay are those which belong to the upper wall of A,. Case by case
considerations reveals that the same is also true for type C' whereas for
types B and D it is only so when ¢ is odd.

2. COMBINATORIAL DESCRIPTION IN TYPE A

We shall connect our fusion ring directly with the description of the

Verlinde algebra for sl, at a fixed level k given by Korff and the second
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author, [12], [I7], and extend the combinatorial techniques developed
there to the case g = sp,,, in the next section. Note that these two
fusion rings play a special role, since their explicit ring structure is
known and they are reduced complete intersection rings, see [5].

In this section we consider first gl,, and then sl,,. We assume for con-
venience that ¢ is odd (except in the last subsection where we explain
the easy transition to the even case). The corresponding level k is then
given by k= /(¢ —n.

2.1. Fusion algebras for gl,,. We shall now study the fusion ring in
the case where g = gl,,. In this case we identify X = Z" by choosing
the standard basis {1, €, -+ ,€,} and write A € X as A = > | \je; or
alternatively A = (A1, A, - -+, A,). The positive roots for gl, are ¢; —¢;
with 1 <17 < j < n. Hence X is dominant iff \y > Ay > --- > \,.

In this terminology the alcove A, is determined by
(2.1) Ar={Ae X |\ -\, <l—n}
In particular Ay = 0 if £ < n; so we assume 0 < / —n =: k in the
following; and call k the level.

We set w; = €1+€3+4- - -+¢;. This is the ¢-th fundamental weight. The
weights of V(w;) are {¢j, +€j, +---+¢€, | 1 <ji1 <jo <--- <ji <n}
all occurring with multiplicity 1 (the w;’s are minuscule). In particular,

we observe that if y € Ay then n+ p € A, for all weights n of V,(w;).
This means that in the fusion ring F,(gl,, ) for U,(gl,) we have (cf.

Corollary |1.3 or (1.16))) the Pieri type rule
(2.2) willu) =) s + e+ e+

where the sum runs over those i-tuples 1 < j; < jo < --- < j; < n for
which €;, + €, + -+ €, + p € Ay
Let 0 <i <mn — 1 and consider the operator a; on A, given by

A€ if A+e Ay,
(23) al()\): +€+1 1 +6+1 S Y4
0 otherwise.
We may represent an arbitrary A = (A, Ay, -+, A,) € X by n rows

of boxes in which the i-th row is infinite to the left and stops at the
number \; (note that \; may be negative). In this configuration the
rows are non-increasing and there are at most k£ more boxes in the first
row than in the last. The operator ag adds a box in the first row if there
are less than k& more boxes in this row than in the last. Otherwise, ag
kills A. Similarly, if ¢ > 0 then a; adds a box in the ¢ + 1’th row if this
results in a non-increasing configuration and maps to 0 otherwise. The
differences m; = \; — \;_1 encode X in the basis of fundamental weights,
A=Y .muw;. Then A € A, if and only if m = Z?;ll m; < k. Setting
mo = k — m like in [12] weights can be viewed as a configuration of k
7



particles on a circle with n marked points with m; particles at place
i (viewed as an extended Dynkin diagram of type /Nln_l) and these
operators can be thought of as "particle hopping” from one point to
the next in clockwise direction. If there are no particles at the point
from where the operator makes a particle hop the operator kills the
configuration instead:

a RN IOy ay
0o - -.
. ® S..
'l ‘~_)
. °
’
4
. ° °

Here the action of a; and ag on A = 4w; + 2wy is illustrated in the case
k=1.

Set a = (ag,a;, - ,a,_1) and define the non commutative elemen-
tary symmetric polynomials e;(a), es(a), - ,e,—1(a) as in [12] by

(2.4) ei(a) =Y a,,

where I runs through all subsets of {0, 1,- -+ ,n—1} consisting of exactly
j elements and a; is the product over I of its elements in anticlockwise
cyclical order, see [12} §5]. By convention e;(a) = 0 if either j < 0 or
j > n and ey(a) = e,(a) is the identity. Following [12, §6] we define
the noncommutative Schur polynomial

(2.5) sx(a) = det(ex i (a)).

where \' denotes the partition with m; rows of length 4, and the com-
binatorial fusion ring Feomp(@gl,,¢) as the free Z-module with basis
{A\}rea, equipped with the following multiplication

(2.6) Ax = sy(a)pu.
From the definition it is not obvious that the definition (2.5) makes
sense, and that (2.6 is commutative. However the proof of the follow-

ing result establishes this implicitly (see [12] for a completely different
proof in that setup using Bethe Ansatz techniques).

Theorem 2.1. The map ® : Fy(gl,, ) = Feomp(9l,, ) taking each
basis element [N € F,(gl,,?) to the basis element X € Feomp(gl,, ) is
a ring isomorphism.

= A\ % u by induction on m =

Proof: We shall prove that ®([A][u])
f m = 1 then, up to a multiple of

A — A,. Thisis clear if m = 0. 1
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€1+ €+ +€,, we have A = w; for some i. In that case s,,(a) = e;(a)
operates by a formula identical to (2.2)). In particular, the operators
e;(a) commute, since e;(a) corresponds to multiplication by [w;] in the
commutative fusion ring F,(gl,,¢). Therefore it makes sense to form
the determinant in .

So suppose m > 1. We may write A = X + w; for some 7 and some
N € A,. Then we have

(2.7) Xlwd = N + ) _[n]

with the sum running over certain n € A, with n; —n, < m. Hence by
the above combined with the induction hypothesis we get

([A[u]) = 2(Nwi][1) = 3=, 2([0][u])
= QNP ([wil[p]) = D0, mHp=Nvwixpp =3 nxp=Axp.
Here the last equality comes from the fact that X' xw; = A+ Zn n with
the sum extended over the same 7’s as in (2.7)). O

2.2. Fusion algebras for sl,,. Preserving the notation from above we
set € =€ + €+ - + €, and write Xog = {\ € X | A, = 0}. Then any
A € X equals a unique element in Xy modulo a multiple of e. We set
X¢&=XoNnX* and Ay, = XN Ap. Note that Ay, is finite.

Restriction from gl, to sl,, gives a natural surjection from the fusion
ring F,(gl,,¢) to the corresponding fusion ring F,(gl,,{) = F,(sl,, )
for sl,. Similarly, we get a surjection from Fioms(n,£) to the corre-
sponding construction Feomp(gl,, £) for Ag,. We obtain

Theorem 2.2. We have ring isomorphisms F,(gl,,, () ~ F,(gl,, )/ ([e]—
1) and Feomp(8l,, £) =~ Feomp(9l,,¢)/(€ — 1) so that the isomorphism ®
from Theorem induces an isomorphism Fy(gl,, €) =~ Feomp(gl,, ().

2.2.1. ¢ even. In case ( is even, we set ¢/ = (/2. Since the roots in
type A have the same length the only change we have to make when
describing the fusion rules in this case is to replace ¢ by ¢, see [2]. We
can then argue exactly as before to see that all the above statements
remain true. Note in particular that we need ¢ > 2n now as otherwise
the fundamental alcove A, is empty.

2.3. Commutative presentation. The following connects our ap-
proach with well-known presentations of the fusion ring, [5], [4], [7].

Theorem 2.3. There are isomorphisms of commutative associative
7ings
Feomv(8l,, 0) =~ Z[x(w1), ..., x(wn-1)]/{x(sw1) | k+1<s<k+n-—1)

o X (wn-1))/ (x(hwr +wi) |1 <4 <n—1).
9
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Proof. The generators given by Proposition of the defining ideal
are the y(\)’s with \ = Z;:ll myw; satisfying > 'm; = k + 1. For
such A’s the Jacobi-Trudy identity [8, (A.5)] expresses x(A) as the
determinant of a matrix whose first row contains entries equal to the
complete symmetric polynomials x((k + 1)wy), -, x((k +n — L)wy).
Hence expanding the determinant along this row we obtain y(A) as a
ZIx(w1), -+, x(wp_1)]-linear combination of x(sw;y),s =k+1, -+  k+
n — 1. This proves that our defining ideal is contained in the ideal
(x(sw1) | k+1<s < k+n). To see the reverse inclusion apply the
Pieri formula [8, (A.7)] to get

X (sw1)x(wi) = x(swi +w;) + x((s = Dwr + wis1)-
This gives us the equality

)

Xk + i) = > (=1 x((k + jlan)x(wig1y),

j=1
from which the desired inclusion immediately follows. O
3. Type C

In this section we assume that g = sp,,,.

3.1. The classical case. We still have X = Z" with basis €, €5, -+ | €.
The positive roots are now {e; —€j,6; +¢; | 1 <i < j < n}U{2; |
1 < i < n} and the simple roots are a; = €; — €;41,0 = 1,--+ ,n — 1

together with a,, = 2¢,. The corresponding fundamental weights are
w; = €+ +--4+¢,1=1,---,n A weight A € X can be ex-
pressed in both the e-basis, say A = > » ; \ie; and in the w-basis,
say A = 2?21 m;w;. The dictionary between the \;’s and the m;’s is
m; = N — Nip1, ¢ = 1,--+ ,n (with the convention that \,,; = 0),
and \; = m; + mjz1 + -+ + m,. We have that )\ is dominant iff

The highest short and and the highest long root are respectively

Qy = 061+2042+2043+"'+204n_1+Oén:€1+€2
/80 = 20&1+20(2+"'20(n_1+@n:261.

We have (wy,ay) = 1 whereas (w;,a) = 2 for i > 1. On the other
hand, (w;, By) = 1 for all i. Hence (p,oyf) = 2n — 1 and (p, 5y) = n.

Let now V' denote the natural 2n-dimensional module for sp,, (C) and
with its standard basis vy, - -+ ,vy,. Setting €,.;, = —¢;, 1 =1,2,--- 'n
we have that v; has weight €¢;, 1 =1,2,--- ,2n.

Letting L¢(A) denote the irreducible sp,, (C)-module with highest

weight A € X and let x()\) be its character. We have clearly L¢(0) =
10



Cand L¢(wy) = V. If ¢ > 1 then L¢(w;) fits into a short exact sequence
(3.1) 0= Le(w) — AV L A2V S0

where f comes from the symplectic form on V', [8, Theorem 17.5].

In analogy with the gl -case in Section the weights of A’V are
€ = €, + €, -+ ¢, with J = j; < jo < --- < j; running through
all increasing sequences in {1,2, -+ ,2n} consisting of i elements. Note
however, that since €,,; = —¢; two different such sequences may well
lead to the same weight. For instance when ¢ = 2 the zero weight
equals e, for all J; = {i,n+ i}, i=1,2,--- ,n and so also €; = €y,
whenever J N J; = 0.

3.2. The quantum case. Let now U, = U,(sp,,,) denote the quantum
group for sp,, at a complex root of unity q. We denote by ¢ the order
of ¢ and assume ¢ > 2n.

When 7 is odd we have
Ay = DeXT | A+paf) <}
INe Xt |my+2my+2mg+ -+ +2m, < {—2n+1}
In the case when / is even we set ¢/ = ¢/2 and have
A = DeXT+pB) <)
= AeX  |mi+ma+---+m, <l —n}

In either case we have A, # () is equivalent to our assumption ¢ > 2n.

Recall that for each A € X the dual Weyl module V,()) is a module
for U, whose weights are the same as for the classical module L¢()).
So if for 7 < n we set

(3.2) Vi — V(0) @ Vy(w) @ -+ B Vy(w;) ifiis even;
' 1 Vo(w1) @ Vy(ws) @& Vy(w;) if iis odd;

then by (3.1) V' has the same weights as A'V.

Our assumptions on ¢ and ¢’ ensure that all the V,(w;) are irreducible
tilting modules because all w; belong to the closure of A,. (In the
following we write therefore Ly(w;) instead of Vg(w;).) The V] are
therefore also tilting modules and formula gives

(3.3) Vsl = [+ el
=i

where the J’s appearing in the sum are subsets of {1,2,--- 2n}. The
formulas (3.1)) then imply again Pieri rules

Z?Zl[ﬂ"_ij ifi=1,
ZIJ\:L'['” +eg] - Z|J|:i-2[/i +ey], ifi>2.
11
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3.3. Combinatorics. We shall now describe the formulas com-
binatorially in analogy with the type A case considered in Section [2.1]
This will then allow us to deduce the general fusion rule in terms of
combinatorially described operators.

Consider the free Z-modules Z[X] and Z[A,] with bases e* for A € X
and A € Ay, respectively. We define a Z-linear map 7, : Z[X] — Z[A/]
by the recipe

() (—1){®ewA if there exists w € W, with w -\ € Ay,
m(e?) =
‘ 0 otherwise.

For j € {1,2,---,2n} we define Z-linear endomorphisms a; of Z[X] by
(3.5) aj(e) =9 N e X.

For each subset J = {ji < jo < -+ < 7} C {1,2,---,2n} these
operators give rise to the operator a; = a;, oa;, o ---oa,, on Z[X].
Then for any i < n we define e; : Z[A,] — Z[A,] by

(3.6) ei(e’) = mlas (")), A€ A

|J]=i

3.3.1. Case ¢ even. Let first ¢ be even. If A = Z?:l mw; € X we
set my = ¢ —n—1—>" m; and we identify A with the particle
configuration with m, particles if m; > 0, respectively —m, antiparticles
if m; < 0, placed at node i, i = 0,1,--- ,n. Counted with signs (+
for particles and — for antiparticles) we have a total of k := ¢ —n — 1
particles. This number k is preserved by the above operators a; and
called the level. For 1 < i < n we may describe a; as particle hopping
from node i —1 to node i. If there are no particles at node 7 — 1 then we
first add a pair consisting of a particle and an antiparticle to this node
and then make this particle hop. If at node ¢ we have only antiparticles
the particle added to this node annihilates one of the antiparticles. The
inverse a,y; is hopping in the reverse direction:

ai as as an
0 _—~ 1 _—x 2 _— 3 n-1l_—n
(3.7) ° ° ° ° . ° °
~—— ~— ~— ~—
an+41 Aan42 an43 azn

Let A € Ay. This means that the particle configuration correspond-
ing to A contains no antiparticles. There are k = I’ — n — 1 parti-
cles in this configuration. Let J be a subset of {1,2,---2n} with
|J| < n. Note that (e;,)) € {0,£1,£2} for all ¢ = 1,---,n —1
whereas (e;,a,0), (€7, 5y) € {0,£1}. Hence X + €; contains at most 2
antiparticles at a given node. This node cannot be an end node (0 or
n) and if node i contains 2 antiparticles then no antiparticles are posi-
tioned at the adjacent nodes :—1 and ¢+ 1. When we apply 7, we get 0
if there is exactly 1 antiparticle at some node, because then the weight

is (-singular. If there are 2 antiparticles at node ¢ then we replace the
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configuration by minus the one where we have removed 1 particle from
each of the two nodes i — 1 and ¢ + 1 and placed both of them at node
i (thus annihilating the 2 antiparticles there). If the resulting config-
uration still contains antiparticles we repeat the above process. The
end result corresponds then to m,(e** /). Note that there are exactly
as many annihilation steps as there are nodes with 2 antiparticles.

The action of W, which is applied to remove 2 antiparticles can be
visualized on the extended Dynkin diagram of type C,;:

2 3 n—1 n
° ° o —(— e

(3.8) e——e

(particles are always taken from neighboring vertices, one for each edge;
for the special vertices 0 and n two particles get moved along a double
edge against the direction of the arrow.)

3.3.2. Case £ odd. Suppose next that ¢ is odd. If A ="  muw; € X
we set this time mg = ¢ — 2n — mq — 2mo — 2ms3 — - - - — 2m,,. We may
again interpret A as a configuration of particles and antiparticles placed
at the nodes 0,1, --- ,n. If m; > 0 there are m; particles at node 7 and
if m; < 0 there are —m; antiparticles at node i. This time we count
particles and antiparticles at the nodes 2, 3, --- ,n double, i.e. we have
a total of k = ¢ — 2n particles. This number is preserved by the a;’s
which we can describe as follows: For i < n the operator a; moves a
particle from node i — 1 to node i if i # 2, while a; removes 1 particle
from each of the nodes 0 and 1 and fuse these into 1 particle placed at
node 2. Again a,; is the inverse of a;. So for instance a,, . removes
a particle from node 2, splits it into 2 and places these at nodes 0 and
1. Hence it could be thought of as moving particles one step to the
left resp. right along the diagram below (except for a; and a, ;1
which moves between nodes 0 and 1).

Let A € Ay. This means that the corresponding particle configuration
contains no antiparticles and k particles. For any J C {1,2,---,2n}
the configuration for A + €; contains at most 1 antiparticle at node
n and at most 2 antiparticles at any other node. Moreover, if node
1 has 2 antiparticles there are no antiparticles at nodes ¢ — 1 and 7 +
1. If there is a node with exactly 1 antiparticle then my(e*t¢) = 0,
since the corresponding weight is ¢-singular. If there are 2 antiparticles
at node 0 or 1 take a particle at node 2 (which counts double) and
make it annihilate the 2 antiparticles at the given node. If there are
2 antiparticles at node 2 we annihilate them by taking a particle from
each of the nodes 0,1, and 3 (the 2 particles from nodes 0 and 1 need
to combine in order to annihilate one of the antiparticles from node 2).
Finally, 2 antiparticles at any node ¢ with 2 < ¢ < n are annihilated
by taking a particle from each of the two adjacent nodes. If after this
process the result still contains antiparticles we repeat it until this is

no longer the case. This end configuration is then up to sign equal to
13



me(er<7). In case it is nonzero, the sign is positive if we have used an
even number of annihilation steps and negative otherwise. Again the
number of steps equals the number of nodes with 2 antiparticles.

In this case the action of Wy which is applied to remove 2 antiparticles
can be visualized using the extended Dynkin diagram of type B:

(3.9) o\
JRER -

(particles are always taken from neighboring vertices, one for each sin-
gle edge; for the special vertex n two particles get moved along a double
edge against the arrow.)

3.4. Combinatorial fusion rule. Let e; be the operators on Z[A]
defined above. The definitions of A, and of e; are different in the odd
and even cases. However, in both cases we have

Proposition 3.1. The operators e; and e; commute for 1 <1i,j <n.

Proof: Note that as Z-modules we have an isomorphism F, ~ Z[A/]
such that the operator e; corresponds to multiplication by ti in Fy.
But F, is a commutative and associative ring, therefore multiplications
by Vi and VJ commute. O

Set nowej =1,€] =e;and e, =€, —e; 5 for 2<i<n. If A € 4,
we define in analogy with (2.7) the operator s, on Z[A,] by

(3.10) sh(e) = det(e,_;, ;).

By the above proposition the €.’s clearly commute so that it makes
sense to form this determinant. By [8, Appendix A.3, Corollary 24.24]

the operator s) corresponds to multiplication by L,()\) in F,. Hence
we define multiplication on Z[A,] by

(3.11) et x et = s (et)

and denote the resulting ring by Feoms(§Ps,,¢). This is then a com-
mutative associative ring with unit 1 = ¢ and underlying vector space
canonically identified with JF,(sp,,,, () via [A\] = e*. Moreover

Theorem 3.2. For any ¢ > 2n we have an equality of rings

Fq(5p2n>£) = Fcomb(5p2n,€)-
14



3.5. Commutative presentation. Finally we connect our combina-
torial description with well-known presentations of the fusion ring, [I1],
[4]. For the analog statement in type A see [12, Theorem 6.20].

Theorem 3.3. Let ¢ be even. There is an isomorphism of commutative
associative 1ings

U s Foomb(8Pon, £) = Z[x(w1), - ., x(wn)]/(x (kw1 +w;) |1 < i < n)

which sends [e}] to the character xy.

Note that the number of generators in the ideal is independent of
the level in this case.

Proof. The fusion ring is a quotient of Z[x(w1),...,x(w,)] by some
ideal I, whose generators are given by Proposition [1.4, These are the
[T,(A)] with A minimal such that (X, 3y) > k. In our case this is
precisely (A, By) = k + 1, hence A\ = k + 1. Since [T,(\)] = [Ly())] by
(L.14), Theorem [3.2]implies that I, is generated by all x(\) where \; =
k+1. Now using the Jacobi-Trudi type determinant formula [9, 3.9] for
symplectic characters, expanded along the first row, implies that x()\) is
a Z[x(w1), ..., x(wy)]-linear combination of the elements x((k + 1)w;)
and x((k+i4+ 1w + x(k+1—4d)w;) for 1 < i < n—1. Hence I,
is contained in the ideal generated by these and they are obviously
also contained in this ideal. Expanding the determinant formulas for
X (kwy + w;), we get x(kwy +w;) = Fx((k +i)wy) + R for some linear
combination R of x(A)’s with A smaller in the dominance ordering of
partitions. Therefore, our ideal is also generated by the y(kw; + w;)
for 1 <3 <n. O

For odd /¢ the presentation is not as explicit, but at least we have

Theorem 3.4. Let ¢ be odd. There is an isomorphism of commutative
associative rings

U s Foomb(8Pon, £) = Zx(w1), - ., x(wn)]/Le

which sends [e] to the character x(\). Here I, is generated by all
characters x(\) where A\; + Ao = k + 1.

Proof. We again use Proposition which shows that I, is generated
by all [T'(A\)] where A satisfies

(1) mi+2Y7" ,mi=k+1=(—2nor
(2) mp=0and 2% ,m;=k+2=(—-2n+1.
Note that k, and then also k + 2, is odd, hence (2) has no solutions.
For the first set of generators we have again by (|1.14) the equality
[T,(N)] = [Ly(N)] and Ay + Ao =k + 1. O
15



4. TypPE D

In this section we assume that g = soo,.

The simple roots are now o; = ¢; — €41, = 1,--- ,n — 1 together
with a,, = €,.1 + ¢,. The corresponding fundamental weights are
wi=€+e+-Fe,i=1,--- ,n—2and w,1 = %(61+-~~6n_1—6n)

and wn:%(el—l—---en_l—l—en). The highest root is
oy = 061+20&2+20&3+"'+Oén_1+04n:€1+€2:(,Ug

Set k = ¢ — (2n — 2) in case ( is odd and £ — (2n — 2) if £ is even.
Then A, consists of all dominant weights Z? , m;w; such that

m1+2m2+-~-+2mn_2+mn_1+mn S k
respectively. Proposition [1.4] implies

Theorem 4.1. Let £ be odd or £ = 2 mod 4. Then there is an iso-
morphism of commutative associative rings

U s Foomb (8000, £) =~ Z[x(w1), .-, x(wn)]/ 1

which sends [e] to the character x(\). Here I, is generated by all
characters x(\) where A\y + Ao = k+ 1. In case { =0 mod 4 the ideal

I, is generated by all characters x(\) where Ay + Xy = k + 1 together
with the characters of all T'(X), where 2(Ag — A1) = k + 2.

Proof. Note that mi+2mo+---+2my,_o+m,_1+m, = A+ Xo. If £ is
odd or / =2 mod 4, then k£ and k+ 2 are odd and there is no minimal
A€ X/A; with Ay + Xy = k+ 2. In case £ =0 mod 4, k is even and
the elements A with 2(Ag — A1) = 2mg + -+ + 2m,, o = k + 2 are
minimal. ]

5. TYyPE B

In this section we assume that g = s09,,11.

The simple roots are now «; = ¢; — €;41,7 = 1,--- ,n — 1 together
with a,, = €,. The corresponding fundamental weights are w; = €; +
eo+-+e,i=1,--- . n—1land w, = %(61+- -+ €y_1+€,). The highest
short respectively long roots are

p = o taytast-+a, =€ =w
ﬁo = 041+20é2+2043+"'+206n:€1+€2:w2

In case ¢ is odd, respectively even, A, consists of all dominant weights

> o mw; such that
2my +2mo +2mg+---+2my,_1+m, < (—2n=:k
my 4 2mg +2mg + - 2my o+ 2m, 1 +m, < /2—-2n=:k

respectively.
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Theorem 5.1. Let £ > 2n if £ is odd and ¢ > 4n—4 if { is even. Then
there is an isomorphism of commutative associative Tings

Ut Foomb (800041, 0) = Z[x(w1), -, x(wn)]/Le
which sends [e*] to the character x(\). Here I is

o I;=(x(\) |2\ =k+1) = (x(5 w1 +w;) | 1 <i < n) in case
{ is odd,

o [i=(xxN\) | M+ X=k+1)in case { =2 mod 4,

o Iy =(x(N),[T(w)] | M+ X =k+1,2u1 —2p,, = k+2) in case
(=0 mod 4.

Proof. The first equality in each case is a direct consequence from
Proposition 1.4l To see the second equality in case ¢ is odd we abbre-
viate m = % and y*® := X(k—;lwl + w,) and set as = Ny 115 — P15
for 1 < s <n. Then

Lemma 5.2.
as = (=1 (x® = hax® '+ haX® 2 — hax' P + - F hox').
Proof. We use the following determinant formula from [8, Ex. 24.46]
X(A) = [ha—ivj — ha—imjlicigzn
Then y! is given by a lower diagonal matrix with diagonal entries all
1 except of the top entry which is h,, — hym—2 = a;. The matrix for y?
is of the form
hop—hm—o 1 0 O
hmit —hm_s3 hy 1 0
hm—i—? - hm—4 h2 hl 0
Pmyz —hm—s hs hy 1

o O oo

Expanding along the second row gives —x? = as — hiai, hence ay =

—x2+hia;. The result follows inductively by computing x* by expand-
ing along the sth row. O

Expanding the determinant formula for x(\) with 2\; = £+ 1 shows
that the a; generate I,. Since obviously (x(®tw; +w;) |1 <i<n) C

I, the equality follows.

6. AN EXCEPTIONAL EXAMPLE: (i,

Let g be of type G5. In bourbakian notation the positive roots are
aq, 09, (X + Qg 20[1 + g = g = w1, 3@1 + g, 30[1 + 2062 = 50 = Wy
with &g = 2; + 3de, and By = & + 2ds. Note that (p, Bg> = 3 and
(A + p, &) = 5. The definition of the level k depends on the parity of
¢ and whether 3 divides ¢ or not. If 3 does not divide ¢ set k = ¢ —6

for ¢ odd and k = £/2 — 6 for £ even. In case 3|¢ set £ = 3¢' and define
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k=10—-4if(isodd and k = ¢'/2—4 if £ is even. Then the fundamental
alcove A, equals

4 JOEXTINB) <k ={(a.b) |a+ 20 <k} if 3L,
C Tl e Xt (N dg) < kY ={(a,b) | 2a+3b <k}, otherwise.

where we abbreviate (a,b) = aw; + bws.

Theorem 6.1. The Gy fusion ring is isomorphic to Z[x(w1), x(w2)]/ I,
where I, is generated by

X(0, 554, x(2, 551, x (4, 552) if 3|1 and k odd,
X0, 5+ 1)+ x(0,5),x(1,5),x(3, £ = 1) if 3¢, k even,

X(A), x (1) + x(p — wr) if 3 0, k=2mod3,
X((0, 582), x (V) x (1) + x (1 — w1) if 3 Jt, k =1mod3.

Here X\ runs through A := {(a,b) | 2a +3b = k+ 1} and p € A =
{(a,b) | a #0,2a + 3b = k + 2}.

Proof. Abbreviate L; = [L(w;)] for ¢ = 1,2 and let J denote the ideal
generated by the proposed generators of I, Assume 3|¢. Let first
k be odd. The minimal elements in the sense of Proposition [1.4] are
the tilting modules of highest weights (a,b) where a + 20 = k + 1. All
weights belong to the upper closure of A, so that T'((a,b)) = A((a,b)) =
L((a,b)). Hence it is enough to show that g; := [A(2], 5L — j)] € J
for 0 < 5 < k. From the linkage principle we obtain the classes of
tilting modules ¢; := [T'(2i+ 1, 22 — )] = [A(2i + 1, B — )] + [A(2i +
LEL i — 1)) for 0<i<kands; = [T(252 — )] = [A(2i, 22 —
O+ [AQ20, 52— — 1) for 0 < j <k+1 Sett; =g =s =0if
1 < 0. Using or alternatively the type G5 Littlewood-Richardson
rule, [13], we obtain

t ifr=20
Gr—1 + 1+ g+t + gy i r >0

(6.2)

gLy = S0+ g0+ g1 +g2+1 if r =0,
e tr—2+gr—1+tr—1+5r+29r+tr+gr+1+tr+1 ifT‘>0;

(6.3) t.Ly=t,—1+ 8 +2g +t. + S$41+2g.01 +tyq1 forr>0.

USing " tWiCG, " " " " we obtain t07 tla 50, 51, t27 So €
J. Repeatedly applying (6.1), (6.2)), (6.3) we obtain that g,,ts, s, € J
for a > 3, b > 1 and the first case of the theorem follows.

For even k we have an additional minimal generator in the sense of
Proposition , namely the class of T'(\) where A = (0, 22) which

belongs to the second alcove s, 1+ Ap. Hence [T'(N\)] = [AN)] +[A(N—
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wy)]. Set go = so = 0 and otherwise g; := [A(2j — 1,5 — j + 1)],
ti=[T(2,5—j+1)]=[A2),5 -+ 1] +[A2), 5 — )] and s; =
T(2j — 15— j+2)] = [A2), 5 —j+ 1)+ [A@j. % —j — 1)] for all
0<j<Eir It is enough to show that g; € J for 1 < j < g—l—l.
Formula ([1.9)) or alternatively the Littlewood-Richardson rules give us

(6.4) L1 =gra+te 1+ g+ tr+ gy forr>1;
(6.5)
81+291+t1+g2+t2 ifT‘Zl,
grLZ -

tr72 + gr—1 + trfl + 297‘ + S+ tr + gr41 + tr+1 if r > 1;

(66) L — 81+291+t1 ifTZO,
T T N 8 420, + e+ Syt + 20ri1 + g i 7> 0.

Using (6.4)), (6.6), (6.5]) repeatedly we obtain
(67) t17 51, t2a g3, 52, t37 -++0aySa—1, tCL e = <t07 g1, g?>

hence all ¢g’s are in J and the second case of the theorem follows.

Assume now that 3 does not divide ¢. The minimal elements in the
sense of Proposition are the tilting modules of highest weight (a, b)
where (a,b) € AUA’ and additionally (a,b) = (0,%2) if k =1 mod 3.

2
The weights from A belong to the upper closure of A, and hence we

have T'(A\) = A(X) = L(\) for A € A. The weights from A" belong to the
second alcove s,, 1 - Ay and hence we have [T'(p)] = [A(p)] 4+ [A(p—wy)]
for 4 € A’ by the linkage principle. Since (0, %) is minimal in X
with respect to the strong linkage ordering we must have T'(0, %) =

A(0,%2) = L(0,%2). Hence the theorem follows from Proposition
U
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