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Einleitung

Im Jahr 2004 haben Khovanov und Rozansky eine Kategorifizierung der polynomiellen
Quanten sl(n)-Invariante vorgestellt; siehe [KRO§|. Genauer gesagt liefert ihre Konstruk-
tion eine Kategorifizierung der Reshetikhin-Turaev Invariante (siche [RT90] und [Kas95),
Teil IT1]) fiir solche Knoten, deren Komponenten mit der Vektor-Darstellung von U (sl(n))
gefiarbt sind. Diese Konstruktion wurde kiirzlich von Wu und Yonezawa erweitert, die in
ihren Artikeln [Wu09] und [Yon09] die Kategorifizierung auf solche Knoten ausdehnen,
deren Komponenten mit beliebigen Tensorpotenzen der Vektordarstellung gefirbt sind.
Fiir den Moment ist es nicht wichtig, wie genau all diese Invarianten konstruiert sind;
wir wollen uns lediglich anschauen, was fiir Objekte sie einem Knoten zuordnen, nédmlich
Matrixfaktorisierungen. Wir wiederholen nun zunéchst, was darunter zu verstehen ist.
Sei S ein kommutativer Ring und w € S ein beliebiges Element. Eine Matrixfakto-
risierung vom Typ (S,w) (urspriinglich eingefiihrt von Eisenbud in [Eis80]) ist ein Paar

von Abbildungen M %+ N, N 2, M zwischen freien S-Moduln M und N , sodass
aff = fa = w - id. Man kann sich also vorstellen, dass eine Matrixfaktorisierung vom Typ
(S,w) ein 2-periodischer Komplex freier S-Moduln ist, in dem die iibliche Bedingung
82 = 0 an das Differential durch 6> = w - id ersetzt wurde. Wie fiir Komplexe definiert
man nun Morphismen von Matrixfaktorisierungen und stellt fest, dass sie als 0-Kozykel
eines 2-periodischen Komplexes (im {iblichen Sinne!) von Morphismen verstanden werden
konnen; diese Konstruktion liefert eine differentiell graduierte Kategorie MF 44(S, w), de-
ren Kozykelkategorie also die Kategorie MF(S,w) der Matrixfaktorisierungen vom Typ
(S, w) ist. Diese DG-Kategorie ist pritrianguliert — es gibt also einen natiirlichen Begriff
von Verschiebung und Kegel fiir Matrixfaktorisierungen — und entsprechend tréigt die zu
MF 4, (S, w) assoziierte Homotopiekategorie eine kanonische triangulierte Struktur. Es ist
diese Homotopiekategorie HMF (S, w), in der die Invariante von Khovanov und Rozansky
ihre Werte annimmt.

Fiir den Fall, dass S ein regulédrer lokaler Ring und w € m\ {0} ist, ist bekannt, dass
die Homotopiekategorie von Matrixfaktorisierungen HMF (S, w) trianguliert dquivalent ist
zur Singularitdtenkategorie des Quotientenringes S/(w). Die Singularitdtenkategorie kann
fiir jeden lokalen Noetherschen Ring R definiert werden und hat mehrere dquivalente Be-
schreibungen (siehe [Orl09]), von denen die géngigste vermutlich die als Verdier-Quotient
D’(R-mod)/Perf der beschréinkten derivierten Kategorie endlich erzeugter R-Modul nach
der Unterkategorie der perfekten Komplexe ist, solchen also, die quasi-isomorph zu ei-
nem beschrinkten Komplex von Projektiven sind. In Hinblick auf Serres Theorem (ein
Noetherscher lokaler Ring ist genau dann reguldr, wenn jeder R-Moduln eine endliche
projektive Auflosung besitzt) ist diese Kategorie ein sehr intuitives Mafl dafiir, wie stark
R davon entfernt ist, regulér zu sein; daher auch der Name Singularitdtenkategorie. Trotz
der Schonheit dieser Definition ist fiir uns im Fall R = S/(w) fiir S regulér und w € m\ {0}
die Beschreibung der Singularitidtenkategorie von R als die stabile Kategorie MCM(R)
der Kategorie MCM(R) von maximalen Cohen-Macaulay Moduln tiber R (siehe [Buc86]
und [Hap88]) von Interesse, die wir nun kurz zusammenfassen. Ein endlich erzeugter Mo-
dul M iiber einem lokalen Ring R heifit Cohen-Macaulay, wenn seine Tiefe tfr(M) (d.h.
die maximale Lange einer M-reguléren Folge in m) mit seiner Dimension dimpg(M) (d.h.
der Dimension des topologischen Raumes Supp(M) C Spec(R)) ibereinstimmt; er heifit
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maximal Cohen-Macaulay, wenn tfr(M) = dimpr(M) = tfr(R). Der Grundring R wird
Cohen-Macaulay genannt, wenn er Cohen-Macaulay als Modul iiber sich selbst ist, wenn
also dim(R) = tfr(R). Wir bezeichnen die Kategorie der maximalen Cohen-Macaulay Mo-
duln iiber R mit MCM(R). Die Eigenschaft, maximal Cohen-Macaulay zu sein, ist im
folgenden Sinne eine stabile Eigenschaft: Ist M ein beliebiger endlich erzeugter Modul {iber
einem Cohen-Macaulay Ring R, so wichst seine Tiefe mit der Bildung von Syzygien so
lange um jeweils 1, bis sie die grofitmogliche Tiefe dim(R) erreicht hat, und fortan bleibt sie
konstant. Insbesondere ist jede hinreichend hohe Syzygie von M maximal Cohen-Macaulay,
und das ist der Grund, warum man sich die Eigenschaft, maximal Cohen-Macaulay zu sein,
als stabile Eigenschaft vorstellen kann. Wenn R nicht blofi Cohen-Macaulay, sondern sogar
Gorenstein ist, so passiert ein kleines Wunder: sobald man nach der Bildung hinreichend
hoher Syzygien im “stabilen” Bereich der maximalen Cohen-Macaulay Moduln angekom-
men ist, kann man diese Syzygien sogar wieder derart projektiv nach rechts auflésen, dass
die entstehenden Ko-Syzygien weiterhin maximal Cohen-Macaulay sind. Technisch gesagt
bedeutet dies, dass die Kategorie der maximalen Cohen-Macaulay Moduln eine Frobe-
niuskategorie ist, d.h. eine exakte Kategorie mit genug Projektiven und Injektiven, wo
dariiber hinaus Projektivitéit und Injektivitdt zusammenfallen. Annulliert man in so einer
Kategorie alle Morphismen, die durch ein projektives Objekt faktorisieren, so erhilt man
eine kanonisch triangulierte Kategorie (siehe [Kel06, Abschnitt 3.3] und Referenzen dar-
in); insbesondere trigt die stabile Kategorie MCM(R) also eine kanonische triangulierte
Struktur. Fiir den Fall, dass wir tiber einer Hyperfliche R = S/(w) arbeiten (d.h. S regulér
und w € m\ {0}), ist diese stabile Kategorie trianguliert dquivalent sowohl zur Homoto-
piekategorie von Matrixfaktorisierungen HMF (S, w) als auch zur Singularitétenkategorie
D’(R) /Perf von S/(w).

MCM(R)

1%
1%

D’(R-mod) /Perf HMF (S, w)

Zusammenfassend befinden wir uns also in folgender Situation: Die Knoteninvariante von
Khovanov und Rozansky nimmt Werte in Homotopiekategorien von Matrixfaktorisierun-
gen an, und diese sind dquivalent zu stabilen Kategorien von maximalen Cohen-Macaulay
Moduln iiber den entsprechenden Hyperflichen. Das fithrt aus natiirliche Weise zu der
folgenden Frage, der wir in dieser Arbeit nachgehen wollen:

Zentrale Frage: Konnen wir die Knoteninvariante von Khovanov und Rozansky durch
die Verwendung von maximalen Cohen-Macaulay Moduln statt Matrizfaktorisierungen ver-
einfachen und besser verstehen?

Bevor wir den in dieser Arbeit beschriebenen Ansatz zur Beantwortung dieser Frage
vorstellen, skizzieren wir kurz die urspriingliche Konstruktion von Khovanov und Rozans-
ky.

Ist ein planares Knotendiagramm L gegeben, so gehen wir zunéchst alle Kreuzungen
in L durch und ersetzen jede von ihnen entweder durch die “Unkreuzung” oder eine di-
cke Kante mit Beschriftung 2; siehe Figur [1| Ein Graph, der aus unverknoteten Stréngen
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Figure 1: Auflssen einer Uberkreuzung

oder dicken Kanten wie in Figur [1| zusammengesetzt ist, nennen wir MOY-Graph (siehe
[MOY98]). Ist n die Anzahl der Kreuzungen in L, so erhalten wir also durch die eben
beschriebene Ersetzung 2" verschiedene MOY-Graphen, und jeden von ihnen nennen wir
eine Glattung von L. Der wesentliche Teil der Konstruktion von Khovanov-Rozansky be-
steht nun darin, jeder Gléittung von L eine Matrixfaktorisierung zuzuordnen. All diese
Matrixfaktorisierungen werden dann anschlieBend durch eine Wiirfelkonstruktion (siehe
[KhoOO]) zu einem Komplex von Matrixfaktorisierungen zusammengesetzt, dessen Homo-
topietyp der Wert des durch L reprisentierten Knotens ist. Wir werden uns in dieser Arbeit
nicht mit der Wiirfelkonstruktion beschéftigen (fiir Details dazu siehe die Originalarbeit
[KRO8]), sondern stattdessen die Zuordnung einer Matrixfaktorisierung zu einer Glattung
I' von L genau analysieren. Sie besteht aus folgenden Schritten:

(1) Zunéchst zerlege I' in einfache MOY-Graphen 'y} 7' und I'™ wie sie in Figur

dargestellt sind, und ordne jedem dieser Graphen eine feste Matrixfaktorisierung zu.

(2) Verklebe all diese Matrixfaktorisierungen durch Tensorieren zu einer Matrixfaktori-
sierung KR(T).

ST O Le—1 Ky X

O\ml O\mg o mkf mk/o [

T AU S

Y Yo Yo Y Y
Lo in® L

Figure 2: Einfache MOY-Graphen

Es liegt daher nahe, unsere zentrale Frage in die folgenden beiden Probleme zu zerlegen:

(1) Beschreibe die maximalen Cohen-Macaulay Moduln, welche den Matrixfaktorisie-

rungen entsprechen, die im ersten Schritt den einfachen MOY-Graphen FZ?;];;ZL k

und I'7? zugeordnet werden.
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(2) Versuche zu verstehen, wie das Tensorprodukt von Matrixfaktorisierungen auf der
Seite der maximalen Cohen-Macaulay Moduln aussieht.

Wir beschreiben nun die Antwort auf (1). Setze dazu wieder R := S/(w) fiir einen reguléren
Ring S und w € m\ {0}. Ferner mégen R-mod und MCM(R) die stabilen Kategorien
aller R-Moduln bzw. aller maximalen Cohen-Macaulay Moduln iiber R bezeichnen, d.h.

diejenigen Kategorien, die aus R-mod bzw. MCM(R) entstehen, wenn wir alle Projektiven
annullieren; dieses Annullieren der Projektiven ist notwendig, damit die Syzygie 2M eines
R-Moduls M wohldefiniert bis auf Isomorphie sowie funktoriell in M ist. Kommen wir zur
Sache. Die Inklusion MCM(R) — R-mod hat einen Rechtsadjungierten M : R-mod —
MCM(R), gegeben durch M(M) := £1>I>I%) Q2" M. Die rechte Seite ist dabei so zu verstehen,

dass wir zunichst ein n > 0 wihlen, sodass Q2" M maximal Cohen-Macaulay ist und dann
M(M) := Q2" M setzen. Wegen Q2 = id auf MCM(R) ist dies von der speziellen Wahl von
n unabhéngig. Mittels M kénnen wir nun den folgenden “Stabilisierungsfunktor” (siehe
[Kra05]) definieren, der fiir die vorliegende Arbeit zentral ist:

(=)™ .=  Rmod — R-mod —— MCM(R) —— HMF(S, w).
Wir kénnen jetzt den ersten Satz formulieren:

Theorem 1 (siehe (3.1.3) Es besteht eine kanonische Homotopiedquivalenz

KR (I}) - KR<X> - (uxl,m] & ClnnlV)

Das Symbol ®sym, meint hierbei, dass die symmetrischen Polynome in x1, z2 mit den

1 1 1 2
>{x’f+ +ay Ty =y T

entsprechenden symmetrischen Polynomen in y;, yo identifiziert werden; der Grundring

fiir die Stabilisierung ist der (regulire lokale graduierte) Polynomring Clz1, z2,y1, y2].
mi,..

Allgemeiner besteht fiir den einfachen Graphen Fnh__;;l? kin Figurfolgende kanonische

Homotopiediquivalenz (fiir die Notation, siehe Abschnitt , wobei = Y mym;:
1<i<j<k

X Ky K1 Ky,

my_ing mE1 my

KR (T;ibme) = KR

ni,...,my

n 712 np— |
‘g "B "o
Y1 Yo Vi1 Vg

{Zxnti_mynti}
o~ <Sym(X1\...|Xn) S® Sym(Y1|...|Ym)<r>> .
ym

In Hinblick auf Theorem [1] ist es natiirlich zu fragen, in welcher Weise die Bildung
von Stabilisierungen mit Tensorprodukten von R-Moduln kommutiert. Informell kann das
zentrale Resultat wie folgt formuliert werden:

Theorem 2 (siehe [3.2.4) und [3.2.6]) Bei der Konstruktion der Matrixfaktorisierung zu
einem MOY-Graphen kommutiert der Stabilisierungsfunktor mit der Bildung von Tensor-

produkten, wenn der betrachtete Graph keine orientierten Kreise enthélt.

Als Spezialfall erhalten wir die Beschreibung der Matrixfaktorisierungen zu MOY-Z6pfen
durch Soergel Bimoduln. Ein MOY-Zopf auf m Stréngen ist dabei eine Stapelung von
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MOY-Graphen o; in Figur [3| Fiir i1,...,4; € {1,2,...,m — 1} schreiben wir s;, 8, - s;
fiir den oben beginnend aus s;; bis s;, zusammengesetzten MOY-Zopf. In dieser Notation

n

wére zum Beispiel I'g = s15951 fiir I'g aus Figur

1 2 i—1 i i1+1 i4+2 m-1 m

Figure 3: Baustein o; eines MOY-Zopfes

Korollar 3 (siehe Korollar 3.3.12) Ist v = s;, 4, - - - 55, ein MOY-Zopf, so besteht ei-
ne kanonische Homotopiedquivalenz zwischen KR(y) und der Stabilisierung des Soergel-
Bimoduls B;; ® B;, ® ... ® B;,.

Wir geben spéter in Abschnitt [3] die Definitionen der B; und der Kategorie der Soergel
Bimoduln; fiir den Moment werden sie nicht benotigt. Wichtig ist die Erkenntnis, dass das
Korollar uns eine Reihe von Relationen zwischen den Matrixfaktorisierungen zu MOY-
Zopfen liefert, ndmlich all jene, die schon auf dem Level von Soergel Bimoduln richtig wa-
ren. Die Kombinatorik dieser Moduln ist bereits gut verstanden (siehe [Soe07]) und lsst
sich wie folgt durch die Hecke-Algebra H,,,(q) der symmetrischen Gruppe &,,, beschreiben
(siehe Definition : Schickt man fiir i = 1,2, ..., m — 1 das Kazhdan-Lusztig Basisele-
ment H, auf die Klasse des Soergel Bimoduls B;, so erhilt man einen Ringisomorphismus
zwischen der (generischen) Hecke-Algebra H,,(¢) und dem spaltenden Grothendieck-Ring
der Kategorie der Soergel Bimoduln. Relationen in der Hecke-Algebra der symmetrischen
Gruppe entsprechen also Relationen zwischen Soergel Bimoduln, und diese liefern nach
Stabilisierung entsprechende Relationen zwischen den Matrixfaktorisierungen aus der Kon-
struktion von Khovanov und Rozansky.

Zum Beispiel folgt es direkt aus Theorem [2 und der Relation

Hsﬂtﬂs _Hs = Htﬂsﬂt _Ht = Hsts (1)

in der Hecke Algebra von &3 = (s,t | s> = t? = e, sts = tst), dass eine Homoto-
piedquivalenz

KR(Io) @ KR(I1) ~ KR(I) @ KR(I3)

besteht, wobei I';, ¢ = 0,1, 2, 3 in Figur (4] dargestellt sind. Ein direkter Nachweis dieser in
H3(q) elementaren Relation auf der Seite der Matrixfaktorisierung ist sehr aufwindig.
Theorem 2| erhellt folgende Parallele zwischen den Konstruktionen von Khovanov-
Rozansky Homologie und der Knoteninvariante von Mazorchuk-Stroppel (siehe [MS09]):
In der Konstruktion von Mazorchuk und Stroppel wird jedem MOY-Zopf in einem ersten
Schritt ein projektiver Funktor auf der graduierten Bernstein-Gelfand-Gelfand Katego-
rie O zugeordnet, und dieser projektive Funktor geht unter Soergels Kombinatorikfunk-
tor V (siehe [Soe92]) in den zum betrachteten MOY-Zopf assoziierten Soergel Bimodul



10 Einleitung

AN AN

T Ty T

Figure 4: Eine MOY-Relation

iiber. Beide Konstruktionen beginnen also damit, den betrachteten MOY-Zopfes durch
ein Aquivalent des zugehorigen Soergel Bimoduls zu ersetzen. Bei Khovanov-Rozansky
geht die Konstruktion anschlieBend mit der Stabilisierung des Soergel Bimoduls weiter,
wohingegen bei Mazorchuk-Stroppel der betrachtete projektive Funktor auf O auf gewis-
se parabolische Unterkategorien OF eingeschrinkt wird. Wir kommen gleich auf noch die
Frage zuriick, welche Bedeutung diese zweiten Konstruktionsschritte haben und ob sie sich
vergleichen lassen.

Die Hecke Algebra Relationen, die wir aus Theorem [2 erhalten, sind nicht ausreichend
fur eine Kategorifizierung der Reshetikhin-Turaev Knoteninvariante fiir ¢, (sl(n)). Um das
einzusehen erinnern wir uns an die Beschreibung der Endomorphismenalgebra der m-ten
Tensorpotenz der Vektordarstellung V' der Quantengruppe U, (sl(n)) fiir generisches ¢: Wir
haben eine Surjektion

H,,,(q) ——— Endyy, (g(n)) (VE™)

die das Kazhdan-Lusztig Basiselement H; auf den Endomorphismus

yem ide (A )wid yei-1) g o YEm—i-1) ide () sid

(VAV) yemn

schickt. Die Wohldefiniertheit dieser Abbildung besagt also, dass die Endomorphismen

DX =

die Hecke Algebra Relationen erfiillen; ihre Kategorifizierungen sollten das also eben-
falls tun, und Theorem [2| zeigt, dass dies fiir die Konstruktion von Khovanov-Rozansky
tatsdchlich der Fall ist. Allerdings gibt es mehr Relationen in Enduq(sl(n))(V@’m) als dieje-
nigen in H,,(q), denn 7,, ist i.A. nicht injektiv, und Elemente in ker(7;,) liefern zusétzliche
Relationen in Enduq(sl(n))(v(@m), die in der Kategorifizierung ebenfalls gelten sollen; wir
nennen die Relationen in H,,(q)/ker(7,,) kurz MOY-Relationen. Auf dem Level der Soer-
gel Bimoduln sind die MOY-Relationen nicht erfiillt, denn die Kombinatorik der Soer-
gel Bimoduln, d.h. der Grothendieck-Ring der Kategorie der Soergel-Bimoduln, ist durch
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H,,(q) gegeben. Wenn wir die MOY-Relationen fiir Khovanov-Rozansky Homologie erfiillt
wissen wollen, miissen wir also untersuchen, ob uns die fehlenden Relationen aus ker(7,,)
durch Anwenden des Stabilisierungsfunktors beschert werden. Konkret ist ker(7,,) erzeugt
von allen Kazhdan-Lusztig Basiselementen H,, fiir solche Permutationen w € &,,, deren
Robinson-Schensted Tableaus mehr als n Zeilen haben; wir haben demnach zu zeigen, dass
die Stabilisierungen der zu diesen Elementen gehérenden Soergel Bimoduln verschwinden,
und das ist Inhalt des folgenden Theorems:

Theorem 4 (siehe Theorem [3.4.1)) Sei n > 2 und w € &,, eine Permutation, deren
Robinson-Schensted Tableau mehr als n Zeilen hat. Dann ist der zu w assoziierte unzer-
legbare Soergel Bimodul B,, von endlicher projektiver Dimension iiber dem Ring

m
i=1

es gilt also

m
n+1 n+1
{E ]

=1

By ~ 0.

Insbesondere erfiillen die Stabilisierungen von Soergel-Bimoduln die MOY-Relationen.

Als Beispiel betrachten wir den Fall n = 2 und m = 3. Dort gilt wegen , dass
HHH = H,, + H, in der Hecke Algebra von G3. Da das Robinson-Schensted Tableau
von sts drei Zeilen hat, liefert das Theorem somit die Relationen (siche Figur [4))

sts

KR(I)) ~KR(T'3) und KR(I'1) ~KR(y).

In der Invariante von Mazorchuk-Stroppel ist die Situation &hnlich: die zu MOY-Zd&pfen
assoziierten projektiven Funktoren auf Kategorie O erfiillen genau die Hecke Algebra Re-
lationen, nicht jedoch die Relationen, die von ker(7,,) gestiftet werden. Um auch diese zu
erhalten, ist die Einschriankung des betrachteten Funktor auf gewisse parabolische Unter-
kategorien OP notig.

Obgleich die Theoreme 1-3 eine erste Verbindung zwischen Khovanov-Rozansky- and
Stroppel-Mazorchuk Homologie erhellen, kénnen wir kein prizises Vergleichstheorem auf-
stellen. Auf der Ebene der Hecke Algebra Relationen ist die Situation klar, denn wir haben
gesehen, dass beide Konstruktionen einem MOY-Zopf ein Aquivalent des zugehérigen Soer-
gel Bimoduls zuordnen. Auf der Ebene der MOY-Relationen haben wir festgestellt, dass
das Einschrianken von projektiven Funktoren auf gewisse Parabolische sowie das Stabili-
sieren von Soergel Bimoduln den gleichen Effekt haben, ndmlich die fehlenden Relationen
aus ker(7,,) zu gewihrleisten; es bleibt jedoch unklar (zumindest fiir den Autor), ob und
warum das Einschridnken eines Funktors auf parabolische Unterkategorien fiir den assozi-
ierten Soergel Bimodul eine Stabilisierung bedeutet.

Wir kénnen die Ergebnisse dieser Arbeit informell im kommutativen Diagramm [5]
zusammenfassen.

Aufbau: In Abschnitt [I| wiederholen wir zunéchst einige Grundlagen iiber lokale
graduierte kommutative Ringe, wobei wir uns auf die Frage konzentrieren, wie wir den
graduierten Fall auf den besser bekannten Fall ungraduierter lokaler Ringe zuriickfithren
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Soergel’s functor V
e

H,.(q) { Functors Oy — Oy } { Soergel bimodules }

UOTPOLIISOY]
1090UNJ UOTIRZI[I(R)G

0
H,,(q)/ker(7) { Functors @ O) — @ O} } -» { Maximal Cohen-Macaulay modules }
pl<n |pl<n

Figure 5: Uberblick iiber die Ergebnisse dieser Arbeit

konnen. In Abschnitt 2] fiihren wir graduierte maximale Cohen-Macaulay Moduln {iber
Gorenstein Ringen ein und wiederholen die wohlbekannte Verbindung zwischen gradu-
ierten maximalen Cohen-Macaulay Moduln tiber einer Hyperfliche und graduierten Ma-
trixfaktorisierungen. Wir fithren dann den Stabilisierungsfunktor ein und untersuchen die
Vertraglichkeit von Stabilisierung mit der Bildung von Tensorprodukten. In Abschnitt
benutzen wir die bis dahin entwickelten Techniken um die Konstruktion der Khovanov-
Rozansky Homologie mit Hilfe des Stabilisierungsfunktors umzuschreiben; wir beweisen
dort auch die Theoreme [I] und [2] In Abschnitt [ untersuchen wir die Vertréiglichkeit des
Stabilisierungsfunktor mit der Dualitéit auf Matrixfaktorisierungen und benutzen die ge-
wonnenen Erkenntnisse in Abschnitt [5] um das Abschliefien eines Zopfes als eine Art stabi-
lisierte Hochschild-Kohomologie zu beschreiben (siche [Web(7]). In all diesen Abschnitten
geht es uns mehr um Motivation, Beispiele und explizite Rechnungen als um gré8tmogliche
Allgemeinheit. Im Gegensatz dazu gibt es einen Anhang, in dem wir fast alle Resultate
der Arbeit in groflerer Allgemeinheit in der Sprache der derivierten Kategorien formulieren
und beweisen. Dieser Anhang kann unabhingig von der restlichen Arbeit gelesen werden;
es besteht jedoch die Gefahr, dass die groflere Allgemeinheit und Abstraktion es schwierig
machen, die Motivation fiir das zu sehen, was geschieht, und aus diesem Grund haben wir
nicht von Beginn an in dieser abstrakten Welt gearbeitet.

Danksagung: Ich méchte mich bei allen bedanken, die mich wéhrend des Schreibens
dieser Diplomarbeit unterstiitzt haben. Mein besonderer Dank gilt meiner Betreuerin Frau
Prof. Catharina Stroppel fiir die unzdhligen hilfreichen und interessanten Diskussionen.
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We will now give a detailed but rather informal introduction to the general setting we are
working in and a motivation for the problem we want to study.

In [KRO§|, Khovanov and Rozansky constructed a categorification of quantum sl(n)
polynomial knot invariants for all £ > 0. More precisely, their construction categorifies
the Reshetikhin-Turaev link invariant (see [RT90] and [Kas95, Part III]) for links whose
components are labeled by the vector representation of U, (sl(n)). This construction was
recently extended by Wu and Yonezawa in their articles [Wu09] and [Yon09], where they
provided a categorification for links with components labeled with arbitrary exterior pow-
ers of the vector representation. For now it is not important how these knot invariants are
constructed in detail; we only care about what objects they associate to a tangle, namely
matrix factorizations. Next we recall what this means.

Let S be a commutative ring and w € S be arbitrary. A matrix factorization ((origi-
nally due to Eisenbud, see [Eis80]) of type (S,w) is a pair of maps M —*» N, N LM
between free S-modules M, N such that a8 = fa = w -id. Therefore, one might think
of a matrix factorization of type (S,w) as some 2-periodic complex of free S-modules
where the usual condition 62 = 0 for the differential is weakened to 62 = w -id. In this
description, morphisms of matrix factorizations are morphisms of 2-periodic complexes,
and they can be written as the 0-cocycles in some 2-periodic complex (in the usual sense)
of morphisms, defined as in the case of ordinary complexes over some additive category,
yielding a differential-graded category MFq, (S, w). It turns out that this dg-category is
pretriangulated, i.e. there is a reasonable notion of shift and cones, so that we have a
canonical triangulated structure on its homotopy category. It is this homotopy category
of matrix factorizations HMF (S, w) where Khovanov-Rozansky’s link homology theory
takes its values.

In case S is a regular local ring and w € m\ {0}, it is known that the homotopy category
of matrix factorizations is triangle equivalent to what is called the singularity category of
the ring S/(w). The singularity category can be defined for any local Noetherian ring
R and has several equivalent definitions (see [Orl09]), the usual one being the Verdier
quotient D’(R-mod) /Perf of the bounded derived category of finitely generated R-modules
by the subcategory of perfect complexes, i.e. those which are quasi-isomorphic to bounded
complexes of projectives. In view of Serre’s Theorem stating that a Noetherian local ring
is regular if and only if every module has a finite projective resolution, this is a quite
intuitive measure for the failure of R to be regular. However, for us the description as
the stable category MCM(R) of the category MCM(R) of maximal Cohen-Macaulay
modules over S/(w) (originally due to [Buc86] and [Hap88]) is of interest, which we now
recall. A finitely generated module over a local ring R is called Cohen-Macaulay if its depth
(i.e. the maximal length of a regular sequence in M) equals its dimension (the dimension
of the topological space Supp(M) C Spec(R)); it is called maximal Cohen-Macaulay if
depth(M) = dim(M) = dim(R). A ring is called Cohen-Macaulay if it is Cohen-Macaulay
considered as a module over itself. Denote the category of maximal Cohen-Macaulay
modules over R by MCM(R). Being maximal Cohen-Macaulay is a stable property in
the following sense: given a finitely-generated module M over a Cohen-Macaulay ring
R, its depth increases as one takes syzygies of M, as long as the depth does not get
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bigger than depth(R) = dim(R). In particular, the k-th syzygy of M is maximal Cohen-
Macaulay for k > depth(R) —depth(M), and this is why one can think of maximal Cohen-
Macaulayness as a stable property. Now, in case where R is not only Cohen-Macaulay
but even Gorenstein, a small miracle occurs: once a module belongs, after sufficiently
many projective resolving steps to the left, to the “stable” range of maximal Cohen-
Macaulay modules, it can even be projectively resolved to the right with all syzygies again
maximal Cohen-Macaulay. In precise terms, this is known as the fact that the category
of maximal Cohen-Macaulay modules is a Frobenius category, i.e. an exact category with
enough projectives and injectives where in addition the classes of projective and injective
objects coincide. Annihilating all morphisms which factor through a projective object in
such a category yields a canonically triangulated category (see [Kel06, Section 3.3] and
references therein), and so in particular we get the stable category of maximal Cohen-
Macaulay modules endowed with a canonical triangulated structure. If we work over some
hypersurface R = S/w, i.e. S is regular and w € m \ {0}, then this stable category of
maximal Cohen-Macaulay modules is both triangle equivalent to the singularity category
of R and the homotopy category of matrix factorizations.

MCM(R)

I
I

D’(R-mod) /Perf HMF (S, w)

To sum up, we have the following situation: the Khovanov-Rozansky link invariant takes
values in homotopy categories of matrix factorizations, and those are equivalent to stable
categories of maximal Cohen-Macaulay modules over the corresponding quotient singu-
larities. This naturally leads to the following question, which we want to study in this
article:

Main Question: How can we construct (and simplify?) KR-homology using the stable
category of mazimal Cohen-Macaulay modules instead of the homotopy category of matriz
factorizations?

To be able to describe our attempt to answer this question, we first sketch Khovanov
and Rozansky’s original construction.

Given a link L we first replace any crossing of L either by the uncrossing or the
wide edge, as depicted in Figure [6] A graph with is composed of subgraphs as in Figure
(6] is called a MOY-graph (see [MOY98]). The MOY-graph obtained from L by some
choice of replacement for each crossing is called a smoothing of L. The main part in
the construction of the Khovanov-Rozansky link homology of L is to associate to each
smoothing of all n crossings of L. a matrix factorization. Having done this, all these 2"
matrix factorizations are finally patched together to a complex of matrix factorizations,
whose homotopy type is the value of L under Khovanov-Rozansky homology. We will not
consider this patching construction, for which we refer the reader to the original article
[KRO8| for details. Instead, let us look at the steps through which Khovanov-Rozansky
construct the matrix factorization KR(I") associated to a smoothing I' of the link:
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Figure 6: Resolving a crossing

(1) First decompose I' into basic MOY-graphs I'f and T as depicted in Figure |7, and
to each of these building blocks associate certain explicit matrix factorizations.

(2) Glue them together by tensoring. The result is KR(T'").

Xy Ky Rp1 Xy N4
O\m1 O\mg o mk,/? mk/o 1
O/nl ng . n_1 n[\o

Y1 Yo Yi—1 Y Y

It L

Figure 7: Building blocks

According to our main question, this yields the following two steps in our desired con-
struction of Khovanov-Rozansky homology through matrix factorizations:

(1) Describe the maximal Cohen-Macaulay modules corresponding to the matrix factor-
izations associated to building blocks T'p 7' and T,

(2) Try to understand what the tensor product on the homotopy category of matrix
factorizations looks like in the stable category of maximal Cohen-Macaulay modules.

The answer to (1) is as follows. Consider again a hypersurface R = S/(w), so S is
regular and w € m\ {0}. Further, denote R-mod and MCM(R) the stable categories
of all resp. maximal Cohen-Macaulay modules over R, i.e. the categories obtained from

R-mod and MCM(R) by annihilating morphisms factoring through a projective; this
annihilation is necessary for the syzygy QM of an R-module M to be well-defined up
to isomorphism and to be functorial in M. Now, the embedding MCM(R) — R-mod

has a right adjoint M : R-mod — MCM(R), given by M(M) := li>r>% Q?"M. Here the
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right hand side means that one has to choose n > 0 such that Q2" is maximal Cohen-
Macaulay and set M (M) := Q2" M:; the particular choice of n does not matter, because

02 = id on MCM(R). This yields the following stabilization functor (see [Kra05]), which
is fundamental in the present paper:

()™ .= Rmod — R-mod —*— MCM(R) —— HMF(S, w).
Now we can formulate our first theorem:

Theorem 5 (see [3.1.3]) There is a homotopy equivalence

KR (ﬁﬁ) =C < K ) ~ (‘D[:vl,xz] & Cly1, y2)(1)

Here ®gyny, means that the symmetric polynomials in x1,z2 and y1,y2 are identified,

n+1_

1 1 2
>{x?+ +$§+ Y ;+ }

Y

and the base ring for the stabilization is the (regular local graded) polynomial ring
Clr1, 22, Y1, Y2l

More generally, for the basic building block I" %{ij;ﬁf kin Figure we have the following
homotopy equivalence (for the notation, see Section , where r:= >~ mym;:
1<i<j<k

Ly Ky K1 Ky,
Q

O
ma_ing mE=1 my

KR ([71m) = KR,

ni,..,1

n1” ng N1y
O

Yi Yo Y1 Y,

{ZxnHl_gynti}
o~ (Sym(xl\...yxn) S(}E?m Sym(Yl\...Wm)(r>> .

Given the statement of Theorem [Blit is natural to ask to what extend the stabilization
functor commutes with tensor products. Informally, our result can be stated as follows:

Theorem 6 (see [3.2.4] and [3.2.6) As long as there are no oriented cycles in the graph,

the stabilization functor commutes with tensor products.

As a special case, we obtain the description of the matrix factorizations associated to
MOY-braids through Soergel bimodules. Here by a MOY-braid we mean a concatenation
of MOY-graphs as in Figure For i1,...,4; € {1,2,...,m — 1} we write s;,s;, - - - s, for the
concatenation from top to bottom of s;,, s;,, ..., s;,. For example, in this notation we have
[y = s18281, where Iy is the MOY-graph depicted in Figure [9

Corollary 7 (see Corollary [3.3.12) The matrix factorization associated to a MOY-
braid s;, s, - -+ s; is canonically homotopy equivalent to the stabilization of the Soergel
bimodule B;; ® B;, ® ... ® B;, associated to the braid.

Later in Section [3| we will give the definition of the B; and the category of Soergel
bimodules; for now it is not necessary to know them. The important thing to realize
is that the corollary implies a bunch of relations up to homotopy between the matrix
factorizations associated to MOY-braids, namely those which are already true on the level
of the corresponding Soergel bimodules. The combinatorics of these modules is quite well
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1 2 i—1 ) i+1 i+2 m-—1 m

Figure 8: Basic MOY-braid o;

understood in terms of the Hecke algebra H,,(q) of the symmetric group: sending the
Kazhdan-Lusztig basis element H; to the class of the Soergel bimodule B; induces an
isomorphism of rings between the (generic) Hecke-algebra and the split Grothendieck ring
of the category of Soergel bimodules. Relations in the Hecke algebra therefore correspond
to relations between Soergel bimodules, and when applying the stabilization functor these
yield relations between matrix factorizations appearing in the construction of Khovanov
and Rozansky.
For example, it follows directly from Theorem [ and the known equality

ﬂsHtHS _ﬂs = Htﬂsﬂt _Ht = Hsts (2)

for the Hecke-algebra of G3 = (s,t | s> = t2 = e, sts = tst) that there is a homotopy
equivalence
KR(I'g) s KR(I'1) ~ KR(I'2) ® KR(I'3),

where I';, i = 0,1, 2, 3 are depicted in Figure[9] Note that though the relation is elementary
in the Hecke algebra, it requires a substantial amount of direct calculations to verify it in
HMF.

N N

AN AN

Fl FQ F3

Figure 9: Basic MOY-relation

Theorem [0] reveals the following parallel between the constructions of Khovanov-
Rozansky homology and the knot invariant of Mazorchuk-Stroppel (see [MS09]): In the
construction of Mazorchuk and Stroppel they associate to a MOY-braid a projective func-
tor on some graded version of the Bernstein-Gelfand-Gelfand category O, and this projec-
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tive functor corresponds to the associated Soergel bimodule under Soergels combinatorial
functor V (see [S0e92]). Hence, both constructions begin by associating to a MOY-braid
something which is equivalent to the Soergel bimodule associated to the braid. Next,
the construction of Khovanov-Rozansky proceeds by stabilizing the given Soergel bimod-
ule, while Mazorchuk-Stroppel restrict the projective functor under consideration to some
parabolic subcategories OP. We will come back to the meaning of these second steps in
the construction of Khovanov-Rozansky and Mazorchuk-Stroppel soon.

The Hecke algebra relations we get from Theorem [6] are not enough to category the
Reshetikhin-Turaev link invariant for ¢, (sl(n)). To understand this, recall the description
of the endomorphism algebra of the m-th tensor power of the vector representation V' of
the quantum group U,(sl(n)) for generic g. We have a surjective map

H,.(q) - Endy, (si(n)) (VE™)

sending the Kazhdan-Lusztig element H; to the intertwiner

o 8RS

) ide (Y) ®id

1% (VAV) g yem=i-l y e

Thus, the special intertwiners

DX - i

satisfy the Hecke algebra relations, and so should their categorifications. Theorem [0]
shows that this is indeed true for Khovanov-Rozansky’s construction. However, since 7,
is not injective in general, there are more relations in Enduq(g[(n))(V@’m), namely those
coming from elements of ker(7,,); these should be fulfilled in the categorification, too.
We call the relations coming from H,,(q)/ker(7,;,,) MOY-relations for short. On the level
of Soergel bimodules, the MOY-relations are not satisfied, because the combinatorics of
Soergel bimodules, i.e. the Grothendieck ring of the category of Soergel bimodules, is
given by H,,(¢). If we want all MOY-relations to be fulfilled in Khovanov-Rozansky
homology, we therefore have to show that by stabilizing Soergel bimodules we obtain
the missing relations from ker(7,,). Concretely, the kernel of 7, is generated by those
Kazhdan-Lusztig basis elements H,, for permutations w € m,, whose Robinson-Schensted
tableau has more than n rows; we therefore have to show that the stabilizations of the
Soergel bimodules corresponding to these elements vanish, and this is the content of the
following theorem:

Theorem 8 (see Theorem [3.4.1) Fixn > 2 and let w € &, be such that the Robinson-
Schensted tableau of w has more than n rows. Then the indecomposable Soergel bimodule
B, is of finite projective dimension considered as a module over the ring

m
Clz1, ooy Ty Y1y ooy Y/ (Zw?Jrl _ yin+1> ’
i=1

and hence

LT i
By~! ~ 0.

In particular, the stabilizations of Soergel bimodules satisfy the MOY-relations.
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As an example, take n = 2 and m = 3. In this case, yields HHH, = H, + H,
in the Hecke algebra of G3. The Robinson-Schensted tableau of sts has 3 rows, so we get
C(Iy) ~ C(I'3) and C(I'y) ~ C(T2) (see Figure[9).

For the invariant of Mazorchuk and Stroppel the situation is similar: the projective
functors associated to MOY-braids satisfy the Hecke-algebra relations, but not the extra
relations coming from ker(7,,). To obtain the missing relations, the functors have to be
restricted to certain parabolic subcategories OP of O.

Theorems 1-3 provide the first steps for a connection between Khovanov-Rozansky- and
Stroppel-Mazorchuk homology. However, we cannot state a precise comparison theorem.
On the Hecke algebra level of Soergel bimodules/projective functors on O, the connection
is clear. However, it is not clear to the author in which way restriction from Qg to parabolic
subcategories Op corresponds to the stabilization of the corresponding Soergel bimodule
with respect to Zm?ﬂ — Ey?“, even though the effect of both operations is the same.

We can informally summarize the results of this work in the commutative diagram

Soergel’s functor V
Bl ettt

H,.(¢q) { Functors Oy — Op } { Soergel bimodules }

UOTPOLIYSOY]
1030UNJ UOTYRZI[I(RIS

o
H,,(q)/ker(7y) { Functors @ Of — @ O} } -» { Maximal Cohen-Macaulay modules }
pl<n Ipl<n

Figure 10: Overview over the results of this work.

Structure: The paper is organized as follows. In Section [I] we recall some basics
about local graded commutative rings, focusing on how to relate it to the better known
case of ungraded local commutative rings. In Section 2] we introduce the notion of graded
maximal Cohen-Macaulay modules over Gorenstein rings and recall the well-known con-
nection between graded maximal Cohen-Macaulay modules over a hypersurface and graded
matrix factorizations. We then introduce the stabilization functor and study the compat-
ibility of stabilization with tensor products of matrix factorizations. In Section [3| we use
the techniques developed so far to simplify the construction of Khovanov-Rozansky using
the stabilization functor, proving Theorems [ and [6] In Section [4] we study the compati-
bility of the stabilization functor with the duality for matrix factorizations, and apply the
results we get in Section [5| to describe braid closure as some kind of stabilized Hochschild-
cohomology (see [Web(7]). In all these sections we focus on motivation, examples and
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explicit calculations, while not trying to give all results in the greatest possible generality.
In contrast to that, there is an appendix where we reprove almost all statements in a
much more general situation using the language of derived categories. This appendix can
be read almost independently of the rest of the paper; however, its bigger generality and
abstraction might prevent the reader from getting the motivation for what is done, and
this is why we didn’t work in this more abstract setting right from the beginning.

Acknowledgements: I want to thank all people who helped and supported me during
the process of writing this thesis. My special thanks go to my advisor Prof. Catharina
Stroppel for the countless helpful and interesting discussions about the subject.



1 Basics on local graded commutative algebra

In this section, we will give a short introduction to local graded commutative algebra. All
of the results we recall here are well-known at least in the ungraded case, so we concentrate
on explaining how they can rigorously be upgraded to the graded case.

1.1 Notation

In the following, we always denote by R, = @,,c; R. a Noetherian graded commutative
ring which is local in the sense that there is precisely one graded maximal ideal m, and
we let k, := R./m be its residue class ring. Note that any ungraded local ring can be
considered as a local graded ring concentrated in degree zero, so the ungraded situation is
a special case of the graded situation. Next, let R be the ungraded ring underlying R,, and
let R-Mod denote the abelian category of all graded R,-modules with grading preserving
morphisms of R-modules. The set of morphisms between graded R,-modules M, and N,
is denoted by Homp (M., N,). The subcategory of finitely generated graded R,-modules
is denoted by R,-mod. Next, let (d) : R-Mod — R.-Mod be the automorphism given by
grading shift, i.e. M(d)p := Mgiq. If M, is a graded R,-module, we denote by M the
underlying R-module. An R_-module M, is called free (of finite rank) if it is isomorphic
to a (finite) direct sum of modules of the form R(d), for some d € Z.

For R-modules M,, N, there is a graded homomorphism space Hompg(M,, N,), defined
by Hompg (M., N,); := Hompg (M., N(k)). An element f € Hompg(M,, N,); is called a
homomorphism of degree k; this is just a homomorphism of the underlying R-modules
raising the degree of each element precisely by k. There is a natural action of R, on
Homp(M,, N,), making it into a graded R,-module. Note that by our convention we
have Homp (M., N,) = Hompg(M,, N,)o, but Homgr(M,,N,) = @, Hompg (M., N.(k)).
Note also that there is a natural homomorphism Hompg(M,, N,) — Hompg(M, N) whose
image consists of all homomorphisms of R-modules M — N that can be written as a
finite sum of homomorphisms of graded R.-modules M, — N, (k). In general, there might
be homomorphisms of R-modules M — N which cannot be written in this way, but if
M, is finitely generated over R,, the above map is an isomorphism. Homomorphisms of
graded modules M/ — M, and N, — N! induce a homomorphism of graded modules
Homp (M., N,). — Hompg(M!,N’),, and in this way Homp(—, —). becomes a biadditive
functor R.-Mod®® x R-Mod — R.-Mod. Let Exth(—,—). denote the family of derived
functors. Since the functor M, — My from R,-Mod to Z-Mod is exact, we have that
Exth(—, —)o is the family of derived functors of Hompg(—, —)o = Homp (—, —), so for any
two R,-modules M,, N, there is a natural identification Extk (M., N,)o = Exty (M., N,).
As above, for finitely generated M, we have Exth(M,, N,) = Exti(M, N), but in general
these two R,-modules may differ.

For graded R,-modules M,, N, define the tensor product M, ®@r N, by (M,®pr N.) :=

( @ M,®z N, | /~, where ~ is generated by z.m@n ~ (=1)"P"m@z.m for z € R,
ptq=k
and m € M,_,. This gives rise to an additive bifunctor R,-Mod x R,-Mod — R.-Mod, and

we denote by Torp(—, —). the family of derived functors of this functor.
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1.2 Graded vs. Ungraded

Most of the theorems on ungraded local Noetherian rings are true for local graded Noethe-
rian rings. One reason for this is that for a finitely generated graded M, over a local
Noetherian graded ring (R,,m,) the map M, — My, takes many numerical invariants like
the Betti-numbers, the dimension, the depth or the projective dimension of the graded
R.-module M, into the ones for the ungraded Ry-module M. This makes it possible
to carry over results from the ungraded case stating relations between these numerical
invariants (the Auslander-Buchsbaum formula, for example) to the graded case without
having to copy the proof verbatim. The material of this section is completely contained
in [BH93], but for the reader’s convenience we will reproduce it here and provide some
details not contained in loc.cit.

To get a feeling why the essential information carried by M, is already encoded in My,
we think about why the vanishing of M, implies the vanishing of M..

Fact 1.2.1 Let M, be a graded module over the graded ring R,, and let p be a (not

necessarily homogeneous) prime ideal in R. Then M, = 0 if and only if M, = 0. Here

M, denotes the localization of M with respect to R\ p (an ungraded module over the

ungraded ring Ry), and M, denotes the localization of M with respect to (<, Bk \ Pi-
In particular, if (R,,m,) is a local graded ring, then M, = 0 if and only if My, = 0.

Proof. Let S := Uycy Ri\px- We have S C R\p, so Mg = 0 implies My = Mp\, = 0. Now
assume Mp\, = 0. To show that Mg = 0 it is sufficient to prove that any homogeneous
m € My, vanishes in Mg. As it vanishes in Mp, ,, there is some = € R\p such that z.m = 0.
By the homogeneity of m it follows that z,.m = 0 for any homogeneous component x, of
x. However, since = ¢ p, some homogeneous component x, € R, of x has to lie in R\ p,
and thus in R, \ p, C S. Hence, m is killed by an element in S, and therefore vanishes in
Msg. O

Definition 1.2.2 Let (R,,m) be a local graded ring and let M, be a finitely generated
graded R.-module. The dimension of M,, denoted dimp M., is defined as the maximal k
such that there exists a chain of homogeneous prime ideals py C p; C ... C pi such that
M,y #0forall i =0,..., k.

Proposition 1.2.3 In the situation of Definition we have dimp M, = dimp,  Mpn.

Proof. For a homogeneous prime ideal p C R, we have M,y = 0 if and only if M, =0
(Fact [1.2.1)), hence dimp M, < dimpg, M. It is therefore sufficient to show that for
d := dimp, My, there is a sequence pg C ... C pg of homogeneous prime ideals such that
M,, #0 for all i =0, ..., d, which is done in [BH93, Theorem 1.5.8]. O

Definition 1.2.4 Let (R,,m) be a local graded ring and let M, be a finitely generated
graded R,-module. The depth of M,, denoted depthy M,, is defined as the maximal length
of a M-regular sequence of homogeneous elements in m. If there is no chance of confusion,
we will shortly write depth(M,) for depthg (M,).

We have the following description of the depth in terms of the vanishing of Ext-groups:
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Proposition 1.2.5 In the situation of Definition [1.2.4] we have
depthp M, = inf{i € Zx¢ | Exty(k., M.). # {0}},

and any maximal M,-regular sequence in m has length depthp M,. In particular, we have
depthp M, < oo and
depthp M, = depthp  Mpy.

Proof. Since R, is Noetherian, any M -regular sequence must be finite. Thus, the second
statement indeed implies that depth(M,) < oc.

Let z1,...,z, € m be an arbitrary M, -regular sequence of homogeneous elements, and
let di,...,d, denote the degrees of the z;. By definition, x; is not a zero divisor in M,,
so we have a short exact sequence 0 — M (—dy), 25 M — M,/z1 M, — 0. Applying
Ext%(k., —). gives

- Bxtly(k., M), — Extg(k,, M,/z1M,), — ExtS(k, M) (=d1) =5 -
and since k, is annihilated by x1, this sequence decomposes into short exact sequences
0 — Exti(k,, M.), — Extf(k,, M./a1M.). — Extf (k. M.).(~d1) — 0

for all i € Z. For i = —1 and then for i = 0, we get Ext%(k_, M,). =0 and Ext}%(k_, M,). =
Ext%(k,,M,/ale_)<d1>,. Continuing in this way, we obtain Extﬁé(kz_,M_), =0forall 0 <
1 <mn and

Ext(k., M.), = Ext%(k., M./ (21, ..., x,)M,).(d1 + ... + dy,), (1.2-1

~—

which shows that
depth(M,) < min{k € Z>¢ | Exth(k., M), # {0}}.

Next, take z1,...,z, maximal (as noted at the beginning of the proof, such a sequence
must exist). We will show that Ext%(k., M./(21, ..., x,)M,), # 0, and this will finish the
proof because of . As x1,...,z, is maximal, any element of m is a zero-divisor
of M./(z1,...,xn)M,. Hence m is contained in the union of the associated primes of
M. /(x1,...,xn)M,, som € Assg (M,/(z1, ..., xy)M,) by prime avoidance. Thus, there exists
an embedding

k{d), = R,/m(d) — M,/(x1,....,zn) M,

for suitable d € Z, and therefore Hompg/(k., M./(x1, ..., ) M.), # 0 as claimed.

The second statement can be seen as follows: First note that since k, is finitely gener-
ated, we have a canonical isomorphism of R-modules Ext}(k.,, M,) = ExtF(k, M). Hence,
using Fact and the compatibility of Ext with localization, we get

depthp M, = inf{i € Z>q | Extly(k., M.). # 0}
=inf{i € Z>¢ | Exth(k, M)y # 0}
= inf{i € Z>¢ | Exthy_(km, M) # 0}
= inf{i € Z>o | Extly_(Rm/mRum, M) # 0}
= depthp My

as claimed. O
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Next we turn to injective dimensions.

Definition 1.2.6 Let (R,,m) be a local graded ring and M, a finitely generated R.-
module. Then the injective dimension of M,, denoted inj.dimp M,, is defined as the
injective dimension of M, in the abelian category R,-mod.

Remark 1.2.7 For a finitely generated R.-module M, we have
inj.dimp _,0q(M.) = inj.dimpg _yjoq(M.)
by Baer’s criterion (which works for every generator in a Grothendieck category). O
Fact 1.2.8 In the situation of Definition we have
inj.dimp M, = sup{n € Z>¢ | ex. p homogeneous prime s.t. Ext,(R,/p, M,), # 0}.

Proof. This follows immediately from the fact the any finitely generated R.-module has a
finite filtration with filtration quotients of the form R,/p(d) for homogeneous prime ideals
pandde Z. O

Proposition 1.2.9 (see [BH93,, Proposition 3.1.13]) Let (R,,m) be a local graded
ring, p € m a homogeneous prime and M, a finitely generated graded R,-module. If
Ext%™(R./q, M.). = 0 for all q 2 p, then Ext};(R./p, M.), = 0.

Proof. Pick a homogeneous z € m \ p of degree d. The exact sequence
0— R./p(~d) = R./p — R./(p,x) = 0
induces an exact sequence
Extiy(R./p, M.), = Ext}h(R./p, M.).{d) — Exti" (R./(p,x), M),

Any homogeneous prime q in the support of R,/(p,x) satisfies p C q, and by assumption
Ext%H(R_/q,M_), = 0 for any such q. Hence Ext;"'(R./(p,z), M.). = 0, which in turn
implies Ext’;(R./p, M,), = 0 by Nakayama (Lemma |1.2.14)). O

Proposition 1.2.10 (see [BH93, Proposition 3.1.14]) Let (R,,m) be a local graded
ring and M, a finitely generated graded R.-module. Then

inj.dimp M, = sup{k € Z>¢ | Ext(k., M.), # 0}.
In particular, we have inj.dimp M, = inj.dimp M.

Proof. The first statement follows from Fact and Proposition [1.2.9] For the second
statement, Fact and the compatibility of Ext with localization yields

inj.dimp M, = sup{n € Z>¢ | Ext}y(k., R.). # 0}
=sup{n € Z>¢ | Exti(k., M.)m # 0}
=sup{n € Z¢ | Extp_(Rm/mRm, Mn)m # 0}
= inj.dimp_ My, U
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Next we show that the functor M, — M, preserves minimal free resolutions. We first
recall the definition of a minimal free resolution in the graded case.

Fact 1.2.11 Let f : F, — M, be an epimorphism of finitely generated graded R,-modules,
and let F, be free. Then the following are equivalent:

(1) Any homogeneous R -basis of F, is mapped by f to a minimal generating system of
M..

(2) There exists a homogeneous R,-basis of F, which is mapped by f to a minimal
generating system of M,.

(3) ker(f) C mFE..

Proof. :> is trivial. Next assume that mg,...,m, is a homogeneous basis of F,
mapping to a minimal generating system of M, under f, and let dy, ..., d, be the degrees of
the m;. Then, if zym; +...+x,m, € ker(f) for homogeneous x; € R,, we must have x; € m
for all 4, since otherwise we had f(m;) = ;13 ;i T f (m;), contradicting the minimality
of {f(m;)}. This shows [2)=(3). It remains to prove (3)=-(I), so assume ker(f) C mF,
and myq, ..., m, is a homogeneous R,-basis of F,. If {f(m;)} was not minimal, there would
be some ¢ and homogeneous 1, ..., @, ...,zn € R, such that f(m;) = >, ;f(m;), so
mi — 52 Tymy € ker(f) \ mE,, contrary to our assumption. O

Definition 1.2.12 If f fulfills the equivalent conditions of Fact [1.2.11] then we call it a
free cover of M,. A free resolution

(F*,8): .. = F 2?2 F 'S F' M —0
of M, is called minimal if F™ — im(d,,) is a free cover for all n € Z.

Fact 1.2.13 Let (R,,m) be a local graded ring and let f : F, — M, be a free cover. Then
the only submodule U, C F, such that f|y : U, — M, is still surjective is F, itself.

Proof. 1If fly. : U. — M, is surjective, then F, = U, + ker(f) C U, + mF.. Hence F,/U, =
m(F./U,), and by the graded version of Nakayama’s Lemma [1.2.14] we get U, = F, as
required. ]

Lemma 1.2.14 (Nakayama) Let (R.,m) be a local graded ring. If M, is a finitely
generated graded R,-module such that M, = mM,, then M, = 0.

Proof. Suppose on the contrary that M, # 0 and choose a minimal system of homogeneous
generators my, ..., my, of M, of degrees d; € Z. As M, = mM, by assumption, we can find
homogeneous z; € my, _g, such that m; = zymy + ... + x,m,,. However, 1 —x; € Ry \ mg
is invertible, and so we get m; = —(1 — x1) *(z2ma + ... + z,my,), contradicting the
minimality of {m;}. O

Without proof we recall the following standard result.

Fact 1.2.15 Let R, be a local graded ring and let M, be a finitely generated graded
R.-module. Then a free cover/a minimal resolution of M, exists and is unique up to
non-canonical isomorphism.
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Definition 1.2.16 Let R, be a local graded ring an M, be a finitely generated R,-module
with minimal free resolution F* — M,. The Betti-numbers of M,, denoted '(M.,), are
defined as the ranks of the free R.-modules F .

Exactness of localization implies the following;:

Proposition 1.2.17 Let (R,,m) be a local graded ring and M, be a finitely generated
graded R.-module with minimal free resolution F’* — M,. Then F}, — My, is a minimal
free resolution of the Ry-module My,.

Summarizing, we get the following theorem which will allow us to carry over results
from the ungraded setting to the graded one.

Proposition 1.2.18 Let (R,,m) be a local graded ring and M, be a finitely generated
graded R.-module. Then the following hold:

(1) B (M.) = B (M) for all i € Zx.

2 = 0 if and only if M, = 0.

3) M, is projective in R,-mod if and only if M, is free.

5

(2) M.
(3)
(4) proj.dimp M, = proj.dimp Mp.
(5) dimg M, = dimp, My,.

(6)

6) inj.dimp M, = inj.dimp My,

(7) depthp M, = depthp Mp.

Proof. ()) follows from Proposition follows from and the fact that M, =0
resp. My = 0 if and only if ﬁ%_(M_) = 0 resp. BORm (M) = 0. If M, is projective,
then S5 (M,) = rky, Torg(k,, M.), = 0, hence M, is frec. follows from proj.dimp M, =
max{k € Z>o | B M. # 0} and the analogous equation for M. (F), (6) and were
already shown in Propositions [1.2.3] [1.2.70] and [T.2.5] respectively. O

As an example of how to apply Proposition [1.2.18] we note the graded version of the

well-known formula of Auslander and Buchsbaum.

Theorem 1.2.19 [Auslander-Buchsbaum formula] Let R, be a local graded ring and M,
be a finitely generated R,-module of finite projective dimension. Then we have

proj.dimp M, = depthy R, — depthp M,
Finally we recall the definition of a (maximal) Cohen-Macaulay module.

Definition 1.2.20 Let R, be a local graded ring and M, be a finitely generated R,-module.
Then M, is called Cohen-Macaulay if depthp M, = dimpg M,. It is called mazimal Cohen-
Macaulay if depthy M, = dimg M, = depthp R The ring R, is called Cohen-Macaulay if
it is Cohen—Macaulay as a graded module over itself, i.e. if depthy R, = dimp R,.

From Proposition [1.2.18| we immediately get:

Fact 1.2.21 Let R, be a local graded ring and M, be a finitely generated graded R.-
module. Then M, is a (maximal) Cohen-Macaulay module over R, if and only if My, is a
(maximal) Cohen-Macaulay module over Ry,
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2 The stabilization functor and matrix factorizations

2.1 Semiorthogonal decomposition of the stable category of a Goren-
stein ring

In this section, we introduce a special class of Cohen-Macaulay rings, called Gorenstein
rings, and recall a semi-orthogonal decomposition of the category R,-mod of finitely gen-
erated graded R -modules into the subcategory MCM(R,) of maximal Cohen-Macaulay
modules and the subcategory fpd(R,) of modules of finite projective dimension.

Definition 2.1.1 A local graded ring R, is called Gorenstein if inj.dimp R, < oo.

It’s not obvious from this definition that any Gorenstein ring is Cohen-Macaulay, however
note the following proposition.

Proposition 2.1.2 Let R, be a local graded ring and M, be a finitely generated graded
R.-module such that inj.dimg M, < co. Then we have

dimp M, < inj.dimp M, = depthy R..
In particular, Gorenstein local graded rings are Cohen-Macaulay.

Proof. This follows from Proposition [1.2.18] and the corresponding ungraded version, see
[BH93|, Theorem 3.1.17].

In a Gorenstein ring, we have the following very useful characterization of maximal
Cohen-Macaulay modules (note that part (b) is actually taken as the definition of maximal
Cohen-Macaulayness in [Buc86]). For the convenience of the reader we will sketch its proof.

Proposition 2.1.3 Let R, be a Gorenstein local graded ring and M, be a finitely gener-
ated graded R,-module. Then the following are equivalent:

(1) M, is maximal Cohen-Macaulay.
(2) Extip(M., R.), =0 for all k> 0.

(3) M, is an arbitrarily high syzygy, i.e. for all n > 0 there exists a finitely generated
graded R.-module N, such that M, is an n-th syzygy of V..

(4) M, admits a projective coresolution to the right.

Proof. For (1)< (2) see [BHI3, Theorem 3.3.10]. Further, we have — because
of inj.dimp R, < co. As — (3) is trivial, it remains to prove = . For
this, choose a finitely generated projective resolution P* — M,. The assumption that
Exth(M.,R.). = 0 for * > 0 implies that M* — (P*)* is a projective coresolution of
M?*, where (—)* := Homp(—, R.).. This implies that M* satisfies (4)), hence (2), and so
dualizing a finitely generated projective resolution of M7* yields a projective coresolution
for M**. Condition for M, and M* implies that M** = M, (the duality (—)* is exact
on modules satisfying (2)), and the transformation id — (—)** is an isomorphism on free,
finitely generated modules), hence M, satisfies as claimed. t
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Definition 2.1.4 Let R, be a Gorenstein local graded ring. A (not necessarily finitely
generated) graded R,-module M, is called Gorenstein projective if it admits a projective
coresolution. In view of Proposition[2.1.3] we denote the category of Gorenstein projectives
by MCM®™(R,).

Remark 2.1.5 For a detailed treatment of Gorenstein projective modules, see [Chr00,
Chapter 3]. There it is proved that over a Gorenstein ring every module becomes Goren-
stein projective when taking high enough syzygies; in fact, this property characterizes
Gorenstein rings. In other words, a local Noetherian ring R is Gorenstein if and only if
every module M has finite Gorenstein projective dimension g.dimz M, in beautiful analogy
to Serre’s criterion for regularity. In this case we have

g.dimpM = depthzrR — depthpM
for every R-module M, generalizing the Auslander-Buchsbaum formula [1.2.19 %

Proposition 2.1.6 Let R, be a Gorenstein local graded ring. Then MCM®(R,) (respec-
tively MCM(R,)), equipped with the class of short exact sequences in the usual sense, is
a Frobenius category (see [Kel06]), and the projective-injectives are precisely the (finitely
generated) projective R -modules.

Proof. We only do the infinite case. The finitely generated case is treated analogously.
Denote by & the class of short exact sequences in MCM®*(R,). We only check that
(MCM™>(R,), &) has enough projectives and injectives, that projectives and injectives
coincide and that the class of projective-injectives equals the class of projective R .-modules.
As inj.dimp R, < oo we have Ext7’(M,, R.) = 0 for all M, € MCM>(R,). Thus
every projective R-module is projective-injective in (MCM®™(R,),&°). Moreover, for
M, € MCM®(R,) the existence of a projective coresolutions of M, shows that M, admits
an embedding into a projective R -module. It follows that (MCM®™(R,), £°) has enough
injectives, and that any injective object is a summand of a projective R,-module. Thus,
the injectives in (MICM®™(R,), &) are precisely the projective R,-modules, and hence
coincide with the projective-injectives in (MCM®™(R,), &). O

Definition 2.1.7 We denote MCM™(R,) the stable category of the Frobenius category
(MCM*>(R,), &) from Proposition In plain terms, the objects of MCM®*(R,)
are the objects of MCM®(R,), and for M,, N, € MCM®(R,) we have

MCM?™>(M,, N,) = Hompg (M,,N,)/P(M., N.),

where P(M,, N,) consists of the morphisms factoring through a projective R,-module. This
is a full subcategory of the stable category R.-Mod, defined in the same way.

Similarly, we denote MCM(R,) the stable category of (MCM(R,), &), which is a full
subcategory of the stable category R,-mod.

The following proposition is the main statement of this section. For convenience we
give a detailed proof, although everything apart from the explicit construction in part (e)
is contained in [Buc86].
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Proposition 2.1.8 Let R, be a Gorenstein local graded ring.

(1) For M, € R-mod we have M, € MCM(R,) if and only if Ext%(M_,N_)_ = 0 for all
k>0 and all N, € fpd(R.).

(2) For N, € R-mod we have N, € fpd(R,) if and only if Ext’f%(M,, N,).=0forall k>0
and all M, ¢ MCM(R,).

(3) If M, € MCM(R,) and N, € fpd(R.), then Hompg __moa(M., N,) = 0.
(4) For any finitely generated graded R.-module M, there is an exact sequence
0—P.— N, — M —0,
where N, € MCM(R,) and P, € fpd(R,).

(5) The inclusion MCM(R,) — R.-mod has a right adjoint M : R,-mod — MCM(R,).

Proof. Let M, € MCM(R,). Since Ext¥,(M,, R,), = 0 for all k > 0, we have Ext%,(M,, N,) =
EX‘C%JF”(M_,Q”N_)_ for all n > 0. Now, if N, € fpd(R,), we have Q"N, = 0 for n > 0.
This shows ([1)).

Next we do . By (/1) we only have to show that any N, € R,-mod with Ext’f%(M,, N, =
0 for all £ > 0 and M, € MCM(R,) has finite projective dimension. For this, take a graded
free resolution F* — N, of N,, and note Q7. N, € MCM(R,) for all n > 0. Hence

Homp 1moda("N,, Q"N,) = coker(HomR__mod(Q"N_, F™") — Hompg _moa(Q2"N,, Q”N))
=~ Extp ("N, Q"IN = ... 2 Ext} ("N, N.)
= 0.

Here the first isomorphism follows from the fact that, since F~" maps surjectively to
Q"N,, a homomorphism Q"M, — Q"N, factors through some projective if and only if it
factors through F ™.

Therefore %N, = 0 in R,-mod and 2" N, is projective, hence free. Point is similar:
as M, € MCM(R,) there exists XM € MCM(R,) such that M, = QX M,, and therefore
Hompg mod(M., N,) = Extj, (M., N,) = 0 as claimed.

We now show . Let F* — M, be a free resolution of M, and take n > 0 such
that Q7. M, € MCM(R,). Further, let Q. M, < P~ "' — p77+2 . = PO be the
beginning of a free coresolution of Q% M, in MCM(R,). This exists because MCM(R,)
is a Frobenius category, see Proposition [2.1.6] A small diagram chase using the injectivity

of R, in MCM(R,) gives the following commutative diagram:

Op M, —— P —— pni e PO Spe Qe M, —— 0
oM, —— FH —— 2 FO M, 0
' (2.1-1)

With the leftmost terms Q%. M, removed, the rows become complexes, where we put the
entries M, and Y'5.Q'%. M, in cohomological degree 1. Then, the vertical maps constitute
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a morphism of complexes f : P* — F*, inducing isomorphisms on cohomology in every
degree. Looking at the long exact cohomology sequence of the triangle P* — F* —
Cone(f) — F*[1] we deduce that Cone(f)<p is a finite free resolution of

ker(Cone(f)? — Cone(f)!) = ker(Xp. Q% M, ® F® — M,).

Since X%, Q% M, ® F° is maximal Cohen-Macaulay, the claim follows.
Finally, part is a formal consequence —: For each finitely generated graded
R.-module M, choose an exact sequence

0— M_fpd — M_MCM - M, —0

MMEM i maximal Cohen-

as in (4), ie. M_fpd is of finite projective dimension and
Macaulay. Further, given a homomorphism f : M, — N, it is easy to check that there is

an extension to a commutative diagram

0 —— MPI __, pyyMOM M, 0
0 N'pd NMCM N, 0

Here, the class of the extension f in the stable category is uniquely determined by f, as
the difference of any two extensions factors through N_fp d, and any homomorphism from
a maximal Cohen-Macaulay module to a module of finite projective dimension is stably
trivial by part (3). This defines a functor R-mod — MCM(R,) which we claim to be
the right adjoint to the inclusion functor MCM(R,) — R-mod. Indeed, let M, be an
arbitrary finitely generated graded R,-module, N, a maximal Cohen-Macaulay module

and f : N, — M, be a homomorphism of graded modules. Then we have to see that, up
to stable equivalence, there is precisely one lifting f : N, — MMM such that

0 —— MPI ., pyMOeM M, 0

commutes. The uniqueness is clear, since the difference of any two such liftings factors
through M4, and Homp. Remod (., M, fpd) =0 by (3). For the existence, note that the only
obstruction agalnst the existence of f lies in Ext} R-mod (N M fpd) and this group is trivial

by (). 0
The proof of Proposition [2.1.8] actually shows the following:

Corollary 2.1.9 Let R, be a Gorenstein local graded ring, and let n > 0 such that Q"
maps R-mod to MCM(R-mod). Then the functor

S"oQ":  Remod —-— MCM(R-mod) —=" ., R-mod

together with the canonical map X"Q"M, — M, constructed in the proof of Proposition
is right adjoint to the inclusion functor MCM(R,) — R,-mod.
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Remark 2.1.10 As every R,-module has finite Gorenstein-projective dimension (see Re-
mark , the proof of Proposition applies to show that R-Mod admits a semi-
orthogonal decomposition into the full subcategory MCM®™ (R,) of Gorenstein projective
modules and the full subcategory fpd*(R,) of modules of finite projective dimension. ¢

2.2 Maximal Cohen-Macaulay modules on a graded hypersurface

Now we specialize the results of the preceding section to the case where R, = S./(w) for
a regular local graded ring S, and some w € S, \ {0}. In this case it will turn out that
0? = (—d) for d := deg(w), which we then use to simplify the construction of the Cohen-
Macaulay approximation functor R-mod — MCM(R,) in the case of hypersurfaces.

Definition 2.2.1 A local graded ring S, is called regular if gl.dim(S,-Mod) < cc.
Proposition 2.2.2 Let (S.,m) be a local graded ring. Then the following are equivalent:
(1) S. is regular, i.e. gl.dim(S.-Mod) < oo.
(2) gl.dim(S,-mod) < co.
(3) proj.dimg (k,) < oo.
In particular, if S, is regular and p is a homogeneous prime in S,, then S, is regular.

Proof. The implications (I))=(2)=(3) are clear, so we have to show gl.dim(S.-Mod) < oo
if proj.dimg (k,) < co. By Proposition we have inj.dimg (M,) < proj.dimg (k,) for
each finitely generated graded S,-module M,, hence gl.dim(S.-mod) = proj.dimg (k.) < oc.
Finally, Baer’s criterion implies that inj.dimg h_n}1MZ < 811615) inj.dimg M; for any directed
system {M,};cr, and as any graded S,-module iéea direct limit of finitely generated graded
S.-modules, it follows that inj.dimg (M,) < oo for every graded S.-module M,, hence
gl.dim(S.-Mod) < oc.
The second statement follows from the first applied to S(p), noting that

proj.dims(p)(S(p)/pS(p)) = proj.dims(p)((S_/p)(p)) < proj.dimg (S./p) < oo.

This concludes the proof.

Proposition 2.2.3 Let (R,,m) be a local graded ring. Then R, regular < Ry, regular.

Proof. This follows from Proposition together with proj.dimp_kn = proj.dimpg k,
(Proposition |1.2.18)). O

Usually, a local ring (R, m) with residue class field k£ := R/m is called regular if
dim(R) = dimy(m/m?). By a famous Theorem of Serre, this is equivalent to R-Mod
being of finite global dimension. Note, however, that the following theorem becomes more
difficult to prove with our definition.

Proposition 2.2.4 Let (S.,m) be a regular local graded ring and f € m\m? homogeneous.
Then S,/(f) is regular.
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Proof. By Proposition it suffices to prove the proposition in the ungraded case, and
this is done in [Avrl0, Proposition 2.2.2]. For convenience of the reader, we recall the
proof in the Appendix, see Proposition O

In case w € m?, the quotient ring S./(w) is still a Gorenstein ring.

Proposition 2.2.5 Let (S.,m) be a regular local graded ring and w € m be homogeneous.
Then S./(w) is Gorenstein.

Proof. More generally, if (R,,m) is Gorenstein and w € m is homogeneous and not a zero
divisor, then R,/m is Gorenstein. This follows from

Exth /o (M., R./(w)), = Exti (M, R).(~d) (2.2-1)

for each finitely generated graded R,/(w)-module M,, where d is the degree of w. To prove
(2.2-1)) it suffices to do the case * = 0, i.e.

Homp /) (M., R./(w)) = Hompg (M, R./(w)) = Extj (M., R.)(—d), (2.2-2)

because both sides of ([2.2-1|) are effaceable J-functors on R,-mod. The isomorphism ([2.2-2)
follows from applying Ext} (M., —), to the exact sequence

0 — R(—d) = R, — R./(w) — 0.
It remains to show that any regular graded ring is a domain, which is done in Fact ([l
Fact 2.2.6 Let (S,,m) be a regular local graded ring. Then S, is a domain.

Proof. We divide the proof into three steps:

(1) Show that any associated prime of S, is minimal.
(2) Show that there is precisely one minimal prime in S..

(3) Conclude the proof.

: If p € Ass(S,), then pS(,) € Ass(S(). Replacing S, by S(,) (which is again regular
by Proposition [2.2.2)), it is sufficient to show that for (5., m) regular and m € Ass(S.) we
have m = 0. Pick z € S, \ {0} homogeneous with m = Anng (z). Then zM, = 0 for
each M, which can be embedded into m®* for some k, and in particular no such M, # 0
can be projective. Any syzygy in a minimal free resolution embeds into some m®*, so it
follows that any non-free finitely generated module has infinite projective dimension. As
gl.dim(S.-mod) < oo, we conclude that any finitely generated module is free; in particular
m is free, contradicting the fact that = acts trivially on m.

: For any additive function on p : Ky(S,-mod) — Z on S.-mod and any M, we
have p([M.)) = p([S.]) - x([M.]), where x : Ko(S.-mod) — Z is the Euler characteristic.
Hence Homyz (Ko (S.-mod), Z) = Z(x). On the other hand, let p be a minimal homogeneous
prime in S.. Then the assignment M, — leng, (M(y)) defines an additive function multy, :
Ko(S.-mod) — Z satisfying multy([S./p]) = leng,, (S(p)/pS(p)) = 1 but multy([S./q]) =0
for any prime g not containing p. This implies that there is precisely one minimal prime
p in S, as claimed.

: If p denotes the unique associated prime in S,, then p coincides with the ideal of
zero divisors, and hence the localization map S, — S(y) is injective. As the proof of
shows pS(,) = 0, it follows that p = 0, and hence S, is a domain. g
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Proposition 2.2.7 Let R, be a regular local graded ring. Then MCM(OO)(R_) = 0.

Proof. By Proposition resp. Definition any M, € MCM(>) (R,) can be written
as an arbitrarily high syzygy, i.e. for all n € N there exists some N, € R.-Mod such that
M, =2 Q"M,. By assumption, gl.dim(R,) < oo, and so taking n > gl.dim(R,) shows that
M, is projective and hence vanishes in MCM(®)(R,). O

Now, we fix w € m\ {0} (possibly in m?) and consider maximal Cohen-Macaulay
modules over the quotient singularity R, := S,/(w) which is Gorenstein by Proposition
2.2.50 If M, € MCM(R,), then considering M, as a module over S, the Auslander-
Buchsbaum formula yields

proj.dimg (M,) = depthg (S,) — depthg (M,) = dim(S,) — depthg (M,) = 1.

Hence, there is an exact sequence of S.-modules 0 — P, SN Q. — M, — 0, where P, and
Q. are projective, hence free. As w - M, = {0}, we get w - @, C im(«), and therefore we
can choose 8 € Hompg (Q., P.)_ geg(w) sSuch that a3 = w -idp,. Applying 3 from the left
yields fa8 = wf3, so the injectivity of § yields Ba = w-idp . Hence, we end up with what
is called a matriz factorization of type (S,, w):

Definition 2.2.8 Let S, be a regular local graded ring and w € m be homogeneous of
degree d > 0.
(1) A graded matriz factorization of type (S.,w) is a sequence M° 1, M1 2, MPO of
the following form:
(a) M9 and M ! are free (not necessarily finitely generated) graded S.-modules.
(b

)

) f is a homomorphism of graded S,-modules of degree d.
(¢) g is a homomorphism of graded S,-modules of degree 0.

)

(d) gf =w- idypo and fg=w-id 1.
The element w is called the potential of the matrix factorization.

(2) A morphism of graded matriz factorizations
(M.O i} M-fl i) M_O> N <N_0 L/) lel L,) N_O>

is a pair (o, ) of morphisms of graded R-modules a : M? — N9 and §: M' —
N1 such that

Y A Y Ty
| | |
a B a
P
N, N, N,

commutes.

The category of graded matrix factorizations of type (S.,w) with morphisms of
graded matrix factorizations is denoted MF*°(S,, w). The full subcategory of graded
matrix factorizations M? — M~ — MO with M°, M ! finitely generated is denoted
by MF(S,, w).
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(3) A morphism («, 3) as above is called nullhomotopic, if there are morphisms of graded
R.-modules D% : M9 — N__1 and D! ]\4__1 — NV of degree 0 and —d, respectively,
such that ¢ D°+ D' f = o and f’ D'+ D% = 3. Two morphisms of graded matrix
factorizations are called homotopic if their difference is nullhomotopic.

The quotient of MF>°(S,, w) and MF(S., w) with respect to the homotopy relation
is called homotopy category of matriz factorizations of type (S.,w) and is denoted
HMF>(S,, w) and HMF(S,, w), respectively.

(4) If S, = T. is a local homomorphism of regular local graded rings such that 7.
is free over S,, any matrix factorization of type (7.,:(w)) can be considered as a
matrix factorization of type (S.,w). This gives restriction functors MF (7., (w)) —
MF(S.,w) and HMF>(T,, 1(w)) — HMF>(S,, w) which we will denote by (—) |
Note that in our application 7, will usually be of infinite rank over S., so that
HMF(T,, (w)) is not mapped to HMF(S,, w) under the restriction functor.

Remark 2.2.9 The category of graded matrix factorizations has a natural pretriangu-
lated dg-enrichment, giving rise to the homotopy category just defined. We will describe
this now; the reader may skip this on first reading.

Given a matrix factorizations M 1, Mt AN M?, let us agree on writing M* for
the sequence

w MO (k- 1)d) L MY kd) & MO (—kd) L MY (k — 1)) — ..,
where the maps increase the cohomological grading and M? = M%(0) is placed in coho-
mological degree 0. Note that this is compatible with the previous meaning of M? and
M__l. Further, let us call the “differential” on M* simply by 6, so that 6% = w - idps.

Now, given another graded matrix factorization NV I, N__1 <, N? with corresponding
complex N*, a morphism of matriz factorizations of degree k between M and N is a family
{an }nez of homomorphisms of graded modules «,, : M — N_"'H‘” such that ay4+2 = ap(d)
under the equalities M™ 2 = M"(d), and N2 = N"+#(4) . Given such a morphism o
of degree k, we can define its differential da by (da), := dyan + (=1)* Ly, 1163, This is
a homomorphism of degree k + 1. Note that this construction is completely analogous to
the construction of the complex of graded homomorphisms between two complexes. What
is remarkable is that even though we only have 62 = w - id instead of 42 = 0, taking twice
the differential of a graded morphism between matrix factorizations still gives the zero
map:

da), + (=1)F2(da)ns16m

Snan + (=1 Mo 160) + (=1 (Onams1 + (1) oy 200) 00

—1)k (6% — antadiy)

—~~

Thus, the essential thing is that there is a degree d element of the center of R.-mod, namely
the multiplication by w, such that 62 is equal to the action of this element.

Summing up, we have constructed for each pair of graded matrix factorizations a com-
plex of graded morphisms between them. The 0-cocycles in this complex are precisely the
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morphisms of graded matrix factorizations as defined in Definition [2.2.8] and a morphism
is a 0-boundary if and only if it is nullhomotopic. Therefore, we obtain a natural dg-
enhancement MFg: (5., w) of MF>(S,, w), such that the associated homotopy category
Ho(MF g (S., w)) equals HMF>(S,, w).

The dg-category MFg’fgj(S_,w) is particularly nice in the sense that for each object
X € MFE(S.,w) and each morphism f € MFg(S.,w)(X,Y)o = MF*(5,,w)(X,Y) the
functors

MFg (S, w)(—, X)[k] and Cone [MF@(S,,w)(—,f)]

are representable by objects in MFg:(S,,w). This means that there are objects X[k] €
MFg; (5., w) and Cone(f) € MFg(S,, w) such that for each Z € MFE(S,, w) there are
natural isomorphisms of complexes

MFg; (S, w)(Z, X [k]) = MFg (S, w)(Z, X)[k] (2.2-3)
and
MFg;(S.,w)(Z,Cone(f)) = Cone [MF?@(S,,U})(Z, X) Joo, MFg (S, w)(Z,Y)| (2.2-4)

A dg-category satisfying these two representability conditions is called pretriangulated,
and the homotopy category of a pretriangulated dg-category is canonically triangulated
(see [Sch09, Section 2]).

It remains to check that MFE@(S,, w) indeed satisfies the above representability con-
ditions. Both the shift and the cone can be constructed as for usual complexes, and the
verification of and is just a long and tedious computation. As we do not
want to dig too deep into these things, we content ourself by giving the definitions of shift
and cone. For the shift, we put

(M0 Lont L n®) 1) = M) =2 0 L ),

and given a morphism

M. MOt 0
| | | |

(Ot,ﬁ) « ﬁ (03
! | | |
N, NP —— N7'—— N?

of graded matrix factorizations, we define Cone(a, ) as the factorization
B Jd «a
0 —g 0 —f
_ B

Note that, in contrast to the situation in the ungraded case, neither the dg-category

NO @ M~Y(d) N'g M NO@® M1(d) (2.2-5)

MF (5., w) nor the triangulated category HMF>(S,, w) are 2-periodic! Instead, we have
[2] = (d) on MFg(S.,w) and HMF>(S,, w). O
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Our motivation for studying matrix factorizations was that for any maximal Cohen-

Macaulay module M, over R, := S,/(w) we constructed a graded matrix factorization

MO A, M~ 25 MY of type (S.,w) such that M, = coker(M ' -2 MP9). Indeed, this

construction yields a very close relationship between matrix factorizations of type (.S,, w)
and maximal Cohen-Macaulay over S,/(w), as we shall see now:

Theorem 2.2.10 Let S, be a regular local graded ring, w € m \ {0} homogeneous of
degree d and R, := S,/(w). Then the functor

MF>(S., w) —cokr . R-Mod

(M_O 1, Mt M_O> ——  coker(g)

induces a fully faithful functor coker : HMF*°(S,, w) — R.-Mod. The essential image of
HMF(®) (S, w) under coker equals MCM(*®)(R,), and we get an equivalence of triangu-

lated categories
coker : HMF(®™)(S w) =~ MCM®)(R).

Proof. The proof that coker : HMF>(S,,w) — R-Mod is fully faithful is just some
diagram chasing, so we skip it. See for example [Orl09]. It remains to show that the
essential image of HMF(*)(S  w) is MCM>(R,). We will do the finitely generated case

only, but the proof applies verbatim to the Gorenstein-projective case as well.

Let M° A, Mt M? be a graded matrix factorization of type (S.,w). Since

w- M° = im(gf) C im(g) the module K, := coker(g) is annihilated by w, and therefore
can be considered as a graded module over R, := S,/(w). Furthermore, the sequence

f

o MO MO (—d) L M MY L MO JwM® L M M) s

is exact, and every second syzygy is isomorphic to K,, hence K, is maximal Cohen-
Macaulay (see Proposition . This shows that coker restricts to a fully faithful func-
tor HMF(S,,w) — MCM(R,). The proof of the essential surjectivity of this functor
was already shown in the beginning of this section; however, we will now describe a proof
which doesn’t use the Auslander-Buchsbaum formula[l.2.19)and applies to the Gorenstein-
projective case as well.

We already know from the beginning of the section that we only have to show that
any M, € MCM(R,) satisfies proj.dimg M, < 1. Choose a projective coresolution M, —
PY — P! — .. of M, and let Q" be the n-th syzygy of P*. Then, since proj.dimg R, =1,
we have Extlg(M_,N,)_ = Ext’é*”(@f‘,N_), for all S-modules N, £k > 1 and n > 0 by
dimension shifting. Choosing n > 0 such that & +n > inj.dimg IV, we conclude that
Extlg(M,, N,), =0 for all £ > 1 and all N,, hence proj.dimg M, <1 as claimed. O

Now we can define the stabilization functor, which will be our main tool for studying
Khovanov-Rozansky homology.

Definition 2.2.11 Let S, be a regular local graded ring, w € m\ {0} homogeneous and
R.:=5./(w). The stabilization functor (=)} : R-mod — HMF(S.,w) is defined as the
composition

coker !

R-mod —— R-mod —4— MCM(R.) HMF(S.,w) — HMF>™(S., w).
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Remark 2.2.12 One can extend the stabilization functor to a functor
(=) R-Mod — HMF>(S., w)

using the adjoint R-Mod — MCM®>(R,) constructed through the non finitely generated
analogue of Proposition [2.1.8]

Next we want to make the stabilization functor explicit. First, note the following fact
which follows immediately from Proposition and Q% 2 (—d) on MCM(R,).

Fact 2.2.13 For any finitely generated R,-module M, we have
M(M,) = S2"0%"M, = Q?"M,(nd),
where n > 0 is chosen in such a way that Q2" M, is maximal Cohen-Macaulay.

Remark 2.2.14 It is not clear (at least to the author) what the counit map
Q> M (nd) = M(M,) — M.,

should look like. Later we will construct for each M, a special R.-free resolution with
respect to which the map Q2" M, (nd) — M, can be made explicit. See Remark O

The following proposition explains the name ’stabilization functor’:

Proposition 2.2.15 Let M, be a finitely generated graded R.-module and F* — M, a
free resolution of M, (not necessarily of finite rank) with the following properties:

(1) F* is eventually 2-periodic: there exists n > 0 such that for each k < —2n there is

a commutative diagram

0
F*(—d) O RRg) — 2 pRe2_g)
Ek‘*Z ak*z F.kfl 8’“71 F.k‘

where the vertical maps are isomorphisms.

(2) The 2-periodic part F~2"(—d) — F 2"~ — F72" of F* can be lifted to a matrix

factorization M 7, Mt M? i.e. there is a commutative diagram

F__2n<—d> E_2n_1 E—2n

o~

1
1

id id
MO—d) @g R, —120 ey R, —290 L MO R,

where the vertical maps are isomorphisms.
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Then there is an isomorphism in HMF
M~ (MO oS MO) (nd).

Proof. We have the following diagram which commutes up to canonical natural isomor-
phisms

R-mod —— R-mod —X— MCM(R,) —“%~_ HMF (S, w)

RN
™~

MCM®™(R,) <% HMF>(S,, w)

where the composition R,-mod — HMF> (S, w) is isomorphic to (—){*}(nd).
Now, the image of M® —L M1 % MO under HMF> (S, w) — MCM®™(R,) is by
definition the 2n-th syzygy of M,, computed using the resolution F'*, and therefore it is

isomorphic to the image of M, under the composition R -mod — R-mod — MCM(R,) —
MCM™(R,). The claim follows. O

Remark 2.2.16 Using the stabilization functor R,-Mod — HMF*°(S,,w) one can gen-
eralize Proposition to non finitely generated modules M,. The somewhat unnatural
version of Proposition (involving a mixture of both finitely generated and non
finitely generated modules) then follows from the commutative diagram

2n

R-mod —— R.-mod MCM(R,) <% HMF(S,, w)

e

n

R-Mod —— R-Mod —£ MCM®>(R,) <% HMF>(S., w)

O

We will see later that any finitely generated R,-module M, possesses a free resolution
satisfying the assumptions of Proposition [2.2.15

Stabilization commutes with restriction in case of free ring extensions in the following
sense:

Corollary 2.2.17 Let S, — T. be a local homomorphism of regular local graded rings,
such that 7T, is free over S, with respect to ¢. Further, let w € m\ {0} and M, be a
finitely generated T./(¢(w))-module, which is also finitely generated over S.. Then there
is a natural isomorphism in HMF> (T, (w))

VO E = (e g™,

2.3 A method for computing the stabilization of a graded module

Proposition gives us a way to compute the stabilization of a graded module M,,
provided we can find an eventually 2-periodic R,.-free resolution of M, together with a
lifting of its 2-periodic part to a matrix factorization of type (S.,w). In [Eis80], Eisenbud
showed how such an R.-free resolution can be constructed starting from a finite S -free
resolution of M,. We will recall his results now. See also [Avrl0].
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Lemma 2.3.1 Let M, be a finitely generated graded module over R, = S./(w) and F* —

M, a free resolution of M, as a module over S,. Then there exists a family of endomorphisms
F*7(2n71)

Spt F*— of respective internal degrees nd, such that the following holds:

(1) so: F* — F*! equals the differential of F*.
(2) s1: F* — F*1is a nullhomotopy for the multiplication by w.

(3) For all n > 2 we have > 5,5, =0.
pt+g=n

Proof. The following proof is the same as the one in [Eis80], with the obvious modifications
for the graded case. We construct the s, inductively. First, we define sy as the differential
of F’* and s as an arbitrary nullhomotopy for the multiplication by w. Such a map exists,
as F* -2 F* lifts the multiplication map M, —=» M/(d). which is zero since M, is an
S./(w)-module.

Next, let n > 2 and assume we already constructed maps si, ..., S,—1 satisfying —.
We then consider

t = Z spsq: FX — F=n=2ng) .

p+q=n
p,4>0

A computation shows that sot = tsg. Further, the map
M, = coker(F~t — FY) — coker(F_f(anl) N F.*@"*?)) - F.*(2nf3)

induced by t is the zero map, because M, is annihilated by w and w is not a zero divisor
. —(2n-3) ) *x—(2n—2) : S

in F (see Fact [2.2.6). Consequently, ¢ : F* — F (nd), is nullhomotopic, i.e.
there is some s, : ¥ — F*_(2”_1)(nd> such that s,sg+ sosp, = —t. Then sq, ..., s, satisfy
(a)-(c) as well and the induction step is complete. O

We fix a family of morphism s, : F* — F*~(27=1)(nd) with the properties (a)-(c) from
Lemma Further, we define a Z-graded family D* of graded S.-modules as follows.
Put D7?" := S.(—nd) for n > 0 and D¥ := 0 otherwise. Further, for n > 0 let t" € D"
denote the unit element in D~2" = S, (—nd), and denote by t? : D* — D*T27(_nd), the
canonical map. In other words, D* is a polynomial ring over S,, where the indeterminate ¢
lives in cohomological degree —2 and internal degree d, and the map ¢ is just the division
by ", where we set t*/t" := 0 for k < n.

Proposition 2.3.2 Assume the setup of Lemma Then the reduction of
D* s, F.*v Zﬂz@sn
n>0
modulo w is an R -free resolution of M..

Proof. See [Eis80], Theorem 7.2. There the statement is formulated and proved in the
ungraded case, but that’s ok, as the grading does not matter if we want to show acyclicity

of a given complex of graded R,-modules. In case s, = 0 for all n > 2 we will give a proof
based on the Bar resolution in the Appendix. See Remark O
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Now let us assume in addition that F'* is bounded. Then the complex

IIK®S~E% E:tfé§8n
n>0

is, up to internal grading, eventually 2-periodic, because

(DF @, F)72N = @ F7(—d(N —n)),
n>0
2N+|z|

T @ — T (2.3-1)

and

(D* @g F*)~@N+) =~ @E_(2n+l)<_d(N —n))
n>0
2N +1+|x|

T T —— (2.3-2)

for all N > 0 such that F'* vanishes in degrees below —2/N. In particular, we get induced

maps
(@ F~2(—d(N — n)>> (—d) (D* @g F*)~(N+2)
n>0

0

1

(DF @5, Fr)~@N+1)

and

12

(D" @ F7)~ XD

3}

12

(D* ®s F¥)—2N

which, by the explicit definition of the isomorphisms (2.3-1)), (2.3-2|) and the differentials
involved, are equal to »_ -, sn. Thus, applying Propositions [2.3.2|and [2.2.15, we get the

following useful method to calculate the stabilization of a module:

Proposition 2.3.3 Let M, be a finitely generated graded R,-module and F* — M, a
bounded, free resolution of M, as a module over S,. Further, let s,, be as in Lemma [2.3.1
Then there is an isomorphism in HMF

MM = @@ E M), @F T an), Y s,

n>0 n>0 n>0

As an example, we use Proposition [2.2.15| to calculate the stabilization of M, :=
S./(z1,...,x;), where x1,...,z; is a regular sequence of homogeneous elements, and w €
(1, ..., 7). According to[2.2.15] we have to go through the following steps:

(1) Construct a bounded S.-free resolution of S,/(z1, ..., x1).
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(2) Explicitly construct homotopies s, as in Lemma [2.3.1
(3) Put together (1) and (2) to get the stabilization as described in

Step 1: As x1,...,x; is regular, its Koszul-complex
N l
K(xi,..,z)" = /\ @S,(—deg(wi»ei with differential  de; := x;,
i=1

is an S.-free resolution of S,/(x1,...,x;). Note that the Koszul complex carries a natural
structure of a dg-algebra, which we will use in the next step.

Step 2: As w € (x1,...,27) we can choose homogeneous yi, ...,y such that w = zjy; +
...+ x1y;. Define s as the multiplication mult(yje; + ... + y;¢;) (in the Koszul-complex) by
yire1+...+ye;. The Leibniz rule for differentiation shows that s; is indeed a nullhomotopy
for the multiplication by w. Further, we have s? = 0, so we can put s, := 0 for n > 2 and

(a)-(c) from Lemma are satisfied.
Step 3: As s, = 0foralln > 2, we get the following concrete description of S./(x1, ..., a:l){“’}:

Corollary 2.3.4 Let z1,...,2; be an S.-regular sequence of homogeneous elements and
w € (1, ...,x7). Choose elements yi, ..., y; satisfying w = x1y1 + ... + 27y;. Then there is a
canonical isomorphism in HMF(S,, w)

(S @1, @) ™ 2 (K (@1, K (@1, )™, d 4 mult(erys + .+ em) )
where
l
2n
K(zy,...,z)?" = @ [/\ @S.<—deg($i)>€i] (dn)

and

l
K(zy,...,1;)°% = GB [/\2n+1@5.<—d6g($i)>6i] (dn)

n>0

Remark 2.3.5 In the next section we identify the matrix factorization from Corollary
as the tensor product of the elementary Koszul factorizations

S. 25 S.(— deg(w;)) = S..

Remark 2.3.6 Note that the the example of a complete intersection S,/(z1, ..., ;) was
so easy to compute because we could choose a nullhomotopy s; for the multiplication by
w which satisfied s2 = 0. In general, such a homotopy need not exist. More precisely, one
has the following: there are modules M, whose minimal free resolutions do not possess
a nullhomotopy s; satisfying s? = 0, but one can always choose some (non-minimal)
resolution where it does exist. For details, see [Avr10]. O

For later use in Section |3| (see Example |3.3.14)) we will now study how stabilizations of
morphisms between complete intersections can be computed explicitly in terms of Koszul
factorizations. To keep things simple, we restrict to the case of two variables.
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Example 2.3.7 Let x1, 22 and 21, Z2 be homogeneous regular sequences in .S, such that
w € (x1,22) N (Z1,Z2). Fix homogeneous y1,y2 and 31, §2 such that w = z1y; + x2y2 and
w = 191 + T2y2. Finally, let ¢ : S./(x1,22) — S./(Z1,%2) be some nonzero morphism of
S.-modules. We want to describe explicitly a map {x,y} — {X,¥} making the following
square commutative in HMF(S,, w):

{(x,y} = (S./(21,22)) )

ole}

(%5} (S./ (i1, 22)) 1)

14

First, note that ¢ is given by some element «a € S, \ {0} such that a(zi,x2) C (Z1,Z2).
Fix elements \;; € S, such that z; = ) ; AijZ;. Then we have

Z(O&g]j)i‘j = Qw = Zyl(aazl) = Z <Z Az]?/z) :ij,
J 2 7 7

which means that (ag; — >, Aijyi); is a 1-cycle in K (Z1,T2)7. As X is regular, it follows

that there exists some p such that Y. A\ 1y = agi — p@e and >, X2y, = o + p;.

By definition of (—)*}, in order to compute p1*} we have to extend ¢ to an eventually
2-periodic morphism between eventually 2-periodic S./(w)-free resolutions of S./(z1,x2)
and S,/(Z1,Z2). In our situation, we use the resolutions constructed in Proposition
from the Koszul resolutions K(x1,z2)* — S./(x1,z2) and K(Z1,%2)" — S./(Z1,%2) to-
gether with their square zero nullhomotopies mult(yie; + y2e2) and mult(g1€1 + g2€2) for
the multiplication by w. Patience and some calculation shows that such an extension is

T T2 vy —T2
—Y2 Y1 Y2 T (’21 1‘2)
— 5 9

. — S.(e1) ® S.(e2) —— S.® S.(e1e2) —— S.(e1) ® S.(e2)

)\11 )\21 « 0 )\11 )\21 a
A2 Az Iz 7)‘”)‘22;)‘12)‘21 A2 Az

~—— S(61) @ S.(62) V——— S.@S.(€162) —— S.(é1) @ S.(é2) ——— S
Ty T2 vy —T2 (:2*1 jg)
=2 0 g2 71
provided % exists, which will be clear in our applications (see Example |3.3.14)).

Thus, a concrete realization of a map {x,y} — {X,¥} making (3.3-6) commute is given
by

explicitly given by

(50
{x, v} S.(e1) & S.(e2) S. & S.(ere2)
Y1 —x2
A1 Az <U2 xl) a 0
A2 Az (il i2> o Aude=dipda
—¥2
{x,y} S.(é1) @ S.(é2) ( - ) S.® S.(é1é2)
Y1 —T2
Y2 T
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Remark 2.3.8 Let us return to Remark [2.2.14] where we asked how the counit map
Q*" M, (nd) — M,

looks like explicitly. In this remark, we answer this question in the case where  is
computed using a resolution constructed through

Thus, fix an S -free resolution F'* of M, together with a family of homotopies s, as in
lemma and choose N > 0 such that F" = 0 for all n < —2N. Then the diagram

(2.1-1)) can be realized concretely as:

@ F " a(n— ) — @ F2{d(n— N)) — @ T dn — N+ 1)) —
n=0 n=0 n=0
év_ao F__(2n+1)<d(n o N)) _ é\éo N)> - J\éol F__(2n+1)(d(n N+ 1)) .

@ EC 1)) — @ A - 1) — @ F D (dn) — @ 2 {dn) — coker(d)

n=0 n=0 n=0 n=0 ‘ :
—— F e F{—d) F7* & F)(~d) F F? M,
where the vertical maps are the projection maps. O

2.4 Tensor products of graded matrix factorizations

In this section we define internal and external tensor products of graded matrix factoriza-
tions and study the crucial question in which situations taking tensor products commutes

with stabilization.

Definition 2.4.1 Let S, be a regular local graded ring, wp, w1 € S, be homogeneous and

M = M° 7, Mt <, MY N :=N° — I <. N <, N? be graded matrix factorizations
of type (5., wp) and (S,, wy), respectively. The (internal) tensor product M ®g N is defined
as the graded matrix factorization of type (., wo + w1)

degd g¢g®id
feid —ide f
MP®s, N7t & M ®g NO M?®s NY & M ' ®s N'(d)

de ff g®id
f®id —ided

In order to be able to compute tensor products with more than two factors, we note
the following equivalent definition: Given M, consider it as a Z-graded family M} of
S.-modules, concentrated in degrees 1 and 0, and similar for N. Then take the tensor
product of M* and N* as Z-graded families of graded S,-modules, i.e. (M ®g N¥), =
D, y=n M ®s N, and equip M* ®s N with the two differentials, one raising and the
other lowering the cohomological degree by 1, induced by the structure maps of M and
N; obey the Koszul sign rule. Then collapse the cohomological Z-grading on M* ®g N*
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to a Z/2Z-grading, but whenever a cohomological degree shift by —2 occurs, we shift up
the internal degree by d. The resulting Z/27Z-graded family of S,.-modules is now equipped
with a degree 0 differential from cohomological degree 1 to 0 and a degree d differential
from homological degree 0 to 1. This description is valid also for more than two tensor
factors, and we will make use of it shortly.

Next we discuss the most basic matrix factorizations, the Koszul factorizations.

Definition 2.4.2 Let S, be a regular local graded ring and let x,y € S, be homoge-
neous. The Koszul factorization of z,y, denoted by {x,y}, is defined as the graded matrix
factorization

fo.y} = (S - S(-deg(a) - 5.)

of type (S.,zy). More generally, if x := (z1,...,2;) and y := (y1,..,y;) are sequences of
homogeneous elements in S,, we define the Koszul factorization {x,y} of x and y as the

l
matrix factorization of type (S,, > xlyz>
i=1

l

l
By} = fenut = @ (8. 2o S deg(e)) == 5.)
i=1

=1

Koszul-factorizations play a very prominent role, because the matrix factorization occur-
ring in Corollary is just the Koszul-factorization of (z1,...,z;) and (y1,...,y;):

Proposition 2.4.3 Let x = (21, ...,2,) and y = (y1, ..., yn) be sequences of homogeneous
elements in S,, and assume that T is regular. Further, set w := z1y1 + ... + Tpy,. Then
there is an isomorphism in HMF(S,, w)

(S_/(a:l, ,xn)){w} o {xjy},

Remark 2.4.4 Proposition has an interesting consequence. The left hand side in
does only depend on x1, ..., z,, and w, but not on the particular choice of the y;. Thus,
any two choices of y1, .., y,, satisfying w = z1y1+...+z,y, give homotopy equivalent Koszul
factorizations. Our proof is rather indirect; for a direct proof, see [Wu09, Lemma 2].

2.5 Compatibility of taking tensor product and stabilization

In the application to Khovanov-Rozansky homology we will identify the matrix factoriza-
tions associated to basic MOY-graphs as stabilizations of certain Soergel bimodules. As
these matrix factorizations are glued together by tensoring afterwards, we are naturally led
to study the question whether taking tensor products commutes with taking stabilizations.
The following gives a first criterion:

Corollary 2.5.1 Let I,,J, C S, be homogeneous ideals in S, such that there is a regular
sequence (1, ...,x,) of homogeneous elements S, and some k, 1 < k < n, such that
I, = (z1,...,2,) and J, = (k41,...,Tp). Further, let w = wgp 4+ wy for some wy € I, and
wy € J,. Then there is an isomorphism in HMF(S,, w)

(S./L) 1 s (S./ 1)1 2= (S./(L+ 1)
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Proof. Choose homogeneous elements y1, ...,y in S, such that wy = z1y1 + ... + xxyr and
W1 = Tk41Yk+1 + - + YnZn. Applying Proposition [2.4.3] three times then gives

(S/L) 0 g (S./J) 1 = {(21, s 20), W1y s )} @5, {( @kt 1, o Tn)s Ykt o0 Un) }
= ®{$i,yi} ={(z1, - zn), (Y1, Un)}
i=1
>~ (5,/(L+ J)t. =
Corollary looks somewhat unnatural as it leaves the following questions open:

(1) Given two finitely generated graded modules M, and N, over R, := S,/(w) and R :=

S./(w"), respectively, is there always a canonical morphism between M_{w} ®s. N_{w/}

and (M, ®g N,){wtw'}?

(2) Are there criteria like which can be applied to noncyclic S-modules M, and
N, to check if there is an isomorphism M_{w} ®g. N_{w =~ (M, ®g. N,){wtw'}?

Question (1) will be answered in Theorem there ¢s a canonical morphism
Ak ®s N (M. ®g N){w+w’}

which is even natural in M, and N,. Concerning question (2), again the full answer is
contained in Theorem [H.7] but for now, the following generalization of Corollary is
sufficient:

Proposition 2.5.2 Let M, and N, be finitely generated modules over R, := S,/(w) and
R := S, /(w'), respectively, such that Tor;j' (M, N,), =0 for all £ > 0. Then there is an
isomorphism in HMF(S,, w + w’)

M_{w} ®S N.{u)/} ~ (M. ®S N.){w—i-w/}

Proof. We want to apply Proposition to M, ®g. N,. Let P* — M, and Q* — N, be
free resolutions of M, and N, over S., and let s/, : P* — P*~ "D anq ¢ . Qr — QY
be as in Lemma [2.3.1} From this data we will now construct explicitly a free resolution
F* — M, ®g. N, together with a family of higher homotopies for F'* needed for the
application of Lemma [2.3.1)to M, ®g, N..

As Torf'(M_7 N.). =0 for k > 0, the complex F* := P* ®g Q¥ is an S.-free resolution
of M, ®s N,. We now define s, : F* — F_*_(Qn_l) as

sn(z®@y) = s (2)@y+ (—1)8@ s @ " (z).
It’s clear that sg is just the differential of F'*, and since
(dprs1 +s1dpe)(z @ y) = dps (54 (2) @ y + (=1)"z @ 57 (1))

+s1(dps(z) @y + (-1)1"z @ dg: ()

= (dprs| + s1dps)(2) @ y + 2 @ (dorsT + s1dgr) (y)
+ (=) (@) @ dgr (y) + (1) Fdpra @ 57 (y)
+ (=) dpe () @ 5 (y) + (1) "8} () @ dgr ()

—wry+zruwy=(w+w)zrey
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we see that s; is a nullhomotopy for the multiplication by w + w’. Finally, we have to
check that > sps, =0 fiir n > 2, which follows by direct calculation:

p+q=n
Z SpSq = Z (s, @id + (—1)"lid ® ) (s, ® id + (~1)I"lid ® s}))
p+q=n p+g=n
= Z spSy @1d +id @ s, s, + (—1)'“3'3; ® sq + (—1)'“”‘“32 ® s,
p+g=n

where we used that 5;’ changes the parity of the degree, and therefore
(-D)*lid ® sp) o (s, ®id) = (—1)‘””'“8:1 ® s,

Thus the s,, satisfy the conditions of Lemma [2.3.1] and therefore can be used to calculate
(M, ®g N.,)tw+w'} By Proposition we get

(M- ®S. N-){w-i-w/}

1

P F (nd), P F*+1(nd), > s, @id + (-1)lid @ s,

n>0 n>0 n>0

— P2n d P2n+1 d / 2n d 2n+1 d "
D P ). @ P ), 35, | | @@ ), D@ ina), Y
n>0 n>0 n>0 n>0 n>0 n>0

p— M.{w} ®S. N'{w/}. D

2.6 Scalar extension and external tensor products

Next we define scalar extensions and external tensor products of graded matrix factoriza-
tions and study their compatibility with the stabilization functor.

Definition 2.6.1 Let ¢ : T, — S, be a local homomorphism of regular local graded rings.
We consider S, as a graded T.-module via ¢. If M* := (M?° L, M1 2 MO) is a graded
matrix factorization of type (7., w), we denote by M* @7 S, or M* T% the scalar extension
of M* along T, — S,, defined by

MO 7 S, Jeid, ]\4f1 T S, ELIEN M_O T S..
This is a graded matrix factorization of type (5., p(w)).

Fact 2.6.2 Let 7, == S, and w € mz \ {0} be as in definition and assume fur-
thermore that S, is free as a graded T,-module. Then, given a finitely generated graded
T./(w)-module M,, we have an isomorphism in HMF(S,, p(w))

M.{“’} T% ~ (M, or 8,)¥w}

Proof. As S,/(w) is free and in particular flat as a module over T./(¢(w)), the scalar
extension of a graded free resolution of some graded T,/(w)-module M, along ¢ is a graded
free resolution of M, @7, S, over S,/(w). The same holds for a lifting of the 2-periodic part
of such a resolution to 7,. The claim follows from Proposition |2.2.15 O
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Definition 2.6.3 Let 7., S, and S’ be regular local graded rings, and let T, < S, and
T. < S’ be homomorphisms of local graded rings. If M := (M°? — M ' — M) and
N := (N = N1 — N9 are graded matrix factorizations of type (S.,w) and (S/,w’),
respectively, we define
S. S’ S. S’
M@r N = M1g"" @5, aN g " .
This is a graded matrix factorization of type (S, @7 S/, w®1+1®w').

Proposition 2.6.4 Let S,, S, T, and w € mg, \ {0}, w' € mg \ {0} be as in definition
Assume S, @7 S’ is again regular local, and w ® 1 +1®@ w’ # 0 in S, ®1 S’
Further, let M, and N, be finitely generated graded modules over S,/(w) and S'/(w'),
respectively, such that Torz'(M_, N,) =0 for all £ > 0. Then there is an isomorphism in
HMF(S,®@7 Sw®1l4+1®uw)

ME @r NI = (N e, M)t

Proof. As S, and S’ are free and in particular flat over T,, we have canonical isomorphisms

Tor£'®T'S'/(M_ Tg:@)T'S'/, N, T§}®T'S',) = Tor£'®T' S'/(M_ @r S',N.@r S.) = Tor}-(M,N,)
for all n > 0. Now the claim follows from Fact and Proposition [2.5.2 ([l

In particular, we get the following:

Corollary 2.6.5 Let S,, S/, T, and w € mg, \ {0}, w’ € mg/\ {0} be as in Deﬁnitionm
Assume S, @7 S’ is again regular local, and w® 1 + 1 ®@ w’ # 0 in S, @7 S’. Further, let
I.C S, and J, C S’ be homogeneous ideals and assume that there exist regular sequences
X1, ., Tp € S, and y1, ..., Y of homogeneous elements in S, and S’; respectively, such that
IL=(x1,...,xn), J.= (Y1, o0y Ym) and 21 ®1, ..., 2, 1, 1Quq, ..., LQypy, is regular in S,@7 S".
Then there is an isomorphism in HMF(S, @7 S’ w® 1+ 1® w')

(S./L) " @r (/7)1 = (8,91 8/Lel+1e J)wetHew)

Proof. This is a special case of Proposition Alternatively, it can be deduced from
Fact and Corollary [2.5.1] O

3 Khovanov-Rozansky homology via maximal Cohen-Macaulay
modules

In this section we apply the algebraic methods established in the previous section to give
an alternative description of Khovanov-Rozansky homology. For the sake of completeness,
we first recall the construction of the generalized Khovanov-Rozansky homology described
in [Wu09] and [Yon09]. We observe that the matrix factorizations associated to basic
MOY-graphs can be written as stabilizations of certain Soergel bimodules and prove that
the tensor products occurring when glueing these matrix factorizations together commute
with the stabilization functor as long as the MOY-graph under consideration is acyclic,
i.e. does not possess any oriented cycles, in accordance with Webster’s description of the
Khovanov-Rozansky complex of some acyclic MOY-graph, see [Web(7, Section 2.4].
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3.1 The construction of generalized KR-homology

First, we recall the definition of a (marked) MOY-graph.

Definition 3.1.1 A MOY-graph is a directed graph I' := (V| E,s,t) (with vertices V,
edges D and source-target functions s,¢: E — V') together with a weight function on its
edges v: E — {0,1,2,...,n}, such that the following properties hold:

(1) For all v € V we have n(v) := [{a € E | v € {s(a),t(a)}}| > 1.

(2) For all v € V such that n(v) > 2, we have

ack ackE
t(a)=v s(a)=v

If (T',v) is a MOY-graph, a vertex v € V satisfying n(v) = 1 is called an outer point of I.
Otherwise v is called an inner point.

Definition 3.1.2 A marking on a MOY-graph (T, v) consists of the following data:

(1) A subset P C |I'|, whose elements we will call marked points, with the following
properties:

(a) Every edge of T' contains at least one marked point.
(b) Every outer point of I' is marked.

(¢) No inner point of I' is marked.
(2) For every marked point p € P a set of variables X, with the following properties:

(a) For p # q € P the sets X, and X, are disjoint.
(b) If p lies in the interior of the edge e of I', we have |X,| = v(e).

(c) If p is an outer point of I' and e € E is the unique edge of I" such that p €
{s(e),t(e)}, we have |X,| = v(e).

If p € P is a marked point, we call |X,| the value of p.

If one cuts the edges of a marked MOY-graph I' along their marked points, the graph
decomposes into MOY-graphs of the form 'y} " or I',, depicted in Figure We will
call these elementary MOY-graphs building blocks.

Notation: Given sets of variables X; = {x;1, ..., Zim,} we denote by .#(X;|...|X;) the
subring of Clz; ;|1 < i < n, 1 < j < m;| consisting of those polynomials which are sym-
metric in the variables z; 1, ..., Zj m, from X; for each i = 1,...,n. We have . (%X4]...|%X,) =
L (X1) ®¢ ... ®¢c 7 (Ky,), so that L (%q]...|X,) is a polynomial ring in the elementary sym-
metric polynomials of the X;. In particular, it is a regular local graded ring. Given an
arbitrary set of variables X we denote by X; € .(X) the [-th elementary symmetric poly-
nomial in the variables contained in X. Given a variable set like X; which itself carries in
index, we denote the [-th elementary symmetric polynomial of the variables contained in
X; by X; ;. If the set of variables under consideration is not denoted by a single letter, but
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Xy Ko K1 Ky X
0\7711 Mo o mi’q mk/o 1
O/nl O/nz o n_1 m\o

Y1 Yo Yi-1 Y Y

Dol rn

Figure 11: Building blocks

for example is of the form XUY, then we denote the I-th elementary symmetric polynomial
of XUY by (XUY); etc. For sets of variables Xy, ..., X,, we denote by X the union |JX;,
but we set .7 (X) := L (%4]...|X,), overloading the previous definition of . (X). If we want
to talk about the ring of completely symmetric polynomials in the variables of X = (J X;,

we will write .%(XY) for this instead. Finally we set X! := >~ 2"*l € #(X) for an
reX
arbitrary set of variables X.

Given a marked MOY-graph I" we associate to it a matrix factorization KR(I") along
the following steps, which we will look at more closely below:

(1) Cut I' along its marked points to get the basic MOY-subgraphs I'y,...,T", of I.

(2) To each of the I'; with ingoing variables Y1, ...,Y; and outgoing variables Xy, ..., X
associate a graded matrix factorization KR/(T;) of type (.7 (X|Y), X! — yyntl),

(3) Glue together the matrix factorizations associated to the basic MOY-subgraphs of
T
I" along their common variables: KR(I") := @ KR(I';).
i=1

We first explain step (2) in detail, beginning with the matrix factorization associated to
k l
the basic MOY-graph I';}' ™ (see Figure . Put m:= Y %] = X |Y;|. We define

i=1 7j=1

m
KR(Ii) = @{*i,xi—n}< 2 mmj>
=1

1<i<j<k
considered as a matrix factorization of type (7 (X|Y), XX+l — £y"+1). Here the *; are
m

homogeneous elements chosen in such a way that > #;(%; —Y;) = X —2y" L As the
i=1
sequence (X; — Y;)1<i<m is regular in . (X|Y), the particular choice of the *; is irrelevant

by Proposition m The case of the basic MOY-graph I'"" (see is similar; we set

m
KR(I7) = Q){* X; -V},
i=1
considered as a graded matrix factorization of type (7 (X|Y), EX"+1 — $¥"*+1). Again, the
m
*; are homogeneous elements chosen in such a way that > *;(X; —Y;) = Lxntl _syntl
i=1

Summing up, we have shown the following:
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Theorem 3.1.3 There is a canonical isomorphism in HMF (. (X]Y), X! — $yn+l).

Ly Ry K1 Ky

m Gy
+1_ +1
KR () = KR = (V) (X; = Y ) PP
A
Y Yo Y1 Y
where r:= > m;m;.
1<i<j<k

Remark 3.1.4 Note that according to our definitions I')? denotes two different basic
MOY-graphs. However, this causes no trouble, as the two factorizations associated to
them are the same.

X X Lp—1 Ky XY
N N S
my ™mo mp_q my my + ... +my
nl><m ILIAHZ
o J 2 Do o
Y1 Yo Y1 Y, Yy Yo Y1 Y
M55 mi+...+m
Fm,- RO le,.. N F

Figure 12: Comparison of two basic MOY-graphs

Remark 3.1.5 The matrix factorizations associated to I'n 1" and an11+nfmk in Figure
[[2] only differ with respect to the choice of the base ring, but not in the choice of potential
or the module which is stabilized: in the first case, the base ring is .%(X|Y), while in the
second case it’s the subring . (X"|Y) C .7 (X]Y).

In general, the base ring associated to a family of edges with a high value is a sub-
ring of the base ring associated to the configuration of edges where some edges have been
split into several edges with smaller value. In this way we are naturally led to consider the
graded ranks of rings of symmetric polynomials considered as graded modules over smaller
rings of symmetric polynomials, and these admit interpretations as Poincaré-polynomials
of certain flag-varieties: for example, the graded rank of .#(X) over .¥(X") equals the
Poincaré polynomial of the algebra .7 (X)/((X")4), which is isomorphic to the complex
cohomology ring of the flag variety F1(|X1], ..., |Xy|) of flags in C* with dimension differ-
ences |X;|. Thus, these graded ranks carry interesting information, and it is therefore very
important to be aware of which ring we are working with. See also Example [3.2.12]

Finally, we consider step (3), the glueing of all matrix factorizations associated to
basic MOY-graphs according to their common endpoints in more detail. Let I'g,...,I';, be
the basic MOY-graphs of I' and let KR(T';) the matrix factorizations associated to them.
Then, we first consider the exterior tensor product KR(T') := KR(I'g) Q¢ ... ¢ KR(I',,) of
these factorizations, graphically corresponding to the disjoint union of the I';. Now, KR(TI")
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is a certain quotient of C' (T"), intuitively identifying common endpoints of the I';. That is,
given ¢ # j such that I'; and I'; share the sets of variables Z, we let action of elements of
< (Z) pass from KR(I';) to KR(I';) and vice versa; thus, if we were only looking at I'; and
[';, the resulting quotient of KR(I';) ®c KR(T';) would just be KR(T';) ® o (7) KR(T';).

For a detailed example of how to calculate the value of the unknot, see Section [5.2

3.2 The matrix factorization associated to an acyclic MOY-graph

In the previous section we saw that the matrix factorization associated to a basic MOY-
graph can be written as the stabilization of a ’singular’ Soergel bimodule (see [Will0)]
and [Str04]), and we also know that these matrix factorizations are tensored together
in order to get the matrix factorization associated to more complicated MOY-graphs.
Further, in Proposition we gave a sufficient condition for tensor products of matrix
factorizations and stabilizations to commute. In this section, we will see that the conditions
for Proposition [2.6.4] are satisfied as long as the MOY-graph under consideration is acyclic,
i.e. does not possess any oriented cycles. In particular, we see that the matrix factorization
associated to a MOY-braid is isomorphic to the stabilization of the corresponding Soergel
bimodule.

Example 3.2.1 We begin by discussing in full detail a very simple example, namely we
determine the matrix factorization associated to the MOY-graph I'y in Figure We
have the following isomorphisms in HMF(C[X, Z], X" ! — Z"+1) (explanations are given
below):

KR(To) & ¢[x,v]/(x — y)x -y} txyz]

CIX,Y)
{Yn+1_Zn+1} CIX,Y,Z] Clx.y.z]

C[X®YZ(I]:[K Z]/(Y - Z) TC[KZ]

s CIX,Z]

n n
=TCX,Y, Z)/(x - YR
w1 omdt C[X.Y,Z]

® C[X,Y,z]/(Yy — z)\Y"" -2 }l

CIX,Y,Z] CIX.Z]

C[X,Y,Z]

i2E]

O Y. Z/(X =Y.y = )X |

C [X7Y7 Z]

12

CIX, Z]/(X — Z){X’“rl_Z"Jrl}J/CPQZ]

Heix, 2)/(x — z)fxm-zm)

Here, Fact is applicable because C[X,Y, Z] is free over C[X,Y] and C[Y, Z], and
Proposition can be applied because X — Y, Y — Z is regular in C[X,Y, Z]. In the
last step, we may apply Corollary because C[X,Y, Z] is a free C[X, Z]-module.

The last example shows quite quell how the machinery established to far can be used
to make graphically intuitive relations between matrix factorizations rigorous, without
forcing us to actually write down explicit homotopy equivalences between them. In the
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above example, we had to ’compute’ only one thing, namely

C[X,Y,Z]/(X =) oz CX,Y,Z]/(Y = Z) = CIX,Y,Z]/(X -Y,Y — 2)

~ C[X,Z]/(X - Z).

In much the same way we can handle more complicated glueings of MOY-graphs; only
the application of Proposition becomes more difficult. We consider another example.

(@]
1 I Sl Ky
O\m,l my
Iy I't
1 I‘%
5 T AT
7, 7 Z, .\ 7,

Figure 13: Gluing two basic MOY graphs

Example 3.2.2 We compute the matrix factorization associated to I'y in Figure Put
u:=r711+..+1r,and v := 51 + ... + 54. To ease the notation, we will omit the internal
degree shifts in our calculation. As above we first get

def

KR(T1) & 7 (XY[2)/(RUY), — 2) {20700 —mzt} g7 (i)

{an+l ZynJrl} Sp(x‘ylzw\/) y(xn(lz‘w)
® LWY)/(W; -Y; - 7

y[xmzm]( M/ ) TY(WIY) J

. . .

2 P (RY|ZIW) /(R UY); — Z;) 1= syt szt

rﬂ(xmzm

S (R|Z|W)

®  F(RY|ZIW)/(W; — ;) ==t
S (R|Y|Z|W)

Z(R|Z|W)

In the next step we want to apply Proposition to exchange tensoring and the sta-
bilization functor. For this, we have to see that the concatenation of the sequences
(XKUY); —Z;,1 < i <wand W; —Y;,1 < j < v is regular in . (X|Y|Z|W). Intu-
itively this is plausible, as attaching I'p}y7 5% to Dy introduces new variables
from W, and the attached sequence W; —Y;,1 < j < n becomes regular under the map
L (W]Y) — L (W).

We can make this intuition rigorous as follows: The sequences (X;;) and (Y;;) of
elementary symmetric polynomials in the variables of X; and Y; are regular in .7 (X)
and .7 (Y), respectively, and hence their concatenation is regular in . (X|Y) = . (X) ®¢
Z(Y) spanning the ideal . (X|Y). Further Zi, ..., Z,, is regular in .¥(Z), and we have
(Z1y ey Zm) = (L (27)4) C L(Z). Since L (X|Y|2) /(L (X|Y)4) =2 S (Z) we therefore see
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that X; ;,Y; j, Zp — (RUY)y, is regular in .7 (X|Y|Z) spanning the ideal . (X|Y) ®c 7 (Z) +
S (K|Y) ®@¢ (L(Z27)+) C L (X|Y|Z). Hence

S (AYNZIW) /(Xij, Y5, Ze — (RUY)y) = 7 (W) ®c S(2) /(S (27)+)

and so X;;,Y; i, Zp — (R|Y)k, Wy — Y, is regular in 7 (X|Y|Z|W). As the regularity of
a sequence in a local graded ring is independent of its ordering, we deduce that Z; —
(K|Y)g, Wi, — Yy, is regular as claimed. We are therefore allowed to apply Proposition m
and get

KR(Ty) = 7 (XVZIW)/(RUY); — Z, W; — Yy {2t xzeet) l‘iiil?ﬁi’?
which is what we expected. Note that, in contrast to the first example, the identification of
Y; and W; does not imply that . (X|Y|Z|W)/((XUY);— Z;, W; =Y;) equals .7 (X|Z|W) /(XU
W); — Z;), just because the ideal spanned by the Y; in .#(Y) equals (. (Y").), and this is
strictly contained in .(Y) if there was more than one Y;. Note however that since .7 (Y)
is free of finite rank over .7 (YY), . (X|Y|Z|W)/((XUY); — Z;, W; — Y;) is finitely generated
over . (X|Z|W).

In this example it was already a bit tricky to apply Proposition because we to
convince ourself first that the sequence occurring was indeed regular. However, the real
problem arises if we now want to glue our matrix factorization with another one; namely, if
we consider .7 (X|Y|Z|W)/((XUY); — Z;, W; = Y;) only as a module over the ’free’ variables
in X,Z,W we loose the nice presentation of the module as a complete intersection, and
Proposition [2.6.5] is no longer available. One could solve this problem by not forgetting
the internal variables, but this seems unnatural. Instead it is more natural to replace
Proposition by Proposition and to argue through the freeness of the modules
at the glueing points.

Definition 3.2.3 Let X, ..., X,, be sets of variables and M, be a graded module over . (X).
We say that M, is free over X; if M, is free as a graded module over . (X;) C . (X).

Theorem 3.2.4 Let Xy,...,%,,Y, 71, ..., Z,, be sets of variables (the case Y = () is explicitly
allowed), w € . (X), w' € ./ (Z) and wy € . (Y). Further, let M,, N, be graded modules
over . (X|Y) and . (Y|Z), respectively, such that the following hold:

(1) M, is finitely generated over .(X), and N, is finitely generated over .7 (Z)
(2) (w-+wo)M, = {0} and (&' — wo)N, = {0},
(3) At least one of the modules M, and N, is free over Y.

Then the following hold:

(1) M.® vy N, is finitely generated over .#(X|Z)/(w +w') and there is an isomorphism
M g oy NI T 2 (ML @) N

(2) If M, is free over Y, then the graded .7 (X|Z)-module M, ® 5 (yy N, is free over any
subset of Z over which M, is free.
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(3) If N, is free over Y, then M, ® 5 (y) IV, is free over any subset of X over which M, is
free.

Proof. Since M, is finitely generated over .(X) and N, is finitely generated over . (Z),
M, ® 5 ¢vy N, is finitely generated over .#(X|Z). Further, M, ® »(y) N, is annihilated by the
ideal (w + wo,w’ — wp) an in particular by the element w + w' = (w + wp) + (w' — wo).
Therefore, the expression (M, ® 5 (y) N){wtw’} makes sense. Further, Tor'ky(y) (M,,N,)=0
for all £ > 0, since by assumption either M, or N, is free .(Y). Thus we can apply
Proposition and Corollary to get

_ Z(A|Y|2) 2E4 NEAL(
M{w+wo} N{w wo} =~ (M N )wtw'}
. ®.7(v) N, Ly(m) (M. ® vy N.) L},(X'Z)
= (M. ®v) N,)twte’y
as claimed. This shows statement (1), and statements (2) and (3) are obvious. O

Example 3.2.5 In the following examples, we again omit internal degree shifts.

(1) First we consider the basic MOY-graph an117+nj-mk in Figure The matrix
factorization associated to it is the stabilization if the . (X"|Y)-module . (X" |Y)/(X; —Y;)
with respect to XX —3¥" 1 Since .7 (XY)y = (X;) we have Z(XV|Y)/(X;-Y;) = Z(Y)
as . (X|Y)-modules, where X; € .#(X") acts on .(Y) through multiplication by X;.
Therefore .7’ (X“|Y) /(X; —Y;) is free of rank 1 over Y and free of rank rang o yu)-#(Y) over
XY,

(2) Next we look at the matrix factorization associated to an arbitrary basic MOY-
graph Ty . We claim that this is just the glueing/the tensor product of the matrix
factorizations associated to the graphs I Z}*Tﬁ"’v and leJ’r‘::an’“k along their common end

Z; see Figure Indeed: example (1) shows that the assumptions of Proposition
are satisfied, and so we get

SN2/ (X; = 2) I @) S (VD) /(2 - v T
= S (]Y)/(X; - Yy R

Moreover, .(X|Y)/(X; —Y;) is free of rank rangy vy (Y) over X and free of rank
rang g (xu)-'(X) over Y.

(3) Examples (1) and (2) show that we can apply T heorem to the examples which
led us to Theorem Thus we also get the isomorphisms established there without the
somewhat cumbersome use of regular sequences.

These examples together with Theorem show the following theorem:

Theorem 3.2.6 In the construction of the matrix factorization associated to an acyclic
MOY-graph the stabilization functor commutes with tensor products.

In the next section we will see how Theorem [3.2.6] connects KR-homology to Soergel
bimodules and how we can get lots of relations on KR-homology from this, but first we
look at a simpler example of how to apply Theorem |3.2.6
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S S Lp—1 Xy
O\rm Mo mk,/lo mk/o
O/m O/nz o n—1 Tll\o

Y1 Yo Yi-1 Y

o
Y Yo Yi-1 Y

. . Lt MYy Mg ni+...4+ny mi,...,mMg
Figure 14: Decomposition of I';,":";,* into Fnh---,m and Fm+...+nz'

Definition 3.2.7 For a finite-dimensional, graded C-algebra A, the Poincaré polynomial
of A,, denoted P(A,), is defined as

P(A) = ) dimg(A)g' € Z[qg).

iEZZo
If X is a complex manifold, we put
P(X):=PH"(X;C)).

Definition 3.2.8 Let (A, (—)) be an additive Z-graded category. Then, given some object

X € A and a Laurent polynomial p = 3" p;¢* € Z[¢*!] we put
ez

X(p) = > X(iy®.

1€Z

Fact 3.2.9 Let R, be a positively graded ring and M, a finitely generated free R -module.
Then there exists a unique sequence of natural numbers {n;};cz, almost all of which are
zero, such that M, = @ R.(i)"™.
1SV
Proof. By definition of freeness of a module, we only have to show the uniqueness of the
n;. We have
M./R{M, = P Ro(i)™,
1eZ

and so n; is uniquely determined as the (ungraded) rank of (M,/RyM,)_, over the com-
mutative base ring Ry. g

Definition 3.2.10 In the situation of Definition define the rank of M, over R,,
denoted rankgr M., as

rankp M, := Zniqi € Zl¢*Y).
i€Z
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X
m1+ ... +myg
Lo
my ma Mp—1 mp
Y1O< Y2<< >Yk—1 Y
my ma me_1 mp
my + i + my Fl
VA
Figure 15: I

Fact 3.2.11 Let R, C S, be positively graded rings, and assume that S, is free of finite
rank as a module over R,. Then there is an isomorphism of R.-R,-bimodules

S, = R.(rankp S,).

Example 3.2.12 We want to prove the fancy looking relation

KR(T) <— Z mimj> = KR(I)) (rank g () (mal...|my)) (3.2-1)

1<i<j<k
= KR(I™) (P(Fl(my]...|mp))) . (3.2-2)

where I' is as in Figure m := mj + ... + my and where Fl(mq]...|my) is the complex
manifold of flags {0} =V C Vi C ... C V} = C™ in C™ with dime(Viy1) — dime(V;) = m;
for all it = 0,1, ...,k — 1. By definition, we have

KR(I)(- >  mm;) = KR(Tp) @) KR(I)
1<i<j<k
FRY) /(X — Yy ey

® y(y|z)/(}/; . Zi){zyvrl*l_zzn#»l}'
7(Y)
Since . (X) = C[ X1, ..., X;n] we have Z(X|Y)/(X;—Y;) = (V) as L (X)-Z(Y)-bimodules,
where X; acts by multiplication with Y;. Similarly, . (Y|2)/(Y; — Z;) = Z(Y) as L(Y)-
& (Z)-bimodules, with Z; acting on .#(Y) by multiplication with Y;. Hence

L (RY)/(Xi = my%)ﬂm/m —Zi) = 7(Y) = S (K2)/(Xi = Z;) (rank »(vo).7(Y))
as . (X|Z)-modules, where we applied Fact in the last step. Applying Theorem
[3:2.6] we get

KR(I)(~ S mimy) = (F(V2)/(X; - Z;)(rank o) 7 (Y)))

1<i<j<k

{Zxn+l_xpzn+i}

= KR(I') (rank (o). (¥)).
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yielding (3.2-1)). For (3.2-2), note that since .#(Y) is free as a module over . (Y"), we have
rank o yuy. (Y) = P(Z(Y) /(L (YY))), so the claim follows from the algebra isomorphism
(see [Full)

H*(F1(my]...|mg); C) =2 L (ma|...|my) /(L (M) +).

To get a feeling of what (3.2-1]) looks like explicitly, take k = 2 and m; = mg = 1. We
have F1(1|1) = P, hence P(F1(1]1)) = 1 + ¢*, and so (3.2-1) yields

KR c<1 l:}) ~ KR E (-1) e KR E (1)
Y i !
o

3.3 Connecting KR-homology to Soergel bimodules

In this section we describe how Theorem [3.2.6] connects Khovanov-Rozansky homology to
Soergel bimodules and look at a few examples in the construction of KR-homology where
working on the level of Soergel bimodules makes life a bit easier.

Suppose IT" is an acyclic MOY-graph, and we aim to calculate its value KR(I") under
KR-homology. By definition (see Section , we have to go through the following steps:

(1) Decompose I' into basic MOY-graphs I'y, ..., Iy,

(2) take KR(I'q),..., KR(I';) and finally

(3) calculate KR(I') := @ KR(I';), where the tensor product is over the common end-
i=1

points of the T';.

For step ’ we know by Theorem that each KR(I';) is given as
(L RY) (X, — Vi) (ry) PR 2

for sets of variables X, ..., Xg, Y1, ...,Y; and some internal degree shift r € Z, and for step
(3) we know from Theorem that we can exchange tensor products and stabilization
T

when calculating @ KR(I';). We are therefore naturally led to consider modules which

can be “built” frozmlthe modules . (X|Y)/(X; — Y;) by tensoring, and these are examples
of singular Soergel bimodules. For simplicity, we will focus on the case where all MOY
graphs have labels 1 and 2 only; the modules occurring in this case where first studied
by Soergel in [Soe07], and we recall some of his results now. The general case of singular
Soergel bimodules was recently studied by [Will0].

Definition 3.3.1 Fix m € N and let X; := {x;} be some variable for i = 1, ..., m. Denote
CIX] = L (X) the polynomial ring over {z1, ..., }. The symmetric group S, acts on
C[X] by permutation of variables, and for I C &,, we denote C[X]! the subring of C[X]
consisting of those polynomials which are invariant under the actions of all w € I. For
w = (i, i + 1) we abbreviate C[X]{¢*} by C[X]".
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Definition 3.3.2 The category of Soergel bimodules (for &,,), denoted B™, is defined as
the smallest full, additive and idempotent-complete subcategory of the category C[X]-Mod-C[X]
of graded C[X]-bimodules containing all modules of the form

C[X] ®C[X}"’1 C[X] ®@[X]i2 ®C[X}ir (D[X]
for iy,...,4, € {1,2,...,m — 1}.

Remark 3.3.3 Definition seems to be weaker than the one given in [Soe07, Defini-
tion 5.11, Lemma 5.13]. However, by [Soe07, Theorem 6.14(4)] both definitions agree. ¢

One of the main results of [Soe(7] is that the combinatorics of the category B™ is
captured by the Hecke algebra H,,,(q) of &,,,, which we now recall.

Definition 3.3.4 Fix m € N. The (generic) Hecke-algebra H,,(q) (of &,,) is the associa-
tive Z[g*']-algebra generated by elements 77, ..., T),_1 and unit 7, subject to the relations

T,T; = T;T; foralli,j=1,2,....m—1st. [i—j|>1
LT T = Tia TiTia for all i = 1,2, ..
T? = (q2 - 1)7—‘1 + q2Te

om—2

We denote {H,, }wes,, the Kazhdan-Lusztig basis of H,,(q) (see [Hum90, Section 7.9],
where these elements are denoted (7). In particular, we have H; := H; ;1) = ¢ HT+T).

Definition 3.3.5 Let A be an essentially small additive category, and let Iso(A) be the set
of isomorphism classes of objects in A. Further, for X € A we denote [X] the isomorphism
class of X. The split Grothendieck group of A, denoted KED (A), is defined as the free
abelian group Z1°(4)) subject to the relations [X] +[Y] — [X @ Y] =0 for all X,V € A.

If A carries a Z-grading (i.e. a strict, additive action of Z), then K (A) carries a
natural structure of a Z[g*!']-module given by ¢".[X] := [n.X], where n.X is the action of
n on X. If A carries an additive monoidal structure, then K (A) admits a natural ring
structure given by [X]-[Y]:=[X ®Y].

In particular, endowing B with the monoidal structure given by the tensor product
of graded C[X]-Mod-C[X] bimodules and the Z-grading given by n.X := X (—n), the split
Grothendieck group K (B™) becomes a Z[q*!]-algebra.

Remark 3.3.6 Note the reversed Z-grading on B". %

Fact 3.3.7 Let A be an essentially small Krull-Remak-Schmidt category, i.e. an additive
category such that every object has a finite decomposition into indecomposable objects
which is unique up to permutation, and denote Indec(.A) C Iso(A) the set of isomorphism
classes of indecomposable objects in .A. Then the natural map

Z(Indec(.A)) _ KSB (.A)
is an isomorphism. In particular, for all X, Y € A we have

[(X] =[Y] in K§ (A) = Xy, (3.3-1)
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Remark 3.3.8 The equivalence (3.3-1) allows to check relations in A inside K (A).
Hence, to understand the combinatorics of A it is therefore sufficient to calculate K (A).¢

Theorem 3.3.9 In the notation of Definitions and the following hold:

(1) The assignment H; — [C[X] Qc [k C[X](1)] extends to an isomorphism of Z[¢*!]-
algebras
E: Hylgg —— K{(B™).

(2) The set of isomorphism classes of indecomposable objects in B™ (up to shift) is
canonically parametrized by G,,:

Indec(B™) = {["Bul(r)}uee,. rez = Gm x Z

(3) For each w € &,,, we have £(H,,) = ["By].

(4) For asubset I ={(1,2),(2,3),...,(m—1,m)} of the simple transpositions in &,, and
w’ the longest element in Wy := (I), we have

"By = C[X] @cpqr CRI(U(w")).

In particular, for i = 1,2, ...,m — 1 we have

I

"Bii+1) [X] @¢prp: CIRI(1)

C
Clzt, ooy Ty Y15 s Y] /(@i + Tig1 — Yi — Yit1, TiTit1 — YilYitr1)-

1

Remark 3.3.10 Part of Theorem is intentionally kept a bit vague as we will
only need the explicit description of "B, r given in part . In [Soe(7], explicit conditions
characterizing all the indecomposable bimodules ™B,, are given. %

Proof. For (1)), and (3)), see Soergel’s original article [Soe07] or the recent work [Will0]
on generalized “singular” Soergel bimodules by Williamson. For (4)), apply [Will0, Theo-
rem 7.4.3]: in the notation of loc.cit., one has I B! = IV! (apply [Will0, Theorem 7.4.2]
for p = WreW; € Wy \W/Wj) and IV! = TRI(I(w")) (see [Will0, Section 6.1]), while { RY
is, in our notation, given as C[X]! (see [Will0l, Definition 4.2.1]). O

1 2 1—1 i i+1 it+k—-2i+k-1i+k m-1 m
1 1 1 1

1 1 1 1 1
1 1 1 1

bob b Ty b

1 2 1—1 1 i+ 1 i+k—2 i+k—-1i+k m-—1 m

Figure 16: Another basic MOY-graph

With the notation of Theorem [3.3.9] Theorem becomes:
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Theorem 3.3.11 Fix n > 2 and let I' be the MOY-graph depicted in Figure Define

oo (12 i i i+1 o itk—1 itk - m
S\ 2 e i1 it k-1 it k-2 - i i+k - m)’
Then, considering ™B,, as a module over C[X,Y] with |X| = |Y| = m, there is a canonical

homotopy equivalence

KR(r) = mp, (50757
w .
Proof. Considering 6;, a subgroup of &, via

12 - i—1 i i+1 o 4 k=1 itk - om
o ,
12 -« i—1 i-14+0(1) i—14+0(2) - i—140o(k) i+k --- m

Theorem [3.1.3| implies that

Bk — 1 {ZxnHl_gyrti}
KR(T) =~ (@[x] ®s, C[Y] <(2)>> .
On the other hand, Theorem [3.3.9) shows that

e e, o (*E ) = i,

k(k—1
(1), -

where we use the fact that the length of the longest element w in &y, is

1 2 i—1 ) i+1 i+2 m-—1 m
Figure 17: Basic MOY-braid o;

Corollary 3.3.12 Let v = s;,5;,...5;, be a MOY-braid on m strands, with i1,...,9 €
{1,2,...,m — 1} and s; as depicted in Figure There is canonical homotopy equivalence

n+1_ n+1
KR(y) ~ ("Bi, ®cpy "Bi, ®cpy - ¢y mBz‘k){EX =)

Theorem completely explains the relations that hold between Soergel bimod-
ules in terms of the Hecke algebra. Applying the stabilization functor, we see that the
same relations hold on the level of matrix factorizations. Let us pause to see an example
for that.
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N N

AN AN

T Ty T

Figure 18: Basic MOY-relation

Example 3.3.13 We want to prove the relation
KR(I')) ® KR(I'1) ~ KR(I'2) ® KR(I'3), (3.3-2)

where I'g, ...,I's are as in Figure A short calculation in the Hecke algebra shows that
fori=1,2,...,m — 1 we have

HH,H,+H, = HHLH,, +H,.

Applying Theorem [3.3.9] implies that the corresponding relation also holds on the level
of Soergel bimodules, i.e. that we have an isomorphism of C[X] bimodules (abbreviating
CIX] by S)

SRS®S®IEB) & SeS(1l) = SeSeS®S3) & S S(1). (3.3-3)
St SH—I St St SH—l St SH—l SH—l

Considering C[X]-bimodules as modules over .#(X|Y), where Y; := {y;} for variables
Y1, ---» Ym, We can now apply the stabilization functor

(_){zxnﬂfmr"“

S (KY) /(2R — BY" ) mod HMF (.7 (X]Y), £x" T — nyntl)

to (3.3-3); using Theorem to exchange stabilization and tensor products, we get the
desired isomorphism (3.3-2]). Note that it is nontrivial to prove (3.3-2)) directly from the
definitions.

X Xa Xy Xy
X1
KR 2 KR + +
X0 1 1
Y, Yo Y‘l Y‘2
I, Iy

Figure 19: y-morphisms
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Example 3.3.14 In this example, we describe the y-morphisms (see Figure of [KROS,
Section 6] using the stabilization functor and Soergel bimodules. It would be very inter-
esting to do the same thing for the more general y-morphisms in [Wu09, Section 7.6].

First we recall the definition of yo and x; given in [KRO§|, beginning with x;. Abbre-
viating .7 (X|Y) = Cx1, x2,y1,y2] by S., by the very definition we have

KR(FO)<—1> = {{El + T2 — Y1 — y27U1} ®s. {xle _ y1y27u2}
= (5 Sen)(-2) I Yo (5, 2 en) () 2 )

T1+ T2 —Y1— Y2 T1T2 — Y1Y2
—Uus Ul
= S.(e1) ® S.(e2) S.(0) @ S.(e1e2)
U1 Y1Yy2 — 122
uz T1+T2—Yy1—Y2

Here (), e1, ex and ejes are names for the generators of the several copies of S,, and u
and ug are as usual chosen in such a way that the potential is 7 4zt — ¢t o+l

Similarly,

KR(I'1)(—1) = {z1 —y1,m} ®s, {w2 — Y2, T2}
= (S- T S, (E1)(—2) = S.) ®s. (S_ T2, §.(e9)(—2) 22 S_)

T1—Yr T2—Y2
-T2 T

= S_(él) S, S_(éQ) S(@) ©® S.(éléQ)
T Y2 — T2
<7T2 x —l/1>

nt1

xn+17y mn«kliyn#»l . L.
where 7y := =1—2L— and 7y := =2——2— In this explicit form of KR(I'p) and KR(T';),

T1-y1 z2—Y2
the map y; is given as

T1+ T2 — Y1 — Y2 T1T2 — Y12
—Uug (5%

S.(e1) ® S.(e2) S.(0)® S.(e1e2)
(Ul Yi1y2 — 172 )
1 yo 4 Az2 — 42) U T1+ T2 — Y1 —Y2
! 1’1+)\(y17x1) (Il — Y 1’2-1/2)
—T2 1
S.(é1) @ S.(é2) S.(0) @ S.(é1€2)

<ﬂ'1 y2x2>
S (3.3-4)

for some \ € Z and

U] + U2 — T2
1 — U

a=—\ug + and b=z —y2+ ANy1 +y2 — x1 — x2).

Note that in [KRO§| the sign of a differs, but this is just because of a different convention
in the differential of the Koszul complex. We will now use Example to show that
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under the canonical isomorphisms

KR(T'0) 2 (S./ (21 + 22 — y1 — yo, w129 — yryo) (1)1 o2 =i ™}

n+1+x;+1 _y’{L+1_y;L+1}

KR(I'1) = (S,/(x1 = y1, 25 — y2)) 1
the morphism y; corresponds to the stabilization of the canonical quotient map

S./(z1+ T2 — y1 — Y2, 2172 — Y1Y2) ——— S./ (71 — y1, 22 — Ya). (3.3-5)

in the sense that the following diagram commutes (w := :v?“ + mgﬂ — y’f“ — y’f“)

{(x1 + 22 — y1 — Yo, ;122 — Y1Y2), (U1, u9)} —— S./(x1 + T2 — Y1 — Y2, T129 — Y1y) 1
caniw}
5-/(371 —Y1,T2 — y2){w}

(3.3-6)

{(z1 — y1, 22 — y2), (71, m2) }

14

In particular, we see that the homotopy class of x; does not depend on the choice of .

For the proof, we use the method of Example [2.3.7] with a = 1. To avoid confusion
with the notation, let us denote the variables x,vy,Z,y from there by a,b,EL,B. Hence,
(a1,a2) and (a1, az) are given by the regular sequences (x1 + x3 — y1 — y2, 122 — Y1y2) and
(1 — y1, T2 — y2), respectively, and (b, by) and (51,62) are given by (u1,uz) and (71, m2),
respectively. We have

T+ 22 —y1 —y2 = (21 +y1) — (T2 — y2)
z1x2 —y1y2 = (1 — y1)(y2 + AMx2 — y2)) + (22 — y2) (21 + A(y1 — 21)),

Air Ao (1 g+ A(z2 —y2)
A2 A2 I 14+ My —21))

hence

and in particular
A11A22 — A2do1 = 21 — Y2 + A(y1 + Y2 — 71 — 22)
Finally, we compute

A2b1 + Aagbs — b My — — -
[ 12 1+~222 2:u1+($1+ (y1 — x1))ue 7T2:_)\u2+u1+3?1u2 T2

a 1 — Y 1 — Y

Putting everything together, we see that the morphism constructed in coincides with

(3.3-4)), as claimed.
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Similarly, we can handle the map xo. Originally, it is defined as

T1— Y1 T2 —Y2
—a T

S.(61) @ S.(é) S.(0) @ 5.(2162)
T Y2 — T2
T X1 — Y1
Y1+ Mz —y1) Az —y2) — a2 y1—x2+p(z1+x2—y1—12) O
-1 1 a 1
l <LE1 +T2—Y1 — Y2 T122 — iUl.UZ) l
—Uug Ul
S.(e1) ® S.(e2) S.(0) ® S.(ere2)
U1 Y1y2 — T122
Uz T1+T2—Y1—Y2 (3‘3_7)
for some A € Z and
0= (1 Nuy 4 LT T2 T2 (3.3-8)

Y1 — 21
We claim that x¢ is the stabilization of

mult(z1—y2)=mult(x2—y1)

S/(xl — Y1, T2 — y2) S/(IL’l + T2 — Y1 — Y2, 0122 — ylyg). (33—9)

For the proof, we again use the method of Example with o = y1 — 2o+ A(x1 + 22 —
y1 — y2). First, we compute the \;;; we have

(r1 —y1)a = (z1 —y1)(y1 — 22 + @1 + 72 — Y1 — ¥2))

= (z1+22 —y1 —y2)(y1 + A1 —v1)) — (w122 — Y192)
(x2 — y2)a = (z2 — y2)(y1 — w2 + AN@1 + 22 — Y1 — ¥2))

= (1 + 22 — Y1 — y2)(AM(w2 — ¥2) — 22) + 1172 — Y172,

and hence
Ao Aor)  (yn A — ) M@z —ye) — a2
A2 A2 -1 1 '

In particular, we get w = 1. Finally,

= A12b1 + Aa2b2 — (y1 — x2 + M1 + 22 — Y1 — y2))bo
ai
=T — (Y1 — 22+ M@+ 22 — Y1 — y2))u2
T1+T2— Y1 — Y2

i

and it is a tedious but straightforward computation to show that this equals (3.3-8)).
Applying the result of example we see that indeed xq is the stabilization of .

Summing up, we have seen in this example that the morphisms yo and x; from [KRO0S]
are stabilizations of canonical morphisms between Soergel bimodules. In [EK09], these
morphisms are depicted by T and | . It would be interesting to see if the stabilizations
of other canonical morphisms from [EKQ09] play a role in the construction of Khovanov-
Rozansky homology, too.
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3.4 The effect of stabilization on Soergel bimodules

Until now, we showed how the image KR(v) of a MOY-braid v under the Khovanov-
Rozansky construction can be expressed as the stabilization of the Soergel bimodule cor-
responding to . Though this gives us a bunch of relations between the KR(y) for free —
those which are already true on the level of Soergel bimodules — we didn’t investigate the
effect and use of stabilization yet.

By the big picture [10] from the introduction, the following theorem meets our expec-
tations:

Theorem 3.4.1 Let w € &,, be such that the Robinson-Schensted shape of w has more
than n rows. Then we have

mBi}zxn+l_zyn+l} _ O

prOj.dimy(xly)/(zxn+1_zyrt+l) Bw < oo, i.e.
The proof will be divided in two steps:

(1) Using the theory of (two-sided) Kazhdan-Lusztig cells we reduce to w = (k, k —
1, ..., 1) for kK > n, in which case ™B,, is the Soergel bimodule associated to the
MOY graph in Figure 20| (Theorem |3.3.9).

(2) In this case, we prove that ™B(;, r_1, ..., 1) somehow involves the trivial category
HMF (7 (1, ..., z1), D7) = 0
and deduce the triviality of its stabilization.

We begin with step[l] Recall the following definition of Kazhdan-Lusztig cells of the Hecke
algebra (see [BB05, Exercise 6.11]). Note that thinking of the Kazhdan-Lusztig elements
as functors and products of them as compositions of these functors, it essentially formalizes
what should be meant by saying that one such functor factors through another.

Definition 3.4.2 For elements w,w’ € &,, we write w <pr w’ if there exist s,t € &,,
such that the coefficient of H,, in the product H,H,,H, is nonzero. This defines a preorder
on &,,, and we say that w and w’ are <pgr-equivalent, written as w ~pg w’, if both
w <rp w' and w’ <ip w.

The following proposition completely characterizes <pr-equivalence in terms of the Robinson-
Schensted correspondence (see [Ful]):

Proposition 3.4.3 (see [BB05, Exercise 6.11(b)]) For w,w’ € &,, the following are
equivalent:

(1) w~pg @', ie. w and w' are <pr-equivalent.
(2) The Robinson-Schensted shapes of w and w’ are the same.
In particular, any w € &,, whose Robinson-Schensted shape has columns of length
diy > dp > ... = dj
is <pr-equivalent to the permutation

(dl,dl—l,"' ,2,1) (d1+d2,d1+d2—1,...,d1—I—I)--'(dl—i—...—i—dk,...,dl—I—...—I—dk,1—|—1)
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Corollary 3.4.4 Let w € G, have a Robinson-Schensted shape with k rows. Consider

n+1__ n+1
mp{PV YT MR (s (W]Z), st — znt)
n+1_ n—+1
"Bl | € HMF((Y), S0 - sye )
for [W| = |X| = |Y| = |Z] = m. Then there exist matrix factorizations

A € HMF (. (W[X), SW" T — 2@t B € HMF(.7(Y|Z), Y™™ — 577t

Swrtlopzntil
such that mBi 3 is a summand of

{Zxnti_mynti}
A ®x mB(k, k-1, .., 1) ®y B.

In particular, we have

mB{zxn—&-l_zyn-}—l} B

mB{zwn+1—zz"+1} _
(k, k=1, ..., 1) w

0 = 0.

Proof. Proposition [3.4.3]and Fact show that the statement is true for Soergel bimod-
ules, hence by applying the stabilization functor we get the result from Theorem ([l

This finishes step [1] For step [2| the following proposition is crucial:

Proposition 3.4.5 Let X and Y be sets of variables such that |X| = |Y| > n. Then we
have HMF (.7 (X]Y), DX+ — nyn+1) = 0,

Proof. Let k := |X| = |Y| and recall that we denoted X1, ..., X}, the elementary symmetric
polynomials in X, while X; := 0 for [ > k. By [Wu09, Formula 4.4]) we have ¥X"! =
P(Xy,...,X4), where

X1 X9 X3 - Xn (7’L + I)Xn+1
1 Xy X9 - X, nXy

p.— 0 1 X1 Xn_g (TL - I)Xn_l
0 0 o --- X 2Xo
0 0 o - 1 X

and similar for Y?*!. In particular, we conclude that ¥X"t! — 2Y**tl ¢ m2, for
m:= (Xy,..., Xk, Y1, ..., Y) the maximal ideal in . (X|Y), if and only if k& < n. Thus, in
case k > n we see that .7 (X|Y) /(X" — £Y*+1) is regular (Proposition and hence
its singularity category HMF (. (X|Y), X" — ¥¥**+1) is trivial (Proposition . O

Proof (of Theorem . We know from Corollary that it suffices to show that

. {zx"+1+2?"“—m"+1—ﬂ"“} 0

(k, k=1, ..., 1) =

for k > n, which is the matrix factorization associated to the MOY-graph in Figure
This graph can be decomposed into Fi: involving the variables from X and Y and into
m — k copies of I'} involving the variables from X and Y, and so Theorem yields

KR UT}U---UT}) ~ KR(T'L) @c KR(I'}) ®c ... ®c KR(T}),
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m strands
Yio Yoo Ve Y Y1 Yoot Yok
O\l O\l l/o 1 I ﬁ[
1 1 1
NN L R
Xy Ko Le—1 Kk Ky Lop—p1 Kn—ic

k > n strands

Figure 20: MOY-graph with trivial matrix factorization

whence we may assume m = k. Applying Theorem again, this time to the presenta-
tion of F%: as the concatenation of I"fk, Fﬁ and I‘}Ck (similar to Figure , shows that it
suffices to prove KR(I'}) ~ 0. This follows from Proposition O

Remark 3.4.6 The proof of Theorem suggests that one should rather think of a
matrix factorization X € HMF (.7 (X|Y), XX — ¥y"*1) as a functor

S (X]Y)
4 ) n 0 n
® — Ty%w . HMF>®(Z(Y),2Y" ) — HMF>® (.7 (X), X" )

7 () 20

from the homotopy category of graded matrix factorizations of type (.Z(Y),XY"*!) to
those of type (#(X),XX"*1) . In some sense, this can be thought of as some kind of
Fourier Mukai transform with kernel X, noting the striking similarity to the usual formula

L
Rpr o (X ® —) opry : DU(Y) — DV(X)

for the Fourier-Mukai transform associated to some X € DY(X x Y). However, though
this viewpoint seems to be the most natural in our context, the author does not know to
what extend X is determined by the Fourier Mukai transform attached to it, which is why

we sticked working with X instead of its Fourier Mukai transform the proof of Theorem
3.4.1 O

4 Duality on graded matrix factorizations

In this section, we define for graded matrix factorizations M and N of type (S,,wp) and
(S.,wy), respectively, a homomorphism factorization Homg (M, N), which is a graded
matrix factorization of type (S.,w; — wp). In particular, in case wy = w; we get a
homomorphism complex which in fact coincides with the homomorphism complex in the
canonical differential-graded enrichment of MF* (S, wg). As a special case, we will define
for each graded matrix factorization M its dual M* to be Homg (M, S), where S is the
trivial matrix factorization S, — 0 — S, of type (S.,0), and we will check that the usual
isomorphism M* ®g N = Homg (M, N) holds for finitely generated M. We will compare
this duality with the usual duality on MCM(S,/(w)).
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4.1 Homomorphism factorizations and Duality
For easier reference, recall the definition of the shift functor:
[1]: MF®)(S, w) — MF®)(S,, w)
(M0 Lo Mt 2o M?) s (M) 2 M2 =D M)
Definition 4.1.1 Let M = M° Lo pt 2, a0, N .= N0 L0 N1 2L NO pe

graded matrix factorizations of type (5., wp) and (S,, w;), respectively. The homomorphism
factorization Homg (M, N) is defined as

Homg (M, N)° = Homg(M°, N°), @ Homg(M ' N1,
flor (2o )
—(rog) g'ov

Homg (M, N)~* = Homg(M°, N7, @ Homg(M ', N (—d)
go? 70f
709 floz

Homg (M, N)° = Homg(M°, N°), & Homg(M ', N1,

This is a graded matrix factorization of type (S., w; — wp).

Definition 4.1.2 Let M := M? 7, Mt 25 MO be a graded matrix factorization of
type (S.,w) and denote by S the trivial matrix factorization S, — 0 — S, of type (S.,0).
The dual of M, denoted M™*, is defined as

M* = Homg (M,S) = (M) =L (M7Y)* (—dy £ (M°)* .
M* is a graded matrix factorization of type (S,, —w).

Fact 4.1.3 For a finitely generated graded matrix factorization M := M? 1, M1 <,
M? the double dual M** is canonically isomorphic to M via

M** (M(])** = (M.—l)** -9 (MO)**
:1 cv‘: cv‘: cv]:
M MOyt

Fact 4.1.4 Let M = M° o M=t 25 m0 N .= N0 L N1 2, NO be graded
matrix factorizations of type (S.,wp) and (S,,w;), respectively, and assume that M is
finitely generated. Then there is a canonical isomorphism of matrix factorizations of type
(S., w1 — wop)

M*®g N —> Homg (M,N).

There is another kind of duality on graded matrix factorizations which preserves the
type, namely the one corresponding to the usual duality Hompg(—, R,), on MCM(R,) for
a Gorenstein graded ring R,. It can be described explicitly as follows:
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Definition 4.1.5 Let M := M? £, Mt MY be a graded matrix factorization of
type (S.,w). We define its w-dual M° as

—d)

Mo — (lel)* <—d> f*< * _d>

(MO)" (—d) L5 (a7Y)* (~a).

The shift in the internal degree is explained in the proof of the following fact.

Fact 4.1.6 The following diagram is commutative up to canonical isomorphism

MF(S., w) —< , MCM(R,)

(=)° Hompg(—, R.).

MF(S., w) MCM(R,)

coker

Proof. For a graded matrix factorization M := M? L, Mt 25 MO of type (S., w) we
have the usual exact sequence of graded R,-modules

v M7 M —d) L MO fwMO(—d) L MY MY L MO JwM® — coker(M).
Applying Hompg(—, R,). to this sequence yields the exact sequence
.. — Homp(M ' /wM ™ R,), « Homgr(M?/wM" R,), + Hompg(coker(M), R,), «— 0

which is canonically isomorphic to

L (M2)w (MOYXd) «— (M) w (M_l)*tq—* (M?)/w (MP)*— Hompg(coker(M), R.)..
We conclude that

Hompg/(coker(M), R,), = ker(g*) = coker(g*)(—d) = coker(M°)
as claimed. n

Fact 4.1.7 Let M := M° Lo M1 2 M0 N .= NO L N~1 £, NO be graded
matrix factorizations of type (S.,wp) and (S., w1 ), respectively. Then there is a canonical
isomorphism

(M ®s N)° = M°®s N°[1].
Proof. This follows from direct calculation. O

The above two dualities are related by a sign change.

Definition 4.1.8 Let M := M" £, Mt MY be a graded matrix factorization of
type (S.,w). We define the sign change o(M) of M as

o(M) = MO L pt 4 pO,
This is a matrix factorization of type (S., —w), and o defines isomorphisms of categories

MF(®) (S, w) 2 MF®) (S, —w) and HMF®) (S, w) = HMF®) (S, —w).
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Fact 4.1.9 The following diagram is commutative up to canonical isomorphism:

MF(S., w) z MF(S,, —w)
=) (=)
MF(S., —w) i MF(S., —w)
Proof. This is clear from the definitions. O

4.2 Compatibility of Duality and Stabilization
Next we study the compatibility of the stabilization functor with duality.

Proposition 4.2.1 Let M, be a Cohen-Macaulay module over R,, and let n := dim(S,) —
depth(M,). Then there is a canonical isomorphism in HMF(S,, w)

(M) o+ 1) = Exeg(ags)™.

Proof. By a theorem of Grothendieck ([BH93, Theorem 3.5.7]), the local cohomology
H} (M,) is concentrated in the interval [depth(M ), dim(M )] and nonzero on its boundary.
Since M, is Cohen-Macaulay of dimension n, it follows that Hj,(M,) is concentrated in
degree n. Next, by local duality ([BH93], Theorem 3.6.19) we have

Bxt§™ (M, 5). = Hy(M)" foralli€Z,

where (—)" denotes Matlis duality. We conclude that Ext§(M,, S.), is concentrated in de-
gree n which equals proj.dimg (M,) by the Auslander-Buchsbaum formula There-
fore we can choose a finite free resolution F* — M, of M, such that F' = 0 for ¢+ < —n,
and as Extlg(M_, S.). =0 for all k < n, applying Homg(—, S,). gives an S -free resolution

0— (FO — (F71) > .. > (F_‘(”‘”)* s (F™)" — Ext%(M,, 8.). — 0. (4.2-1)

Furthermore, if s,, are higher homotopies for F* — M, as in Lemma [2.3.1} their duals s},
give higher homotopies for (4.2-1f), so we can compute Ext$(M,, S_);{w using and
the s7.

We distinguish the cases n even and odd. Carefully going through the constructions,

in case n = 2n’ we get

] P
Extd (M., S)MVET @ (F2) (0 — i)d) ——= @ (F~%)" (' — i)d)
ieZ 28 ez

B
>0

=)
>0

I

(@ ra)) wa

i€z

(@7 ) ('~ 1)

1<y A

S (M_{“’}) n+1).
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Similarly, for n = 2n/ + 1 we have

233 E:USZ* . *
Ext3(M., S)ED @ (F7) (0 - i)d) === @ (I V) ('~ i)a)
iz ;:U s, ieZ
* Z 8 *
Y =0 —(2i41) .
= (@) i) —= (@ r7**"ia)) ()
i€z icz
=)
>0
~ (M_{w})o [+ 1].
which finishes the proof. (|

Proposition has the following interesting special case.

Corollary 4.2.2 Let M, = S,/(x1, ..., x,) for a regular sequence z1, ..., z, of homogeneous
elements such that w € (z1, ..., x,). Then there is a canonical isomorphism in HMF(S,, w)

()" = MVl 4 el (4 1)

Proof. As (x;) is regular, M, is Cohen-Macaulay. Further, computing Ext§ (M., S.). using
the self-dual Koszul-complex of the z;, we get ExtS (M., S.). = M. (|z1]| + ... + |z,|). Now
the claim follows from Proposition 4.2.1 O

Example 4.2.3 Let us pause for a moment to check the statement of Corollary
directly using Proposition [2.4.3] For two homogeneous elements x,y € S, we have

fo,y° = (Sdlel = d) 5 S.(~d) = S.(jal - ) ) = {w,y}Je))[-2]

which agrees with Corollary[£.2.2] In general, for a homogeneous regular sequence 1, ..., &,
and homogeneous elements y1, ..., ¥, satisfying w = x1y1 + ... + Tpyn, we get from Fact

417 that
{x,¥}° = <®{$i,yi}> = <®{$i,yi}o> [n = 1] =A{x, yH{z1] + ... + |z} [ (n + 1)],
i=1 i=1

which agrees again with Corollary

Corollary 4.2.4 Let M, be a Cohen-Macaulay module over R,, and put n := dim(S) —
depth(M). Then there is a canonical isomorphism in HMF(S,, —w)

(M) = Be(M, $) [-n].
Proof. By Fact and Proposition [4.2.1] we have
() = (M) [y = By (01, 501 ).

as claimed. O



72 5 Closing a MOY-braid

Corollary 4.2.5 Let M, = S,/(z1,...,z,) for a regular sequence x1,...,x, of homoge-
neous elements such that w € (zi,...,xz,). Then there is a canonical isomorphism in
HMF(S., —w)

(N = M ]+ ),

Example 4.2.6 Again let us check explicitly that everything works for Koszul factoriza-
tions. If x,y are homogeneous and regular, then

{m.y) = (8 =58l —d) 25 8.) = (8. =% S{=lal) = S.) {Ja) 1]
= {e.—yHal)[-1.

as claimed.

5 Closing a MOY-braid

5.1 Braid closure as stabilized Hochschild cohomology

We now apply the results about duality from the preceding section to Khovanov-Rozansky
homology. Suppose we want to calculate the value of Khovanov-Rozansky homology on
the closure 7 of a MOY-braid ~ with strands of type (i1, ...,%,) and sets of variables X
and Y; see Figure Intuitively, we expect that passing from ~ to 7 should involve some
categorical trace or Hochschild (co)homology; see [KhoO7] or [Web(7, Section 2.4]. This
is indeed the case. We will see that there is some “identity” matrix factorization id such
that H*(KR(7%)) is given by HMF (id[], KR(y)) (for the precise statement, see Theorem
which can be interpreted as some kind of “stabilized” Hochschild cohomology or as
generalized Tate cohomology; see Remark [5.1.40 But now let’s stop playing with fancy
words and instead dig into the somewhat technical details.

| s D

Figure 21: Closure of a braid

n+1_ n+1
We already know that KR(v) = B(V)_{EX sy}

Soergel bimodule corresponding to . Thus, we have

, where B(7). denotes the singular

KR(*) _ Id{zy7l+1_zxn+1} ® B {an+1_zyn+1}
o . 8] :
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where the first factor Id, is defined as
Id, = Q.7 (K|Y;)/(Xj0 = Yig [ 1=1,....45).
j=1

Clearly, it depends on the configuration of strands and the sets of variables; however,
dropping these data will hopefully not cause any confusion. The module Id, should be
thought of as the ’identity’ between X and Y.

T . .
Proposition 5.1.1 Put N :=i; + ...+, and k := ) w Then we have an isomor-

Jj=1

(Id_{mnﬂ_mnﬂ}’)* ~ a7 g ),

phism

Proof. This follows from Corollary [£.2.5]on the dual of the stabilization of a complete inter-
section. Here, for each j = 1, ..., 7 we have elementary symmetric polynomials Xj 1, ..., Xj ;.
of degrees 1,2, ...,4;; hence, the sum of their degrees is k. O

Now we can rewrite the cohomology of KR(7%) purely in terms of maximal Cohen-Macaulay
modules.
T . .
Theorem 5.1.2 Let «y be as above, and put N :=i; + ...+, and k := > w Then
j=1
there is a homotopy equivalence of matrix factorizations

KR(5)  Hom s (< (Id.{””“‘“"“}%n—m,B<w>.{”"“‘“"“}> )

Proof. Now on with our fancy little proof. We have
L P <Id_{wﬂ‘w"“}>** o (Id_{wnﬂ‘“"“}<k>[—N]>*

by Fact and Proposition Applying Fact yields (5.1-1). O
Corollary 5.1.3 There are isomorphisms (abbreviating R, := .7 (X|Y)/(XX" —xyn+l))

Id{zxnﬂfzw“}

HKR(T) = HMP(R) IR T ECES)

= MCM(R,) (Id_{zxnﬂzynﬂ}%ﬂl . N],B(’y)_{zxnﬂzynﬂ})

n+1_ n+1
>~ R-mod (Iol_{EX B i — ), B(fy)_> . (5.1-3)
Proof. This follows from Theorem by taking cohomology and using the adjointness

of stabilization and inclusion; to get the grading right, note that H/(M) = HO(M[-1]). O

Remark 5.1.4 Theorem has at least two interesting interpretations. Firstly, the
expression ([5.1-3)) can be interpreted from the bimodule point of view as some kind of
Hochschild cohomology, by analogy with the usual formula

HH"(M) = Ext)yg (A, M) = Hompaga) (R, M[+])
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for a ring A and an A-bimodule M. Secondly, also equals the Tate-cohomology
between Id, and B(+), in the sense of [Buc86l Definition 6.1.1 and Lemma 6.1.2].

It would be interesting to study whether the usual properties of Hochschild cohomology
and /or Tate-cohomology can be applied here to calculate Khovanov-Rozansky homology.
As it stands for now, Theorem [5.1.2] is unfortunately not very useful in practice. O

5.2 A detailed example: The value of the unknot

Let’s work out the statement of Theorem [5.1.2explicitly in the simplest case of the unknot

with label 1. In this case, v is a single strand of label 1, hence B(y), = Clz, y]/(z —y) and
B( ){wn+1_yn+1} n+1_zn+1}
7). =

{y — z, 73y}, s0 we get (see [2.4.1)

gl _yntl

o . Further, we have Id Y
y .

= {z—y, mgy }, where my,, =

7L+1_xn+1} {In+1_yn+l}

y—x -y
“Tzy Ty
Toy Y—2T
()
which we consider as a 2-periodic complex of graded C[z, y]-modules. The cohomology at

the left is isomorphic to Clz,y]/(x — y, myy)(—1) = C[z]/(2")(—1), while the cohomology
at the right is (up to shift) the middle cohomology of the Koszul-complex K*(y — z, 7,,),

KR (unknot) = Id_{y Qcfe,y) B(Y)

namely

(Zi;z::) (“’zy Y- x)

0 = Clz,yl(=(n+ 1)) —— Cla,y|{(—n) & Clz,y|(-1) ——— Cla,y] = 0

of the sequence (y—x, T,y ). Since the latter sequence is regular, this cohomology vanishes.
The reader who prefers a direct proof could consider the following chain map:

0 —— Clz,y] ——— Clz,y] & Clz,y] Clz,y] ——— 0
h h(can O) can
0 0 Clz,y)/(x — y) ——L— Cla,y)/(z —y) —— 0

A direct check shows that it induces an isomorphism on cohomology. Further, m., is
not a zero divisor in C[z,y|/(x — y) as it corresponds to (n + 1)z" under the canonical
isomorphism Clz,y]/(x — y) = C[z], and hence the cohomology is concentrated in degree
0 as claimed. Note that this is just the usual reduction argument in showing that the
Koszul complex of a regular sequence is acyclic.

Let us now check that this fits together with Theorem According to (5.1-2) we
have

HZ(KR(W)) = HMF({x - y77rzy}<1>[l - 1]7 {x - y,ﬂ'xy})‘
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As HMF ({z,y}) = S./(z,y) and HMF ({z,y}, {z,y}[1]) = 0 for (x,y) regular, we con-
clude that HY(KR(%)) = 0 and

H'(KR(7)) = Clz,y]/(may,x — y)(=1) = Cl2]/(z")(~1), (5.2-1)

in agreement with our explicit calculation above.
Finally, let us also check (5.1-3). The module C[z,y]/(x — y) is already maximal
Cohen-Macaulay over R, := C[z,y]/(x"T! —y"*1) as it possesses the 2-periodic resolution

.. — R{(—(n+2)) SN R.(—(n+1)) MLCN R.(-1) 29 R - Clz,y]/(z —y) — 0.

From this it is also clear that Clz,y]/(z — y)[-1] = Clz,y]/(7zy)(—1). By (5.1-3) we
therefore have

HY(KR(7)) = Homp, (Clz,y)/(7ay), Clz, 3]/ (z — )
and
H'(KR(7)) = Endp, (Cz,y]/(z - y))(-1).
As even Homg, (Clz,y]/(Tay), Clz,y]/(x — y)) = 0 (mzy is not a zero divisor in
Clz,y]/(x — y)), we get H*(KR(¥)) = 0 as before. For the first cohomology, note that
Y]

Endc ) (Clz,y]/(x —y)) = Clz,
p € Clz,y] on Clz,y|/(xz — y) is stably trivial if and only if p € (7). Consequently, we
get

)
/(x —y), and that the multiplication with a polynomial

Endp, (Clz,y]/(x —y)) = Clz, y]/(Tay, © — )
and therefore once again (5.2-1)).






Appendix: The abstract view

A Outline

In this appendix we study in more detail the tensor product of matrix factorizations
and attempt to extend Corollary and Proposition to more general and — most
importantly — more natural statements about the compatibility of tensor products and
stabilization.

The rough outline is as follows. The reader might have observed that whenever we
applied the stabilization functor to a module M, we first replaced M, by an S.-free res-
olution of M, together some ’enrichment’ in the form of higher nullhomotopies for the
multiplication by w on S,. In other words, the object we really worked with was the
S.-free resolution of M, instead of the module M, itself. Further, Proposition only
worked because the condition Torlg(M_, N,) =0 for k > 0 ensured that taking S -free res-
olutions respected tensor products of modules and derived tensor products of complexes,
respectively, so that one could forget about tensor products of S,/(w)-modules and instead
work with tensor products of complexes of S.-modules. These examples naturally lead us
to the impression that we shouldn’t work with S,/(w)-modules but instead with enriched
complexes of free S.-modules.

We will see that for an arbitrary w € Sy the category HMF(S,, w) can be described
as the singularity category le)g(K;'j,) /Perf of the Koszul dg-S.-algebra

K} = . —0—=8(-d =8 —-0—..

w

concentrated in degrees —1 and 0 (Theorem . Modules over K are the same as
complexes of S-modules with the extra datum of a nullhomotopy s for the multiplication
with w satisfying s> = 0, so they are precisely the enriched complexes of S.-modules we
were looking for. Moreover, we will see that the derived tensor product for K -modules
is compatible with the tensor product of matrix factorizations, i.e. that

L
- ®s, =

D}, (K}) x DY (KX, DY, (K}, )

CELIIJ J can

D}, (K3)/Perf x D} (K?,)/Perf D, (K7 )/ Perf

EJ Jg

HMF(S,,w) x HMF(S,, w') ———— HMF(S., w + ')

commutes (Theorem. The question about the compatibility of the stabilization func-
tor and tensor products of matrix factorizations is therefore only a question about when
the derived tensor product of two S./(w)-modules, considered as K -modules, can be
computed naively, and this immediately yields Proposition [2.5.2

Finally, we will describe in Appendix [ how the duality (—)° on HMF(S,, w) looks like
for K -modules, in particular generalizing Proposition m

Another nice feature of our new description of HMF(S,, w) is that it extends to the
case w = 0. There, the classical identification HMF(S,, w) = le’g(S_/(w))/Perf heavily

77
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breaks down, simply because S,/(w) = S, is regular in this case. However, the equivalence
HMF(S., w) = le’g(K{Z) /Perf still holds in this case. In view of possible applications to
Khovanov-Rozansky homology, this seems reasonable, as the case of vanishing potential
is by no means forbidden there; on the contrary, it occurs each time a link gets closed.
Moreover, the construction of Khovanov-Rozansky is local — if a knot gets closed it doesn’t
matter if there are some open link components somewhere around or not — while the
condition that the potential vanishes is not, so it shouldn’t play a role.

B The derived category of modules over a dg-algebra

First we recall the definition of a dg-algebras and dg-modules over graded rings.
Definition B.1 Let S, be a graded ring.

(1) A dg-S.-algebra is an algebra object in the monoidal category of complexes of graded
S.-modules. In other words, a dg-S.-algebra is a complex of graded .S.-modules
(Ar,d) together with morphisms of complexes of graded S.-modules

A*@g A* 25 A* and S, L A,

(here we consider S, as a complex concentrated in degree 0) satisfying the asso-
ciativity and unit axiom. We will usually abbreviate (A*,d, u,n) as A* and write
ab := p(a @ b) for a,b € A*. We call A* graded-commutative if ab = (—1)l2lbg for
all (cohomologically) homogeneous a,b € A*. It is called connected if A¥ = 0 for
k > 0 and if the structure morphism 7 : S, — A? is an isomorphism.

(2) Let A* be a dg-S.-algebra. A left A*-module is a module object over the alge-
bra object A* in the monoidal category of complexes of graded S,-modules. In
other words, it consists of a complex of graded S.-modules (M*,d) together with
a morphism A* ®g M* -2 M* of complexes of graded S-modules satisfying the
associativity and unit axiom. We will usually abbreviate (M*,d, p) as M* and write
am := pla @ m) for a € A¥ and m € M*. Right A*-modules are defined simi-
larly. If we say “A*-module” we will always mean left a A*-module. If A* is graded
commutative, any left A*-module structure on a complex of graded S,-modules M}
yields a right A*-module structure via m.a := (—1)"!%a.m for cohomologically
homogeneous a € A* and m € M.

Now we turn to the definition of morphisms of A*-modules.
Definition B.2 Let M* and N* be two A*-modules.

(1) The homomorphism complex
(Homy (M}, N})*,0) C Homg (M}, N})*

is the subcomplex of Homg, (M, N¥)* such that f = (f*)rez € Homg- (M7, N*)" is
in Hom - (M, NX)™ if and only if for each a € A” we have ao f¥ = (—1)"" f**" o q
(here we identify a with its action on M* and N*). Note that Homg (M*, N*)* and
Hom 4« (M, N) are only complexes of abelian groups.
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(2) A homomorphism of A¥-modules f : MY — N} is a O-cocycle in Hom 4+ (M, N¥)*.
In other words, f consists of a family of (internal) degree preserving maps f* : M* —
NF such that ao f¥ = f¥*"oq for all a € A”. The category of A*-modules is denoted
A*-Mod.

(3) Two homomorphisms of A*-modules f, g : M* — N* are called homotopic if f —g is
a 0-coboundary in Hom 4« (M, N*)*. This amounts to the existence of a family of
internal degree preserving maps D¥ : M* — N*~1 such that ao DF = (=1)"D*t"oqa
for all a € AT and

" =g = d§ito DF + DM o df.

for all k € Z. The homotopy category of A*-modules is denoted Ho(A*).

(4) For later use in Section [I| we define Hom 4+ (M, N¥); as Homy= (M, N (k))*. We

denote Homax (M, N*)F = € Homys (M7, N});. This is naturally a complex
kez
of graded S,-modules. Moreover, if N is an A’-bimodule, Hom 4= (M}, N})* car-

ries a natural structure of a right A*-module; similarly, if M* is an A*-bimodule,
Homx (M}, N¥)? carries a natural structure of a (left) A’-module. For exam-
ple, the natural A*-bimodule structure on A* yields a right A*-module structure
on Homyx (M}, A?)¥, and for AY graded commutative we can (and willl) regard
this as a left A'-module. Explicitly, the left action of A* on Hom (M}, A¥)*
is given by a.f := (=1)l9""f o a for (cohomologically) homogeneous a € A* and
f € Homax (M, A7)

Fact B.3 The dg-category of A*-modules is pretriangulated (see Remark [2.2.9). In par-
ticular, the homotopy category Ho(A¥) is naturally triangulated.

Proof. This follows from the fact that the cone of a morphism of A*-modules and the shift
of a A*-module both carry natural structures of A*-modules. O

Definition B.4 Denote by Acyc(A*) the class of acyclic A*-modules. A homomorphism
of A*-modules f : M* — N* is called a quasi-isomorphism if it induces an isomorphism
in cohomology, i.e. if Cone(f) € Acyc(A¥). The derived category of A*, denoted D(AY),
is defined as the Verdier quotient Ho(A*)/Acyc(A¥).

We will mainly work with the description of D(A*) as Ho(A*)/Acyc(A¥). However,
to understand how one can associate a derived base extension functor D(A¥) — D(B¥)
to a morphism of dg-S.-algebras A* — B* (what is the correct replacement for projec-
tive complexes in the classical derived category of a ring?), it is more natural to view
D(A?) as the homotopy category of a particular model category structure on A*-Mod.
For introductions to the theory model categories we refer see e.g. [DS95], [GS07], [Hov99].

Definition B.5 A morphism f: M* — N* of A*-modules is called a
(1) weak equivalence, if it is a quasi-isomorphism,

(2) fibration, if it is surjective,
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(3) cofibration, if for each diagram

NP —— Q7

with g a trivial fibration (i.e. surjective quasi-isomorphism) a dotted map making the
whole diagram commute exists. A A*-module M* is called cofibrant (resp. fibrant)
if the canonical map 0 — M* (resp. M, — 0) is a cofibration (resp. fibration). The
class of cofibrant objects is denoted Cof(A*). Any module is fibrant.

The reader who is not familiar with model categories shouldn’t panic; for our purposes
it is perfectly sufficient to think of the cofibrant A*-modules as generalizations of complexes
of projectives in the classical homological algebra over a ring. Evidence for this will be
given soon.

Definition B.6 Let A* be a dg-algebra. For n,k € Z, define D(n,k)* € A*-Mod as
D(n, k)" = e, Af[n](k) @ en—1 AT [n — 1]|(k)

with differential given by d(ey) := d(en—1). Further, put S(n, k)* := A¥[n|(k) and denote
tng : S(n, k)" — D(n, k)’ the canonical inclusion.

Theorem B.7 With the classes of weak equivalences, fibrations and cofibrations the cat-
egory of A*-modules is a cofibrantly generated model category whose homotopy category
is equivalent to the derived category D(A*). The set Z := {0 — S(n,k) | n,k € Z} is
a generating set for the cofibrations in A*-Mod, and the set J = {S(n — 1,k) Sk,
D(n,l) | k,l € Z} is a generating set for the acyclic cofibrations.

Proof. Tt is shown in [Hov99, Theorem 2.3.11] that the category Ch(R) of (unbounded)
cochain complexes over a ring R equipped with quasi-isomorphism as weak equivalences
and degree-wise surjections as fibrations is a model category. Moreover, it is shown there
that Ch(R) is cofibrantly generated, where the set {S(n — 1) — D(n) | n € Z} is a
generating set for the cofibrations, and the set {0 — D(n) | n € Z} is a generating set of
acyclic cofibrations. Here, S(n) := Z[n], and

D(n) = 0770

concentrated in degrees —n and —n + 1. In particular, this applies to Ch(Z), and we
provide Ch(Z)# with the product model structure.

The model structure on Ch(Z)Z is cofibrantly generated, and generating sets for the
cofibrations and acyclic cofibrations can be described as follows: For n,k € Z define
D(n,k) € Ch(Z)? by D(n,k)* := D(n) and D(n, k) := 0 for | # k. Here, (—)! de-
notes the I-th component of an object in Ch(Z)Z. Similarly, define S(n,k) € Ch(Z)? by
S(n,k)¥ := S(n) and S(n,k)! := 0 for k # I. Then the sets Zen@yz == {S(n — Lk) —
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D(n,k) [ n,k € Z} and Jonz)z := {0 — D(n, k) | n,k € Z} generate the cofibrations and
acyclic cofibrations in Ch(Z)?, respectively.
This is enough preparation. To get the desired model structure on A*-Mod, we use
[GS07, Theorem 3.6] to pull back the model structure on Ch(Z)% along the adjunctions
forget forget

Ch(S.)
—®g, A —®z S,

A*-Mod Ch(z)*

This yields a model structure on A*-Mod with the correct classes of weak equivalences,
cofibrations and fibrations. Further, [GSO7, Theorem 3.6] states that this model structure
is cofibrantly generated, and that the images of Zoyzyz and Jcp(z)z along the left adjoints
— ®g Af and — ®z S, form generating sets for the cofibrations and acyclic cofibrations,
respectively. It is clear that these images are precisely the sets Z and J from above, and
so we're done. g

The crucial point is that Theorem implies that the canonical functor from the
homotopy category Ho(Cof(A¥)) of cofibrant A*-modules to D(A*) is an equivalence of
categories (see [Hov99, Theorem 1.2.10]); this is analogous to classical equivalences like
DT (R) = Ho" (Pro(R)) for a ring R. It allows to define (left) derived functors by first
replacing an arbitrary A*-module by a quasi-isomorphic, cofibrant A*-module and then
applying the functor which is to be derived; in analogy to the classical situation where
one has to take projective resolutions to compute derived tensor products for complexes
over a ring, for example. More generally, we have the following recipe for deriving a pair
of adjoint functors between two model categories.

Definition B.8 (see [Hov99, Definition 1.3.1]) Let C, D be model categories. An
adjunction F : C = D : G (with F left adjoint to ©) is called a Quillen adjunction if the
following equivalent conditions are satisfied:

(1) F preserves cofibrations and trivial cofibrations.
(2) G preserves fibrations and trivial fibrations.
In this case, define the total left derived functor LF as the composition
LF: Ho(C) & Ho(C.) - Ho(D)
and the total right derived functor RG as the composition
RG: Ho(D) = Ho(D;) 2 Ho(C)

Here C. (resp. Dy) denotes the subcategory of C (resp. D) consisting of cofibrant (resp.
fibrant) objects.

Explicitly, LF can be described as follows: First, we choose for each X € C a cofibrant
replacement, i.e. a trivial fibration gqx : QX — X such that QX is cofibrant. Sending
X to QX extends to a functor Ho(C) — Ho(C.) which is quasi-inverse to the canonical
functor Ho(C.) — Ho(C), and thus we have LFX = FQX. This is precisely the recipe we
sketched above: in order to calculate a left derived functor on an object, we first have to
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replace it by some weakly equivalent cofibrant object, and then we can apply the functor

naively; in analogy to the calculation of, say, — é r — in the derived bounded above
category DT (R) of a commutative ring R through projective resolutions.

Analogously, the right derived RG can be described as follows: We choose for each
Y € D a fibrant resolution, i.e. a trivial cofibration rx : X — RX such that RX is fibrant.
Then, X — RX extends to a quasi-inverse Ho(D) — Ho(Dy) to the canonical functor
Ho(Dy) — Ho(D), and hence we get RGX = GRX for X € D.

Different choices of @ and R yield canonically isomorphic derived functors. In the
following, we will fix some particular choice for ) and R.

Fact B.9 (see [Hov99, Lemma 1.3.10]) Let C, D be model categories and let [ : C =
D : G be a Quillen adjunction with unit ¢ : id¢ — GF and counit n : FG — idp. Then
there is a derived adjunction

LF : Ho(C) = Ho(D) : RC. (B-1)
For cofibrant X € C, its unit is given as the composition
X X, 0FX -2, GRFX = (RGoLF)(X), (B-2)

and for fibrant Y € D, its counit is given as

(LF o RO)(Y) = FQGY —%, fgy 2.V, (B-3)

Definition B.10 (see [Hov99, Definition 1.3.12 and Proposition 1.3.13]) The ad-
junction F : C = D : G is called a Quillen equivalence if it is a Quillen adjunction and, in
addition, if for all cofibrant X € C and all fibrant ¥ € D the morphisms (B-2) and (B-3)

are weak equivalences.

Fact B.11 If [ : C = D : G is a Quillen equivalence, then the derived adjunction (B-1]) is
an adjoint equivalence of categories.

Proof. By assumption, the morphisms (B-2|) and (B-3|) are isomorphisms in Ho(C) and
Ho(D), respectively. On the other hand, they are unit and counit, respectively, of the
derived adjunction (B-1)), and the claim follows. O

Fact B.12 (see [Hov99, Corollary 1.3.16]) Let F : C = D : G be a Quillen adjunction
such that the following hold:

(1) For all cofibrant X € C the morphism (B-2|) is a weak equivalence.

(2) IfY N Y is a morphism of fibrant objects in D such that Gf is a weak equivalence,
then f is a weak equivalence.

Then F 4 G is a Quillen equivalence.

We now return to the the model category of modules over a given dg-algebra described
in There, the cofibrant objects can be described explicitly as follows:
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Definition B.13 A A*-module M7 is called free if it is isomorphic to a sum of shifted
copies of A*. It is called semi-free if it possesses a filtration

0= c 'M* c?M C ..
such that each filtration quotient "™ M* /" M* is a free A*-module.

Fact B.14 The following hold:

(1) Any semi-free A*-module is cofibrant.
(2) Any cofibrant module is a summand of a semi-free module.

Proof. This is a formal consequence of Theorem Using the notation of [Hov99, Section
2.1.2] and the definition of Z from Theorem any semi-free A*-module lies in Z-cell
(see [Hov99, Lemma 2.1.13]), hence is cofibrant ([Hov99, Lemma 2.1.10]). On the other
hand, the small object argument and the finiteness of the objects involved in Z imply that
any cofibrant object is a retract, hence a summand, of a semi-free A*-module (see [Hov99,
Theorem 2.1.14] for the general statement, or [GS07, Theorem 3.5] for the case of a finitely
generated model category). O

As an example of a Quillen adjunction, we look at the base change adjunction associ-
ated to a morphism of dg-algebras.

Proposition B.15 Let ¢ : A¥ — B* be a morphism of graded dg-S.-algebras. Then ¢
defines a Quillen adjunction

g7 = —@ar BT
A*-Mod > B*-Mod (B-4)
with induced derived adjunction
L
— ®ar B
D(47) - D(B!) (B-5)

on the derived categories. The adjunction (B-4) is a Quillen equivalence if and only if ¢
is a quasi-isomorphism. In this case, (B-5) is an adjoint equivalence of categories.

Proof. The existence of the adjunction is clear. To see that it is a Quillen adjunction,
it suffices to see that the forgetful functor preserves fibrations and trivial fibrations, which
is obvious.

Next, assume that is a Quillen equivalence. Then, taking X := A* in
yields ¢ : A* — B, and hence ¢ is a quasi-isomorphism. Conversely, assume that ¢ is
a quasi-isomorphism. We have to show that is a weak equivalence for all cofibrant
modules X*. By Fact we may assume that X* is a semi-free A*-module. Then (B-2))
is given by the canonical morphism of A*-modules

id®e
E—

X7 = X' oar A] X7 ®a: B

The cone of this morphism is isomorphic to X ® 4+ Cone(p). As X7 is semi-free, the
complex of S,-modules underlying X ® 4+ Cone(y) has a bounded below increasing filtra-
tion by iterated cones of sums of shifted copies of Cone(y), hence is acyclic. As ¢, clearly
reflects quasi-isomorphisms, Fact yields that indeed is a Quillen equivalence.]
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As an application, we present the proof given in [Avrl(, Proposition 2.2.2] of the
following fact which is crucial in section [3.4]

Proposition B.16 Let S, be a local graded ring with maximal homogeneous ideal m, and
let w € m \ m? be homogeneous. Then the following hold:

(1) If M, is a finitely generated graded S./(w)-module with minimal S.-free resolution
F* — M, then F* admits the structure of a semi-free K ,-module.

(2) If S, is regular, then so is S,/ (w).

Lemma B.17 Let S, be a local graded ring with maximal homogeneous ideal m and
suppose f : P, — @, is a homomorphism of finitely generated projective S.-modules.
Further, assume that

f®s S./m: P/mP, — Q,/mQ,

is injective. Then f is a split injection.

Proof (of Lemma[B.17). Set K, := coker(f). Assume for a moment that f is injective.
Applying — ®g S./m to the short exact sequence

0-P-LQ K -0 (B-6)

yields the exact sequence

f®s,S./m
- 7

0 = Tory(Q., S./m), — Torg(K,, S./m), — P./mP, Q./mQ. — K./mK, — 0.

As f ®g S./m is injective by assumption, we conclude that Tork(K,,S./m), = 0. Hence
ﬁg_ (K.) = 0 (see Definition , so K, is projective, and splits. Note that we did
not use the projectivity of P..

Now we treat the general case. The assumption that f®g S./m is injective implies that
ker(f) C mP, so the projection P, — P, /ker(f) becomes an isomorphism when applying
— ®g. S./m. Hence we can apply the case of injective f to the map f : P,/ker(f) — Q.,
proving that P,/ker(f) is projective. This implies that ker(f) is a summand of P,, which
together with ker(f) C mP, yields ker(f) = 0. Thus, f is injective, hence split injective
by the first part. O

Proof (of Proposition[B.16]). (L): We have to construct a map s : F* — F*~1(d) with the
following properties:

(1) For each n € N~g, im(s"~!) = ker(s"), and this S.-module has a complement in F™.
(2) We have 950 = widpo and O tlsm 4 "1 = widpn for all n € Nxg.

The existence of maps s™ satisfying the second condition follows from the embedding
S.-Mod — Hoyg (S-Mod). We will now go through the usual inductive construction of the
s™, additionally taking care of the first condition, for which we will need the assumption
w € m\ m?

First, by projectivity of FO there is a map s : F¥ — F! of internal degree d such
that 3°s® = w. For homogeneous * € FY\ mF° we have 0's’ = wzx € mF?\ m?F?,
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and as im(9') € mF? by the minimality of F* (see Definition , it follows that
97 € F'\ mF!, hence s ®g S./m is injective. By Lemma sY is a split injection
(note that a priori it is not even clear that s° is injective, as w might be a zero divisor).
Let U! :=im(s") and let V! be some complement of U! in F!. Next, a small calculation
shows that w — s%0' vanishes on U! and has image in ker(9') = im(0?). Hence there
exists some s! : F! — F2 of degree d such that §%s' + s°9' = w and s!|;1 = 0. Now if
r € VI\ mV1! we have 9%s'(2) = (w — s°0%)(x) € mF! \ m?F! since both summands on
the right hand side live in different summands of F! = V! @ U!, and wr € mV! \ m?V %
As before, the minimality of F* implies that s'z € F?\mF?2. Applying Lemma again
shows that s!|1 : V1 — F? is a split injection, and we put U? := im(s!). Continuing in
this way, one can construct the maps s” satisfying the above conditions.

: It suffices to prove that any finitely generated graded S./(w)-module M, has finite
projective dimension over S,/(w). By assumption we have proj.dimg (M,) < oo, so the
minimal S -free resolution F* — M, of M, is finite. Now, applying , F* admits the
structure of a semi-free K -module, and so we have

L
M, = M, ®g: S./(w) = F'®@gx S./(w)

in D(S,/(w)). As F ®x:x S./(w) is bounded and S,/(w)-free, it follows that M, is perfect

in D(S./(w))), hence proj.dimg s,y (M.) < oo as claimed. O

w)

C Boundedness conditions

Again fix a commutative graded Noetherian ring S, and a dg-S.-algebra (A*,d). In this
section, we will define several subcategories of D(A¥) imposing various boundedness con-
ditions on (the cohomology of) the dg-A*-modules.

Definition C.1 For ,+ € {+,—,b,0}, let D** (A*) denote the full subcategory of D(A*)
consisting of those A*-modules that are cohomologically bounded according to * and
bounded according to %'. For example, D*?(A*) contains all (potentially unbounded)
A*-modules with bounded below cohomology. Further, we will abbreviate D*?(A*) by
D" (47).

The full subcategories Ho™* (4*) and Acyc™* (A*) of Ho(A*) are defined analogously.

Fact C.2 For % € {+,—,b}, the subcategories D*?(A4*) are triangulated subcategories
of D(A*), and D**(A*) c D*(4*). If A¥ = 0 for k > 0, then this inclusion is an
equivalence, and in particular D**(A*) is a triangulated subcategory of D(A*).

Proof. The subcategories D*’Q(Af‘) are triangulated because an exact triangle induces a
long exact sequence in cohomology. It is clear the we have an inclusion D**(A*) C
D*P(A7).

Now assume A¥ = 0 for all k > 0. We have to show that each object of D*?(A*) is
isomorphic to an object of D**(A*). For this, first assume M* € D?(A4*), and choose
n > 0 such that H*(M*) = 0 for k > n. Then the truncation

dnf*Z dnf*l
_ M _ M;
Tent oo — M2 ML ker (d}f/[*) —0— ..
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is an A*-submodule of M* (here we need our assumption that A* =0 for k > 0), and the
inclusion 7<, M — M7 is a quasi-isomorphism. Hence, M* = 7, M* in D(A}), and so
the inclusion D™~ (A*) < D~(A*) is an equivalence.

Analogously, for M* € DH?(A*) we choose n < 0 such that H*(M*) = 0 for k < n

and consider the truncation

dn . n+*1
Tont on—0— M"/im (dgp) M gt 2 g2 (C-1)

As > M = M* /1<, M, this is a quotient A*-module of M, and the choice of n implies
that M* — 7>, M* is a quasi-isomorphism. Hence, M} = 7>, M* in D(AY), and so the
inclusion D (A*) < DTP(A*) is an equivalence. If moreover M* € D™~ (A*), we have
TsnM* € D77 (A*) as well, showing that D*?(A*) < D"?(A*) is an equivalence. O

Definition C.3 A complex M* of graded S.-modules is called S.-free (resp. S.-finite) if
each component MF is a free (resp. finitely generated) graded S.-module.

Definition C.4 For a category C of Af-modules (e.g. D(AY) or Ho(A!)) we denote Cg,
the full subcategory of S -finite objects in C. By Cg we denote the full subcategory of S.-
free objects in C. If more than one condition is to be applied, the subscripts are separated
by commata. For example, Cy, s denotes the full subcategory of those objects in C which
are both S-free and S.-finite (note the difference with the meaning of, say, D?(A*),
where the first supscript refers to the cohomology).

Proposition C.5 If A* is S.-free and A¥ =0 for k > 0, then the inclusions D>~ (A¥) C
D7 (AF) is an equivalence. If in addition S, is regular (i.e. S.-Mod is of finite global
dimension), the inclusion D?r’b(AT) C le)r’f (A*) is an equivalence. Analogous statements

. . — = A% — = Ak bb (A% b= [ A%\ i A%
are true for the inclusions Dy (A7) C Dy, (A7) and Dy ¢ (AT) C Dy g (A7) if A7 is
S -finite.

Proof. The small object argument yields for each A*-module M* a functorial surjective
quasi-isomorphism M * — M* with M * semi-free. Since A* is S -free, any semi-free A*-
module is S.-free, and so the inclusion Dg (AF) C D(AY) is an equivalence. Moreover, a
look into the proofs of the small object argument in [Hov99, Theorem 2.1.14] and [GSO7,
Theorem 3.5] shows that the construction given there produces a bounded above ]\7 *if M*
was bounded above, proving that Dy~ (A*) C D77 (AY) is an equivalence. However, the
unmodified small object argument yields very large A*-modules M “ even if M* is S -finite,
and hence it cannot be used to establish the equivalence Dy, (A7) = D¢’ (A7). What we
will do now is to give a construction of a quasi-isomorphism M * — M7 based on the one
given by the small object argument such that the output ]Téf * is S -finite if M* and A* are
S -finite; however, this construction will no longer be functorial. The topologically minded
reader will note that the construction below very much resembles the usual construction
of CW-approximations for topological spaces (see [Hat02, Proposition 4.13]).

To prove that Dy’ (A7) C Dy~ (A7) is an equivalence, it suffices to construct for
each bounded above, S -finitely A*-module M* a quasi-isomorphism M * — M7 with M *
bounded above S.-free and S.-finite. Assume without loss of generality that M* = 0 for
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k > 0. Let {m?}ie 0 be a finite set of homogeneous elements generating M as a graded
S.-module and put

M =P elS(0,|m)]) = @ ed Ar(—Imf)),

iel0 iel0

where the e? are just names for the units in the respective copies of A*. By construction, we
have a morphism ¢ : 0pf * — M7 defined by e; — mg for i € I9, inducing an epimorphism
in the 0-th cohomology. This is our first approximation to the desired quasi-isomorphism
M — M.

Next, we try to find a better approximation 1]\2 * — M7 correcting the failure of
injectivity of H%(¢) and surjectivity of H™!(¢). For this, pick a finite set {z?}jejo C

ZO(OJ\Z *) of homogeneous elements such that {;?}je Jo is a generating set of
00 7xy B 110/ rx
ker ( H("M*) ——> H (M) ) .

Further, pick a finite set {m}};c;1 € Z'(M?*) of homogeneous elements such that {m!};c 1
generates H™1 (M) as a graded S.-module. Then, we take ' M* to be the pushout

® &S00, 129 N
j€ |
3 (C-2)
@ [IDLIE)® @ elS(Lfel]) - I
jeJo el

Here, the left vertical map comes from the inclusions S(n — 1,k) < D(n, k), and the

upper horizontal map is given by ég-) — z?.

ments b? € M|;§| such that d(b}) = gpo(z?), and fj1 — b}, e} — m} defines a morphism

Next, by definition of the z? there are ele-

b fle(l, |z;)\) ® P e} S(1,|e}]) — M* giving rise to a commutative outer square in the
jeJo ielt

diagram
@ &95(0,1291) 0N
jeJo
@ fIDA,|29) & @ elS(1,lel]) M (C-3)
jeJo iell

By the universal property of the pushout, we get a unique morphism ¢! : 3 * — M?
making the whole diagram commute.

Intuitively, taking the pushout amounts to killing the cohomology classes associ-
ated to the z? by making them boundaries of formally adjoint “cells”, causing HO(IJ\Z ¥
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M *) to become injective, while at the same time glueing in new “spheres” to make
H 1(*M* — M?*) surjective.
Rigorously, the pushout (C-5|) comes from a short exact sequence of A*-modules

0~ P &s.1:5) — P HDA, |5 & P el S lel)) & M, — M. — 0. (C-4)

jeJo jeJo iell

which induces a long exact sequence in cohomology. Since S(n,k) = A*[n](—k) has no
cohomology in degrees above —n and D(n, k) is contractible, we see that the canonical
map OW — 1]Tf'k induces an isomorphism in the cohomology in degrees above 0. In
degree 0 and —1, the long exact cohomology sequence induced by degenerates to
exact sequences

P uO@s(0,1:51) — HOCM,) — HO(M]) = 0
jeJo
PH (el S lel]) @ H1(°M) — HO(! — P HOES(0,[29)) —
iell jeJo
By definition of (!, this implies that H(!) is an isomorphism, while H™ (o) is surjective,

as claimed, finishing the construction of the second approximation M * i1> M?* to the
desired quasi-isomorphism ]\A/f = M*.

The method by which we constructed 0pNr * from 0 — M’ and M * — M7 from
0]\7? — M7 can be used again and again to find a commutative diagram

— 0 — 1 — 2 —_— —~—
LRSS Y /o SN )/ SN Mr=\J"M

\\@2 j{o (C-5)

*

such that for each n > 0 the following properties are satisfied:

(1) HE (") - Hk(”ﬁ*) — H¥(M?*) is an isomorphism for k > —n and an epimorphism
for k = —n.

(2) coker(:™ : "M* — "HJ’\\/[/T) is a finite direct sum of modules of the form A*[k](l) with
le”Z and k > n.

As cohomology commutes with filtered colimits, implies that the induced map ¢ :
]\Z * — M¥ is a quasi-isomorphism. Finally, implies that S -finite, and so we’re done.
For the second statement, assume S, is regular local and let M* ¢ le);_ (AF). Choose
n > 0 such that H*(M*) = 0 for k < —n. Then ker(dX o MPF splits for all k < —n —
gl.dim(S.-Mod), and hence 7>, M* € Db b(A*) (note that by Kaplansky’s theorem, every
projective S,-module is S.-free). Moreover, if M* € D?r_fg(A*) then 7>, M* € Dfr fg(A_').
This proves the second statement. [l

Note that we defined le)r’b(Af) as a full subcategory of D(A"), and hence a priori
morphisms in le);b(A:k) may involve unbounded A*-modules. However, for regular local .S,
we can avoid unbounded modules in the description of the morphism spaces:
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Proposition C.6 If Af“ = 0 for k > 0, the canonical triangulated functor

Ho(yy (A7)/Acyc(p (A7) — D (A7) (C-6)

b
( (fe)

is an equivalence. If, in addition, .S, is regular local, the same is true for

b,b * byb * bvb
Hofr,(fg) (A )/Acycfr,(fg) (A7) — Dfr,(fg)

Proof. As ((C-6)) is the identity on objects, we only have to check that it is fully faithful.
We restrict to the free, non-finitely generated case; the other cases are proved along the

(A7)

same lines, noting that truncation preserves the property of being finitely generated.

We will use the description of morphisms in D(A*) through upper roofs. Thus, assume
that M* N* € le’;b(Af‘) and that we have a morphism M* — N* in le’r’b(Af‘) represented
by the upper roof

X*

// \ﬂ\ (e

M* N*
where o is a quasi-isomorphism. Then X* € D"?(A4*) and for k > 0 the inclusion
T<p X < X[ is a quasi-isomorphism. Further, there exists a quasi-isomorphism Y* —
T<p X' with Y* € le’l;_ (AF). Thus, expanding the above roof with the resulting compo-
sition Y* — X we may assume that a priori X* € le);_ (AF). Next, as M* and N* are

bounded, there exists k < 0 such that the following hold:

(1) > X' € sz’lgb(Af) (possible since S, is regular)

(2) X* — 755X is a quasi-isomorphism.

(3) a and f factor as X' — 75, X7 2, M and X — 75, X7 ﬂ N¥, respectively.
Under these assumptions, the roof is equivalent to the roof
>R X
RN

MF N*

proving that (C-6|) is full. The faithfulness is proved similarly. (|

Remark C.7 Let ¢ : A* — B be a morphism of dg-S,.-algebras concentrated in non-
positive degrees. Then note that even though we have a description of Dl(’é’) (fg)(Af) not
involving unbounded A*-modules, the calculation of the derived tensor product functor
L
—® 2% B*
D(A]) ——— D(B))
does involve unbounded modules, even if we restrict it to bounded A*-modules and regular

S., because there might be bounded A*-modules which do not possess bounded semi-free
resolutions. O
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Next we discuss to what extend the derived adjunction corresponding corresponding
to a morphism ¢ : A* — B¥ respects the subcategories of D(A*) and D(B) we just
introduced.

Fact C.8 Let A* and B* be dg-S.-algebras, and assume A¥ = 0 for k > 0. Further, let
¢ : AY — B be a homomorphism of dg-S.-algebras. Then the functor

e« = D(BY) — D(A])
takes D** (B*) to D** (A*) for all *,%" € {0,b,+,—}. Its adjoint
L
— ®ar BI: D(A]) — D(B])

takes D0 (A*) — D™(B*). If ¢ is a quasi-isomorphism, the adjoint equivalence (B-5) be-
tween D(A*) and D(B*) restricts to an adjoint equivalence between D*?(A4*) and D*?(B*)
for all « € {0,b, 4, —}.

D The Koszul resolution of S,/(w)

Consider S,/(w) as a dg-S.-algebra concentrated in degree 0. Then a dg-S,/(w)-module
is just a complex of S,/(w)-modules, and so the derived category of the dg-S.-algebra
S./(w) equals the derived category of the abelian category S./(w)-mod. Hence, there is
no unambiguity when talking about the derived category D(S./(w)).

Our strategy is to apply Proposition to certain S.-free dg-S.-algebras quasi-
isomorphic to S,/(w), thereby converting our intuition 'S, /(w)-modules should be replaced
by enriched complexes of free S.-modules’ into a precise statement.

Definition D.1 Let as usual S, be a regular local graded ring and w be homogeneous
of degree d (possibly zero). The Koszul-resolution K, of S./(w) is defined as the dg-S.-
algebra

K = ..—0— 5(=d) 28 50— ..,

w

where S, is concentrated in cohomological degree 0. In other words, it is the free graded-
commutative dg-algebra with generator s of cohomological degree —1 and internal degree
d and differential given by d(s) :=w - 1.

Proposition D.2 There is a natural morphism of dg-S.-algebras x,, : K — S./(w)
which is a quasi-isomorphisms if and only if w # 0. In particular, we have a derived
adjunction
— iy 5./(w)
D(K}-Mod) D(S./(w)-Mod)

(Hw)*

which is a derived equivalence if and only if w # 0.

Proof. The morphism x,, is given by the diagram

“w

S 0 —— S.(—d) S,

T T

0 0 S./(w) ——
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and it is clear that x,, is a quasi-isomorphism if and only if w # 0. The second statement
follows from Proposition applied to K. O

Fact D.3 Let M* be a complex of S-modules. Giving M* the structure of a dg-K-
module is equivalent to giving a nullhomotopy s for the multiplication by w on M* such
that s? = 0.

Convention: We will often write a K -module M* in the form

d

d d
e M M — M —e ..

where the arrows pointing to the left denote the action of s on M.

E The Bar resolution

In order to calculate the image of a dg-module M* under a derived functor like — éLi)K;jj

S./(w) we need to know an explicit cofibrant resolution of M*. The goal of this section is

to describe one particular such resolution for S,-free A*-modules, which is even functorial

in M*: the Bar resolution. Throughout we fix an arbitrary commutative graded ring ..
The results of this and the following section are taken from [Avrl(, Section 3.1].

Definition E.1 Let A* be a connected, S -free dg-S.-algebra with unit n : S, — A¥,
and set A* := coker(n) = A”?. Further, let M* be an A*module. The Bar resolution
Q(A*, M*) of M’ over A* is defined as follows:

(1) The underlying Z-graded graded S,-module is given by

QAT M) = o, Al @s A @g - ®g AP @5 M7, (B-1)
h—p+i1+...+ip+j=n

and the action of A" on Q(AF, M) is given by left multiplication on the first tensor
factor.

e differential is given = + wnere
(2) The diff ial is given by 9 := 9’ 4+ 9", wh
D@t ®..00,0m):=0a) Qa4 Q..0a,1Qm (E-2)
p
+) (Rt @6 © L 0(d@) © . QG @ m

T
+ (—=D)htPritth 9 5 @ . @ a@, @ d(m)

and
a2 @...00,3m) = (-1)"aw) @6 ®..0 0 @m (E-3)
p—1
+ Z(—l)”h”l*”'*”a RAUL D . @ A1 @ .. @ Ap DM

1

~—~ 3

+ _1)h+p+i1+--~+ip*1a ®a®..Q EL/p*l ® apm
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(3) The structure map Q(A*, M*) — M?* is defined by

0 ifp>0

a®Ra®..0am .
am if p=0.

Proposition E.2 The following hold:
(1) (Q(A*, M*),0) — M* is a quasi-isomorphism.

(2) If M7 is S-free, (Q(AF, M¥),0) is a semi-free A*-module.

Proof. The first statement follows from the results [Avri0, Construction 3.1.4] applied
to the ungraded dg-algebra and ring underlying A* and S,, respectively. For the second
statement, note that if M* is S -free then the submodules

Unz(n) = . Al @g, Al g @, AT @ M

p—i1—...—ip—J<n

form a semi-free filtration of Q(A*, M*). O

F The Bar resolution for the Koszul-resolution of S,/(w)

Next, we make the Bar resolution explicit in the case where A* = K is the Koszul-
resolution of S,/(w) (see Definition . In this case /Iii >~ S (=d)[1], so we get the
following isomorphism of graded S.-modules, where we consider S,[t] as a Z-graded graded
S.-module with ¢ sitting in cohomological degree —2 and internal degree d.

Q(K ), M) = K, ®s, S.[t] ®s, M}
(—D)"a®s5®..059m e a®t"®m

n times

(Note that the left hand side has cohomological degree |a| — 2n + |m|; see the indexing
in (E-1)) This isomorphism induces a differential on K, ®g S.[t] ®¢ MF*, yielding the
following:

(F-1)

Proposition F.1 Let M* be an S.-free K} -module, and denote by S.[t] a polynomial
ring with the indeterminate ¢ sitting in cohomological degree —2 and internal degree d.
Then, the K} -module K} ®g S.[t] ®s M* with differential given by

a@t"@m — da)@t"@m+ (—1)e @ " © d(m)
+ (D)l gs @t @ m + (-1)lMa @ "7 @ sm.
is a semi-free resolution of M*.

Proof. This follows immediately from the isomorphism (F-1)) and the explicit formula (E-2)
and (E-3) for the differential on the Bar resolution. Note that both the differential and
the multiplication on K7 are trivial. U

Proposition allows us to explicitly compute the image of some dg-K -module under
the derived tensor functor D?(K?*) — D~ (S./(w)):
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Corollary F.2 Let M* be an S.-free K -module, and denote by S./(w)[t] a polynomial
ring over S,/(w) with the indeterminate ¢ sitting in cohomological degree —2 and internal
degree d. Then there is a canonical isomorphism in D®(S,/(w)):

M* ©x, S./(w) = (S./(w)]t] @5, M*,0)

where 9 is given by
Ot"®@m) = t"®@I(m)+t""' @sm.

Remark F.3 Corollary[F.2]yields a proof of Proposition [2.3.2]in case s, = 0 for all n > 2
as follows. We start with an S,/(w)-module M, and assume that we have chosen an S.-
free resolution F* — M, together with a homotopy s for the multiplication by w on F*
such that s? = 0. In this case, the claim of is that S./(w)[t] ®s, F* together with
the differential id ® 0 + t* ® s is an S./(w)-free resolution of M,. Now, this follows from
Corollary by tracing M, along the adjoint equivalence

&, 5./ (w)
Y

D~ (S./(w)) —"*— D~ (K},) D™ (S./(w)). (F-2)

Indeed, considering F* together with the homotopy s as a module over K (see Fact
D.3), it is isomorphic to the image of M, under k. By Corollary F* is sent to

L
S./(w)[t] ®s, F* with differential id ® 0 +t* ® s under — ®g: S./(w). However, we know
a priori that the result has of this computation has to be an S,/(w)-free resolution of M.,
as the composition (F-2)) is isomorphic to the identity. O

G Connecting the Koszul-resolution to matrix factorizations

Let S, be regular local, w € m\ {0}. We know that ng(S_/(w))/Perf ~ HMF(S,,w) and
le)g(S_/(w)) = le’g(K{Z), so we ask what the composed functor

D}, (K},) — DR, (S./(w)) — HMF(S,, w)
looks like. It turns out that it has a nice description which even makes sense for arbitrary
w = 0.

Definition G.1 We denote Perf>* C le)l;b(KfU) the smallest thick triangulated subcate-
gory of le);b(Kfu) which contains all free K -modules.

Proposition G.2 Let S, be a regular local graded ring and w € S, be homogeneous of
degree d. Then the assignment

(F7.d) — (@F.2"<—nd>&>@ﬂ2n—l<—nd>&@F?N—n@) (G-1)
nez nez nez

for an S.-free K -module F’* induces triangulated functor
fold:  DYY(KE)/Perf* — HMF®(S,, w).

Proof. We use the description of le)r’b(Af‘) given in Proposition . Thus, to make (G-1))
into a triangulated functor le)l;b(KfU) /Perf* — HMF>°(S,,w), we have to work through
the following steps:
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(1) Define fold as a functor K{’;—Mod?};b — MF>(S.,w), i.e. say what happens to mor-
phisms.

(2) Check that homotopic morphisms of K -modules yield homotopic morphisms of

matrix factorizations.

3) Verify that the resulting functor Ho’(K*) — HMF® S.,w) carries the structure
fr w
of a triangulated functor, i.e. check that it naturally commutes with the shift and
preserves exact triangles.

(4) Prove that fold takes quasi-isomorphisms of K-modules into homotopy equiva-
lences of matrix factorizations. This will define fold as a functor le);b(Kl*U) —
HMF*(S,, w).

(5) Prove that fold vanishes on the subcategory Perf™(K?) of perfect K -modules,
yielding the desired functor le’gb(KZ)) /Perf* — HMF> (S, w).

(@): If ¢ := (Yn)nez : P* — Q7 is a homomorphism of S.-free K-modules, define fold(y)
by

@ P (—nd) —— @ PV (—nd) — " @ P (—nd)

nez nes nez
(WZn)neZ (Wanl)neZ (WZn)nGZ
d+s nL n
@ P2{-nd) —"— @ Q" (-nd) @ Q¥ (—nd)
nez nez nez

This is a morphism of matrix factorizations since the ¢, are degree-preserving and we
have dy,, = ¢n4+1d and s¢,, = @,—15 by definition of a morphism of dg-K;-modules.

: Assume ¢ := (¢y)nez is another morphism of K-modules homotopic to ¢.
Then, by definition of the homotopy relation, there exists a family of degree-preserving
maps D,, : P* — P*7! such that sD,, = —D,,_1s and dD,, + D, ;.1d = ¢,, — ¢, for all
n € Z. This yields a homotopy between fold(¢) and fold(v)) as follows:

@® P> (—nd)
ne”z

@ P¥(—nd)
nez

-
-
-
-

@ P*(—nd)
Y DQn Dnez v Y
H - || -
20 (—nd) @D Q" —nd) ——— B

nez
T
2~
nEZ nez nez

Note that the degree shifts in fold(P_*) and fold(Q¥) cause (Da,)nez to preserve and
(D2y—1)nez to raise the degree by d.

-
-
-

(DQn)rLGZ

5

nd)
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: For some bounded, S -free K -module F'* we have the following:

fold (F*[1 (@FZ”“ —nd) ~2=% @) F2(—nd) —2L @D F2HY nd>

nez ne”z nez

= (@ F2{(—nd) 2% D P2 (—nd) 5L @F.2"<—nd>> 1]
nez nez nez

= fold(F*)[1].

Note that the action of s; on F*[1] is the negative of the action on F*, because the
K -module structure on F*[1] is given by the composition

Ki @5, FX1] —— (K}, @5, F*)[1] —— K3[1],

where the first isomorphism is given by a ® b — (—1)|“|a ® b, hence involves the required
sign. This shows that fold commutes with the shift functor. It remains to be checked that
it preserves exact triangles (see for the definition of the cone of a morphism between
matrix factorizations). Given a morphism ¢ : P* — Q7 of bounded, S.-free K -modules,

we have
fold(Cone(p))? = €P Cone(y)?"(—nd)
nez
= @@ o) (nd
nes
— (@ Q%" (—nd) > (@ P2 (n + 1)d>) (d)
nez nes

= Cone(fold(y))?
fold(Cone(yp)) ! = @Cone )2 _nd)

_ @ (Q?n—l @PQn) (—nd>
nez
- (@@ ) (@riua)
nez ne”z

= Cone(fold(y))?

which shows that fold(Cone(p)) = Cone(fold(yp)) as Z/2Z-graded S.-modules. The proof
that this identification is compatible with the differentials on both sides is omitted.

{): By we know that fold is a triangulated functor Ho?r’b(K;Z) — HMF>(S,, w).
As the cone of a quasi-isomorphism is acyclic, the claim that quasi-isomorphisms are
mapped to homotopy equivalences is therefore equivalent to the following: If F* is a
bounded, S.-free K -module with vanishing cohomology, then fold(P*) is contractible.
This will follow from direct calculation; it would be nice to have a more conceptual proof
at hand.

To prove that fold(F*) is zero in HMF°(S,, w), we have to construct a null-homotopy
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for the identity on fold(F™):

@ F2(—nd) — @ F> —nd) —>— @ F2(—nd)
nez nez nez

@ F2 (—nd)
ne”z

@ F2"(~nd)

ne”z

@ F(—nd)

d+s neZ

d+s

The condition that § is a null-homotopy for the identity means that
idfold(F_*) = 3ad + 3s + sS + ds. (G—2)

Let us pause for a moment and compare this to the datum of a contraction of the K-
module F* before being folded. There, a contraction is a diagram

d anl d Fn d Fn+1
S . S . S .
d Fn—l d En Fn+1
such that
ds+ 3d = idp- and 58 = —s3. (G-3)

Thus, condition is weaker than in two respects: Firstly, in (G-2) we only
impose a condition on the sum §d + §s + s5 4 ds, while in we impose conditions on
the summands sd + ds and s§ + §s. Secondly, in the map 5 is allows to consist of
a whole family of maps §,, : F* — F_*f(znfl) for all n € Z, while in the map § is of
fixed cohomological degree —1.

Back to the proof of . The homotopy § we construct will only involve s, : F* —
F_*_(Qn_l) for n > 1. Condition can then be rewritten as

ds; + 51d = idF_*, (G—4)
i.e. §1 is a contraction of F'* as a complex of S,-modules, and
88y + Sps + d§n+1 + §n+1d =0 (G‘5)

for all n > 1. We construct the maps §,, inductively. Start by taking §; to be an arbitrary
contraction of F'* as a complex of S.-modules; such a contraction exists since F* is S -free,
bounded above and acyclic. Now assume that we already constructed §i, ..., 5, satisfying
(G-5). Since F* is contractible, the morphism complex Homy (F*, F) is acyclic, and so
the existence of s, satisfying is equivalent the fact that s3, + s, is a cycle in
Homj (F, F¥). Denoting by 0 the differential of this complex, this follows from a direct
calculation, using 0(s) = w, 9(8,) = —(85p—1 + Sn—15) and the fact that O satisfies the
Leibniz-rule:

0(88p + 5ps) = w8y + 5(88p—1 + $p—18) — (8p—18 + $8—18)s — ws, = 0.
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This finishes the inductive construction of the §,, and establishes, in the whole, a contrac-
tion § of fold(F™).

(5): Finally we check that fold vanishes in perfect K -modules. By definition, Perf(K})
is the smallest thick triangulated subcategory of lejr’b(Kfu) which containing all free K-
modules. As we already know that fold is triangulated and commutes with internal degree
shifts, it is therefore sufficient to show that fold(K) = 0. However,

fold(KZ) = (S_ g (—d) = S_)
which vanishes since the dashed arrows in

S, —4 S (~d)y —— S,

s s

o

-

‘ ‘ -
Y
Lk I3

S, —— S(~d) —— S.

id

constitute a nullhomotopy for the identity on (S_ d, S.(—d) =% S_). O

Remark G.3 Note that the proof of Proposition also works for bounded below, S.-
free K -modules if we replace infinite sums by infinite products. However, this forces us to
consider matrix factorizations with non-free entries (these are called duplezes in [KROS]),
and the author doesn’t know how to think about them. O

Now we go in the other direction:

Proposition G.4 Let S, be a regular local graded ring and w € S, be homogeneous of
degree d. Then the assignment

M7 LM s 00— M %MPHOH (G-6)

(with M? concentrated in cohomological degree 0) induces a functor
L HMF>(S,,w) — DY(K})/Perf®
which is right inverse to fold.

Remark G.5 We do not claim here that ¢ is triangulated. However, we will see later
in Theorem that ¢+ and fold are actually mutually inverse equivalences of categories.
Since fold is triangulated, this gives the triangulated structure on ¢ for free. O

Proof (of Proposition . Similar to the proof of Proposition we will proceed along
the following steps:

(1) Extend (G-6) to a functor MF*°(S,,w) — K;'j]—modlf’;b, i.e. say what happens to
morphisms.

(2) Check that homotopic morphisms of matrix factorizations give rise to equal mor-
phisms in the stabilized derived category le’l;b(KfU) /Perf>. This yields a functor
v HMF>(S,, w) — DX (K?) /Perf™.
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Once this is done, the claim follows because fold o ¢ equals the identity on HMF> (S, w).
: Given a morphism

M MOt S o
| | |
((!7/6) « }3 «
! | ! l
N, N0 —— N7'—— N?
f g
of graded matrix factorizations, we define ¢(av, 3) to be
-1_9 0
e 0 M e MY 0
! ;
L

i 0 N e N0 0

It is clear that this extends (G-6) to a functor MF*>(S,, w) — K;;—Modlf’llb.

: Assume we have two morphisms («, 3) and (7, d) of graded matrix factorizations,
and suppose they are homotopic through a homotopy D = (D, D!):

MO Lyt L o

QH’Y Dl'//ﬂMé Do'//aMV (G-7)

NO 4/>N_1 4/>N0
. I . g .

We have to show that t(«, 3) and ¢(7,d) are equal in D?r’b(Kj;)/Perfoo. As
DY (K) /Perf® = Dy P(Kp)/Perf®

is an equivalence (Proposition , it suffices to prove that ¢(a, 8) = ¢(,0) in Df_r’b(ij)/Perf"o.
For this we will show that the difference of the two upper horizontal maps in the Df_r’b(K{‘U)—

diagram
y QK (e, B)) .
Qe M) =y S Hw t))
qlis qlis
(e, B)
L(M,) ) 3 (V)

is homotopic, as a morphism of K -modules, to a map factoring through a perfect
K -module. Since the vertical maps are isomorphisms in Df_r’b(K;'j)), and since mor-
phisms of K} -modules factoring through a perfect module up to homotopy are zero in
Df_r’b(K;})/Perf"o, this will prove that «(a, 8) = ¢(v,) in D™P(K})/Perf® as claimed.
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The Bar resolution of ¢(M,) is explicitly given as follows, see to save space, we do
not keep track of internal gradings for the rest of the proof.

f w 9 w f w
(*idA\Il" *9) -1 0 (*idnl" *f) 0 -1 <*idM}' *.‘I) 1 0 (!] “') 0
M oM ——M &M /M  OSM ——— M,
0 0 0 0 0 0 0
<idM. 1 ()> <id“p l]) (idM 1 (J) (idM.u>

The homotopy (G-7)) of graded matrix factorizations yields the following homotopy of
morphisms of K -modules:

cE== MM i 3, M@ M Ao ), Mo M0 ——L 0
| (s 1) | (ur 0) ‘ ()

pr— P ———
0 0 0 0
idyo 0 idy, 1 0

Therefore, Q(K,, t(c, 5)) — Q(K ), t(v,9)) is homotopic to

g9 w f w
—idy-1 —f —idypo  — 9 w
=M te M° <:>> MO@ M? ((_}79) Mt e MO ) MO 0
0 0 0 0 0
0 0 ( DO] D]OO f) Dl'of
N
1 —id]u.—l —f 1 —idyp —g 1 (g u;)
= Ml'oM  ——— Mo M ' ——= M oM MO 0
0 0 0 0 0
(s ©) (i 0) (ue)
which factors through the perfect K} -module
0 MO == MO 0 =~ K g MO.
C T . L 0

By the remarks above, this shows that in D*®(K)/Perf® we have
QK v, B)) = Q(Ky,1(7,0))
and hence t(a, 3) = 1(7,9), as claimed.

Theorem G.6 There is a natural isomorphism

g: tofold = idpe.
fr

which together with the equality fold o ¢ = idgnpee (s, 1) forms an adjoint equivalence

b(K;jJ)/Perfoo

o~

fold : DY(K7)/Perf> — HMF>(S,,w) : ¢
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Proof. Let F* be a bounded, S.-free K,-module; without loss of generality we may assume
FF =0 for k> 0. Then Q(K, (v o fold)(F*)) is explicitly given as

d+s w d+s w
) (—id 7(d+s)> F.6V6H<_d> @ F.Odd<_d> (—id 7(d+s)) F.Odd @ F.even<_d> (d+s u')

(23 (23 o

even
F.

where F¢¥? := @ F?"(nd) and F°% := @ F?""!(nd). We define e~ as the roof

n>0 n>0

0 Fodd d+s Feven

t d+s
d+s w ‘ d+s w (id d+ S) 1
( —id  —(d+ 9)) ( —id  —(d+ s‘)> ‘ ((1 +s u;)
. Eeven <—d> D F_Odd<—d> F.odd D F.even <—d> Eeven (G—S)
00 ‘ (p U) ‘ (p >
<ld O) (er.& S0 pI’F.—l) 40 (pI‘F-A Cle) pI’En) i pr‘F_n
! ! . l
F2 F1 - FO

d

S

||

Observe that the internal grading shifts are such that this indeed preserves the grading.
Clearly, this morphism is natural in F'*.

Note that, although the denominator Q(K, (v o fold)(F*)) is not in le’;b(K;)), Ep* 18
a morphism in le)r’b(K:;), because we defined the latter as a full subcategory of D(K)).
Nonetheless, we know from the equivalence Ho?;b(K;j}) / Acyc?llb(Kl*U) = Dg;b(KfU) (Propo-
sition that g+ can be represented by a roof having a denominator in le);b(Kj;). More
concretely, we can replace Q(K7, (v o fold)(F*)) by 752, Q (K, (v o fold)(F*)) for n < 0
such that F* = 0 for k < 2n; in degrees 2n to 2n + 2 this truncation is explicitly given as

s d+s  w
pou L2 (Fo4(d) & o) (n) [ )

e ) i

follows:

(Feven @ Fodd) (n + 1)d) == ...

To see that ¢ as the counit and id = fold o ¢ as the unit form an adjunction ¢ - fold, we
have to check the following:

(1) For each M* € HMF°(S,, w), the map

Eu(MF)

u(M) = o((fold 0 )(MT)) = (v o fold) (e(M])) ——— (M)
is the identity.
(2) For each X € K} -Mody, the map

1d(e x+ )

fold(F™*) f0—> fold((z o fold)(F™)) = (fold o ¢)(fold(F*)) = fold(F™)

is the identity.
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Statement holds because in the case where F_”C =0 for k # —1,0, the numerator and
denominator in the roof (G-8) defining ep+ are equal. For , we first construct an explicit
inverse for the homotopy equivalence

fold (r22n QI (M) — o(M]))

for a matrix factorization M’ = <M_O £, Mt MO> and n < 0:

( f w > ( g w > ( f w )
—idpo0 —g 7id[\l_’] -f —idpyo —g g w
e M oM ——= M oM ' ——= Mo M° —><7( ) MO

— —
0 0 T ) 0 0 BN 0 0
idy1 0 (m) idyo 0 (14) iyt 0

0

(G-9)
The map from M? into the truncated component 72,Q (K}, t(M*))?® = M? is the iden-
tity.

Now if M, = fold(F*) as above, it is clear that the composition of and the
numerator fold(Q(K, (vofold)(F*)) — F*) from is the identity on fold(F*), so (2)
holds. This finishes the proof of the adjunction ¢ - fold.

It remains to show that ep« : (¢ o fold)(F") — F* is an isomorphism in D?l;b(K;j,). For
this, first define

Q(K,,F") D Up+(n) := spang {a @tP@m | 2k — |m| < n} .

It is clear from the explicit description of the differential on Q(K;, F*) in Proposition
that d(Up=(n)) C Up=(n), so Up«(n) is a K} -submodule of Q(K,F*). We put
Dp«(n) := Q(K;,, F¥)/Up+(n — 1) and denote Dp+(n — m) : Dp=(n) — Dp=(m) the
projection map for n < m. We have

Dp(0) = Q(K,, FY)

and

Di+(2n) = QK (10 fold)(F))[2n)(—nd)

for n > 0, so Dp+(x) interpolates between the bar resolutions of F* and (v o fold)(F?).
We will now prove that the quotient map

Dp«(0 — 2n) : Q(K,, F') = Dp«(0) — Dp=(2n) = Q(Ky,, (¢ o fold)(F))[2n](—nd)

is an isomorphism in Df_r’b(K;;) /Perf™ by showing that its cone is in Perf™. By the
octahedral axiom, it suffices to show that Cone (Dp=(n — n + 1)) € Perf> for each n € Z.
For this, note that as Dp=(n — n 4 1) is an epimorphism, we have an isomorphism in
_7b %
Dfr (Kw)
Cone (Dp+(n — n+1)) = ker (Dp+(n —n+1))
= K, ®g, spang {tk @m | 2k — |m| = n} ,
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where the action of K, and the differential on the right hand side is given by their
respective action on the first tensor factor K. Thus, Cone(Dp+(n — n + 1)) is of the
form K ®g X.[k] for some free S.-module X, and some k € Z, and hence in Perf>.

Next, note that applying the previous paragraph to (¢ o fold)(F*) instead of F*, we
see that Q(K,, (¢ o fold)(F7))[2n](—nd) is also isomorphic to D(,ofe1q)(r+)(2n) for n < 0.
Hence, we have the following diagram in Df_r’b(K;;), where the diagonal maps are have
perfect cones, i.e. are isomorphism in Df_r’b(ij,) /Perf>:

QUE (10 fold)(F)) === mmm o f oo P QUK FY)

T —

Q(Ky; (¢ 0 fold)(FY))[2n](—nd)

We will know describe explicitly a map @ making the diagram commute. It is then auto-
matically an isomorphism in Df_r’b(K;L) /Perf>. Next, it will be clear that the composition

QK (1ofold)(Fr)) -5 QK FY) — F (G-10)

is precisely the numerator in the roof (G-8)) defining ep+, proving that ep+ is an isomor-
phism in Df_r’b(KfL)/Perfoo.
The map v is given as follows (negative powers of t are to be interpreted as 0):

K% ®, S.[t] @, ufold(F*)) ———— K ®g, S.[] @, F*
W W
a® tk ® meZ | a® tkfl ® m72l
a® tk ® m—2l—1 | a® tk—l ® m—2l—1

Here m~2" and m~2%~! denote elements in F_*Zl and F_*Qlfl, respectively. Let us check
carefully that this makes sense, i.e. that both cohomological and internal degrees are
preserved.

(1) The cohomological degree of a®t* @m =2 in Q(KZ, (tofold)(F*)) is |a| — 2k, and the
cohomological degree of a@t*'@m =2l in Q(K},, F*) equals |a|—2(k—1)—2l = |a|—2k.
Similarly, the cohomological degree of a ® t* @ m=2=1 in Q(K}, (¢ o fold)(F*)) is
la|] — 2k — 1, and the cohomological degree of a ® t*~! @ m™2=1 in Q(K},F*) is
la| —2(k—=1) =2l —1=|a| — 2k — 1.

(2) Recalling that Fov*» = @ F?"(nd) and F° = @ F~2""!(nd), we see that the
nez ne”Z
internal degree of a ® t* ® m™% in Q(K}, (v o fold)(F*)) is deg(a) + kd — 21 — Id,
while the internal degree of a ® t*' @ m™2! in Q(K},, F*) is deg(a) + (k — 1)d — 2I;
similarly in the odd case.

We leave it to the reader to check that v respects the differential.
Finally, it is clear from the explicit description of ¢ that the composition (G-10]) sends
a®tF @m™2 to am™?' if k = [ and to 0 otherwise. Similarly, a ® t* ® m~2~1 is sent to
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am~2~1if k = [ and to 0 otherwise. This shows that (G-10)) equals the numerator in the
roof (G-8|) defining e+, finishing the proof of Theorem O

Remark G.7 The map Q(K},, (v o fold)(F*)) — Q(K, F*) from the proof of Theorem
is a lift of the map we constructed in Remark O

Theorem is also true in the finitely generated case, with the same proof.

Definition G.8 We denote Perf C le);bfg(K{"v) the smallest thick triangulated subcategory

of D%

.1 (/) containing all finitely generated free Kj-modules.

Theorem G.9 Define fold and ¢ as in Proposition and [G.4] Then there is a natural
isomorphism

e: tofold = id

Db’b

.t (K})/Perf

which together with the equality fold o v = idgnmp (s, ) forms an adjoint equivalence

~

fold : Dg5, (Ky)/Perf = HMF (S, w) : ¢

Next we check that the equivalence fold : D?;bfg(Kj;) = HMF(S,,w) indeed coincides
with the composition

D' (K2) = DE(S./(w) = HMF(S,, w).

Theorem G.10 Let S, be a regular local graded ring and let w € m\ {0} be homogeneous
of degree d. Then the following diagram commutes up to natural isomorphism:

- éK; S./(w)
DY, (S./(w))/Perf Dy, (K;,)/Perf

\coker ' g} M
T~ =

HMF(S,, w)

Proof. For a graded matrix factorization M* = (MO £, Mt M_O) we have

L
(M7) 8 5./ (w) = QUKy, UMD)) 8 S./(w)
gQJMMwLMangMg®wM O
S.
which is canonically isomorphic to coker(g) in Db(S,/(w)). This shows that

L
(— QK S/(w)> ot = coker.

We end this section with a funny description of the translation functor on le];b(K »)/Pert
as swapping the roles of s and d in K :
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Corollary G.11 For F* € le);b(K{"u) there is a canonical isomorphism in le);b(KfU) /Perf:

-2 -1 0 1 2 -2 -1 0 1 2
= o o E S = Fl(—d) = FO == F7(d) = ...
(G-11)
In particular, there is a natural isomorphism in le);b(Kl*U) /Perf:
—2 -1 0 1 2 3
F*[1] =~ . % F2(—d) % Fl == FO(q) % F~1(2d) %

Here the small numbers above an expression indicate its cohomological degree.

Proof. This follows from Theorem together with the fact that the foldings of both
sides in ((G-11|) are the same. O

H Derived tensor products

In this section we introduce and study the derived tensor product functor for modules
over the Koszul-resolution K. We will see that this tensor product is compatible with
the tensor product on matrix factorizations (Theorem , yielding a generalization of
the statement about the compatibility of the stabilization functor with tensor products of
matrix factorizations from Section (see Proposition [2.5.2)).

Definition H.1 The derived tensor product

L
7® —
D(K;,) x D(K},) ———— D(K}, @5, K})

’Ll),

is defined as the composition

- ®g, — —®s. —

HO(KZ} ®S K:;)/)

Remark H.2 The derived tensor product depends on the choice of a quasi-inverse to the
canonical equivalence
Ho(Cof(K ))) ——— D(K] ),

but any two choices yield canonically isomorphic tensor products. In particular, by Fact
the derived tensor product can be computed via semi-free resolutions. O

Although the derived tensor product in Definition is defined through cofibrant
resolutions, the derived tensor product of two bounded above KZ(,>—moduIes can actually
be computed through S, -free resolutions:
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Fact H.3 For M* € D, (K;), N € Dy (K?,) there is a canonical isomorphism in
D(K;, ®s, Kiy)

L
M ®s NI = M ®s N

Proof. If p: QM* — M* and q : QN* — N’ denote bounded above semi-free replace-
ments of M* and N, respectively, both p and g are homotopy equivalences of complexes of
S.-modules, since all complexes involved are bounded above and S.-free. As the class of ho-
motopy equivalences is stable under tensoring with arbitrary complexes, we get canonical
isomorphisms in D(K}, ®g K,)

Def.

L
M ®s, N

QM @5, QNr P28

M* @, QN* 44

M ®s, N}

as claimed. g
The derived tensor product on D(K;;(,)) is also well behaved in the sense that is

preserves complexes with bounded cohomology; note that this is not true for the derived

tensor product on D(S,/(w?)).

L
Fact H.4 Let M* € D’(K},) and N* € D(K?,). Then M* ®5 N* € D*(K} ®g K,).
In other words, the dashed arrow in the following diagram exists:

D’(K;) x D*(K})) -----=-- - D'(K}, @5 K)

Proof. By Fact and Proposition the inclusion le)r’b(KfU(,)) — Db(K:U(/)) is an

equivalence. Hence we may without loss of generality assume that M* and N* are bounded
L
and S.-free, and in this case Fact [H.3| yields a canonical isomorphism M’ ®g N7

M ®s N*. As M’ ®g N7 is bounded, the claim follows.

O

Fact H.5 For homogeneous w,w’ € S, of degree d, there is a canonical morphism of
dg-S.-algebras
in)+w

s —sR1I+1®s

;) K,;Z ®5’ K,ZKU/

Proof. The element s ® 1 +1® s in K}, ®g, K, satisfies d(s ® 1 + 1 ® s) = w4 w’ and
(s®1+4+1®s)? =0, and hence

K, w25 —sl+1®sc K, ®s K,

indeed extends uniquely to a morphism of dg-S.-algebras K, , — Ky, ®g, K. O

w
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Concatenating the derived tensor product
L

®s, —

D(K;) x D(K;,) —— D(K;, ®s, K}/

with the functor D(Kj, ®s, K;;,) — D(K}, ) induced by the morphism K — K, ®g,

K, from Fact yields another derived tensor product functor

L
L —®g — "
—®s, —: D(Kj) xD(K;) —— D(K; @s K;) — D(Kj ).
We will now see that this derived tensor product is compatible with the tensor product
functor

HMF>® (5., w) x HMF®(S., w') —— HMF®(S.,w + w')

with respect to the canonical functor

D'(K}) = D(Ky) — DE(Ky)/Perf =5 HMF™(S, w)
constructed in Section |G| (see Theorem |G.6]).
Theorem H.6 Let S, be a regular local graded ring and let w,w’ € S, be homogeneous

of degree d. Then the diagram

* * — ®s. — *
Db(Kw) X Db(Kw’) Db(KuH»w’)

- ®s, —

HMF>(S,, w) x HMF>®(S., w') HMF> (S, w + w')

commutes up to natural isomorphism.

Proof. By Fact the upper square in the following diagram is commutative

L

DY(K?) x DY(K*,) L DY(K%, )
can | = = | can
b,b b,b —®s. - b,b
Dfr (K;Z) T Dfr (K:u’) Dfr (KZH-w’)
fold x fold fold
- ®S, —

HMF>(S., w) x HMF®(S,, w')

HMF>(S,, w + w')

Hence, to prove the theorem it suffices to prove that the lower square is commutative. This
is the same calculation as in Proposition If M* e le)r’b(KfU) and N* € le);b(ij,),

we have

fold(M*) @ fold(N*)
S.
_ <M.even %9 N.odd ® M.odd %z) N.even = M.even (? N.even @ M.odd ? NOdd<d>>

_ ((M_* ®S, N:k)Odd = (M:k ®S, N.*)even>
— fold (M? &5, N?)
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as claimed (we omit the details about differentials and internal grading). O

Theorem H.7 Let S, be a regular local graded ring, and let w,w’ € S, be homogeneous
the same degree. Then, if M, € S./(w)-Mod and N, € S,/(w')-Mod, there is a canonical
morphism in HMF* (S, w + w’)

M oq NI (ML eg Nt (H-1)
which is an isomorphism if Tor]fg (M,,N,). =0 for all &> 0.

Proof. We have to compare the images of (M,, N,) under the composed functors from the
upper left to the lower right corner in the following diagram:

S./(w)-Mod x S, /(w")-Mod s S./(w 4+ w')-Mod
| |
can / can
oL b - -
D(K7) x D*(Ky,) ' D°(K7 )
O
_®S, —

HMF>(S,, w) x HMF>® (S, w') HMF> (5., w + w')

The lower square commutes by Theorem and the upper square admits a natural

L
transformation as indicated, given by the canonical morphism M, ®g N, — M, ®s N..
This morphism is an isomorphism if and only if Tor&(M,, N,), = 0 for all & > 0, and the
claim follows. O

Remark H.8 It is not clear to the author what the morphism (H-1J) looks like explicitly,
because for bounded S.-free resolutions QM, — M, and QN, — N, with square-zero
nullhomotopy for the multiplication by w and w’, respectively, the morphism

L
QM. ®s QN, = M, ®s N, — M, ®s N, = Q(M.®g N,)

in D(K},,,,) need not be representable by a morphism of K ,-modules Q(M,) ®g
Q(N,) — Q(M,®g N,), but only by a roof between these modules. This is why we didn’t

succeed in constructing it directly in Section O

I Duality for modules over the Koszul resolution

We know from Theorem |G.6| that fold : le’ffg(K{Z)/Perf = HMF(S,,w) and from Defi-
nition and Fact [4.1.6] that HMF(S,, w) admits a duality (—)° compatible with the
usual duality Homg /() (=, S./(w)), on MCM(S,, w). It is therefore natural to ask what
the duality on Dy, (K;)/Perf obtained from pulling back (—)° along fold looks like, and

whether it admits a lifting to a duality on le%b(K:‘U). In this section we will see that
such a lifting exists and is given by component-wise dualizing a dg-module over K (for
the precise definition, see Definition . This coincides with the duality established by
Frankild and Jgrgensen in [FJ03]; they defined the notion of a Gorenstein dg-algebra in
terms of the existence of a duality and established the Gorensteinness of Koszul algebras
over Gorenstein local rings (for arbitrary sequences in the maximal ideal).



108 Appendix

Definition 1.1 The dual of a K -module M*, denoted D(M)*, is the K -module defined
by
D(M)" := Homg(M, "™, 5).(~d).

Its differential is given by d(f) := (—1)"*!fo dX/[(fH) for f € D(M)", and the action of s
is given by s.f := (—1)"f o s. This gives a contravariant endofunctor on the category of
K} -modules.

Definition [I.1{ coincides with the duality induced by Hompg (—, K;)"
Fact 1.2 Let M* be a K} -module. Then there is a natural isomorphism of K -modules
D(M)? = Hompg, (M, K,,)!

Proof. An element of Homgx (M}, K3} is given by a diagram

where each vertical map raises the internal degree by k£ and where each square commutes
up to the sign (—1)". This forces § = (—1)"a o s, while o can be chosen freely in
Homg (M ™1, S.);. Hence we have a canonical isomorphism

Homyey (M, K,)p = D(M)g,

and it is easily checked that this isomorphism is compatible with the differential and the
action of K on both sides (see Definition [B.2)). O

Fact 1.3 The duality functor

Homp: (—, Ky)" = D : K;-Mod — K -Mod

takes quasi-isomorphisms between bounded above, S.-free K -modules to quasi-isomorphisms.

Therefore, its derived functor
RHom, (—, K3): : D(K}) — D(K3)
may be computed naively on the subcategory Dy, (K}), and the diagram

RHompe: (—, K7

D, (K7,) D, ()
incl [ = = incl
b,b * b,b

is well-defined and commutative up to natural isomorphism.
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Proof. 1t is clear that D o [1] = [-1] o D and that D(Cone(«)) = Cone(D(«)) for a
morphism « of K -modules. Thus, to prove the first statement we only have to check
that the dual of an acyclic, bounded above and S.-free is acyclic. However, such a module
is contractible as a complex of S,-modules, and so is its component-wise S,-dual. This

proves the first statement, and the second statement is an immediate consequence. O

Proposition 1.4 The following diagram commutes up to natural isomorphism:

b,b D b,b
Dfr,fg(K:)) Dfr,fr(KZ)>
fold fold
HMF(S.,w) ———— HMF(S,, w)
Proof. For F* € le’r’bfg(K;;) we have
(a2 = (@) — @ o — B
nez nez nez

— (EB (F21) ((n = 1)d) — @D (F2)* ((n — 1)d) — @D (F )" ((n — 1)d)

nez nez kez

= <@ D(F})?(—nd) — @ D(F})?" " {=nd) — @D(F.*)?”<—nd>>

nezZ nez nez
= fold (D(F¥)). .

Proposition 1.5 For w # 0, the following diagram commutes up to natural isomorphism:

RHomg, () (=, S./(w)):

D, (S./(w)) Dg,(S./(w))
L ~ ~l L
- ®x: S,/(w)]— —1— @z S./(w)
b,b * b,b *
Dfr,fg(Kw) D Dfr,fr(KUJ)
Proof. By Fact it suffices to show that the diagram
RHOHlS,/(w)(fv S/(w))*
D}, (S./ (w)) D{,(S./(w))
L ~ oL
- ®K: S./(w)‘ =| - ®xz S./(w)

commutes up to natural isomorphism. To prove this, we note that for M* € D(K}) we
have a natural isomorphism in D(S,/(w))

« L : * *
RHomS_/(w) <M ®Kﬁ; S/(w),S/(w)) = RHOHIK;Z (M s K;;S/('LU)) . (I—l)

)
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Further, we have a natural isomorphism in D(K7):
RHomp: (M’ x S./(w))" = RHomg; (M, K})* (1-2)
Putting (I-1) and (I-2) together, we see that the composition

L
o —OkzS./(w) RHomg, /() (—,S./(w))* %
D}, (K}) ———" DL(S./(w)) el D},(S./(w)) — DY (K})

is naturally isomorphic to

N RHomyex (—,K3)!
D?g(Kw)

D (K7
so the claim follows. O

Together, Propositions|[.4) and [[.5] yield the following compatibility of stabilization and
duality:

Theorem 1.6 For w # 0 the following diagram commutes up to natural isomorphism:

RHomg, /() (=, S./(w))?

Dy, (S./(w)) D, (S./(w))
stab stab
HMF(S,, w) HMF(S., w)

Remark 1.7 Theorem [[.6]generalizes Proposition for if M, is Cohen-Macaulay mod-
ule over S, with defect n := dim(S.) — depth(M.), it is also Cohen-Macaulay over S,/(w)
with defect n — 1, and hence we have

RHomg, () (M., 5./ (w))! 2 Exty )t (M..S./(w)).[-n+1] = Bxt (M, ) [-n+1

as claimed (for the last isomorphism, see [BH93, Lemma 3.1.16])). Thus, the Cohen-
Macaulay modules over S, enter because they are precisely the modules M, for which
RHomg /() (M., S./(w))} is concentrated in a single degree. O
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