COMPACT MODULI FOR CERTAIN KODAIRA
FIBRATIONS

SONKE ROLLENSKE

ABsTRACT. We describe explicitly the possible degenerations of a class
of double Kodaira fibrations in the moduli space of stable surfaces. Using
deformation theory we also show that under some assumptions we get
a connected component of the moduli space of stable surfaces.

INTRODUCTION

It is a general fact that moduli spaces of nice objects in algebraic geometry,
say smooth varieties, are often non-compact. But usually there is a modular
compactification where the boundary points correspond to related but more
complicated objects.

Such a modular compactification has been known for the moduli space
M, of smooth curves of genus g for a long time and in [KSB88| Kollar and
Shepherd-Barron made the first step towards the construction of a modular
compactification 9 for the moduli space M of surfaces of general type via
so called stable surfaces; the boundary points arise from a stable reduction
procedure.

But even 20 years later very few explicit descriptions of compact compo-
nents of M have been published. The main idea in all approaches is to relate
the component of the moduli space one wishes to study to some other moduli
space, where a suitable compactification is known. Products of curves and
surfaces isogenous to a product of curves have been treated by van Opstall
[vO05, vOO06] and a recent paper of Alexeev and Pardini [AP09] studies Bur-
niat and Campedelli surfaces relating them to hyperplane arrangements in
(a blow-up of) P2.

The aim of this paper is to study the irreducible resp. connected compo-
nents of the moduli space of stable surfaces containing very simple (Galois
double Kodaira fibrations (see Section 1.3 for the precise definition) and we
do this in 2 steps: first we give an explicit description of the stable degen-
erations and then we study their deformations to show if we get connected
components of M.

The starting point of our study is a joint paper with Fabrizio Catanese
where we showed that the moduli space of such (and more general) surfaces
can be identified with the moduli space of certain curves with automorphisms
and yields connected components of the moduli space of surfaces of general
type.

The surfaces we are interested in are ramified covers ¢ : S — C; x Cy of
products of curves and we have precise control over the branch divisor B.

2000 Mathematics Subject Classification. 14J29; 14J10, 14D20.
1



2 SONKE ROLLENSKE

This enables us to perform the stable reduction procedure explicitly, first
for the pair (C7 x Cy, B) in Section 2.2 and then for the Kodaira fibrations
themselves in Section 2.3. It turns out that degenerations that occur are local
complete intersections and their normalisation is smooth (Theorem 2.7).

In Section 3 we use deformation theory to study the scheme structure of
the moduli space. We show that the deformations of standard Kodaira fibra-
tions are unobstructed and are exactly the ones described in [CR09] if some
cohomology groups naturally associated to the covering 1 vanish (Theorem
3.4). Under similar assumptions we are able to control all deformations of
the degenerations (Theorem 3.11). In a special case the assumptions are
easy to check and we get

Corollary 3.12 — Ifv: X — C xC is a smooth very simple Kodaira fibra-
tion such that v is a cyclic covering and let N be the irreducible component
of the moduli space of surfaces of general type containing (the class of) X.
Then the closure of the component M C M is a connected component of M.

A rather different and less explicit approach to the construction of a com-
pact moduli space for fibred surfaces has been described by Abramovich and
Vistoli [AV00].
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The author was also supported by the Hausdorff Centre for Mathematics
in Bonn. The DFG-Forschergruppe “Classification of algebraic surfaces and
compact complex manifolds” made a visit to Bayreuth possible.

1. PREPARATIONS

1.1. Stable surfaces and some other moduli spaces. We will start this
section by listing some (coarse) moduli spaces that we will use in the sequel,
mainly to fix the notation, and give references to where a construction and
more information can be found. The moduli space of (smoothable) stable
surfaces will be discussed a bit more in detail.

e Let M, be the moduli space of smooth projective curves of genus
g and M, the moduli space stable curve (see e.g. [HM98]).

e The corresponding moduli spaces M, (G) and M, (G) parametrising
smooth resp. stable curves together with a fixed group of automor-
phisms. The moduli space M, (G) is finite over a closed subvariety
of the moduli space of curves and the tangent space at a point [C]
is Ext!(Qc, 0c)¢ (see [Tuf93] and also [vO06, Prop. 2.9]).

e The quasi-projective coarse moduli space M, of canonically po-
larised surfaces of general type with canonical singularities and fixed
invariants @ = K2,b = x(Og) constructed by Gieseker [Gie77]. We
denote by 9 the disjoint union of all M, .
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e The moduli space of stable surfaces 9 = ﬁSt, which contains 9
as an open (but not dense) subset. Its construction goes back to
Kollar and Shepherd-Barron [KSB88|, and we will give some more
details below. We denote by 9™ the closure of M in M and call
it the moduli space of smoothable surfaces of general type.

Note that, strictly speaking, a surface in M need not to be smoothable in
the ordinary sense — we only ask that some small deformation has canonical
singularities.

In analogy to the case of curves we need to define a class of singular sur-
faces that is big enough to allow for compact moduli spaces. It is convenient
to first recall the definition of log-canonical singularity. We will need this
notion also for pairs.

Definition 1.1 — Let X be a normal surface and B C X a (possibly empty)
Q- Weil-divisor such that the log-canonical divisor Kx + B is Q-Cartier. Let
7: X — X be a log-resolution of singularities. In other words, X is smooth
and denoting the strict transform of B with B and the exceptional divisor
with E =), E;, the sum B+ E is a global normal crossing divisor. Then
the pair (X, B) is called log-canonical (Ic) resp. canonical if in the expression

K¢+B=n"(Kx +B)+ Y akFE;
all a; > —1 resp. a; > 0.

Canonical surface singularities without boundary are exactly rational dou-
ble points. The notion we are aiming at is some kind of non-normal analog
of log-canonical singularities.

Definition 1.2 — Let S be a projective surface and B =Y b;B; an effective
Q- Weil divisor on S with coefficients 0 < bj < 1.
The pair (S, B) is said to have slc singularities if
(i) S is Cohen-Macaulay,
(i) S has at most normal crossing singularities in codimension 1 and
B does not contain any component of the normal crossing locus,
(i) Ks+ B is Q-Cartier,
(iv) denoting by v : XV — X the normalisation, the pair

(X", (double locus) + v~ B)

15 log canonical. By double locus we mean the preimage of the I-
dimensional part of Xg,, which outside a finite number of points
coincides with the normal crossing locus.

The pair (S, B) is called stable if it has slc singularities and the Q-line bundle
Kg + B is ample.

The original definition was posed in [KSB88, Section 4| where one can also
find a classification in the case B = 0.

In the construction of the moduli space, especially if one wants to parametrise
pairs, several technical issues arise, see [Kov05| or [Ale08] for an overview.
In particular, it turns out that one has to restrict the families that are
allowed in the moduli-functor if one wants the basic invariants to remain
constant in a family. As usual, we define the reflexive powers of a sheaf F
by FlM .= (F®n)=,
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Definition 1.3 — A morphism [ : (X,B) — A is called a weakly stable
family of stable surfaces if

(i) f and f’B are flat and projective and f has connected fibres,
(i) wx/a + B is a relatively ample Q-line bundle,
(#ii) For allt € A, the fibre Xy is a stable surface.
If B =0 and in addition we have

(iv) (Kolldr’s condition) For all t € A, k € Z, taking reflexive powers

commutes with base-change, that is w[)];]/MXt = w[th]

then f: X — A is called admissible family of stable surfaces.

Since we are interested only in degenerations of smooth surfaces, we will
usually assume that A is a smooth curve and that the general fibre of f is
canonical.

A recent construction of 9 using stacks can be found in [AH09], including
a proof that 9" is projective. The bigger moduli space of stable surfaces
should also be projective but I do not know a suitable reference for this. In
particular stable reduction as explained in the next section seems not to be
known for arbitrary admissible families of stable surfaces.

1.2. Construction of the boundary points. We need to describe how
to obtain surfaces corresponding to the boundary points in oo™ \ M as
degenerations of smooth surfaces. Let A be the unit disc and A* = A\ {0}.
We will need the construction also for of families of log-surfaces.

Suppose we have a family of log-surfaces f° : (X% BY) — A*, that is,
both f° and fOIBo are flat, projective maps and for each ¢ € A* the fibre

(X2, BY) is a log-surface. Suppose in addition that

e all fibres X are canonical,

o Kyon-+ BY is a relatively ample Q-line bundle.
Then one constructs the degeneration of this family in the following steps
(see [KM98, Theorem 7.62]):

(i) Choose any extension of f° to a projective morphism f : (X, B) —

(#1) Apply the semi-stable reduction theorem to a log-resolution of (X, B)
obtaining, possibly after a finite pullback ramified only over the cen-
tral fibre and normalisation, a family of log-surfaces (X, B) — A
such that the total space is smooth, (X, B + Xp) is log canonical
and K/,,;/A + B is relatively big over A.

(#ii) Now let f : (X,B) — A be the relative log-canonical model of
(X ,B), whose existence is guaranteed by the log-minimal model
program.

The resulting family is, due to the possible pullback, not unique but the
central fibre is; we call it the stable degeneration of the family f°.

If some of the coefficients of B are strictly smaller than 1 then there
are examples due to Hassett [Ale08, Example 5.1] which show that By can
have embedded points so we do not obtain a family of log-surfaces. These
problems do not occur, if B is an integral divisor [Has01] or if there is no
boundary. More general results have been obtained by Alexeev [Ale(§|.
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1.3. Very simple Galois Kodaira Fibrations. We will now introduce
the class of surfaces of general type that we are interested in. In this section
all surfaces and curves are smooth.

Definition 1.4 — A Kodaira fibration is a smooth fibration ¥ : S — C}
of a compact complex surface over a compact compler curve, which is not a
holomorphic fibre bundle.

S is called a double Kodaira fibred surface if it admits a double Kodaira
fibration, i.e., a surjective holomorphic map ¢ : S — C1 x Co yielding two
Kodaira fibrations ¢; : S — C; (i =1,2).

Let B C C x Cy be the branch divisor of . If B is smooth and both
projections pre;|g B — Cj are étale we call ¢ : S — C1 x Ca a double
étale Kodaira fibration.

If the ramified cover i is Galois, i.e., the quotient map for the action of
a finite group, we call S a Galois double Kodaira fibration.

It is not difficult to see that if S — C7 x C5 is a double Kodaira surface
then the genus of C; is at least 2 and thus S is a surface of general type.
A situation in which the branch divisor is particularly easy to handle is the
following.

Definition 1.5 — A double étale Kodaira fibration ¢ : S — C1 x Co is
called very simple if C1 = Co = C and the branch divisor is a disjoint union
of graphs of automorphisms of C. It is called standard, if there is an étale
map ¢ : C' x C — C1 x Cy such that ¢*S — C x C is very simple.

Remark 1.6 — It is yet unclear whether every double étale Kodaira fibration
is standard: let B C C; x C2 be a divisor in a product of 2 curves mapping
étale to both sides. By taking C1 — C to be a Galois cover dominating all
components of B we obtain after pullback that B C C7 x Cs is composed of
graphs of étale maps. But it is not at all clear that after further pullback we
can arrive at graphs of automorphisms. On the other hand we do not know
of an explicit example where this is not possible.

In [CR0O9| we described an effective method of construction for Galois
double Kodaira fibrations. Essentially, given two curve C,Cs and a branch
divisor B C (' x Cs mapping étale to both curves we can construct plenty of
Galois double Kodaira fibration (after finite étale pullback). This generalises
a classical construction used by Kodaira and Atiyah to give examples of fibre
bundles where the signature is not mutliplicative (see [BHPV], Section V.14).
The basic idea is as follows: assume that we have a curve C of genus at least
2 and a group H acting on C' without fixed points. Then the graphs of the
automorphisms do not intersect and B = | scn L' 1s a smooth divisor in

C x C. After a suitable pullback 7 : C' x C — C x C the divisor 7*B will be
divisible in Pic(C' x C) and we get a Kodaira fibration as a cyclic covering.
With a further pullback we can make the branch divisor into a union of
graphs of automorphisms again, obtaining a very simple Kodaira fibration.
We were able to give a very explicit description of the moduli space of
such surfaces. Let 95F € 9 be the subset of the moduli space of surfaces

of general type containing very simple Galois Kodaira fibrations and 91
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its closure in the moduli space of stable surface. If S is a very simple Ko-
daira fibration then we denote by Qﬁg F the connected component of MEF
containing (the class of) S.

Theorem 1.7 ([CR09], Theorem 6.5) — Let ¢ : S — C x C be a very
simple Galois Kodaira fibration, S C Aut(C) such that the branch divisor
B =% csls. Let H be the subgroup of Aut(C) generated by S. Then
SUI?F is a connected component of the moduli space of surfaces of general
type and there is a natural map Mgcy(H) — Dﬁgp that is an isomorphism
on geometric points.

In other words, any actual family of curves with the prescribed automor-
phism group gives rise to a family of Kodaira fibrations but we cannot detect
obstructed deformations, or additional automorphisms of S that do not pre-
serve the map 1. The original theorem is formulated for standard Kodaira
fibrations but we will only need this simple form. The issue of the scheme
structure of MAF will be addressed in Section 3.

2. DEGENERATIONS OF VERY SIMPLE GALOIS KODAIRA FIBRATIONS

2.1. Quotient families. We start with some general considerations. Let
f X — Y be a Galois cover with ramification divisor R C X and branch
divisor B C Y. By the Hurwitz formula we have Kx = f*Ky +)_,(v;—1)R;
where v; is the ramification order along R;. Since the covering is Galois two
components of R that map to the same component of B have the same
ramification order and thus we can write Kx = f*(Ky + >, Vj_lBj). This

U

allows us to compare the numerical properties of Kx and the Q-divisor
vi—1
Ky +Zj JVJ_ B;.

Lemma 2.1 — Let A be a smooth curve, f : X — A be a flat, projective
family of surfaces together with an action of a finite group G preserving the
fibres. Consider the quotient family

X - X/G=)Y
N

and let B C Y be the branch divisor, that is, the divisorial part of the branch
locus, with the appropriate multiplicities such that Ky /a = W*(Ky/A + B).
If X — A is a weakly stable family of stable surfaces then so is (Y, B) — A.

Proof. Since G acts fibrewise, every irreducible component of X dominates
A if and only if every irreducible component of ) does and thus, by [Har77,
Proposition I11.9.7], f is flat if and only if g is. The same is true for projec-
tivity.

Let m; : Xy — ) be the restriction of 7 to some fibre, z € X, and y = my(z).
By construction we get an inclusion of local rings Oy, , < Oy, ;. Indeed,
if G is the stabiliser of z in G then Oy, , = O?(:a: Since we assumed A}
to be reduced and Cohen-Macaulay the same holds for ) where the second
property is proved via an averaging argument for a regular sequence.
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In order to prove that g is a weakly stable family we also need to show
that the branch divisor B is flat over A which amounts to the fact that m
is not ramified along any irreducible component of any fibre. But for every
t € A the map X; — ), is flat by base-change and since all fibres of f are
reduced it can not be ramified along any irreducible component by generic
smoothness.

By [AP09, Lemma 4.3] the fibre X; is slc if and only if the pair (), Bt) is
slc and in particular it makes sense to ask if Ky /A + B is relatively ample.
This follows from the Nakai-Moishezon criterion: if C' is a curve contained
in a fibre of g then

(Ky/A-I-B).C: W*(Ky/A-i-B).ﬂ'*C KX/ATF C>0

1

|G| \G |
because Ky /x is relatively ample. Also (Ky, +B)* = 1/|G|K3, > 0 and we
see that Ky A + B is relatively ample as well which concludes the proof. [

The above Lemma enables us to relate degenerations of very simple Ko-
daira fibrations to a situation we control better.

Proposition 2.2 — Let A* be the pointed disk and let 0 : X0 — A* be
an admissible family of Galois double Kodaira fibrations with Galois group
G. Then, possibly after a finite pullback, there are two families of curves
C; — A* fitting in the diagram

X0/G=Cy % Cy.

\/

Denoting by BY C C; x Co the branch divisor of m (with the appropriate
multiplicities) the stable degeneration of f is a ramified cover of the stable
degeneration of the family of log-surfaces g : (C1 x Ca, BY) — A*.

Proof. Since the Galois group G is finite and its action on the differentiable
manifold underlying the fibres X; (¢ # 0) is fixed, possibly after a finite étale
pullback, the action of G on the fibres extends to a fibrewise action of G on
the whole family X° such that the quotient is a family of products of curves
gO:(Zl XCQ—>A*.

Now let f : X — A be a stable degeneration of f. Using the same
argument as in the proof of the separatedness of the moduli space (see e.g.
[Kov05, Corollary 5.15]) we see that the action of G on X extends to the
whole family X. By Lemma 2.1 the quotient together with the branch divisor
is a weakly stable family g : (X /G,B) — A of stable log-surfaces. But by
construction the families g and ¢° coincide (up to finite étale pullback) over
A* and we get the claimed result because the stable degeneration is unique
by separatedness. O

2.2. Stable reduction of the family of pairs. We have seen above that
in order to understand slc degenerations of very simple Galois Kodaira fibra-
tions we need to understand the stable reduction of families of the following

type.
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Assumptions 2.3 — Let f : C — A be a family of stable curves over the
unit disk with smooth general fibre such that a group of automorphisms H
acts fibrewise on the fibration f. Let S C H be a subset and let

BZZA¢F¢CJ7:ZCXAC
PeS

be the union of the (fibrewise) graphs of the automorphisms in S with some
rational coefficients 0 < Ay < 1. We further assume that on the general fibre
the graphs of two different automorphisms do not intersect.

We will now analyse the local structure of (Y, B) and see that while it
is not stable itself (as soon as the central fibre is singular) only a simple
modification is needed to stabilise it. Since the general fibre (), B;) consists
of a smooth surface containing a smooth Q-divisor we only have to consider
the central fibre (), Bp).

If the boundary is empty then the central fibre is slc, the only singularities
except normal crossings being degenerate cusps:

Lemma 2.4 — Consider the degenerate cusp surface singularity 0 € Z =
SpecClx1, ..., x4])/ (122, T324) given by the product of two I1-dimensional
nodes. Let A be a curve passing through 0 but not contained in the double
locus. Then the pair (Z,\A) is slc if and only if A = 0.

Proof. We work in the local model described above and consider the blow-up
7 :Z — Zin 0 inside C* x P3. Since Z is a cone the exceptional divisor
E a cycle of 4 lines in P3. Note that Z is in fact semi-smooth and a good
semi-resolution of Z in the sense of [KSB88|.

We can choose A to be given by the ideal (x1, x2, x5 — x4) and see that its
strict transform A intersects E in a single point (0,(0:0:1: —1)) and that
7*A = A+ E. Let us now calculate discrepancies.

By the adjunction formula we have

0=(K;+E).E=(m"Kyz+ayE + E).E = (ap + 1) E?,
thus ap = —1, K; = 7Kz — E and the singularity is slc if there is no
boundary. If we add the boundary divisor we see that
K; + M =7"(Kz+ ) — (1+\E
and the pair is not slc if A # 0. O

It turns out that these are the only kind of non-slc points that can occur
in the chosen degeneration:

Lemma 2.5 — In the situation of 2.3 assume that we have two automor-
phisms ¢ # ¢ € S such that their graphs A := Ty and A’ := Ty intersect
in a point © = (p,q) € Cy x Co = Yo. Then p and q are both nodes and
(Vo, NA+ XN A) is slc at x if and only if \ =N = 0.

The automorphism d)’_l o ¢ preserves the local branches at p and the di-
visors A and A’ intersect transversely on each irreducible component of the
normalisation of ).

For the last statement it is actually enough to look at the irreducible
components of a small analytic neighbourhood of (p, q).
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Proof. By composing both automorphisms with ¢’ ~! we can assume that
¢’ = id and p = q. In other words, the automorphism ¢ has a fixed point at
p. We first have to show that p cannot be a smooth point of Cy. Indeed, in
that case the threefold ) is smooth in a neighbourhood of (p, p) and the two
divisors I'y and I';4 intersect in a curve which is completely contained in the
central fibre Yy by our assumptions. In other word ¢ acts as the identity on
some irreducible component C{, of Cy. Let p be a node where Cj, meets another
component. Locally around p the total space is described by the equation
zy — t™ = 0 in C? where ¢ is the coordinate on the base A of the fibration.
The (linearised) action of ¢ is trivial on one component, say t =y = 0, and
preserves the fibres and therefore ¢* acts trivially on both z and ¢. Since it
also has to preserve the equation it necessarily acts trivially on y and thus
also on the other component. Since the curve is connected ¢ = idg,. But
this is a contradiction since a non-trivial automorphism cannot degenerate
to the identity and thus the graphs cannot meet in a smooth point of ).
So assume now that p is a node of Cy and that ¢ interchanges the local
branches at p. In the local model as above the (linearised) action is given by

(z,y,t) — (Cy, (" 'z,t)

for some root of unity ¢ # 1 because the group H acts fibrewise and thus
leaves t fixed while preserving the equation. But for small ¢t # 0 there is
a non-trivial solution = to (~!z? = ¢™ and the point (x,( 1z, (712?) is a
fixed point for the action of ¢ which contradicts the assumption that the
divisors are disjoint in the general fibre. Thus ¢ = ¢’ 1o ¢ preserves the
local branches at p.

When restricted to one of the irreducible components (either in a neigh-
bourhood of (p,p) or on the normalisation) we are locally looking at the
intersection of divisors given by  —y and = — (y in C? and thus their in-
tersection is transverse. The statement on the singularity not being slc has
been proved in Lemma 2.4. O

We will now describe the stable reduction procedure (see Section 1.2) in
the local model where ) is given by (z122 — t,x324 — t) C Clz1,...,24,1];
the total space of C is smooth and the threefold ) has an isolated singularity
at the point z = (0,0,0,0,0). Blowing up this singular point we obtain a
smooth threefold 5) — Y. The central fibre is a normal crossing divisor, union
of the blow-up of ) described in the proof of Lemma 2.4 and the exceptional
divisor Q = P! x P!, which are glued together along a the exceptional cycle
of four lines as depicted in Figure 1.

We may assume that all components of By = A +- - -+ A pass through x.
By Lemma 2.5 all corrresponding automorphisms preserve the local branches
at x and thus By is contained in the union of the componentst = 1 = x3 =0
and ¢t = 92 = x4 = 0. When we only look at one irreducible component the
A; meet transversely at x; all branches get separated after the blow-up and
the strict transform A intersect the double locus transversely; on the central
component () we get several parallel lines. o

Denoting by )y the central fibre of )V we see that the pair (M, B) is slc
and thus by inversion of adjunction (), B+ Yp) is lc as required. In order to
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Ficurg 1. Stable reduction at a degenerate cusp where 2
components of By meet.

to take the relative canonical model over A we have to see on which curves in
Yo the log-canonical divisor Ky, + By is not positive or equivalently we can

look at the normalisation 5)6 — 5)0 and test the curves against the divisor
Kjig + V*Bo + D where D is the double locus.

Using that Ky, + By was ample we only need to look at the extra curves
obtained in the blow-up: the curves on the new component ) and on each
of the 4 components of )y one exceptional curve coming from the blow up
of a smooth point.

Neglecting the boundary for a moment let £’ be any component of the
exceptional cycle of lines. Then by computing on any component of Vj we
see that Kffo trivial on E’. So we see that E’ will not be contrated on the
log-canonical model if and only if the boundary divisor By intersects £’ non-
trivially. Thus when going to the canonical model, the central components
Q will be contracted in one direction to a P! (see Figure 1).

The result in the more general case where the surface C has A,, singularities
can be obtained in a similar manner — the outcome is the same.

A posteriori we get the following description of the central fibre:

Proposition 2.6 — Let (Vy, B)iea= be a family as in 2.8 Then the stable
reduction (Yo, Bo) of this family can be obtained by the following recipe:

o Let Cy be the stable degeneration of Cp in My(H), v : Co — Co the
normalisation and P C Cy the double points.

o Let D =Cyx PUP xCy be the double locus of the product Cy x Cqy
and B = Z¢e$ Mgy C Co X Cy be the degeneration of By.

e On each component of the normalisation Co % Co blow up the points
where D = (v x v)*D meets the strict transform of Bj.

o To obtain Yy glue everything together along the strict transform of D
together with the exceptional curves, By is then the strict transform
of Bj,.

In short, each degenerate cusp that lies on By, is replaces by a P! containing
two singularities of local type {x1023 = 0} C A3,

The local situation is schematically shown in Figure 2.

2.3. The structure of the degeneration. The results of the last subsec-
tion allow us to describe the degenerations of very simple Galois Kodaira
fibrations quite explicitly.
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FIGURE 2. Stable reduction via the normalisation at a de-
generate cusp where two components of By meet.

Theorem 2.7 — The moduli space ﬁKF is a unton of irreducible compo-
nents of .

. . . . auKF
If Xo is a slc surface corresponding to a point in M~ \ MEE then

(i) There exists a stable curve Cy and two compact compler surfaces
Yo, Zo fitting in a commutative diagram

Xo Yo

P,k

ZOHCOXCO

such that:

o The surface Yy has slc singularities and w is proper and bira-
tional. The exceptional locus E of 7 is a disjoint union of P!
all of which map to degenerate cusp points in Cy x Cy. The map
Y is a ramified covering. B

o The surface Zy does not have slc singularities and the map ¥
s o ramified covering. The map T is proper and birational and
contracts the pullback of the exceptional divisor of m.

(i) If n denotes the number of irreducible component of Cy then Xo
has at least n? irreducible components. The normalisation of X is
a union of smooth surfaces, each of which is a (possibly) ramified
cover of a product of smooth curves blown up in a finite number of
points.

(#i) The singular points of Xo are locally isomorphic to one of the fol-
lowing 8 models:

e normal crossing in codimension 1,

e a degenerate cusp SpecClx1, ..., x3]/(z12223),

o a degenerate cusp Spec Clxy, ..., x4]/(z122, T324).

In particular Xg is a local complete intersection and hence Goren-
stein.
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Proof. The surface Xg is in the boundary of MXF so can be obtained as
the limit of a family of smooth very simple Galois Kodaira fibrations {t :
X; — Cp X Ci}enr with covering group G. We set C to be the limit of Cy
in the moduli space of stable curves. Then by Lemma 2.2 Y := X/G is the
stable reduction of the family of log surfaces (C; x Cy, By) where By is the
branch divisor of v¢; with appropriate multiplicities; Yy has been explicitly
described in Proposition 2.6 and this description implies the first part of (i).

Denoting the complement of the degenerate cusp points in Cy x Cy with U
the G-cover 1 induces a G-cover over U. Then [AP09, Lemma 3.2] implies
that we can complete this to a G-cover 1/; 1 Zyg — Cp x Cy. By Lemma
2.1 and Lemma 2.4 Zy cannot have slc singularities since the ramification
divisor necessarily passes through at least one node. The map 7 is given by
the contraction of ¥*FE, the pullback of the exceptional divisor of 7.

Now we prove (ii). By Proposition 2.6 components of the branch divisor
on Yy do not come together in the limit, are smooth when restricted to a
component of the normalisation, and do not pass through the degenerate
cusps. Therefore also the ramified coverings of the components of the nor-
malisations are smooth and the number of irreducible components of X is
at least as big as for Cy x Cp, hence at least n?.

For (7i) we only have to note that ¢ is étale near the degenerate cusps of
Yo, that have been described in Proposition 2.6. The ramification meeting
the normal crossing locus does not introduce more singularities; again we
glue smooth components along a smooth curve. O

Remark 2.8 — By definition a very simple Galois Kodaira fibration is in
particular a surface fibred over a curve and our description shows that this
remains true in the limit. The composition Xo — Cy x Cy — Cj realises
Xo as a fibration over a stable curve with fibres also stable curves. The
combinatorial type of the fibres, e.g., the number of irreducible components,
remains constant on the connected components of Cp \ Sing(Cpy) but can
change when we pass through a node.

3. DEFORMATIONS AND THE LOCAL STRUCTURE OF THE MODULI SPACE

The germ of the moduli space of surfaces of general type at a point [S] is
a quotient of the versal deformation space Defg by Aut(S) (which may not
act faithfully). Unfortunately the latter is very difficult to control so we will
only be able to obtain information on Defg in some cases. As a warm-up we
will first consider the case of smooth double étale Kodaira fibrations before
moving on to the stable degenerations.

3.1. Deformations of S € MXF. We start in a slightly more general set-
ting. Let ¢ : X — Y be a finite, surjective map of degree d between smooth
surfaces, B C Y the branch divisor of ¥ and R C X the ramification divisor.
We assume that both R and B are smooth. Our goal is to obtain informa-
tion about the deformations of X comparing them to the deformations of
the map 1 and these in turn to deformations of Y and the pair (Y, B).

As usual we denote the tangent (resp. obstruction) space to the defor-
mation functor with T! (resp. T?). The infinitesimal automorphisms are
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denoted by T°. For example, the infinitesimal deformations of X are clas-
sified by T} = Ext} (Qx,0x) = H'(X,Tx) and the obstructions lie in
T% = H?*(X,7x). The main tool will be an exact sequence (see [Ran89])
where all relevant deformation spaces occur:
(1) 0—T) — Tk ®TY — Ext)(Qy,0x) > Ty —» Tx @ Ty

— Ext}p(Q%/, Ox) — T%p - T3 oT? — Exti(ﬂ%/, Ox) — 0.
The groups Exti(Q%/,OX) can be computed as the limit of two spectral

sequences with Fa-term Ext?(L9*Q)., Ox) or Ext? (03, R1%,Ox) and since
the map v is flat and finite we have equalities

Ext},(Q5, Ox) = Ext{, (U, . 0x) = H¥ (Y, Ty @ ,0x)
= Ext, (v 0y, Ox).

The first characterisation can be used to compare deformations of X and
deformations of ¢: the push-forward of the structure sheaf of X is locally
free of rank d on Y and using the trace map we can split it as a direct sum

the trivial summand corresponding to functions on X which are pullback of
functions on Y.

Lemma 3.1 — If
(3) Exti (Qy, Q) =0 fori=0,1

then T% =T%, T%b =TL and T?p — T%, thus Def,, — Defy is étale and
every deformation of X 1is induced by a deformation of the map .

Proof. The decomposition (2) induces a decomposition
Ext?, (0}, Ox) = H(Y,Ty) @ Ext{,(Qy, Q) = T} & H' (Y, Q@ Ty)
that combined with (1) yields an exact sequence
4 0-T) ->Tx - H(Y, Ty ®Q) - Ty > Tx - H' (Y, Ty ® Q)
—>T12p —T% - HX(Y, Ty ® Q) — 0.

By assumption the fourth and the seventh term in the sequence vanish yield-
ing immediately the claimed relationship between T:b and T%. The state-
ment on deformations then follows from [FM98, Lemma 6.1]. O

In order to compare further with deformations of ¥ we have to use the
second characterisation of Extfb(Q%/, Ox). The sheaf of relative differentials
Qx/y, defined via the exact sequence

() 0= ¢*Qy — Qx — Qxyy — 0,

is supported on the ramification divisor R. We want to apply the functor
Homy (—,Ox) to this sequence.
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Lemma 3.2 — Let R = R+ - -+ R, be a decomposition of R into irreducible
components and let d; > 2 be the ramification order along R;. Then
r d;
Ext) (Qx/yv,Ox) = D EP H/ ™' (R;, Or, (kRy)).
=1 k=2
In addition, there is a natural incluston

H'7Y(B,0p(B)) — Eth((QX/Yv Ox)

which in the case where 1 is induced by the action of a group G identifies
HI7Y(B,0p(B)) with G-invariant elements in H' =Y (R, Or(¢*B)).

Proof. The first claim is local along each component of R (recall that we
assumed R to be smooth) so that we may assume that R is irreducible and
that ¢ : X — Y is cyclic of degree d, ramified along R. Let p be a point
in R and let (x1,x2) be local coordinates centred at p such that locally
R = {x1 = 0} and ¢(z1,72) = (2¢, 22). Thus in a neighbourhood U around
p the inclusion ¥*Qi — Q% in (5) becomes
(’)Ud(x‘lj) @ Opdre — Opdxy & Opdrs.
In the second variable, i.e., in the cotangent direction along R, this is an
isomorphism. In the first variable we get the structure sheaf of O(4_1)g (since
d(z%) = 297 dx) tensored with the conormal bundle J\/’E/X = Ogr(—R). As
an Og-module O;_1)g is generated by powers 1, 1, z3 ... ,$¢11—2 of the local
equation of R, which are also local generators of Or(—kR). Thus
d—1

Qx/y = D Or(-kR).
k=1

To compute the Ext-groups we will use Grothendieck duality for the closed
embedding R — X and thus need the relative dualising sheaf

wr/x = Or(KR) @ Ox(=Kx)|p = (Ox(Kx + R) ® Ox(=KXx)) | = Or(R).
Then

Ext% (Qx/y, Ox) = Ext}, ' (Qx/v, wr/x)
-1

= Ext}; (D Or(~kR), Or(R))
k=1

d
= H'"Y(R, P Or(kR)).
k=2

For the second assertion note that ¥*B = dR and thus ¢*Op(B) =
ORr(dR). Taking cohomology and using the above result we get

ExtX (Qx/v, Ox) D H (R, Op(dR)) = H'(B, 44" Op(B))
= H’(B,0p(B) @ ¢,OR) > H' (B, Op(B))

where in the last step we used the trace map to split off a trivial summand
from 1.ORg; this corresponds to splitting off the part that is invariant under
the monodromy action which proves the last assertion. O
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Proposition 3.3 — Let V/ := Extj;l(QX/y,OX)/Hj(B,OB(B)). There
is a natural exact sequence

(6) 0—T) —Tlyp — V' =Ty —Tlyp =V =TTl —0
which compares deformations of 1 and deformations of the pair (Y, B).

Proof. Both the sequence (1) and the long exact sequence obtained by apply-
ing Hom(—, Ox) to (5) feature the spaces Ext;, and T%. Comparing them,
a simple diagram chase allows to construct a third long exact sequence

(7) 0— T, — TV — Extx(Qx/y,0x) - T), = T}
— Extg((QX/y, Ox) — T?/} — T2 — 0.
Using instead of a direct sum decomposition the short exact sequence
0 — H’(B,0p(B)) — Exty ' (Qx/y,0x) — VI =0
we can relate (7) to the deformations sequence of the pair (Y, B)
(8) 0— Tz — Ty — H(Y,0p(B)) — Tlyp — Ty
— H'(Y,0p(B)) — T{y 5 — Ty — 0.

obtaining the claimed sequence (6). O

Let us now apply the above to very simple Kodaira fibrations.

Theorem 3.4 — Let ¢p : X — Y = C x C be a very simple Kodaira
fibration, S C Aut(C) such that the branch divisor B =) sT's. Let H be
the subgroup of Aut(C) generated by S. Assume further condition (3) holds.
Then Defx = Def ¢ gy is smooth of dimension dim H'(C, To)H and the
germ of the moduli space at X (MELX | [X)) is reduced with only finite quotient
singularities.
In particular this holds if ¥ is a cyclic covering.

Remark 3.5 — For sake of simplicity we stated the Theorem only for very
simple Kodaira fibrations but with the necessary change of notation it holds
for standard Kodaira fibrations as well. It would be nice if we could improve
Theorem 1.7 so far as to say that the My is isomorphic to Mgy (H) as a
scheme but we do not have sufficient control over the automorphism group
of a (standard) Kodaira fibration.

Note that Kodaira fibrations behave quite differently from other ramified
cover constructions, say ramified covers of P2 or P! x P!, In the latter cases
all deformations are induced from deformations of the branch locus in a
fixed ambient space, while in our case the branch divisor is rigid in ¥ and
all deformations of X necessarily induce deformations of Y.

Proof. We have nearly everything in place. The assumptions of Lemma 3.1
are satisfied and thus we can replace be by T% in sequence (6). Since B is
composed of the graphs of the automorphisms in & and these generate the
group H we can also replace T€Y7 B) by T%a H):

For Kodaira fibrations V? = Extk (Qy/y,Ox)/H%(B,0p(B)) = 0: let
R; be a component of the ramification divisor mapping to B;. Calculating
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intersection numbers we see that R? = dB? = d(2 — 2¢(B;)) < 0 and thus
for all k& > 0 the degree of Or(kR) is negative on every component of R. In
particular, none of these line bundles has global sections and by Lemma 3.2
Ext) (Qx/y,Ox) =0, thus V? = 0.

The remaining part of the sequence (6) is

0— Tﬁ( — T%C,H) -V T_2X — T%C,H) — 0

and we see that T injects into T%QH).

By [Tuf93] we know that Def (¢ ) is smooth of dimension dim H'(C, To)H
and the discussion in Section 6 of [CR09| shows that every deformation of
(C,H) (or equivalently (Y, B)) induces a deformation of X. Thus we have
T}X = T%c, ") all infinitesimal deformations are unobstructed and Defx is

smooth of dimension dim H'(C, 7).

Locally the moduli space My is obtained as a quotient of Defx by a
subgroup of Aut(X). The latter is finite since X is of general type and thus
My has only finite quotient singularities.

That cyclic coverings satisfy (3) is the content of the next Lemma. O

Lemma 3.6 — If ¢ : X — Y as in Theorem 3.4 is a cyclic covering, then
(3) holds.

Proof. The tangent bundle of Y = C' x C is a direct sum of line bundles
Ty = priZc @ pryTc. If ¢ is cyclic of degree d then ¢.Ox = EB?Z_OI L~ for
some line bundle L such that L¢ = Oy (B), so Q = @?:1 @f;ll L7'® pr;Zc
and we can treat each of these line bundles separately. A simple calculation of
intersection numbers using the Nakai-Moishezon criterion shows that all line
bundles L @ pr;{lc are ample for 1 < < d — 1 and by Kodaira vanishing
their inverses do not have cohomology in degree 0 and 1. Thus the same
holds for their direct sum and (3) holds in this case. O

We believe that condition (3) holds in many more cases but have no con-
venient vanishing result to prove this. For example, Q has been proved to
be negative when restricted to curves in Y (see [KP08|) but even if we could
show that Q" ® priQ¢ is ample this would not yet imply our condition (3).

3.2. Deformations of the degenerations. We can study the deformations
of a stable degeneration X in the boundary e \ MEF much in the same
way as in the smooth case above but several additional difficulties arise.
We will need the explict description from Theorem 2.7 and some additional
notation: there is a diagram

X
iw

B sy’ >p
CXC<jO—)BO

where
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C is a stable curve,
By = J,; T4, is a (not necessarily disjoint) union of graphs of auto-
morphisms of C,
B is the proper transform of By and each connected component of
B is isomorphic to C,

e 7 is a birational map with exceptional divisor F = |J, E; and E; =

P!,

e ¢ is a ramified covering with Galois group G.
We denote by v : Y — Y the normalisation, by D the double locus of Y and
by D its pullback by v. Each component of D is a normal crossing divisor
and its singularities map to the degenerate cusps of Y.

Note that, since everything is a local complete intersection we still have

T = Ext'(Qx, Ox) and likewise for Y and C x C.

3.2.1. Comparing deformations of X and deformations of the pair (Y, B).
Let Q and V* be defined as in Section 3.1.

Proposition 3.7 — If Ext!(Qy, Q) = 0 for i = 0,1 then we have an ezact
sequence

0— Tﬁ( — T%Y,B) -V Tg( — T?Y,B) — 0.
The required vanishing holds if the cover ¥ is cyclic.

This can be proved along the same lines as Theorem 3.4 checking that all
steps go through in the necessary generality. Both B and the ramification
divisor are Cartier divisors, and where they meet the singular locus they
locally look like V(z) C SpecClz,y, z]/(x,y). A local computation shows
that the conclusion of Lemma 3.2 still holds.

Since B is a Cartier divisor in Y and €y has no torsion along B we
also have the standard exact sequence (8) for deformations of pairs [Has99,
Proposition 3.1| and also Proposition 3.3 generalises to this setting.

It remains to check the vanishings VO = 0, and Ext‘(Qy, Q) = 0 for
1 = 0,1 for cyclic coverings. This can be done componentwise on the nor-
malisation.

3.2.2. Comparing deformations of the pairs (Y, B) and (C'xC, By). We start
with some local computations:

Lemma 3.8 — With7:Y — C x C as above we have
(i) 7Oy = Ocxc and Rim,Oy =0 for ¢ > 0.
(i) The sequence

(9) 0 — 7 Qoxe — Qv — Qy/oxe — 0
is eract, Qyjcxc Z 1l and LI7*Qcwec =0 for ¢ > 0.

Proof. Both parts can be proved locally: let A = C[zy,. .., z4]/(x122, T324),
V =Spec A and U = V (za1 — yx3, 224 — yx2) C P}, We get a diagram

U—— A% x P!

-

Ve— At
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The first part of (i) holds because C' x C' is Cohen-Macaulay, in particular
S2. For g > 1 note that, V being affine, Rim,.Oy is the sheaf associated to
the A-module HY(U, Oy ), which sits in an exact sequence

0= HYA* x P!, Opaypr) — HY(U, Op) — HTTHAY x P Ty).

Since A% x P! can be covered by 2 affine patches the Cech-complex for Zgy
has length 2 and thus H91(A* x P!, Zy;) = 0 for ¢ > 1. So HY(U,Oy) = 0
for ¢ > 1 and (%) follows.

The proof of (i) is a straightforward local computation: the sequence
0 — Iy /TE = OFF 5 Qualy,
Taking the pullback with 7 and restricting to the affine subset where (for
example) y # 0 one only needs to check that 7*n is injective, its cokernel
injects in Qp and Qp/coker(m*n) = Qr-1(q). O

— Oy — 0 is a locally free resolution of Q.

Lemma 3.9 — If L is a line bundle on'Y then
EXt%’(QY/CXCU L) = Hi_l(Ev T*L)
Proof. The inclusion r : E < Y factors over the normalisation v : YV — Y

by choosing for each component of E one of its preimages in the normalisa-
tion, we write r = v o r’. Then by relative duality both for v and r’

ExtQ(Qy/cXc, L) = Ext} (r.Qp, L) = Ext} (v, Qp, L)
= Extl (r.Qp, v* L@ w,) = Extl. (r.Qp(D),v*L)
= Extl(Qp(D),r* L@ w.) = Ext; ' (Qe(D — E),7*L)
=H " YE,Op(E~D-Kg)®r*L) = H Y(E,r*L)).

O

Proposition 3.10 — All infinitesimal deformations of the pair (Y, B) in-
duce non-trivial deformations of C' x C and thus of the pair (C' x C, By).

Proof. By Lemma 3.8 (i) the spectral sequence
Ext?(Q&y o, RIm.Oy) = ExtET(Qoy e, Oy)

degenerates and Ext! (Qcxc, Oy) = Extgxc(QCXo, OCXq) = TiCXc. Plug-
ging this in the sequence (1) we get isomorphisms T: = T}, for all .
By Lemma 3.8 (74) the spectral sequence

Extp(Lqﬁ*Qlc«XC, Oy) = Eth—i_q(chc, Oy)

degenerates as well and we get a long exact sequence as in (7) for the map
m. Using the isomorphism T} = T5 there is a diagram with exact rows and
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columns
Exty (Qy/cxc, Oy)
\L \
0—— T%Y,B) T H'(B,0p(B))
T%cw,Bo) Texo

We claim that the map ¢ is injective. Assuming this, every infinitesimal
deformation of the pair (Y, B) induces a non-trivial deformation of C' x C
and, by composition with 7 a deformation of (C x C, By).

The map d can be factored § = o « in the diagram

Exty (Qy/cxc, Oy) Extl (Qy, Oy)

3 |

Extly(QY/Cxc,j*OB) — Exti(Qy, 5.0B) ExtL(5*Qy, Op)

|

. 8
Exth(*r.Qp, Op) ExtL(Op(—B),0p)

The vanishing of the higher derived pullbacks L?j*Qy and Lij*r,Qp for
i > 1, needed to make adjunction work, can easily be checked in the local
model.

The kernel of « is a quotient of

EXt%/(QY/Cxcv Oy (—B)) = H(E,Og(-B)) = 0(Lemma 3.9)

S0 « is injective.
Now we analyse (§: let D = Zﬂ be the Weil-divisor of nodes on B,
v : B — B the normalisation and D = v*D. Note that Op(—B) is ample
on B. '
Then j*r.Qp = Op and  arises by applying Extz(—, Op) to the exact
sequence
0—1Ip ®OB(—B) — OB(—B) — Op — 0.
By Serre duality this Ext-sequence is the dual of the long exact sequence in
cohomology associated to
0—Zp®wp(—B) - wp(—B) — Op —0
and the map ( is injective if and only if
8" : H°(B,wp(—B)) — H°(Op)

is surjective if and only if H'(B,Zp ® wg(—B)) = 0 because H'(B,wp(—B))
vanishes.
Local computations at one node yield 2 exact sequences

0 — Ip ®wp(—B) — v (Ip ©wp(—B)) — 0 — 0,
0—Op = v (Ip®@wp(—B)) = Ipv'wp(-B) — 0.
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Since HY(B,0p) = 0 = HY(B,v*wp(-B)) = H*(B,03(-D) @ v*Op(B))"
we also have H'(B,v*(Zp ® wp(—B))) = 0.
Combining both sequences to a diagram with exact row and column

H°(B,v*(Ip ®wp(—B))) ——= H°(B,08?) —— HY(B,Tp ®wp(—B)) —= 0

we see that the composition 7 is an isomorphism, thus -y is surjective and
HY(B,Zp ®wp(—B)) = 0. Therefore 3 and hence § are injective which
concludes the proof. O

We can finally prove the main result of this section where we use the same
notation as above.

Theorem 3.11 — Let M be a connected component of MEY and M its
closure in the moduli space of stable surfaces. If for all degenerations X in
N\ N we have Ext'(Qy, Q) = 0 for i = 0,1 then N is a connected and
wrreducible component of the moduli space of stable surfaces.

Proof. Combining Proposition 3.7 and Proposition 3.10 we see that for
every degeneration X we get T}( — T};XQBO = T%C H)- By our previous

study of degenerations this implies T}( = T%C H) and all deformations of

X are in fact degenerations of smooth Kodaira fibrations as described in
Theorem 2.7. 0

Since cyclic coverings satisfy the assumptions of the theorem we get

Corollary 3.12 — If ¢ : X — C x C is a smooth very simple Kodaira

fibration such that ¥ is a cyclic covering then My is a irreducible and
connected component of the moduli space of stable surfaces.

Remark 3.13 — The vanishing conditions we require are not strictly neces-
sary for our result. But if we relax them it might well happen that either
there are infinitesimal deformations of X that do not give rise to infinitesimal
deformations of ¥ or that some infinitesimal deformation of both X and
is obstructed for ¥ but not for X. Does such behaviour actually occur for
double Kodaira fibrations or their degenerations?
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