
TOPOLOGICAL TRIANGULATED CATEGORIES

STEFAN SCHWEDE

Many triangulated categories arise from chain complexes in an additive or abelian category
by passing to chain homotopy classes or inverting quasi-isomorphisms. Such examples are called
‘algebraic’ because they have underlying additive categories. Stable homotopy theory produces
examples of triangulated categories by quite different means, and in this context the underlying
categories are usually very ‘non-additive’ before passing to homotopy classes of morphisms. We
call such triangulated categories topological, and formalize this in Definition 1.4 via homotopy
categories of stable cofibration categories.

The purpose of this paper is to explain some systematic differences between algebraic and
topological triangulated categories. There are certain properties – defined entirely in terms of
the triangulated structure – which hold in all algebraic examples, but which can fail in general.
The precise statements use the n-order of a triangulated category, for n a natural number (see
Definition 2.1). The n-order is a non-negative integer (or infinity), and it measures, roughly
speaking, ‘how strongly’ the relation n · Y/n = 0 holds for the objects Y in a given triangulated
category (where Y/n denotes a cone of multiplication by n on Y ). Our main results are:

• The n-order of every algebraic triangulated category is infinite (Theorem 3.3).
• For every prime p, the p-order of every topological triangulated category is at least p−1

(Theorem 8.2).
• For every prime p, the p-order of the p-local stable homotopy category is exactly p − 1

(Corollary 8.3).

In particular, the p-local stable homotopy category is not algebraic for any prime p; this is
folklore for p = 2, but seems to be a new result for odd primes p.

One of the technical innovations in this paper is the use of ∆-sets for studying cofibration
categories. We develop certain foundations about enrichments of cofibration categories by ∆-sets
that seem to be new – and hopefully of independent interest. In particular we generalize the
theory of ‘framings’ (or ‘cosimplicial resolutions’) from model categories to cofibration categories.
Theorem 6.10 shows that the category of frames (certain homotopically constant co-∆-objects)
in any cofibration category is again a cofibration category, and that the homotopy category
does not change when passing to frames. Theorem 6.17 shows that the category of frames in a
saturated cofibration category is always a ∆-cofibration category (compare Definition 6.15), the
analog of simplicial model category in this context. In summary, one could say that ∆-sets are
to cofibration categories what simplicial sets are to model categories.

Here is a summary of the contents of this paper by sections. In Section 1 we introduce topo-
logical triangulated categories as the homotopy categories of stable cofibration categories and
discuss some basic properties. Section 2 is devoted to the concept of n-order of triangulated
categories; we show that the existence of a ‘mod-n reduction’ for a triangulated category im-
plies infinite n-order and apply this to the derived categories of certain structured ring spectra.
Section 3 discusses algebraic triangulated categories; we show that every algebraic triangulated
category is in particular topological and has infinite n-order. Section 4 contains the proof that
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for every prime p the p-order of the stable homotopy category is at most p − 1. In Section 5
we review basic properties of ∆-sets. Section 6 develops the theory of framings in cofibration
categories; this is needed later to make sense of an action of the category of finite ∆-sets on a
cofibration category. Section 7 introduces and studies coherent actions of mod-n Moore spaces
(i.e., ∆-sets) on objects in pointed cofibration categories. In Section 8 we prove that the p-order
of every topological triangulated category is at least p − 1. Appendix A recalls the basic facts
about the homotopy category of a cofibration category and gives a self-contained proof that the
homotopy category of a stable cofibration category is triangulated.

Some results of this paper were announced in the survey article [Sch10]; that paper con-
tains more motivation and background, and can serve as a complement for the present article.
In [Sch10], we based the definition of topological triangulated categories on Quillen model cate-
gories. Here, however, we use the more general concept of cofibration categories, so the results
here are somewhat more general than announced in [Sch10].

1. Topological triangulated categories

The way we implement the notion of ‘topological enhancement’ of triangulated categories is to
use cofibration categories. This notion was first introduced and studied (in the dual formulation)
by Brown [Bro] under the name ‘categories of fibrant objects’. Closely related sets of axioms
have been explored by various authors, compare Remark 1.3.

Definition 1.1. A cofibration category is a category C equipped with two classes of morphisms,
called cofibrations respectively weak equivalences, that satisfy the following axioms (C1)–(C4).

(C1) All isomorphisms are cofibrations and weak equivalences. Cofibrations are stable under
composition. The category C has an initial object and every morphism from an initial
object is a cofibration.

(C2) Given two composable morphisms f and g in C, then if two of the three morphisms f, g
and gf are weak equivalences, so is the third.

(C3) Given a cofibration i : A −→ B and any morphism f : A −→ C, there exists a pushout
square

(1.2)

A
f //

i

��

C

j

��
B // P

in C and the morphism j is a cofibration. If additionally i is a weak equivalence, then
so is j.

(C4) Every morphism in C can be factored as the composite of a cofibration followed by a
weak equivalence.

An acyclic cofibration is a morphism that is both a cofibration and a weak equivalence. We
note that in a cofibration category a coproduct B ∨ C of any two objects in C exists by (C3)
with A an initial object, and the canonical morphisms from B and C to B ∨C are cofibrations.

A property that we will frequently use is the gluing lemma. This starts with a commutative
diagram

A

∼
��

B
ioo //

∼
��

C

∼
��

A′ B′
i′

oo // C ′
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in a cofibration category C such that i and i′ are cofibrations and all three vertical morphisms
are weak equivalences. The gluing lemma says that then the induced morphism on pushouts
A ∪B C −→ A′ ∪B′ C ′ is a weak equivalence. A proof of the gluing lemma can be found in
Lemma 1.4.1 (1) of [RB].

The homotopy category of a cofibration category is a localization at the class of weak equiv-
alences, i.e., a functor γ : C −→ Ho(C) that takes all weak equivalences to isomorphisms and
is initial among such functors. The homotopy category always exists if one is willing to pass
to a larger universe. To get a locally small homotopy category (i.e., have ‘small hom-sets’),
additional assumptions are necessary; one possibility is to assume that C has ‘enough fibrant
objects’, compare Remark A.2. We recall some basic facts about the homotopy category of a
cofibration category in Theorem A.1

Remark 1.3. The above notion of cofibration category is due to K. S. Brown [Bro]. More pre-
cisely, Brown introduced ‘categories of fibrant objects’, and the axioms (C1)–(C4) are equivalent
to the dual of the axioms (A)–(E) of Part I.1 in [Bro]. The concept of a cofibration category is
a substantial generalization of Quillen’s notion of a ‘closed model category’ [Q]: from a Quillen
model category one obtains a cofibration category by restricting to the full subcategory of cofi-
brant objects and forgetting the class of fibrations.

Cofibration categories are closely related to ‘categories with cofibrations and weak equiva-
lences’ in the sense of Waldhausen [Wa]. In fact, a category with cofibrations and weak equiv-
alences that also satisfies the saturation axiom [Wa, 1.2] and the cylinder axiom [Wa, 1.6] is
in particular a cofibration category as in Definition 1.1. Further relevant references on closely
related axiomatic frameworks are Baues’ monograph [Ba] and Cisinski’s article [Ci]. Radulescu-
Banu’s extensive paper [RB] is the most comprehensive source for basic results on cofibration
categories and, among other things, contains a survey of the different kinds of cofibration cate-
gories and their relationships.

A cofibration category is pointed if every initial object is also terminal, hence a zero object,
which we denote by ∗. In a pointed cofibration category, the factorization axiom (C4) provides
a cone for every object A, i.e., a cofibration iA : A −→ CA whose target is weakly equivalent to
the zero object. The suspension ΣA of A is the quotient of the ‘cone inclusion’, i.e., a pushout:

A
iA //

��

CA

��
∗ // ΣA

We recall in Proposition A.4 that there is a preferred way to make the suspension construction
into functor Σ : Ho(C) −→ Ho(C) on the level homotopy categories. In other words: on the
level of cofibrations categories the cone, and hence the suspension, constitute a choice, but any
set of choices becomes functorial upon passage to the homotopy category. Moreover, different
choices of cones lead to canonically isomorphic suspension functors, compare Remark A.16.

Every cofibration j : A −→ B in a pointed cofibration category C gives rise to a preferred
and natural connecting morphism δ(j) : B/A −→ ΣA in Ho(C), see (A.10). The elementary
distinguished triangle associated to the cofibration j is the triangle

A
γ(j)−−−−→ B

γ(q)−−−−→ B/A
δ(j)−−−−→ ΣA ,

where q : B −→ B/A is a quotient morphism. A distinguished triangle is any triangle in the
homotopy category that is isomorphic to the elementary distinguished triangle of a cofibration.

A pointed cofibration category is stable if the suspension functor Σ : Ho(C) −→ Ho(C)
is an autoequivalence. We recall in Theorem A.12 that the suspension functor and the class
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of distinguished triangles make the homotopy category Ho(C) of a stable cofibration category
into a triangulated category. We call the class of triangulated categories arising in this way
the ‘topological triangulated categories’. The adjective ‘topological’ does not mean that the
category or its hom-sets are topologized; rather, ‘topological’ is supposed to indicate that these
examples are constructed by topological methods, or that they have models in the spirit of
abstract homotopy theory.

Definition 1.4. A triangulated category is topological if it is equivalent, as a triangulated
category, to the homotopy category of a stable cofibration category.

Now we prove a basic closure property of topological triangulated categories.

Proposition 1.5. Every full triangulated subcategory of a topological triangulated category is
topological.

Proof. Let C be a stable cofibration category and T a full triangulated subcategory of Ho(C).
We let C̄ denote the full subcategory of C consisting of those objects that are isomorphic in Ho(C)
to an object in T . We claim that C̄ becomes a stable cofibration category when we restrict the
classes of cofibrations and weak equivalences from C to C̄.

Indeed, axioms (C1) and (C2) are directly inherited from C. Concerning axiom (C3) we
observe that a pushout square (1.2) in C in which i : A −→ B is a cofibration gives rise to two
elementary distinguished triangles

A
γ(i)−−−−→ B −−−→ B/A

δ(i)−−−→ ΣA and C
γ(j)−−−−→ P −−−→ P/C

δ(j)−−−−→ ΣC

in Ho(C). So if A and B belong to C̄, then so does the quotient B/A. If moreover C belongs
to C̄, then so does the pushout P (since B/A and P/C are isomorphic). Hence the square (1.2)
is in fact a pushout in the subcategory C̄, so (C3) holds in C̄. Since C̄ is closed under weak
equivalences, a factorization as in axiom (C4) in the ambient category C is also a factorization
in C̄, so C̄ inherits property (C4).

As we just saw, the inclusion C̄ −→ C preserves the particular pushouts required by (C3),
so it is an exact functor. Moreover, the functor Ho(C̄) −→ Ho(C) induced by the inclusion is
fully faithful (use parts (i) and (ii) of Theorem A.1). Since the inclusion is exact, this induced
functor is also exact (by Proposition A.15) and hence an embedding of triangulated categories
whose image is the original triangulated subcategory T of Ho(C). �

Examples of topological triangulated categories abound. An important example is the stable
homotopy category of algebraic topology which, to my knowledge, was first published in the form
it is used today by Kan [Ka]. When Kan’s paper appeared 1962, neither model categories nor
cofibration categories had been formalized, but it is straightforward to deduce from the results
therein that Kan’s ‘semisimplicial spectra’ form a stable cofibration category. Later Brown
showed in [Bro, II, Theorem 5] that the semisimplicial spectra even support a model category
structure. By now there is an abundance of models for the stable homotopy category, see for
example [BF, EKMM, HSS, MMSS]. The Spanier-Whitehead category [SW], which predates
the stable homotopy category, can be obtained from finite based CW-complexes by formally
inverting the suspension functor; it is equivalent to the full subcategory of compact objects in
the stable homotopy category, so it is a topological triangulated category in our sense.

Further examples of topological triangulated categories are the homotopy categories of stable
model categories, including the ‘derived’ (i.e., homotopy) categories of structured ring spectra
or spectral categories, equivariant and motivic stable homotopy categories, sheaves of spectra
on a Grothendieck site or (Bousfield-)localizations of the above; a more detailed list of specific
references can be found in [SS, Sec. 2.3]. In Section 3 we will discuss the class of algebraic
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triangulated categories and observe that every algebraic triangulated category is in particular
topological.

Triangulated categories that are not topological do not come up as frequently; in fact the
author’s point of view is precisely that topological triangulated categories are the ones that
come up ‘in nature’, and other examples have to be ‘manufactured by hand’. The simplest
example of a triangulated category that is not topological (and hence also not algebraic) is the
following, due to Muro. The category F(Z/4) of finitely generated free modules over the ring
Z/4 has a unique triangulation with the identity shift functor and such that the triangle

Z/4 2−−→ Z/4 2−−→ Z/4 2−−→ Z/4

is distinguished. For details we refer to [MSS], where Muro, Strickland and the author discuss
an entire family of ‘exotic’ (i.e., non-topological) triangulated categories that includes F(Z/4)
as the simplest case. I do not know any non-topological triangulated category in which 2 is
invertible.

2. Order

As we explain in the next section, every algebraic triangulated category is topological. The
aim of this paper is to measure to what extent the converse fails. A prominent example of a
non-algebraic, but topological triangulated category is the stable homotopy category; the simple
argument to see that, based on the mod-2 Moore spectrum, breaks down as soon as 2 is inverted,
for example for the localization of the stable homotopy category at an odd prime. So for a deeper
understanding of this phenomenon we need different tools. We now discuss our main concept, the
notion of n-order of an object X in a triangulated category, which first appeared in the expository
paper [Sch10]. As a slogan, the n-order measures ‘how strongly’ the relation n ·X = 0 holds.

For an object K of a triangulated category T and a natural number n we write n · K for
the n-fold multiple of the identity morphism in the abelian group of endomorphisms in T . We
let K/n denote any cone of n ·K, i.e., an object which is part of a distinguished triangle

K
n·−−→ K

π−−→ K/n −−→ ΣK .

In the following definition, an extension of a morphism f : K −→ X is any morphism f̄ :
K/n −→ X satisfying f̄π = f .

Definition 2.1. We consider a triangulated category T , an object X of T and a natural number
n ≥ 1. We define the n-order of X inductively.

• Every object has n-order greater or equal to 0.
• For k ≥ 1, the object X has n-order greater or equal to k if and only if for every object
K of T and every morphism f : K −→ X there exists an extension f̄ : K/n −→ X such
that some (hence any) cone of f̄ has n-order greater or equal to k − 1.

The n-order of the triangulated category T is the n-order of some (hence any) zero object.

Some comments about the definition are in order. Since a cone is only well-defined up to non-
canonical isomorphism, we should justify that in the inductive definition it makes no difference
whether we ask for the condition for some or for any cone of the extension f̄ . This follows
from the observation (which is most easily proved by induction on k) that the property ‘having
n-order greater or equal to k’ is invariant under isomorphism.

We write n -ord(X) for the n-order of X, i.e., the largest k (possibly infinite) such that X has
n-order greater or equal to k. If we need to specify the ambient triangulated category, we use
the notation n -ordT (X). We denote by n -ord(T ) the n-order of the triangulated category T .

We record some direct consequences of the definition.



6 STEFAN SCHWEDE

• The n-order for objects is invariant under isomorphism and shift.
• An object X has positive n-order if and only if every morphism f : K −→ X has an

extension to K/n, which is equivalent to n · f = 0. So n -ord(X) ≥ 1 is equivalent to the
condition n ·X = 0.

• The n-order of a triangulated category is one larger than the minimum of the n-orders
of all objects of the form K/n.

• Let S ⊆ T be a full triangulated subcategory and X an object of S. Then we have
n -ordS(X) ≥ n -ordT (X). In the special case of a zero object we get n -ord(S) ≥
n -ord(T ).

• Suppose that T is a Z[1/n]-linear triangulated category, i.e., multiplication by n is an
isomorphism for every object of T . Then K/n is trivial for every object K and thus T
has infinite n-order. If on the other hand X is non-trivial, then n -ord(X) = 0.

• If every object of T has positive n-order, then n ·X = 0 for all objects X and so T is a
Z/n-linear triangulated category. Suppose conversely that T is a Z/n-linear triangulated
category. Then induction on k shows that n -ord(X) ≥ k for all objects X, and thus
every object has infinite n-order.

As an example of the typical kind of reasoning, we give the details for the fourth item. We
let X be an object of the full triangulated subcategory S of T and show by induction on k
that if n -ordT (X) ≥ k, then also n -ordS(X) ≥ k. There is nothing to show for k = 0, so we
may assume k ≥ 1. We consider any object K of S and morphism f : K −→ X. We choose a
distinguished triangle for n ·K in S, which then serves the same purpose in the larger category
T . For any extension f̄ : K/n −→ X (in S or, what is the same, in T ) any mapping cone

C(f̄) in S is also a mapping cone in T , and so n -ordT (C(f̄)) ≥ k − 1 since n -ordT (X) ≥ k.

By the inductive hypothesis, n -ordS(C(f̄)) ≥ k − 1, which shows that the n-order of X in the
subcategory S is at least k.

The last two items above show that the concept of n-order is not interesting for triangulated
categories which are linear over some field. Indeed, if k is a field and T a k-linear triangulated
category, then the number n is either invertible or zero in k, and hence T is either Z[1/n]-linear
or Z/n-linear. In either case, the n-order of T is infinite.

Remark 2.2. We can define the co-order of X in a way dual to the order. An object X has
n-co-order at least k if for every morphism g : X −→ ΣK there is a lifting ḡ : X −→ K/n such
that some (hence any) cone of ḡ has n-co-order at least k − 1. Then X has positive n-co-order
if and only n ·X = 0, so the n-co-order is another way to measure ‘to what extent’ an object X
is annihilated by n.

The notion of co-order is, however, a special case of order. In fact, for any triangulated
category T , the opposite category T op is triangulated by exchanging the role of the shift and its
inverse, and by keeping the exact triangles, but now viewed in the opposite category. Then the
n-co-order of X in T is nothing but the n-order of X in the opposite category.

If the triangulated category T admits a ‘duality’, i.e., an exact equivalence D : T −→ T op to
its opposite category, then we can compare order and co-order as

n -ordT (X) = n -ordT
op

(DX) = n-co-ordT (DX) .

If moreover X is self-dual, i.e., isomorphic to some shift of DX, then the n-order and n-co-order
of X coincide.

Now we prove a sufficient criterion, the existence of a ‘mod-n reduction’, so that a triangulated
category has infinite n-order. This criterion will be used twice below, namely in Proposition 2.6
to show that the homotopy categories of certain structured ring spectra have infinite n-order,
and in the next section to show that every algebraic triangulated category has infinite n-order.
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Definition 2.3. Let T be a triangulated category and n a natural number. A mod-n reduction
of T consists of a triangulated category T /n and an exact functor ρ∗ : T −→ T /n that has a
right adjoint ρ∗ and such that for every object X of T there exists a distinguished triangle

(2.4) X
n·−−→ X

ηX−−−→ ρ∗(ρ∗X) −−→ ΣX

where ηX is the unit of the adjunction.

Note that in the definition of a mod-n reduction, we do not require that the category T /n
is Z/n-linear. However, we always have n · (ρ∗Z) = 0 for all objects Z of T /n. Indeed, for
X = ρ∗Z the adjunction unit ηρ∗Z : ρ∗Z −→ ρ∗(ρ∗(ρ

∗Z)) has a left inverse ρ∗(εZ), where
εZ : ρ∗(ρ

∗Z) −→ Z is the adjunction counit. The distinguished triangle (2.4) thus splits for
X = ρ∗Z, and so we have n · (ρ∗Z) = 0 in T .

Proposition 2.5. Let T be a triangulated category and n ≥ 1. If T has a mod-n reduction, then
for every object X of T the object X/n has infinite n-order. Thus the triangulated category T
has infinite n-order.

Proof. We let (T /n, ρ∗) be a mod-n reduction and ρ∗ a right adjoint of ρ∗. Since X/n is
isomorphic to ρ∗(ρ∗X), it is enough to show that for every object Z of T /n and all k ≥ 0, the
T -object ρ∗Z has n-order greater or equal to k.

We proceed by induction on k; for k = 0 there is nothing to prove. Suppose we have already
shown that every ρ∗Z has n-order greater or equal to k−1 for some positive k. Given a morphism

f : K −→ ρ∗Z in T we form its adjoint f̂ : ρ∗K −→ Z in T /n; if we apply ρ∗ we obtain an

extension ρ∗(f̂) : ρ∗(ρ∗K) −→ ρ∗Z of f . We choose a cone of f̂ , i.e., a distinguished triangle

ρ∗K
f̂−−→ Z −→ C(f̂) −→ Σ(ρ∗K)

in T /n. Since ρ∗ is exact, ρ∗C(f̂) is a cone of the extension ρ∗(f̂) in T . By induction, ρ∗C(f̂)
has n-order greater or equal to k−1, which proves that ρ∗Z has n-order greater or equal to k. �

Now we give examples of topological triangulated categories that have mod-n reductions, and
thus infinite n-order. The examples which follow are derived categories (or homotopy categories)
of structured ring spectra; for some of these examples I do not know whether they are algebraic
or not.

For definiteness, we work with symmetric ring spectra [HSS], but the following arguments
would work just as well for structured ring spectra in any one of the modern model categories
of spectra with compatible smash product. A symmetric ring spectrum R has a stable model
category of left R-module spectra [HSS, Cor. 5.4.2]. We denote by D(R) the homotopy category
of R-module spectra and refer to it as the derived category of R; this is a topological triangulated
category. For example, for the Eilenberg-Mac Lane ring spectrum HA of an ordinary ring A,
the derived category D(HA) is triangulated equivalent to the unbounded derived category of
complexes of A-modules (see [SS, App. B.1]). If R = S is the sphere spectrum, then D(S) is the
homotopy category of symmetric spectra, hence equivalent to the stable homotopy category.

I owe the following proposition to Tyler Lawson.

Proposition 2.6. Let R be a commutative symmetric ring spectrum and n ≥ 1. Suppose that
there exists an R-algebra spectrum B that is a cone of n · R in the following sense: there is a
distinguished triangle

(2.7) R
n·−−→ R

η−−→ B −−→ ΣR

in the derived category D(R) of R-module spectra, where η : R −→ B is the unit morphism of
the R-algebra structure. Then for every R-algebra spectrum A the derived category D(A) has a
mod-n reduction and thus infinite n-order.
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Proof. We can replace B by a stably equivalent R-algebra that is cofibrant in the stable model
structure of R-algebras of [HSS, Cor. 5.4.3]; this way we can arrange that B is cofibrant as an
R-module (again by [HSS, Cor. 5.4.3]).

The smash product A∧RB over R is another R-algebra spectrum equipped with a homomor-
phism f = A∧ η : A ∼= A∧RR −→ A∧RB of R-algebras. Then f gives rise to a Quillen adjoint
functor pair between the associated stable model categories of A-modules and (A∧RB)-modules:
the right adjoint f∗ is ‘restriction of scalars’ and the left adjoint f∗ = B ∧R − is ‘extension of
scalars’. This Quillen functor pair descends to a pair of adjoint total derived functors on the
level of triangulated homotopy categories

D(A)
ρ∗=L(f∗) // D(A ∧R B) .
ρ∗=R(f∗)

oo

We claim that this data is a mod-n reduction for D(A). The only missing property is that
for every A-module M the object ρ∗(ρ∗M) models M/n. For this we can assume without loss
of generality that the A-module M is cofibrant. Since R is central in A, we can view the left
A-module M as an A-R-bimodule; the functor

M ∧R − : R -mod −→ A -mod

is a left Quillen functor, and so descends to an exact left derived functor of triangulated categories

M ∧LR − : D(R) −→ D(A) .

Hence we obtain a distinguished triangle

(2.8) M
n·−−→M

M∧L
Rη−−−−−→M ∧LR B −−→ ΣM

in D(A) by smashing the triangle (2.7) over R with M and using the unit isomorphism between
M ∧LR R and M .

Since B is cofibrant as an R-module, the derived smash product M ∧LR B is represented by
the pointset level smash product M ∧RB which is isomorphic, as a left A-module, to f∗(f∗M) =
(A∧RB)∧AM . So ρ∗(ρ∗M) is isomorphic in D(A) to M ∧LRB in such a way that the adjunction
unit corresponds to the morphism M ∧LR η : M −→M ∧LRB. So the triangle (2.8) completes the
proof that (D(A ∧R B), ρ∗) is a mod-n reduction of D(A). �

Example 2.9. The hypothesis in Proposition 2.6 on the commutative symmetric ring spec-
trum R can be paraphrased by saying that the R-module spectrum R/n (or rather, some R-
module spectrum of this homotopy type) can be given the structure of an R-algebra spectrum.
A theorem of Angeltveit [An, Cor. 3.2] gives a sufficient condition for this in terms of the graded
ring π∗R of homotopy groups of R: if π∗R is n-torsion free and concentrated in even dimensions,
then R/n admits an A∞ structure compatible with the R-module structure; equivalently, there
is an R-algebra spectrum whose underlying R-module has the homotopy type of R/n.

Some prominent examples of commutative ring spectra that satisfy Angeltveit’s criterion are
the complex cobordism spectrum MU , the complex topological K-theory spectrum KU and the
Lubin-Tate spectra E(k,Γ) for a formal group law Γ of finite height over a perfect field k. So
Proposition 2.6 implies that for every algebra spectrum A over any of these commutative ring
spectra, the derived category D(A) has infinite n-order for every n ≥ 1.

3. Algebraic triangulated categories

An important class of triangulated categories are the algebraic triangulated categories, those
triangulated categories that admit a ‘differential graded model’. In this section we review al-
gebraic triangulated categories and explain why all algebraic triangulated categories are also
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topological, see Proposition 3.2. Our main new result is then Theorem 3.3, the existence of
mod-n reductions for algebraic triangulated categories; by Proposition 2.5 above, this implies
that algebraic triangulated categories have infinite n-order.

The earliest formalization of differential graded models for triangulated categories seems to
be the notion of enhanced triangulated category of Bondal and Kapranov [BK, §3]. We deviate
from the standard conventions in two minor points. First, we grade complexes homologically (as
opposed to cohomologically), i.e., differentials decrease the degree by 1; this is more in tune with
grading conventions in topology. Second, we use covariant representable functors (as opposed to
contravariant representable functors), which amounts to the passage to opposite dg categories.

A differential graded category, or simply dg category, is a category B enriched in chain com-
plexes of abelian groups. So a dg category consists of a class of objects, a chain complex B(X,Y )
of morphisms for every pair of objects, and composition morphisms of chain complexes

· : B(Y, Z)⊗ B(X,Y ) −→ B(X,Z)

for every triple of objects. The composition morphisms have to be associative and have to admit
two-sided unit elements 1X ∈ B(X,X)0 for all objects X, satisfying d(1X) = 0.

A B-module is a covariant dg functor from B to chain complexes of abelian groups. In more
detail, a B-module M assigns to each object Z of B a chain complex M(Z) and to each pair of
objects a morphism of chain complexes

· : B(Y, Z)⊗M(Y ) −→ M(Z) .

This data is required to be associative with respect to the composition in B and the unit cycles
have to act as identities. A B-module M is representable if there exists a pair (Y, u) consisting
of an object Y of B and a universal 0-cycle u ∈ M(Y )0 such that for every object Z of B the
evaluation morphism

B(Y, Z) −→ M(Z) , ϕ 7−→ ϕ · u
is an isomorphism of chain complexes.

A dg category B is pretriangulated if it has a zero object and the following two closure prop-
erties:

(a) (Closure under shifts) For an object X of a dg category B and an integer n we define the
B-module B(X,−)[n] on objects by(

B(X,Z)[n]
)
n+k

= B(X,Z)k

with differential and action of morphisms by

d(f [n]) = (−1)n · (df)[n] respectively ϕ · (ψ[n]) = (−1)n|ϕ| · (ϕψ)[n] .

Here we use the notation f [n] when we consider an element f ∈ B(X,Z)k as an element of(
B(X,Z)[n]

)
n+k

. Then for every object X of B and every integer n, the B-module B(X,−)[n]

is representable.
(b) (Closure under cones) Given a closed morphism f : X −→ Y (i.e., a 0-cycle in B(X,Y )) we

consider the B-module M defined on objects by

M(Z)k = B(Y,Z)k ⊕ B(X,Z)k+1

with differential and action of morphisms by

d(a, b) = (d(a), af − d(b)) respectively ϕ · (a, b) = (ϕa, (−1)|ϕ| · ϕb) .

Then the B-module M is representable.
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Underlying any dg category B is a preadditive ‘cycle category’ Z(B) with the same ob-
jects as B, but with morphisms given by the 0-cycles in the morphism chain complexes, i.e.,
Z(B)(X,Y ) = ker(d : B(X,Y )0 −→ B(X,Y )−1). The homology category H(B) (also called
the ‘homotopy category’) is a quotient of the cycle category; it also has the same objects
as B, but has as morphism sets the 0-th homology groups of the homomorphism complexes,
H(B)(X,Y ) = H0(B(X,Y )).

If a dg category B is pretriangulated, then the homology category H(B) can be canonically
triangulated, as we recall now. A shift of an object X is any object X[1] that represents the
module B(X,−)[−1]. Choices of shifts for all objects of B assemble canonically into an invertible
shift functor X 7→ X[1] on B. The shift functor on H(B) is induced by this shift functor on B.
The distinguished triangles arise from mapping cone sequences in B. Given a closed morphism
f : X −→ Y we let Cf be mapping cone of f , i.e., a representing object for the module in (b)
above. The cone comes with a universal 0-cycle

(i, u) ∈ B(Y,Cf)0 ⊕ B(X,Cf)1 = M(Cf)0 ;

the cycle condition means that d(i) = 0 and d(u) = if . We let p ∈ B(Cf,X)−1 be the element
characterized by

p · (i, u) = (0, 1X) ∈ B(Y,X)−1 ⊕ B(X,X)0 = M(X)−1 .

Since (0, 1X) is a cycle, so is p, which is thus represented by a closed morphism p̄ : Cf −→ X[1].
By definition, a triangle in Ho(B) is distinguished if it is isomorphic to the image of a triangle
of the form

X
f−−→ Y

i−−→ Cf
p̄−−→ X[1]

for some closed morphism f in B. A proof that this really makes H(B) into a triangulated
category can be found in [BK, §3, Prop. 2]. Alternatively, one can obtain the triangulation by
combining Proposition 3.2 about the stable cofibration structure on Z(B) with Theorem A.12. A
triangulated category is algebraic if it is equivalent, as a triangulated category, to the homology
category of some pretriangulated dg category.

Algebraic triangulated categories can be introduced in at least two other, equivalent, ways.
One way is as the full triangulated subcategories of homotopy categories of additive categories,
compare Example 3.1 below. Another way is as the stable categories of exact Frobenius cat-
egories. For the equivalence of these three approaches, and for more details, background and
references, we refer to [BK], Keller’s ICM article [Ke06] or the paper [Kr] by Krause.

Now we define the structure of a cofibration category on the cycle category Z(B) of a pretri-
angulated dg category B. A closed morphism is a weak equivalence if it becomes an isomorphism
in H(B). A closed morphism i : A −→ B is a cofibration if for every object Z of B the induced
chain morphism B(i, Z) is surjective and the kernel B-module

Z 7−→ ker
[
B(i, Z) : B(B,Z) −→ B(A,Z)

]
is representable.

We note that if (C, u) represents the kernel module of B(i,−), then the universal 0-cycle is a
closed morphism u : B −→ C such that for every object Z of B the sequence of cycle groups

0 −→ Z(B)(C,Z)
u∗−−−→ Z(B)(B,Z)

i∗−−→ Z(B)(A,Z)

is exact (but the map i∗ need not be surjective). This means that u : B −→ C is in particular a
cokernel of i : A −→ B in the category Z(B).

Example 3.1. Many examples of pretriangulated dg categories arise from additive categories
as follows. We let A be an additive category and denote by C(A) the category of Z-graded
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chain complexes of objects in A, with morphisms the chain maps of homogeneous degree 0. This
category has a natural dg enrichment: for two chain complexes X and Y the chain complex
C(A)(X,Y ) of morphisms is given by

C(A)(X,Y )n =
∏
k∈Z
A(Xk, Yk+n) ,

the abelian group of graded morphisms of homogeneous degree n. The differential in this complex
is given on f ∈ C(A)(X,Y )n by

df = dY ◦ f − (−1)nf ◦ dX
and the composition morphisms are given by composition.

In this example, the cycle category Z(C(A)) is simply the category C(A), and the homology
category H(C(A)) is the homotopy category K(A) of complexes modulo chain homotopy. The
weak equivalences specialize to the class of chain homotopy equivalences, and the cofibrations
are those chain maps that are dimensionwise split monomorphisms.

An object of a cofibration category C is fibrant if every acyclic cofibration out of it has a
retraction. Fibrant objects are useful because, for example, every morphism in Ho(C) into a
fibrant object can be represented by a C-morphism. For more about fibrant objects we refer to
Remark A.2.

Proposition 3.2. Let B be a pretriangulated dg category. Then the cofibrations and weak
equivalences make the cycle category Z(B) into a stable cofibration category in which every
object is fibrant. Moreover, the homotopy category Ho(Z(B)) is equivalent, as a triangulated
category, to the homology category H(B). In particular, every algebraic triangulated category is
a topological triangulated category.

Proof. A proof can be combined from the following two results in the literature: by [Ke99,
Sec. 2.1] the cycle category Z(B) has a preferred structure of Frobenius category, and by [Ci,
Prop. 4.19] every Frobenius category admits a preferred structure of stable cofibration category.
However, it took the author some effort to combine the arguments from these two references into
a complete proof; so for the convenience of the reader, we give an independent and self-contained
account here.

As a first step we show that every pretriangulated dg category B is ‘closed under extensions’
in the following sense. Given objects X and Y of B, a B-module M and a short exact sequence
of B-modules

0 −→ B(X,−)
j−−→ M

p−−→ B(Y,−) −→ 0 ,

then M is representable. To see this we let g ∈ M(Y )0 be a chain with pY (g) = 1Y . Then
pY (d(g)) = d(pY (g)) = d(1Y ) = 0, so there is a unique f ∈ B(X,Y )−1 with jY (f) = d(g). Then
jY (d(f)) = d(jY (f)) = d(d(g)) = 0, so also d(f) = 0. We define a B-module N on an object Z
in dimension k by

N(Z)k = B(Y,Z)k ⊕ B(X,Z)k ;

the differential and action of B-morphisms are given by

d(a, b) = (d(a), (−1)kaf + d(b)) respectively ϕ · (a, b) = (ϕa, ϕb) .

This functor is representable: if X[−1] is a negative shift of X, i.e., it represents B(X,−)[1],
then f corresponds to a closed morphism f̄ : X[−1] −→ Y , and any mapping cone of this closed
morphism represents N .

The maps

Φ(Z) : N(Z) −→ M(Z) , (a, b) 7−→ a · g + jZ(b)
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constitute a morphism of B-modules and make the diagram

0 // B(X,−)
(0
1) // N

Φ

��

(1,0) // B(Y,−) // 0

0 // B(X,−)
j

// M p
// B(Y,−) // 0

commute; since both rows are short exact sequences, Φ is a natural isomorphism. Altogether
this shows that M is representable (by any mapping cone of f̄ : X[−1] −→ Y ).

Now we prove the axioms of a cofibration category. Clearly, all isomorphisms are cofibrations
and weak equivalences, and every morphism out of a zero object is a cofibration. If i and j are
two composable cofibrations, then for every object Z of B the chain map B(ji, Z) is surjective
since B(j, Z) and B(i, Z) are surjective. Moreover, the sequence of B-modules

0 −→ ker[B(j,−)]
incl−−−→ ker[B(ji,−)]

B(j,−)−−−−−→ ker[B(i,−)] −→ 0

is exact. The sub and quotient modules are representable by hypothesis; since B is closed under
extensions, the kernel B-module of B(ji,−) is also representable. Hence ji is again a cofibration,
and we have proved axiom (C1). The 2-out-of-3 property (C2) for weak equivalences holds since
isomorphisms in H(B) have the 2-out-of-3 property.

In axiom (C3) we are given a cofibration i : A −→ B and a closed morphism f : A −→ C.
We define a B-module M as the pullback of the diagram of represented modules

B(B,−)
B(i,−)−−−−→ B(A,−)

B(f,−)←−−−− B(C,−) .

Since B(i,−) is objectwise surjective, so is the projection M −→ B(C,−); moreover, for every
object Z the sequence of B-modules

0 −→ ker[B(i,−)]
ϕ7→(ϕ,0)−−−−−→ M

proj−−−−→ B(C,−) −→ 0

is exact. The module ker[B(i,−)] is representable by hypothesis, so M is representable. We
let P be a representing object for M and

(g, j) ∈ M(P )0 = pullback
[
B(B,P )0

B(i,P )0−−−−−→ B(A,P )0
B(f,P )0←−−−−− B(C,P )0

]
a universal 0-cycle. Then g : B −→ P and j : C −→ P are closed morphisms satisfying gi = jf ,
i.e., the square on the left

A
f //

i

��

C

j

��

Z(B)(P,Z)
j∗ //

g∗

��

Z(B)(C,Z)

f∗

��
B g

// P Z(B)(B,Z)
i∗

// Z(B)(A,Z)

commutes. Moreover, the fact that P represents the pullback functor implies that for every
object Z of B the square of cycle groups on the right is a pullback. This is precisely the universal
property of a pushout in the cycle category Z(B); so the left square above is a pushout.

We already argued that the projection M −→ B(C,−), and hence the morphism B(j,−) :
B(P,−) −→ B(C,−), is objectwise surjective; the kernel module of B(j,−) is isomorphic,
via B(g,−), to the kernel B-module of B(i,−) : B(B,−) −→ B(A,−). So the kernel module
of B(j,−) is representable, and j is a cofibration.

Now we assume that the cofibration i is also a weak equivalence. Then for every object Z
of B, the chain morphism B(i, Z) : B(B,Z) −→ B(A,Z) is not only surjective, but also a chain
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homotopy equivalence. So the kernel of B(i, Z), and hence also the isomorphic kernel of the
epimorphism B(j, Z) : B(P,Z) −→ B(C,Z), is contractible. Hence the morphism B(j, Z) is a
chain homotopy equivalence; in particular, the map H(j, Z) : H(P,Z) −→ H(C,Z) is bijective
for all objects Z. Thus the morphism j is an isomorphism in H(B), and so j is a weak equivalence.
This proves axiom (C3).

For the factorization axiom (C4) we construct mapping cylinders in B. Given a closed mor-
phism f : X −→ Y , we denote by Zf a mapping cone of the morphism

(
1X

−f
)

: X −→ X ⊕Y (we

use that B has sums by axiom (C3) with A a zero object). Then by definition, Zf represents
the B-module given in dimension k by

Z 7→ B(X,Z)k ⊕ B(Y,Z)k ⊕ B(X,Z)k+1 , d(a, a′, b) = (d(a), d(a′), a− a′f − d(b)) ,

and with action of morphisms by

ϕ · (a, a′, b) = (ϕa, ϕa′, (−1)|ϕ| · ϕb) .

We let

(i, j, u) ∈ B(X,Zf)0 ⊕ B(Y,Zf)0 ⊕ B(X,Zf)1

be a universal 0-cycle. The cycle condition means that d(i) = 0, d(j) = 0 and d(u) = i− jf . We
let q ∈ B(Zf, Y )0 be the element characterized by

q · (i, j, u) = (f, 1Y , 0) ∈ B(X,Y )0 ⊕ B(Y, Y )0 ⊕ B(X,Y )1 .

Since (f, 1Y , 0) is a cycle, so is q. So q : Zf −→ Y is a closed morphism and qi = f is
a factorization of the original morphism f : X −→ Y in Z(B). The chain map B(i, Z) :
B(Zf,Z) −→ B(X,Z) is isomorphic to the projection onto a summand, hence surjective. The
kernel B-module of the surjection B(i,−) is an extension of B(X,−)[−1] and B(Y,−), and hence
representable. So the morphism i : X −→ Zf is a cofibration.

We let s ∈ B(Zf,Zf)1 satisfy s · (i, j, u) = (u, 0, 0). The relation

d(s) · (i, j, u) = d(s · (i, j, u)) = d(u, 0, 0) = (i− jf, 0, u) = (1Zf − jq) · (i, j, u)

shows that d(s) = 1Zf − jq in B(Zf,Zf)0. Together with qj = 1Y this shows that j : Y −→ Zf
is inverse to q : Zf −→ Y in H(B), and hence q is a weak equivalence. This concludes the
verification of axiom (C4), and hence the proof that Z(B) is a cofibration category.

In order to show that all objects are fibrant we have to show that every acyclic cofibration
i : A −→ B in Z(B) has a retraction. Since i is a cofibration and a weak equivalence, the
chain morphism B(i, A) : B(B,A) −→ B(A,A) is a surjective chain homotopy equivalence. So
the kernel of B(i, A) is contractible. We let r ∈ B(B,A)0 be any 0-chain such that ri = 1A.
Then d(r) is a cycle in the contractible kernel complex ker[B(i, A)]. So there is an element
u ∈ ker[B(i, A)]0 with d(u) = d(r). The element r − u ∈ B(B,A)0 is then a closed morphism
satisfying (r − u)i = 1A, i.e., it is the desired retraction.

Now we show that the projection γ : Z(B) −→ H(B) is a localization at the class of weak
equivalences. Since γ is the identity on objects and surjective on morphisms, this amounts to
showing that any functor from Z(B) that inverts weak equivalences takes the same value on
homologous morphisms. So we let F : Z(B) −→ D be any functor that takes weak equivalences
to isomorphisms, and we let f, g : X −→ Z be two closed morphisms with f − g = d(h) for some
h ∈ B(X,Z)1. We consider the mapping cylinder Z1X of the closed morphism 1X as in (C4)
above. The cycle

(f, g, h) ∈ B(X,Z)0 ⊕ B(X,Z)0 ⊕ B(X,Z)1

is represented by a closed morphism H : Z1X −→ Z that satisfies Hi = f and Hj = g. By
hypothesis, the functor F takes the weak equivalence q : Z1X −→ X to an isomorphism in D;
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because qi = 1X = qj, the functor F satisfies F (i) = F (j). This shows that

F (f) = F (H) ◦ F (i) = F (H) ◦ F (j) = F (g) ,

and concludes the proof that the homology category H(B) ‘is’ the homotopy category of the
cofibration structure.

It remains to compare the triangulation from the dg structure with the triangulation from
the cofibration structure (see Appendix A). For an object X of B we define an object CX as
the mapping cylinder, as in the proof of (C4) above, of the unique morphism X −→ 0 to a zero
object. By the above, the morphism i : X −→ CX is a cofibration and CX is weakly contractible;
hence we have obtained a cone of X in the sense of cofibration categories. The shift X[1] is a
cokernel of i : X −→ CX; so the shift functor is a functorial lift of the suspension functor
in Ho(Z(B)) = H(B). Since the shift functor is invertible (already in Z(B)), the suspension
functor of Ho(Z(B)) is invertible and the cofibration structure is stable.

Finally, we let f : A −→ B be a cofibration, q : B −→ B/A a cokernel and Cf a mapping
cone of f . Then the diagram

A
γ(f) // B

γ(i) // Cf

∼= γ(0∪q)
��

γ(p) // A[1]

A
γ(f)

// B
γ(q)

// B/A
δ(f)

// A[1]

commutes in H(B). The upper triangle is a prototypical distinguished triangle in H(B) arising
from the dg structure, and the lower triangle is distinguished in the triangulation from the
cofibration structure. So every ‘distinguished dg triangle’ is also a ‘distinguished cofibration
triangle’, and hence the two classes of distinguished triangles coincide. �

The passage from pretriangulated dg categories to stable cofibration categories described in
Proposition 3.2 respects the structure preserving functors. More precisely, we let F : B −→ B′
be a dg functor between pretriangulated dg categories. Then one can show that the restriction
Z(F ) : Z(B) −→ Z(B′) of F to the cycle categories is automatically exact (in the sense of
cofibration categories).

A well-known example of a topological triangulated category that is not algebraic is the stable
homotopy category. To see this, we exploit that for every object X of an algebraic triangulated
category the object X/n (a cone of multiplication by n on X) is annihilated by n; indeed, this
observation is a special case of the much more general Theorem 3.3 below, but it also has a
simple direct proof, see for example [Sch10, Prop. 1]. On the other hand, the mod-2 Moore
spectrum in the stable homotopy category is of the form S/2 for S the sphere spectrum, and
it is well-known that S/2 is not annihilated by 2. An account of the classical argument using
Steenrod operations can be found in [Sch10, Prop. 4].

We will now show that in algebraic triangulated categories the relation n ·X/n = 0 holds ‘in
a very strong sense’, i.e., the n-order of every object of the form X/n is infinite.

Theorem 3.3. Let T be an algebraic triangulated category and n ≥ 1. Then T has a mod-n
reduction and thus has infinite n-order.

Proof. We may suppose that T = H(B) is the homology category of a pretriangulated dg
category B. We consider the new dg category Z[e]⊗B where Z[e] is the dg category with a single
object whose endomorphism dg ring is the exterior algebra, over the integers, on a 1-dimensional
class e with differential d(e) = n. In more detail, the dg category Z[e]⊗B has the same objects
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as B, the morphism complexes are defined by

(Z[e]⊗ B)(X,Y ) = Z[e]⊗ B(X,Y ) ,

and composition is given by

(1⊗ ϕ + e⊗ ψ) · (1⊗ ϕ′ + e⊗ ψ′) = 1⊗ ϕϕ′ + e⊗ (ψϕ′ + (−1)|ϕ|ϕψ′) .

A dg functor J : B −→ Z[e] ⊗ B is given by J(X) = X on objects and by J(ϕ) = 1 ⊗ ϕ on
morphisms.

The new dg category Z[e]⊗ B is typically not closed under mapping cones, hence not pretri-
angulated. We form the pretriangulated envelope B/n = (Z[e]⊗ B)pre, see [BK, §1] (where the
objects are called twisted complexes), [Ke99, 2.2 (d)] (where this is called the exact envelope)
or [Ke06, 4.5] (where this is called the pretriangulated hull ). The envelope B/n contains Z[e]⊗B
as a full dg subcategory and the inclusion ι : Z[e] ⊗ B −→ B/n is an initial example of a dg
functor from Z[e]⊗B to a pretriangulated dg category. The composite morphism of dg categories

i = ι ◦ J : B −→ Z[e]⊗ B −→ (Z[e]⊗ B)pre = B/n

descends to an exact functor of triangulated homology categories

ρ∗ = H(i) : H(B) −→ H(B/n) .

We will show that (H(B/n), ρ∗) is a mod-n reduction.
We define a dg functor t : Z[e] ⊗ B −→ B that will eventually give rise to a right adjoint

to ρ∗. Given X in B we let t(X) be a mapping cone of the closed morphism n · 1X . So by
definition, t(X) represents the B-module given in dimension k by

Z 7→ B(X,Z)k ⊕ B(X,Z)k+1 , d(a, b) = (d(a), na− d(b)) .

The object t(X) comes with a universal 0-cycle

(ηX , gX) ∈ B(X, t(X))0 ⊕ B(X, t(X))1 .

The cycle condition means that d(ηX) = 0 and d(gX) = n · ηX . On morphism complexes we let

t : (Z[e]⊗ B)(X,Y ) = Z[e]⊗ B(X,Y ) −→ B(t(X), t(Y ))

be the unique chain map characterized by the relations

t(1⊗ ϕ + e⊗ ψ) · (ηX , gX) = (ηY ϕ+ gY ψ, gY ϕ) ∈ B(X, t(Y ))k ⊕ B(X, t(Y ))k+1

for all ϕ ∈ B(X,Y )k and ψ ∈ B(X,Y )k−1. Compatibility with units and composition is straight-
forward, so we have really defined a dg functor t : Z[e]⊗B −→ B. The universal property of the
pretriangulated envelope then provides a dg functor t′ : B/n −→ B that extends t. We let

ρ∗ = H(t′) : H(B/n) −→ H(B)

denote the induced exact functor on homology categories.
We will now make ρ∗ into a right adjoint of ρ∗. The relation t(1 ⊗ ϕ)ηX = ηY ϕ means that

the homology classes of the closed morphisms ηX : X −→ t(X) = (t′(i(X)) constitute a natural
transformation η : IdH(B) −→ H(t′i) = ρ∗ρ∗. We claim that η is the unit of an adjunction
between ρ∗ and ρ∗; so we need to show that the composite

(3.4) H(B/n)(ρ∗X, Z)
ρ∗−−−→ H(B)(ρ∗(ρ∗X), ρ∗Z)

H(B)(ηX ,ρ
∗Z)−−−−−−−−−→ H(B)(X, ρ∗Z)

is bijective for all X in B and all Z in B/n. In the special case when Z = ρ∗Y for some Y in B
we have ρ∗(ρ∗Y ) = t(Y ) and the composite (3.4) is the effect on H0 of the chain map

u : Z[e]⊗ B(X,Y ) = (B/n)(i(X), i(Y )) −→ B(X, t(Y ))
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given by

u(1⊗ ϕ + e⊗ ψ) = ηY ϕ + gY ψ .

We can describe the inverse of u explicitly, as follows. We let r ∈ B(t(X), X)0 and p ∈
B(t(X), X)−1 be the elements characterized by the relations

r · (ηX , gX) = (1X , 0) respectively p · (ηX , gX) = (0, 1X) .

Then (ηXr + gXp)(ηX , gX) = (ηX , gX), so we must have ηXr + gXp = 1t(X). We define

v : B(Y, t(X)) −→ (B/n)(i(Y ), i(X)) by v(a) = 1⊗ ra− e⊗ pa ,

and direct calculation shows that uv and vu are the identity maps. This shows that the map (3.4)
is bijective in the special case Z = ρ∗Y .

We consider the class of objects Z of H(B/n) such that the map (3.4) is bijective for all X
in H(B). Since ρ∗ and ρ∗ are exact functors, this class forms a triangulated subcategory
of H(B/n). Moreover, the class contains all objects of the form ρ∗Y , by the last paragraph.
The homology category H(B/n) of the pretriangulated envelope of Z[e] ⊗ B is generated, as a
triangulated category, by the objects of H(Z[e] ⊗ B), and these are precisely the objects of the
from ρ∗Y . So the map (3.4) is always bijective, and that shows that ρ∗ is right adjoint to ρ∗
with η as adjunction unit.

For all X in B, the object ρ∗(ρ∗X) = t(X) is a mapping cone of multiplication by n on X, by
construction. Moreover, the homology class of ηX : X −→ t(X) = ρ∗(ρ∗X) is the cone inclusion.
Since mapping cone sequences give rise to exact triangles in H(B), this proves the existence of
a distinguished triangle (2.4). �

Remark 3.5. The construction of the mod-n reduction T /n in Theorem 3.3 depends on the
choice of dg model for T , and not just on the triangulated category T . For a specific example
to illustrate this, we can take T as the category of F2-vector spaces, with identity shift functor
and the exact sequences as distinguished triangles. There are two well-known dg models, the dg
categories of acyclic complexes of projective modules over the rings F2[ε] respectively Z/4. We
remark without proof that the construction of Theorem 3.3 applied to these two dg categories
yields two mod-2 reductions that are not equivalent (even as categories).

Remark 3.6. I expect that rationally there is no difference whatsoever between algebraic and
topological triangulated categories. In other words: every topological triangulated category
whose morphism groups are uniquely divisible ought to be algebraic.

There are various pieces of evidence for this claim. On the one hand side, all invariants I
know to distinguish algebraic from topological triangulated categories vanish rationally. For
example, the n-order is rationally useless since Q-linear triangulated categories have infinite n-
order for all natural numbers n. Similarly, the action of the Spanier-Whitehead category of finite
CW-complexes on a topological triangulated category (that one can construct from the unstable
action of Remark 6.11) is no extra information for Q-linear triangulated categories since the
chain functor from the Spanier-Whitehead category to the bounded derived category of finitely
generated abelian groups is rationally an equivalence (both sides are in fact rationally equivalent
to the category of finite dimensional graded Q-vector spaces).

Moreover, under certain technical assumptions and cardinality restrictions, Q-linear topolog-
ical triangulated categories are known to be algebraic. More precisely, a theorem of Shipley [Sh,
Cor. 2.16] says that every Q-linear spectral model category (a stable model category enriched
over the stable model category of symmetric spectra) with a set of compact generators is Quillen
equivalent to dg modules over a certain differential graded Q-category.
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4. The order of Moore spectra

In the previous section we showed that every algebraic triangulated category has infinite n-
order for every number n. In this section we show that for every prime p the p-order of the stable
homotopy category of finite spectra is at most p − 1. This shows in particular that the stable
homotopy category is not algebraic. The stable homotopy category is a topological triangulated
category, and in Section 8 below we will show that every topological triangulated category has
p-order at least p− 1.

In this section we work in the homotopy category of so called ‘finite spectra’, i.e., the full
triangulated subcategory category SHc of compact objects in the stable homotopy category. This
category is equivalent to the Spanier-Whitehead category [SW], obtained from finite based CW-
complexes by formally inverting the suspension functor. We denote by S the sphere spectrum as
an object of the stable homotopy category. The mod-n Moore spectrum is a cone of multiplication
by n on the sphere spectrum, i.e., it is part of a distinguished triangle

(4.1) S n·−−→ S −→ S/n −→ ΣS .

Alternatively, S/n can be defined as a suitably desuspended suspension spectrum of a mod-n
Moore space. The mod-n Moore spectrum is characterized up to isomorphism in the category
SHc by the property that its integral spectrum homology is concentrated in dimension zero
where it is isomorphic to Z/n. For a prime p the mod-p cohomology of S/p is one-dimensional
in dimensions 0 and 1, and trivial otherwise, and the Bockstein operation is non-trivial from
dimension 0 to dimension 1.

The morphism 2 · S/2 is nonzero in the stable homotopy category, so the triangulated cat-
egory SHc and any triangulated category which contains it is not algebraic by Theorem 3.3.
However, for odd primes p we have p · S/p = 0 and we use the concept of p-order to show the
homotopy category of finite p-local spectra is not algebraic. We denote by SHc

(p) the category
of finite p-local spectra, i.e., the compact objects in the triangulated category of p-local spectra.
The finite p-local spectra are precisely the p-localizations of objects in SHc, but they are not in
general compact in the larger category SH (in other words, SHc

(p) is larger than the intersection

of SHc and SH(p)).

Theorem 4.2. Let p be a prime. Then the mod-p Moore spectrum S/p has p-order at most p−2
in the triangulated category SHc

(p) of finite p-local spectra. Hence the category SHc
(p) has p-order

at most p− 1, and is not algebraic.

The category SHc
(p) of finite p-local spectra is contained in the stable homotopy category SH.

Since the stable homotopy category is a topological triangulated category, its p-order and that
of any subcategory is at least p− 1 by Theorem 8.2. By Theorem 4.2 the p-order of SHc

(p), and
hence of every triangulated category which contains it, is at most p − 1. So we conclude that
any triangulated category which sits between SHc

(p) and SH has p-order exactly p− 1.

Proof. For p = 2 the theorem just rephrases the fact that 2 · S/2 6= 0. So we assume for
the rest of the proof that p is an odd prime. Readers familiar with the proof of the rigidity
theorem for the stable homotopy category will recognize the following arguments as a key step
in [Sch07, Thm. 3.1]. We will use mod-p cohomology operations and some knowledge about
stable homotopy groups of spheres. We adopt the standard abbreviation q = 2p− 2. Then the
Steenrod operation P i has degree iq. Below we will use the Adem relation

(4.3) P pP (j−1)p = j · P jp + P jp−1P 1

which holds for all positive j.
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We say that a finite p-local spectrum X satisfies condition (Ci) if its mod-p cohomology is
1-dimensional in dimensions jpq and jpq+1, connected by a Bockstein operation, for j = 0, . . . , i
and trivial in all other dimensions and the Steenrod operation P ip : H0(X,Fp) −→ Hipq(X,Fp)
is an isomorphism.

For the course of this proof we write

Si(p) = Σi S(p)

for the i-dimensional p-local sphere spectrum.

Step 1: Let X be a finite p-local spectrum which satisfies condition (Ci) for some i between 0
and p− 1. Then there exists a morphism

f : S(i+1)pq−1
(p) −→ X

which is detected by the operation P p, i.e., such that in the mod-p cohomology of any mapping
cone C(f) the operation P p : Hipq(C(f),Fp) −→ H(i+1)pq(C(f),Fp) is an isomorphism.

For the proof of this step we let X(n) denote a stable p-local n-skeleton of X. Since X/X(ipq−1)

has the mod-p cohomology of the suspended Moore spectrum ΣipqS/p, it is isomorphic to ΣipqS/p
in the stable homotopy category. Hence there exists a morphism

β̃1 : S(i+1)pq−1
(p) −→ X/X(ipq−1)

which is detected by P p, see for example page 60 of [To, §5] (the notation indicates that β̃1 can
be chosen so that the composite with the appropriate shift of the pinch map S/p −→ S1

(p) is the

class β1 that generates the p-component of the stable stem of dimension pq − 2). Now we claim

that β̃1 can be lifted to a morphism f : S(i+1)pq−1
(p) −→ X.

The obstruction to lifting β̃1 to X is the composite morphism

S(i+1)pq−1
(p)

β̃1−−−→ X/X(ipq−1) −→ ΣX(ipq−1) ,

where the second map is the connecting morphism. Since ΣX(ipq−1) has stable cells in dimensions
jpq+1 and jpq+2 for j = 0, . . . , i−1, the obstructions lie in the p-local stable stems of dimension
jpq − 3 and jpq − 2 for j = 2, . . . , i + 1; by serious calculations it is known that indeed for
j = 2, . . . , p, the p-components of the stable stems of dimension jpq − 3 and jpq − 2 are trivial.
We give detailed references for this calculation in the proof of Theorem 3.1 of [Sch07]. Since the

obstruction group vanishes, there exists a morphism f : S(i+1)pq−1
(p) −→ X as above.

Step 2: We show that there does not exist any finite p-local spectrum X which satisfies
condition (Cp−1). Suppose to the contrary that such an X exists. By Step 1 there is a morphism

f : Sp
2q−1

(p) −→ X which is detected by the operation P p, and we consider its mapping cone C(f).

Since X satisfies (Cp−1), the composite Steenrod operation

P pP (p−1)p : H0(C(f);Fp) −→ Hp2q(C(f);Fp)

is non-trivial. On the other hand, for i = p the Adem relation (4.3) becomes P pP (p−1)p =

P p
2−1P 1. Since the operation P 1 is trivial in the cohomology of C(f) for dimensional reasons,

we arrive at a contradiction, which means that there is no object X satisfying condition (Cp−1).

Step 3: We show by downward induction on i that an object X of the category SHc
(p) which

satisfies condition (Ci) has p-order at most p − i − 2. We start the induction with i = p − 1,
where the conclusion ‘X has p-order at most −1’ means that there does not exist such an X,
which was shown in Step 2.
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For the inductive step we assume known that for some i = 0, . . . , p − 2 every object which
satisfies condition (Ci+1) has p-order at most p − i − 3. Let X be an object which satisfies

condition (Ci). We consider a morphism f : S(i+1)pq−1
(p) −→ X that is detected by the opera-

tion P p, and which exists by Step 1. We claim that any mapping cone C(f̄) of any extension
f̄ : Σ(i+1)pq−1S/p −→ X satisfies condition (Ci+1), so it has p-order at most p − i − 3. This
proves that X has p-order at most p− i− 2.

Indeed, by attaching a copy of the suspended mod-p Moore spectrum Σ(i+1)pq−1S/p to X,
the mod-p cohomology increases by one copy of Fp in dimensions (i + 1)pq and (i + 1)pq + 1,
connected by a Bockstein operation, and it remains unchanged in all other dimensions. So the
mapping cone C(f̄) has its mod-p cohomology in the right dimensions. Since f is detected by P p,
the composite Steenrod operation

P pP ip : H0(C(f̄);Fp) −→ H(i+1)pq(C(f̄);Fp)

is an isomorphism. By the Adem relation (4.3) and since P 1 acts trivially for dimensional
reasons, P (i+1)p acts as a unit multiple of P pP ip, and thus as an isomorphism. This proves that
C(f̄) satisfies condition (Ci+1) and finishes Step 3.

Now we draw the final conclusion. The mod-p Moore spectrum S/p satisfies condition (C0),
so by Step 3 for i = 0 it has p-order at most p− 2. �

5. Review of ∆-sets

In this section we recall ∆-sets and review some of their properties. In the later sections we
will use actions of ∆-sets on cofibration categories to establish lower bounds for the p-order, p
any prime, in topological triangulated categories. A general reference for ∆-sets is the paper [RS]
by Rourke and Sanderson.

We let ∆ denote the category whose objects are the totally ordered sets [n] = {0 < 1 <
· · · < n} for n ≥ 0, and whose morphisms are the injective monotone maps. A ∆-set (sometimes
called a semisimplicial set or a presimplicial set) is a contravariant functor from the category ∆
to the category of sets; a morphism of ∆-sets is a natural transformation of functors. We write
Kn = K([n]) for the value of a ∆-set K : ∆op −→ (sets) and call the elements of this set the
n-simplices of K. For a morphism α : [m] −→ [n] in ∆ and an n-simplex x of K we write

xα = K(α)(x) ∈ Km

for the effect of the map induced by α. The functor property then becomes the relation (xα)β =
x(αβ). A ∆-set K is finite if the disjoint union of all the sets Kn is finite. Equivalently, K is
finite if each Kn is finite and almost all Kn are empty.

For 0 ≤ i ≤ n we denote by di : [n− 1] −→ [n] the unique morphism in ∆ whose image does
not contain i. A ∆-set can be defined by specifying the sets of simplices and the face maps, i.e.,
the effect of the morphisms di. These maps have to satisfy the relations

xdjdi = xdidj−1 for all i < j.

We will often specify the faces of an n-simplex x in a compact way by writing

∂x = (xd0, xd1, . . . , xdn) .

The geometric realization of a ∆-set K is the topological space

(5.1) |K| =
⋃
n≥0

Kn ×∇n/ ∼ .
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Here ∇n is the topological n-simplex (the convex hull of the standard basis vectors in Rn+1),
and the equivalence relation is generated by

(xα, t) ∼ (x, α∗t)

for all x ∈ Km, t ∈ ∇n and α : [n] −→ [m], where α∗(t0, . . . , tn) = (s0, . . . , sm) with
si =

∑
α(j)=i tj . A morphism of ∆-sets is a weak equivalence if it becomes a homotopy equiv-

alence after geometric realization. A ∆-set is weakly contractible if its geometric realization is
contractible. We emphasize that although the category of ∆-sets has useful notions of cofibra-
tions (the monomorphisms) and weak equivalences, ∆-sets do not form a cofibration category
because the factorization axiom (C4) fails.

Example 5.2. Important examples are the representable ∆-sets ∆[n] = ∆(−, [n]), for n ≥ 0.
For any ∆-set K, the Yoneda lemma says that evaluation at the unique n-simplex Id[n] of ∆[n]
is a natural bijection from the morphism set ∆-set(∆[n],K) to the set Kn of n-simplices of K.
The maps

∇n −→ |∆[n]| , t 7−→ [Id[n], t] and |∆[n]| −→ ∇n , [α, t] 7−→ α∗(t)

are mutually inverse homeomorphisms between the topological n-simplex and the geometric
realization of ∆[n].

Important sub-∆-sets of ∆[n] are the boundary ∂∆[n] = ∆[n]− {Id[n]} and the horns

Λi[n] = ∂∆[n]− {di} = ∆[n]− {Id[n], di}
for 0 ≤ i ≤ n. The geometric realization of ∂∆[n] maps homeomorphically onto the boundary
of the topological simplex ∇n; the geometric realization of Λi[n] maps homeomorphically onto
the i-horn of ∇n, i.e., the boundary with the interior of the i-th face removed.

Definition 5.3. Let K be a sub-∆-set of L. The inclusion K −→ L is an elementary expansion
of dimension n if there is an n-simplex e ∈ Ln − Kn and an i ∈ {0, . . . , n} such that L is the
disjoint union of K and {e, edi}, and edj ∈ K for all j 6= i.

Elementary expansions can be characterized as pushouts of horn inclusions: K −→ L is an
elementary expansion of dimension n if and only if there is a pushout

(5.4)

Λi[n] //

��

∆[n]

��
K // L

for some i ∈ {0, . . . , n}. The simplex e in the definition of elementary expansion is then the
image of the n-simplex of ∆[n].

Geometric realization has a right adjoint, so it commutes with pushouts. So if K −→ L is an
elementary expansion of dimension n, then the realization |L| is obtained from |K| by attaching
a topological simplex along a horn, so the inclusion |K| −→ |L| is a homotopy equivalence.
Hence every elementary expansion of ∆-sets is a weak equivalence.

Example 5.5. For a ∆-set K we denote by CK the cone of K, defined by (CK)0 = K0 q {∗}
and

(CK)n = Kn q {σx | x ∈ Kn−1} ,
for n ≥ 1. The face operators are determined by requiring that the inclusion of Kn as the first
summand of (CK)n makes K a sub-∆-set of CK, and by the formulas

(σx)di =

{
σ(xdi) for 0 ≤ i < n and

x for i = n,
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with the interpretation (σx)d1 = ∗ for x ∈ K0. For example, the unique morphism ∆[n+ 1] −→
C∆[n] is an isomorphism. The geometric realization |CK| is homeomorphic to the cone of |K|,
hence contractible. If K ′ is a sub-∆-set of K and K−K ′ consists of a single n-simplex x, then the
inclusion CK ′ −→ CK has complement {x, σx} and is an elementary expansion of dimension
n + 1. So if K is finite, then the inclusion {∗} −→ CK of the cone point is a composite of
elementary expansions, one for each simplex of K.

Categorical products of ∆-sets are not homotopically well behaved; this is one of the reasons
why simplicial sets are preferable for many purposes. For example, the geometric realization of
the categorical product ∆[1]×∆[1] is not even connected. However, there is another construction,
the geometric product K ⊗L of two ∆-sets K and L, defined as follows. An n-simplex of K ⊗L
is an equivalence class of triples (x, y; ϕ) where x ∈ Ki, y ∈ Lj and ϕ : [n] −→ [i] × [j] is an
injective monotone map. The equivalence relation is generated by

(5.6) (xα, yβ; ϕ) ∼ (x, y; (α× β)ϕ)

for morphisms α and β in the category ∆. Every equivalence class has a preferred representative,
namely the unique triple (x, y; ϕ) where both components ϕ1 : [n] −→ [i] and ϕ2 : [n] −→ [j]
of ϕ are surjective; however, we will not use this. A morphism ν : [m] −→ [n] of ∆ acts on the
equivalence class of a triple by

[x, y; ϕ]ν = [x, y; ϕν] .

For example, every n-simplex of ∆[i]⊗∆[j] has a unique representative of the form (Id[i], Id[j]; ϕ)
for an injective monotone map ϕ : [n] −→ [i] × [j], so ∆[i] ⊗∆[j] is isomorphic to the ∆-set of
injective monotone maps into [i]× [j].

The geometric product is symmetric monoidal with unit object ∆[0]. The unit isomorphism
sends an n-simplex [x, Id[0]; ϕ] of K⊗∆[0] to x ∈ Kn. The associativity isomorphism (K⊗L)⊗
M ∼= K ⊗ (L⊗M) sends an m-simplex [[x, y; ϕ], z; ψ] to

[x, [y, z; ϕ′]; ψ′] ∈ (K ⊗ (L⊗M))m ,

where ϕ′ : [l] −→ [j]× [k] and ψ′ : [m] −→ [i]× [l] are the unique monotone injections that make
the square

[m]
ψ //

ψ′

��

[n]× [k]

ϕ×[k]

��
[i]× [l]

[i]×ϕ′
// [i]× [j]× [k]

commute. The symmetry isomorphism K ⊗ L ∼= L ⊗ K sends [x, y; ϕ] to [y, x; τϕ], where
τ : [i]× [j] −→ [j]× [i] interchanges the factors.

The product ⊗ is called ‘geometric’ because geometric realization takes it to cartesian product
of topological spaces. More precisely, a continuous natural map pK : |K ⊗ L| −→ |K| is defined
by sending the equivalence class of

([x, y; ϕ], t) ∈ (K ⊗ L)n ×∇n

to the class of (x, ϕ1
∗(t)) ∈ Ki × ∇i, where ϕ1 : [n] −→ [i] is the first component of ϕ : [n] −→

[i]× [j]. One should beware that pK is not induced by a morphism of ∆-sets from K ⊗L to K.
There is an analogous map for the second factor L, and the combined map

(5.7) (pK , pL) : |K ⊗ L| −→ |K| × |L|
is a homeomorphism (when the product is given the compactly generated topology). It follows
that the functor K ⊗− preserves weak equivalences of ∆-sets.
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A general injective weak equivalence between finite ∆-sets is not a sequence of elementary
expansions. Nevertheless, it is well known that the localization of the category of ∆-sets at
the class of elementary expansions agrees with the localization of the category of ∆-sets at the
class of weak equivalences, and the resulting homotopy category is equivalent to the homotopy
category of CW-complexes, compare Section I.4 of [BRS]. For the convenience of the reader we
recall a proof of the first of these two facts inside of the category of finite ∆-sets.

Proposition 5.8. Let F be a functor defined on the category of finite ∆-sets that takes elemen-
tary expansions to isomorphisms. Then F takes all weak equivalences to isomorphisms.

Proof. We let f : K −→ L be a weak equivalence between finite ∆-sets. By ‘filling all horns’
(cf. [RS, p. 334]) we obtain a sequence of elementary expansions

K = K0 ⊆ K1 ⊆ K2 ⊆ · · · ⊆ Kn ⊆ · · ·

such that the union K∞ = ∪n≥0K
n is a Kan ∆-set, i.e., every morphism of ∆-sets from a

horn Λi[n] to K∞ can be extended to the simplex ∆[n]. Of course, K∞ is no longer finite.
We let i0, i1 : K −→ K ⊗∆[1] be the ‘front and back inclusion’, i.e., the morphisms defined

on x ∈ Kn by

i0(x) = [x, d1; ψn] respectively i1(x) = [x, d0; ψn] ,

where ψn : [n] −→ [n] × [0] is the unique monotone injection. We form the mapping cylinder
Mf = K ⊗∆[1] ∪f L, i.e., a pushout of the diagram:

K

i1

��

f // L

j

��
K ⊗∆[1]

g
// Mf

The back inclusion i1 is a sequence of elementary expansions, hence so is its cobase change
j : L −→ Mf . The geometric realization of Mf is homeomorphic to the topological mapping
cylinder of |f | : |K| −→ |L| and the monomorphism gi0 : K −→Mf becomes the front inclusion
after realization. Hence |gi0| : |K| −→ |Mf | is a homotopy equivalence since f is, and |K| is
a retract of |Mf |. By the ‘generalized extension property’ of Kan ∆-sets [RS, Cor. 5.4] there is
a morphism of ∆-sets ϕ : Mf −→ K∞ such that ϕgi0 : K −→ K∞ is the inclusion. Since K
and L are finite ∆-sets, so is the mapping cylinder Mf . The image of ϕ : Mf −→ K∞ is thus
contained in Kn for some n ≥ 0.

Now let F be a functor to some category D, defined on the category of finite ∆-sets, that
takes elementary expansions to isomorphisms. We apply F to the various morphisms of finite
∆-sets and obtain a commutative diagram in D:

F (K)

F (i1) ∼=
��

F (f) // F (L)

F (j)∼=
��

F (K ⊗∆[1])
F (g)

// F (Mf)

F (ϕ)

��
F (K) ∼=

//

F (i0) ∼=

OO

F (Kn)
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The morphisms decorated with symbols ‘∼=’ are isomorphisms since they arise from morphisms
of ∆-sets that are sequences of elementary expansions. So the diagram shows that F (f) has a
left inverse in D and F (ϕ) has a right inverse in D.

Now we apply the same argument to the weak equivalence ϕ : Mf −→ Kn instead of f . We
deduce that F (ϕ) has a left inverse in D. Since F (ϕ) has a left inverse and a right inverse, it is
an isomorphism. Hence the morphism F (f) is also an isomorphism. �

6. Frames in cofibration categories

In this section we develop the technique of ‘framings’, or ‘∆-resolutions’ in cofibration cate-
gories. Framings are a way to construct homotopically meaningful pairings with ∆-sets, compare
the notion of ‘∆-cofibration category’ in Definition 6.15. In Section 7 we need such a pairing to
talk about actions of Moore spaces on objects of a cofibration category.

In the context of Quillen model categories, the theory of framings is well established and goes
back to Dwyer and Kan [DK, 4.3], who use the terminology (co-)simplicial resolutions. In our
more general setup of cofibration categories we cannot work with cosimplicial objects – the lack
of fibrations and matching objects in a cofibration category does not allow the construction of
codegeneracy maps in a frame. The solution is not to ask for codegeneracy morphisms, i.e., to
work with co-∆-objects instead of cosimplicial objects. In other words: ∆-sets are to cofibration
categories what simplicial sets are to Quillen model categories.

As before we let ∆ denote the category whose objects are the totally ordered sets [n] = {0 <
1 < · · · < n} for n ≥ 0, and whose morphisms are the injective monotone maps. A co-∆-object
in a category C is a covariant functor A : ∆ −→ C. Morphisms of co-∆-objects are natural
transformations of functors. In a co-∆-object A we typically write An for A([n]).

Now we discuss how to pair co-∆-objects with ∆-sets. If A a co-∆-object in C and Z an
object of C, then the composite functor

∆op A−−→ Cop C(−,Z)−−−−−−→ (sets)

is a ∆-set that we denote by C(A,Z). If K is a ∆-set, then we denote by K ∩ A a representing
object, if it exists, of the functor

C −→ (sets) , Z 7−→ ∆-set(K, C(A,Z)) .

In more detail, K ∩A is an initial example of a C-object equipped with morphisms x∗ : An −→
K ∩ A for every n ≥ 0 and every n-simplex x of K, such that for all morphisms α : [m] −→ [n]
in the category ∆ the composite

Am
α∗−−−→ An

x∗−−−→ K ∩A

is equal to (xα)∗. The universal morphisms x∗ are part of the data, but we will often omit them
from the notation.

The defining property of K ∩A can be rephrased in several other ways. For example, K ∩A
is a colimit of the composite functor

s(K)
(n,x) 7→[n]−−−−−−→ ∆

A−−−−−→ C .

Here s(K) is the simplex category of K: objects are pairs (n, x) with x ∈ Kn, and morphisms
from (n, x) to (m, y) are those ∆-morphisms α : [n] −→ [m] that satisfy yα = x. If C has
coproducts, then K ∩A is also a coend of the functor

∆op ×∆ −→ C , ([n], [m]) 7−→ Kn ×Am ,

where Kn ×Am denotes a coproduct of copies of Am indexed by the set Kn.
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Example 6.1. By the Yoneda lemma, the object An represents the functor ∆-set(∆[n], C(A,−)).
So for every co-∆-object A we can – and will – take ∆[n]∩A = An with respect to the structure
morphisms of A.

The product of a co-∆-object with the boundary ∂∆[n] of a simplex will play an important
role in the following, so we use the special notation

∂nA = ∂∆[n] ∩A

and refer to this object as the n-th latching object of a co-∆-object A. The simplex cate-
gory s(∂∆[n]) is the full subcategory of the over category ∆ ↓ [n] with objects all α : [i] −→ [n]
for i < n. So ∂nA, if it exists, is a colimit of the functor s(∂∆[n]) −→ C that sends α : [i] −→ [n]
to Ai. For example, ∂0A is an initial object and ∂1A is a coproduct of two copies of A0.

The pairing (K,A) 7→ K ∩ A extends to a functor in two variables in a rather formal way,
whenever the representing objects exist. Indeed, if λ : K −→ L is a morphism of ∆-sets and
f : A −→ B a morphism of co-∆-objects, then precomposition with λ and f is a natural
transformation of set-valued functors on C

∆-set(λ, C(f,−)) : ∆-set(L, C(B,−)) −→ ∆-set(K, C(A,−)) .

If L ∩ B respectively K ∩ A represent these two functors, then the Yoneda lemma provides a
unique C-morphism λ∩f : K∩A −→ L∩B that represents the transformation ∆-set(λ, C(f,−)).

Definition 6.2. A co-∆-object A in a cofibration category C is cofibrant if for every n ≥ 0 the
latching object ∂nA exists and the canonical morphism νn : ∂nA −→ An is a cofibration. A
morphism f : A −→ B of cofibrant co-∆-objects is a cofibration if for every n ≥ 0 the morphism

fn ∪ νn : An ∪∂nA ∂
nB −→ Bn

is a cofibration. A morphism f : A −→ B of co-∆-objects is a level equivalence if fn : An −→ Bn

is a weak equivalence for all n ≥ 0.

In the definition of cofibrations, An ∪∂nA ∂
nB denotes a pushout of the diagram

An
νn

←−−− ∂nA
∂nf−−−→ ∂nB ,

which exists since νn is a cofibration.

Proposition 6.3. Let K be a finite ∆-set and C a cofibration category. Then for every cofibrant
co-∆-object A in C the object K ∩ A exists in C. Moreover, the functor K ∩ − takes cofibra-
tions between cofibrant co-∆-objects to cofibrations in C, and it takes acyclic cofibrations between
cofibrant co-∆-objects to acyclic cofibrations in C.

Proof. We argue by induction over the dimension of K. If K is empty (i.e., (−1)-dimensional),
then any initial object of C represents the functor ∆-sets(K, C(A,−)), and can thus be taken
as ∅ ∩ A. Hence for every morphism f : A −→ B of co-∆-objects, the morphism ∅ ∩ f is an
isomorphism, thus an acyclic cofibration.

Now suppose that n ≥ 0 and we have established the proposition for all finite ∆-sets of
dimension less than n. We claim first that for every morphism f : A −→ B between cofibrant co-
∆-objects that is a cofibration and a level equivalence, the morphism fn ∪ νn : An ∪∂nA ∂

nB −→
Bn is an acyclic cofibration. Since ∂nA = ∂∆[n] ∩ A and ∂∆[n] has dimension n − 1, the
morphism ∂nf : ∂nA −→ ∂nB is an acyclic cofibration by induction. So its cobase change
An −→ An ∪∂nA ∂

nB is an acyclic cofibration. Since fn : An −→ Bn is a weak equivalence, the
morphism fn ∪ νn : An ∪∂nA ∂

nB −→ Bn is a weak equivalence, hence an acyclic cofibration.
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Now suppose that K is n-dimensional. We can write K as a pushout

Kn × ∂∆[n] //

��

Kn ×∆[n]

��
K ′ // K

where K ′ is the (n−1)-skeleton of K. By induction there is a representing object K ′∩A for the
functor ∆-sets(K ′, C(A,−)). The latching object ∂nA represents the functor ∆-sets(∂∆[n], C(A,−))
and An represents the functor ∆-sets(∆[n], C(A,−)). Moreover, the morphism νn : ∂nA −→ An

is a cofibration since A is cofibrant, and hence so is a finite coproduct of copies of νn. So any
pushout in C

Kn × ∂nA
Kn×νn

//

��

Kn ×An

��
K ′ ∩A // K ∩A

can serve as the object K ∩ A. Here, and in the rest of the proof, we write Kn × X for a
coproduct, indexed by the finite set Kn, of copies of an object X.

Now we let f : A −→ B be a cofibration between cofibrant co-∆-objects. The morphism
K ∩ f : K ∩ A −→ K ∩B is obtained by passage to horizontal pushouts from the commutative
diagram:

Kn ×An

Kn×fn

��

Kn × ∂nA //Kn×νn

oo

Kn×∂nf

��

K ′ ∩A

K′∩f
��

Kn ×Bn Kn × ∂nB //
Kn×νn

oo K ′ ∩B

This induced map on pushouts factors as the composite

Kn ×An ∪Kn×∂nA (K ′ ∩A)
Id∪(K′∩f)−−−−−−−−→ Kn ×An ∪Kn×∂nA (K ′ ∩B)

(Kn×fn)∪Id−−−−−−−−→ Kn ×Bn ∪Kn×∂nB (K ′ ∩B) .

The first map is a cobase change of K ′ ∩ f , which is a cofibration (and a weak equivalence if f is
also a level equivalence) by induction. The second map is a cobase change of a finite coproduct
of copies of fn ∪ νn : An ∪∂nA ∂

nB −→ Bn, which a cofibration by hypothesis on f . If f is also
a level equivalence, then fn ∪ νn, and hence the second map, is an acyclic cofibration by the
above claim. So the composite map K ∩ f is a cofibration (respectively acyclic cofibration) as
the composite of two cofibrations (respectively acyclic cofibrations). �

Another purely formal consequence of the definition is that the ∩-pairing preserves colimits in
both variables. We emphasize that the next proposition does not claim the existence of any kind
of colimits; it only says that if a certain colimit exists in the category of cofibrant co-∆-objects
(respectively the category of finite ∆-sets), then the functor K∩− (respectively −∩A) preserves
the colimit.

Proposition 6.4. For every finite ∆-set K the functor K ∩ − takes colimits in the category
of cofibrant co-∆-objects to colimits in C. For every cofibrant co-∆-object A the functor − ∩ A
takes colimits in the category of finite ∆-set to colimits in C.
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Proof. We show the claim for the functor − ∩ A, the other case being completely analogous.
Let I be a small category and F a functor from I to the category of finite ∆-sets that has a
colimit colimI F (inside the category of finite ∆-sets). We denote by F ∩A : I −→ C the functor
given by capping F objectwise with A. The representability property of the cap product and
universal property of a colimit combine into natural isomorphisms

C((colimI F ) ∩A,−) ∼= ∆-set(colimI F, C(A,−)) ∼= limI ∆-set(F, C(A,−))

∼= limI C(F ∩A,−) .

So (colimI F ) ∩A has the universal property of a colimit of F ∩A. �

Proposition 6.5. Let i : K −→ L be a monomorphism between finite ∆-sets and j : A −→ B
a cofibration between cofibrant co-∆-objects in C.

(i) The pushout of the diagram

L ∩A i∩A←−−−− K ∩A K∩j−−−−→ K ∩B
exists in C and the pushout product morphism

(L ∩ j) ∪ (i ∩B) : (L ∩A) ∪(K∩A) (K ∩B) −→ L ∩B
is a cofibration.

(ii) If moreover j is a level equivalence, then (L ∩ j) ∪ (i ∩B) is a weak equivalence in C.

Proof. (i) The morphism K ∩ j is a cofibration by Proposition 6.3, so the pushout exists by
axiom (C3). For the proof that (L ∩ j) ∪ (i ∩ B) is a cofibration we argue by induction on the
number of simplices of L that are not in the image of i. If i is bijective, then (L∩ j)∪ (i∩B) is
an isomorphism. Otherwise we choose a sub-∆-set L′ of L such that i(K) ⊆ L′ and such that L′

has one simplex less than L. The morphism (L ∩ j) ∪ (i ∩B) then factors as the composite

(L ∩A) ∪(K∩A) (K ∩B)
(L∩A)∪(i∩B)−−−−−−−−−→ (L ∩A) ∪(L′∩A) (L′ ∩B)

(L∩j)∪(incl∩B)−−−−−−−−−−−→ L ∩B .

The first map is a cobase change of

(L′ ∩ j) ∪ (i ∩B) : (L′ ∩A) ∪(K∩A) (K ∩B) −→ L′ ∩B ,

which is a cofibration by induction. The second map is a cobase change of the cofibration
fn∪νn : An∪∂nA∂

nB −→ Bn, where n is the dimension of the simplex not in L′. So (L∩j)∪(i∩B)
is the composite of two cofibrations, hence a cofibration itself.

(ii) The morphism K ∩ j : K ∩ A −→ K ∩ B is an acyclic cofibration by Proposition 6.3.
Hence its cobase change ψ : L ∩ A −→ (L ∩ A) ∪(K∩A) (K ∩ B) is an acyclic cofibration. Also
by Proposition 6.3, the morphism L ∩ j : L ∩ A −→ L ∩ B is an acyclic cofibration. Since
((L∩ j)∪ (i∩B)) ◦ψ = L∩ j, the pushout product map is a weak equivalence by the 2-out-of-3
property. �

Definition 6.6. A frame in a cofibration category is a cofibrant co-∆-object A that is homo-
topically constant, i.e., for every morphism α : [n] −→ [m] in the category ∆ the morphism
α∗ : An −→ Am is a weak equivalence.

A cofibration category C is saturated if every morphism that becomes an isomorphism under
the localization functor γ : C −→ Ho(C) is already a weak equivalence. Saturation is no serious
restriction since the weak equivalences in any cofibration category can be saturated without
changing the cofibrations or the homotopy category (see [Ci, Prop. 3.16]). If A is a frame, then
the functor − ∩ A tries hard to turn weak equivalences of finite ∆-sets into weak equivalences
in C. This does not work in complete generality, but the next proposition shows, among other
things, that − ∩A has this property in all saturated cofibration categories.
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Proposition 6.7. Let A be a frame in a cofibration category C.

(i) For every elementary expansion K ⊂ L the morphism K ∩ A −→ L ∩ A induced by the
inclusion is an acyclic cofibration.

(ii) For every weak equivalence f between finite ∆-sets, the induced morphism f ∩ A becomes
an isomorphism in Ho(C).

(iii) If the cofibration category C is saturated, then the functor − ∩ A takes weak equivalences
between finite ∆-sets to weak equivalences in C.

Proof. (i) We proceed by induction on the dimension n of the elementary expansion. For n = 1
the ∆-set Λi[1] is isomorphic to ∆[0] and the inclusion Λi[0] −→ ∆[1] corresponds to the face
map d1−i : ∆[0] −→ ∆[1]. So the map in question is isomorphic to (d1−i)∗ : A0 −→ A1, hence
an acyclic cofibration.

Now we suppose that n ≥ 2. We start with the special (but universal) cases of the horn
inclusions Λi[n] −→ ∆[n] for 0 ≤ i ≤ n. We let v : [0] −→ [n] be the map with v(0) = 0. The
inclusion {v} −→ Λi[n] is the composite of a sequence of elementary expansions of dimensions
strictly less than n. So the induced morphism {v} ∩ A −→ Λi[n] ∩ A is a weak equivalence by
induction. The composite of this weak equivalence with the morphism Λi[n] ∩ A −→ ∆[n] ∩ A
is isomorphic to the structure morphism v∗ : A0 −→ An and hence a weak equivalence. So
the map Λi[n] ∩ A −→ ∆[n] ∩ A is also a weak equivalence. This map is also a cofibration by
Proposition 6.3, hence an acyclic cofibration. If K ⊂ L is a general elementary expansion of
dimension n, then the pushout square (5.4) caps with A to a pushout square in C:

Λi[n] ∩A //

��

∆[n] ∩A

��
K ∩A // L ∩A

As a cobase change of an acyclic cofibration, the morphism K ∩A −→ L ∩A is itself an acyclic
cofibration.

(ii) By part (i) the functor γ(− ∩ A) from the category of finite ∆-sets to Ho(C) takes
elementary expansions to isomorphisms. So it takes weak equivalences to isomorphisms by
Proposition 5.8.

Claim (iii) is a combination of part (ii) and the saturation property. �

The following proposition is a special case of Theorem 9.2.4 (1a) of [RB] where the indexing
category is the direct category ∆. More precisely, part (i) is Radulescu-Banu’s axiom (CF4)
saying that every morphism f : A −→ B from a cofibrant object can be factored as f = pi with i
a cofibration and p a pointwise weak equivalence.

Proposition 6.8. Let C be a cofibration category.

(i) Let f : A −→ Z be a morphism of co-∆-objects in C such that A is cofibrant. Then there
exists a cofibrant co-∆-object B and a factorization f = pi as a cofibration i : A −→ B
followed by a level equivalence p : B −→ Z.

(ii) The cofibrations and level equivalences make the category of cofibrant co-∆-objects into a
cofibration category.

The next proposition is the key step in the proof that the homotopy category of frames in C
is equivalent to the homotopy category of C, see Theorem 6.10 below.

Proposition 6.9. Let A be a frame in a cofibration category C, Z an object of C and ϕ : A0 −→ Z
a C-morphism. Then there is a homotopically constant co-∆-object Y , a morphism y : A −→ Y
of co-∆-objects and a weak equivalence p : Z −→ Y 0 such that y0 = pϕ.
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Proof. We denote by P (n) the n-dimensional ∆-set with a unique i-simplex xi for i = 0, . . . , n
and we let C(n) be the cone (see Example 5.5) of P (n). We start by choosing a pushout:

A0
ϕ //

(x0)∗ ∼
��

Z

p∼
��

C(0) ∩A
λ0

// Y 0

The inclusion {x0} −→ C(0) is an elementary expansion, so (x0)∗ : A0 ∼= {x0}∩A −→ C(0)∩A
is an acyclic cofibration by Proposition 6.7 (i). Then we proceed by induction on n and define Y n

as a pushout:

C(n− 1) ∩A
λn−1 //

∼
��

Y n−1

in

��
C(n) ∩A

λn

// Y n

The inclusion C(n − 1) −→ C(n) is an elementary expansion, so the left vertical map is an
acyclic cofibration, again by Proposition 6.7 (i). For 0 ≤ i ≤ n, we define the structure map
dj : Y n−1 −→ Y n as the cobase change in of C(n− 1) ∩ A −→ C(n) ∩ A. So dj is independent
of j and an acyclic cofibration. The co-∆-object Y is thus homotopically constant (but usually
not cofibrant). Because xn+1dj = xn the composite maps

An
(xn)∗−−−−−→ C(n) ∩A λn−−−→ Y n

constitute a morphism of co-∆-objects y : A −→ Y . Moreover, we have y0 = λ0◦(x0)∗ = pϕ. �

Now we can prove the main result of this section.

Theorem 6.10. Let C be a cofibration category. Then the category fC of frames in C forms
a cofibration category with respect to cofibrations and level equivalences. The functor fC −→ C
that evaluates in dimension 0 is exact and its derived functor is an equivalence of categories from
Ho(fC) to Ho(C).
Proof. Frames are closed under level equivalences within the category of cofibrant co-∆-objects.
Also, the initial co-∆-object is a frame, and for every pushout square (1.2) in which A,B and
C are frames, the pushout again homotopically constant by the gluing lemma. So the class of
frames is also closed under pushouts along cofibrations, and hence form a cofibration category.

In order to show that the derived functor of evaluation in dimension 0 is an equivalence
of categories we use the criterion given by the ‘approximation theorem’ [Ci, Theorem 3.12].
The necessary hypotheses are satisfied: a morphism of f : A −→ B of homotopically constant
co-∆-objects is a level equivalence if and only if f0 : A0 −→ B0 is a weak equivalence, i.e.,
the evaluation functor satisfies the approximation property (AP1) of [Ci, 3.6]. The second
condition (AP2) demands that for every frame A, every C-object Z and every morphism ϕ :
A0 −→ Z there should be a frame B, a cofibration i : A −→ B and weak equivalences ψ :
B0 −→ Y 0 and p : Z −→ Y 0 such that ψi0 = pϕ. Indeed, Proposition 6.9 provides a morphism
y : A −→ Y that we can factor, using Proposition 6.8 (i), as y = qi for a cofibration i : A −→ B
followed by a level equivalence q : B −→ Y . Then B is cofibrant (since A is cofibrant and i is
a cofibration) and homotopically constant (since Y is homotopically constant and q is a level
equivalence). So B is a frame. Moreover, the morphism ψ = q0 is a weak equivalence and
satisfies

ψi0 = q0i0 = y0 = pϕ . �
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Remark 6.11. As a combination of the previous results we have effectively constructed a
natural action of the homotopy category of finite CW-complexes on the homotopy category of
any cofibration category. In more detail, the composite functor

∆-setsfin × fC ∩−−→ C γ−−→ Ho(C)

takes weak equivalences of finite ∆-sets and level equivalences of frames to isomorphisms (by
Proposition 6.7 (ii) and Proposition 6.5 (ii)). So the functor factors over the localization of the
left hand side through a unique functor

(6.12) ∩L : Ho(∆-setsfin)×Ho(fC) −→ Ho(C) .

Here we denote by Ho(∆-setsfin) a localization of the category of finite ∆-sets at the class of weak
equivalences. One should beware though that finite ∆-sets do not form a cofibration category
(the factorization axiom (C4) fails), but such a localization can be constructed ‘by hand’, for
example by setting

Ho(∆-setsfin)(K,L) = [|K|, |L|] ,
the set of homotopy classes of continuous maps between the geometric realizations of K and L.
In fact, the homotopy category Ho(∆-setsfin) is equivalent, via the functor of geometric real-
ization, to the homotopy category (in the traditional sense) of finite CW-complexes, see for
example [BRS, Ch. I, Thm. 4.3].

The functor (6.12) is not quite an action of Ho(∆-setsfin) on Ho(C) yet, but we can fix
that by choosing a ‘framing’ of C, i.e., an inverse F : Ho(C) −→ Ho(fC) to the equivalence of
Theorem 6.10. One can then show that the composite functor

Ho(∆-setsfin)×Ho(C) Id×F−−−−−→ Ho(∆-setsfin)×Ho(fC) ∩L

−−−→ Ho(C)

is coherently associative and unital with respect to the (derived) geometric product of ∆-sets,
and it is natural for exact functors of cofibration categories. We shall not elaborate on this point
since we don’t need it in the present paper.

There is now a standard way of extending the ∩-pairing to a pairing (K,A) 7→ K ⊗ A that
takes a finite ∆-set K and a co-∆-object A to another co-∆-object K ⊗ A. In dimension n we
set

(6.13) (K ⊗A)n = (∆[n]⊗K) ∩A ,

where the tensor symbol on the right hand side is the geometric product of ∆-sets. The structure
maps arise via the functoriality in ∆[−].

The tensor product construction comes with coherent natural isomorphisms

(6.14) K ∩ (L⊗A) ∼= (K ⊗ L) ∩A and K ⊗ (L⊗A) ∼= (K ⊗ L)⊗A

in the category C respectively the category of co-∆-objects in C. Indeed, given a simplex x ∈ Ki

we let x̄ : ∆[i] −→ K be the morphism with x̄(Id[i]) = x. As i and x vary, the morphisms

x∗ = (x̄⊗ L) ∩A : (L⊗A)i = (∆[i]⊗ L) ∩A −→ (K ⊗ L) ∩A

are compatible, so the universal property of K ∩ (L⊗A) provides a morphism

ψ : K ∩ (L⊗A) −→ (K ⊗ L) ∩A .

In the other direction we consider a triple (x, y; ϕ) with x ∈ Ki, y ∈ Lj and ϕ : [n] −→ [i]× [j] a
monotone injection. Then [Id[i], y; ϕ] is an n-simplex of ∆[i]⊗L, so we can form the composite

An
[Id[i],y;ϕ]∗−−−−−−−→ (∆[i]⊗ L) ∩A = (L⊗A)i

x∗−−−→ K ∩ (L⊗A) ,
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which in fact only depends on the equivalence class [x, y; ϕ] in (K ⊗ L)n. As the class [x, y; ϕ]
varies, the maps are again compatible, so the universal property of (K ⊗ L) ∩ A provides a
morphism

ψ̄ : (K ⊗ L) ∩A −→ K ∩ (L⊗A) .

The morphisms ψ and ψ̄ are natural in all three variables and are mutually inverse isomorphisms.
The second isomorphism in (6.14) is then given in dimension n by the composite

(K ⊗ (L⊗A))n = (∆[n]⊗K) ∩ (L⊗A) ∼= ((∆[n]⊗K)⊗ L) ∩A
∼= (∆[n]⊗ (K ⊗ L)) ∩A = ((K ⊗ L)⊗A)n

that combines the isomorphism ψ with the associativity isomorphism (∆[n]⊗K)⊗ L ∼= ∆[n]⊗
(K ⊗ L) of the geometric product of ∆-sets.

Definition 6.15. A ∆-cofibration category is a cofibration category C equipped with a pairing

∆-setsfin × C −→ C , (K,X) 7−→ K ⊗X
that is coherently associative and unital with respect to the geometric product of ∆-sets and
satisfies the following properties:

• For every finite ∆-set K the functor K ⊗− : C −→ C is exact.
• For every object A of C the functor −⊗A : ∆-setsfin −→ C is exact.
• Let i : K −→ L be a monomorphism of finite ∆-sets and j : A −→ B a cofibration in C.

Then the pushout product morphism

(i⊗B) ∪ (L⊗ j) : K ⊗B ∪K⊗A L⊗A −→ L⊗B
is a cofibration.

Remark 6.16. Suppose that C is a ∆-cofibration category, i : K −→ L a monomorphism and
j : A −→ B a cofibration as in the pushout product property. If in addition i or j is a weak
equivalence, then the morphism

(i⊗B) ∪ (L⊗ j) : K ⊗B ∪K⊗A L⊗A −→ L⊗B
is also a weak equivalence. Indeed, if i is also weak equivalence, then so is i⊗A (since −⊗A is
exact), and similarly for i⊗B. So i⊗A : K ⊗A −→ L⊗A is an acyclic cofibration, hence so is
its cobase change K ⊗B −→ K ⊗B ∪K⊗A L⊗A. The composite of this weak equivalence with
(i ⊗ B) ∪ (L ⊗ j) is the weak equivalence i ⊗ B, so (i ⊗ B) ∪ (L ⊗ j) is a weak equivalence, as
claimed. The argument is analogous when j is a weak equivalence.

Theorem 6.17. Let C be a saturated cofibration category. Then the ⊗-product (6.13) makes the
category of frames fC into a ∆-cofibration category.

Proof. We start by showing that for every finite ∆-set K and every frame A the co-∆-object
K ⊗A is again a frame. Since A is cofibrant, the object (∂∆[n]⊗K) ∩A exists; by (6.14), this
object is isomorphic to

∂∆[n] ∩ (K ⊗A) = ∂n(K ⊗A) ,

so the n-th latching object of K ⊗ A exists. The latching morphism ∂n(K ⊗ A) −→ (K ⊗ A)n

is induced by the inclusion ∂∆[n] −→ ∆[n], and thus isomorphic to (incl ⊗K) ∩ A : (∂∆[n] ⊗
K) ∩ A −→ (∆[n]⊗K) ∩ A; this is a cofibration by Proposition 6.5 (i). In other words, if A is
cofibrant, then so is K ⊗A.

If A is a frame, then K⊗A is also homotopically constant: for every morphism α : [n] −→ [m]
in the category ∆ the induced morphisms α∗ : ∆[n] −→ ∆[m] and α∗⊗K : ∆[n]⊗K −→ ∆[m]⊗K
are sequences of elementary expansions, so by Proposition 6.7 (i) the induced map

(K ⊗A)n = (∆[n]⊗K) ∩A −→ (∆[m]⊗K) ∩A = (K ⊗A)m
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is an acyclic cofibration.
The ⊗-pairing preserves all existing colimits in both variables, in particular initial objects and

pushouts along cofibrations. Indeed, colimits in functor categories are objectwise, so we must
show that for every n ≥ 0 the functor (K,A) 7→ (∆[n] ⊗K) ∩ A takes all colimits in K and A
to colimits in C. Since the geometric product ∆[n] ⊗ − preserves colimits of finite ∆-sets, this
follows from the fact that the ∩-pairing preserves colimits in both variables, see Proposition 6.4.

For the pushout product property we consider an inclusion i : K −→ L of finite ∆-sets and a
cofibration j : A −→ B between frames in C. To shorten the notation we write

〈i, j〉 = (i⊗B) ∪ (L⊗ j) : K ⊗B ∪K⊗A L⊗A −→ L⊗B

for a pushout product map. We then have to show that 〈i, j〉 is a cofibration of co-∆-objects,
and that in turn means showing that the morphism

〈i, j〉n ∪ νn : (K ⊗B ∪K⊗A L⊗A)n ∪∂n(K⊗B∪K⊗AL⊗A) ∂
n(L⊗B) −→ (L⊗B)n

is a cofibration in C. The isomorphism (6.14) and a rearranging of pushouts translates this into
the claim that the morphism

〈k, j〉 : (∆[n]⊗K ∪ ∂∆[n]⊗ L) ∩B ∪(∆[n]⊗K∪∂∆[n]⊗L)∩A(∆[n]⊗ L) ∩A −→ (∆[n]⊗ L) ∩B

is a cofibration in C, where

k : ∆[n]⊗K ∪ ∂∆[n]⊗ L −→ ∆[n]⊗ L

is the inclusion (the union in the source is along the intersection ∂∆[n] ⊗ K). So 〈k, j〉 is
a cofibration in C by Proposition 6.5 (i). This completes the proof of the pushout product
property.

In the special case when K is the empty ∆-set the pushout product property shows that the
functor L⊗− preserves cofibrations. Since (L⊗A)n = (∆[n]⊗L)∩A, Proposition 6.5 (ii) shows
that L⊗− preserves level equivalences.

In the special case when A is the initial object the pushout product property shows that the
functor − ⊗ B takes monomorphisms to cofibrations. If f : K −→ L is a weak equivalence,
then so is ∆[n] ⊗ f : ∆[n] ⊗ K −→ ∆[n] ⊗ L. So the morphism (f ⊗ B)n = (∆[n] ⊗ f) ∩ B
becomes an isomorphism in Ho(C) by Proposition 6.7 (ii). Since C is saturated, (f ⊗ B)n is a
weak equivalence for every n ≥ 0, i.e., −⊗B takes weak equivalences to level equivalences. �

Remark 6.18. If C has arbitrary coproducts and colimits of sequences of cofibrations, then
the functor ∆-sets(K, C(A,−)) is representable for every ∆-set K. If coproducts and sequential
colimits are suitably compatible with cofibrations and weak equivalences, then most of the result
of this section carry over from finite to arbitrary ∆-sets.

7. Pointed ∆-cofibration categories

In this section we introduce and study actions of based ∆-sets on objects of a pointed ∆-
cofibration category. A based ∆-set is a contravariant functor from the category ∆ to the
category of based sets. So a based ∆-set is a ∆-set equipped with a distinguished basepoint in
every dimension, preserved under the face maps. One should beware that, in contrast to the
world of simplicial sets, the 0-simplex ∆[0] is not a terminal object in the category of ∆-sets. So
specifying a vertex in a ∆-set does not determine a morphism from the terminal ∆-set (which
has exactly one simplex in every dimension), and does not make a ∆-set based. A based ∆-set
is non-empty in every dimension, so it is never finite dimensional, and never finite.
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Now we discuss how to pair objects in a pointed ∆-cofibration category C with based ∆-sets.
If X and Z are objects of C, we can define a ∆-set map(X,Z) as the composite functor

∆op [n] 7→∆[n]−−−−−−−→ (∆-sets)op C(−⊗X,Z)−−−−−−−−→ (sets) .

Since C is pointed, this ∆-set is canonically based: the basepoint of map(X,Z)n is the zero map
from ∆[n]⊗X to Z. If K is a based ∆-set, then we denote by K ∧X a representing object, if
it exists, of the functor

C −→ (sets) , Z 7−→ ∆-set∗(K,map(X,Z)) ,

where the right hand side is the set of morphisms of based ∆-sets from K to map(X,Z).
The smash product K∧X plays the role of a quotient of K⊗X by ∗⊗X where ∗ ⊆ K denotes

the sub-∆-set consisting only of the various basepoints in all dimensions. However, this is not
literally true, because K and ∗ are infinite ∆-sets, and so the expressions K ⊗X and ∗ ⊗X do
not individually make sense in a ∆-cofibration category. The following concepts of ‘essentially
finite’ based ∆-sets and ‘finite approximation’ allow us to deal with the fact that based ∆-sets
are never finite.

Definition 7.1. A based ∆-set is essentially finite if it has only finitely many non-basepoint
simplices. A finite presentation of a based ∆-set K is a morphism r : R −→ K of (unbased)
∆-sets such that R is finite (in the absolute sense) and every non-basepoint simplex of K has
exactly one preimage under r.

In other words, a finite presentation is an ‘isomorphism away from the basepoints’. So if a
based ∆-set has a finite presentation, then it must be essentially finite. A based ∆-set K is
essentially finite if and only if each Kn is finite and almost all Kn consist only of the basepoint.
So if m is the maximum of the dimensions of the non-basepoint simplices, then the inclusion
K(m) −→ K of the m-skeleton is a finite presentation. (This particular finite presentation is also
injective, but that is not required of finite presentations in general.) We conclude that a based
∆-set has a finite presentation if and only if it is essentially finite.

Proposition 7.2. Let r : R −→ K be a finite presentation of a based ∆-set and denote by r−1(∗)
the sub-∆-set of R consisting of all preimages of the respective basepoints. Then for every
object X of a pointed ∆-cofibration category every cokernel of the morphism

ι⊗X : r−1(∗)⊗X −→ R⊗X

is an object K ∧ X, where ι : r−1(∗) −→ R is the inclusion. In particular, the object K ∧ X
exists for every essentially finite based ∆-set K.

Proof. We let Y be another based ∆-set. Then precomposition with r induces a bijection from
the set ∆-set∗(K,Y ) to the subset of ∆-set(R, Y ) consisting those morphisms ϕ : R −→ Y
that send the entire sub-∆-set r−1(∗) to the basepoints. In the special case of the based ∆-set
Y = map(X,Z) this shows that ∆-set∗(K,map(X,Z)) is the fiber, over the constant morphism
with zero map values, of the restriction map

∆-set(R,map(X,Z)) −→ ∆-set(r−1(∗),map(X,Z)) .

This restriction map is isomorphic to

C(ι⊗X,Z) : C(R⊗X,Z) −→ C(r−1(∗)⊗X,Z) ,

so its fiber is represented by any cokernel of the morphism ι⊗X. In other words, any cokernel
represents the functor ∆-set∗(K,map(X,−)) and is thus a possible choice of K ∧X. Since every
essentially finite based ∆-set has a finite presentation, the object K ∧X always exists. �
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The same kind of arguments as for the ∩-pairing in Section 6 show that the smash product
pairing K ∧X canonically extends to a functor of two variables, and that it preserves colimits
in each variable.

Proposition 7.3. Let f : K −→ L be a weak equivalence between essentially finite based ∆-sets
and X an object of a pointed ∆-cofibration category. Then the morphism

f ∧X : K ∧X −→ L ∧X

is a weak equivalence.

Proof. We let m be any even number at least as large as the maximum dimension of a non-
basepoint simplex of K. We claim that the inclusion K(m) −→ K of the m-skeleton is a
weak equivalence of ∆-sets. Indeed, the geometric realization of K(m) is the m-skeleton of the
canonical CW-structure on |K|. Since K consists only of basepoints above dimension m, from
|K(m)| to |K(m+2)| two cells of dimension m + 1 and m + 2 are attached; since m is even the
(m + 2)-cell is attached to the (m + 1)-cell by a map of degree 1. So for all large enough even
m the skeleton inclusion |K(m)| −→ |K(m+2)| is a homotopy equivalence. Hence the skeleton
inclusion |K(m)| −→ |K| is also a homotopy equivalence.

Now we let m be even and at least large as the maximum dimension of a non-basepoint simplex
of both K and L. Since f is a weak equivalence, so is f (m) : K(m) −→ L(m), by the previous
paragraph. These skeleta are finite ∆-sets (in the absolute sense). We let P denote a ∆-set with
a unique simplex in each dimension up to dimension m, and no simplices above dimension m.
We let j : P −→ K(m) be the morphism that hits the basepoints. In the commutative diagram

∗ P ⊗X
j⊗X //oo K(m) ⊗X

f(m)⊗X∼
��

∗ P ⊗X
f(m)j⊗X

//oo L(m) ⊗X

the right vertical morphism is a weak equivalence since f (m) is. Since f ∧X : K ∧X −→ L∧X
can be obtained from this diagram by passage to horizontal pushouts (by Proposition 7.2), it is
a weak equivalence by the gluing lemma. �

Example 7.4. The smash product with certain based ∆-sets I respectively S1 provides functo-
rial cones and suspensions in any pointed ∆-cofibration category C. We let I be the essentially
finite based ∆-set with

I1 = {z, ∗} , I0 = {zd0, zd1}
and with Ik consisting only of the basepoint for k ≥ 2. The basepoint in dimension 0 is the
vertex zd0. The morphism r : ∆[1] −→ I that hits the 1-simplex z is a finite presentation with
r−1(∗) = {d0}. Proposition 7.2 provides a pushout square:

X
(d0)∗ //

��

∆[1]⊗X

q

��
∗ // I ∧X

Since (d0)∗ : X −→ ∆[1]⊗X is an acyclic cofibration, the object I ∧X is weakly contractible.
The object ∂∆[1]⊗X is a coproduct of two copies of X, and the composite

∂∆[1]⊗X incl⊗X−−−−−→ ∆[1]⊗X q−−−−→ I ∧X
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is zero on the copy of X indexed by d0. So the commutative square

∂∆[1]⊗X incl⊗X //

p

��

∆[1]⊗X

q

��
X

iX
// I ∧X

is a pushout, where iX = q ◦ (d1)∗, and where p is the morphism such that p ◦ (d0)∗ is zero and
p ◦ (d1)∗ = IdX . So iX : X −→ I ∧ X is a cofibration with weakly contractible target, i.e., a
functorial cone of X.

We let S1 be the based ∆-set with a unique non-basepoint simplex z of dimension 1. The
morphism r : ∆[1] −→ S1 that hits z is a finite presentation, and it satisfies r−1(∗) = ∂∆[1]. By
Proposition 7.2, the object S1 ∧X is then a cokernel of the morphism ∂∆[1]⊗X −→ ∆[1]⊗X,
hence also a cokernel of the cone inclusion iX : X −→ CX. So S1 ∧X is isomorphic in Ho(C)
to the suspension of X.

We define the mapping cone Cf of a morphism f : X −→ Y as a pushout:

(7.5)

X

f

��

iX // I ∧X

��
Y

j
// Cf

The pushout exists because the cone inclusion iX is a cofibration. We can compare the elementary
distinguished triangles of the two cofibrations iX and j in Ho(C):

X
γ(iX) //

γ(f)

��

I ∧X //

��

(I ∧X)/X

∼=
��

δ(iX)

∼=
// ΣX

Σγ(f)

��
Y

γ(j)
// Cf // Cf/Y

δ(j)
// ΣY

Since the square (7.5) is a pushout, the induced map (I∧X)/X −→ Cf/Y is an isomorphism in C.
The cone I ∧X is weakly contractible, hence the connecting morphism δ(iX) is an isomorphism
in Ho(C). In the lower distinguished triangle we can thus replace Cf/Y by the isomorphic
object ΣX and obtain a distinguished triangle

Y
γ(j)−−−−→ Cf −−−→ ΣX

Σγ(f)−−−−−→ ΣY .

We rotate this triangle to the left and compensate for the sign by changing the unnamed mor-
phism into its negative; the result is a distinguished triangle

(7.6) X
γ(f)−−−−→ Y

γ(j)−−−−→ Cf −−−→ ΣX .

For n ≥ 2 we define an essentially finite based ∆-set S〈n〉 by

S〈n〉0 = {ei | i ∈ Z/n} and S〈n〉1 = {fi | i ∈ Z/n} ∪ {∗} ,
and with S〈n〉k consisting only of the basepoint for k ≥ 2. We take the vertex e0 as the basepoint
in S〈n〉0. The face maps are given by ∂fi = (ei, ei+1) (to be read modulo n). As in Example 7.4
we let S1 be the based ∆-set with exactly one non-basepoint simplex z of dimension 1. We now
define morphisms of based ∆-sets

ψi : S〈n〉 −→ S1 and ∇ : S〈n〉 −→ S1 .
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The morphism ψi is determined by ψi(fi) = z and ψi(fk) = ∗ for i 6≡ k modulo n. The
morphism ∇ is determined by ∇(fi) = z for all i ∈ Z/n. The square

S〈n〉 − {fi}

incl

��

ψi // ∗

��
S〈n〉

ψi

// S1

is a pushout of based ∆-sets and both S〈n〉−{fi} and ∗ are weakly contractible, so ψi is a weak
equivalence.

Proposition 7.7. Let X be an object in a ∆-cofibration category C.

(i) The relation γ(ψi ∧ X) = γ(ψi+1 ∧ X) holds as morphism from S〈n〉 ∧ X to S1 ∧ X in
Ho(C).

(ii) If C is stable, then the relation

γ(∇∧X) = n · γ(ψ1 ∧X)

holds as morphisms from S〈n〉 ∧X to S1 ∧X in Ho(C).

Proof. (i) We let Ŝ1 be the extension of the ∆-set S1 given by

Ŝ1
0 = {∗} , Ŝ1

1 = {∗, z, g, g′} and Ŝ1
2 = {∗, c, c′}

and Ŝ1
k = {∗} for k ≥ 3. The faces of the additional 2-simplices are ∂c = (∗, g, z) and ∂c′ =

(z, g′, ∗). The inclusion j : S1 −→ Ŝ1 is a sequence of two elementary expansions, hence a weak

equivalence. The morphism γ(j ∧X) : S1 ∧X −→ Ŝ1 ∧X is then an isomorphism in Ho(C).
We let S ⊆ S〈n〉 be the (unbased) 1-dimensional sub-∆-set consisting of the simplices ei

and fi for all i ∈ Z/n. The inclusion ι : S −→ S〈n〉 is a finite presentation with ι−1(∗) = {e0},
the basepoint in dimension 0. By Proposition 7.2, the object S〈n〉 ∧X is then a cokernel of the
cofibration ι⊗X : {e0}⊗X −→ S⊗X, and we claim that the projection q : S⊗X −→ S〈n〉∧X
becomes a split epimorphism in the homotopy category Ho(C). Indeed, the cofibration ι ⊗ X
gives rise to an elementary distinguished triangle in Ho(C):

{e0} ⊗X
γ(ι⊗X)−−−−−→ S ⊗X γ(q)−−−−→ S〈n〉 ∧X δ(ι⊗X)−−−−−→ Σ({e0} ⊗X)

The composite of the inclusion {e0} −→ S with the cone inclusion iS : S −→ CS (compare
Example 5.5) is a weak equivalence, hence the composite

{e0} ⊗X
γ(ι⊗X)−−−−−→ S ⊗X γ(iS⊗X)−−−−−−→ CS ⊗X

is an isomorphism. So γ(ι⊗X) is a split monomorphism, and so γ(q) is a split epimorphism.

We will now define a combinatorial homotopy, i.e., a morphism of ∆-sets H : S⊗∆[1] −→ Ŝ1.
We let ϕ,ϕ′ : [2] −→ [1]× [1] be the two monotone injective maps defined by

ϕ(0) = ϕ′(0) = (0, 0) , ϕ(1) = (0, 1) , ϕ′(1) = (1, 0) and ϕ(2) = ϕ′(2) = (1, 1) .

The ∆-set S ⊗∆[1] is generated by the 2-simplices

Ak = [fk, Id[1]; ϕ] and Bk = [fk, Id[1]; ϕ
′]

for k ∈ Z/n, subject only to the relations

Akd1 = Bkd1 and Akd2 = Bk+1d0
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(to be read modulo n). The homotopy H : S ⊗∆[1] −→ Ŝ1 is determined by

H(Ak) = H(Bk) =


c if k ≡ i modulo n,

c′ if k ≡ i+ 1 modulo n, and

∗ else.

We let i0, i1 : S −→ S⊗∆[1] be the ‘front and back inclusion’, i.e., the morphisms determined
by

i0(fk) = Bkd2 respectively i1(fk) = Akd0 .

We let P be a 2-dimensional ∆-set with a unique simplex of dimension 0, 1 and 2. The unique
morphism u : ∆[1] −→ P satisfies (S ⊗ u)i0 = (S ⊗ u)i1 as morphisms S −→ S ⊗ P . So we also
have γ(S ⊗ u⊗X) ◦ γ(i0 ⊗X) = γ(S ⊗ u⊗X) ◦ γ(i1 ⊗X). Since P is weakly contractible, the
morphism u, and hence also the morphism S ⊗ u⊗X : S ⊗∆[1]⊗X −→ S ⊗ P ⊗X is a weak
equivalence. So γ(S ⊗ u⊗X) is invertible and we conclude that γ(i0 ⊗X) = γ(i1 ⊗X).

The homotopy H has image in the 2-skeleton (Ŝ1)(2) of Ŝ1. The morphisms Hi0 and Hi1
are lifts of the based morphism jψi respectively jψi+1 to morphisms of unbased ∆-sets, i.e., the
squares

S
Hi0 //

incl

��

(Ŝ1)(2)

incl

��

S
Hi1 //

incl

��

(Ŝ1)(2)

incl

��
S〈n〉

jψi

// Ŝ1 S〈n〉
jψi+1

// Ŝ1

commute. Since the vertical maps are finite presentations, the squares

S ⊗X

q

��

Hi0⊗X // (Ŝ1)(2) ⊗X

proj

��

S ⊗X

q

��

Hi1⊗X // (Ŝ1)(2) ⊗X

proj

��
S〈n〉 ∧X

jψi∧X
// Ŝ1 ∧X S〈n〉 ∧X

jψi+1∧X
// Ŝ1 ∧X

commute in C. So we conclude that

γ(j ∧X) ◦ γ(ψi ∧X) ◦ γ(q) = γ(proj) ◦ γ(H ⊗X) ◦ γ(i0 ⊗X)

= γ(proj) ◦ γ(H ⊗X) ◦ γ(i1 ⊗X)

= γ(j ∧X) ◦ γ(ψi+1 ∧X) ◦ γ(q) .

Since γ(j∧X) is an isomorphism and γ(q) is a split epimorphism, this implies the desired relation
γ(ψi ∧X) = γ(ψi+1 ∧X).

(ii) We define a morphism of based ∆-sets κ : S〈n〉 −→
∨n
j=1 S

1 by sending fi to the i-th
copy of z. This morphism makes the diagram

S〈n〉 ∧X
∇∧X

uukkkkkkkkkkkkkkk
κ∧X

��
ψi∧X

))SSSSSSSSSSSSSSS

S1 ∧X
∨n
j=1 S

1 ∧X
fold

oo
pi

// S1 ∧X

commute in C, where pi is the projection to the i-th wedge summand. Since coproducts in C
become sums in the homotopy category of C, the fold map occurring in the diagram becomes
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the sum of the n projections in Ho(C). So we obtain the desired relation

γ(∇∧X) =

n∑
i=1

γ(pi) ◦ γ(κ ∧X) =

n∑
i=1

γ(ψi) = n · γ(ψ1) . �

Our next aim is to define ‘actions’ of a mod-n Moore space (i.e., ∆-set) on objects of a pointed
∆-cofibration category. For the arguments below we need a ∆-set model for a Moore space whose
reduced homology is concentrated in an even dimension. The easiest way to construct one is
to cone off a suspension of the morphism ∇ : S〈n〉 −→ S1. To make this precise we need the
following ‘reduced’ version of the geometric product for based ∆-sets. A based ∆-set K admits
a unique based morphism ∗ −→ K from the terminal ∆-set. Given two based ∆-sets K and L,
we define their geometric smash product K ∧ L as the pushout

(K ⊗ ∗) ∪(∗⊗∗) (∗ ⊗ L) incl //

��

K ⊗ L

��
∗ // K ∧ L

If both K and L are essentially finite, then the smash product K ∧ L is again essentially fi-
nite. The associativity isomorphism in a pointed ∆-cofibration category then passes to coherent
isomorphisms

(K ∧ L) ∧X ∼= K ∧ (L ∧X) .

From Example 7.4 we recall the essentially finite based ∆-set I with

I1 = {z, ∗} , I0 = {zd0, zd1}
and with Ik = {∗} for k ≥ 2. The vertex zd0 is the basepoint in dimension 0. For every based
∆-set K the smash product I ∧ K is weakly contractible and comes with a monomorphism
iK : K −→ I ∧K. Now we can define an essentially finite based ∆-set M as the pushout:

(7.8)

S1 ∧ S〈n〉

S1∧∇
��

iS1∧S〈n〉 // I ∧ S1 ∧ S〈n〉

��
S2

ι
// M

where we use the abbreviation S2 = S1 ∧ S1. The geometric realization of M is then a mod-n
Moore space, i.e., a simply connected CW-complex whose reduced homology is Z/n concentrated
in dimension 2. Moreover, the inclusion ι : S2 −→ M induces an epimorphism in integral
homology.

If we smash the pushout square (7.8) with an object X of a pointed ∆-cofibration category C,
we obtain a pushout in C:

S1 ∧ S〈n〉 ∧X

S1∧∇∧X
��

iS1∧S〈n〉∧X // I ∧ S1 ∧ S〈n〉 ∧X

��
S2 ∧X

ι∧X
// M ∧X

This shows that M ∧X is the mapping cone, as defined in (7.5), of the morphism S1 ∧∇∧X :
S1∧S〈n〉∧X −→ S2∧X. The distinguished triangle (7.6) then becomes a distinguished triangle

S1 ∧ S〈n〉 ∧X γ(S1∧∇∧X)−−−−−−−−−→ S2 ∧X γ(ι∧X)−−−−−−→ M ∧X −−−→ Σ(S1 ∧ S〈n〉 ∧X) .
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We use the isomorphism γ(S1 ∧ψ1 ∧X) : S1 ∧S〈n〉 ∧X −→ S1 ∧S1 ∧X = S2 ∧X in Ho(C) to
replace the first and last objects in this triangle. Since γ(∇∧X) = n·γ(ψ1) by Proposition 7.7 (ii),
the morphism γ(S1 ∧ ∇ ∧X) then turns into the n-fold multiple of the identity. The upshot is
a distinguished triangle

(7.9) S2 ∧X n·(S2∧X)−−−−−−→ S2 ∧X γ(ι∧X)−−−−−−→ M ∧X −−−→ Σ(S2 ∧X) .

Definition 7.10. We denote by P i the i-th symmetric power of the based ∆-set M ,

P i = M∧i/Σi .

Here the symmetric group Σi permutes the factors of the i-th geometric smash power. The
associativity isomorphism M∧i ∧M∧j ∼= M∧(i+j) passes to a quotient morphism of symmetric
powers

µi,j : P i ∧ P j = (M∧i/Σi) ∧ (M∧j/Σj) −→ M∧(i+j)/Σi+j = P i+j(7.11)

which we refer to as the canonical projection. The canonical projections are associative in the
sense that the following diagram commutes

P i ∧ P j ∧ P k

µi,j ∧Pk

��

P i ∧µj,k // P i ∧ P j+k

µi,j+k

��
P i+j ∧ P k µi+j,k

// P i+j+k

for all i, j, k ≥ 1.

The Moore ‘space’ M is an essentially finite based ∆-set, hence all its smash powers M∧i and
its symmetric powers P i are essentially finite. So it makes sense to smash P i with objects in
any pointed ∆-cofibration category.

Definition 7.12. Let C be a pointed ∆-cofibration category. An M -module X consists of an
infinite sequence

X(1), X(2), . . . , X(k), . . .

of objects of C, together with morphisms in C
αi,j : P i ∧X(j) −→ X(i+j)

for i, j ≥ 1 such that the associativity diagram

P i ∧ P j ∧X(k)

µi,j∧X(k) //

P i∧αj,k

��

P i+j ∧X(k)

αi+j,k

��
P i ∧X(j+k) αi,j+k

// X(i+j+k)

commutes for all i, j, k ≥ 1. The underlying object of an M -module X is the object X(1) of C.
A morphism f : X −→ Y of M -modules consists of C-morphisms f(j) : X(j) −→ Y(j) for j ≥ 1,
such that the diagrams

P i ∧X(j)

αi,j

��

P i∧f(j) // P i ∧ Y(j)

αi,j

��
X(i+j)

f(i+j)

// Y(i+j)
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commute for i, j ≥ 1.

Example 7.13. For every object K of C we define the free M -module M4K generated by K
as follows. The j-th term of this M -module is

(M4K)(j) = P j ∧K
and the structure map αi,j : P i ∧ (M4K)(j) −→ (M4K)(i+j) is the morphism

µi,j ∧K : P i ∧ P j ∧K −→ P i+j ∧K .

The associativity condition is then a consequence of the associativity of the projection maps.
Now we suppose that X is any M -module and f : K −→ X(1) a morphism in C. We denote

by X•+1 the M -module obtained from X by forgetting the object X(1) and reindexing the rest
of the data, i.e., (X•+1)(i) = X(i+1), and similarly for the action maps. As i varies, the action
maps αi,1 of X assemble into a morphism of M -modules

α•,1 : M4X(1) −→ X•+1 .

The free extension of f : K −→ X(1) is the composite morphism of M -modules

(7.14) M4K M4f−−−→ M4X(1)
α•,1−−−→ X•+1 .

Now we prove a purely topological fact, namely that for every prime p and for all i that are
strictly less than p, the i-th reduced symmetric power of a mod-p Moore space is again a mod-p
Moore space. The following proposition ought to be well-known, but the author was unable to
find a reference.

Proposition 7.15. Let p be a prime and (N,A) be a based CW-pair such that A and N are
simply connected, the reduced integral homology of A and N is concentrated in dimension 2 and
the map H2(A,Z) −→ H2(N,Z) induced by the inclusion A ⊂ N is isomorphic to the reduction
map Z −→ Z/p. Then for all 2 ≤ i ≤ p− 1 the composite

A ∧ (N∧(i−1)/Σi−1)
incl−−→ N ∧ (N∧(i−1)/Σi−1)

proj−−→ N∧i/Σi

is a weak equivalence.

Proof. The space N∧i/Σi is simply connected because it is the quotient of the simply connected
Σi-CW-complex N∧i with Σi-fixed basepoint. Indeed, any element in the fundamental group of
N∧i/Σi can be represented by a closed path of 1-cells. Such a path can be lifted to a path of
1-cells in N∧i, which a priori need not close up. However, since the basepoint in N∧i is Σi-fixed,
it is the only preimage of the basepoint in N∧i/Σi, so any closed path at the basepoint in N∧i/Σi
lifts to a closed path in the simply connected space N∧i, and is thus null-homotopic.

Since the source and target of the map A∧ (N∧i−1/Σi−1) −→ N∧i/Σi in question are simply
connected, we may prove the claim by showing that the map induces an isomorphism in cohomol-
ogy with coefficients in any field k. We calculate this with the help of Bredon cohomology [Bre].
We denote by O the orbit category of Σi, with objects the cosets Σi/K for all subgroups K of Σi
and with morphisms of maps of left Σi-sets. In Chapter I, (10.4), of [Bre] Bredon sets up the
universal coefficient spectral sequence

Es,t2 = ExtsO(Ht(N
∧i), k) =⇒ H̃s+t

Σi
(N∧i, k) ∼= H̃s+t(N∧i/Σi, k) .

abutting to the reduced Bredon cohomology H̃∗Σi
(N∧i, k) of the Σi-CW-complex N∧i with co-

efficients in k, the constant functor Oop −→ (k-vector spaces) with value k. Here Ht(N
∧n) is

the contravariant functor on the orbit category with values Ht(N
∧n)(Σi/K) = H̃t((N

∧i)K , k),
the reduced k-homology of the K-fixed points. The Ext groups are formed in the abelian cate-
gory of coefficient systems, i.e., functors Oop −→ (k-vector spaces). In the identification of the
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abutment we use that Bredon cohomology with coefficients in a constant functor is isomorphic
to the cohomology of the quotient space.

For every subgroup K of Σi the fixed point subspace (N∧i)K is homeomorphic to a smash
product of at most i copies of the mod-p Moore space N . If the field k has characteristic different
from p, the functor Ht(N

∧i) is thus identically zero. So the E2-term of the universal coefficient

spectral sequence vanishes and we conclude that the reduced cohomology groups H̃t(N∧i/Σi, k)
all vanish if the characteristic of k is different from p.

It remains to discuss the case k = Fp. If F : Oop −→ (k-vector spaces) is any functor, then
natural transformations from F to the constant functor Fp are in bijective correspondence with
the Σi-invariants of the Fp-dual of F (Σi/{1}). Since i < p, taking invariants by a Σi-action
is exact, so the constant functor Fp is an injective object. Hence the Ext groups vanish in
positive dimensions and the universal coefficient spectral sequence collapses at the E2-term to
isomorphisms

HomO(Ht(N
∧i),Fp) ∼= H̃t(N∧i/Σi,Fp) .

The left hand side in turn is isomorphic to H̃∗(N∧i,Fp)Σi , the Σi-invariants of the reduced
mod-p cohomology of N∧i.

The reduced Fp-cohomology of N has a basis consisting of a 2-dimensional class x and its
mod-p Bockstein β(x). By the Kunneth theorem the Fp-cohomology of N∧i is isomorphic to
the i-fold tensor product of Fp{x, β(x)}. The Σi-action on cohomology introduces a sign when-
ever two instances of the odd dimensional class β(x) are permuted. So the Σi-invariants of

H̃∗(N∧i,Fp) are 2-dimensional, with basis consisting of x⊗i of dimension 2i and

β(x⊗i) =

i∑
k=1

x⊗(k−1) ⊗ β(x)⊗ x⊗i−k

of dimension 2i + 1. The class x restricts to a generator x̄ of H2(A,Fp), and so the mod-p

cohomology of A ∧ (N∧(i−1)/Σi−1) has an Fp-basis consisting of the classes

x̄⊗ x⊗(i−1) and β(x̄⊗ x⊗(i−1)) ;

we can thus conclude that the map A ∧ (N∧(i−1)/Σi−1) −→ N∧i/Σi in question is indeed an
Fp-cohomology isomorphism. �

Definition 7.16. An M -module X is k-coherent for a natural number k ≥ 1, if the composite

S2 ∧X(j−1)

ι∧X(j−1)−−−−−−−→ M ∧X(j−1)
α1,j−1−−−−−→ X(j)

is a weak equivalence for all 2 ≤ j ≤ k (where we use that M = P 1).

For example, every M -module X is 1-coherent, and if X is 2-coherent, then in the homotopy
category of C the composite map

M ∧X(1)
γ(α1,1)−−−−−−→ X(2)

γ(α1,1◦(ι∧X(1)))
−1

←−−−−−−−−−−−−−− S2 ∧X(1)

is a retraction to γ(ι∧X(1)) : S2∧X(1) −→M∧X(1). So if the cofibration category is stable, then
the identity map of X(1) is annihilated by n in the group [X(1), X(1)]Ho(C), by the distinguished
triangle (7.9).

Now we can prove a key result, namely that every free M -module M4K is (p− 1)-coherent.
Since the geometric realization of the terminal ∆-set ∗ is not a point (but rather an infinite
dimensional contractible CW-complex), the geometric realization does not take the geometric
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smash product to the smash product of spaces. However, we can define the reduced realization
of a based ∆-set K as

|K|• = |K|/| ∗ | ,
where ∗ denotes the sub-∆-space of K consisting of the basepoints in the various dimensions.
Since a terminal ∆-set is weakly contractible, the projection |K| −→ |K|• is a homotopy equiv-
alence. Thus a morphism of based ∆-sets is a weak equivalence if and only if it induces a weak
equivalence of reduced realizations. The homeomorphism (5.7) from |K ⊗L| to |K| × |L| passes
to a homeomorphism

|K ∧ L|• ∼= |K|• ∧ |L|• .
For example, the reduced realization of the based ∆-set S1 is a circle, so |S1∧L|• is homeomorphic
to the reduced suspension of |L|•.

Proposition 7.17. Let p be an odd prime. Then for 2 ≤ i ≤ p − 1 and every object K of a
pointed ∆-cofibration category the composite map

S2 ∧ P i−1 ∧K ι∧P i−1∧K−−−−−−−−→M ∧ P i−1 ∧K µ1,i−1∧K−−−−−−−→ P i ∧K
is a weak equivalence. In other words, the free M -module M4K is (p− 1)-coherent.

Proof. The reduced geometric realization of the finite based ∆-set M is a mod-p Moore space.
So the CW-pair (|M |•, |S2|•) satisfies the hypothesis of Proposition 7.15. The composite

|S2|• ∧ (|M |∧(i−1)
• /Σi−1)

incl−−→ |M |• ∧ (|M |∧(i−1)
• /Σi−1)

proj.−−−→ |M |∧i• /Σi
is thus a weak equivalence. Reduced geometric realization preserves smash products and com-
mutes with orbits by group actions, so the composite above is homeomorphic to the reduced
realization of the composite morphism of based ∆-sets

S2 ∧ P i−1 ι∧P i−1

−−−−−→ M ∧ P i−1 µ1,i−1−−−−−→ P i .

So Proposition 7.3 ensures that smashing this morphism withK results in a weak equivalence. �

Construction 7.18. The mapping cone construction of Example 7.4 gives a way to make new
M -modules from old ones. Given a morphism f : X −→ Y of M -modules we construct another
M -module Cf , the mapping cone of f as follows. For j ≥ 1 we set (Cf)(j) = C(f(j)), i.e.,
the j-th object (Cf)(j) is the mapping cone of the morphism f(j) : X(j) −→ Y(j). The action

map αi,j : P i ∧Cf(j) −→ Cf(i+j) is obtained by taking horizontal pushouts in the commutative
diagram:

P i ∧ Y(j)

αi,j

��

P i ∧X(j)

P i∧f(j)oo

αi,j

��

P i∧iX(j) // P i ∧ CX(j)

ᾱi,j

��
Y(i+j) X(i+j)

f(i+j)

oo
iX(i+j)

// CX(i+j)

where the right vertical map is the composite

P i ∧ I ∧X(j)

symmetry∧X(j)−−−−−−−−−−→ I ∧ P i ∧X(j)
I∧αi,j−−−−−→ I ∧X(i+j) .

Associativity is inherited from associativity of the actions on X and Y .

Proposition 7.19. Let C be a pointed ∆-cofibration category.

(i) Let f : X −→ Y be a morphism of M -modules. If X and Y are k-coherent, then the
mapping cone Cf is again k-coherent.
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(ii) Let p be a prime and X a (k + 1)-coherent M -module for some 1 ≤ k ≤ p − 1. Then

for every C-morphism f : K −→ X(1) the mapping cone of the free extension (7.14) f̂ :
M4K −→ X•+1 is k-coherent.

Proof. (i) The morphism α1,j−1(ι ∧Cf(j−1)) : S2 ∧Cf(j−1) −→ Cf(j) is obtained by passage to
horizontal pushouts in the commutative diagram:

S2 ∧ Y(j−1)

α1,j−1(ι∧Y(j−1))

��

S2 ∧X(j−1)

α1,j−1(ι∧X(j−1))

��

S2∧f(j−1)oo
S2∧iX(j−1) // S2 ∧ CX(j−1)

ᾱ1,j−1(ι∧CX(j−1))

��
Y(j) X(j)

f(j)

oo
iX(j)

// CX(j)

The two left horizontal morphisms are cofibrations, and for j ≤ k all vertical morphisms are
weak equivalences. So by the gluing lemma, the induced map on pushouts is a weak equivalence
for j ≤ k.

(ii) If X is (k+ 1)-coherent, then the shifted M -module X•+1 is k-coherent. The free module
M4K is (p − 1)-coherent by Proposition 7.17, hence k-coherent. So the mapping cone of the

free extension f̂ : M4K −→ X•+1 is k-coherent by part (i). �

We come to a final useful property of M -modules, needed in the next section.

Lemma 7.20. For every M -module X and every acyclic cofibration ϕ(1) : X(1) −→ Z(1) there
exists an M -module Z with underlying object Z(1) and a morphism of M -modules ϕ : X −→ Z
that extends ϕ(1) and such that every component ϕ(j) : X(j) −→ Z(j) is an acyclic cofibration.

Proof. For j ≥ 2 we define the object Z(j) and the morphism ϕ(j) as the pushout:

P j−1 ∧X(1)

P j−1∧ϕ(1) //

αj−1,1

��

P j−1 ∧ Z(1)

αj−1,1

��
X(j) ϕ(j)

// Z(j)

Since the morphism ϕ(1) is an acyclic cofibration, so is P j−1 ∧ ϕ(1); hence the pushout exists

and the morphism ϕ(j) is an acyclic cofibration. The structure maps αi,j : P i ∧ Z(j) −→ Z(i+j)

are induced on pushouts by the commutative diagram:

P i ∧X(j)

αi,j

��

P i ∧ P j−1 ∧X(1)

P i∧P j−1∧ϕ(1) //P i∧αj−1,1oo

µi,j−1∧X(1)

��

P i ∧ P j−1 ∧ Z(1)

µi,j−1∧Z(1)

��
X(i+j) P i+j−1 ∧X(1)

P i+j−1∧ϕ(1)

//
αi+j−1,1

oo P i+j−1 ∧ Z(1)

The associativity condition follows. �

8. The p-order in topological triangulated categories

In this section we prove that every topological triangulated category has p-order at least p−1,
for any prime p, see Theorem 8.2. The proof relies on the techniques developed in the last two
sections. A key ingredient is the following link between the concepts of coherent M -action
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(which take place in a cofibration category) and the notion of p-order (which takes place in the
triangulated homotopy category).

In any pointed ∆-cofibration category the functor S2∧− : C −→ C is exact and so it descends
to an exact functor of triangulated categories on Ho(C) (see Proposition A.15). We denote the
derived functor again by S2∧−; it is naturally isomorphic to the double suspension functor. We
define an M -extension of a morphism f : K −→ X in Ho(C) to be a morphism Φ : M ∧K −→
S2 ∧X in Ho(C) such that Φ ◦ γ(ι ∧K) = S2 ∧ f : S2 ∧K −→ S2 ∧X.

Proposition 8.1. Let C be a stable ∆-cofibration category and p a prime. Let X be the under-
lying object of a (k + 1)-coherent M -module for some k < p.

(i) For every object K of C and every morphism f : K −→ X in Ho(C) there exists an
M -extension Φ : M ∧K −→ S2 ∧X of f and a distinguished triangle

M ∧K Φ−−→ S2 ∧X −−−−→ C −−−−→ Σ(M ∧K)

such that the object C is underlying a k-coherent M -module.
(ii) The p-order of X is at least k.

Proof. (i) By assumption there is a (k + 1)-coherent M -module Y such that Y(1) = X. The
morphism f : K −→ X = Y(1) in the homotopy category can be written as a fraction f =

γ(s(1))
−1γ(a) where a : K −→ Z(1) and s(1) : Y(1) −→ Z(1) are morphisms in C and s is an acyclic

cofibration. By Lemma 7.20 the object Z(1) can be extended to an M -module Z and s can be
extended to a morphism s : Y −→ Z of M -modules all of whose components s(i) : Y(i) −→ Z(i)

are acyclic cofibrations. Since Y is (k + 1)-coherent, Z is then also (k + 1)-coherent.
We let â(1) : M ∧K −→ Z(2) be the first component of the free extension (7.14) of a, i.e., the

composite

M ∧K M∧a−−−→ M ∧ Z(1)
α1,1−−−→ Z(2) .

The square in C

S2 ∧K
S2∧a //

ι∧K
��

S2 ∧ Z(1)

α1,1(ι∧Z(1))∼
��

M ∧K
â(1)

// Z(2)

commutes and the right vertical morphism is a weak equivalence. The composite in Ho(C)

M ∧K
γ(â(1))−−−−−→ Z(2)

γ(α1,1(ι∧s(1)))−1

−−−−−−−−−−−→ S2 ∧X
is thus an M -extension Φ of f . The diagram

M ∧K Φ // S2 ∧X
∼= γ(α1,1(ι∧s(1)))

��

// Câ(1)

M ∧K
γ(â(1))

// Z(2) // Câ(1)

commutes in Ho(C); since the lower row is part of a distinguished triangle by (7.6), so is the
upper row. The mapping cone Câ(1) is the underlying object of the M -module Câ which is
k-coherent by Proposition 7.19 (ii).

(ii) We proceed by induction on k. For k = 0 there is nothing to show, so we assume k ≥ 1.
Given any object K of C we let

K
p·−−→ K

π−−→ K/p −−→ ΣK
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be a distinguished triangle that provides a cone of multiplication by p on K. We obtain a
distinguished triangle by smashing this triangle from the left with S2, and another one from (7.9)
(with n = p and with K instead of X). So there is an isomorphism ψ : M ∧K ∼= S2 ∧ (K/p) in
Ho(C) such that S2 ∧ π = ψ ◦ γ(ι ∧K) as morphisms S2 ∧K −→ S2 ∧ (K/p).

Now we let f : K −→ X be any morphism in Ho(C). Part (i) provides an M -extension
Φ : M ∧K −→ S2∧X of f and a cone C of Φ that admits a k-coherent M -action. By induction,
this cone C has p-order at least k−1. Since smashing with S2 is isomorphic to double suspension,
and thus an equivalence of categories, the map

Ho(C)(K/p,X) −→ Ho(C)(M ∧K,S2 ∧X) , ϕ 7−→ (S2 ∧ ϕ) ◦ ψ

is a bijection; so there is a unique morphism f̄ : K/p −→ X such that (S2 ∧ f̄) ◦ψ = Φ, and the
morphism f̄ is an extension of f . Finally, if Cf̄ is a cone of the extension f̄ , then S2 ∧ Cf̄ is a
cone of Φ = (S2 ∧ f̄) ◦ ψ : M ∧K −→ S2 ∧X. The p-order is invariant under suspension and
isomorphism, so the cone of f̄ has p-order at least k − 1. Hence X has p-order at least k. �

Now we can prove our main result.

Theorem 8.2. Let T be a topological triangulated category and p a prime. Then for every
object X of T the object X/p has p-order at least p − 2. In particular, the p-order of T is at
least p− 1.

Proof. It suffices to treat the case where T = Ho(C) is the homotopy category of a stable
cofibration category C. We may assume without loss of generality that C is saturated, i.e., every
morphism that becomes an isomorphism in Ho(C) is a weak equivalence. Indeed, for an arbitrary
cofibration category we can define another cofibration structure Csat on the same category C with
the same class of cofibrations as before, but with new weak equivalences those morphisms that
become isomorphisms in the (old) homotopy category. By Proposition 3.16 of [Ci], this is indeed
a saturated cofibration structure and the identity functor C −→ Csat induces an isomorphism of
homotopy categories

Ho(C) −→ Ho(Csat) .

Assuming now that the cofibration category C is saturated, Theorem 6.10 lets us replace it by the
category fC of frames in C without changing the homotopy category; the cofibration category fC
of frames is then a ∆-cofibration category by Theorem 6.17. The upshot is that we can assume
without loss of generality that C is a stable ∆-cofibration category.

Now we let X be an arbitrary object of C. We choose an object Y whose 2-fold suspension
is isomorphic to X in Ho(C). Then the smash product M ∧ Y with the mod-p Moore space is
isomorphic to X/p, by the distinguished triangle (7.9). This smash product M ∧Y is underlying
the free M -module M4Y that is (p − 1)-coherent by Proposition 7.17. So M ∧ Y has p-order
at least p− 2 by Proposition 8.1 (ii). �

Theorem 8.2 is trivially true for p = 2, so its content lies in the odd primary cases. If T is
a topological triangulated category and p an odd prime, then Theorem 8.2 in particular implies
that p ·X/p = 0 for every object X of T . It is an open question whether there is an odd prime p,
a triangulated category T – necessarily non-topological – and an object X of T such that the
p-order of X/p is less than p− 2, or even p ·X/p 6= 0.

The stable homotopy category is topological, so Theorem 8.2 shows in particular that its
p-order is at least p− 1. In combination with Theorem 4.2 we thus obtain:

Corollary 8.3. For every prime p the homotopy category SHc
(p) of finite p-local spectra has

p-order exactly p− 1.
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Remark 8.4. Theorem 8.2 can be improved to give a sufficient condition for when the p-order
of X/p in a topological triangulated category is at least p − 1. A choice of model for T (i.e., a
stable cofibration category C and an exact equivalence T ∼= Ho(C)) provides an action of the
homotopy category of finite ∆-sets on T , see Remark 6.11. The obstruction for the object X/p
to have p-order strictly greater than p− 2 can be expressed in terms of this action as follows.

We let α1 : S2p −→ S3 denote a morphism of finite ∆-sets such that the geometric realizations
of S2p and S3 are homotopy equivalent to a 2p-sphere respectively a 3-sphere and such that the
realization of α1 is a generator of the p-torsion in the homotopy group π2p(S

3); here p = 2
is allowed, and then α1 realizes the homotopy class of the Hopf map η. The arguments of
Theorem 2.5 of [Sch07] can be generalized from simplicial stable model categories to stable ∆-
cofibration categories to show that if the morphism α1∧X : S2p∧X −→ S3∧X is zero (or divisible
by p) in Ho(C), then the object X/p admits a p-coherent M -action. By Proposition 8.1 (ii), the
object X/p then has p-order at least p− 1.

We want to emphasize that the morphism α1 ∧ X : S2p ∧ X −→ S3 ∧ X does not have an
intrinsic meaning in a topological triangulated category T , and depends on the choice of model
for T . The K(p)-local stable homotopy category at an odd prime p is an explicit example where
different models lead to different morphisms α1∧X: there is the ‘natural model’, i.e., the category
of sequential spectra [BF, Def. 2.1] with the K(p)-localization of the stable model structure of
Bousfield and Friedlander. The class α1 maps non-trivially to the (2p − 3)-th homotopy group
of the localized sphere spectrum LK(p)

S, so it acts non-trivially on LK(p)
S. However, Franke’s

theorem [Fr, Sec. 2.2, Thm. 5] provides an ‘exotic’ algebraic model for Ho(K(p)-local), and in
any algebraic model, all positive dimensional stable homotopy classes act trivially on all objects.

Remark 8.5. The proof of Theorem 8.2 shows that the special features of topological over
algebraic triangulated categories are closely related to existence and properties of multiplications
on mod-p Moore spectra. For primes p ≥ 5, the mod-p Moore spectrum has a multiplication in
the stable homotopy category which is commutative and associative. So on the level of tensor
triangulated categories, there does not seem to be any qualitative difference between the Moore
spectrum S/p as an object of the triangulated category SHc of finite spectra and Z/p as an
object of the bounded derived category of finitely generated abelian groups, as long as p ≥ 5.
However, mod-p Moore spectra do not have models as strict ring spectra (or A∞ ring spectra);
this seems to be folklore, and a proof can be found in [An, Ex. 3.3]. With the methods of this
paper, this also follows by combining Proposition 2.6 and Theorem 4.2. So the notion of p-order
explains and quantifies how the higher order non-associativity eventually manifests itself in the
triangulated structure of the stable homotopy category (i.e., without any reference to the smash
product).

Appendix A. Homotopy category, suspension and triangulation

In this appendix we recall certain facts about the homotopy category of a cofibration category
that we need in the body of the paper. In particular, we introduce the suspension functor on
the homotopy category of a pointed cofibration category and show in Theorem A.12 that the
homotopy category of a stable cofibration category is naturally triangulated.

For us the homotopy category of a cofibration category is any localization of C at the class
of weak equivalences. Hence the homotopy category consists of a category Ho(C) with the
same objects as C and a functor γ : C −→ Ho(C) that is the identity on objects, takes all weak
equivalences to isomorphisms and satisfies the following universal property: for every category D
and every functor F : C −→ D that takes all weak equivalences to isomorphisms there is a unique
functor F̄ : Ho(C) −→ D such that F̄ γ = F .
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A cylinder object for an object A in a cofibration category is a quadruple (I, i0, i1, p) consisting
of an object I, morphisms i0, i1 : A −→ I and a weak equivalence p : I −→ A satisfying
pi0 = pi1 = IdA and such that i0 + i1 : A∨A −→ I is a cofibration. Every object has a cylinder
object: axiom (C4) allows us to factor the fold map Id + Id : A ∨ A −→ A as a cofibration
i0 + i1 : A ∨A −→ I followed by a weak equivalence p : I −→ A.

Two morphisms f, g : A −→ Z in a cofibration category are homotopic if there exists a cylinder
object (I, i0, i1, p) for A and a morphism H : I −→ Z (the homotopy) such that f = Hi0 and
g = Hi1. Since the morphism p in a cylinder object is a weak equivalence, γ(p) is an isomorphism
in Ho(C) and so γ(i0) = γ(i1) since they share γ(p) as common left inverse. So if f and g are
homotopic via H, then γ(f) = γ(H)γ(i0) = γ(H)γ(i1) = γ(g). In other words: homotopic
morphisms become equal in the homotopy category. The converse is not true in general, but
part (ii) of the following theorem says that the converse is true up to post-composition with a
weak equivalence.

Parts (i) and (ii) of the following theorem are the dual statements to Theorem 1 and Remark 2
of [Bro, part I.2]. The results can also be found, with more detailed proofs and slightly different
terminology, as Theorem 6.4.5 (1a) respectively Theorem 6.4.4 (1c) in [RB]. Part (iii) (or rather
the dual statement) is a special case of [Ci, Cor. 2.9].

Theorem A.1. Let C be a cofibration category and γ : C −→ Ho(C) a localization at the class
of weak equivalences. Then:

(i) Every morphism in Ho(C) is a ‘left fraction’, i.e., is of the form γ(s)−1γ(f) where f and s
are C-morphisms with the same target and s is an acyclic cofibration.

(ii) Given two morphisms f, g : A −→ B in C, then γ(f) = γ(g) in Ho(C) if and only if there
is an acyclic cofibration s : B −→ B̄ such that sf and sg are homotopic.

(iii) The localization functor γ : C −→ Ho(C) preserves coproducts. In particular, the homotopy
category Ho(C) has finite coproducts.

Remark A.2. On the face of it, the homotopy category of a cofibration category raises set-
theoretic issues: in general the hom-‘sets’ in Ho(C) may not be small, but rather proper classes.
One way to deal with this is to work with universes in the sense of Grothendieck; the homotopy
category of a cofibration category then always exists in a larger universe.

Another way to address the set theory issues is to restrict attention to those cofibration
categories that have ‘enough fibrant objects’. An object of a cofibration category C is fibrant if
every acyclic cofibration out of it has a retraction. If the object Z is fibrant, then the map

C(A,Z) −→ Ho(C)(A,Z) , f 7−→ γ(f)

is surjective: an arbitrary morphism from A to Z in Ho(C) is of the form γ(s)−1γ(a) for some
acyclic cofibration s : Z −→ Z ′. Since Z is fibrant, there is a retraction r with rs = IdZ , and then
γ(s)−1γ(a) = γ(ra). Moreover, if two C-morphisms f, g : A −→ Z become equal after applying
the functor γ, then there is an acyclic cofibration s : Z −→ Z ′ such that sf is homotopic to sg.
Composing with any retraction to s shows that f is already homotopic to g. So ‘homotopy’ for
morphisms into a fibrant object Z is an equivalence relation and the map

C(A,Z)/homotopy −→ Ho(C)(A,Z) , [f ] 7−→ γ(f)

is bijective.
We say that the cofibration category C has enough fibrant objects if for every object X there

is a weak equivalence r : X −→ Z with fibrant target. For example, if C is the collection of
cofibrant objects in an ambient Quillen model category, then it has enough fibrant objects. In
the cofibration structure on pretriangulated dg categories discussed in Proposition 3.2, every
object is fibrant (so in particular, there are enough fibrant objects).
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If r : X −→ Z a weak equivalence with fibrant target, then for every other object A the two
maps

Ho(C)(A,X)
γ(r)∗−−−→ Ho(C)(A,Z)

γ←−− C(A,Z)/homotopy

are bijective, so the morphisms Ho(C)(A,X) form a set (as opposed to a proper class). So if C
has enough fibrant objects, then the homotopy category Ho(C) has small hom-sets (or is ‘locally
small’).

Now we proceed to the construction of the cone and suspension functor. From now on, C is a
pointed cofibration category, i.e., every initial object is also terminal, hence a zero object. The
following construction of the suspension functor is isomorphic to the construction by Quillen [Q,
I.2] and (the dual of) Brown [Bro, Part I, Thm. 3], although our exposition is somewhat different.

A cone in a pointed cofibration category C is a cofibration i : A −→ C whose target C is
weakly contractible. The unique morphism from any given object to the terminal object can be
factored as a cofibration followed by a weak equivalence; so every object is the source of a cone.
Cones of objects in a pointed cofibration category are unique up to homotopy in a rather strong
sense. Indeed, the category Cone C of cones in C has a natural structure of cofibration category
and the source functor that sends a cone i : A −→ C to A is exact and passes to an equivalence
Ho(Cone C) −→ Ho(C) of homotopy categories.

Let us now choose a cone for every object A of C, i.e., a cofibration iA : A −→ CA with weakly
contractible target. The suspension ΣA of A is then the quotient of the chosen cone inclusion
iA : A −→ CA, i.e., a pushout:

A
iA //

��

CA

p

��
∗ // ΣA

Lemma A.3. Let i : A −→ C be a cone and α : A −→ B a morphism in a pointed cofibration
category C. Then there exists a cone extension of α, i.e., a pair (ᾱ, s) consisting of a morphism
ᾱ : C −→ C̄ and an acyclic cofibration s : CB −→ C̄ such that ᾱi = siBα and such that the
induced morphism ᾱ ∪ s : C ∪A CB −→ C̄ is a cofibration, where the source is a pushout of i
and iBα. Moreover, the composite morphism in Ho(C)

C/A
γ(ᾱ/α)−−−−→ C̄/B

γ(s/B)−1

−−−−−−→ CB/B = ΣB

is independent of the cone extension (ᾱ, s).

Proof. Since i is a cofibration we can choose a pushout:

A
iBα //

i

��

CB

i′

��
C

k
// C ∪A CB

Then we choose a cone l : C ∪A CB −→ C̄, and ᾱ = lk and s = li′ have the desired properties.
Suppose that (ᾱ′ : C −→ C̄ ′, s′ : CB −→ C̄ ′) is another cone extension. Let us first suppose

that there is a morphism ϕ : C̄ −→ C̄ ′ (necessarily a weak equivalence) such that ϕᾱ = ᾱ′ and
ϕs = s′. Then we have

γ(s/B)−1 ◦ γ(ᾱ/α) = γ(s/B)−1 ◦ γ(ϕ/B)−1 ◦ γ(ϕ/B) ◦ γ(ᾱ/α)

= γ(ϕs/B)−1 ◦ γ(ϕᾱ/α) = γ(s′/B)−1 ◦ γ(ᾱ′/α) .
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In the general case we choose a pushout:

C ∪A CB
ᾱ∪s //

ᾱ′∪s′

��

C̄

k′

��
C̄ ′

k
// P

Then (iP k
′ᾱ, iP k

′s) is yet another cone extension of α, where iP : P −→ CP is a cone on P .
Moreover, this new cone extension receives morphisms from both (ᾱ, s) and (ᾱ′, s′), so by the
special case all three cone extensions give rise to the same morphism C/A −→ ΣB in Ho(C). �

Now we can define suspension on morphisms, thereby extending it to a functor Σ : C −→
Ho(C). Given a C-morphism α : A −→ B, we choose a cone extension (ᾱ, s) with respect to the
chosen cone iA : A −→ CA, as in Lemma A.3. We define Σα as the composite in Ho(C)

ΣA = CA/A
γ(ᾱ/α)−−−−→ C̄/B

γ(s/B)−1

−−−−−−→ CB/B = ΣB .

Lemma A.3 guarantees that this definition is independent of the cone extension.

Proposition A.4. The suspension construction is a functor Σ : C −→ Ho(C). The suspension
functor takes weak equivalences to isomorphisms and preserves coproducts.

Proof. The pair (IdCA, IdCA) is a cone extension of the identity of A, so we have Σ IdA = IdΣA.
Given another morphism β : B −→ D and a cone extension (β̄, t) of β, we choose a pushout:

CB
s //

β̄

��

C̄

β̄′

��
C̄ ′ s̄

// E

The morphism s̄ is an acyclic cofibration since s is. So the pair (β̄′ᾱ, s̄t) is a cone extension of
βα : A −→ D and we get

Σ(βα) = γ(s̄t/D)−1 ◦ γ(β̄′ᾱ/βα) = γ(t/D)−1 ◦ γ(s̄/D)−1 ◦ γ(β̄′/β) ◦ γ(ᾱ/α)

= γ(t/D)−1 ◦ γ(β̄/β) ◦ γ(s/B)−1 ◦ γ(ᾱ/α) = (Σβ) ◦ (Σα) .

The third equation uses that β̄′s = s̄β̄. So the suspension construction is functorial. If α :
A −→ B is a weak equivalence and (ᾱ, s) a cone extension, then ᾱ/α : CA/A −→ C̄/B is a weak
equivalence by the gluing lemma. So γ(ᾱ/α), and hence Σα is an isomorphism in Ho(C).

It remains to show that the suspension functor preserves coproducts. Indeed, if iA : A −→ CA,
iB : B −→ CB and iA∨B : A ∨ B −→ C(A ∨ B) are the chosen cones for two objects A, B and
a coproduct A ∨B, then iA ∨ iB : A ∨B −→ CA∨CB is another cone, so Lemma A.3 provides
a morphism ᾱ : CA ∨ CB −→ C̄ and an acyclic cofibration s : C(A ∨ B) −→ C̄ such that
ᾱ ◦ (iA ∨ iB) = s ◦ iA∨B . Passing to quotients and applying the localization functor produces an
isomorphism

ΣA ∨ ΣB = (CA ∨ CB)/(A ∨B)
γ(ᾱ/A∨B)−−−−−−−−→ C̄/(A ∨B)

γ(s/A∨B)−1

−−−−−−−−−→ C(A ∨B)/(A ∨B) = Σ(A ∨B) ,

which is in fact the canonical morphism. �
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Since the suspension functor takes weak equivalences to isomorphisms, it descends to a unique
functor

Σ : Ho(C) −→ Ho(C)
such that Σ ◦ γ = Σ. Since coproducts in C are coproducts in Ho(C), this induced suspension
functor again preserves coproducts.

Remark A.5. In many examples, cones (and hence suspensions) can be chosen functorially
already on the level of the cofibration category. However, the punchline of the previous con-
struction is that even without functorial cones in C, suspension becomes functorial after passage
to the homotopy category. On the other hand, it would not be a serious loss of generality to
assume functorial cones and suspensions. Indeed, Theorems 6.10 and 6.17 together say that for
every saturated cofibration category C the category fC of frames in C is a ∆-cofibration category
such that Ho(C) is equivalent to Ho(fC). Moreover, if C is pointed, then so is fC and the
category fC has functorial cones and functorial suspensions given by smash product with the
‘based interval’ I respectively the ‘circle’ S1, compare Example 7.4.

There is extra structure on a suspension, namely a certain collapse morphism κA : ΣA −→
ΣA∨ΣA in Ho(C). To define it, we consider a pushout CA∪ACA of two copies of the cone CA
along iA. The gluing lemma guarantees that the map 0 ∪ p : CA ∪A CA −→ CA/A = ΣA
induced on horizontal pushouts of the left commutative diagram

CA

∼
��

A
iAoo iA // CA CA

p

��

A
iAoo iA //

��

CA

p

��
∗ Aoo

iA
// CA ΣA ∗oo // ΣA

is a weak equivalence. We define the κA as the composite

ΣA
γ(0∪p)−1

−−−−−−→ CA ∪A CA
γ(p∪p)−−−−−→ ΣA ∨ ΣA

where the second morphism is the image of the C-morphism induced on horizontal pushouts of
the right commutative diagram above.

Proposition A.6. The morphism κA : ΣA −→ ΣA ∨ ΣA satisfies the relations

(0 + Id)κA = Id and (Id + Id)κA = 0

as endomorphisms of ΣA in Ho(C). The endomorphism

mA = (Id +0)κA

of ΣA is an involution, i.e., m2
A = Id. The morphism κA is natural, i.e., for every morphism

a : A −→ B we have (Σa ∨ Σa) ◦ κA = κB ◦ (Σa).

Proof. We observe that (0 + Id) ◦ (p ∪ p) = 0 ∪ p as C-morphisms CA ∪A CA −→ ΣA, so

(0 + Id) ◦ κA = (0 + Id) ◦ γ(p ∪ p) ◦ γ(0 ∪ p)−1 = γ(0 ∪ p) ◦ γ(0 ∪ p)−1 = Id .

The square

CA ∪A CA
p∪p //

Id∪ Id

��

ΣA ∨ ΣA

Id + Id

��
CA p

// ΣA

commutes in C, so the morphism (Id + Id) ◦κA = (Id + Id) ◦ γ(p∪ p) ◦ γ(0∪ p)−1 factors through
the cone CA, which is a zero object in Ho(C). Thus (Id + Id)κA = 0.
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For the next relation we denote by τ the involution of CA ∪A CA that interchanges the two
cones. Then we have

mA = (Id +0) ◦ γ(p ∪ p) ◦ γ(0 ∪ p)−1 = γ(p ∪ 0) ◦ γ(0 ∪ p)−1 = γ(0 ∪ p) ◦ γ(τ) ◦ γ(0 ∪ p)−1 .

Since τ2 = Id this leads to m2
A = Id.

Every morphism in Ho(C) is of the form γ(s)−1γ(α) for C-morphisms α and s; so it suf-
fices to prove the naturality statement for morphisms of the form a = γ(α) for a C-morphism
α : A −→ B. We choose a cone extension (ᾱ, s) of α and consider the commutative diagram:

ΣA
ᾱ/α // C̄B/B ΣB

s/ IdB

∼
oo

CA ∪A CA
ᾱ∪ᾱ //

0∪p ∼

OO

p∪p

��

C̄B ∪siB C̄B

0∪p ∼

OO

p∪p
��

CB ∪B CB

0∪p∼

OO

p∪p

��

s∪s
∼

oo

ΣA ∨ ΣA
ᾱ/α∨ᾱ/α

// C̄B/B ∨ C̄B/B ΣB ∨ ΣB
s/ IdB ∨s/ IdB

∼oo

The vertical maps going up and the horizontal maps going left are weak equivalences, so they
become isomorphisms in the homotopy category. After inverting these weak equivalences in
Ho(C), the composite through the upper right corner becomes κB ◦ Σγ(α) and the composite
through the lower left corner becomes (Σγ(α) ∨ Σγ(α)) ◦ κA. �

We call a pointed cofibration category stable if the suspension functor Σ : Ho(C) −→ Ho(C)
is an autoequivalence. We can now show that the homotopy category of a stable cofibration
categories is additive. By Theorem A.1 (iii) the coproduct in any cofibration category C descends
to a coproduct in the homotopy category C. We will show that for stable C the coproduct X ∨Y
is also a product of X and Y in Ho(C) with respect to the morphisms pX = Id +0 : X∨Y −→ X
and pY = 0 + Id : X ∨ Y −→ Y . So we have to show that for every object B of C the map

(A.7) Ho(C)(B,X ∨ Y ) −→ Ho(C)(B,X)×Ho(C)(B, Y ) , ϕ 7−→ (pXϕ, pY ϕ)

is bijective.

Proposition A.8. Let C be a pointed cofibration category.

(i) If the object B is a suspension, then the map (A.7) is surjective.
(ii) Let ϕ,ψ : B −→ X ∨ Y be morphisms in Ho(C) such that pXϕ = pXψ and pY ϕ = pY ψ.

Then Σϕ = Σψ.
(iii) If C is stable, then the homotopy category Ho(C) is additive and for every object A of C

the morphism mA : ΣA −→ ΣA is the negative of the identity of ΣA.

Proof. (i) Given two morphisms α : ΣA −→ X and β : ΣA −→ Y in Ho(C) we consider the
morphism ((α ◦mA) ∨ β) ◦ κA : ΣA −→ X ∨ Y . This morphism then satisfies

pX ◦ ((α ◦mA) ∨ β) ◦ κA = α ◦mA ◦ (Id +0) ◦ κA = α ◦m2
A = α

and similarly pY ◦ ((α ◦mA) ∨ β) ◦ κA = β. So the map (A.7) is surjective for B = ΣA.
(ii) We first show that the composite

(A.9) Σ(X ∨ Y )
κX∨Y−−−−−→ Σ(X ∨ Y ) ∨ Σ(X ∨ Y )

(ΣιX)mX(ΣpX)+(ΣιY )(ΣpY )−−−−−−−−−−−−−−−−−−−→ Σ(X ∨ Y )
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is the identity of Σ(X ∨ Y ). Here ιX : X −→ X ∨ Y and ιY : Y −→ X ∨ Y are the canonical
morphisms. Indeed, after precomposition with ΣιX : ΣX −→ Σ(X ∨ Y ) we have

((ΣιX)mX(ΣpX) + (ΣιY )(ΣpY )) ◦ κX∨Y ◦ (ΣιX)

= ((ΣιX)mX(ΣpX) + (ΣιY )(ΣpY )) ◦ (ΣιX ∨ ΣιX) ◦ κX
= ((ΣιX)mX + 0) ◦ κX = ((ΣιX)mX) ◦ (IdΣX +0) ◦ κX
= (ΣιX) ◦m2

X = ΣιX .

Similarly, we have ((ΣιX)mX(ΣpX) + (ΣιY )(ΣpY )) ◦κX∨Y ◦ (ΣιY ) = ΣιY . Since the suspension
functor preserves coproducts, a morphism out of Σ(X ∨ Y ) is determined by precomposition
with ΣιX and ΣιY . This proves that the composite (A.9) is the identity. For ϕ : B −→ X ∨ Y
we then have

Σϕ = ((ΣιX)mX(ΣpX) + (ΣιY )(ΣpY )) ◦ κX∨Y ◦ (Σϕ)

= ((ΣιX)mX(ΣpX) + (ΣιY )(ΣpY )) ◦ (Σϕ ∨ Σϕ) ◦ κB
= ((ΣιX)mXΣ(pXϕ) + (ΣιY )Σ(pY ϕ)) ◦ κB .

So Σϕ is determined by the composites pXϕ and pY ϕ, and this proves the claim.
(iii) Since C is stable, every object is isomorphic to a suspension, so the map (A.7) is always

surjective by part (i). Moreover, suspension is faithful, so the map (A.7) is always injective by
part (ii). Thus the map (A.7) is bijective for all objects B,X and Y , and so coproducts in Ho(C)
are also products.

It is well known that in any category with zero object that has coproducts that are also
products, the morphisms sets in T can then be endowed with a natural structure of abelian
monoid as follows, see for example [KS, Thm. 8.2.14]. Given f, g : B −→ Z, let f ⊥ g : B −→
Z ∨Z be the unique morphism such that (Id +0)(f ⊥ g) = f and (0 + Id)(f ⊥ g) = g. Then the
assignment f + g = (Id + Id)(f ⊥ g) is an associative, commutative and binatural operation on
the set of morphisms from B to Z with neutral element given by the zero morphism.

The collapse map κA : ΣA −→ ΣA ∨ ΣA satisfies (Id +0)κ = mA and (0 + Id)κA = Id, and
so κA = mA ⊥ Id. So we have mA + Id = (Id + Id)κA = 0. This shows that the morphism mA

is the additive inverse of the identity of ΣA. In particular, the abelian monoid Ho(C)(ΣA,Z)
has inverses, and is thus an abelian group. Since every object is isomorphic to a suspension, the
abelian monoid Ho(C)(B,Z) is a group for all objects B and Z, and so Ho(C) is an additive
category. �

Now we introduce the class of distinguished triangles. Given a cofibration j : A −→ B in a
pointed cofibration category C, we define the connecting morphism δ(j) : B/A −→ ΣA in Ho(C)
as

(A.10) δ(j) = γ(p ∪ 0) ◦ γ(0 ∪ q)−1 : B/A −→ ΣA .

Here q : B −→ B/A is the quotient morphism, p ∪ 0 : CA ∪j B −→ ΣA is the morphism that
collapses B and 0 ∪ q : CA ∪j B −→ B/A is the weak equivalence that collapses CA. The
elementary distinguished triangle associated to the cofibration j is the sequence

A
γ(j)−−−−→ B

γ(q)−−−−→ B/A
δ(j)−−−−→ ΣA .

A distinguished triangle is any triangle in the homotopy category that is isomorphic to the
elementary distinguished triangle of a cofibration in C.
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Proposition A.11. The connecting morphism (A.10) is natural in the following sense: for
every commutative square in C on the left

A
j //

α

��

B

β

��

B/A
δ(j) //

γ(β/α)

��

ΣA

Σγ(α)

��
A′

j′
// B′ B′/A′

δ(j′)

// ΣA′

such that j and j′ are cofibrations, the square on the right commutes in Ho(C).

Proof. We choose a cone extension (ᾱ, s) of the morphism α as in the commutative diagram on
the left:

A

α
��

iA // CA

ᾱ
��

B/A

β/α
��

CA ∪j B
p∪0 //0∪q

∼
oo

��

ΣA

ᾱ/α
��

A′
siA′ // C̄ B′/A′ C̄ ∪j′ B′

0∪q′

∼
oo p̄′∪0 // C̄/A′

A′
iA′

// CA′

s∼
OO

B′/A′ CA′ ∪j′ B′
0∪q′

oo
p′∪0

//

s∪B′∼
OO

ΣA′

s/A′∼
OO

From this we form the commutative diagram on the right. After passage to Ho(C) we can invert
the weak equivalences that point to the left or upwards, and then the composite through the
lower left corner becomes δ(j′) ◦ γ(β/α), the composite through the upper right corner becomes
Σγ(α) ◦ δ(j). �

Now we can prove that the homotopy category of a stable category is triangulated. For us, a
triangulated category is an additive category T equipped with an auto-equivalence Σ : T −→ T
and a class of distinguished triangles of the form

A
f−−→ B

g−−→ C
h−−→ ΣA ,

closed under isomorphism, that satisfies the following axioms:

(T1) For every object X the triangle 0 −→ X
Id−→ X −→ 0 is distinguished.

(T2) [Rotation] If a triangle (f, g, h) is distinguished, then so is the triangle (g, h,−Σf).
(T3) [Completion of triangles] Given distinguished triangles (f, g, h) and (f ′, g′, h′) and mor-

phisms a and b satisfying bf = f ′a, there exists a morphism c making the following
diagram commute:

A
f //

a

��

B
g //

b

��

C

c

��

h // ΣA

Σa

��
A′

f ′
// B′

g′
// C ′

h′
// ΣA′
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(T4) [Octahedral axiom] For every pair of composable morphisms f : A −→ B and f ′ : B −→
D there is a commutative diagram

A
f // B

f ′

��

g // C

x

��

h // ΣA

A
f ′f

// D
g′′

//

g′

��

E
h′′

//

y

��

ΣA

Σf

��
F

h′

��

F

(Σg)◦h′
��

h′
// ΣB

ΣB
Σg

// ΣC

such that the triangles (f, g, h), (f ′, g′, h′), (f ′f, g′′, h′′) and (x, y, (Σg) ◦ h′) are distin-
guished.

This version of the axioms appears to be weaker, at first sight, than the original formulation:
Verdier [Ve, II.1] requires an ‘if and only if’ in (T2), and his formulation of (T4) appears stronger.
However, the two formulations of the axioms are equivalent.

Theorem A.12. The suspension functor and the class of distinguished triangles make the ho-
motopy category Ho(C) of a stable cofibration category into a triangulated category.

This result generalizes and provides a uniform approach to proofs of triangulations for homo-
topy categories of pretriangulated dg categories, additive categories, derived categories of abelian
categories, stable categories of Frobenius categories and for homotopy categories of stable model
categories. Indeed, all these classes of categories have underlying stable cofibration categories.
The only triangulated categories I am aware of that cannot be established via Theorem A.12 are
the exotic examples of [MSS].

Remark A.13. Although I am not aware of a complete proof of Theorem A.12 in the present
generality, I do not claim much originality; indeed, various parts of this result, assuming the same
or closely related structure, are scattered throughout the literature. Nevertheless, I hope that
a self-contained and complete account on the triangulation of the homotopy category, assuming
only the axioms of a stable cofibration category, is useful.

Before embarking on the proof of Theorem A.12, I want to point out the relevant related
sources that I am aware of. In Section I.2 of his monograph [Q] Quillen shows that in any
pointed closed model category, the homotopy category supports a functorial suspension functor
with values in cogroup objects. In Section I.3 Quillen introduces the class of cofibration sequences
and shows that they satisfy most of (the unstable version of) the axioms of a triangulated
category. In [Bro, Sec. I.4] Brown adapts Quillen’s arguments to the more general context of
‘categories of fibrant objects’, which is strictly dual to the cofibration categories that we use.
In [He68, Sec. 3] Heller introduces the notion of ‘h-c-category’, an axiomatization closely related
to (but slightly different from) that of cofibration categories; Heller indicates in his Theorem 9.2
how the stabilization of the homotopy category of an h-c-category is triangulated. We want to
stress, though, that none of these three sources bothers to prove the octahedral axiom.

In the context of stable model categories, a complete proof of the triangulation of the homo-
topy category, including the octahedral axiom, is given by Hovey in [Ho99, Sec. 7.1]. However,
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Hovey’s account is hiding the fact that the triangulation is available under much weaker hypothe-
ses; for example, the fibrations, the existence of general colimits and functorial factorization are
irrelevant for this particular purpose.

Yet another approach to triangulating the homotopy category of a cofibration category C
uses the whole system of homotopy categories of suitable diagrams in C. This idea has been
made precise in slightly different forms by different people, for example by Grothendieck as a
derivator [Ma, Gr], by Heller as a homotopy theory [He88], by Keller as an epivalent tower of
suspended categories [Ke91] and by Franke as a system of triangulated diagram categories [Fr].
The respective ‘stable’ versions come with theorems showing that the underlying category of such
a stable collection of homotopy categories is naturally triangulated, compare [Gr, Thm. 4.18]
or [Fr, Sec. 1.4, Thm. 1].

Cisinski shows in [Ci, Cor. 2.24] that the homotopy category of every cofibration category is
underlying a right derivator (parametrized by finite, direct indexing categories). I am convinced
that our definition of ‘stable’ (i.e., that the suspension functor is an auto-equivalence of the
homotopy category) implies that the associated derivator is ‘triangulated’, i.e., that the right
derivator is automatically also a left derivator, hence a ‘derivator’ (without any adjective), and
that homotopy cartesian square and homotopy co-cartesian square coincide. However, as far as
I know this link is not established anywhere in the literature.

Proof of Theorem A.12. We have seen in Proposition A.8 (iii) that the homotopy category of a
stable cofibration category is additive, and the suspension functor is an equivalence by assump-
tion. So it remains to verify the axioms (T1) through (T4). We want to emphasize that the
following proof of (T1) – (T4) works in any pointed cofibration category, without a stability
assumption. The only place where stability is used is at the very end of the rotation axiom (T2),
where the morphism (Σf) ◦ δ(iA) is identified with −Σf .

(T1) The unique morphism from any zero object to X is a cofibration with quotient morphism
the identity of X. The triangle (0, IdX , 0) is the associated elementary distinguished triangle.

(T2 – Rotation) We start with a distinguished triangle (f, g, h) and want to show that the
triangle (g, h,−Σf) is also distinguished. It suffices to consider the elementary distinguished
triangle (γ(j), γ(q), δ(j)) associated to a cofibration j : A −→ B. We choose pushouts for the
left and the outer square as in the left diagram:

A
j //

iA

��

B

k

��

// ∗

��

B
γ(k) // CA ∪j B

γ(p∪0) //

γ(0∪q) ∼=
��

ΣA
δ(k) // ΣB

CA // CA ∪j B
p∪0

// ΣA B
γ(q)

// B/A
δ(j)

// ΣA
Σγ(j)◦δ(iA)

// ΣB

The second square in the left diagram is then also a pushout and the morphism p∪0 : CA∪jB −→
ΣA is the quotient projection associated to the cofibration k : B −→ CA∪jB. Moreover, both iA
and k are cofibrations, so by naturality of the connecting morphisms we get δ(k) ◦ IdΣA =
(Σγ(j)) ◦ δ(iA). Hence the diagram on the right commutes. The upper row is the elementary
distinguished triangle of the cofibration k, and all vertical maps are isomorphisms, so the lower
triangle is distinguished, as claimed. By definition the connecting morphism δ(iA) coincides
with the involution mA of ΣA. In the stable context, mA is the negative of the identity (see
Proposition A.8 (iii)), so (Σf) ◦ δ(iA) = −Σf .
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(T3 – Completion of triangles) We are given two distinguished triangles (f, g, h) and
(f ′, g′, h′) and two morphisms a and b in Ho(C) satisfying bf = f ′a as in the diagram:

A
f //

a

��

B

b

��

g // C
h //

c

���
�
� ΣA

Σa

��
A′

f ′
// B′

g′
// C ′

h′
// ΣA′

We have to extend this data to a morphism of triangles, i.e., find a morphism c making the entire
diagram commute. If we can solve the problem for isomorphic triangles, then we can also solve it
for the original triangles. We can thus assume that the triangles (f, g, h) and (f ′, g′, h′) are the
elementary distinguished triangles arising from two cofibrations j : A −→ B and j′ : A′ −→ B′.

We start with the special case where a = γ(α) and b = γ(β) for C-morphisms α : A −→ A′

and β : B −→ B′. Then γ(j′α) = γ(βj), so Theorem A.1 (ii) provides an acyclic cofibration
s : B′ −→ B̄, a cylinder object (I, i0, i1, p) for A and a homotopy H : I −→ B̄ from Hi0 = sj′α
to Hi1 = sβj. The following diagram of cofibrations on the left commutes in C, so the diagram
of elementary distinguished triangles on the right commutes in Ho(C) by the naturality of the
connecting morphisms:

A
j // B A

γ(j) // B
γ(q) // B/A

δ(j) // ΣA

A
i0 //

α

��

I ∪i1 B

H∪sβ
��

∼ jp∪B

OO

A
γ(i0) //

γ(α)

��

I ∪i1 B

γ(H∪sβ)

��

γ(jp∪B) ∼=

OO

γ(q) // (I ∪i1 B)/A

γ((H∪sβ)/α)
��

γ((jp∪B)/A)∼=

OO

δ(i0) // ΣA

Σγ(α)

��
A′

sj′ // B̄ A′
γ(sj′) // B̄

γ(q̄) // B̄/A′
δ(sj′) // ΣA′

A′
j′

// B′

s∼

OO

A′
γ(j′)

// B′

γ(s) ∼=

OO

γ(q′)

// B′/A′

γ(s/A′)∼=

OO

δ(j′)

// ΣA′

The morphism

c = γ(s/A′)−1 ◦ γ((H ∪ sβ)/α) ◦ γ((jp ∪B)/A)−1 : B/A −→ B′/A′

is the desired filler.
In the general case we write a = γ(s)−1γ(α) where α : A −→ Ā is a C-morphism and

s : A′ −→ Ā is an acyclic cofibration. We choose a pushout

Ā
k // Ā ∪A′ B′

A′

s ∼

OO

j′
// B′

s′∼

OO

We write γ(s′)b = γ(t)−1γ(β) : B −→ Ā ∪A′ B′ where β : B −→ B̄ is a C-morphism and
t : Ā ∪A′ B′ −→ B̄ is an acyclic cofibration. We then have

γ(tk)γ(α) = γ(tk)γ(s)a = γ(ts′)γ(j′)a = γ(ts′)bγ(j) = γ(β)γ(j) ,

so by the special case, applied to the cofibrations j : A −→ B and tk : Ā −→ B̄ and the
morphisms α : A −→ Ā and β : B −→ B̄, there exists a morphism c : B/A −→ B̄/Ā in Ho(C)
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making the diagram

A
γ(j) //

γ(α)

��

B
γ(q) //

γ(β)

��

B/A

c
��

δ(j) // ΣA

Σγ(α)

��
Ā

γ(tk) // B̄
γ(q̄) // B̄/Ā

δ(tk) // ΣĀ

A′
γ(j′)

//

γ(s)

OO

B′
γ(q′)

//

γ(ts′)

OO

B′/A′
δ(j′)

//

γ(ts′/s)

OO

ΣA′

Σγ(s)

OO

commute (the lower part commutes by naturality of connecting morphisms). Since s is an acyclic
cofibration so is its cobase change s′. By the gluing lemma the weak equivalences s : A′ −→ Ā
and ts′ : B′ −→ B̄ induce a weak equivalence ts′/s : B′/A′ −→ B̄/Ā on quotients and the
composite

B/A
c−−−−→ B̄/Ā

γ(ts′/s)−1

−−−−−−−→ B′/A′

in Ho(C) thus solves the original problem.

(T4 - Octahedral axiom) We start with the special case where f = γ(j) and f ′ = γ(j′) for
cofibrations j : A −→ B and j′ : B −→ D. Then the composite j′j : A −→ D is a cofibration
with γ(j′j) = f ′f . The diagram

A
γ(j) // B

γ(j′)

��

γ(qj) // B/A

γ(j′/A)

��

δ(j) // ΣA

A
γ(j′j)

// D
γ(qj′j)

//

γ(qj′ )

��

D/A
δ(j′j)

//

γ(D/j)
��

ΣA

Σγ(j)

��
D/B

δ(j′)

��

D/B

δ(j′/A)=(Σγ(qj))δ(j′)
��

δ(j′)

// ΣB

ΣB
Σγ(qj)

// Σ(B/A)

then commutes by naturality of connecting morphisms. Moreover, the four triangles in question
are the elementary distinguished triangles of the cofibrations j, j′, j′j and j′/A : B/A −→ D/A.

In the general case we write f = γ(s)−1γ(a) for a C-morphism a : A −→ B′ and a weak
equivalence s : B −→ B′. Then a can be factored as a = pj for a cofibration j : A −→ B̄
and a weak equivalence p : B̄ −→ B′. Altogether we then have f = ϕ ◦ γ(j) where ϕ =
γ(s)−1 ◦ γ(p) : B̄ −→ B is an isomorphism in Ho(C). We can apply the same reasoning to
the morphism f ′ϕ : B̄ −→ D and write it as f ′ ◦ ϕ = ψ ◦ γ(j′) for a cofibration j′ : B̄ −→ D̄
in C and an isomorphism ψ : D̄ −→ D in Ho(C). The special case can then be applied to the
cofibrations j : A −→ B̄ and j′ : B̄ −→ D̄. The resulting commutative diagram that solves (T4)
for (γ(j), γ(j′)) can then be translated back into a commutative diagram that solves (T4) for
(f, f ′) by conjugating with the isomorphisms ϕ : B̄ −→ B and ψ : D̄ −→ D. This completes the
proof of the octahedral axiom (T4), and hence the proof of Theorem A.12. �
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Now we discuss how exact functors between stable cofibration categories give rise to exact
functors between the triangulated homotopy categories. A functor F : C −→ D between cofi-
bration categories is exact if it preserves initial objects, cofibrations, weak equivalences and the
particular pushouts (1.2) along cofibrations that are guaranteed by axiom (C3). Since F pre-
serves weak equivalences, the composite functor γD ◦ F : C −→ Ho(D) takes weak equivalences
to isomorphisms and the universal property of the homotopy category provides a unique derived
functor Ho(F ) : Ho(C) −→ Ho(D) such that Ho(F ) ◦ γC = γD ◦ F . An exact functor be-
tween cofibration categories in particular preserves coproducts. Since coproducts in C descend
to coproducts in the homotopy category, the derived functor of any exact functor also preserves
coproducts.

We will now explain that for pointed cofibration categories C and D the derived functor Ho(F )
commutes with suspension up to a preferred natural isomorphism

(A.14) τF : Ho(F ) ◦ Σ
∼=−−→ Σ ◦Ho(F )

of functors from Ho(C) to Ho(D). If A is any object of C, then the cofibration F (iA) : F (A) −→
F (CA) is a cone since F is exact. Lemma A.3 provides a cone extension of the identity of F (A),
i.e., a morphism ᾱ : F (CA) −→ C̄, necessarily a weak equivalence, and an acyclic cofibration
s : C(F (A)) −→ C̄ such that siF (A) = ᾱF (iA). The composite in Ho(D)

τF,A : F (ΣA) = F (CA)/F (A)
γ(ᾱ/F (A))−−−−−−−−→ C̄/F (A)

γ(s/F (A))−1

−−−−−−−−−→ ΣF (A)

is then an isomorphism, and independent (by Lemma A.3) of the cone extension (ᾱ, s).

Proposition A.15. Let F : C −→ D be an exact functor between pointed cofibration categories.
Then the isomorphism τF,A : F (ΣA) −→ Σ(FA) is natural in A and makes the derived functor
Ho(F ) : Ho(C) −→ Ho(D) into an exact functor.

Proof. Let j : A −→ B be a cofibration in C, with q : B −→ B/A a quotient morphism. Since F is
exact, F (j) is a cofibration in D and F (q) : F (B) −→ F (B/A) is a quotient morphism for F (j).
We claim that the connecting morphism δF (j) : F (B/A) −→ ΣF (A) of the cofibration F (j)
equals τF,A ◦Ho(F )(δ(j)). To see this we choose a cone extension (ᾱ, s) of the identity of F (A)
as in the construction of τF,A. We can build the commutative diagram

F (B/A)

Ho(F )(δ(j))

--c c b b b b a a a ` ` ` ` _ _ _ ^ ^ ^ ^ ] ] ] \ \ \ \ [ [

F (CA) ∪F (j) F (B)
F (p)∪0 //0∪F (q)

∼
oo

∼ ᾱ∪Id

��

F (CA)/F (A)

ᾱ/F (A)∼
��

F (ΣA)

τF,A

���
�
�
�
�
�
�

F (B/A) C̄ ∪F (j) F (B)
0∪F (q)

∼
oo p̄∪0 // C̄/F (A)

F (B/A)

δ(F (j))

11[ [ \ \ \ \ ] ] ] ^ ^ ^ ^ _ _ _ ` ` ` ` a a a b b b b c c

C(F (A)) ∪F (j) F (B)
0∪F (q)

∼oo
p∪0

//

s∪Id∼

OO

C(F (A))/F (A)

s/F (A)∼

OO

ΣF (A)

After passing to the homotopy category of D we can invert the weak equivalences and form the
dashed morphisms. Since the exact functor F preserves the pushout that defines CA ∪j B, the
composite of the top row then becomes Ho(F )(δ(j)). Since the vertical composite on the right
is the isomorphism τF,A, this proves the relation τF,A ◦Ho(F )(δ(j)) = δ(F (j)).



58 STEFAN SCHWEDE

Now we can prove the proposition. We have to show that for every distinguished triangle
(f, g, h) in Ho(C) the triangle

F (A)
Ho(F )(f)−−−−−−−→ F (B)

Ho(F )(g)−−−−−−−→ F (C)
τF,A◦Ho(F )(h)−−−−−−−−−−→ ΣF (A)

is distinguished in Ho(D). If suffices to consider the elementary distinguished triangle of a
cofibration j : A −→ B in C; because Ho(F ) ◦ γ = γ ◦ F , we are then dealing with the triangle

F (A)
γ(F (j))−−−−−→ F (B)

γ(F (q))−−−−−→ F (B/A)
τF,A◦Ho(F )(δ(j))−−−−−−−−−−−→ ΣF (A) .

By the claim above, this triangle is the elementary distinguished triangle of the cofibration F (j),
and this concludes the proof. �

Remark A.16. Let us consider two different choices of cones {iA : A −→ CA}A respectively
{i′A : A −→ C ′A}A on a pointed cofibration category C, where A runs through all objects of C.
These different cones give rise to different suspension functors Σ and Σ′ and different collections
∆ and ∆′ of distinguished triangles. We can apply the previous proposition with C = D and
F = Id, the identity functor of C, to the two triangulations. The proposition provides a natural
isomorphism τ : Σ −→ Σ′ between the two suspension functors such that for every distinguished
∆-triangle (f, g, h) the triangle

A
f−−→ B

g−−→ C
τA◦h−−−−→ Σ′A

is a distinguished ∆′-triangle. So the triangulations arising from different choices of cones are
canonically isomorphic.
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