A REAL-GLOBAL EQUIVARIANT SEGAL-BECKER SPLITTING,
EXPLICIT BRAUER INDUCTION, AND GLOBAL ADAMS OPERATIONS
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ABSTRACT. We prove a splitting result in global equivariant homotopy theory that is a simultaneous
refinement of the Segal-Becker splitting and its ‘Real’ and equivariant generalizations, and of the explicit
Brauer induction of Boltje and Symonds. We show that the morphism of ultra-commutative Real-global ring
spectra from X5° Bg U (1) to the Real-global K-theory spectrum that classifies the tautological Real U(1)-
representation admits a section on underlying Real-global infinite loop spaces. We prove that this global
Segal-Becker splitting induces the classical Segal-Becker splittings on equivariant cohomology theories,
and that it induces the Boltje-Symonds explicit Brauer induction on equivariant homotopy groups. As an
application we rigidify the unstable Adams operations in Real-equivariant K-theory to global self-maps of
the Real-global space BUP.
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INTRODUCTION

The purpose of this paper is to establish a fundamental property of one of the key objects in equivariant
homotopy theory, the Real-global K-theory spectrum KR, representing equivariant complex K-theory and
its Real-equivariant generalization. More specifically, we prove a splitting result in global equivariant
homotopy theory that is a simultaneous refinement and generalization of the Segal-Becker splitting [6, 29],
its equivariant extension [10, 14], its ‘Real’ generalization [22], and of the explicit Brauer induction of Boltje
[7] and Symonds [34]. In the presence of both a Real and an equivariant direction, our splitting exhibits a
subtle deviation from additivity that is inconsistent with the Real-equivariant version [14, Theorem 1’] of
the Segal-Becker splitting.

Our main player is a morphism of ultra-commutative Real-global ring spectra n: X3P — KR from the
unreduced suspension spectrum of the Real-global space P, a multiplicative model of the global classifying
space of U(1) and a global refinement of CP*°, to the Real-global K-theory spectrum. We construct a section
to the morphism of Real-global infinite loop spaces Q°(n): Q*(XFP) — Q°*(KR) that is a Real-global
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o-loop map. We prove that this global Segal-Becker splitting induces the classical Segal-Becker splittings
on equivariant cohomology theories, and that it induces the Boltje-Symonds explicit Brauer induction on
equivariant homotopy groups. As an application we rigidify the unstable Adams operations in equivariant
K-theory to Real-global self-maps of the representing Real-global space BUP.

To put our results into perspective, we give a brief review of the history of the Segal-Becker splitting. Its
origin is the statement that the morphism 3°CP* — KU from the suspension spectrum of the infinite
complex projective space to the complex K-theory spectrum that classifies the tautological line bundle over
CP> has a section, by a one-fold loop map, after passing to infinite loop spaces. The theorem implies
in particular that the transformation of degree 0 cohomology theories on spaces is a split epimorphism,
and several papers on the subject state the splitting in this form. The original splitting theorem was
proved by Segal in [29] for complex K-theory. Becker gives a different proof in [6] that also provides
a splitting for real and symplectic K-theory. Segal’s construction produces p-complete maps for every
prime p that are then assembled via an arithmetic square; all other sources on the subject use transfers
in some incarnation to construct the relevant splitting. It seems to be well-known that the section to
QX (EPCP>) — QKU ~ Z x BU can be arranged as a loop map, but it does not deloop twice; we
recall an argument in Remark 4.13.

An equivariant generalization of the Segal-Becker splitting for finite groups was obtained by Iriye and
Kono [14, Theorem 1]. Crabb’s paper [10] provides a particularly nice exposition that works for all compact
Lie groups; we review it in Construction 5.1, where we also extend it to the Real-equivariant context. In
[22], Nagata, Nishida and Toda prove a version of Segal’s splitting for Real K-theory in the sense of Atiyah
[2], i.e., the K-theory made from complex vector bundles over spaces with involutions, equipped with a
fiberwise conjugate-linear involution. On underlying non-equivariant spaces this recovers Segal’s splitting
for complex K-theory; taking Cs-fixed points yields Becker’s splitting for real K-theory. A version of the
Segal-Becker splitting in motivic homotopy theory, for algebraic K-theory in place of topological K-theory,
is provided in [16].

A different proof of the Real splitting was proposed by Kono [19], and soon thereafter extended by Iriye
and Kono [14, Theorem 1’] to semi-direct products G = G x, C of a finite group G by a multiplicative
involution 7. However, as I explain in Remark 5.13, the paper [19] and the specific result [14, Theorem 1’]
are flawed by overlooking the non-additivity of the transfer construction in the presence of a Real direction.

Now we give a more detailed outline of our own results. Throughout the paper we write C' = Gal(C/R)
for the Galois group of C over R, a group with two elements. Our results live in the unstable and stable
C-global homotopy categories. In this paper, an augmented Lie group is a continuous homomorphism
a: G — C from a compact Lie group to the Galois group. Augmented Lie groups are to C-global
homotopy theory what compact Lie groups are to global homotopy theory: every augmented Lie group
encodes a way to assign a G-homotopy type to every C-global homotopy type; and restriction along all
augmented Lie groups is jointly conservative. The augmented Lie groups fall into two disjoint classes: the
trivially augmented groups together remember the underlying ‘non-Real’ global homotopy type; and the
surjective augmentations encode the ‘truly Real” aspects.

The non-equivariant morphism X°CP*> — KU that classifies the tautological line bundle over CP>
has a particularly nice and prominent refinement to a morphism of C-global ring spectra

n: XYP — KR.

The global K-theory spectrum was introduced by Joachim [15], see also [24, Construction 6.4.9] or Con-
struction B.43; for every compact Lie group G, the underlying genuine G-spectrum of KR represents
G-equivariant complex K-theory, see [15, Theorem 4.4] or [24, Corollary 6.4.23]. The complex-conjugation
involution on KR was first investigated by Halladay and Kamel [12, Section 6], who show that the resulting
genuine C-spectrum models Atiyah’s Real K-theory spectrum. We show in Theorem B.52 that KR deserves
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to be called the Real-global K-theory spectrum: for every augmented Lie group a: G — C, the genuine
G-spectrum o (KR) represents a-equivariant Real K-theory KR, .

The C-global space P is a specific global refinement of CP*°, made from projective spaces of complex
vector spaces, see Construction 4.1. The underlying G-equivariant homotopy type of P is that of the
projective space of a complete complex G-universe, with involution by complex conjugation. It is a C-global
classifying space, in the sense of [25, Construction A.4], for the extended circle group U 1H)=U01)xC
that we shall denote by T throughout this paper; so the unreduced suspension spectrum X5°P represents

the functor m' on the C-global stable homotopy category, compare [25, Theorem A.17]. The morphism
n is extremely highly structured, and has a range of marvelous properties. It is a morphism of ultra-
commutative C-ring spectra that sends the universal element in 7§ (X°P) to the class of the tautological

Real T-representation in 7¢ (KR) 2 RR(T). As a morphism of ultra-commutative ring spectra, the effect
of 17 on equivariant homotopy groups is not only compatible with restriction, inflations and transfers, but
also with products, multiplicative power operations and norms. In [27], I establish a global refinement and
generalization of Snaith’s celebrated theorem [31, 32|, saying that KU can be obtained from LCP> by
‘inverting the Bott class’: the morphism 7: X3P — KR is initial in the oo-category of ultra-commutative

ring spectra among morphisms from X5°P that invert a specific family of representation-graded equivariant

homotopy classes in WZI,")(ZTP), the pre-Bott classes, for all n > 1.

The C-global space U is a specific global refinement of the infinite unitary group, made from the unitary
groups of all hermitian inner product spaces, see Construction B.17. The underlying G-equivariant homo-
topy type of U is that of the unitary group of a complete complex G-universe, with involution by complex
conjugation. The C-global space U features in a Real-global refinement of Bott periodicity, a C-global
equivalence 2°U ~ BUP, see Theorem B.24. In Construction 4.4 we use the C-global stable splitting of
YU from [25, Theorem 4.10] to construct a morphism

d: U — Q(sh”(5FP))

in the unstable C-global homotopy category, our o-deloop of the global Segal-Becker splitting. Here ‘sh?’
denotes the shift of an orthogonal C-spectrum by the sign representation, see [24, Construction 3.1.21].
Shifting by o is Real-globally equivalent to suspending by 59, see [24, Proposition 3.1.25 (ii)]. The splitting
property is our first main result, to be proved as Theorem 4.7:

Theorem A. The composite

d Q* (sh” )
S

U -4 Q*(sh”(STP)) Q°(sh” KR)

is a C-global equivalence.

As we also show, the composite 2°(sh? 7) o d in Theorem A is not just any C-global equivalence, but it
coincides with the ‘preferred infinite delooping’ of U established in Theorem B.49. In fact, all the work in
proving Theorem A goes into showing precisely this. At the heart of the argument is a subtle connection
between the global stable splitting and the preferred delooping of U, two features that are a priori unrelated.
As we show in Theorem 3.3, the adjoint ¥°°U — sh? KR of the preferred infinite delooping annihilates
the higher terms of the global stable splitting (1.1).

The C-global space BUP is a Real-global refinement of Zx BU and its involution by complex conjugation,
see Construction B.3. By Theorem B.12, BUP represents Real-equivariant K-theory. Just as Z x BU is
the infinite loop space of the topological K-theory spectrum KU, the global space BUP ‘is’ the Real-
global infinite loop space of KR, see Theorem B.52 for the precise statement. Looping the morphism
d: U — Q°(sh?(X°P)) by the sign representation and composing with the Bott periodicity equivalence
BUP ~ Q°U from (B.26) yields another morphism in the unstable C-global homotopy category

¢ : BUP — Q°(STP),
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the global Segal-Becker splitting (4.10). By design, the morphism c is a Real-global o-loop map. Its splitting
property, to be proved as Theorem 4.12, is an easy consequence of Theorem A:

Theorem B. The composite

BUP - *(s¥P) 27, 0(KR)

is a C-global equivalence.

Much like in Theorem A, the composite Q°*(n) o ¢ in Theorem B is not just any C-global equivalence,
but it coincides with the ‘preferred infinite delooping’ ©: BUP ~ Q°*(KR) established in Theorem B.52.

Morphisms that admit a section tend to admit many different sections. Our next result justifies that the
global Segal-Becker splitting ¢c: BUP — Q°*(X°P) is the ‘correct’ splitting to ©2°(n) by showing that it
refines the classical equivariant Segal-Becker splittings, thereby also explaining the name. The latter are
defined at the level of equivariant cohomology theories; we review them in Construction 5.1 and (5.11), and
we denote them by ¥, 4. We show the following in Theorem 5.12:

Theorem C. For every augmented Lie group oo: G — C' and every finite G-CW-complex A, the map
[A,c]*: [A,BUP|* — [A,Q*(X°P)]* coincides with the composite

ﬂa,A

[A,BUP]® = KR,(A) =2 [4,Q°(S7P)" .

The unspecified isomorphism between the group [A, BUP]* and the Real-equivariant K-group KR, (A)
will be recalled in Construction B.6. The group [A4,Q°*(X°P)]* is isomorphic to the group of morphisms,
in the G-equivariant stable homotopy category, from XA to the unreduced suspension spectrum of a
classifying G-space for a-equivariant Real line bundles.

There is a potentially surprising subtlety in the construction of the equivariant Segal-Becker splitting

for surjectively augmented Lie groups. In the previous literature such as [10], the construction is
mostly discussed without any ‘Real’ direction, i.e., without any augmentations to C' = Gal(C/R), and
then this subtlety is invisible. Without the Real direction, we are considering complex G-vector bundles,
and the splitting based on transfers is additive for Whitney sum of vector bundles, see for example [10,
Lemma 2.6]. The extension from vector bundles to the Grothendieck group is thus straightforward from
the universal property of the latter. As I show in Remark 5.5, the direct extension of the Segal-Becker
splitting to surjectively augmented Lie groups is not additive for the Whitney sum of Real-equivariant vector
bundles. Since additivity fails, it is less obvious how to meaningfully extend the construction to virtual
vector bundles, i.e., the Grothendieck group. What saves us is that the Segal-Becker splitting enjoys a
property somewhat weaker than additivity, spelled out in Corollary 5.8. This ‘weak additivity’ still allows
a well-defined extension to the Grothendieck group, see (5.11). I consider this non-additivity a feature, and
not a bug, of the Real-equivariant Segal-Becker splitting; it is intimately tied to our global Segal-Becker
splitting being a o-loop map, but not an ordinary loop map, whenever there is an honest Real direction.

Our Real-global splittings in Theorems B and C imply or correct the above mentioned splitting results
by specialization, i.e., by applying a suitable forgetful functor from Real-global to G-equivariant homotopy
theory: the underlying non-equivariant splitting of Theorem B recovers Segal’s and Becker’s original result,
and Theorem A even provides a delooping of the splitting. Forgetting the Real direction and passing to the
unstable G-homotopy category for a finite group G yields the equivariant splitting of Iriye-Kono [14]. For
general compact Lie groups, we obtain the equivariant Segal-Becker splitting in Crabb’s paper [10]; and
again, Theorem A provides a delooping of the equivariant splitting.

Keeping the Real direction and forgetting the equivariance essentially recovers the theorem of Nagata,
Nishida and Toda [22, Theorem 1.1]. There are two caveats: for one, the paper [22] works with reduced
versions of the Real K-theory and ¥5°P-cohomology. And for the other, the sections we obtain are not



REAL-GLOBAL SEGAL-BECKER SPLITTING 5

additive, see Example 4.23. The construction in [22] is sufficiently different from ours so that I do not know
how the splitting of Nagata, Nishida and Toda is related to ours. For general surjectively augmented Lie
groups, our splitting fixes the issues of [14, Theorem 1’] insofar as we obtain a natural section, albeit not
an additive one; see Remark 5.13 for more information. I do not know if additive natural sections exist in
the Real-equivariant context for surjectively augmented Lie groups; I have no evidence supporting such an
expectation.

On equivariant homotopy groups, the global Segal-Becker splitting induces the so-called explicit Brauer
induction of Boltje [7] and Symonds [34]. We review this result and the history of explicit Brauer induction
in Remark 5.15. The following will be proved as Corollary 5.20.

Theorem D. For every compact Lie group G, the composite

7TG C
R(G) = z¢®BUP)

is the Boltje—Symonds explicit Brauer induction.

m§(EFP) =2 A(T,G)

As an application of the global Segal-Becker splitting, we construct global rigidifications of the unstable
Adams operations on equivariant K-theory. In (6.5) we define the n-th global Adams operation

T" . BUP — BUP,

for n > 1. These global Adams operations are morphisms in the unstable C-global homotopy category that
arise as Real-global o-loop maps, the deloopings being certain endomorphisms of U. The following result,
proved as Theorem 6.9, justifies the name of the global Adams operations:

Theorem E. For every augmented Lie group a: G — C, every finite G-CW-complex A and every
n > 1, the following square commutes:

(4, BUP]* 2 (4 BUP)®

ul lu

K Ro(A) ————— KRo(4)

Here ¢™ is the n-th Adams operation on Real-equivariant K-theory.

This paper concludes with two appendices. Appendix A develops some pieces of unstable C-global
homotopy theory that are not covered in the existing sources [25, Appendix A] and [5]. In Appendix B we
extend various results about global K-theory to the Real-global context.

Conventions. Throughout this paper we let C' = Gal(C/R) denote the Galois group of C over R.
We use the models of [25, Appendix A] and [5, Appendix A] to represent unstable and stable C-global
homotopy types. So C-global spaces are represented by orthogonal C-spaces, see Definition A.1, relative to
the notion of C-global equivalence introduced in [25, Definition A.2] and [5, Definition 3.2]. And C-global
spectra are represented by orthogonal C-spectra, relative to the notion of C-global equivalence introduced
in [25, Definition A.6]. Since the non-identity element of the group C always acts by some sort of complex
conjugation, and the C-actions in this paper always encode conjugate-linear phenomena, we shall also use
the term ‘Real-global’ as synonymous for ‘C-global’. Our global Segal-Becker splitting and its deloop will
thus be morphisms in the unstable Real-global homotopy category, i.e., the localization of the category of
orthogonal C-spaces at the class of C-global equivalences.

We shall always write o for the sign representation of C, i.e., the 1-dimensional orthogonal representation
on R with generator multiplying by —1. If a: G — C' is an augmented Lie group, we abuse notation and
also write o for the orthogonal G-representation obtained by restriction along «, i.e., the elements in the
kernel of o act by the identity, and all others act by —1.
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We will make frequent use of the pre-Fuler classes associated with representations. If V' is an orthogonal
representation of a compact Lie group G, we write

(0.1) ay € 7Ey(S)

for the representation-graded G-equivariant homotopy class represented by the inclusion {0, 0} = S° —
SV into the one-point compactification of V. We shall use various standard properties without further
notice, such as the compatibility under restriction along continuous homomorphisms of compact Lie groups,
the multiplicativity property ayew = ay - aw, and the fact that ay = 0 whenever V& # 0.
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a decade, and some key steps are based on suggestions of his; in fact, we had earlier considered making this
project a joint paper. Some of the work for this paper was done while the author spent the summer term
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1. THE C-GLOBAL STABLE SPLITTING OF U

A key player in this paper is the C-global ultra-commutative monoid U made from unitary groups, see
[24, Example 2.37] or Construction B.17. Our definition of the global Segal-Becker splitting depends on a
C-global stable splitting of U: In [25], I construct certain morphisms sj: ¥°°(Gry)2d*) — YU in the
C-global stable homotopy category such that the combined morphism

(1.1) D s\ BF(Gr)MW = wrU
k>0

is a C-global equivalence, see [25, Theorem 4.10]. The splitting (1.1) is a global-equivariant refinement
of Miller’s stable splitting [21] of the infinite unitary group. In this section we review the splitting, and
then translate it into an interpretation of the group [Y>°U, X]¢ of stable C-global morphisms in terms of
ad(k)-graded U(k)-equivariant homotopy groups of X, see Theorem 1.16.

The extended unitary group
Uk) = Uk)xC
is the semi-direct product of the group C' = Gal(C/R) acting on the unitary group
U(k) = {A S Mk((C): A At = Ek}

by coordinatewise complex conjugation. The orthogonal C-space Gry is made from Grassmannians of
complex k-planes, with involution by complex conjugation; see Construction B.1. And (Gry)24*) denotes
the global Thom space over Gry, associated with the adjoint representation ad(k) of the extended unitary
group U (k); see [25, Example 3.12].

The C-global stable splitting morphism s;,: (Gry)*®) — $°°U ultimately stems from a specific U(k)-
equivariant stable splitting of the ‘top cell’ in U(k)2!. We review this splitting now, following Crabb’s
exposition in [9, page 39]. In [24] and [25] we use different conventions on whether the suspension coordinate
in an orthogonal suspension spectrum is written on the left or right of the argument. In this paper, we
adopt the convention of [24], with the suspension coordinate written on the left; this entails some minor
changes to formulas in [25], moving some suspension coordinates to the other side.
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Construction 1.2 (Splitting the top cell off U(k)*d). We write
ad(k) = {X € Mi(C): X = - X"}

for the R-vector space of skew-hermitian complex k x k matrices. The unitary group U(k) acts on ad(k)
by conjugation, and the group C acts by coordinatewise complex conjugation. Together with the euclidean
inner product (X,Y) = trace(X? -Y) = —trace(X -Y), these data make ad(k) into an orthogonal U (k)-
representation; this action witnesses ad(k) as the adjoint representation of U(k), whence the name.

The Cayley transform is the U (k)-equivariant open embedding

ad(k) — UR™, X — (X—1)(X+1)"!
onto the subspace of U(k) of those matrices that do not have +1 as an eigenvalue. The associated collapse
map
U(k)ad N Sad(k)
admits a section in the stable homotopy category of genuine U(k)—spectra, as follows. We write

sa(k) = {Z € My(C): Z = 2}

for the R-vector space of hermitian complex k x k matrices. Much like for ad(k), the unitary group U (k) acts
on sa(k) by conjugation, the group C acts by coordinatewise complex conjugation, and an invariant inner
product is given by (Z, Z') = trace(Z* - Z') = trace(Z - Z'); these data make sa(k) into another orthogonal
U(k)—representation. A basic linear algebra fact, sometimes referred to as ‘polar decomposition’, is that the

U (k)-equivariant map
(1.3) b : sa(k) x U(k)* — My(C) =sa(k) @ad(k), (Z,A)— A-exp(—2)

is an open embedding onto the general linear group GLj(C); for a proof, see for example [25, Proposition
B.17]. This open embedding has an associated U (k)-equivariant collapse map

(1.4) ty + SRSk gl A (k)2

that is a stable section to the previous collapse map U (k)*d — § ad(k) see the argument after the proof of
Theorem 1.8 in [9, page 39], or the proof of [25, Theorem 4.7].

Next we recall how the U (k)-equivariant stable splitting (1.4) gives rise to a specific equivariant homotopy

class 73, in Wii((%(EfU); this class in turn characterizes the C-global splitting morphism s, : £ (Gry)24(F)

— XU by the relation (1.9).

Throughout this paper, an augmented Lie group is a continuous homomorphism «: G — C from a
compact Lie group G to C = Gal(C/R). A recurring example is the extended unitary group, augented by
the projection U(k) = U(k) x C' — C. For an orthogonal C-spectrum X we will often abbreviate the
equivariant homotopy groups 7&(a* (X)) to 7¢(X) when the augmentation « is clear from the context.

*

Construction 1.5 (The C-global splitting morphism). We write vy, for the tautological Real representation
of the extended unitary group U (k). By definition, this is the vector space C* with tautological U (k)-action,
and with C acting by coordinatewise complex conjugation. If W is a hermitian inner product space, we
write uW for the underlying R-vector space, endowed with the euclidean inner product (v, w) = Re(v, w),
the real part of the hermitian inner product. The map

(1.6) e — Copulmr) =ulvr)e, wr— (10w —i®iw)/V2

is a U(k)-equivariant C-linear isometric embedding. The map (¥ commutes with the complex conjugations,
which acts diagonally on the target, through complex conjugation on C and on v;. So conjugation by (¥
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and extension by the identity on the orthogonal complement of its image is a continuous U (k)-equivariant
group monomorphism

(1.7) ¢ Uk =U(w) — Ulu(w))

Here U (k) acts on U(u(vy)) via its action on u(ry) and the functorially of U; and complex conjugation acts
diagonally, through its action on U and on v.
The U (k)-equivariant collapse map t; was defined in (1.4). In [25, Construction 4.4], we define a class

Tk
(1.8) Ty € Wad((k))(EfU)
(there denoted (t1, o)) as the one represented by the U (k)-map

ad STEEROIN(CH)

grr@saR@nd(l) ZZ, gndsalh) & g (k)3 Sty 59 A Uu(un)) 4

SVk @sa(k) /\U(il

)+, guedsa(k) o U(u(vy) ®sa(k))+ = (EXU) (u(vy) @ sa(k)) .

Here 41: u(vy) — u(vg) @ sa(k) is the embedding of the first summand. In [25], we consider 7 as an
equivariant stable homotopy class of the k-th stage of the eigenspace filtration of U, but now we work in
the ambient orthogonal space U.

The tautological class

U(k a
€ (k),ad(k) € 7Tad((k))(Em(G'l“k)%d(k))
is defined in [25, (A.16)]. By [25, Theorem A.17 (i)], the pair (S°°(Gry)™®), e, qry) represents the
functor W;Jd((k,g): GHe — Ab on the C-global stable homotopy category. The C-global splitting morphism
si: £°(Gry)2d®) — U is defined in [25, (4.6)] by the property that it takes the tautological class to
Tk, 1.€., by the relation
(1.9) (Sk)*(eﬁ(k),ad(k)) = Tk -

In this paper, we shall mostly work with the reduced suspension spectrum YU (as opposed to the
unreduced one), and with the ‘reduced’ version of the class 7. We endow U with the intrinsic basepoint
consisting of the multiplicative units. We write U for U with an additional basepoint added. This comes
with based maps U, — S° and U, — U; the first of these takes U to the non-basepoint of SV, and the
second is the identity on U and maps the extra basepoint to the intrinsic basepoint. We write

0: XU — £°5°=S  and ¢ : XU — ¥*U
for the morphisms induced on reduced suspension C-spectra. The combined morphism
(1.10) (0,q) : XU 5 S x (¥°U)

is then a C-global equivalence.
The next proposition shows that for all £ > 1, the class 74 defined in (1.8) lies in the augmentation ideal,

i.e., the kernel of the homomorphism g, : W*U(k)(ZfU) — wf(’“)(S).

Proposition 1.11. For every k > 1, the relation 0.(1i) = 0 holds in ng((}ck))(S).
Proof. Every matrix in sa(k) is unitarily diagonalizable with real eigenvalues. We write sa=%(k) for the
closed U (k)-invariant subspace of sa(k) consisting of those hermitian matrices all of whose eigenvalues are

greater or equal to 0. The continuous U (k)-equivariant map

(1.12) sa=0(k) x [0,00) — sa=(k), (Z,t) — Z + t-Fy
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is proper. Indeed, if Z € saZ%(k) has eigenvalues z1,...,zy, and ¢t > 0, then Z + tE}, is again hermitian,
has eigenvalues 21 +t,...,x; +t, and thus also lies in sa=%(k). So

[(Z.0] = Je?+ o+ < m T 02+ (@t D2 = |Z+tE] .
As a proper map, (1.12) extends continuously to the one-point compactifications
(sa= (k) U {o0}) A [0,00] — sa= (k) U {00} ;

this map is a U(k)-equivariant contracting homotopy of the space saZ%(k) U {oc}.

The singular value decomposition of complex matrices shows that every X € M (C) is of the form
X = A-Z for some A € U(k) and some Z € sa=%(k). The matrix Z in this decomposition is unique, namely
the only matrix in sa=%(k) such that Z2 = X*- X. So the composite

(1.13) saZ0(k) 2% M (C) — U(k)\M;(C)

is a continuous bijection, where the right hand side denotes the orbit space by the U(k)-action by left
multiplication. The map

My(C) — sa=%(k), X — VX' X
is continuous and invariant under left multiplication by unitary matrices. So it descends to a continuous
map on U(k)\Mj(C), showing that the composite (1.13) is in fact a homeomorphism.

The conjugation action of U (k) on M;,(C) passes to a well-defined action on the orbit space U (k)\ M (C)
and the map (1.13) is U(k)-equivariant for this induced action on the target, and the conjugation action
on the source. As an equivariant homeomorphism, the map (1.13) extends to a U(k)-equivariant homeo-
morphism between the one-point compactifications. We showed above that saZ®(k) U {oco} is equivariantly
contractible; the upshot is that the one-point compactification

(U(R)\My(C)) U {oo} = U(k)\sM®
is also U (k)-equivariantly contractible.
By inspection of definitions, the composite

sa(k)
(114) SMR((C) t_’“> Ssa(k)/\U(k)+ S Ne Ssa(k)

is given by

X {—ln( Xt.X) for X 6 GL(C), and
00 otherwise.

In particular, this composite is invariant under left translation by elements of U(k), so it factors through
the orbit space U(k)\SM*(©). Since the latter is equivariantly contractible, the composite (1.14) is U(k)-
equivariantly null-homotopic. Since the defining representative of the class p.(7x) factors through a sus-

pension of the composite (1.14), this proves that o, () = 0. O
We set
U(k o
(1.15) wr = q«(1K) € 7Tad((k))(2 U).

For k > 1, the class 73 lies in the augmentation ideal by Proposition 1.11, so its projection wy to the reduced
suspension spectrum does not lose any information.

The following representability result is a fairly direct consequence of the stable splitting (1.1). We shall
use it to construct C-global stable morphisms with source ¥°°U, and to check commutativity of diagrams
whose initial object is ©°U. We let [—, —] denote the group of morphisms in the C-global stable homotopy
category.
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Theorem 1.16. For every C-global spectrum X, the evaluation map

o = U(k
[5=U.X] =[], mah (0 - f = (fulwn)is

is an isomorphism.
Proof. The splitting (1.1) proved in [25, Theorem 4.10] and the representability property of (£°°(Gry, )24,

€3 (k) ad(k)) together provide the natural isomorphism

(1.17) DU, X]¢ = kzowﬂ(’;j)()(), Fr— (Fo(m0))k>0 -

The C-global equivalence (1.10) induces another isomorphism
[S, X]¢ x [=U, X]¢ = [Z¥U,X]¢, (a,b) — acg+bogq.
The morphism o: XU — S sends the class 79 to 1 € my(S), so the composite
[S. X]¢ -2 [pru,x]°¢ 2L, qex)

is an isomorphism. Moreover, ¢.(79) = 0 and ¢.(7x) = wy, for k > 1, so the isomorphism (1.17) restricts to
an isomorphism as in the statement of the theorem, where now the factor indexed by k& = 0 is omitted. O

‘We shall also need a certain relation between the class 7, and the k-fold exterior product of copies of 71,
see Theorem 1.21. The ultra-commutative multiplication on U induces a C-global ring spectrum structure
on the unreduced suspension spectrum %5°U. This, in turn, induces products on the equivariant homotopy
groups of ¥°U. We set

Tk
Ty X -+ XT1 = pT(Tl)pz(Tl) S FzU(EfU);

where p;: T* — T is the projection to the i-th factor. We have also identified the sign representation with
ad(1) by sending z € o to i -z € ad(1) =i - R.

Construction 1.18. We define the diagonal embedding

Z1 0 0 0
A Ck — Mk((C) by A(zh...,zk) = : . .. . :
0O ... 0 zp—1 O
0 0 0 Zk

Whenever convenient we use A to identify 7% with its image in U(k), the diagonal maximal torus. The
diagonal embedding extends to an embedding of the semi-direct products by complex conjugation,

TF = TFxC — UE)xC = Uk) .

We let D C Mj,(C) denote the T*-invariant C-subspace of lower subdiagonal matrices, i.e., of the form:

0 0 0 0
z1 0 0 0
(1.19) 231 232 0 e 0
2kl k2 -+ Zkk—1 O
The maps
(1.20) ko®D — ad(k), (x1,...,721;A) — A(izy,... izx) + A— A

Rfp D —» sa(k) ,  (y1,--,us A) — Ay, ..., yk) + A4 At
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are R-linear and T*-equivariant isomorphisms. The first one identifies D with the subspace of off-diagonal
matrices ad(k) — ad(k)Tk in ad(k), as orthogonal T*-representations. And the second one identifies D with
the subspace of off-diagonal matrices sa(k) — sa(k)Tk in sa(k).

T}~1e class 73 in ng((%(ZfU) was defined in (1.8). And ap € Wf]z) (S) denote the pre-Euler class (0.1) of
the T*-representation D.

Theorem 1.21. The relation

U(k
a2, ~resf,£ )(Tk) = ap- (11 X+ XT11)

holds in the group WZ:_D(E?SU),

Proof. The diagonal map A identifies ad(1)* with ad(k)Tk, and it identifies sa(1)* with sa(k)Tk. We denote
all these restrictions by A, too. The following diagram commutes:

(sa(1) x U1))F — o (sa(1) @ ad(1))*

shufﬂelﬁ’ J{shuﬂie

sa(1)k x U(1)* sa(1)* & ad(1)"

AxAl leA

sa(k) x U (k)2 sa(k) ® ad (k)

k

So the diagram of collapse maps associated with the horizontal open embeddings commutes, too. Hence
also the left part of the following diagram of based continuous T*-maps commutes:

SVk ALNF

¥ p (S5 (@A) )k S A (850 A T(1)4)"F Sk A(STH D A(CL) )N

Sve A (952N AU (u(vy)))NF

shufﬂei& = | shuffle shuffle
Grr@sa(l) @ad(1)* vk A gsa(D)F A Uk 57k NS DF A (LR G A g5 A Uu(m))t
SV /\A/\Al SYEAAAA 5%k AAARLY
Gui@sa(k)®ad(k) 5"k Atk §rr®salk) A [ (J)ad S Svrdsalk) A U (u(vy))
SR A (U(ir)ock) 4 56 AU (i) ¢
(E2U) (u(vi) @ sa(k)) Sre®salk) A U (u(vy) @ sa(k))

The iterated multiplication morphism
p s Uu(n) x -+ x Ulu(n)) — Ulu(n) @ -~ @ u(n)) = Ulu(vy))
of U is given by orthogonal direct sum. So it participates in a commutative diagram:

1 1
G XX C

U1) x - x U(1) U(u(r1)) x - x U(u(n))

s |

U(k)™ U(u(vg))
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This implies the commutativity of the middle right part of the above diagram.
Now we can wrap up. Under the isomorphisms (1.20), the maps A: g5y gsalk) and A §adD"
S52d(k) Hhoth represents the pre-Euler class ap. The clockwise composite in the above commutative diagram

thus represents the class ap - (11 X --+ X 7). And the counter clockwise composite represents the class
a? - resg,gk)(m), so the diagram witnesses the desired relation. 0

2. RELATIONS AMONG EQUIVARIANT STABLE HOMOTOPY CLASSES IN U

The purpose of this section is to establishing some crucial relations between certain families of U (k)-
equivariant homotopy classes of the C-global spectrum 35°U, namely the classes 7, defined in (1.8), their
reduced cousins wy, from (1.15), and certain classes vy, and wuy that we introduce in (2.2) and (2.11) below.
The main result here is the formula of Theorem 2.16, which will eventually be used to identify the effect of
our global Segal-Becker splitting on equivariant homotopy groups and on equivariant cohomology theories.

Construction 2.1. For k > 0, the diagonal matrix —Ej, = A(—1,...,—1) is a U(k)-fixed point of U (k).
Thus

C(=Ex) € Ulu(w))
is again a U (k)-fixed point, where ¢¥: U(k)*d — U(u(vy,)) was defined in (1.7). We write
(2.2) we € 7V®(nrU)
for its stabilization, i.e., the class represented by the U (k)-equivariant map

—neE(=Ey)
e

SV S AUu(m))s = (STU)(u(m)) -

or 0 < j <k, we write — 7, 7) for the block subgroup o , consisting of the matrices of the form
For0<j <k 'Uk:"fhblNkb fU(k isti f th i f the fa
(4 9)for (A,B) € U(k—34)xU(j). We write U(k—j,j) = U(k—j,j) » C for the semi-direct product with

C acting by coordinatewise complex conjugation. The class 7; was defined in (1.8), and a,q(;) € ngg(j)(g)

is the pre-Euler class (0.1) of the adjoint representation.

Theorem 2.3. For ecvery k > 1, the relation

U(k
veo= ) trUEk)—j,j)(l X (@aa(y) - 75))
0<j<k

holds in xJ ¥ (22U).

Proof. The map ¢y, defined in (1.3) is an open embedding with image G Ly (C). Every matrix Y in sa(k) N
GLg/(C) is unitarily diagonalizable with non-zero real eigenvalues. If i is the number of positive eigenvalues
of Y, counted with multiplicity, it is thus of the form

_ [ exp(=2) 0 p-1
(2.4) v = B (D 0 ) B

for some B € U(k) and (Z,Z") € sa(i) x sa(k — 7). Moreover, this representation is unique up to changing
(B,Z,7') to (B-(A@ A")~1,4Z,4" ") for some (A, A’) € U(i) x U(k — ). This shows that the map

gi = Uk) X (ik—iy (5a(i) x sa(k — 1)) — sa(k) N GLk(C)

sending the equivalence class [B; Z, Z'] to (2.4) is a homeomorphism onto the open and closed subspace of
matrices with exactly i positive eigenvalues. Altogether, this shows that the following commutative square
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of U(k)-equivariant maps is a pullback:

7 . . L g:
[ocick Uk) X sy sa(i) x sa(k — i)

| -

sa(k) x U(k)* GLy(C) ——sa(k) ® ad(k)

IR

Pk
The left vertical map is given on the i-th summand by the U(k)—equivariant extension of the map

sa(i) x sa(k — i) — sa(k) x U(k)™ , (Z,2') — ((gg,y(% _EOH)) .

The pullback yields a commutative diagram for the collapse maps associated with the horizontal open

embeddings; after smashing with SV, this becomes the commutative left part of the following diagram:
RNV g

_—

Suk@sa(k) S Sk A (Vogigk ﬁ(k‘) [Xff(i,kfi) Ssa(i)@sa(k—i))

) |

v, @sa(k)Dad(k) vy, ®sa(k) ad vy, Dsa(k)
5 S¥E Aty S A U(k)+ Svk@sa(k)/\(U(il)ocf)+S " AN U(u(vy) @ sa(k)) +

The counter clockwise composite represents the class a,q(x) - 7 So the diagram witnesses the relation
Gad(iy Tk = > fi
0<i<k

where f; is represented by the suspension by S“* of the composite
gsalk) i) U(k) X (i k—i) Gsali)@sak—i) i> 552R) A U () @ salk))y .
The second map £ is the U (k)-equivariant extension of
g ¢ SH@@sat—) 5520 A U(u(up) @ sa(k)) s
(2,2) — (£2)A U)ok (B _2_,) -

The collapse map g? associated with g; is closely related to, but different from, the collapse map that

features in the definition of the transfer trgéf)kii). The latter collapse map, discussed for example in [24,

(3.2.10)], is based on a different open embedding, namely the U (k)-equivariant extension of the map

sali) x sa(k—i) — sa(k), (2.7) — ("7 5° )
restricted to a small open disc around (0,0). The differential of this second embedding at (0, 0) is the block
embedding sa(i) x sa(k — i) —> sa(k), while the differential of the embedding g; at (0,0) is the map

sa(i) x sa(k —i) — sa(k), (Z£,2) — (*OZ g,) .

The differentials of these two embeddings differ by the sign in the first block. We write ¢; € 7rg] (i)(S) for the
unit represented by the map S%() — §%2() 7 s — 7 Then the composite f; differs from the transfer of

1 X v_; by multiplication by the equivariant homotopy class €; x 1 in 7Tg (i’kﬂ-)(S). In other words:

Uk
fl’ = trﬁéi,)k—i) (Ei X 'Uk—i) .
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Altogether we have thus shown the relation

(2.5) Qad(k) " Tk = Z tr~ 6z X Vg—q)
0<i<k

in mg Ok )(ZOOU)
Now we are only a few algebraic manipulations away from the desired formula. We consider the morphism
of orthogonal C-spectra ¢: £3°U — S induced by the based map U, — S0 that collapses U to the non-

basepoint. It satisfies g4(vk—;) =1 in ﬂ'g(i’kfi)(S). So
0« (€ X Vi) = € X 04(Vp—i) = € x 1.
Because 9. (1) = 0 by Proposition 1.11, applying o. to (2.5) yields
(2.6) oo U(’”k_ J(ex1) = 3 trgéf)k o (0 (6 vem) = 0nl@aapy - ) = 0
0<i<k 0<i<k
whenever k > 1. Now we deduce

U (k) Uk U(j
Z trUEk_M)(l X (@aa(j) - Tj)) =(2.5) Z tr U(k)— )(1 X trﬁ(z,)j_i)(ei X vj_;))
0<j<k 0<i<j<k

— U (k)
= Z trU(Zk e )(elxlxvj i)
0<i<j<k

U(k) U (k—d) _
Z Z Yo (k—d,d) rU(i,kfdfi)(ei X 1) X va) =(26) Vk -
0<d<k 0<i<k—d

The third equation is the variable substitution d = j — i. O
We write
(2.7) ¢ 87 = UQ1), cx)=(@+i)(z—i)"

for the Cayley transform; it is C-equivariant for the sign action on the source, and complex conjugation on
the target. We identify the sign representation with ad(1) by sending € o to i -z € ad(l) = i-R. We
have sa(1) = R with trivial T-action. Then the collapse map ¢, : §5*(1)®ad(l) __, gsa(l) A /(1) becomes a
map t: S1®7 — SLAU(1),.

Proposition 2.8. The composite (S* A q) o t1: S*®7 — ST AU(1) is C-equivariantly homotopic to the
suspension of the Cayley transform (2.7).
Proof. The Cayley transform is a homeomorphism, so we may show that the composite

t1 st /\q

SUAU(1) Fh, giee

(2.9) Stee Ly SLAU) L

is C-equivariantly homotopic to the identity. This is the case if and only if the underlying non-equivariant
morphism and the restriction to C-fixed points are homotopic to the respective identity maps.
The restriction of (2.9) to C-fixed points is the composite

(t1)°

Sing

SUA{+1}, 255 ST A{+1} St

(2.10) gt W, ERACGEIER

Expanding all formulas shows that this composite collapses the contractible subset [0,00] of S* to the
basepoint and is given on R.g by the formula

f i Reog — R, f(y) = —In(—y) .
So the composite (2.10) is indeed homotopic to the identity.
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The map (2.9) itself collapses the contractible subset [0,00] x {0} of S? to the basepoint and factors
through a homeomorphism

§2/([0,00] x {0}) = §7.

So the composite (2.9) is a non-equivariant homotopy equivalence. Expanding all formulas shows that the
composite (2.9) is given on R x R by

F:RxRsy — R?, F(z,y) = (—1n(\/x2+y2)» x/y+\/m) :

So (2.9) fixes the point (0,1), and it is smooth near (0,1) with differential D(o1)F = (9 7). Since this
differential has determinant 1, the composite (2.9) is indeed non-equivariantly homotopic to the identity.
This concludes the proof of the claim that (S! A q) o t; is C-equivariantly homotopic to S* A c. O

For k > 1, we define a class

(2.11) w € 7k (zeU)

by stabilizing the class in 77 ®) (U, 1) represented by the composite
k
(2.12) S0 57 =< U1) L Uk S Ulu(n) -

The map 9: U(1) — U(k) is the diagonal map sending an element of U(1) to the constant diagonal matrix
in U(k), and ¢¥ was defined in (1.7). And ‘stabilizing’ means that uy is represented by the composite

SvE®o Suk—/\‘s’w S AU (u(vg)) = (ETU)(U(Vk)) :

The unstable representative ), of uy satisfies §(0) = ¢¥(—E}), which is the unstable representative for the
class v, defined in (2.2). So comparison of the definitions shows the relation

(2.13) Gy - up = q(vk)

in the group wf{ (k) (X>°U), where a, is the pre-Euler class (0.1) of the sign representation.
We write ad(k) for the reduced adjoint representation of U(k), i.e., the U(k)-subrepresentation consisting
of those matrices in ad(k) whose trace is 0. Similarly,

sa(k) = {Z €sa(k): trace(Z) =0} .
The classes aga(k) and azg(,,) are the associated pre-Euler classes (0.1). The class wy, was defined in (1.15).
Theorem 2.14. For every k > 1, the relation
Oza(k) " Qad(k) "Wk = Gsa(k) " Uk

holds in the group wfﬁ%(k)(EOOU).

Proof. The map 0: C — My(C), 9(x) = A(z,...,x) takes U(1) isomorphically onto the center of U(k),
it identifies ad(1) with ad(k)Y*), and it identifies sa(1) with sa(k)V(*). We denote all these restrictions by
0, too. The following diagram commutes:

sa(1) x U(1) —2 sa(1) @ ad(1)

Bxal \LBX@

sa(k) x U(k)* — sa(k) ® ad(k)

k
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So the diagram of collapse maps associated with the horizontal open embeddings commutes, too. Thus the
left part of the following diagram of based continuous U (k)-maps commutes:

v vy, Bsa(l) 090
Suk@sa(l)@ad(l) S7E At Sl’k@sa(l) A U(1)+ s*k® M(¢zod0q) S”k@sa(l) A U(’U,(l/k))
SV NONO J{S“k NONO4 \LS"K'/\E)/\U(U(V;C))
gre@sa@ad() SN quidsa(l) p [7(k)ad Sve@salk) A U (u(vg))

§vk@=2(0) A (¢Fog)

Suk@sa(k)/\(U(il)onoq)\L \stkeﬁa(k)/\U(il)

(ZU) (u(vg) @ sa(k)) === §"®2() A U(u(vy,) & sa(k))

The map 9: §%(1) — §sa(k) represents the pre-Euler class sa(k)- Proposition 2.8 shows that the composite
(St Aq)oty: 817 — ST AU(1) is C-equivariantly homotopic to the suspension of the Cayley transform
(2.7). So the clockwise composite in the above commutative diagram represents the class agg(x) - ux. And
the counter clockwise composite represents the class asz(x) " g () " Wh SO the diagram witnesses the desired
relation. (]

In the next proposition that we work in the ordinary, non-extended unitary group U (k, 1), as opposed
to the extended unitary group U(k,!). This is important because the classes

U (k+1 N .
resUEkj))(ukH) and pi(ug) + p5(up)

are different in the group 7 (k’l)(EOOU). This feature is another manifestation of the non-additivity of
certain pieces of structure for surjectively augmented Lie groups, such as the non-additivity in Example
4.23 or Remark 5.5.

Proposition 2.15. For all k,1 > 1, the relation

U (k+1 * U(k * U
resy ey (ukst) = pi(resy () (ug)) + piresy)(w))
holds in the group 77?

to the blocks.

(k’l)(EC’oU), where py: U(k,1) — U(k) and p2: U(k,1) — U(I) are the projections

Proof. The map dx; defined in (2.12) is the product of the maps d; and §;, in the sense that it factors as
the composite

(0k,01) Hvy vy

S U(u(vg)) x Ulu(y)) —— Ulu(vgyr)) -

So the relation [0x+i] = pi[dk] - p5[d;] holds in the group Wg(k’l)(U, 1), where the multiplication is formed
under the group structure arising from the ultra-commutative multiplication of U. The subgroup U (k,1)
of U(k,l) acts trivially on the sign representation, so restriction yields the relation
U(k,l x U(k % Ul
vesy; (1) Ok1] = i (resyy)[0u]) - p (resgs () [61])

in wf (k’l)(U, 1). The Eckmann-Hilton argument shows that the group structure on wij (k’l)(U,l) from
the multiplication of U agrees with that as a fundamental group, i.e., by concatenation of loops. The
stabilization map

gUkb . ﬂ?(k’l)(U, 1) — Wg(k’l)(EooU)
is a group homomorphism for the concatenation of loops on the source and on the target, where it is the

group structure coming from stability, i.e., the usual addition on equivariant stable homotopy groups. This
proves the claim. O
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The following theorem is the main result of this section. The classes w; are defined in (1.15), and azg(;

is the pre-Euler class (0.1) of the reduced adjoint representation of U (5).

Theorem 2.16. For every k > 1, the relation

_ U (k)
Ug = Z trf](k: j])(p2< ad(]) wj))

1<j<k
holds in wg(k)(EmU), where py: U(k) — U(k — 4,7) is the projection to the second block.

Proof. We argue by induction over k. For k = 1, we have ad(1) = 0, so the claim reduces to u; = w;, which
holds by Proposition 2.8. For the rest of the proof we assume that k > 2.

In the next step we show that the desired relation holds after restriction to the subgroup U (i, k — i) for
every 1 < i < k — 1. All groups involved in this part of the argument augment trivially to C, so they act
trivially on the sign representation . We abbreviate

up = resgg:;(uk) and w = resggzg( Uad(k) - Wk) 5

both classes lying in wg(k)(EmU). For 1 < j < k, the double coset formula for resUEf)k 0 otrggﬁ)ﬂ. i)

established in [26, Proposition 1.3] yields

Uk Uk *
reSUE@L_4)(trUEk1jJ)(p2(uﬁ)))

o U (i,k—1) U(k—3.5)
= Z trU(zlz dk—j—d,j— z+d)(7d(reSU(dk“g dyi—d,j— 1+d)(192(w3))))

0,i—j<d<i,k—j

in the group ﬂ?(i’k_i)(E”U), where 7, is a certain permutation matrix in U(k). For i —j < d < i, we have
ad(j)Vi=di=i+d) £ () thus resSEZld_j7i+d)(aﬁ(j)) =0, and hence

~resU(J) =0.

o ,
resy, (! Ulidj—ita)(@i)

U(i—d,j— z+d)( ) = res

U@)
U(ifd,jfier)(aH(j))
So we can omit all summands with ¢ — j < d < i. For d = i — j, the summation bounds force j < 1,
and y;—; is the matrix associated with the permutation that shuffles the sets {i —j +1,...,k — j} and
{k—j+1,...,k};so

U(i,k—1 U(k * Ui *
g O (v (resp U0 (5 (wy))) = pi(brp s (05 (w;))) -

For d = 4, the summation bounds force j < k — i, and ~; is the identity matrix; so

U(i,k—1 U((k— * U((k—1
g esp T (p3(w))) = pa(trg s (05 (w;))

We sum these relations over all j € {1,...,k} to obtain

U(k U(k *
3 resp i (0 (05 (w;))

1<j<k

* Ui *« U(k—1
> piegi s msw)) + Ym0 (wy))
1<j<i 1<j<k—i
(= - U(k
= pi(a;) + pylan—i) = res;i) () .

The second equation is the inductive hypothesis, and the final equation is Proposition 2.15.

In the next step we show that the desired relation holds after restriction to the group U(k). The space
U(k)2d is U(k)-equivariantly connected, in the sense that for every subgroup G of U(k), the fixed point
space U(k)9, i.e., the centralizer of G in U(k), is path-connected. So by [24, Theorem 3.3.15 (i)], elements

in 7Ti] (k)(E(’OU) are detected by geometric fixed points for all closed subgroups of U(k). In other words:
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we may show the desired relation after applying ® for all G < U(k). If the subgroup G is subconjugate
to Ui,k — i) for some 1 < i < k — 1, then the relation holds after restriction to G by the first step, and
hence also after taking G-geometric fixed points. If the subgroup G is not subconjugate to U (i, k — i) for
any 1 <14 <k — 1, then the G-action on vy is irreducible, so the centralizer of G in U(k) equals the center
of U(k). Then sa(k)® = ad(k)“ = 0, and hence ®%(agy(y)) = @G(aﬁ(k)) = 1. Since G is not subconjugate

to U(k — j,j) for 1 <j <k —1, we have ®% o trggz)ﬂ. = 0, see [24, Theorem 3.4.2 (ii)]. Thus
@G(Uk) = (I)G(aﬁ(k) 'Uk) = @G(ag(k) : aﬁ( k) ~wk)

G (4, U(k)
Z @7 (tr Yo (- ”)(pg( ad() "~ wi))) -
1<j<k

The second equation is Theorem 2.14. This concludes the proof that the relation holds after restriction to
U(k).

Now we complete the argument. The decomposition ad(k) = ad(k)@®o as orthogonal U (k)-representations
induces an isomorphism of based orthogonal C-spaces

(Grpp )™ = (G, )M MP7 = (Gir,, )2 A S
So the global stable splitting (1.1) provides an isomorphism
0B (£>U) = @@ rl®(£%(Gr,,)* ™) = @ P (£*(Gr,,) ) .

m>1 m>1

1%

Classes in 7o (k)(EOOU) are thus detected by geometric fixed points for all closed subgroups of U(k). A
caveat is that if G < U(k), then 0% = R, and the geometric fixed points live in ®{'(X>°U); and if G maps
onto C, then ¢ = 0, and the geometric fixed points live in ®§ (X>U).

If the subgroup G is contained in U(k), then the relations holds after restriction to G by the previous
step, and hence also after taking G-geometric fixed points. If G is not contained in U(k), then % = 0, and
thus ®%(a,) = 1. Thus

% (uy) = ®%(ay - up)

U (k
(2.13) = @G(q*(vk)) = Z ‘I’G(ag - tr ggk) j])(pQ( ad( i) w])))
1<5<k

U(k
= Y oCup®  (pilagg) @)
1<5<k
The third equation is Theorem 2.3, plus the fact that ¢.(79) = 0, and the relation
4+ (1 X (aaag) - 7)) = @P3(aag) - 7)) = Pa(@aa(s) - 4:(75)) = ao 'Pz(am(j) “wj)
for all j > 1. O

3. THE INTERPLAY OF THE GLOBAL SPLITTING AND THE EIGENSPACE MORPHISM

In this section we establish a subtle connection between two a priori unrelated features of the ultra-
commutative monoid U, namely its C-global stable splitting and its preferred infinite delooping. As we show
in Theorem 3.3, the adjoint XU — sh? KR of the preferred infinite delooping U ~ Q°(sh’ KR) from
Theorem B.49 annihilates all the higher terms of the stable global splitting (1.1). This fact is fundamental
for all other results in this paper.

For an augmented Lie group a: G — C and a compact G-space A, we write KR, (A) for the Real
a-equivariant K-group of A, the Grothendieck group of Real a-equivariant vector bundles, see Construction
B.6. If A is endowed with a G-fixed basepoint, we write K R,(A) for the reduced K-group, the kernel of
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restriction to the basepoint K R, (A) — KR, (*). The multiplicative structure by tensor product of Real-
equivariant vector bundles makes the groups K Rq(A) and K R, (A) into modules over K R.(x¥) = RR(«),
the Real representation ring of ao: G — C.

As before we let T% = T* x C' denote the semi-direct product of the k-torus by the complex conjugation
action, augmented to C' by the projection. We call an RR(T*)-module Euler-torsion-free if the Euler class
of every irreducible Real T”“—representation with trivial fixed points acts injectively on the module.

Proposition 3.1. For every k > 1 and | > 0, the RR(T*)-module If(\}/lfk (S'7) is Euler-torsion-free.

Proof. We start by showing that for every abelian group M, the RR(Tk)-module RR(T’“) ® M is Euler-
torsion-free. The ring RR(T*) is a Laurent polynomial ring

RR(TF) = Z[2F,. .. 23],
with z; = p¥(v1) for p;: T — T the projection to the i-th factor. Indeed, the forgetful ring homomorphism
resh, + RR(TF) — RU(T*) = Z[st,... a7

is injective by [4, page 13], and the ring RU(T*) is generated by the underlying unitary representations of
the Laurent monomials in the x;. So this restriction map is an isomorphism.

The irreducible Real T*-representations A correspond to the monomial units :1:?”‘[1 . :z:}ck for iy, ..., i € Z;
and A has trivial fixed points precisely when not all 4; equal to 0. Moreover, the Euler class of A is the
element

ex = 1—a¥ x?j .
So for AT" = 0, the underlying abelian group of RR(T*)/(ey) is free, and hence Tor(RR(T*)/(e), M) = 0.
This means that multiplication by e, is injective on RR(T*) ® M, so RR(T*) ® M is Euler-torsion-free.
Now we turn to the proof of the proposition. All irreducible Real T*-representations are 1-dimensional,

and hence of real type, i.e., their only automorphisms are scalars from R. So for every compact space A
with trivial T*-action, [4, Proposition 8.1] provides an isomorphism

RR(T*) ® KO(A) — KRz (A) .
Applying this to A = S™ and the restriction to its basepoint yields a commutative square

RR(T*) @ KO(S™) —— K Ry (S™)

| |

RR(T*) @ KO(%) —— K Ry ()

in which both horizontal maps are isomorphisms. So the upper map restricts to an isomorphism between
the vertical kernels RR(T*) @ KO(S™) and K Rz, (S™).

Now we choose an m > 0 such that [ < 8m. The orthogonal Tk—representation 1 ® o underlies a
Real T*-representation (with trivial T*-action). So Bott periodicity [3, Theorem (5.1)] for the Real T*-
representation I - (1@ o) and the 8-fold Bott periodicity of Real equivariant K-theory provide isomorphisms
of RR(T*)-modules

RR(T") © KO(S¥" ) = KR (S*™ ) = KRzt (S™17) = KRz (S9) .
We showed above that this RR(T’“)—module is Euler-torsion-free, so this completes the proof. O

The connective global K-theory spectrum ku is defined in [24, Construction 3.6.9], generalizing a config-
uration space model of Segal [30] to the global equivariant context. It comes with a multiplicative involution
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1 by complex conjugation that enhances it to the connective Real-global K-theory spectrum kr = (ku, ).
We recall the definition in Construction B.34. The eigenspace morphism of based orthogonal C-spaces

eig : U — Q°(sh” kr)

is defined in [24, (6.3.26)]; we recall the construction in (B.36). Here ‘sh”’ denotes the shift of an orthog-
onal C-spectrum by the sign representation, see [24, Construction 3.1.21]. Shifting by o is Real-globally
equivalent to suspending by S7, see [24, Proposition 3.1.25 (ii)]. And Q°* is the functor from orthogonal
C-spectra to based orthogonal C-spaces that is right adjoint to the reduced suspension spectrum functor,
see [24, Construction 4.1.6]; the orthogonal C-space Q*X models the underlying ‘Real-global infinite loop
space’ of a Real-global spectrum X. As the name suggest, the eigenspace morphism assigns to a unitary
automorphism the configuration of eigenvalues and eigenspaces; the shift coordinate in sh? kr is the place
that stores the eigenvalues. We write

(3.2) eig” : ¥°U — sh”kr

for the adjoint of the eigenspace morphism.

The global K-theory spectrum KU was introduced by Joachim [15, Definition 4.3] as a commutative
orthogonal ring spectrum. Joachim showed in [15, Theorem 4.4] that the genuine G-spectrum underlying
the global spectrum KU represents G-equivariant complex K-theory; another proof can be found in [24,
Corollary 6.4.23]. Joachim’s orthogonal ring spectrum can be enhanced to an orthogonal C-ring spectrum
KR by suitably incorporating complex conjugation, see [12, Section 6]; this is the periodic Real-global
K-theory spectrum. We review the definition in Construction B.43, and we show in Theorem B.52 that
KR represents Real-equivariant K-theory for augmented Lie groups, justifying the name. A morphism of
commutative orthogonal C-ring spectra

7+ kr — KR
from connective to periodic Real-global K-theory is defined in [24, Corollary 6.4.13]; we review the definition
in Construction B.48.

Theorem 3.3. For every k > 2, the morphism of orthogonal C-spectra (sh? j) o eigb: ¥>°U — sh? KR
annthilates the class wy, € WaUd((%(Z‘”U) defined in (1.15).

Proof. We recall that
0: XFU — ¥¥*=S and ¢ : XU — XU

denote the morphisms induced on reduced suspension C-spectra by the based maps U, — SY and U, —
U that, respectively, map U to the non-basepoint of S°, and are the identity on U. By Proposition 1.11,
the class 7 in 71'3:1(1) (X3°U) belongs to the augmentation ideal, i.e., 0.(71) = 0. So the class 71 x - -- x 71 lies
in the k-th power of the augmentation ideal, where k is the number of factors. Proposition B.40 (ii) shows
that the map (eigb oq), annihilates the square of the augmentation ideal of Wfk (X5°U). In particular,

(eigb oq)u(my X - x1) = 0

for k > 2.

We let D C Mj(C) denote the Real T*-representation of lower subdiagonal matrices (1.19), and ap €
WTZ(S) is its pre-Euler class (0.1). We use the isomorphism (1.20) to identify ad(k) and ko@D as orthogonal
Tk—representations. Using Theorem 1.21 we obtain the relation

. U(k . Uk
a2, - eig’ (resf,g )(wk)) (1.15) = (eig® oq). (a2, ~resT~,E )(Tk))

= (eigb oq)«(ap - (11 X -+ X 71))

= ap - ((eigb oq)«(m1 X -+ x711)) =0
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in 7Tka p(sh? kr), for all k > 2.

The representation D inherits the structure of a Real T*-representation from My (C). Real-equivariant
Bott periodicity [3, Theorem (5 1)] provides an associated Bott class 8p € 75 (KR) with corresponding
Euler class ep = Bp - ap in 7f (KR) Then

¢ - resl M (((sh7 ) o eig?)u(wi)) = B - (sh” f)u(ad - eigh (resZ P (wi)) = 0

in ﬂkT; +p(h” KR). Real-equivariant Bott periodicity for D also provides an isomorphism of m? ' (KR)-
modules
Tk Tk Tk
Thorp(sh” KR) = i (sh” KR) = w(,_,, (KR).
By Theorem B.52 (11) the ring 7T0 (KR) is isomorphic to the Real representation ring RR(T*), in a way
that identifies the wl’ " (KR)-module 77, (k—1)o (KR) with the RR(T*)-module KR L (S*=19) This RR(T*)-

module is Euler-torsion-free by Proposition 3.1. The T*-representation D has trivial fixed points, and thus
multiplication by the Euler class ep is injective on 71'(Tk 1)0( R). So we deduce that

res (") (((sh” ) o eig’).(wr)) = 0
in 7rkT~(f+D(sh‘7 KR) W(jzk—l)a'-i-D(KR)' We let ad (k) denote the reduced adjoint representation of U (k), i.e.,
the subrepresentation of ad(k) of matrices with trivial trace. Any isomorphism ad(k) = o @ ad(k) provides
an identification

1

) (sh” KR) = 77" (sh” KR) A

Tad(k) ad(k)
The restriction homomorphism

res’ ™ 0 KRy (S%0) — KRz (S90)

K

U(k)

3, Proposition (5.2)]. So also the restriction homomorphism

is split injective, see for example

Uk
resT§ U (f(k)) (KR) — ol d(k)(KR) = 1l )0+ p(KR)
is injective. Hence ((sh” 7)o eig’),(wi) = 0 in 7r ( )(sh‘7 KR)>7 Ud((k]j)(KR). O

Remark 3.4. The fact that the morphism (sh” j) o eig’: £°°U —» sh’ KR annihilates the class wy, for
all k > 2 is crucial for all further results in this paper. We alert the reader that the eigenspace morphism
eig|7 : 3°°U — sh? kr itself does not annihilate the class wy for any k& > 2. At this point one might want to
recall that the name ‘connective global K-theory’ has to be taken with a grain of salt, in that the morphism
j: kr — KR is an equivariant connective cover for finite groups by Theorems 6.3.27 and 6.4.21 of [24],
but not generally for compact Lie groups of positive dimension.
In fact, the composite
$oU S8, gk BTAm o g

does not annihilate wy for k& > 2. Here Sp™> denotes the orthogonal spectrum, with trivial C-action,
made from infinite symmetric products of spheres, compare [24, Example 5.3.10]. And dim: kr — Sp*°
is the dimension homomorphism to the infinite symmetric product spectrum, defined in [24, Example
6.3.36]. The spectrum Sp™ is Fin-globally equivalent to the Eilenberg—MacLane spectrum for the constant
global functor Z, see Propositions 5.3.9 and 5.3.12 of [24]. However, for compact Lie groups G of positive
dimension, the groups 7 (Sp>) are typically not concentrated in dimension 0, and the ring 7§ (Sp>°) need
not be isomorphic to Z. For example, 7 (Sp>) = Q, see [24, Theorem 5.3.16], and the abelian group

WgU(Q)(SPOO) has rank 2, see [23, Example 4.16].
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We show the non-vanishing for k£ = 2, the other cases being similar but slightly more involved. The class
ug from (2.11) is represented by the suspension by S** of the composite

Sp=CFodoc : 87 — Uu(w)) .

This map sends & € S to the unitary automorphism of u(vy)c that is multiplication by c(z) on the
image of the C-linear monomorphism ¢*: v, — u(vy)c, and the identity on its orthogonal complement.
The morphism eigb: ¥*°U — sh? kr extracts eigenvalues and eigenspaces, and turns the eigenvalues
into a suspension coordinate via ¢~!; and as the name suggests, the morphism dim: kr — Sp> takes a
configuration of vector spaces to the configuration of the dimensions. So the class ((sh” dim) o eig’), (uz) is
represented by the map

Svr®e s Gp>(8VP7) = sh?(Sp>)(u(vg)), x — k-x,
the point x € S¥*%9 with multiplicity k. This map represents sh?(k - 1), the k-fold multiple of the shifted
multiplicative unit in m,U (k)(sh” (Sp)), and thus
((sh” dim) o eig®), (ux) = sh(k-1) .
Theorem 2.16 for £ = 2 and the fact that wy; = u; provide the relation
ey W2 = U2 — trgg?l)(pz(ul)) .
Thus

o 1. . o 1. . U % o 1 .
Uz + ((sh” dim) o eig”), (w2) = ((sh” dim) o eig’). (uz) — trﬁg?l)(pQ(((sh dim) o eig’), (u1)))
_ae 0(2)

= sh (Q—trﬁ(l)l)(l)) .

By the remark immediately before [23, Example 4.16], the classes 1 and trgg)l)(l) are linearly indepen-
dent in the group ﬂg(z)(Sp"o). Hence the classes 1 and trgg)l)(l) are linearly independent in the group

wg(z)(Spoo). Thus the class ((sh? dim) o eig”), (ws) is non-zero.
4. THE GLOBAL SEGAL-BECKER SPLITTING

In this section we construct the global Segal-Becker splitting c: BUP — Q®(X5°P) in the unstable
Real-global homotopy category, see (4.10). This morphism comes into existence as a C-global o-loop map,
the delooping being the morphism d: U — Q*(sh? (3°P)) defined in (4.6). That the morphisms d and ¢
are indeed sections to Q°(sh” n): Q*(sh?(¥P)) — Q°(sh” KR) and to Q°(n): Q*(XP) — Q°*(KR),
respectively, is proved in Theorems 4.7 and 4.12. In Corollary 4.16 we show that the composite coh: P —
Q°*(XP) of the global Segal-Becker splitting with the morphism h: P — BUP that represents the
inclusion of line bundles into virtual vector bundles is the unit of the adjunction (X5°,Q*).

Construction 4.1 (The Real-global ultra-commutative monoid P). We recall the orthogonal C-space P
made from complex projective spaces, compare [24, (2.3.20)], a specific ultra-commutative model for the
Real-global classifying space of the extended circle group T = U(1) = U(1) x C. In [24], we use the notation
PC to distinguish this version made from complex projective spaces from the real version. In this paper,
the real version plays no role, so we simplify notation and drop the superscript ‘C’. The value of P at the
inner product space V is
P(V) = P(Sym(Ve)) ,

the complex projective space of the symmetric algebra of the complexification. The structure map P(y):
P(V) — P(W) induced by a linear isometric embedding ¢: V' — W takes a complex line to its image
under Sym(pc): Sym(Ve) — Sym(We). The involution (V): P(V) — P(V) is induced by complex
conjugation on Sym(V¢), exploiting that also conjugate-linear maps take C-subspaces to C-subspaces.
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As a Real-global classifying space for T, the orthogonal C-space P represents the functor wg on the
unstable Real-global homotopy category. We will later need to refer to the universal element, the tautological
class, so we recall it here. We consider the T-invariant complex line

L=C(1®l-i®i = im((': v — u(r)e) C ulv)c,
where (! is defined in (1.6). We also view LL as a complex line in the symmetric algebra via the embedding

u(v1)ec — Sym(u(v)c) as the linear summand. Then L is a T-fixed point of P(Sym(u(v1)c)) = P(u(r1));
the unstable and stable tautological classes

(4.2) up € 7L(P)  and  e; € 7L (STP)
are, respectively, its homotopy class and the class represented by the T-equivariant map
s S AP(u())y = (S°P)(u(v)) -

Then the pair (P, uf) represent the functor Wg on the unstable Real-global homotopy category; and the
pair (Y5°P, e;) represent the functor m§ on the Real-global stable homotopy category.

Construction 4.3 (The morphism 7: X°P — KR). The morphism of non-equivariant spectra from
YCP* to KU that classifies the tautological complex line bundle over CP* has a particularly nice and
prominent Real-global refinement n: X3P — KR, defined as a composite of two morphisms of ultra-
commutative C-ring spectra

2P 5 kr 5 KR.
The first morphism g is the inclusion of the ‘rank 1’ part in the rank filtration, compare [24, Construction
6.3.40]; its value at an inner product space V is the C-equivariant map

p(V) + (EFP)(V)=SY AP(Sym(Ve))y — €(Sym(Ve),SY)=kr(V), vAL~—s[L;v].
We review the definition of the morphism j: kr — KR in Construction B.48.
The underlying morphism of Real-global spectra of 1 classifies the tautological T-representation: under
the preferred identification of 7! (KR) with the Real representation ring R~R(T) given by Theorem B.52
(ii), the stable tautological class (4.2) maps to the class of the tautological T-representation, i.e.,

ne(e) = ] inmg (KR) = RR(T).
Because 7 is a morphism of ultra-commutative C-ring spectra, its effect on equivariant homotopy groups is
not only compatible with restriction, inflations and transfers, but also with multiplicative power operations
and norms. In [27], I establish a global equivariant generalization of Snaith’s celebrated theorem [31, 32],
saying that KU can be obtained from ¥°CP*° by ‘inverting the Bott class’.

Construction 4.4 (The o-deloop of the global Segal-Becker splitting). A natural morphism A% : X A
S — sh? X for orthogonal C-spectra is defined in [24, (3.1.23)]. This morphism is a C-global equivalence
by [24, Theorem 3.1.25 (ii)]. Theorem 1.16 lets us define C-global morphisms from ¥*°U by specifying
their values on the classes wy, in ﬂg(f(%(EOOU) defined in (1.15). So we let

(4.5) & ¥°U — sh?(IFP)

be the unique morphism in the C-global stable homotopy category such that

& () = (/\ZfP)*(eT AS?)  for k=1, and
0 for k > 2.
For k = 1 we have implicitly identified the sign representation with ad(1) by sending = € o to i -z € ad(1).

Informally speaking, the morphism d” is the projection onto the summand k = 1 in the stable splitting
(1.1).
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As a Quillen adjoint functor pair for the C-global model structures, the pair (X°°,Q°) derives to an
adjoint functor pair at the level of C-global homotopy categories. The stable morphism d” from (4.5) is
thus adjoint to an unstable morphism in the homotopy category of based C-global spaces

(4.6) d: U — Q°(sh’(XFP)) .
This is our o-deloop of the global Segal-Becker splitting.

We can now prove Theorem A from the introduction.
Theorem 4.7. The composite

U -4 0ok (x2P)) L0, 00(sh” KR)
equals the morphism Q°®(sh? j) oeig: U — Q°*(sh® KR), and is thus a C-global equivalence.

Proof. We claim that the following diagram commutes in the C-global stable homotopy category:

oo dh e oo
U — L sh” (ST P)
(48) eig” l(3.2) ish” n
sh? kr - sh” KR
sh? j

By Theorem 1.16, it suffices to show that both composites agree on the classes wy, for all £ > 1. For k > 2,
we have d” (wy) = 0 by definition, and ((sh” j) o eig”), (wi) = 0 by Theorem 3.3. So both composites in the
diagram (4.8) annihilate the class wy.

For k = 1 the following diagram of based T-maps commutes by inspection of definitions:

SY1Ac S"IAC,

St AU(1)
(2.7) (1.7)

—ALA— J{eigb(u(vl))

Sri®o SYLA U(U/(Vl)) Ea— (ZOOU)(U(Vl))

St AP (u(vr))+ A S"(W)S”l@" AP(u(r) ® o)+ T kr(u(vy) @ o) == (sh” kr)(u(r1))
2eop) (11 s vy

Indeed, both composites send z € S¥*®° to the one-element configuration
[L,z] € €(Sym((u(v1)® o)c),S"®7) = (sh? kr)(u(r)) ,
the point x labeled by the complex line L = C-(1® 1 — i ® i) C u(v1)c, embedded via u(vy)c —
(u(v1) ® o)c — Sym((u(v1) ® o)c). This diagram witnesses the relation
($h7 1) © Ageep)a(ep A S7) = cigh ()
in the group wf(sh” kr). Since n = j o u by definition, we obtain
((sh”m) o d’)s(w1) = ((sh”j) o (sh” p) 0 AFeep)u(eq A S7) = ((sh? ) o eig’)«(ur) -

Since u; = w; by Proposition 2.8, this concludes the proof that the diagram (4.8) commutes. Passing
to adjoints for the adjunction (X°°,Q°*), turns the commutative diagram (4.8) into the desired relation
Q¢ (sh? j)oeig = Q°%(sh? ) od: U — Q°(sh? KR). The composite 2°(sh? j) oeig is a C-global equivalence
by Theorem B.49, hence so is 2°(sh? n) o d. O

Now we construct the actual global Segal-Becker splitting c: BUP — Q*(X5°P) by looping the mor-
phism d: U — Q°(sh? (X°P)) by the sign representation, and exploiting the Real-global Bott periodicity
equivalence BUP ~ Q°U.



REAL-GLOBAL SEGAL-BECKER SPLITTING 25

Construction 4.9 (The global Segal-Becker splitting). The ultra-commutative C-monoid BUP is defined
in [24, Example 2.4.33], and we recall the construction in B.3. In Theorem B.24 we establish a Real-global
form of Bott periodicity, summarized by the Real-global equivalence of ultra-commutative C-monoids

v : BUP = Q°U
defined in (B.26). We then define the global Segal-Becker splitting
(4.10) c: BUP — Q*(XTP)

as the unique morphism in the unstable based C-global homotopy category that makes the following diagram
commute:

BUP c 0+ (5P)
(4.11) T NlQ'(i%SﬁP)
Q70— Q7(Q*(sh? (ZFP))) — > Q*(Q7(sh” (BFP)))

The unnamed isomorphism swaps the order in which the loops are taken, and 5& : X — Q9(sh? X) is the
adjoint of A% : X A ST — sh? X.

The next theorem verifies that the global Segal-Becker splitting is indeed a splitting of the morphism
Q*(n): Q*(XEFP) — Q*(KR). In Theorem 5.12 will we show that our global Segal-Becker realizes the
classical equivariant Segal-Becker splittings at the level of cohomology theories, thereby justifying its name.

Theorem 4.12. The composite

BUP - *(s¥P) 27, 0(KR)

equals the morphism ©: BUP — Q*(KR\) defined in (B.51), and is thus a C-global equivalence.

Proof. Several definitions and a previous result assemble into a commutative diagram:

BUP < Q*(Z°P)

\ Q'(S\Eicp) ~
Q*(n)

QU e 0o (7 (ETP)) — > Q°(27(sh” (ST P))

© N lﬂ”(sr(sh” M Q@7 (7 )
BRI 00 (00 (sh7 KR)) ———= 02(97 (sh” KR)
Q* (er) | ~
- 0°(KR)

The parts of the diagram involving the morphisms © and ¢ commute by the respective definitions (B.51)
and (4.11). The inner triangle starting at Q°U commutes by Theorem 4.7. The right part of the diagram
commutes by naturality of the ng—morphisms. The morphism O is a C-global equivalence by Theorem B.52
(i), hence so is the composite Q°(n) o c. O

Remark 4.13 (No section deloops twice). Since Q°(n): Q*(X°P) — Q°*(KR) is a Real-global infinite
loop map with an unstable section, one can wonder how often one can deloop an unstable section. Our
construction of the section ¢: BUP —; Q*(X5°P) presents it as a C-global ¢-loop map, the deloop being
the morphism d: U — Q°(sh? (X°P)). If we forget the C-action and pass to underlying global morphisms,
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these data witness the global Segal-Becker splitting as global loop map. However, one cannot do better
than this, not even non-equivariantly, as we now recall.

The H-space structure on the infinite unitary group U coming from Bott periodicity coincides with the
one from the group structure. Under the Pontryagin product, the mod 2 homology H.(U;Fs) is an exterior
[Fp-algebra on classes a; € Hait1(U;Fp) for i > 0. In contrast, H,(Q>(XFCP> A S1);Fy) is a polynomial
Fy-algebra on the iterated Kudo—Araki operations on a basis of I:I*((CPJ?O A SY;TFy), see for example [11,
Theorem 5.1]. So the epimorphism of commutative graded Fa-algebras

QA S 1 H (Q®(EPCP>® ASY);Fa) — H(Q¥(KU A S');Fy) = H,(U;F»)

does not admit a multiplicative section. Hence the map Q> (nAS!): Q®(EFCP>AS!) — Q¥ (KU ASY)
does not have a section that is an H-map, much less a loop map.

The U(k)-equivariant linear embedding ¢*: vy, — u(vg)c was defined in (1.6). Its image is a U (k)-
invariant linear subspace of dimension k, and thus a U(k)-fixed point of Gr§ (u(vg)c) = Gry(u(vy)). We
write

{m} = [m(c*)] € m " (Gry) €y (Gr)
for its homotopy class. The next proposition determines the image of this class under the composite
Gr - BUP -5 Q*(S7°P) .
Theorem 4.14. For every k > 1, the relation

. Uk
(cod){w} = trf]Ek)—l,l)(l X ef)

holds in the group ﬂg(k)(ZfP).

Proof. The following diagram commutes by the definition (4.11) of the morphism ¢: BUP — Q°*(X°P)
from the morphism d: U — Q°*(sh?(X5°P)), which in turn was defined as the adjoint of &:2>*°U —
sh?(XP):

Fg(k)(GI') L Wg(k)(BUP) - Wg(k)(Q'(EioP» —_— Wg(k)<ziop)
N\L—/\S“
" ) M (EFP A S7)
B
:J{(Agfp)*

O_ﬁ(k)

~ b ~
I ® sy o 20®) e (52 P))

d.

Wg(k)(QUU) _ WUU(k)(U

The map o *) WUU(k)(U) — ﬂaﬁ(k)(Z‘X’U) is the stabilization map [24, (3.3.12)].

By inspection of definitions, the map S, : Fg(k)<GI') — ﬂg(k)(QUU) defined in (B.27) sends {v}} to the
homotopy class of the map 8 = (¥ oc0d: S7 — U(u(vx)). The class uy defined in (2.11) is represented
by the suspension by S¥* of J, so

"B (B {}) = u .
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The commutative diagram thus shows the relation ()\Eocp) ((cod) {vp}AS?) = &, (ug) in 7y Uk )(shU(EOOP))
The defining property of the morphism d” and Theorem 2.16 then yield

( %fp)*((coi)*{yk}/\sa) = dli(uk) = I;kdb ZEIZ)] )( *(aa(j)'wj))
WA

_ U (k) b
= Z tU(k i) (p3(ag 2d(4) - (wj))

1<<k
U(k o
= tIAUEIQ) 1 1)(p2((/\2°°13) (eT NS )))
g U(k o
= ( zgfp) (tr- Ek) 171)(1 X eq)ANS7) .

Suspension by S and the map ()‘%S:P)* are bijective, so this proves the desired relation. O

The pair (P,u;z) represents the functor wg on the unstable C-global homotopy category. So we can
define

(4.15) h: P — BUP

as the unique morphism such that h.(us) = 4. {11} in 7rg~ (BUP). The morphism h represents the inclusion
of line bundles into virtual vector bundles.

Corollary 4.16. The composite
P Xy BUP % Q*(5P)
is the unit of the adjunction (X°,Q°).

Proof. For k =1, Theorem 4.14 specializes to (coi).{v1} = es in W?(ZTP). So
(coh)s(up) = (coi)u{rn} = ef .

The adjunction unit also takes the unstable tautological class uz to the stable tautological class ef. Since
(P,uj) represents the functor 7l on the unstable C-global homotopy category, this proves the claim. [

We end this section with a discussion of the additivity, or rather the failure thereof, of the global Segal—
Becker splitting. If we forget the Real direction and pass to underlying ‘non-Real’ global spaces, then the
sign action on S? disappears, and o-loops become ordinary loops. By the Eckmann—-Hilton argument, the
loop addition then coincides with the abelian monoid structure from any ultra-commutative multiplication,
and loop maps are automatically additive. In particular, the morphism of global spaces underlying the
Real-global Segal-Becker splitting is a global loop map, and so the induced map [A, ¢|%: [A, BUP]¢
[A,Q°(EP)] is additive whenever G is a compact Lie group with trivial augmentation to C.

However, the map [A4, c]® induced by the Real-global Segal-Becker splitting is not generally additive

for surjective augmentations a: G — C. In fact, additivity already fails for G = C' with identity
augmentation, and for A = x, see Example 4.23. The rest of this section aims to explain this more carefully,
including some quantification of the failure of additivity in Theorem 4.20 (ii).

Our tool to quantify the deviation from additivity is a certain piece of natural structure on o-loop objects.
In contrast to the fundamental group 7 (X, x) = [S', X]. in the non-equivariant context, the set [S7, X]¢
has no group structure that is natural for based C-equivariant maps in X. Equivalently, the o-sphere does
not admit an equivariant ‘pinch map’ S — 57 V 57, i.e., such that the composite with each of the two
projections is equivariantly homotopic to the identity. The C-map m: S° — S? V S? we are about to
define is a partial remedy of this defect. If we forget the C'-action, the underlying non-equivariant homotopy
class of m represents the element zy~ 'z in the free group (S v S1, %), where  and y denote the classes
of the left and right wedge summand inclusions.
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Construction 4.17 (A binary operation on Q7X). We let X be a based orthogonal C-space. We define
a specific binary operation (4.18) on the o-loop space Q7 X. We consider the C-equivariant based map

( 2%,1) if Re(z) >0, and

m UQ1) — UQ)vUQ1), m'(z) = {(—22 2) if Re(z) <0.

The second coordinate in the formula for m/(z) specifies in which of the two wedge summands of U(1) VU (1)
the respective point lies. The map m’ is clearly C-equivariant for the action by complex conjugation on all
instances of U(1). We define a C-equivariant map m: S — S V S by conjugating m’ with the Cayley
transform (2.7), i.e., as the composite
’ -1 -1
ST S U(1) M UML) VUQL) s 57V ST

o

Precomposition with m: S — S? V 57 then yields a morphism

(4.18) m* o (Q7X) x (Q°X) = map,(S7V 87, X) 2P ap, (87, X) = 07X .
We write e: S — 57 for the sign involution, i.e., e(z) = —z. For every based orthogonal C-space X,

it induces an involution €*: 27X — Q7 X by precomposition.

Proposition 4.19. Let X be a based orthogonal C-space. Then the composite

oox MY gox) x(ox) S ox
is equivariantly homotopic to the identity, and the composite

(x,1d)

07X (Q°X) x (°X) 25 Q°X

is equivariantly homotopic to €*: Q°X — Q7 X.

Proof. We exploit that C-equivariant self-maps of U(1), for the action by complex conjugation, are char-
acterized up to equivariant based homotopy by their value on the fixed point —1 and by the degree of the
underlying non-equivariant map. The composite

v s vyvua) s u@)

fixes —1 and has underlying degree +1, so it is equivariantly based homotopic to the identity, where V
denotes the fold map. The composite

U1 s uyvu) s u)

fixes —1 and has underlying degree —1, so it is equivariantly based homotopic to complex conjugation, where
p2 denotes the projection to the second wedge summand. After conjugation with the Cayley transform,
these properties become that facts that the two composites

§7 My 57vse Yy 57 and  §7 s 5TV ST P2, 5o
are equivariantly based homotopic to the identity and to the sign involution e: S7 — 57, respectively.
The claim follows by applying map, (—, X) to the maps and homotopies. O

We abuse notation and also write ¢ € 7§ (S) for the C-equivariant stable homotopy class of the sign
involution e: S7 — S°. This element satisfies €2 = 1 and is related to the transfer by tr?l}(l) =1—e. The
equivariant homotopy sets [A4, E]® are defined in (A.3). Part (ii) of the next theorem refers to the module
structure of the group

[4,2°V]" = 7§ (map(4,a*(Y)))
over the ring 75 (S).
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The following theorem is straightforward for trivially augmented Lie groups. Indeed, in that case the G-
map underlying ¢c: BUP — Q°*(X5°P) is a loop map, and thus induces an additive map c, : [4, BUP]¢ —
[A,Q°(2°P)]¢. Moreover, res?l}(e) = —1,s0if a: G — C is the trivial homomorphism, then a*(¢) = —1.
The formula of part (ii) of the following theorem thus becomes c.(2z + y) = 2¢.(z) + ¢« (y). In contrast, if
a: G — C is surjective, then a*(€) # —1 in 7§ (S), and ¢,: [4, BUP]* — [4,Q°(S°P)]* need not be
additive, see Example 4.23.

Theorem 4.20. Let a: G — C be an augmented Lie group, and let A be a finite G-CW-complex.

(i) Letv: U — U be a morphism in the based C-global homotopy category. Then the map
Q7). : [4,Q°U]Y — [4,Q°U]°
satisfies the relation
(Q79). 2z —y) = 2-(Q7¢)«(z) — (7).« (y)
for all z,y € [A,Q°U]*.
(ii) The map
¢ @ [ABUP|® — [4,Q%(ETP)]”
satisfies the relation
€Qu+y) = (1-a*()-cla) + culy)
for all z,y € [A,BUP]“.

Proof. We start with a preliminary observation. We let M be an abelian group endowed with a group
homomorphism p: M x M — M such that u(x,z) = x for all z € M. Then

(4.21) wz,y) = p((r,r) = (0,2) +(0,y)) = = — u0,2)+ u(0,y)

for all x,y € M, by the homomorphism property.
(i) The binary operation m* on QX defined in (4.18) is natural for morphisms of Real-global spaces in
X. In particular, it is natural for the multiplication morphism U X U — U. Hence the map

m* = [A,m"]* : [4,Q°U]* x [4,Q°U]* — [A4,Q°U]*
is a homomorphism of abelian groups. Proposition 4.19 shows that m*(z,z) = x and m*(0,z) = [4, €*]*(z).
Relation (4.21) and Proposition B.32 thus yield
m*(x,y) = x—m"(0,2) + m*(0,y) = x—[A,e]%x)+[A4,€](y) = 22—y
for all z,y € [A,Q°U]*. The map (Q7%). is compatible with all operations that are natural for C-global
o-loop spaces. This includes in particular the binary operation m*. So
Q7). 2z —y) = (Q7¢)«(m"(z,y))
= m*(Q7¢)«(x), (Q7Y)«(y)) = 2 (Q7¢)«(x) — (27)«(y)
for all z,y € [A4,Q°U]~.

(ii) We claim that the map [4,€e*]*: [4,Q7(Q°Y)]* — [A4,Q7(Q°Y)]* is multiplication by the class
a*(e) € 7§ (S), for every orthogonal C-spectrum Y. This is almost a tautology, and a special case of a more
general fact: for every orthogonal representation V' of a compact Lie group G, and for every continuous
based G-map f: SV — SV, precomposition with f and multiplication by [f] € 7§ (S) coincide on 7&(X)

for every orthogonal G-spectrum X.
Also for every orthogonal C-spectrum Y, the map

m* = [A,m*]* ¢ [A,Q7(Q°7)]* x [4,Q7(Q°Y)]* — [4,Q°(Q°Y)]*
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is additive for the abelian group structure arising from stability. Relation (4.21) and the claim above thus
yield the relation
m*(z,y) = x—m"(0,2) +m"(0,y) = z—[A4,e]%@) +[A](y) = (1-a"(e) z+a’(e) -y
for all z,y € [4,Q7(2°Y)]*. The map
(Q7d), =[A,Q7d]* : [A,Q°U]" — [A,Q7(Q%(sh? (BTP)))|*

is compatible with all operations that are natural for C-global o-loop spaces. This includes in particular
the binary operation m*. So

(4.22) (Q°d), (22 — y)

(Q7d).(m*(z,y))
m*((Q7d).(z), (27d).(y))
(1—a*(e) - (d)«(x) + a*(e) - (27d)«(y)

for all z,y € [A4,Q7U]~.
The global Segal-Becker splitting ¢ was defined by the commutative square (4.11). It induces a commu-
tative diagram

[A,BUPJ _— [A, Q0 (22 P)]
[A,y]“im mi[r“ﬂ'(igfp)]”
[A,Q7U) Y [A, Q% (Q7 (sh” (£2°P)))]°

in which all objects are abelian groups, but the horizontal maps are not generally additive. The morphism
7 is a Real-global equivalence of ultra-commutative C-monoids, so the induced bijection is additive. The
C-global equivalence Q‘(A%TP) arises from a C-global stable map, so the induced bijection is additive and

compatible with multiplication by the class a*(e). So relation (4.22) for the lower horizontal map implies
the analogous relation for the upper horizontal map ¢, = [4, ¢]?, i.e.,

(@r—y) = (1-a"(e) cle) + a*(e) - culy)
for all z,y € [A,BUP|?. Setting x = 0 yields c.(—y) = a*(e€) - e+ (y), and thus
(2 +y) = 2z —(-y))

= (1=a%(e)) (@) +a™(e) - eu(=y) = (1 —a™(e)) - cal@) +euly) - O
Example 4.23 (c, is not additive). In the special case of the group C' augmented by the identity, and for
A = x, the global Segal-Becker splitting becomes a map

¢ @ 5 (BUP) — 1f(Z°P) .
In this case the group 7§ (BUP) = RR(C) is infinite cyclic, generated by the class 1 = h., (resg(uf)), where
us € 7 (P) is the unstable tautological class (4.2), and h: P — BUP is the ‘inclusion of line bundles’
defined in (4.15). Moreover, 7§ (X3°P) is a free module of rank 1 over the ring 7§ (S) = Z[e]/(e? — 1), also
known as the Burnside ring of the group C. We have ¢,(0) = 0 and
e(1) = eulha(resti(ug))) = rest(es(ha(uz)) = rest(er) = 1.

The third equation uses that co h: P — Q°*(X°P) is the adjunction unit, see Corollary 4.16. Theorem
4.20 (ii) provides the relation

x(2) = (1—€)-c(l) = 1—€ # 2 = 2-¢,(1) .

In particular, the map c, is not additive.
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5. THE G-EQUIVARIANT SEGAL—BECKER SPLITTING AND EXPLICIT BRAUER INDUCTION

In this section we show that our global Segal-Becker splitting ¢: BUP — Q®*(X°P) rigidifies and
globalizes the classical Segal-Becker splittings at the level of equivariant cohomology theories, and that it
induces the Boltje-Symonds ‘explicit Brauer induction’ on equivariant homotopy groups. The first fact is
Theorem C of the introduction, and Theorem 5.12 below; the second fact is Theorem D of the introduction,
and Corollary 5.20 below.

Construction 5.1 (The equivariant Segal-Becker splitting). We let a: G — C be an augmented Lie
group. We recall the a-equivariant Segal-Becker splitting via equivariant transfers due to Iriye—Kono
[14, §3], following Crabb’s presentation [10]. Crabb only discusses the construction for complex vector
bundles, which corresponds to the special case where the augmentation « is trivial, and hence need not
be mentioned. The construction generalizes to general augmented Lie groups; however, a subtlety arises
when passing from vector bundles to virtual vector bundles, due to the non-additivity of the Segal-Becker
splitting for surjectively augmented Lie groups.
We let £: E — A be a Real a-vector bundle over a finite G-CW-complex. We denote by

(5.2) P¢ : PE — A

the projectivized bundle; its fiber over a € A is the projective space of the complex vector space E, =
¢ 1({a}). The total space PE inherits a continuous G-action, and the projection to A is G-equivariant.
The projection (5.2) thus has an associated transfer, a morphism in the homotopy category of genuine
G-spectra from XA to X°PE. Since A is a finite G-CW-complex, this transfer is represented by a
continuous based G-map

(P¢) : SYANA, — SYA(PE),,

for some orthogonal G-representation V. The tautological complex line bundle over PFE is a Real a-line
bundle, and thus classified by a continuous G-map

k : PE — o’ (P(W))

for some sufficiently large orthogonal G-subrepresentation W of Ug. By enlarging, if necessary, we may
assume that V' = W. We write

(&) € [4,Q°(EFP)”
for the class of the adjoint to the composite

\%4
SV aay TP VA (pE), 200

SY A (P(V)); .
The class () only depends on the isomorphism class of the a-vector bundle £. So the construction provides
a well-defined map

(5.3) Va4 @ VectF(A) — [4,Q%(ZTP)]”

that is natural for continuous G-maps in A, and for restriction along morphisms of augmented Lie groups.

At this point a possibly unexpected feature appears for surjectively augmented Lie groups. If the aug-
mentation is trivial, then Real a-vector bundles are just complex G-vector bundles, and we are in the
context discussed by Crabb [10]. In this case the map (5.3) is additive for the Whitney sum of vector bun-
dles, see [10, Lemma 2.6]. It thus extends uniquely to an additive map on the group completion KUg(A),
the complex G-equivariant K-group of A.
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As we show in Remark 5.5 below, the equivariant Segal-Becker splitting (5.3) is not additive whenever

the augmentation a: G — C' is surjective. Consequently, one cannot appeal to the group completion
property to extend (5.3) from Vect?(A) to KR4(A). We will show in Corollary 5.8 that the map (5.3)
enjoys a weakened form of additivity that still allows to extend it meaningfully to the Grothendieck group,
see (5.11).

The universal case of a Real-equivariant vector bundle of dimension k is the tautological U (k)-
representation vy, considered as a Real U(k)-equivariant vector bundle over a point. We will now identify
the equivariant Segal-Becker splitting in this case.

Proposition 5.4. Let [v;] € Vectg(k)(*) denote the class of the tautological Real U (k)-representation on
C*, considered as a Real U(kz)-equivam’ant vector bundle over a point. Then

U(k
7“90(/{',),*[1/’6] = trﬁgk),l,l)(l X ei—')

in Wg(k)(E‘fP), where e € wg(EfP) is the stable tautological class (4.2).

Proof. The group U (k) acts transitively on the projective space P(v}), and the complex line
I = C-(0,...,0,1)

has stabilizer group U(k—1,1). The action on I thus identifies P(v,) with the coset space U(k)/U(k—1,1).
So the equivariant transfer
T(P(vg)) : S — XTP(vy)

associated with the unique U (k)-map P (1) — * sends 1 € Wg(k) (S) to the class

T(k L U(k 0o
ul® (@) €l T P)) |

where [I] € 7(P(v,)?*=1D) is the class of the U (k — 1,1)-fixed point [, and
U1 o (P(ug) V1) — 1D (572 p(y )

is the stabilization map [24, (3.3.12)]. )
) The stabilizer group U(k—1,1) acts on the invariant li~ne I through the homomorphism py: U(k—1,1) —
T that projects to the second block; so the classifying U (k)-map

K P(Vk) — P(UU(k))

for the tautological line bundle satisfies k.[l] = p5(us;) in ﬂg (k_l’l)(P), where uz € wg (P) is the unstable
tautological class (4.2). Thus
(B2 R) (T[] = T, ) = GUE 1D (s (ug)) = pi(oT(ug)) = 1x ez .

Combining these observations yields

Vo] = (ETR) 0 m(P)).(1) = (STR). (DS (@ *107))

U(k—1,1
U(k s 7 (k— U(k
= trg ) (EFR) D) = ) (xer) 0

Remark 5.5 (Beware non-additivity). We show that the map 9, 4 from (5.3) is not additive for augmented

Lie groups with non-trivial augmentation. This is in contrast to trivially augmented Lie groups, where the

otr?® | where C sits inside
U,y

U(2) as complex conjugation. The general double coset formula for res$ o tr$ can be found in [20, IV Section

6] or [24, Theorem 3.4.9], and we need to specialize it. The coset space U(2)/U(1,1) is homeomorphic to the

map is additive by [10, Lemma 2.6]. We use the double coset formula for res?®
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projective space P(C?), and the C-action on U(2)/U(1,1) by left translation corresponds to the action on
P(C?) by complex conjugation. The double coset space C\U(2)/U(1,1) is thus homeomorphic to a 2-disc,
stratified by its boundary (coming from the C-fixed points) and the interior (corresponding to the points of
U(2)/U(1,1) on which C acts freely). The C-fixed points (U(2)/U(1,1))¢ = P(C?)¢ are homeomorphic to
S1, thus have Euler characteristic 0, and do not contribute to the double coset formula. The non-singular
part is an open 2-disc, with internal Euler characteristic

XHC\P(C?)pree) = x(D?) = x(0D*) = 1.
So the double coset formula becomes

resg@) otr

U(1,1)

v tr{cl}ores{l}

U(1,1)

Now we consider the group C, augmented over itself by the identity. @We show that the map
o Vectl(x) — 7§ (E°P) is not additive. The ring 7§’ (X°P) is isomorphic to Z[e]/(e* — 1), for € the
class of the sign involution of S?. The monoid Vectg(*) of isomorphism classes of Real C-representations
is isomorphic to N, generated by the class of C with C-action by complex conjugation; another name for
this generator is res(Tj [11], with C' embedded in T as complex conjugation. Proposition 5.4 thus yields

9c[C] = Von(reshivi]) = resh(0z,[m]) = reshiez) = 1.

We have [C] @ [C] = resg(z)(ug) as Real C-representations. So by Proposition 5.4 and the double coset
formula,

U2 U(2 U@2),, U2

dou(2-[C)) = dearesc®ln]) = resg® (D5 ) = resg® (trg(y (1 x ez))

= tr?l}(res?l(;’l)(l xep) = trfy(1) = 1—¢ # 2 = 2-9c,[C] .

In Corollary 5.8 we show more generally (but by a less direct argument) that ¥, 4(2-[¢]) = (1—a*(¢€))-Pa,a[€]-
In Theorem B.12 we exhibit a natural isomorphism of abelian monoids
(=) : [4,Gr]* =5 VectZ(4)

for every augmented Lie group a: G — C and every finite G-CW-complex A. The morphism of ultra-
commutative C-monoids i: Gr — BUP is defined in (B.4).

Theorem 5.6. For every augmented Lie group a: G — C' and every finite G-CW-complex A, the following
diagram commutes:
()

« R
[A, Gr] ~ 59 Vect,, (A)
[AJ]O‘\L iﬁa,A
A4, BUPJ® ————— [4,0*(37P))°

Proof. Theorem 4.14 and Proposition 5.4 show that

. U(k
(57) (o)} = trygl, (1xer) = dpg. Il

The map (—) from (B.9) takes {14} to the isomorphism class of v, considered as a Real U(k)-vector bundle
over a point. So equation (5.7) shows that the square commutes for o = U(k) and A = * on the class {vy}.

Now we compose both composites in the diagram with the map [4, Gry]* — [A, Gr]® induced by the
inclusion Gry — Gr. Varying o and A yields two C-global transformations from Gry to Q°*(X5°P) in the
sense of Definition A.9. The orthogonal C-space Gry is a Real-global classifying space for the augmented
Lie group U (k), and the class {1} is the tautological class Ugr (1« 0 the sense of (A.11). Since the C-global
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transformations coincide for v = U (k) and A = % on the class of v, the two C-global transformations agree
altogether by the uniqueness part of Theorem A.12. In other words: the diagram commutes for all classes
in the image of [A4, Gry]* for some k > 0.

Now we suppose that A is ‘G-connected’ in the sense that the group mo(G) acts transitively on mo(A).
This ensures that every Real a-vector bundle over A has constant rank, and every class in [A, Gr]* is in
the image of [A, Grg]® for some k > 0. Hence the diagram commutes for such A.

A general finite G-CW-complex decomposes as a disjoint union A = A; I1...11 A,,, of G-connected finite
G-CW-complexes, indexed by the m(G)-orbits of mo(A). We write ¢;: A; — A for the inclusion of the
j-th summand. Then the map

(5.5 1 [AQ(STP)Y — [A, QU(EFP) x - x [Ay,, Q*(STP))

is bijective. Hence it suffices to show that the diagram commutes after postcomposition with ¢} for each
1 < j < m. But this is the case by naturality for t;: A; — A, and because the diagram commutes for A;
by the previous case. O

Theorem 4.20 (ii) and the additivity of the map i, : [4, Gr]* — [A, BUP]® provide the relation

(coi).2z+y) = (1—a™(e) - (coi)u(x) + (coi)u(y)

in the group [A, Q*(3°P)]%, for all classes x,y € [A, Gr]*. Here € € 7§ (S) is the class of the sign involution
€: S — S7, so that

2 if «v is trivial, and

(1-a'(9) = {

The map (—): [4, Gr]* — VectZ(A) is an isomorphism of abelian monoids by Theorem B.12 (ii). So the
commutative diagram just established in Theorem 5.6 implies:

trfer(a)(l) if « is surjective.

Corollary 5.8. For every augmented Lie group o: G — C and all Real a-equivariant vector bundles &
and ¢ over a finite G-CW-complex A, the a-equivariant Segal-Becker splitting (5.3) satisfies the relation

Ua,a2-[f]+[C) = (1 —a™(€)) - Va,alé] + Pa,alc]

Despite the fact that the Segal-Becker splitting (5.3) it is not generally additive, we can now extend it
meaningfully and naturally from the monoid Vect'(A) to its group completion K R, (A).

Construction 5.9. Welet a: G — C be an augmented Lie group, and we let A be a finite G-CW-complex.
Corollary 5.8 in particular shows that the relation

(5.10) Vo, a2z +y) = 9aq,4(22) + 9a,a(y)
holds for all classes z,y € Vect?(A). We define a map

(5.11) Ya,a @ KRy (A) — [A,Q°(ETP))®
by

ﬁa,A(x - y) — ?9(1,.4(‘% + y) - ﬁa,A(Qy) )

for 2,37 € Vect?(A). For trivial augmentations, the Segal-Becker splitting (5.3) is additive, and this formula
is a slightly over-complicated way to define the unique additive extension to the group completion.

We omit the straightforward verification, using the relation (5.10), that this assignment is well-defined,
i.e., independent of how a class in KR, (A) is presented as the formal difference of two Real vector bundles.
Given well-definedness, the map (5.11) is clearly an extension of the earlier geometric construction (5.3),
which justifies that we give it the same name. Like the map (5.3), the extension (5.11) is additive whenever
the augmentation is trivial, but it is not additive whenever the augmentation is surjective. In any case, the
extension (5.11) again satisfies the relation (5.10), but now for all K-theory classes z,y € KR, (A).
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One might be tempted to define the extension (5.11) by sending a formal difference x —y to ¥4, 4(z) —
Uo,4(y). However, this assignment would not be well-defined when the augmentation is surjective.

Now we proceed to prove Theorem C of the introduction, saying that our global Segal-Becker splitting
induces the classical equivariant Segal-Becker splitting at the level of equivariant cohomology theories. In
Theorem B.12 we exhibit a natural isomorphism of abelian groups

(=) : [A,BUP]* —5 KR4(A)
for every augmented Lie group and every finite equivariant CW-complex.

Theorem 5.12. For every augmented Lie group a: G — C and every finite G-CW-complex A, the map
[A,c]*: [A,BUP]* — [A,Q*(XFP)]* coincides with the composite
[A,BUP]* Ly KR.(4)

~

B Tl 14, Q0 (5P
Proof. The map i,: [A, Gr]* — [A, BUP]* is a group completion of abelian monoids by Proposition B.5.
So every class in [4, BUP|? is of the form i,(x) —i.(y) for some z,y € [A, Gr]®. The commutative diagram
established in Theorem 5.6 and the commutative diagram (B.11) show that ¢, = [4,¢]* and Y44 © (—)
coincide on all classes in the image of i., in particular on the classes i.(x + y) and i.(2y). Hence

Calin(2) = ix(y)) + (i (2y)) = culiv(z +y)) = Ja,alin(z +y))
(5.11) = Vo A<Z*(x) - Z*(y» + 'ﬂaA(2<Z*(y)>)
— Do (ia (@) — () + cu(i0(20)) -

The first equality is Theorem 4.20 (ii). Subtracting c. (i+(2y)) shows that the two maps in question coincide
on the generic element i, (x) — i.(y) of [4, BUP]~. O

Remark 5.13. We augment the group C = Gal(C/R) by the identity, so that K Rc(X) becomes Atiyah’s
Real K-theory of a C-space X. Kono asserts in [19, Theorem 1.1] (in different notation) that the map

ne t [BTX,(ZFP)Y — [ETX,KR]Y = KRo(X)

is a split epimorphism whenever X is a compact C-space. Shortly thereafter, Iriye and Kono considered
the more general situation of the semi-direct product G = G x, C of a finite group G by a multiplicative
involution 7, augmented to C by the projection; they assert in [14, Theorem 1’] (again translated into our
notation) that for compact G-spaces X ‘there exists a split epimorphism’

(5.14) me @ [BTX,(STP)Y — [EFX,KR|S = KRa(X).

The usual interpretation of ‘split epimorphism’ is that of a homomorphism that admits an additive

section. With that interpretation, the proofs of [19, Theorem 1.1] and [14, Theorem 1’] are flawed.
Indeed, the transfer techniques employed by Kono in [19] and by Iriye and Kono in §2 of their paper are just
different expositions of special cases of the transfer construction (5.3); but we show in Remark 5.5 that this
construction is not additive whenever there is a Real direction, i.e., for surjectively augmented Lie groups.
This issue is already present in the simplest Real situation, i.e., for C' augmented by the identity.

The proofs of [19, Theorem 1.1] and of [14, Theorem 1] both start with an illegitimate reduction step:
we find the statements “we may assume ¢ is an n-dimensional Real vector bundle over X” and “So we may
assume that z € Kg(X) is an n-dimensional G-vector bundle over X7, respectively. To be able to pass
from vector bundles of fixed rank to general elements in the Grothendieck group, some argument is needed.
When dealing with additive constructions, the universal property of the Grothendieck construction kicks in,
often even without explicit mentioning. But for non-additive constructions such as the present one (5.3),
some other justification is needed, for example the weak form of additivity from Corollary 5.8; and clearly,
if one extends a non-additive map, the extension will not be additive, either.
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Our Real-global splitting in Theorem 4.12 in particular shows that the map (5.14) is surjective. I cannot
rule out the possibility that there might exist sections to this map, different from ours, that are actually
additive, possibly even with some naturality properties in (G, X), so that the statement of [14, Theorem 1’]
might be correct. However, I have no evidence supporting such an expectation.

We conclude this section with the proof of Theorem D from the introduction, saying that the effect of
the global Segal-Becker splitting ¢: BUP — Q°*(X°P) on equivariant homotopy groups is the explicit
Brauer induction of Boltje and Symonds.

Remark 5.15 (Explicit Brauer induction). Brauer showed in [8, Theorem I] that the complex represen-
tation ring of a finite group is generated, as an abelian group, by representations that are induced from
1-dimensional representations of subgroups. Segal generalized this result to compact Lie groups in [28,
Proposition 3.11 (ii)], where ‘induction’ refers to smooth induction. We write A (T, G) for the free abelian
group with a basis the symbols [H, x|, where H runs over all conjugacy classes of closed subgroups of G
with finite Weyl group, and x: H — T = U(1) runs over all characters of H. The Brauer-Segal theorem
can then be paraphrased as the fact that for every compact Lie group G, the map

(5.16) A(T,G) — R(G)

that sends [H,x] to tr%(x*[11]) is surjective, where [11] € R(T) is the class of the tautological T-
representation on C. Informally speaking, an ‘explicit Brauer induction’ is a collection of sections to
the maps (5.16) that are specified by a direct recipe, for example an explicit formula, and with naturality
properties as the group G varies. So such maps give an ‘explicit and natural’ way to write virtual represen-
tations as linear combinations of induced representations of 1-dimensional representations. What qualifies
as ‘explicit’ is, of course, in the eye of the beholder.

The first explicit Brauer induction was Snaith’s formula [33, Theorem 2.16]; however, Snaith’s maps
are not additive and not compatible with restriction to subgroups. Boltje [7] specified a different explicit
Brauer induction formula for finite groups by purely algebraic means; Symonds [34] gave a topological
interpretation of the same section in the context of compact Lie groups. Symonds’ construction [34, §4] of
the sections

(5.17) b : R(G) — A(T,G)

is designed so that

(5.18) bowlnl = UG- 11),p] i AT,U(K)

forall k > 1, where po: U(k—1,1) — U(1) = T is the projection to the second block. The Boltje-Symonds

maps are additive and natural for restriction along continuous group homomorphisms; and the value of bg
at a 1-dimensional representation with character x: G — T is given by

The Boltje-Symonds maps (5.17) are not (and in fact cannot be) in general compatible with transfers.
Since the orthogonal space P is a global classifying space for the circle group 7', the global functor
7o (XFP) is represented by T, see [24, Proposition 4.2.5]. In more down-to-earth terms, this means that
the abelian group 7§ (X°P) is free, with a basis given by the classes tr& (x*(er)), for (H, x) ranging over all
conjugacy classes of closed subgroups H of G with finite Weyl group, and all continuous homomorphisms

x: H — T; see [24, Corollary 4.1.13]. The group A(T,G) was defined as a free abelian group with a
corresponding basis, so the map

(5.19) A(T,G) — 7§ (EFP), [HX] — tf(xX*(er))

is an isomorphism of abelian groups.
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The Boltje-Symonds map bg: R(G) — A(T,G) is the special case of the equivariant Segal-Becker
splitting (5.11) for A = %, in the sense that the composite

R(G) = KUg(x) 25 [, Q(SFP)% = 7f(STP) 519 A(T,G)

agrees with (5.17). Indeed, bg and ¢, . coincide for G = U(k) on the class of the tautological representation
Vg, by (5.18) and Proposition 5.4. So they agree on arbitrary unitary representations by naturality, and
on virtual representations by additivity. So the next theorem becomes a special case of Theorem 5.12 for
A= x%.

Corollary 5.20. For every compact Lie group G, the map n§(c): n§(BUP) — 7§ (SP) equals the
composite

7§ (BUP) 1) R(G) —<5 A(T,G) 219 75 (STP).

6. GLOBAL ADAMS OPERATIONS

In this section we use the global Segal-Becker splitting to construct Real-global rigidifications (6.5) of
the unstable Adams operations in equivariant K-theory.

Construction 6.1 (Adams operations in equivariant K-theory). We let a: G — C be an augmented
Lie group. We recall the construction of the A-operations and Adams operations on the Grothendieck ring
KR, (A) of Real a-equivariant vector bundles over a compact G-space A. For all Real a-vector bundles £
and ¢ over A, the Real a-vector bundle A"(¢ @ ¢) is isomorphic to @), A*(§) @c A" *(¢). So the map

A Veetf(d) — KRa(A[, [ — Y IAE)-1"

takes addition in the abelian monoid of isomorphism classes of a-vector bundles to multiplication in the
power series ring K R, (A)[t]. All these power series moreover have constant term A°(¢) = 1, and are thus
invertible. So A defines a monoid homomorphism from Vectg (A) to the multiplicative group of the ring
KR,(A)[t]. The universal property of the Grothendieck construction thus yields an extension to a group
homomorphism

A KR.(A) — (KR,(A[L))™ .
The M-operations \: KR, (A) — KR, (A) are then defined by

Alz) = Zz‘zo N(x) -t

By design, these operations extend the exterior powers on classes of actual Real vector bundles. The A-
operations make the ring KR,(A) into a special A-ring, see [1, Theorem 1.5 (i)]. Every special A-ring
supports Adams operations, i.e., ring endomorphisms ¥™ for n > 1 that satisfy ¢™ o ¢p™ = ™" for all
m,n > 1, as well as the congruence ¥?(z) = zP modulo (p) for every prime p, see [1, §5]. We are
particularly interested in these Adams operation

" 0 KRo(A) — KRq(A)

in the case of Real-equivariant K-theory. One key property is that on the class of a Real line bundle &, the
Adams operation is given by

UrlEl = (€%
Taking exterior power of vector bundles is natural both for G-maps in A, and for restriction along continuous

homomorphisms of augmented Lie groups. Hence the A-operations and the Adams operations inherit both
kinds of naturalities.
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Example 6.2. The second Adams operation 1?: KR,(A) — KR, (A) is given on the class of a Real
a-vector bundle £ by the formula

?E] = [Sym*()] — [A*(9)],
the formal difference of the second symmetric and exterior power of £. Indeed, this formula has the correct
behavior on line bundles, is additive for Whitney sum in £, and natural in («, A). So the naturality properties
force 42 to be given by this formula. The formula shows that the Adams operations do not generally send
vector bundles (other than line bundles) to vector bundles, but rather to virtual vector bundles.

We shall now use the power endomorphisms of the ultra-commutative monoid P and our global Segal—-
Becker splitting to define the global Adams operations on BUP.

Construction 6.3 (Global Adams operations). For n > 1, we write
n 2 T — T, p,(A)=A" and fin=pnxC : T — T

for the n-th power homomorphism, and for its extension to the extended circle group T=TxC , respectively.

Since the pair (P, u4) represents the functor 7d’, we can define a morphism ¢": P — P in the unstable

C-global homotopy category by the requirement that

Oi(ug) = fiy(ug)
in ﬂ'T(P). The morphism ¢™ then represents raising a line bundle to its n-th power. We define
(6.4) k" U — U

as the unique morphism in the based unstable C-global homotopy category making the following diagram
commute:

n

U = U
dl NlQ’(sh” n)od
Q* (sh” (2°P)) Q*(sh” (S°P)) Q°(sh? KR)

_—
Q* (17 (ST ™)
The C-global equivalence v: BUP = QU is defined in (B.26). The n-th global Adams operation
(6.5) Y" . BUP — BUP

is the unique morphism in the based unstable C-global homotopy category making the following diagram
commute:

Q°(sh? n)

BUP — - BUP

(6.6) WJ/~ Niy

QU ——Q°U
Q7 (k™)
Expanding the definition (6.4) of k™, the definition (4.10) of the Segal-Becker splitting ¢, and exploiting
that Q°®(n) o ¢ = © by Theorem 4.12 shows that the following diagram commutes in the unstable C-global
homotopy category:

Tn

BUP BUP
- ] e
0°(S°P) Q*(2°P) 0°*(KR)

Q* (2 0™) Q*(n)

Clearly, the morphism ¢! is the identity of P, x! is the identity of U, and Y is the identity of BUP.
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The next proposition verifies a globally-coherent version of the design criterion for Adams operations,
namely that on line bundles, ™ is the n-th tensor power. The morphism of C-global spaces h: P — BUP
was defined in (4.15); it represents the inclusion of line bundles into virtual vector bundles.

Proposition 6.8. For every n > 1, the following diagram commutes in the unstable C'-global homotopy
category:
o

P——P

J )

BUP BUP

rn

Proof. Corollary 4.16 shows that co h: P — Q°*(X5°P) is the unit of the adjunction (X, Q®); naturality
of the adjunction unit yields (3°¢")ocoh = coho¢™. Hence

O oh =gr Q)0 (ST ocoh = Q()ocohod” = Oohog” .

The final equation is Theorem 4.12. Since ©: BUP — Q°*(KR) is a C-global equivalence by Theorem
B.52 (i), we can cancel it, and deduce the desired relation. O

The next theorem justifies the name ‘global Adams operation’ for the morphism T™: BUP — BUP.

Theorem 6.9. For every augmented Lie group a: G — C, every finite G-CW-complex A and everyn > 1,
the following square commutes:

n

[4,BUP]* — . [4, BUP

(B.lo)l’: :l(B.lO)
K Ra(A) K Ro(A)

n

Proof. We define a map
daa 1 [A,BUP]® — KR.(A) by dga(x) = ™ (x) — (YT (z)),
the difference of the two composites around the diagram in question. We need to show that d,,4 = 0 for
all (o, 4).
We claim that these maps satisfy:

(a) The maps dq,4 are natural for continuous G-maps in A, and for morphisms of augmented Lie groups.
(b) The map dq, 4 satisfies 04 4(22 —y) =2 0, 4(x) — d0,4(y) for all z,y € [A, BUP]“.
(c) The map 04,4 is additive whenever the augmentation « is trivial.
Property (a) is clear because the Adams operations and the isomorphisms (B.10) are natural in A and «,
and so are the maps T7, since they arise from a morphism of Real-global spaces.

(b) Applying [A, —]* to the defining diagram for T yields a commutative diagram

[A4,BUPJ" T [4,BUP)"
%i: :i%
(4,970 [4,0°U)

(Q7(5™))x

in which all objects are abelian groups, but the horizontal maps are not a priori additive. The vertical maps
are isomorphisms of abelian groups because «y is a C-global equivalence of ultra-commutative C-monoids.
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As induced by a o-loop map, the map (27 (k™)). satisfies

(Q7(r")« (22 —y) = 2-(Q7(x"))u(2) = (Q7("))«(y)

for all z,y € [A,Q°U]%, see Theorem 4.20 (i). So the upper horizontal map Y7 satisfies the analogous
relation

T2z —y) = 2-THx) — T (y)

for all z,y € [A,BUP]®. The Adams operation ¢" is additive, so the difference 0, 4 still has the weak
additivity property (b).

(c¢) The ‘non-Real’ global morphism underlying Y™ is a global loop map, by construction. So for all
compact Lie groups G with trivial augmentation, the map Y?: [A, BUP]“ — [A, BUP]® is additive. The
Adams operation 9™ is additive, too, hence so is the difference dq, 4.

Now we show in five steps that the maps d, 4 vanish. The first step is (o, A) = (’f’, ) and the class of the
tautological Real T-representation. By definition, the morphism h: P — BUP satisfies i.{v1} = h.(uj)
in 7¢ (BUP). So

(TG })) = (Te(ha(ug))) = (ha(@l(up))) = (helitn(ug)))
= (in(he(ug))) = (Ap(ifn})) = aplidnd) = aln] = 9"n] = ¢"@An}) .
The second equation is Proposition 6.8. This relation precisely means that dz , (i.{v1}) = 0.
The second step deals with the tautological Real U (k)-representation vy,. For 1 <i <k, welet p;: TF —

T denote the projection to the i-th factor, followed by the inclusion T — T into the extended circle group.
Then

resggk)(ég(k)7*(i*{uk})) = 5Tk7*(resg£k)(i*{uk})) = Ok, (Y (ix{rn}) + - + ({11 }))

= Y ol i(i{n}) = Y piest (7. (i{n}) = 0.

1<i<k 1<i<k

The first and forth equation are the naturality property (a) in the group. The third equation uses that
the map o7« , is additive by (c), because T* is trivially augmented. The restriction homomorphism

resggllz%: RR(U(k)) — R(U(k)) is injective, see for example [4, page 13]. And the restriction homomor-
phism resg,gk): R(U(k)) — R(T*) is injective, too. So this proves that g (i« (ix{ve}) = 0 in RR(U(K)),
the Real representation ring of U (k).

In the third step we fix k£ > 0, and we write jf;A for the composite

(B.10)*
_—

ik
[4,Gr]® =5 [A,BUP]® *“% KR, (A) (A, BUP .

Here i*: Gr;, — BUP is the restriction of the morphism i: Gr — BUP to the k-th summand. Varying
a and A yields a C-global transformation j* from Grj; to BUP in the sense of Definition A.9. The
orthogonal C-space Gry, is a C-global classifying space for the augmented Lie group U (k), and the class
{vk} is the tautological class ug, , in the sense of (A.11). We showed in the previous step that this

C-global transformation vanishes on the tautological class; so j(’; 4 vanishes on all elements of [A4, Grg]®,
for all augmented Lie groups and all finite equivariant CW-complexes, by the uniqueness part of Theorem
A12.

In the fourth step we assume that A is G-connected, i.e., the group 7 (G) acts transitively on mo(A). This
ensures that every Real a-vector bundle over A has constant rank. By the isomorphism of Theorem B.12
(iii), every element of [A, BUP]* is thus of the form j% ,(y) —j. 4(2) for some k,1 > 0, some y € [4, Grj]*
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and some z € [A4, Gr;]®. Then
8o, a (i, A(Y) = Goa(2) = Ga,a(2- 45 aly) — jeli(y + 2))
) = 260,405 aW) — Saalishly+2) = 0.
The third equality is step three.
In the fifth and final step we let A be any finite G-CW-complex. Then A = A; IT...1I A4,, is a disjoint

union of G-connected finite G-CW-complexes, indexed by the 7o (G)-orbits of mo(A). We write ¢;: A; — A
for the inclusion of the j-th summand. Then by step four,

tj(0a,a(x) = ba.a,(j(x)) = 0
for all 1 < j < m and every x € [A, BUP]*. Real-equivariant K-theory takes disjoint unions to products,
so the map
(¢f,..500) ¢+ KRo(A) — KRo(A1) X -+ X KRy (Ap)
is an isomorphism of rings. Hence d, 4(z) = 0, which concludes the proof. O

The Adams operations satisfy ¥™ o )™ = ™" for all m,n > 1. So by Theorem 6.9, the morphisms of

Real-global spaces
TmoY™, Y™ . BUP — BUP

induce the same map on [4, BUP]® for all augmented Lie groups and all finite equivariant CW-complexes.
I do not know if in fact T™ o Y™ equals T™" as endomorphisms of BUP in the unstable C-global homotopy
category. Or even better, if the o-deloopings (6.4) of the global Adams operations satisfy k™ o k" =
K™ U — U. Also, T" induces additive maps upon applying [4, —]* for all augmented Lie groups and
all finite equivariant CW-complexes; a natural question is thus whether Y" is a C-global H-map. I expect
this to be the case, but our techniques do not suffice to show it.

APPENDIX A. SOME C-GLOBAL HOMOTOPY THEORY

In this appendix we develop some basics about C-global homotopy theory that we need in this paper. In
the bulk of the article, the group C' is the Galois group of C over R; the arguments in this appendix work
more generally, and here we let C' be any compact Lie group. The main results of this appendix are the
classification of C-global transformations with source a C-global classifying space in Theorem A.12, and the
criterion of Proposition A.17 to recognize coinduced C-spaces. Two other references that develop general
C-global homotopy theory are [25, Appendix A] and [5].

An inner product space is a finite-dimensional real vector space equipped with a scalar product, i.e., a
positive-definite symmetric bilinear form. We denote by L the topological category with objects the inner
product spaces and morphisms the linear isometric embeddings, topologized as Stiefel manifolds.

Definition A.1. Let C be a compact Lie group. An orthogonal C-space is a continuous functor from the
linear isometries category L to the category of C-spaces.

The notion of C-global equivalence for morphisms of orthogonal C-spaces is defined in [25, Definition A.2]
and [5, Definition 3.2]. It generalizes that of global equivalences of orthogonal spaces from [24, Definition
1.1.2], to which it reduces when C is the trivial group. The C-global equivalences are part of the C-global
model structure on the category of orthogonal C-spaces established in [5, Theorem A.20]. When C' is a
trivial group, this specializes to the global model structure on orthogonal spaces from [24, Theorem 1.2.21].

Construction A.2 (Equivariant homotopy sets). We introduce the equivariant homotopy sets defined by
orthogonal C-spaces, for a compact Lie group C. When C is the trivial group, these are discussed in more
detail in [24, Section 1.5].

For every compact Lie group G, we choose a complete G-universe, i.e., an orthogonal G-representation
U of countably infinite dimension such that every finite-dimensional G-representation embeds into Ug
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by an R-linear G-equivariant isometric embedding. We write s(Ug) for the poset, under inclusion, of
finite-dimensional G-subrepresentations of Ug. We let E be an orthogonal C-space, we let a: G — C
be a continuous homomorphism of compact Lie groups. For every V' € s(Ug), the space E(V) becomes a
(C x G)-space via the C-action on F, and the G-action on V through the functoriality of E. We write
o’ (E(V)) for the G-space obtained by restriction of scalars along (a,Id): G — C x G. Said differently, G
acts diagonally on o’ (E(V)), via the G-action on E through «, and on V. For a G-space A, we set

(A.3) [A,E]* = colimye,up) [A, o’ (E(V))] .

Here [—, —]“ is the set of G-equivariant homotopy classes of equivariant maps. The colimit is taken along
the maps E(V) — E(W) induced by the inclusions for V'C W in s(Ug).
We shall also use the notation

78 (E) = colimy ¢y mo(e’ (E(V))Y) .
Evaluation at the unique point is a natural bijection [, a’(E(V))]¢ 2 mo(a”(E(V))%); in the colimit over
the poset s(Ug), this becomes a natural bijection
Bl = g (E) .
In the following we shall routinely identify [+, E]* and 7§ (E) in this way without further notice.

The sets [A, E]* are contravariantly functorial for continuous G-maps in A by precomposition, and
covariantly functorial for morphisms of orthogonal C-spaces in E. Another functoriality in ao: G — C will
be discussed in Construction A.5 below.

When C is the trivial group, the following proposition specializes to [24, Proposition 1.5.3]. The proof
in the present C-global context is almost literally the same, so we omit it.

Proposition A.4. Let a: G — C be a continuous homomorphism of compact Lie groups, let E be an
orthogonal C-space, and let A be a G-space.

(i) Suppose that the G-space A is compact and the orthogonal space underlying E is closed, i.e., all
structure maps E(¢): E(V) — E(W) are closed embeddings. Then the canonical map
[A,E]* — [A, 0’ (EUa))]"

is bijective, where E(Ug) = colimy ¢y E(V).

(ii) If A is a finite G-CW-complez, then the assignment E — [A, E]* sends C-global equivalences of
orthogonal C'-spaces to bijections.

(iii) If F is another orthogonal C-space, then the map

([A,pE], [A,pF]) : [A,E x F]* — [A,E]* x [A, F]¢
is bijective, where pp and pr are the projections.
Construction A.5 (Functoriality in the group). Let a: G — C be a continuous homomorphism of

compact Lie groups, and let E be an orthogonal C-space. A continuous homomorphism g: K — G of
compact Lie groups induces a restriction map

(A.6) Br o [AE)Y — [5(A), B]*

as follows. Given V € s(Ug) and a continuous G-equivariant map f: A — o’ (E(V)), restriction of actions
along 3 yields a K-equivariant map

BE(f) + BY(A) — B (’(BE(V)) = (aB)(B(B* (V) -
We choose a K-equivariant linear isometric embedding j: 8*(V) — Uk into the chosen K-universe. Then
W = j(p*(V)) is a finite-dimensional K-subrepresentation, and thus an element of the poset s(Ux); and
the embedding j restricts to an isomorphism of K-representations j: *(V) = W. The restriction map
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(A.6) sends the class represented by f in [A, E]® to the class in [3*(A), E]*? represented by the composite
K-equivariant map

8 (4) 25 (@ (B@ (V) 2L (@B (EW)) .

The analogous argument as in the special case C' = {1} and A = * in [24, Proposition 1.5.8] shows that the
resulting class in [3*(A), E]*? does not depend on the choice of embedding j: 3*(V) — Uk, and so the
construction is well-defined. Given well-definedness, the construction is clearly natural in A and E, and
contravariantly functorial in groups augmented to C: given another continuous homomorphism ~v: L — K,
we have

7ot = (Boy)" : [AE]" — [(B)*(A),E]*.

Construction A.7 (Induction isomorphisms). We let a: G — C be a continuous homomorphism of
compact Lie groups, we let E be an orthogonal C-space, and we let H be a closed subgroup of G. For an
H-space B, we write
[1,-] : B — GxgB, y+— [1,y]

for the H-equivariant unit of the adjunction (G x g —,res%). The adjunction bijections

(G xu B,a”(E(V)? = [B, (o) (EV)]T . [f] — [res§(f)o[1, -]
for V € s(Ug), and the fact that the underlying H-universe of Ug is a complete H-universe provide an
induction isomorphism: the composite

resg [1,-1*

(A.8) [G xg B,E]* —% [G xy B,E]*l# —— [B, E]*l#

is bijective, where resf, is short hand for the restriction homomorphism (A.6) associated with the inclusion

H — G.

If H is a closed subgroup of smaller dimension in a compact Lie group G, then the underlying H-space of
a G-CW-complex need not admit an H-CW-structure; an example is given in [13, Section 2]. Nevertheless,
the underlying H-space of a finite G-CW-complex is always H-homotopy equivalent to a finite H-CW-
complex, see [13, Corollary B]. Consequently, for every continuous homomorphism 8: K — G of compact
Lie groups, the restriction functor 5* takes G-spaces of the G-homotopy type of a finite G-CW-complex to
K-spaces of the K-homotopy type of a finite K-CW-complex.

Definition A.9 (C-global transformations). Let C' be a compact Lie group, and let F and E be orthogonal
C-spaces. A C-global transformation T from F to E consists of maps
To,a : [AF]* — [A E]°
for all continuous homomorphism «: G — C of compact Lie groups and all G-spaces A of the G-homotopy
type of a finite G-CW-complex that are natural in the following sense:
e For every continuous G-map f: B — A, we have
Ta,B © [faF]a = [faE]a OTa,A : [A,F]a — [BﬂE]a .
e For every continuous homomorphism #: K — G of compact Lie groups, we have
Tapp-(a) 0 B* = B oTaa : [AF]* — [B*(A),E]*P .
Construction A.10 (Global classifying spaces). We let 8: K — C be a continuous homomorphism of
compact Lie groups. We choose a faithful K-representation V' and define the C-global classifying space as
the orthogonal C-space
Bglﬂ = C X L(V,—) .
In more detail, (Bg5)(W) is the quotient of the C-space C' x L(V, W) by the equivalence relation

(c,p) ~ (c-B(k),polk)
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for all (¢, k) € C x K and all linear isometric embeddings ¢: V — W, where l;,: V — V is the action of
k € K. The notation B3 is slightly abusive in that we do not record the choice of faithful K-representation.
This abuse is justified by [25, Proposition A.5], showing that Bg S is independent of the choice of faithful
representation up to a preferred zigzag of C-global equivalences.

The equivalence class

[L,Idv] € CxgL(V,V) = (BaB)(V)
is a K-fixed point of 3°((BgfB)(V)), so it represents a class
(A.11) us € m(Bgb)
the tautological class.

Theorem A.12. Let B: K — C be a continuous homomorphism of compact Lie groups, and let E be an
orthogonal C'-space. For every class y in wg (E), there is a unique C-global transformation T from Bg B to
E such that the map

TBx ° ﬂ'g(Bglﬂ) — Wg(E)
sends the tautological class ug to y.

Proof. To construct 7 we represent y by a K-fixed point § € (8°(E(W))X, for some K-representation W.
By enlarging W, if necessary, we can assume that there is a K-equivariant linear isometric embedding
¢: V. — W from the faithful K-representation that is implicit in the construction of BgfB. By [25,
Proposition A.5], the morphism of orthogonal C-spaces

(p* :CX5L(QO,—) : Y:CXﬁL(VV,—) — CX,@L(‘/,—) = Bglﬁ
is a C-global equivalence. Moreover, if we let [1,Idw] € ﬂg (Y') denote the class represented by the K-fixed
point [1,Idy] of B°(C x5 L(W, W)) = °(Y (W)), then 75 (¢*)[1, Idw] = us.

The fixed point g is represented by a unique morphism of orthogonal C-spaces f: Y — FE such that
the map

JW) € xp LW, W) = V(W) — E(W)
takes [1,Idw] to §. The global equivalence ¢* and the morphism f induce a C-global transformation 7

from Bg 8 to E with constituents

A% -1 o A, f]* o
Taa ¢ A, Bgple W22 g ype I g e

This C-global transformation satisfies

7o (ug) = 76 ()76 (9) Hup)) = mo (HILIAw] = [7] = v

The proof of uniqueness is more involved. We let V' be the faithful K-representation implicit in the
definition of Bg8. We let W be an inner product space. The group C x O(W) acts on (Bg3)(W) =
C xg L(V,W) by

(c,A) [d,¢] = [ed, Aoy .
This action is transitive; and for a linear isometric embedding ¢: V' — W, the stabilizer of the point
[1,¢] € C xg L(V,W) is the subgroup
Sle] = {(c,A) € C x O(W): there is k € K such that ¢ = (k) and Ay = @l } .

Since the K-action on V is faithful, for every (¢, A) € S[y], the k € K such that ¢ = f(k) and Ap = @l
is unique, and we can define a continuous homomorphism ~: S[p] — K by letting (¢, A) be this unique
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element k of K. We let II: C x O(W) — C denote the projection to the first factor. Then the square of
continuous group homomorphisms

Slp] %= C x O(W)
g |
K4>C

commutes by design. Since the map
(CxOW))/S[g] — CxgL(V,W) = (BaB)(W), e, Al — e, Ap]

is a (C x O(W))-equivariant homeomorphism, the induction isomorphism (A.8) shows that the composite

resCXO(W) .
(€ % LV, W), B" =2 o, L(v, w), B M 18Ry

is bijective for every orthogonal C-space E. The identity of C' x 3 L(V, W) represents a tautological class

Mdex,Levwy] € [C xg L(V,W), By f"
that satisfies oo
L) (res§ ™ Mo uvn)) = [Le] = 7 (up)

in 7TO 7(BgB).
Now we let 7 be any C-global transformation from B8 to E. Its naturality properties yield the relations
w  COxXO(W
(L, ¢] (YGSS[Z] ( )(TH,CX3L(V,W) Hdex,nov,wl))
CxO(W
= 7oy (1 9] (resg e " e, vwy)

= Ty (V' (up)) = 7" (75.+(up)) -

oW)

Since the composite [1, ¢]* o resg[z] is bijective by the induction isomorphism (A.8), this relation shows

that—and how—the class 71 ¢ ;n(v,w) [Idox sL(v,w)] is determined by the class 75 . (ug).

Now we consider another compact Lie group G, a continuous homomorphism a: G — C, a finite G-CW-
complex A, and a class x € [A, By 3]*. We represent x by a continuous G-map f: A — o’ ((BgB)(W)) for
some G-representation W. If A =0, then [A, E]® has only one element, and there is nothing to show. If A
is nonempty, then also (Bg8)(WW) is nonempty, and there exists a linear isometric embedding ¢: V. — W.

We let p: G — O(W) classify the G-action on W. Then (a, p): G — C' x O(W) is a homomorphism
over O, in the sense that IT o (a, p) = a. The G-action on o’ (C x5 L(V,W)) = o’((Bgf)(W)) is obtained
from the (C' x O(W))-action by restriction along («, p): G — (C x O(W)). So

[ A — ()" (CxpgL(V,W))
is G-equivariant. Moreover, the tautological relation

r = [f] = f*((avp)*[IdCXgL(V,W)D
holds, i.e., x is the image of the tautological class under the composite
(a * « f- [e%
(€ % LV, W), Baf" 2% [(,0)"(C x5 L(V,W)), Bafl® —— [A, By
The naturality properties of the C-global transformation 7 yield
Ta,A(@) = Taa(f" (o, p)" [dox,Liv,m)]))
= (e, p)" (Tn,ox snevw) ldexLovw)l)) -

We argued above that the class 7o ,Lv,w)[Idox  Lv,wy] is determined by the class 75..(ug). So also
Ta,A(x) is determined by the class 75 (ug). This completes the proof of uniqueness. O
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In the remainder of this appendix, we investigate the class of coinduced C-global spaces. For these
objects, the C-global information is determined, in the precise sense of Proposition A.15, by the global
information of the underlying orthogonal space, i.e., after forgetting the C-action. This class of objects
is relevant for our purposes because for C' = Gal(C/R), the C-global spaces BUP, U and Q°*(KR) are
coinduced, see Theorems B.22 and B.47.

Proposition A.13. Let C' be a compact Lie group. Let ¢: A — B be a morphism of orthogonal C-spaces
that is a global equivalence of underlying orthogonal spaces after forgetting the C-action. Then for every
free C-space E, the morphism ¢ x E: A x E — B x E is a C-global equivalence.

Proof. Product with any topological space preserves global equivalences of orthogonal spaces by [24, Propo-
sition 1.1.9 (vii)]. Since the underlying morphism of ¢ is a global equivalence, so is the underlying morphism
of ¢ x E. To show that ¢ x E is a C-global equivalence, it thus remains to solve the lifting property from the
defining property [25, Definition A.2] of C-global equivalences for all non-trivial continuous homomorphisms
a: G — C. But if « is non-trivial, then for every G-representation V, the space

&’ (Bx E)V)Y = o’(B(V))? x B>
is empty, because because C' acts freely on E. Hence there are no lifting problems to solve for «, which

completes the proof that ¢ x E is a C-global equivalence. O

In the following we shall write [—, —]¢ for the set of morphisms in the C-global homotopy category, i.e.,
the localization of the category of orthogonal C-spaces at the class of C-global equivalences. We let EC be
a universal free C-space, i.e., a free C-CW-complex whose underlying space is contractible. And we shall
write p: EC — % for the unique map.

Definition A.14. Let C' be a compact Lie group. An orthogonal C-space X is coinduced if for every
orthogonal C-space A the map

[Axp, X]¢ : [A,X]® — [Ax EC,X]°
induced by A x p: A x EC — A is bijective.

Proposition A.15. Let X and Y be coinduced orthogonal C-spaces.

(i) For every morphism of orthogonal C-spaces ¢: A — B that is a global equivalence of underlying
orthogonal spaces after forgetting the C-action, the map

[¢. X1« [B,X]° — [4,X]°
is bijective.
(ii) Let f: X — Y be a morphism that is a global equivalence of underlying orthogonal spaces after
forgetting the C-action. Then f is a C'-global equivalence.

Proof. (i) Because the underlying morphism of ¢ is a global equivalence and the C-action on EC is free,
the morphism ¢ x EC: A x EC — B x EC' is a C-global equivalence by Proposition A.13. So the lower
horizontal map in the following commutative diagram is bijective:

[6,X1¢

[B,x]¢ [4, x]¢
[[B><1LX]1CLu ml[[AXPX]]C
[B x EC,X]¢ —— > [A x EC, X]°
l[exEC,X]|¢

The vertical maps are bijective because X is coinduced, so also [¢, X]¢ is bijective, as claimed.
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(i) Since X is coinduced, the map [f, X]¢: [V, X]¢ — [X, X]¢ is bijective by part (i). So there is a
morphism g: Y — X in the C-global homotopy category such that gf = Idx. Then
[£.YI(f9) = fof = f = [f,Y](dy) .
Since Y is coinduced, the map [f,Y]: [Y,Y]¢ — [X,Y]¢ is bijective, again by part (i), so fg = Idy.
Hence f is an isomorphism in the C-global homotopy category, and thus a C-global equivalence. O

An orthogonal C-space X is fibrant in the C-global model structure of [5, Theorem A.20] if and only if
the following condition holds, see [5, Definition A.13]: for every continuous homomorphism of compact Lie
groups a: G — C and every linear isometric embedding of G-representations ¢: V. — W such that G
acts faithfully on V, the map

(X(@)9 = (X(V)F — 2 (X(W))©
is a weak equivalence. We will call such orthogonal C-spaces C-fibrant.

Proposition A.16. A C-fibrant orthogonal C-space X is coinduced if and only if the morphism of orthog-
onal C-spaces
map(p,X) : X — map(EC, X)

is a C-global equivalence.

Proof. The adjoint functors (— x EC,map(FC,—)) are a Quillen functor pair for the C-global model
structure, so they induce an adjoint pair of derived functors at the level of the C-global homotopy category.
The left adjoint — x EC is fully homotopical, i.e., it preserves arbitrary C-global equivalences, for example
by Proposition A.13; so it descends to the C-global homotopy category, and the descended functor is the
derived left adjoint. Since X is C-fibrant, the orthogonal C-space map(EC,X) models the total right
derived functor of map(EC, —) on X. The following diagram commutes:

[[AaX]]C Axp,X]°
[[A,map@,X)uCl \"\

[A, map(EC, X)]¢ ———~ [A x EC, X]°

adjunction

So X is coinduced if and only if for every orthogonal C-space A, the left vertical map [A, map(p, X)]¢ is
bijective. This happens if and only if map(p, X) is an isomorphism in the C-global homotopy category,
which is equivalent to map(p, X) being a C-global equivalence. O

If X is an orthogonal space and G a compact Lie group, the underlying G-space of X is the G-space
X(Ug) = colimyesus) X(V) 5

the colimit is formed over the poset s(Ug), under inclusion, of finite-dimensional G-subrepresentations of
the chosen complete G-universe Ug. If X is an orthogonal C-space, then the C-action on X induces a
continuous C-action on X (Ug) that commutes with the G-action, so X (Ug) becomes a (C' x G)-space. We
write o’ (X (Ug)) for the G-space obtained by restriction of scalars along (a,Id): G — C x G.

By [5, Proposition 3.5], a morphism f: X — Y between closed orthogonal C-spaces is a C-global
equivalence if and only if for every continuous homomorphism a: G — C of compact Lie groups, the map

o (fUc) : o (X(Ua)® — o’ (YUa))
is a weak equivalence.

Proposition A.17. Let X be an orthogonal C-space whose underlying orthogonal space is closed. Then
the following conditions are equivalent.

(a) The orthogonal C-space X is coinduced.
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(b) For every continuous homomorphism a: G — C of compact Lie groups, the map
o’ (map(p, X(Ua))? : o’ (X(Uc)® — o (map(EC, X (Ug)))? = map®(a*(EC), o" (X (Uca)))
is a weak equivalence.

Proof. We start with a preliminary reduction step. By choosing an acyclic cofibration X — X’ with
fibrant target in the C-global model structure, we can assume without loss of generality in both parts that
X is not only closed, but also C-fibrant. We let a: G — C be a continuous homomorphism, and we let V'
be a faithful G-subrepresentation of the universe Ug. Because X is C-fibrant and closed, the left vertical
map in the commutative diagram

o” (map(p,X (V)))¢

~

o’ (X(V)©

(A.18) Ni lw
o’ (X (Ua))® o’ (map(EC, X (Ug)))®

o’ (map(EC, X(V)))¢

o’ (map(p,X (Uc)))?

is a weak equivalence. Because the functor map(FEC, —) preserves the class of (C' x G)-maps that are graph
subgroup equivalences, the right vertical map is a weak equivalence, too.

(i)==(ii) Because X is coinduced and C-fibrant, Proposition A.16 shows that the morphism map(p, X):
X — map(FEC, X) is a C-global equivalence. Because X is C-fibrant, so is map(FC, X). As a C-global
equivalence between C-fibrant objects, the morphism map(p, X) is a C-level equivalence, see [5, Lemma
A.19]. So the upper horizontal map in the diagram (A.18) is a weak equivalence. Hence the lower horizontal
map in (A.18) is a weak equivalence, too, proving condition (ii).

(ii)==(1) We turn the previous argument around. Because the lower horizontal map in the diagram
(A.18) is a weak equivalence, so is the upper horizontal map, for every faithful G-representation V. So
the morphism map(p, X): X — map(FC, X) is a C-level equivalence, and hence a C-global equivalence.
Because X is C-fibrant, Proposition A.16 shows that X is coinduced. O

Proposition A.19. Let X be a pointed orthogonal C-space whose underlying orthogonal C-space is coin-
duced. Then for every finite based C-CW-complex A, also map, (A, X) has a coinduced underlying orthogonal
C-space.

Proof. Since the functor map, (A, —) preserves C-global equivalences between based orthogonal C-spaces,
we can assume without loss of generality that X is C-fibrant. Then the morphism p*: X — map(EC, X)
is a C-global equivalence by Proposition A.16. Since map, (A, —) preserves C-global equivalences, also the
morphism
map,(A,p*) : map,(A,X) — map,(A, map(EC, X))

is a C-global equivalence. The morphism p*: map,(A4,X) — map(EC, map, (A, X)) is isomorphic to
map, (A4, p*), and hence a C-global equivalence. Since X is C-fibrant, so is map, (A4, X), so another appli-
cation of Proposition A.16 shows that map, (A, X) is coinduced. O

APPENDIX B. REAL-GLOBAL K-THEORY

In this appendix we extend various features of global K-theory to the Real-global context. In particular,
we provide Real-global generalizations of many results in Sections 2.5, 6.3 and 6.4 of [24]. In Theorem B.12
we show that the Real-global space BUP represents Real-global K-theory. In Theorem B.24, we establish
Real-global Bott periodicity, an equivalence of Real-global ultra-commutative monoids between BUP and
Q°U. We show in Theorem B.52 that the Real-global K-theory spectrum KR deserves its name: for every
augmented Lie group a: G — C = Gal(C/R), the genuine G-spectrum o*(KR) represents a-equivariant
Real K-theory K R,,. Theorem B.49 shows that (and how) the Real-global space U is the Real-global infinite
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loop space of KR A S?. Consequently, the Real-global space BUP ~ Q7U ‘is’ the Real-global infinite loop
space underlying KR, see Theorem B.52 (i).

B.1. Unstable Real-global K-theory. In this subsection we extend various unstable features of global
K-theory to the Real-global context. The main results are that the orthogonal C-space BUP represents
Real-global K-theory, see Theorem B.12, and Real-global Bott periodicity, an equivalence of Real-global
ultra-commutative monoids between BUP and 27U, see Theorem B.24. Along the way, we show that the
orthogonal C-spaces BUP and U are coinduced, see Theorem B.22.

Construction B.1 (Gry). We recall the Grassmannian model Gry, for the Real-global classifying space of
the extended unitary group U(k) = U(k) x C, augmented by the projection U (k) x C — C. We deviate
slightly from the notation of [24, Section 2.3], where Gr without a superscript is used for the real version of
the additive Grassmannian, and where the complex version is denoted Gr®; also, the homogeneous summand
Gry, is written Gr&*. In the present paper, we shall exclusively work with complex Grassmannians, so
they will be referred to by the simpler name without superscript. The value of Gry at a euclidean inner
product space V is

Grk(V) = GT%(V@) 5
the Grassmannian of complex k-planes in the complexification Vo = C ®g V. The structure map
Gri(p): Gry(V) — Gri(WW) induced by a linear isometric embedding ¢: V. — W takes takes the
images under the complexified linear isometric embedding ¢c: Vo — Wg. The complexification of an
R-vector space V comes with a preferred C-semilinear involution

(B.2) Yy - Vo — Vg, ARV — AQu.
The involution
Y(V) + Gre(V) — Grg(V)
that makes it an orthogonal C-space takes a C-subspace L C V¢ to the conjugate subspace L = ¢y (L).

By [24, Proposition A.31], for every augmented Lie group @ : K — C and every complete K-universe
Uy, the complex Stiefel manifold LE (v, U%) with its (K x ¢ U(k))-action by

(k,A)- ¢ = lpopoly!
is a universal (K x¢ U(k))-space for the family of those closed subgroups that intersect 1 x U(k) trivially.
A consequence spelled out in [24, Theorem A.33 (i)] is that Gry, receives a C-global equivalence from
BaU(k) = C Xy Llulve), =),
a C-global classifying space, in the sense of Construction A.10, of the augmented Lie group U (k).
Construction B.3 (Gr and BUP). The orthogonal C-space

Gr = H Gry,
k>0

is the disjoint union of the Grassmannians from Construction B.1. So the value of Gr at an inner product
space V is the disjoint union of all complex Grassmannians in the complexification V¢. Direct sum of
subspaces, plus identification along the isomorphism Ve @ W = (V @ W) provide an ultra-commutative
multiplication on Gr, compatible with the involution by complex conjugation. This structure makes Gr
an ultra-commutative C'-monoid.

The ultra-commutative monoid BUP is the Real-global analog of the ultra-commutative monoid BOP
introduced in [24, Example 2.4.1], and its underlying global space is the complex periodic Grassmannian
with the same name from [24, Example 2.4.33]. The values of BUP are

BUP(V) = [[ _ Gri(V@),
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the full Grassmannian of complex subspaces of V. The structure map BUP(p): BUP(V) — BUP (W)
associated with a linear isometric embedding ¢: V' — W is given by
BUP(p)(L) = ¢¢(L) + (W —@(V))c®0) .
While the C-spaces BUP(V) and Gr(V?) are equal, their structure maps are different, making them
distinct Real-global homotopy types.
An ultra-commutative multiplication of BUP is given by
pvw : BUP(V)x BUP(W) — BUP(Va W), uyw(L, L) = kyw(LaL),

where ryw: V@ WE = (V @ W)Z is the shuffle isomorphism ry w (v,v',w,w’) = (v,w,v’,w’'). An
involution
(V) . BUP(V) — BUP(V)
is defined in the same way as for Gr by applying the complex conjugation involution ¢ : VZ — V2 to
complex subspaces. All these data make BUP an ultra-commutative C-monoid.
We define a morphism of ultra-commutative C-monoids

(B.4) 1 : Gr — BUP
at a euclidean inner product space V' by

Gr(V) = ]_[k>0Gr§(V<C) — Hn>OGrE(V€):BUP(V), L +— VealL.

In [24, Proposition 2.4.5], we show in the real (with small ‘r’) context, that for every compact Lie group
G and every G-space A, the homomorphism [4,i%]%: [4, Gr®]¢ — [4,BOP] is a group completion of
abelian monoids. All arguments in the proof carry over almost literally to our presents Real-global context,
and thereby show the following result:

Proposition B.5. For every augmented Lie group a: G — C' and every G-space A, the homomorphism
[4,i]° : [A,Gr]* — [A,BUPJ?
is a group completion of abelian monoids.

Construction B.6 (Real-equivariant vector bundles). We recall the notion of Real-equivariant vector
bundles for an augmented Lie group a: G — C. This concept encompasses real and complex equivariant
vector bundles, and Atiyah’s Real vector bundles [2]. A Real a-vector bundle over a G-space A is the data
of

e a complex vector bundle £: E — A,

e a continuous G-action on the total space FE,
such that the projection £ is G-equivariant, and for all (g, a) € Gx A, the translation map g-—: E, — Egyq is
a(g)-linear. In other words, translation by g is C-linear if a(g) = 1; and translation by g is conjugate-linear
if a(g) # 1.

A key example is the tautological vector bundle vy over the Grassmannian Gr(V) = [[,~, Grs(Ve) for
an orthogonal G-representation V. Here G acts diagonally on Gr(V), through the complexification of the
given action on V', and through complex conjugation along the augmentation av: G — C'. In other words,
for a complex subspace L of V¢, we set

gL = { ZS(L) for a(g) =1, and
Yy (lg (L) =15 (v (L)) for a(g) # 1.
Here l;: V — V is translation by g € G, and ZS: Ve — Vi is its complexification.
The total space of the tautological bundle vy over Gr(V) is
{(w,L) € Ve xGr(V): w e L} ;
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this bundle does not have constant rank. The group G acts on the total space by

A(w _ (Zg(w)»lg(L)) for a(g) =1, and
9w 1) {(¢V(l§(w))7wv(l§([/))) for a(g) # 1.

These data make vy a Real a-vector bundle over Gr (V).

We recall in Examples B.13 and B.14 how Real-equivariant vector bundles specialize to real and complex
equivariant vector bundles for trivial and product augmentations, respectively. For the group C augmented
by the identity, Real-equivariant vector bundles specialize to Atiyah’s Real vector bundles from [2]. In [3,
Section 5] and [4, Section 6], Atiyah and Segal consider what they call ‘Real Lie groups’, i.e., Lie groups
G equipped with a multiplicative involution 7: G — G} this corresponds to case of a semi-direct product
G x, C, augmented by the projection to the second factor. The case of general augmented Lie groups is
considered by Karoubi in [17, 18].

Now we explain in which sense the Real-global space Gr represents Real-equivariant vector bundles, and
in which sense the Real-global space BUP represents Real-equivariant K-theory. The constructions and
theorems are adaptations of results from [24, Section 2.4] from the global to the Real-global context.

Construction B.7. We let a: G — C be an augmented Lie group, and k > 0. We write Vect®?(A4) for
the set of isomorphism classes of Real a-vector bundles of rank k over a G-space A. We define a map

(B.5) (=) ¢ [A, G = colimyesue) [4,0”(Gri(V))]¢ — Veety(4)

as follows. We let f: A — o’(Gry(V)) be a continuous G-map, for some orthogonal G-representation V.
We pull back the tautological Real a-vector bundle v over Gry(V) and obtain a Real a-vector bundle
[*(v%): E — A of rank k. Since the base Gry (V) of the tautological bundle is compact, the isomorphism
class of the bundle f*('y\k,) depends only on the G-homotopy class of f. So the construction yields a
well-defined map

[4,0"(Gre (V]9 — Vectg™(4),  [f] = [f*(W)] -

If p: V — W is a linear isometric embedding of orthogonal G-representations, then the restriction along
Gri(¢): Gri(V) — Gri(W) of the tautological Real a-vector bundle vy over Gry (W) is isomorphic to
the tautological Real a-vector bundle vy over Gry (V). So the two a-vector bundles f*(vyy) and (Grg () o
£)*(yw) over A are isomorphic. We can thus pass to the colimit over the poset s(Ug) of finite-dimensional
G-subrepresentations of Ug, and get a well-defined map (B.8).

We let Vectg (A) denote the commutative monoid, under Whitney sum, of isomorphism classes of Real
a-vector bundles over A. We define a monoid homomorphism

(B.9) (=) : [A4,Gr]® — Vect®(A)

in much the same way as the map (B.8), with the main difference that now the vector bundles need not
have constant rank. The map (B.9) is a monoid homomorphism because all additions in sight arise from
direct sum of inner product spaces.

Now we group complete the picture. We denote by KR, (A) the a-equivariant Real K-group of A, i.e.,
the group completion (Grothendieck group) of the abelian monoid Vect(A). In some other references, the
Real K-group KR, (A) is denoted KR (A), i.e., only the group G, but not the augmentation a: G — C,
is recorded in the notation. The composite

[A, Gr] % Vect?(4) — KR (A)
is a monoid homomorphism to an abelian group. The morphism [A4,]*: [A4, Gr]* — [A, BUP]® is a group
completion of abelian monoids by Proposition B.5, where i: Gr — BUP was defined in (B.4). So there
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is a unique homomorphism of abelian groups
(B.10) (=) : [A,BUP]* — KR,(A)
such that the following square commutes:

4,Gr]r —

(B.11) [A,z‘]“l J{
[A,BUP]® — > KR, (A)

VectZ(A)

The next theorem generalizes [24, Theorem 2.4.10] to the Real-equivariant context.

Theorem B.12. Let a: G — C be an augmented Lie group, and let A be a finite G-CW-complex.
(i) For every k > 0, the map (B.8)
(=) : [A,Gry]® — Vect®™F(A)
1s bijective.
(ii) The monoid homomorphism (B.9)
(=) : [A,Gr]* — VectZ(A)
is an isomorphism.
(iii) The group homomorphism (B.10)
(—=) : [A,BUP]* — KR,(A)
18 an isomorphism.
Proof. (i) This statement is proved by essentially the same arguments as its real (with small ‘r”) predecessor
in [24, Theorem 2.4.10], mutatis mutandis. The argument uses that the complex Stiefel manifold LE (v, US)
with its (G x¢ U(k))-action by
(9:4) ¢ = lgopoly’
is a universal (G x¢ U(k))-space for the family of those closed subgroups that intersect 1 x U (k) trivially,
see [24, Proposition A.31]. This, in turn, implies that the G-space o’ (Gry(US)) = LE (v, US) /U (k) is a
classifying space for rank k Real a-equivariant vector bundles over compact G-spaces.
(ii) We suppose first that A is G-connected, i.e., the group mo(G) acts transitively on mo(A). This
ensures that every Real a-vector bundle over A has constant rank, and that every continuous G-map

A — o’ (Gr(V)) factors through o”(Gry(V)) for some k > 0. Hence both vertical maps in the following
commutative square, induced by the inclusions Gry — Gr, are bijective:

(=)

[T50[A, Gry]® e [T} Vet (A)
4, Gr]° (B:9) Vect®(A)

(=)
The upper horizontal map is bijective by (i), hence the lower horizontal map is bijective.

In general A = Ay I1...11 A,, is the disjoint union of G-connected finite G-CW-complexes, indexed by
the mo(G)-orbits of mo(A). Since both functors [—, Gr]® and Vect? take finite disjoint unions to products,
the general case follows.

Part (iii) follows from (ii) because in the commutative square (B.11) both vertical maps are group
completions of abelian monoids, by Proposition B.5 and by definition, respectively. O
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As we shall explain in the next two examples, the isomorphism [A, BUP]* = KR,(A) generalizes
analogous isomorphisms for real K-groups and for complex K-groups that are already discussed in [24,
Section 2.4].

Example B.13 (Trivially augmented Lie groups). For a compact Lie group G, we write G** for the trivially
augmented Lie group, i.e., G endowed with the trivial homomorphism to C. Then Real G*-vector bundles
are nothing but complex vector bundles, and thus

KRgu(A) = KUg(A) .

The underlying orthogonal space of BUP is the complex periodic Grassmannian with the same name from
[24, Example 2.4.33]. For trivially augmented Lie groups, Theorem B.12 thus specializes to an isomorphism

o

(=) : [A,BUP]Y" =5 KUg(A),
the complex analog of the isomorphism from [24, Theorem 2.4.10].

Example B.14 (Product augmented Lie groups). We augment the product of a compact Lie group G with
the Galois group C' by the projection G x C' — C to the second factor. In the following, we shall leave
the projection implicit and simply write G x C' for this augmented Lie group.

We consider a G-space A, and we let the group C' act trivially on A. Then a Real (G x C)-vector bundle
over A is nothing but a real G-vector bundle (with small ‘t’). More precisely, the action of the element
(1,9) € G x C on the fiber E, = £71(a) of a Real (G x C)-vector bundle is a conjugate linear involution
on the complex vector space E, i.e., a real structure. The R-subspaces (E,)¥ fixed by this involution form
a real G-vector subbundle

& = ker(Id—(1,¢) - —: £ — €)
of &, and € is naturally isomorphic to the complexification of ¢¥. This construction implements an equiva-
lence of categories between Real (G x C)-vector bundles and real G-vector bundles over any G-space with
trivial C-action. The equivalence induces an isomorphism

(B.15) KRGXC(A) = KOG(A)

The orthogonal subspace of BUP fixed by the involution ‘is’ the periodic Grassmannian BOP from [24,
Example 2.4.1]. More precisely, the complexification maps

BOP(V) = IL,50Gri(V?) — 150 GrE(VE) = BUP(V), L+ C®gL

form an isomorphism of ultra-commutative monoids to the ¥-fixed subobject BUPY. For any G-space A
endowed with trivial C-action, it thus induces an isomorphism

(B.16) [4,BOP] = [A,BUP|“*C .

Under the identifications (B.15) and (B.16), Theorem B.12 thus specializes to the isomorphism
(=) : [A,BOP|® = KOg(A)

from [24, Theorem 2.4.10].

Construction B.17 (The ultra-commutative C-monoid U). We recall the ultra-commutative monoid U
made from unitary groups, compare [24, Example 2.37]. The euclidean inner product (—, —) on V induces
a hermitian inner product (—, —) on the complexification Ve = C ®g V, defined as the unique sesquilinear
form that satisfies (1 ® v,1® w) = (v,w) for all v,w € V. The value of the orthogonal space U on V is

U) = U(ve),

the unitary group of the complexification of V. The complexification of every R-linear isometric embedding
@: V. — W preserves the hermitian inner products, so we can define a continuous monomorphism

U(p) : UV) — UMW)
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by conjugation with ¢c: Vo — W and the identity on the orthogonal complement of the image of ¢¢.
The commutative multiplication of U is given by the direct sum of unitary automorphisms

UWV)xUW) — UVaeW), (AB) — A&B,

where we implicitly used the preferred complex isometry Ve @ We = (V@ W)c. An involutive automorphism
of ultra-commutative monoids ¢): U — U is given at V' by the map

(V) UVe) — U(Ve), A v+ tpyoAody,

where ¢y : Vo — V¢ is the C-semilinear conjugation involution (B.2). This involution makes U an
orthogonal C-space, representing an unstable Real-global homotopy type.

We write BU for the orthogonal C-subspace of BUP with values
BU(V) = Gry (V@) ,

where |V| = dimg (V). This subobject is the homogeneous summand of degree 0 in the Z-grading on BUP,
and closed under the ultra-commutative multiplication. Our next aim is to show that the ultra-commutative
C-monoid BU is a C-global deloop of U, as the notation suggests. The delooping will be witnessed by a
zigzag of two Real-global equivalences.

Construction B.18. We define an ultra-commutative C-monoid F and morphisms of ultra-commutative
monoids

U -5 F <& BU).
To this end we introduce an auxiliary ultra-commutative C-monoid L. Its value at an inner product space
is the Stiefel manifold
L(V) = LV, V@)
of C-linear isometric embeddings of V¢ into V. The groups O(V) and the non-identity element ¢ € C act
by conjugation, i.e., by
Y = Afopo Al and Yo = ¢fopoyy
for (A4, ¢) € O(V) x LE(Vg, VZ2). An ultra-commutative multiplication is defined by
LV)xLW) — LVOW), (p,¢) — kvwol(p®9),

where rkyw: V@& WE — (Ve W)Z is kyw(v,v,w,w') = (v,w,v’,w’). The unit is i1: Vo — V§&,
11(v) = (v,0), which is (O(V') x C)-fixed and multiplicative.

A morphism of ultra-commutative C-monoids im: £ — BU(V) sends ¢ € L(V¢, VZ) to its image
im(yp) € Grﬁ/‘(VCZ) = BU(V). We define the ultra-commutative monoid F' as the homotopy fiber of the

morphism im: £ — BU(V) over the unit of BU, i.e., by a pullback diagram in the category of ultra-
commutative C'-monoids:

F L
(B.19) ql iim
{Ve @ 0} xpy BUY ———BU

Explicitly, F(V) is the space of all pairs (w,¢) € BU(V)% x £(V) consisting of a path w: [0,1] —
BU(V) = Gry|(VZ) and a linear isometric embedding ¢: Ve — V& such that

w(0) = Ve @0 and w(l) = im(p) .

As a pullback, the O(V)-action, structure maps, involution, multiplication and unit are all inherited from
BU and L.
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A morphism of ultra-commutative C-monoids f: U — F'is given at V by
fv)y : u(V)=U(Vg) — F(V), A +—— (consty.go,i10A4) .
Here consty,.go: [0,1] — BU(V) is the constant path at Ve @ 0, and i1: Vo — V2 is the embedding as
the first summand. A morphism of ultra-commutative monoids g: Q(BU) — F is given at V by
g(V) : map,(S',BU(V)) — F(V), w = (wot,i),
where t: [0,1] — S* is the continuous map ¢(z) = (22—1)/(x(1—x)) that factors through a homeomorphism
[0,1]/{0,1} = S*.
Proposition B.20. The morphisms
f:U —F and g : QBU) — F

are C-global equivalences of ultra-commutative C'-monoids.
Proof. We start with the morphism f, which we show is even a C-level equivalence. We let a: G — C' be
an augmented Lie group, with graph I' = {(a(y),7): v € G}. We let V be an orthogonal G-representation.
The map
(B.21) im(V)" - (V)" = (LE(Ve, VE)T — (Gry(VE)" = BUW)T

is a disjoint union of projections from Stiefel manifolds to the associated Grassmannian manifolds. Hence
this map is a locally trivial fiber bundle, and thus a Serre fibration. So the map from the strict fiber of (B.21)
over Ve @ 0 to the homotopy fiber is a weak homotopy equivalence. The right action of U(V)F = U (V)
on i1: Vg — V2 by precomposition identifies U(V)T' with the strict fiber of (B.21). So the map

FOOE - W)Y — {Ve @0} xguayr (BUWV)HOY xpuane £(V)T = F(V)T

is a weak homotopy equivalence. This shows that the morphism f: U — F is a C-level equivalence in the
sense of [5, Theorem A.2], and hence in particular a C-global equivalence.

To deal with the morphism g we show first that the orthogonal C-space L is C-globally trivial. For every
inner product space V', the homotopy

H : LV, V@) x[0,7/2] — LE(VEVEaVE)
H(p, t)(w,w') = (cos(t) - p(w), (w',sin(t) - w))
witnesses that the map
—@iy : L(V) =LV, V) — LE(VE VEaVE)
is (O(V) x C)-equivariantly homotopic to a constant map. The structure map
L(i1) : LV) — L(V?)

is the composite of — @4; and the homeomorphism induced by sy, : VE®VE = (V& V)Z, so the structure
map L(i1) is also (O(V) x C)-equivariantly null-homotopic. Hence the underlying orthogonal C-space of £
is C-globally contractible.

The lower horizontal evaluation morphism in the defining pullback square (B.19) is a C-level fibration.
So also its base change p: F — L is a C-level fibration. Moreover, the right vertical morphism in the
pullback square

Q(BU) *
l lw
F L

is a C-global equivalence by the above. The pullback of a C-global equivalence along a C-level fibration is
again a C-global equivalence, see [5, Lemma A.18]. So g: Q(BU) — F' is a C-global equivalence. O
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Coinduced orthogonal C-spaces were introduced in Definition A.14. As we shall now show, the represent-
ing C-space BUP for Real-global K-theory is an example. This is useful for our purposes because C-global
equivalences between coinduced objects can be detected on underlying global spaces, see Proposition A.15.

Theorem B.22. The orthogonal C-spaces BUP, U and Q°U are coinduced.

Proof. For showing that BUP is coinduced we will exploit that it represents Real-equivariant K-theory, by
Theorem B.12 (iii). We abuse notation and simply write C for augmented Lie group Id¢: C — C. We let
B e I/(\J/%C(SH‘”) denote the Bott class associated with the 1-dimensional Real C-representation on C, see
for example [2, Theorem 2.3] or [3, Theorem 5.1]. Then i*(5) is a class in I’(\]J%C(Sl), where i: ST — S+
is the inclusion of the C-fixed points. Hence (i*(53))? lies in the group I?]/%o(SS), which is isomorphic to
1?6(53) = 13(K0O), and hence trivial.

Now we let a: G — C be an augmented Lie group. We abuse notation and also write o for the
restriction of the sign C-representation along the augmentation. Inflation along av: G — C' is compatible
with products in Real-equivariant K-theory, so a*(i*(8)*) = (i* (84 (c)))® = 0 in the group I/(\J/%Q(S3), where
Bar(c) € I?Ra(SH") is the Bott class of the Real a-representation o*(C). So external multiplication by the
class a*(i*(3)?) is trivial on reduced K R,-cohomology of every based finite G-CW-complex. An instance
of such a multiplication is the composite

3 .
a*(C)

— i B —
KRo(ANSY) 25 KRo(A) —% KR, (AN S+

where i3: S° — S37 is the inclusion of the points {0, c0c}. Multiplication by Bax(c) is an isomorphism, see
[3, Theorem (5.1)], so the restriction map i above is trivial. Thus for every n > 3, the long exact sequence
in K R,-cohomology of the cofiber sequence

AN S(no), 20t 4 ANin, g gno

splits off a short exact sequence:

0 — KRa(A) % KRU(ANS(no).) 25 KRo(AAS™) — 0

These exact sequences for n and n + 3 participate in a commutative diagram:

0 KRu(A) 2 KRUAAS((n+3)0)3) —2—> KR (AN S8y ¢

l(A/\ﬂ)* l(A/\Sna/\ig)*

0———> KRo(A) — = KRo(AN S(n0)) ——5—— KR.(AAS™) — >0
P

Here j: S(no) — S((n + 3)o) is j(x1,...,2,) = (x1,...,25,0,0,0). The right vertical map is another
instance of a restriction map ¢%, and hence trivial. So the middle vertical map (A A jt)* factors through
the lower left horizontal map (A Ap4)*. This shows that the maps (A Ap4)* form a pro-isomorphism from

the constant tower with value K R,(A) to the tower
.. — KRy(ANS((n+1)0)3) — KRy(AAS(no)y) — ... — KRy (AN S(0)1) .

The natural isomorphism (—): [4, BUP|* =2 KR, (A) from Theorem B.12 passes to reduced groups, and
provides a natural isomorphism

[A4,BUP|® = KR.(A),
where A is any finite based G-CW-complex. So the maps (A Apy)*: [A, BUP|? — [AA S(no)4+, BUP|2
form a pro-isomorphism from the constant tower with value [A, BUP]¢ to the tower

c.— [AAS((n+1)0)+, BUP]® — [A A S(no)s, BUP]® —s ... — [A A S(0),, BUP] .
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In particular, [A, BUP]? maps isomorphically to the inverse limit

[A,BUP]? — lim [A A S(no)., BUP)®

*

and the derived inverse limit of the tower vanishes. The C-space |J,,~, S(no) is a model for the universal

free C-space EC. So the group [A A ECy,o”(BUP(Ug))]S participates in a Milnor short exact sequence
with the inverse limit and vanishing derived inverse limit. We conclude that the map

(AAps) : [ABUPUG)E — [AAEC,, BUPUG) = [A map(EC, BUP(Ug)))!

is an isomorphism for every finite based G-CW-complex A, where I" is the graph of a: G — C. Taking
A = 8% for k > 0 and with trivial G-action shows that the map

()" : BUP(Ug)" — map' (EC,BUP(U))

induces a bijection on 7y and isomorphisms of homotopy groups at the distinguished basepoint. Since
BUP(Ug) is a group-like G-E.-space, (p*)! is a map of non-equivariant group-like E..-spaces, and thus
a weak homotopy equivalence. Proposition A.17 shows that the orthogonal C-space BUP is coinduced.
Since BUP is coinduced, so is Q(BUP) = Q(BU) by Proposition A.19. Since U is C-globally equivalent
to Q(BU) by Proposition B.20, it is coinduced. Then Q°U is coinduced by Proposition A.19. (|

In [24, Theorem 2.5.41], we establish a global equivariant form of Bott periodicity by exhibiting a zigzag
of two global equivalences of ultra-commutative monoids between BUP and QU. We shall now lift this to
a Real-global equivalence between BUP and Q°U.

Construction B.23. We endow 2°U = map, (59, U) with the involution that is diagonal from the sign
action on S? and the complex conjugation involution of U. This becomes an ultra-commutative C-monoid

via the pointwise multiplication inherited from U. We let shg U = shg2 U denote the ‘multiplicative shift’
of U by R? in the sense of [24, Example 1.1.11]. The values of this orthogonal space are thus given by
(she U)(V) = U(VeR?) = U(VeR)c) .

The structure maps, ultra-commutative multiplication and an involution are inherited from U, making
shg U an ultra-commutative C-monoid. The embeddings

j(V) = —@(1,0) : V — V@ R?
as the first summand induce a morphism of ultra-commutative monoids
Uoj : U — shgU.

On [24, page 224] we define a morphism of ultra-commutative monoids 3: BUP — Q(shg U). At that
point we were not taking any involutions into account. However, inspection of all definitions shows that this
morphism is C-equivariant with respect to the complex conjugation involutions on BUP and U, and the
sign involution in the loop coordinate in the target; the sign involution arises because the Cayley transform
¢: St — U(1) is C-equivariant for the sign involution on the source and complex conjugation on the target.

So (3 is also a morphism of ultra-commutative C-monoids
B : BUP — Q%(shg U) .
The following result generalizes [24, Theorem 2.5.41] to the Real-global context.

Theorem B.24 (Real-global Bott periodicity). The morphisms of ultra-commutative C-monoids

BUP 2 Q7(shyU) <190

Q°U

are Real-global equivalences.
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Proof. The morphism of ultra-commutative C-monoids Uo j: U — shg U is a Real-global equivalence by
[5, Lemma 3.8]. Hence Q7 (U o j): 2°U — Q7(shg U) is a Real-global equivalence, too. The orthogonal
C-spaces BUP and Q°U are coinduced by Theorem B.22. The morphism Q7(U o j) is a Real-global
equivalence, so Q27 (shg U) is also coinduced. The morphism 3: BUP — Q7 (shg U) is a global equivalence
of underlying non-Real orthogonal spaces by [24, Theorem 2.5.41]. So 3 is a Real-global equivalence by
Proposition A.15. O

Proposition B.20 and Theorem B.24 provide Real-global equivalences of ultra-commutative C-monoids
Q°t(BUP) = Q7(QBUP)) = Q7(Q(BU)) ~ Q°U ~ BUP.

These Real-global equivalences implement a highly structured refinement of the (o + 1)-periodicity, also
called (2, 1)-periodicity, of Real-equivariant K-theory.

Construction B.25. We denote by
(B.26) v : BUP = Q°U

the unique morphism in the homotopy category of ultra-commutative C-monoids such that Q(Uoj)oy = f3.
A morphism of ultra-commutative C-monoids : Gr — Q°U is defined in [24, (2.5.38)]; its value

(B.27) B(V) : Gr(V)=GrS(Vg) — Q79U (Ve)) = (Q7U)(V)

at an inner product space V sends a complex subspace L C V¢ to the loop G(V)(L): S — U(V¢) such
that S(V)(L)(x) is multiplication by ¢(xz) € U(1) on L, and the identity on the orthogonal complement of
L. The morphism f is C-equivariant with respect to the complex conjugation involutions on Gr and U,
and the sign involution in the loop coordinate in the target, one more time because the Cayley transform
¢: S — U(1) is C-equivariant for the sign involution on the source and complex conjugation on the target.
Inspection of definitions shows that the following square commutes:

Gr— 2 .U

il ~i9”(U°j)

BUP —;> 07 (shg U)
So
Q°(Uojloyoi = foi = Q(Uoj)of.

Since Q°(U o j) is a Real-global equivalence, this implies the relation
(B.28) vyoi = f : Gr — Q°U
as morphisms in the homotopy category of Real-global ultra-commutative monoids.
Construction B.29 (The inverse morphism of U). The inverse maps

(V) : UV)=U(Ve) — U(Ve)=U(V), (V)(4)=A4""
are compatible with complex conjugation and make the following diagrams commute:

S(V)xS(W)

U(V) x UW) U(V) x U(W)
@l l@
UV ew) U(Wvew)

I(Vew)
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So they form a morphism of ultra-commutative C-monoids &: U — U that models the inverse map in
the ultra-commutative addition. Indeed, composition of unitary automorphism is a morphism of ultra-
commutative C-monoids o: U x U — U that makes the following diagram commute:

UXU

u

U—UxU——1U
14,9) °
Here p1, p2: UKU — U are the projections to the two factors; the combined morphism (p1, p2): UXU —
U x U is a C-global equivalence by [5, Proposition 3.9]. The lower horizontal composite is constant with
value the identity automorphism, and hence the zero morphism in the ultra-commutative multiplication.
So this diagram witnesses that § is the inverse morphism.

As before, we write €: S7 — S for the sign involution, e(x) = —xz. Precomposition with € is an
involution €*: Q°U — Q°U. Under the Cayley transform (2.7), the sign involution e becomes complex
conjugation on U(1). So the unitary automorphisms 5(V)(L)(z) € U(V) and B(V)(L)(e(x)) have the same
eigenspace L, but inverse eigenvalues. Hence S(V)(L)(x) and B8(V)(L)(e(x)) are inverse to each other. This
shows that the following diagram of morphisms of ultra-commutative C-monoids commutes:

Gr 45> Q°U

(B31) 5\L le*

QUU W QUU
Proposition B.32. Let a: G — C be an augmented Lie group, and let A be a finite G-CW-complex.
Then the map [A, e*]*: [A, QU] — [A,Q°U|* is multiplication by —1.

Proof. The commutative diagram (B.30) witnesses that the involution of ultra-commutative C-monoids
S: U — U is the inverse morphism; the same is thus true for Q7%: QU — Q7U. In particular, the
map [4,Q73]*: [4,Q°U]* — [A4,Q°U]* is multiplication by —1. The commutative diagram (B.31) shows
that the composite

[4,Gr]e 2% 14 goyle BTN 14 goyle
equals [A, (Q7F)]* o [4, 8] = —[A4, B]*. So [A, €*]* is multiplication by —1 on the image of [4, 5]*. The

homomorphism

[A4,i]* : [4,Gr]* — [4,BUP|®
is a group completion of abelian monoids by Proposition B.5. In particular, the group [A, BUP]® is
generated by the image of [A,3]*. The C-global equivalence v: BUP — Q°U from (B.26) satisfies
voi=pf: Gr — Q°U, see (B.28). So the group [A,Q°U]* is generated by the image of [A, 5]¢. Since
[A, €°]* is a group homomorphism and multiplication by —1 on a generating set, it is multiplication by —1
on all elements. (]

Remark B.33. Something stronger than Proposition B.32 is actually true: the morphism ¢*: Q°U —
QU equals Q275 in the homotopy category of ultra-commutative C-monoids, and thus €* = —Idg-y. Here
is a sketch of the proof. An ultra-commutative C-monoid R is group-like if for every augmented Lie group
a: G — C, the abelian monoid 7§ (R) is a group. One can adapt the proof of [24, Theorem 2.5.33] to
the Real-global context and show that the morphism i: Gr — BUP is a Real-global group completion,
i.e., initial in the homotopy category of ultra-commutative C-monoids among morphisms from Gr to a
group-like object. The Real-global equivalence v: BUP — Q°U satisfies 7 o i = 3, so the morphism
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B: Gr — Q°U is also a Real-global group completion. Since Q°U is group-like and €* o 5 = (Q7F) o 8 by
(B.31), the universal property of a Real-global group completion shows that ¢* = Q<.

B.2. Connective Real-global K-theory. The connective global K-theory spectrum ku is defined in [24,
Construction 3.6.9], adapting a configuration space model of Segal [30] to the global equivariant context. In
this subsection we recall the definition, along with the involution 1) by complex conjugation, which enhances
it to the connective Real-global K-theory spectrum kr = (ku,). In (B.36) we recall the eigenspace
morphism eig: U — Q°(sh? kr), which we show to be a C-global H-map in Proposition B.40 (i).

Construction B.34 (The connective Real-global K-theory spectrum kr). We let & be a hermitian in-
ner product space of countable dimension (finite or infinite). We recall the I'-space € (U) of ‘orthogonal
subspaces in U’. For a finite based set A we let €' (U, A) be the space of tuples (E,).ca\ {0}, indexed by
the non-basepoint elements of A, of finite-dimensional, pairwise orthogonal C-subspaces of U. The topol-
ogy on € (U, A) is that of a disjoint union of subspaces of a product of Grassmannians. The basepoint of
% (U, A) is the tuple where E, = {0} for all a € A\ {0}. For a based map a: A — B the induced map
¢U,a): €U, A) — €U, B) sends (E,) to (Fp) where

B, = @a(a):bEa.

Every I'-space can be evaluated on a based space by a coend construction, see for example [24, (4.5.14)].
Categorically speaking, this coend realizes the enriched Kan extension along the inclusion of I' into the
category of based spaces. We write € (U, K) = € (U)(K) for the value of the I'-space € (U) on a based
space K. Elements of € (U, K) can be interpreted as ‘labeled configurations’: a point is represented by an
unordered tuple
[El,...7En; kl,.. .,kn]
where (E1,...,E,) is an n-tuple of finite-dimensional, pairwise orthogonal subspaces of U, and ki,...,k,
are points of K, for some n. The topology is such that, informally speaking, the labels sum up whenever
two points collide, and a label disappears whenever a point approaches the basepoint of K.
The value of the orthogonal spectrum kr on a euclidean inner product space V is
ke(V) = %(Sym(Ve),5V) .

the value of the I'-space € (Sym(V¢)) on the sphere SV; the inner product on the symmetric algebra is
described in [24, Proposition 6.3.8]. The action of the orthogonal group O(V) on V then extends to a
unitary action on Sym(Vg). We let O(V) act diagonally, via the action on the sphere S¥ and the action
on the I'-space € (Sym(V¢)). For the structure maps we refer to [24, Construction 6.3.9]. The involution
(V) : kr(V) — kr(V) is induced by complex conjugation on Sym(V¢), which preserves orthogonality of
subspaces.

Construction B.35 (The eigenspace morphism). We recall from [24, (6.3.26)] the eigenspace morphism
(B.36) eig : U — Q°(sh?kr) .
Its value at an inner product space V'
eig(V) : UWV)=U(Ve) — map,(SV,€(Sym((V @ o)), SV))
= map, (Y, kr(V @ o)) = Q°*(sh” kr)(V)

is defined as follows. For a unitary endomorphism A € U(Vg), we let Ay,..., A\, € U(1) \ {1} be the
eigenvalues different from 1, and we let E();) be the eigenspace of A for the eigenvalue A;. We let

(B.37) U = 57, ) =i-A+D)A—1)7
be the inverse of the Cayley transform (2.7). Then eig(V) is defined by
cig(V)(A)(v) = [EM), .-, B (v, (An))s - (v, ¢ ()] -



REAL-GLOBAL SEGAL-BECKER SPLITTING 61

In other words, eig(V)(A)(v) is the configuration of the points (v, c~1()\;)) € SV labeled by the eigenspace
E()\;) of A, whence the name. Strictly speaking, F()\;) is a subspace of V¢, which we embed into the linear
summand of Sym((V @ o)¢).

If A € U(V) has eigenspaces F,..., E, for eigenvalues \j,...,\,, then the eigenspaces of YA are
Y(E1), ..., (E,) for eigenvalues A1, ..., \,. The involution on (sh? kr)(V) = kr(V @ o) is by complex
conjugation on the labeling vector spaces, and by sign on the o-coordinate that stores the eigenvalues. The
inverse Cayley transform ¢~': U(1) — S is C-equivariant in the sense that ¢=*(A\) = —c¢7'()\). So the
map eig(V): U(V) — Q°*(sh? kr)(V) commutes with the involutions. The upshot is that the eigenspace
morphism (B.36) is a morphism of orthogonal C-spaces.

We consider an ultra-commutative C-monoid R and an orthogonal C-spectrum Y. On several occasions
we will need to know that the map [A, f]*: [4, R]* — [A,Q*(Y)]® induced by a certain morphism of
orthogonal C-spaces f: R — Q°(Y) is additive. To this end, we now introduce the notion of a ‘C-global
H-map’.

Construction B.38. For every orthogonal C-spectrum Y, the stable structure provides an abelian group
structure on the object 2°(Y) in the C-global homotopy category, as follows. The canonical morphism
K:Y VY — Y xY from the wedge to the product is a C-global equivalence of orthogonal C-spectra, so
it induces a C-global equivalence of orthogonal C-spaces

O*(k) + QY VY) =5 QY xY) 2 Q%(Y) x Q*(Y) .

This morphism becomes an isomorphism in the based C-global homotopy category, where we can thus form

the composite
Q%(k)~?t

o

Q% (V)
S

& Q(Y) x Q(Y) Q (Y VY) Q(Y) .

Here V: Y VY — Y is the fold morphism. The morphism ¢ makes Q°(Y) into an abelian group
object in the C-global homotopy category; and for every augmented Lie group a: G — C, its effect on
78 (Q°Y) = 7§ (a*Y) is the addition on stable homotopy groups.

Definition B.39. Let R be an ultra-commutative C-monoid, and let Y be an orthogonal C-spectrum.
A morphism f: R — Q°Y of based orthogonal C-spaces is a C-global H-map if the following diagram
commutes in the based unstable C-global homotopy category:

RRR—IPMI7) ey x (oY)

R 7 QY

Here p1,p2: RX R — R denote the projections to the two factors.

The ultra-commutative multiplication on U induces a C-ring spectrum structure on the suspension
spectrum X5°U. This, in turn, induces a product structure on the equivariant homotopy groups of X5°U.
The morphism ¢: ¥5°U — S arising from the unique morphism of orthogonal spaces U — * is a morphism
of ultra-commutative C-ring spectra, and thus induces a morphism of equivariant homotopy rings

0. : TE(ETU) — 7E(S)
for every augmented Lie group. The morphism U — % has a section given by the multiplicative unit
of U, so o, is surjective. The augmentation ideal of Wf(EfU) is the kernel of this homomorphism g,.

The morphism ¢: ¥3°U — X°°U is induced by the based morphism U, — U that maps the external
basepoint of the source with the multiplicative unit in the target.

Proposition B.40.
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(i) The morphism eig: U — Q°*(sh? kr) is a C-global H-map.
(ii) For every augmented Lie group a: G — C', the composite

eig”
r¢(22U) L 28 (meU) 22 78(sh? kr)

annihilates the square of the augmentation ideal.

Proof. For use in both parts we introduce an orthogonal C-spectrum kr'? that is Real-globally equivalent
to a product of two copies of kr. The value of the orthogonal spectrum kr® on a euclidean inner product
space V is the configuration space

kr[Q](V) = %(Sym(V«;),SV \/SV) ,

the value of the I'-space € (Sym(Vc)) on the wedge of two copies of SV. The action of O(V), the structure

(2]

maps of kr*”) and the involution are defined in much the same way as for kr. The projection and fold maps

p,p2, Vi SYvsY — SV
induce continuous, based and (C' x O(V))-equivariant maps of configuration spaces
p(V), po(V), V(V) : kel (V) = €(Sym(Ve),SY v SY) — € (Sym(Ve),SY) = ke(V).
For varying inner product spaces V, these maps assemble into morphisms of orthogonal C-spectra
p1, D2, V ¢ kr? — kr.

We claim that the morphism
(p1,p2) : kel — kr x kr

is a C-global equivalence. To see that, we let a: G — C be an augmented Lie group. We call an orthogonal
G-representation V' ample if the complex symmetric algebra Sym(V¢) is a complete Real (G, a)-universe.
If V is ample, then the G-T-space € (a’(Sym(V¢)), —) is special by [24, Theorem 6.3.19 (i)], and it is G-
cofibrant by [24, Example 6.3.16]. So the G-T-space € (o (Sym(V¢)), S' A —) is very special and cofibrant,
and thus takes wedges of finite based G-CW-complexes to products, up to G-weak equivalence, by [24,
Theorem B.61 (i)]. In particular, if V is ample and V¢ # 0, then the map

(P1(V),p2(V)) + o’ (ke (V) = €(a”(Sym(Vg)), SV v §Y) —
@(a” (Sym(Ve)), 8Y) x € (a’ (Sym(Ve)), V) = o’ (kr(V) x kr(V))

is a G-weak equivalence. The ample G-representations with nonzero G-fixed points are cofinal in all or-
thogonal G-representations, so this proves the claim that the morphism (p1, p2) is a C-global equivalence.

(1) We define a morphism of orthogonal C-spaces eigjy): UK U — Q°(sh? krl?), a variation of the
eigenspace morphism (B.36), but with two (instead of one) unitary parameters. Its value at an inner
product space V' is the map

eig (V) : (URU)(V) — map,(SY,€(Sym((V @ 0)c), SV v §V9))
= map, (SV, ke (V & 0)) = Q*(sh” k) (V)

defined as follows. Elements of (U X U)(V) are pairs (A4, B) of unitary endomorphisms A, B € U(V) that
are transverse in the following sense: there exists an orthogonal direct sum decomposition V = V' @ V"
such that A is the identity on V', and B is the identity on V. The transversality hypothesis in particular
means that A and B commute (but it is stronger than that), so A and B are simultaneously diagonalizable.
We let Aq,..., A, € U(1) \ {1} be the set eigenvalues of A and B different from 1, we let E();) be the
eigenspace of A for the eigenvalue A;, and we let F'(A;) be the eigenspace of B for the eigenvalue A;. By
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the transversality hypothesis, all these eigenspaces E()\;) and F(};) are pairwise orthogonal. We can then
define the map eigjy (V) by

eig (V)(4, B)(v) = {EM\),i1(v, e (N higjcn U {FN) 20, ¢ (M) hi<jcn -

As before, ¢! is the inverse Cayley transform (B.37). And iy,ip: SV®7 — SV®9 v V&9 denote the
embeddings of the two wedge summands. In other words, the eigenspace E();) of A is attached to the
point (v,¢7*(};)) in the first wedge summand, and the eigenspace F()\;) of B is attached to the point
(v,¢71();)) in the second wedge summand.

The following diagram of orthogonal C-spaces then commutes:

Q°(sh? kr) x Q*(sh? kr)
(eig p1,eig p2) ~2°(x)

(£2°(sh” p1),Q2°(sh” pg))TN

(B41) UXU cigg] 0° (Sha kr[Q]) Q.N(L) Q.((Sha kI‘) V. (Sha kI‘))

-~
Iz Q°(sh” V)l /
U Q¢ (sh” kr) Qs (v)

eig

The morphism (p1,p2): kr? — kr xkris a Real-global equivalence. The functors sh? and Q°® preserve
Real-global equivalences and products, so the upwards middle vertical morphism is a Real-global equivalence
of orthogonal C-spaces. Hence the morphisms decorated with a tilde are Real-global equivalences. After
passing to the Real-global homotopy category, we can invert the Real-global equivalences, and the resulting
diagram witnesses that eig: U — Q°(sh? kr) is a C-global H-map.

(ii) In the commutative diagram (B.41), we pass to adjoints for the adjunction (3°°,Q®). This yields the
commutativity in the C-global stable homotopy category of the right part of the following diagram:

gxq eigb X eigb o o
(Z2°U) x (Z2U) (5°U) x (5°U) 298 (417 kr) x (sh” kr)
(Zfﬂlvzf/”L’)T (E"Opl,prQ)T NT(ShU p1,8h? p2)

oo o] 4 [2]

Y2 (UK U) — 2% (U K U) - sh (kr!?)

Eful Zoo,ul l/sh‘7 v
$xEU ) sh” kr

q eigb

Given representation-graded homotopy classes x € Wg(EfU) and y € ﬂ%(EfU), we write x X y for the
image of (x,y) under the composite

7 (52U) x 1§ (520) — 7o (5XU) A (SFU) & 7y (ST(URU))

where the first map is the exterior pairing [24, (3.5.13)], and the isomorphism is induced by the strong
symmetric monoidal structure on the unreduced suspension spectrum functor, see [24, (4.1.17)]. Then

EFu)(Ry) = z-y.
The morphism X5°p;: ¥°(U KX U) — X3°U factors as the composite

Id Ao

LP(URU) & (SPU)A (EPU) 28 (SXU)AS = 57U,
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where the final isomorphism is the unit isomorphism of the smash product. So if y belongs to the augmen-
tation ideal, then

(Ziopl)*(x &y) = - Q*(y> =0,
and hence

(sh” p1).((eigly 0g))+(z B y)) = (eig’ ogo (BT p1))(xRy) = 0.

Similarly, (sh” pg)*((eigi[’z] ogP), (2 ®y)) = 0 whenever z belongs to the augmentation ideal.

The morphism (sh? p1,sh? ps) is a C-global equivalence, so the induced map on equivariant homotopy
groups is an isomorphism. So if both x and y lie in the augmentation ideal, we conclude that (eigE] oq(2] )«
(xXy) = 0. The commutativity of the above diagram then yields the desired relation:

(cig” 0q)u(z - y) = (eig’ oqo (SFp))x(xBy) = ((sh” V) o eigly ogz)«(¢B®y) = 0. O

B.3. Periodic Real-global K-theory. The global K-theory spectrum KU was introduced by Joachim
[15, Definition 4.3] as a commutative orthogonal ring spectrum, see also [24, Construction 6.4.9]. Joachim
showed in [15, Theorem 4.4] that the genuine G-spectrum underlying the global spectrum KU represents
G-equivariant complex K-theory. A different proof can be found in [24, Corollary 6.4.23]. Joachim’s
orthogonal ring spectrum can be enhanced to an orthogonal C-spectrum KR by suitably incorporating
complex conjugation; to my knowledge, the additional involution was first discussed in the literature by
Halladay and Kamel [12, Section 6], who use the notation K Ug for the resulting orthogonal C-ring spectrum.
In [12, Proposition 6.2], Halladay and Kamel identify the genuine C-fixed point spectrum of KR with KO,
thereby verifying that K Ug is a model for Atiyah’s Real K-theory spectrum.

We recall the definition of the orthogonal C-spectrum KR in Construction B.43, and we refer to it
as the Real-global K-theory spectrum. Theorem B.52 justifies the name: for every augmented Lie group
a: G — C, the orthogonal G-spectrum o*(KR) represents a-equivariant Real K-theory KR,. Our
treatment proceeds from a self-contained proof in Theorem B.46 that the pre-Euler class of the C-sign
representation is nilpotent in 7¢(KR), which immediately implies that the geometric fixed point homotopy
groups ®%(a*(KR)) vanish for all surjective augmentations a: G — C. This implies that the Real-global
homotopy type of KR is coinduced (or ‘relative C-Borel’) from the underlying global spectrum. Theorem
B.49 shows that (and how) the Real-global space U is the Real-global infinite loop space underlying KRAS?.
Consequently, the Real-global space BUP ~ QU ‘is’ the Real-global infinite loop space underlying KR,
see Theorem B.52 (i).

Construction B.42 (Clifford algebras). We let V be a euclidean inner product space. We define the
complex Clifford algebra C1(V') by

CUV) = (TV)c/(wev—|vf*-1),

the quotient of the complexified tensor algebra of V by the ideal generated by the elements v ® v — |v|? - 1
for all v € V. We write [—]: V — CI(V) for the R-linear and injective composite

174 linear summand TV 1(8;> (TV)(C . (CI(V) .

With this notation the relation [v]? = |v|?-1 holds in C1(V) for all v € V. The Clifford algebra construction
is functorial for R-linear isometric embeddings, so in particular C1(V') inherits an action of the orthogonal
group O(V). The Clifford algebra is Z/2-graded, coming from the grading of the tensor algebra by even
and odd tensor powers.

The complex Clifford algebra is in fact a Z/2-graded C*-algebra. The *-involution on C1(V') is defined by
declaring [v]* = [v] for all v € V and extending this to a C-semilinear anti-automorphism. This makes the
elements [v] for v € S(V) into unitary elements of C1(V'). The norm on Cl(V') arises from the operator norm
on the endomorphism algebra of the exterior algebra of V¢, as explained, for example, in [24, Construction
6.4.5).
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The complex Clifford algebra C1(V') supports three different involutions relevant for our purposes:

e The grading involution a: CI(V) — CI(V); it is C-linear and multiplicative, and satisfies afv] =
—[v]. The +1 and —1 eigenspaces of « are, respectively, the even and odd summands of CI1(V').

e The conjugation involution (—)*: CI(V) — CI(V); it is conjugate-linear and anti-multiplicative,
and satisfies [v]* = [v].

e We define ¢: CI(V) — CI(V) as the unique conjugate-linear and multiplicative map satisfying
¥[v] = [v]. The fixed points of this involution are thus the real Clifford algebra associated with the
positive definite form, i.e.,

CUV)Y = (TV)/(v@v—|v]*-1).

The three involutions «, (—)* and ¢ of CI(V') commute with each other. The pair ((—)*, «) makes Cl(V)
into a complex, Z/2-graded C*-algebra, and only these data enter into the definition of KU as an orthogonal
spectrum. The conjugate-linear involution ¢ of C(V') will enter in the definition of the involution of KR
which makes it an orthogonal C-ring spectrum.

Construction B.43 (The Real-global K-theory spectrum). For a euclidean inner product space V, we
write Hy for the Hilbert space completion of the complexified symmetric algebra Sym(V¢), with respect to
the inner product specified in [24, Proposition 6.3.8]. Then Ky denotes the C*-algebra of compact operators
on Hy, concentrated in even grading. The value of the commutative orthogonal ring spectrum KU at V is
defined by

KU((V) = G5 (s, CL(V) ®@c Ky) .
The unit map of the ring spectrum KU uses the ‘functional calculus’
(B.44) fc : SV — Ca(s,CUV)) v — (=)[0],
For v € V the *-homomorphism fc(v) is given on homogeneous elements of s by

f(jv])-1  when f is even, and
FACCII [v]  when f is odd.

[v]
For v = 0 the formula for odd functions is to be interpreted as f[0] = 0; this is continuous because for
v # 0, the norm of f(Jv|)/|v|-[v] is f(Jv|), which tends to f(0) = 0 if v tends to 0. If the norm of v tends to
infinity, then f(|v|) tends to 0, so fc(v) tends to the constant x-homomorphism with value 0, the basepoint
of Gy, (s, C1(V)). The unit map

(B.45) nv o 8V — Ch(s,CIV) ®c Kyv) = KU(V)
is then defined as the composite

SV 1y o (s,uv)) EE o (5, C1(V) @c Ky) = KU(V)

where pg € Ky is the orthogonal projection onto the constant summand in the symmetric algebra. The
multiplicativity of the unit maps follows from the multiplicativity property [24, (6.4.8)] of the functional
calculus maps.

Now we explain the involution on KU(V), see also [12, Definition 6.2]. Complex conjugation is an
conjugate-linear isometry : Sym(Vg) — Sym(Vg); so it extends uniquely to a continuous conjugate-
linear isometry 1 : Hy — Hy of the Hilbert space completion. Conjugation by 1) is then a conjugate-linear
involutive automorphism

(—)d) : Ky — Ky
of the C*-algebra of compact operators. For example, if E is a finite-dimensional C-subspace of Sym(V¢),
and pg € Ky the associated orthogonal projection, then

(pp)¥ = Yoppoy = pym) -



66 STEFAN SCHWEDE

We combine the conjugate-linear and multiplicative involutions ¢: CI(V) — CI(V) and (—)¥: Ky — Ky
into one conjugate-linear and multiplicative involution

PR (=)Y : CUV)@c Ky — CUV)@c Ky .
Finally, we define an involution
Y KU(V) = Gy (s, ClU(V) ®@c Ky) — Cy (s, ClI(V) ®@c Ky) = KU(V)
by sending a homomorphism h: s — Cl(V) ®¢ Ky to the composite

=) h PR (=)
s —— s — Cl(V)®c Ky ——— Cl(V)®c Ky .
The first map is conjugation on s, i.e., pointwise complex conjugation of functions. If h is a *-
homomorphism, then in particular h o (—)* = (=)* o h. So the involution on KU(V) is also given by
postcomposition of h: s — Cl(V) ®¢ Ky with the map
(=) ()Y
ClV)@c Ky —— Cl(V)®@c Ky ——— ClV)®@c Ky .

This composite is C-linear and anti-multiplicative. We omit the verification that these involutions are
compatible with the multiplication and the structure maps of the orthogonal spectrum KU. We write
KR = (KU,) for the periodic Real-global K -theory spectrum, i.e., the commutative orthogonal C-ring
spectra KU with C-action by this involution.

We write a = a, € 7%, (S) for the pre-Euler class (0.1) of the sign representation of the group C, and
also for its image in 7% (KR) under the unit morphism S — KR. In the C-spectrum that represents
Atiyah’s Real K-theory, the third power of a vanishes. Our proof that the orthogonal C-spectrum KR
models the ‘correct’ Real-global homotopy type proceeds by proving this property for KR from scratch.

Theorem B.46. The relation a® = 0 holds in 7% (KR).

Proof. For every n > 0, the class a” is represented by the composite
S0 90, gne Moy KR(no) .

By definition (B.45) of the unit maps of KR, that composite factors through fcoa™: S® — Cg (s, Cl(no)).
So it suffices to show that for n = 3, the C-fixed point fc(0) lies in the same path component of

(C.(s,C1(30))) ¢

as the basepoint, the zero homomorphism. We will show that this fixed point space is homeomorphic to a
circle, and so in particular path-connected.
For any n, the C-action on the representation no is by multiplication by —1. Hence the induced involution
on the Clifford algebra
Cl(-1d) : Cl(no) — Cl(no)

is a C-algebra automorphism that negates the element [v] for all v € S(no). So for the C-representation
no, the involution Cl(—Id) induced by functoriality of Cl(—) coincides with the grading involution «. The
involution on Cj, (s, Cl(no)) relevant for our present purpose is thus given by
e conjugating a graded x-homomorphism f: s — Cl(no) by the complex conjugations (—)*: s — s
(pointwise complex conjugation) and ¢: Cl(no) — Cl(no), and
e applying the involution Cl(—1d,,) = o coming from functoriality of Cl(—).

In other words, we need to identify the fixed points of the involution

Car(5,Cl(no)) — C4(s,Cl(no)) , [ — aogpofo(-)".
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For every Z/2-graded complex C*-algebra A, evaluation at the function
21
T —1

r: R — C, rx) =

in the C*-algebra s is a homeomorphism
Ca(s,4) 2 {ze Az =a"r =z —2", a(z) =2"},
compare [24, (6.4.3)]. For A = Cl(no), the relevant involution on the left hand side corresponds to the

involution on the right hand side sending x € Cl(no) to ¥(a(z*)) = (¢(a(z)))*. The previous map thus
restricts to a homeomorphism

(Cz.(s,Cl(n))) ¢

1%

{r e Cln)A: zz* = 2"z = —x — 2%, a(z") =x=¢(z)}

{zrelCn):zx* =2"z=—o—2", alz*) =z} .

1

The second homeomorphism uses that Cl(n) is the complexification of the real Clifford algebra
C(n) = TR")/([v]® [v] = [v]* - 1) ,
with ¢ corresponding to the complex conjugation automorphism of C ®@g C(n).
Now we specialize to n = 3. We write e = [1,0,0], f = [0,1,0] and g = [0,0,1] for the multiplicative
generators of C(3) coming from the standard orthonormal basis of R3. Then e, f and g are odd, pairwise
anticommuting, fixed by the conjugation (—)*, and satisfy

e =f=9"=1.
We want to find all z € C(3) that satisfy

*

z-2¥ =22z = —zx—2" and a(z¥) = 27

The involution z — a(z*) = a(x)* fixes the basis elements 1 and efg, and it negates e, f, g, ef, eg, and
fg. The condition «(z*) = x thus forces x to be an R-linear combination of 1 and efg. So x =y + z-efg

for some y, z € R. The relations x - z* = 2* - © = —z — 2* then amount to
(y+1)2+2% = 1.
The solutions in R2 to this equation form a circle, as claimed. O

We write EC' = (EC)° for the unreduced suspension of the universal free C-space EC.

Theorem B.47. Let M be an orthogonal C-spectrum that admits a KR-module structure in the Real-global
stable homotopy category.

(i) The Real-global spectrum M A EC is trivial.
(ii) The orthogonal C-space Q°*(M) is coinduced.

Proof. (i) We let a: G — C be any augmented Lie group. If the augmentation « is trivial, then G acts
trivially on a*(EC’), which is thus G-equivariantly contractible. In particular, the geometric fixed point
homotopy groups ®% (M A E’C’) vanish.

If the augmentation « is surjective, then we need to argue differently. Because a® = 0, also a*(a)? = 0 in
ﬂgga*(g)(a*(KR)). Because (a*(0))¢ = {0}, we have So ®“(a*(a)) = 1 in the geometric fixed point ring
o5 (a*(KR)). So 1 = &% (a*(a))® = ®%(a*(a®)) = 0, and so the ring ®§ (a*(KR)) is trivial. Since M is a
KR-module spectrum, the group ®§(a*(M)) admits a module structure over ®§ (a*(KR)) = 0, and thus
¢ (a*(M)) = 0 for all k € Z. Since a: G — C' is surjective, we have (a*(EC))¢ = S°, and thus

BC(a*(M A EC)) = 3C(a*(M)) = 0.

So all geometric fixed point homotopy groups of M A EC vanish, for all augmented Lie groups, and thus
M A EC is trivial in the Real-global stable homotopy category.
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(ii) Since M is a KR-module, also the Real-global spectrum map(EC, M) admits a KR-module structure.
So the Real-global spectra M A EC and map(EC, M)A EC are trivial by part (i). Hence the two horizontal
morphisms in the following commutative square are Real-global equivalences:

M
M AEC, hp M

~

P*/\Ecﬁ—l lp*

map(EC, M) A EC. map(EC, M)

_
map(EC,M)Apy

Since the morphism p*: M — map(EC, M) is global equivalence of underlying non-Real global spectra,
the left horizontal morphism is also a Real-global equivalence, by the stable analog of Proposition A.13.
Hence the right vertical morphism p*: M — map(EC, M) is a Real-global equivalence. The functor Q°
takes Real-global equivalences of orthogonal C-spectra to Real-global equivalences of orthogonal C-spaces;
and it commutes with map(EC, —). So the morphism

Q' (M) 2P0 00 (map(EC, M)) = map(EC, Q° M)
is a Real-global equivalence. Proposition A.16 then shows that Q°®(M) is coinduced. U

Construction B.48. We recall from [24, Construction 6.4.13] the construction of the morphism of com-
mutative orthogonal C-ring spectra
j : kr — KR
from connective to periodic Real-global K-theory. Its value at a euclidean inner product space V' is the map
J(V) ¢ ke(V) = €(Sym(Ve), V) — Cor(s5,CL(V) @c Kv) = KR(V)
defined by

n

](V)[ElavEnv 1)17"'7vn](f) = Zf[vl]@)pEH .
i=1

Here f[v;] = fc(v;)(f) is the functional calculus map (B.44), and pg, is the orthogonal projection onto the
subspace E; of Sym(Vg) C Hy. Already in [24, Construction 6.4.13] we omitted the detailed verification
that these maps indeed form a morphism of orthogonal ring spectra. We shall honor this tradition here,
and also refrain from checking that the map j(V) commutes with the complex-conjugation involutions.

The following theorem generalizes [24, Theorem 6.4.21] from the global to the Real-global context; it
says that U is a Real-global genuine infinite loop space, with delooping the o-suspension of KR.

Theorem B.49. The morphism of based orthogonal C-spaces
Q°(sh? j)oeig : U — Q°(sh” KR)
is a Real-global equivalence and a C-global H-map.

Proof. The orthogonal C-space U is coinduced by Theorem B.22. The orthogonal C-space Q°*(sh? KR) is
coinduced by Theorem B.47. The morphism °(sh? j) o eig: U — 2°(sh? KR) is a global equivalence
of underlying non-Real orthogonal spaces by [24, Theorem 6.4.21]. So 2°(sh” j) o eig is a Real-global
equivalence by Proposition A.15.

The eigenspace morphisms is a C-global H-map by Proposition B.40 (i). Since Q°(sh? j) arises from a
morphism of orthogonal C-spectra, also the composite Q°(sh? j) o eig is a C-global H-map. (]

Now we proceed to justify that KR deserves its name: for every augmented Lie group a: G — C,
the orthogonal G-spectrum o*(KR) represents a-equivariant Real K-theory KR,. If the augmentation
a: G — C is trivial, this amounts to the fact that the underlying G-spectrum of the global spectrum KU
represents G-equivariant complex K-theory, see [15, Theorem 4.4] or [24, Corollary 6.4.23]. For G = C
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augmented by the identity, this amounts to the fact that the genuine C-spectrum underlying KR is a model
for Atiyah’s Real K-theory spectrum, see [12, Proposition 6.2].

Construction B.50. Welet ©: BUP — Q°*(KR) be the unique morphism in the unstable based C-global
homotopy category that makes the following diagram commute:

BUP © Q*(KR)
(B.51) vl~ ~lﬂ'<ih>
QU ~ 07(92°(sh” KR)) —> Q°(Q7(sh” KR))

Q7 (2° (sh? j)oeig)

The Real-global equivalences v and S\%R are defined in (B.26) and [24, Proposition 3.1.25], respectively,
and the unnamed isomorphism interchanges loop coordinates. The lower left horizontal morphism is a
Real-global equivalence by Theorem B.49.

Theorem B.52.
(i) The morphism ©: BUP — Q*(KR) is a Real-global equivalence and a C-global H-map.
(ii) For every augmented Lie group o: G — C and every finite G-CW-complex A, the composite

KRo(A) =p10) [4,BUP] 29 KRO(4)

is an isomorphism of rings.

Proof. (i) Since all other morphisms in the defining commutative diagram (B.51) for © are Real-global
equivalences, so is ©. For the second claim we exploit that the morphism Q°(sh? j)oeig: U — Q°(sh” KR)
is a C-global H-map, by Theorem B.49. Hence also the lower horizontal composite in (B.51) is a C-global
H-map. Since v is a morphism of ultra-commutative C-monoids, the counter clockwise composite in (B.51)
is also a C-global H-map. Since Q'(S\%R) arises from a stable C-global morphism, it commutes with the
‘stable H-space structures’ from Construction B.38. So O is a C-global H-map, as claimed.

(ii) Since © is both a Real-global equivalence and a C-global H-map, the induced map [A, ©]¢ is a group
isomorphism. The map (B.10) is a group isomorphism by Theorem B.12 (iii). So it remains to show that
the composite in the statement of the theorem is also multiplicative, and hence an isomorphism of rings.
By design, the composite factors as

KR (A) ~ P 0 Jx 0
where J: BUP — Q°(kr) is the unique morphism in the unstable based C-global homotopy category that
makes the following diagram commute:

BUP Q° (kr)

’Ylw N\LQ‘(S\L)

Q7U —— > 07(Q* (sh” kr)) —> Q*(Q7 (sh” kr))
eig =

Since j: kr — KR is a morphism of ultra-commutative C-ring spectra, the induced map j, : krg (4)
KR (A) of equivariant cohomology theories is multiplicative. We claim that [A,9]% o (B.10): K R, (A)

kr? (A) is also multiplicative. If the augmentation «a is trivial, this is shown in [24, Theorem 6.3.31 (ii)].
The proof for surjective augmentations is analogous, and we omit it. O

—
—
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