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Triangulated categories are a useful language in several areas of pure mathematics, such
as algebra, representation theory, algebraic geometry and algebraic topology. Ever since
triangulated categories were introduced by Puppe and Verdier, there was a consensus that
they are a truncation of certain ‘higher structures’. The higher structure can be made
rigorous in various different ways; the aim of this seminar is to explain how to ‘enhance’
triangulated categories, and to compare the enhancements. The following diagram gives
an overview about the different concepts and their interrelations:

(complexes in an additive category) ks +3

��

(Frobenius category) ks +3 (pre-triangulated dg category)

��
(stable cofibration category)

'/

ks +3 (stable ∞-category) ks +3

��

(pre-triangulated spectral category)

(stable derivator)

Talk 1 (08.10.19): Triangulated categories (M. Stahlhauer)
Definition of a triangulated category [Ve]; Neeman’s formulation of the octahedral ax-
iom [Ne]; Example: homotopy category of chain complexes in an additive category [Ve,
II.1.3.2], [W, Prop. 10.2.4].

Talk 2 (15.10.19): Stable and derived categories (A. Lachmann)
Example: stable category of a Frobenius category [Ke06, 3.3], [Ha, Thm. 9.4]; comparison
with the homotopy category of an additive category; example: derived category of an
abelian category (with variations such as boundedness, etc...).

Talk 3 (29.10.19): Algebraic triangulated categories (V. Siebler)
Example: homology category of a pre-triangulated dg category [BK, §3], [Ke06, 2.2],
[Sch13a, Sec. 2]; equivalence of the three characterizations of algebraic triangulated cate-
gories [Kr, 7.5], [Ke06].

Talk 4 (05.11.19): Derivators (Z. Wojciechowski)
Definition of derivators and stable derivators [Gr13, Gr]; construction of shifts and distin-
guished triangles, proof of the triangulation [Gr, Part III]; example: extend algebraic trian-
gulated categories to a derivator. (There are variations on the concept of a derivator, such
as the ‘homotopy theories’ of Heller [He88, He97], the ‘epivalent towers’ of Keller [Ke91]
and the ‘systems of triangulated diagram categories’ of Franke [Fra, Sec. 1]; the talk should
concentrate on derivators, though).



Talk 5 (12.11.19): Stable ∞ categories (R. Chung)
Definition of ∞-categories (i.e., quasi-categories) and stability [Lu09, Ch. 1], [LuHA, Ch. 1],
[Gr10, Ch. 1, 2, 5]; definition of the homotopy category and its triangulation (in the stable
case); the derivator of a stable ∞-category.

Talk 6 (19.11.19): Stable cofibration categories (M. Barrero)
Definition of a cofibration category [Br, I.1], [Sch13t, Def. 1.1], [R-B]; definition of the
homotopy category and its triangulation (in the stable case) [Sch13t, App.]; stable model
categories [Q, DS, Ho99, SS03] as a special case; examples of stable cofibration categories
[Sch13t, Sec. 1], [SS03, 2.3, 2.4].

Talk 7 (26.11.19): ∞-categories versus cofibration categories (J. Frank)
The ∞-category of a cofibration category [Sz14, Ch. 3]; the cofibration category of an
∞-category [Sz14, Ch. 4]; Explain how the constructions are an equivalence of homotopy
theories [Sz14, Thm. 4.11] and show that the notions of ‘stability’ correspond. The results
of [Sz14] were published as the papers [Sz1, Sz2, Sz3], so you may also want to consult
these references.

Talk 8 (03.12.19): Spectral categories (T. Santens)
Definition of a spectral category and its homotopy category [SS03, Def. 3.3.1] [BM, Sec. 3];
triangulation for pre-triangulated spectral categories [BM, Thm. 4.6]; comparison with
stable model categories [SS03]; comparison with dg categories [BM, Def. 2.9].

Talk 9 (10.12.19): Universal properties of stable homotopy theory
(A. Cordova)
Spectra and the stable homotopy category [BF]; universal property in the context of sta-
ble model categories [SS02], and the action on topological triangulated categories [Le];
universal property in the context of ∞-categories; universal property in the context of
derivators [Fra] and the action on stable derivators.

Talk 10 (17.12.19): Topological versus algebraic triangulated categories
(S. Linskens)
Definition of topological triangulated categories [Sch13t, Def. 1.4]; algebraic triangulated
categories are topological [Sch13t, Ex. 1.6]; obstructions to algebraizicity [Sch10] [Sch13a,
Thm. 2.1]; the p-local stable homotopy category is not algebraic [Sch13a, Thm. 1.3].

Talk 11 (14.01.20): Exotic triangulated categories (D. Oikonomou)
[MSS]
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[Kr] H. Krause, Derived categories, resolutions, and Brown representability. In: Inter-
actions between homotopy theory and algebra, 101–139, Contemp. Math. 436,
Amer. Math. Soc., Providence, RI, 2007. MR2355771

http://www.ams.org/mathscinet-getitem?mr=MR2928988
http://www.ams.org/mathscinet-getitem?mr=MR1055981
http://www.ams.org/mathscinet-getitem?mr=MR0513569
http://www.ams.org/mathscinet-getitem?mr=MR0341469
http://www.ams.org/mathscinet-getitem?mr=MR1361887
http://www.math.uiuc.edu/K-theory/0139/
https://arxiv.org/abs/1007.2925
http://www.ams.org/mathscinet-getitem?mr=MR3031644
http://www.math.uni-bonn.de/~mgroth/monos/intro-to-der-1.pdf
http://www.ams.org/mathscinet-getitem?mr=MR0910167
http://www.ams.org/mathscinet-getitem?mr=MR0920963
http://www.ams.org/mathscinet-getitem?mr=MR1431157
http://www.ams.org/mathscinet-getitem?mr=MR1650134
http://www.ams.org/mathscinet-getitem?mr=MR1102982
http://www.ams.org/mathscinet-getitem?mr=MR2275593
http://www.ams.org/mathscinet-getitem?mr=MR2355771


[Le] F. Lenhardt, Stable frames in model categories. J. Pure Appl. Algebra 216 (2012),
no. 5, 1080–1091. MR2875328

[Lu09] J. Lurie, Higher Topos Theory. Annals of Mathematics Studies, 170. Princeton
University Press, Princeton, NJ, 2009. xviii+925 pp. MR2522659

[LuHA] J. Lurie, Higher Algebra.
http://www.math.harvard.edu/~lurie/papers/HA.pdf

[MSS] F. Muro, S. Schwede, N. Strickland, Triangulated categories without models. In-
vent. Math., 170 (2007), 231-241. MR2342636

[Ne] A. Neeman, Triangulated Categories, Annals of Mathematics Studies, vol. 148,
Princeton University Press, Princeton, NJ, 2001. MR1812507

[Q] D. Quillen, Homotopical algebra. Lecture Notes in Math. 43, Springer-Verlag,
1967. MR0223432

[R-B] A. Radulescu-Banu, Cofibrations in homotopy theory. Preprint, 2006
arXiv:math/0610009

[SS02] S. Schwede and B. Shipley, A uniqueness theorem for stable homotopy theory.
Math. Z. 239 (2002), 803–828. MR1902062

[SS03] S. Schwede, B. Shipley, Stable model categories are categories of modules.
Topology 42 (2003), no. 1, 103–153. MR1928647

[Sch10] S. Schwede, Algebraic versus topological triangulated categories. Triangulated cat-
egories, 389–407, London Math. Soc. Lecture Note Ser., 375, Cambridge Univ.
Press, Cambridge, 2010. MR2681714

[Sch13a] S. Schwede, The n-order of algebraic triangulated categories. J. Topol. 6 (2013),
857–867. MR3145142

[Sch13t] S. Schwede, The p-order of topological triangulated categories. J. Topol. 6 (2013),
868–914. MR3145143

[Sz14] K. Szumi lo, Two models for the homotopy theory of cocomplete homotopy theo-
ries. Dissertation, Universität Bonn, 2014.
http://hss.ulb.uni-bonn.de/2014/3692/3692.htm

[Sz1] K. Szumi lo, Homotopy theory of cofibration categories. Homology Homotopy
Appl. 18 (2016), no. 2, 345–357. MR3576003

[Sz2] K. Szumi lo, Homotopy theory of cocomplete quasicategories. Algebr. Geom.
Topol. 17 (2017), no. 2, 765–791. MR3623671

[Sz3] K. Szumi lo, Frames in cofibration categories. J. Homotopy Relat. Struct. 12
(2017), no. 3, 577–616. MR3691298
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