CLUSTER ALGEBRA STRUCTURES AND SEMICANONICAL BASES

FOR UNIPOTENT GROUPS
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ABSTRACT. Let @ be a finite quiver without oriented cycles, and let A be the associated
preprojective algebra. To each terminal CQ-module M (these are certain preinjective
CQ-modules), we attach a natural subcategory Cas of mod(A). We show that Cas is a
Frobenius category, and that its stable category C,, is a Calabi-Yau category of dimension
two.

Then we develop a theory of mutations of maximal rigid objects of Cas, analogous
to the mutations of clusters in Fomin and Zelevinsky’s theory of cluster algebras. We
also provide an explicit quasi-hereditary structure on the endomorphism algebra of a
distinguished maximal rigid object of Cas, and we use it to describe the combinatorics of
mutations.

Next, we show that Cys yields a categorification of a cluster algebra A(Cas), which
is not acyclic in general. We give a realization of A(Cas) as a subalgebra of the graded
dual of the enveloping algebra U(n), where n is a maximal nilpotent subalgebra of the
symmetric Kac-Moody Lie algebra g associated to the quiver Q.

Let 8" be the dual of Lusztig’s semicanonical basis S of U(n). We show that all
cluster monomials of A(Cas) belong to 8*, and that S* N A(Car) is a C-basis of A(Car).

Next, we prove that A(Car) is naturally isomorphic to the coordinate ring C[N(w)] of
the finite-dimensional unipotent subgroup N (w) of the Kac-Moody group G attached to
g. Here w = w(M) is the adaptable element of the Weyl group of g which we associate
to each terminal CQ-module M.

Moreover, we show that the cluster algebra obtained from A(Cas) by formally invert-
ing the generators of the coefficient ring is isomorphic to the algebra C[N*] of regular
functions on the unipotent cell N* := N N (B_wB_) of G. We obtain a corresponding
dual semicanonical basis of C[N"].

Finally, by “specializing coefficients” we obtain a dual semicanonical basis for a co-
efficient free cluster algebra A, associated to w. As a special case, we obtain a dual
semicanonical basis of the (coefficient free) acyclic cluster algebras Ag associated to @,
which naturally extends the set of cluster monomials in Aq.
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Part 1. Introduction and main results

1. INTRODUCTION

1.1. Introduction. This is the continuation of an extensive project to obtain a better

understanding of the relations between the following topics:

(i) Representation theory of quivers,

(ii) Representation theory of preprojective algebras,

(iii) Lusztig’s (semi)canonical basis of universal enveloping algebras,

(iv) Fomin and Zelevinsky’s theory of cluster algebras,

(v) Frobenius categories and 2-Calabi-Yau categories,

(vi) Cluster algebra structures on coordinate algebras of unipotent groups, Bruhat cells
and flag varieties.

— — N N e e

The topics (i) and (iii) are closely related. The numerous connections have been studied by
many authors. Let us just mention Lusztig’s work on canonical bases of quantum groups,
and Ringel’s Hall algebra approach to quantum groups. An important link between (ii)
and (iii), due to Lusztig [L1, L3] and Kashiwara and Saito [KS] is that the elements of
the (semi)canonical basis are naturally parametrized by the irreducible components of the
varieties of nilpotent representations of a preprojective algebra.

Cluster algebras were invented by Fomin and Zelevinsky [BFZ, FZ2, FZ3|, with the
aim of providing a new algebraic and combinatorial setting for canonical bases and total
positivity. One important breakthrough was the insight that the class of acyclic cluster
algebras with a skew-symmetric exchange matrix can be categorified using the so-called
cluster categories. Cluster categories were introduced by Buan, Marsh, Reineke, Reiten
and Todorov [BMRRT]. In a series of papers by some of these authors and also by
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Caldero and Keller [CK1, CK2], it was established that cluster categories have all necessary
properties to provide the mentioned categorification. We refer to the nice overview article
[BM] for more details on the development of this beautiful theory which established a
strong connection between the topics (i), (iv) and (v).

In [GLS5] we showed that the representation theory of preprojective algebras A of
Dynkin type (i.e. type A, D or E) is also closely related to cluster algebras. We proved
that mod(A) can be regarded as a categorification of a natural cluster structure on the
polynomial algebra C[N]. Here N is a maximal unipotent subgroup of a complex Lie group
of the same type as A. Let n be its Lie algebra, and U(n) be the universal enveloping
algebra of n. The graded dual U(n), can be identified with the coordinate algebra C[N].
By means of our categorification, we were able to prove that all the cluster monomials of
C[N] belong to the dual of Lusztig’s semicanonical basis of U(n). Note that the cluster
algebra C[N] is in general not acyclic.

The aim of this article is to extend these results to the more general setting of Kac-
Moody groups and their unipotent cells. We also provide additional tools for studying
these categories and cluster structures. For example we show that the endomorphism
algebras of certain maximal rigid modules are quasi-hereditary and deduce from this a
new combinatorial algorithm for mutations.

More precisely, we consider preprojective algebras A = A attached to quivers @) which
are not necessarily of Dynkin type. These algebras are therefore infinite-dimensional in
general. The category nil(A) of all finite-dimensional nilpotent representations of A is
then too large to be related to a cluster algebra of finite rank. Moreover, it does not have
projective or injective objects, and it lacks an Auslander-Reiten translation. However,
we give a general procedure to attach to certain preinjective representations M of Q a
natural subcategory Cps of nil(A). We show that these subcategories Cj; are Frobenius
categories and that the corresponding stable categories C,,; are Calabi-Yau categories
of dimension two. Each subcategory Cj; comes with two distinguished maximal rigid
modules Ty and T}, described combinatorially. In the special case where @ is of Dynkin
type and M is the sum of all indecomposable representations of ¢ (up to isomorphism)
we have Cpy = mod(A), the modules T); and T, are those constructed in [GLS2], and we
recover the setting of [GLS5]. In another direction, if @) is an arbitrary (acyclic) quiver
and M = I @ 7(I), where I is the sum of the indecomposable injective representations
of @) and 7 is the Auslander-Reiten translation, it follows from a result of Keller and
Reiten [KR] that the stable category C,, is triangle equivalent to the cluster category
Cq of [BMRRT]. We provide in this case a natural functor G: C)y — Cgq inducing an
equivalence G: C); — Cq of additive categories.

We then develop, as in [GLS5], a theory of mutations for maximal rigid objects T" in Cjy,
and we study their endomorphism algebras Endj (7). We show that these algebras have
global dimension 3 and that their quiver has neither loops nor 2-cycles. Special attention
is given to the algebra B := Endj(T}s) for which we provide an explicit quasi-hereditary
structure. We prove that Cy; is anti-equivalent to the category of A-filtered B-modules.
This allows us to describe the mutations of maximal rigid A-modules in terms of the
A-dimension vectors of the corresponding End (Ths)-modules. We also exhibit a simple
sequence of mutations between T); and T, and describe all the maximal rigid modules
arising from this sequence.

In the last part we associate to the subcategory Cys a cluster algebra A(Cys) which in
general is not acyclic, and we show that Cjs can be seen as a categorification of A(Cps). (As
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a very special case, we also obtain in this way a new categorification of every acyclic clus-
ter algebra with a skew-symmetric exchange matrix and a certain choice of coefficients.)
The proof relies on the fact that the algebra A(Cys) has a natural realization as a certain
subalgebra of the graded dual U (n)gr, where n is now the positive part of the Kac-Moody
Lie algebra g = n_ @ b @& n of the same type as A. We show that again all the cluster
monomials belong to the dual of Lusztig’s semicanonical basis of U(n). Next, we prove
that A(Cps) has a simple monomial basis coming from the objects of the additive closure
add(M) of M. We call it the dual PBW-basis of A(Cypr), and regard it as a generaliza-
tion (in the dual setting) of the bases of U(n) constructed by Ringel in terms of quiver
representations, when g is finite-dimensional [Ri6]. We use this to prove that A(Cas) is
spanned by a subset of the dual semicanonical basis of U(n)g,. Thus, we obtain another
natural basis of A(Cjps) containing all the cluster monomials. We call it the dual semi-
canonical basis of A(Cpr). Finally, we prove that A(Cpy) is isomorphic to the coordinate
ring of a finite-dimensional unipotent subgroup of the Kac-Moody group G attached to g.
Moreover, we show that the cluster algebra obtained from 4(Cjs) by formally inverting
the generators of the coefficient ring is isomorphic to the algebra of regular functions on a
certain unipotent cell of G. This solves Conjecture II1.3.1 of [BIRS] for all unipotent cells
attached to an adaptable element w of the Weyl group of G (the definition of adaptable
is given below, see § 3.7). Note also that in the Dynkin case, we recover a result of [BFZ]
for the double Bruhat cells of type (e,w) with w adaptable, but our proof is different
and shows that the coordinate ring of the cell is not only an upper cluster algebra but a
genuine cluster algebra. In the last section, we explain how the results of this paper are
related to those of [GLS6], in which a cluster algebra structure on the coordinate ring of
the unipotent radical Nx of a parabolic subgroup of a complex simple algebraic group
of type A, D, E was introduced. We give a proof of Conjecture 9.6 of [GLS6] in the case

where the Weyl group element wowé( is adaptable.

Our results have some overlap with the recent work of Buan, Iyama, Reiten and Scott
[BIRS]. Up to a simple duality, our categories Cj; coincide with the categories C,, in-
troduced in [BIRS], but only for adaptable Weyl group elements w, and our maximal
rigid modules T}, are some of the cluster-tilting objects of the categories C,, described in
[BIRS]. However our methods are very different, and for our smaller class of categories we
can prove stronger results, like the existence of quasi-hereditary endomorphism algebras
or the existence of semicanonical bases for the corresponding cluster algebras.

1.2. Plan of the paper. This article is organized as follows.
In Sections 2, 3, we give a more detailed presentation of our results.

Part 2 is devoted to the study of the subcategories Cps. Some known results on quiver
representations and preprojective algebras are collected in Section 4. In Section 5 we
introduce the important concept of a selfinjective torsion class of mod(A). Some technical
but crucial results on the lifting of certain K (Q-module homomorphisms to A-module
homomorphisms are proved in Section 6. These results are used in Section 7 to construct
a Cpr-complete rigid module Ths and to compute the quiver of its endomorphism algebra.
Then we show in Section 8 that Cjs is a Frobenius category whose stable category C,,
is a 2-Calabi-Yau category. In particular, it turns out that Cjs is a selfinjective torsion
class of mod(A). In Sections 9 and 10 we prove some basic properties of C-maximal rigid
modules, where C is now an arbitrary selfinjective torsion class of mod(A). In Section 11
we show that for every quiver () without oriented cycles there exists a terminal K@Q-
module M such that the stable category C,, is triangle equivalent to the cluster category
Cq as defined in [BMRRT]. This uses a recent result by Keller and Reiten [KR]. We
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also construct an explicit functor Cps — Cg which then yields an equivalence of additive
categories C,; — Cq.

Part 3 develops the theory of mutations of rigid objects of Cp;. Sections 12, 13 and
14 contain the adaptation of the results in [GLS5, Sections 5,6,7] to our more general
situation of selfinjective torsion classes. In Section 15 we prove that cluster variables
are determined by their dimension vector, in the appropriate sense, and that one can
describe the mutation of clusters in terms of these dimension vectors. We also obtain
a characterization of all short exact sequences of A-modules which become split exact
sequences of K (@-modules after applying the restriction functor mg. We show in Section 16
that Endp (Ths) is a quasi-hereditary algebra. This can be used to reformulate the results
in Section 15 in terms of A-dimension vectors, see Section 17. In Section 18 we construct
a sequence of mutations starting with our module T3; which yields generalizations of
classical determinantal identities.

Part 4 contains the applications of the previous constructions to cluster algebras. In
Section 19 we repeat several known results on Kac-Moody Lie algebras, and also recall our
results about the multiplicative behaviour of the functions §x. One of the central parts of
our theory is the construction of dual PBW- and dual semicanonical bases for the cluster
algebras R(Cyps). This is done in Section 20. The special case of acyclic cluster algebras is
discussed in Section 21. In Section 22 we prove all our results on cluster algebra structures
of coordinate rings. Finally, we present some open problems in Section 23.

1.3. Notation. Throughout let K be an algebraically closed field. For a K-algebra A
let mod(A) be the category of finite-dimensional left A-modules. By a module we always
mean a finite-dimensional left module. Often we do not distinguish between a module and
its isomorphism class. Let D = Homg(—, K): mod(A) — mod(A°P) be the usual duality.

For a quiver @ let rep(Q) be the category of finite-dimensional representations of @
over K. It is well known that we can identify rep(Q) and mod(K Q).

By a subcategory we always mean a full subcategory. For an A-module M let add(M)
be the subcategory of all A-modules which are isomorphic to finite direct sums of direct
summands of M. A subcategory U of mod(A) is an additive subcategory if any finite direct
sum of modules in ¢ is again in U. By Fac(M) (resp. Sub(M)) we denote the subcategory
of all A-modules X such that there exists some ¢t > 1 and some epimorphism M? — X
(resp. monomorphism X — M?).

For an A-module M let 3(M) be the number of isomorphism classes of indecomposable
direct summands of M. An A-module is called basic if it can be written as a direct sum
of pairwise non-isomorphic indecomposable modules.

For a vector space V' we sometimes write |V| for the dimension of V. If f: X — Y and
g: Y — Z are maps, then the composition is denoted by gf =go f: X — Z.

If U is a subset of a K-vector space V', then let Span ;- (U) be the subspace of V generated
by U.

By K(Xi,...,X;) (resp. K[X1,...,X,]) we denote the field of rational functions (resp.
the polynomial ring) in the variables X1, ..., X, with coefficients in K.

Let C be the field of complex numbers, and let N = {0, 1,2, ...} be the natural numbers,
including 0. Set N; := N\ {0}. For natural numbers a < b let [a,b] = {i € N| a <i < b}.

Recommended introductions to representation theory of finite-dimensional algebras and
Auslander-Reiten theory are the books [ARS, ASS, GR, Ril].



6 CHRISTOF GEISS, BERNARD LECLERC, AND JAN SCHROER

2. MAIN RESULTS: RIGID MODULES OVER PREPROJECTIVE
ALGEBRAS

2.1. Preprojective algebras. Throughout, let () be a finite quiver without oriented
cycles, and let

A=A =KQ/()
be the associated preprojective algebra. We assume that () is connected and has vertices
{1,...,n} with n at least two. Here K is an algebraically closed field, K@ is the path
algebra of the double quiver @ of Q which is obtained from Q by adding to each arrow
a:i— jin @ an arrow a*: j — i pointing in the opposite direction, and (c) is the ideal
generated by the element

c= Z (a*a — aa™)

a€Q1
where ()1 is the set of arrows of ). Clearly, the path algebra K@ is a subalgebra of A.
We denote by
7g: mod(A) — mod(KQ)
the corresponding restriction functor.

2.2. Terminal K(@Q-modules. Let 7 = 7 be the Auslander-Reiten translation of K@),
and let I1,..., I, be the indecomposable injective K Q-modules. A KQ-module M is called
preinjective if M is isomorphic to a direct sum of modules of the form 77(I;) where j > 0
and 1 < ¢ < n. There is the dual notion of a preprojective module.

A KQ-module M = M; @ --- @® M, with M; indecomposable and M; 2 M; for all i # j
is called a terminal K@Q-module if the following hold:

(i) M is preinjective;
(ii) If X is an indecomposable K@-module with Homgq(M,X) # 0, then X €
add(M);
(iii) I; € add(M) for all indecomposable injective K @Q-modules I;.
In other words, the indecomposable direct summands of M are the vertices of a subgraph

of the preinjective component of the Auslander-Reiten quiver of K@) which is closed under
successor. We define

t;:=t;(M) :=max {j > 0| 7/(L;) € add(M) \ {0} } .

2.3. The subcategory Cj;. Let M be a terminal KQ-module, and let

Cy = wél(add(M))
be the subcategory of all A-modules X with 7g(X) € add(M). Notice that if ) is a Dynkin
quiver and M is the sum of all indecomposable representations of @ then Cj; = mod(A).
Theorem 2.1. Let M be a terminal KQ-module. Then the following hold:

(i) Cpr is a Frobenius category with n indecomposable Cys-projective-injectives;
(ii) The stable category C,; is a 2-Calabi- Yau category;
(iii) If t;(M) = 1 for all i, then C); is triangle equivalent to the cluster category Cqg
associated to Q.

Part (i) and (ii) of Theorem 2.1 are proved in Section 8. Based on results in Section 7,
Part (iii) is shown in Section 10.
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FIGURE 1. A terminal module in type Ag

2.4. An example of type Asz. Let Q) be the quiver
1 3
2

Figure 1 shows the Auslander-Reiten quiver of K. The indecomposable direct sum-
mands of a terminal K@Q-module M are marked in blue colour. In Figure 2 we show the
Auslander-Reiten quiver of the preprojective algebra A of type Az. We display the graded
dimension vectors of the indecomposable A-modules. (There is a Galois covering of A,
and the associated push-down functor is dense, a property which only holds for Dynkin
types A,, n < 4. In this case, all A-modules are uniquely determined (up to Z-shift) by
their dimension vector in the covering. See [GLS1] for more details.) Note that one has to
identify the objects on the two dotted vertical lines. The indecomposable C,s-projective-
injective modules are marked in red colour, all other indecomposable modules in Cy; are
marked in blue. Observe that Cys contains 7 indecomposable modules, and three of these
are Cps-projective-injective. The stable category C,; is triangle equivalent to the product
Ca, x Cy, of two cluster categories of type A;.

2.5. Maximal rigid modules and their endomorphism algebras. A A-module T is
rigid if Ext) (T, T) = 0. For a module X let ¥(X) be the number of isomorphism classes
of indecomposable direct summands of X.

Let C be a subcategory of mod(A). Define the rank of C as
rk(C) = max{3(T") | T rigid in C}
if such a maximum exists, and set rk(C) = oo, otherwise.
The category C is called Q-finite if there exists some M € mod(K Q) such that
mo(C) C add(M).

In this case, if C is additive, one can imitate the proof of [GS, Theorem 1.1] to show that
rk(C) < 3(M). If M is a terminal K@Q-module, then we prove that rk(Cys) = X(M), see
Corollary 7.4.

Recall that for all X,Y € mod(A) we have dim Ext}(X,Y) = dim Ext} (Y, X), see
[CB1] and also [GLS4]. Assume that T is a rigid A-module in an additive subcategory C
of mod(A) with rk(C) < co. We need the following definitions:

e T is C-complete rigid if X(T) = rk(C);
e T is C-mazimal rigid if Ext} (T @ X, X) = 0 with X € C implies X € add(T);
e T is C-mazimal 1-orthogonal if Ext} (T, X) = 0 with X € C implies X € add(T).
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0 0 0 1
0 1
1 0 1 0
1 0
0 1 0 0
: 0 0 0 0 0 O :
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: 1 0 0 :
: 0 0 0 0 0 0 :
0 0 0 0 0 0 0 0 0 0
0 0 1 1
0 0 I 1|—1 1 —1 1 0 0
1 1 1 0
00\ 0 0 0 0 0 0 0 0
; 0 0 0 0 0 0 :
: 0 0 1 :
: 0 1 1 0 0 1 :
: 1 0 0 :
: 0 0 0 0 0 0 :

0 1 0
0 1

1 1
1 0

1 0 0 0

FIGURE 2. A category Cyy C mod(A) with C,, triangle equivalent to Ca,xa,

The notion of a maximal 1-orthogonal module is due to Iyama [Iy1l]. These modules are
also called cluster tilting objects.

Theorem 2.2. Let M be a terminal KQ-module. For a A-module T in Cps the following
are equivalent:

(i) T is Car-complete rigid;
(ii) T is Cpr-mazimal rigid;
(iii) T is Cpr-mazimal 1-orthogonal.

If T satisfies one of the above equivalent conditions, then the following hold:

o gl. dim(EndA(T)) = 3;
e The quiver I'r of Enda(T') has no loops and no 2-cycles.

The proof of Theorem 2.2 can be found in Section 13.

2.6. The complete rigid modules Ty; and T};. Let M = M; & --- @ M, be a terminal
K@-module. Without loss of generality assume that M,_,.1,..., M, are injective. Let
I'as be the quiver of Endgg(M). Its vertices 1,...,r correspond to My, ..., M,, and the
number of arrows ¢ — j equals the number of arrows in the Auslander-Reiten quiver of
mod (K Q) which start in M; and end in M;.

Let I'},; be the quiver which is obtained from I'y; by adding an arrow 7 — j whenever
M; = 7(M;). Our results in Sections 6 and 7 yield the following theorem:
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Theorem 2.3. There exist two Cyr-complete rigid A-modules Tyy and TJ\V4 such that

. _ *
Iz, =Dy =Ty

For the explicit description of Ty and Ty, see Section 7. Here we just note that the Ca-
projective direct summands of T/ correspond to the rightmost vertices of I'},, whereas
the Cps-projective direct summands of T}, correspond to the leftmost vertices of I',.

2.7. A quasi-hereditary algebra. Now consider B := Enda (7). We prove in Sec-
tion 16 the following theorem:

Theorem 2.4. (i) B is a quasi-hereditary algebra;
(ii) The restriction of the contravariant functor Homp(—,Ths): mod(A) — mod(B)
induces an anti-equivalence F': Cpy — F(A) where F(A) is the category of A-
filtered B-modules and

A:={F(M;)|1<i<r}

is the set of standard modules. (We interpret M; as a A-module using the obvious
embedding functor.);

(iii) For a short exact sequence 0 — X — Y — Z — 0 in Cps the following are
equivalent:
(a) The short exact sequence 0 — mo(X) — mQ(Y) — mo(Z) — 0 splits;
(b) The sequence 0 — F(Z) — F(Y) — F(X) — 0 is exact.

It turns out that Homy (T}, Ths) is the characteristic tilting module over B.In particu-
lar, Enda (TY};) is also quasi-hereditary.

3. MAIN RESULTS: CLUSTER ALGEBRAS AND SEMICANONICAL
BASES

3.1. The cluster algebra A(Cys). We refer to [FZ4] for an excellent survey on cluster
algebras. Here we only recall the main definitions and introduce a cluster algebra A(Cys, T')
associated to a terminal K@Q-module M and any Cjs-maximal rigid module 7'

If B= (bij) is any r x (r — n)-matrix with integer entries, then the principal part B of
B is obtained from B by deleting the last n rows. Given some k € [1,7 — n] define a new
7 X (r —n)-matrix u(B) = (b};) by

, —bi]’ le:kOI“]:k,

j bz’j"" Kl kj"; bk |

otherwise,

where i € [1,7] and j € [1,r — n]. One calls u(B) a mutation of B. If B is an integer

matrix whose principal part is skew-symmetric, then it is easy to check that u(B) is also
an integer matrix with skew-symmetric principal part. In this case, Fomin and Zelevinsky
define a cluster algebra A(B) as follows. Let F = C(yi,...,y,) be the field of rational

functions in r commuting variables y = (y1,...,¥,). One calls (y, B) the initial seed of

A(B). For 1 <k <r —n define

bik —bik
Hbik>0y’il +Hbik<0yi '

1 yr =
(1) k "
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The pair (pr(y), ux(B)), where p(y) is obtained from y by replacing yy by y;, is the
mutation in direction k of the seed (y, B).

Now one can iterate this process of mutation and obtain inductively a set of seeds.
Thus each seed consists of an r-tuple of algebraically independent elements of F called a
cluster and of a matrix called the exchange matriz. The elements of a cluster are its cluster
variables. A seed has r — n neighbours obtained by mutation in direction 1 < k <r — n.
One does not mutate the last n elements of a cluster, they serve as ”coeflicients” and
belong to every cluster. The cluster algebra A(B) is by definition the subalgebra of F
generated by the set of all cluster variables appearing in all seeds obtained by iterated
mutation starting with the initial seed.

It is often convenient to define a cluster algebra using an oriented graph, as follows.
Let T' be a quiver without loops or 2-cycles with vertices {1,...,7}. We can define an
r x r-matrix B(I') = (b;;) by setting

b;j = (number of arrows j — i in I') — (number of arrows ¢ — j in I').

Let B(I')° be the r x (r — n)-matrix obtained by deleting the last n columns of B(I"). The
principal part of B(I")° is skew-symmetric, hence this yields a cluster algebra A(B(I")°).

We apply this procedure to our subcategory Cps. Let T'= T @ --- & T;. be a basic
Cy-maximal rigid A-module with T; indecomposable for all i. Without loss of general-
ity assume that T,_,11,...,T, are Cps-projective. By I'r we denote the quiver of the
endomorphism algebra Enda(7T"). We then define the cluster algebra

A(Cyr. T) := A(B(D7)°).

In particular, we denote by A(Cys) the cluster algebra A(Cys, Tar) attached to the complete
rigid module Ty of Section 2.6. Thus A(Car) := A(B(I'},)°).

3.2. Mutation of rigid modules. Let T" be a basic Cj;-maximal rigid A-module. Write
B(T) = B(I't) = (tij)1<i,j<r- For k € [1,7 — n] there is a short exact sequence
0— T, L @ 1l - T 0
tik>0

where f is a minimal left add(7/T})-approximation of T}, i.e. the map Homp(f,T) is
surjective, and every morphism h with Af = f is an isomorphism. Set

pr (T) = T} & T/T.

We show that pr, (T) is again a basic Cp-maximal rigid module. In particular, T} is
indecomposable. We call p7, (T') the mutation of T in direction Tj.

There is also a short exact sequence
0— T} — @ 7% 2T — 0
ti<O0
where ¢ is now a minimal right add(T"/T})-approximation of Tj.

It turns out that the quivers of the endomorphism algebras Enda (7") and Enda (ur, (T'))
are related via Fomin and Zelevinsky’s mutation rule:

Theorem 3.1. Let M be a terminal KQ-module. For a basic Cyr-maximal rigid A-module
T as above and k € [1,r — n| we have

B(pr,, (T))° = pu(B(T)°).
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The proof can be found in Section 14.

We conjecture that, given two basic Cj;-maximal rigid A-modules T' and T”, there always
exists a sequence of mutations changing T into 7”. Using Theorem 3.1, this would imply
that the cluster algebras A(Cps,T) do not depend on T. The following weaker result is
given and illustrated with examples in Section 18:

Theorem 3.2. There is a sequence of mutations changing T into Ty;. Therefore

A(Chr, TY,) = A(Car, Tar) = A(Car).

3.3. The dual semicanonical basis. We recall the definition of the dual semicanonical
basis and its multiplicative properties, following [L1, L3, GLS1, GLS4]

From now on, assume that K = C. Let Ay be the affine variety of nilpotent A-modules
with dimension vector d € N™. For a module X € A; and an m-tuple i = (i1, ...,y,) with
1 <4 < nforall j, let 5 x denote the projective variety of composition series of X of
type i. Thus an element in F; x is a flag

0=XoCX;C--CX,,=X)
of submodules X; of X such that for all 1 < j < m the subfactor X; /X j—1 is isomorphic
to the simple A-module S;; associated to the vertex i; of Q. Let
di: Aq — C
be the map which sends X € Ag to x.(Fi x), the topological Euler characteristic of F; x
with respect to cohomology with compact support. Let M, be the C-vector space spanned
by the maps d; and set
M @ M

deNn
Lusztig [L1, L3] has introduced a “convolution product” x: M x M — M such that
di x dj = dy, where k := (i1,...,%m,Jj1,..., /1) is the concatenation of i and j. (The

definition of * is recalled in Section 19.4.) He proved that M equipped with this product
is isomorphic to the enveloping algebra U(n) of the maximal nilpotent subalgebra n of the
Kac-Moody Lie algebra g associated to Q.

Since U(n) is a cocommutative Hopf algebra, the graded dual
Uy, = M* = P M;
deNm

is a commutative C-algebra. For X € Ay we have an evaluation map 6x € M} C M*,
given by

ox (f) = f(X)
for f € My. In particular, dx(d;) := x¢(Fi,x). It is shown in [GLS1] that

dx0y = Oxay-
In [GLS4] a more complicated formula is given, expressing dxdy as a linear combination
of 07 where Z runs over all possible middle terms of non-split short exact sequences with

end terms X and Y. The formula is especially useful when dim Ext}(X,Y) = 1 (see
Section 19.5).

Let Irr(Ag4) be the set of irreducible components of A;. For each Z € Irr(A4) there
exists a dense open subset U in Z such that dx = dy for all X|Y € U. If X € U we say
that X is a generic point of Z. Define py := dx for some X € U. By [L1, L3],

S*:={pz| Z € Irr(Ay),d € N}
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is a basis of M*, the dual of Lusztig’s semicanonical basis & of M. In case X is a rigid
A-module, the orbit of X in A4 is open, its closure is an irreducible component Z, and
d0x = pz belongs to §*.

3.4. The cluster algebra A(Cy/) as a subalgebra of M* = U(n),. For a terminal
CQ-module M = My @ --- ® M, let T(Cps) be the graph with vertices the isomorphism
classes of basic Cps-maximal rigid A-modules and with edges given by mutations. Let
T=T1® --®T, be avertex of 7(Cypr), and let 7 (Cps,T') denote the connected component
of 7(Cps) containing T'. Denote by R(Cys,T) the subalgebra of M* generated by the
dr, (1 <i<r)where R=R; & --& R, runs over all vertices of 7 (Cps,T).

Theorem 3.3. Let M = My @ --- & M, be a terminal CQ-module. Then the following
hold:

(i) There is a unique isomorphism v: A(Cpr,T) — R(Cpy,T) such that
Wyi) =or,  (1<i<r)

(ii) If we identify the two algebras A(Car,T) and R(Cpr,T) via ¢, then the clusters of
A(Cpr,T) are identified with the r-tuples §(R) = (0r,, - -.,0r, ), where R runs over
the vertices of the graph T (Cpr,T). Moreover, all cluster monomials belong to the
dual semicanonical basis S* of M* =U(n)g,.

The proof relying on Theorem 3.1 and the multiplication formula of [GLS4] is given in

Section 20.1.

We call (Cps,T) a categorification of the cluster algebra A(Cps, T) = A(B(I'1)°).

Write R(Car) := R(Ca, Tar). By Theorem 3.2, we also have R(Cpar) = R(Car, Tyy). The-
orem 3.3 shows that the cluster algebra A(Cys) is canonically isomorphic to the subalgebra
R(Cnr) of U(n)g,.

3.5. Which cluster algebras did we categorify? The reader who is not familiar with
representation theory of quivers will ask which cluster algebras are now categorified by
our approach. We explain this in purely combinatorial terms.

As before, let Q = (Qo,Q1,s,t) be a finite quiver without oriented cycles. Here Qg =
{1,...,n} denotes the set of vertices and (); the set of arrows of ). An arrow a € @
starts in a vertex s(a) and terminates in a vertex t(a). Let Q°P be the opposite quiver of
(. This is obtained from @ by just reversing the direction of all arrows.

Assume that @ is not a Dynkin quiver. Then the preinjective component Zg of the
Auslander-Reiten quiver of K@ can be identified with the translation quiver NQ°P which
is defined as follows. The vertices of NQ°P are (i,2) with 1 < i < n and z € N =
{0,1,2,3,...}. For each arrow a*: j — i in Q°P there are arrows (a*,z2): (j,2) — (i, 2)
and (a,z): (i,2z+ 1) — (j,2) for all z € N. Let 7(i,2) := (i,2 4+ 1) be the translation in
NQ°P. The vertices (1,0),...,(n,0) are the injective vertices of NQ°P.

Now take any finite successor closed full subquiver I' of NQ°P such that I' contains all
n injective vertices. Define a new quiver I'* which is obtained from I' by adding an arrow
from (i, z) to (i, 2+ 1) whenever these vertices are both in I'. Then Theorem 3.3 provides
a categorification of the cluster algebra A(B(I'*)°).

For example, if I' is the full subquiver of NQ°P with vertices

{(1,1),(1,0),(2,1),(2,0),...,(n,1),(n,0)},
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then A(B(I'*)°) is the acyclic cluster algebra associated to the quiver Q). But note that this
cluster algebra comes along with n coefficients labelled by the vertices (1,0),..., (n,0).

If @ is a Dynkin quiver, then one obtains categorifications of cluster algebras A(B(I'*)°)
in a similar way. The only difference is that now we have to work with successor closed
full subquivers I' of the finite Auslander-Reiten quiver of KQ. We will not repeat here
how to construct this quiver in this case, but see e.g. [GLS2].

Let us discuss another example. If @) is the quiver
1—=2——>3

then the quiver NQ°P looks as indicated in the following picture:

(1,3)\(2 2)/17(1,2)\{?2 1)/11(171)\\(2 O)/(LO)
(372)/ \(371)/ \(370)/

Now let I' be the full subquiver with vertices

{(1,2),(1,1),(1,0),(2,1),(2,0),(3,1),(3,0)}.
Clearly, I' is successor closed. Then I'* looks as follows:

(1,2) (1,1) (1,0)

N A N S

~(2,0)

(2.1)
7 \(3 i 7

3,1) =———

3.6. Dual PBW-bases and dual semicanonical bases. In the spirit of Ringel’s con-
struction of PBW-bases for quantum groups [Ri6], we construct dual PBW-bases for our
cluster algebras A(Cp). This yields the following result, which we prove in Section 20.

Theorem 3.4. Let M = M1 @ --- ® M, be a terminal CQ-module.

(i) The cluster algebra R(Cyr) is a polynomial ring in r variables. More precisely, we
have
R(CM) = (C[éMl, . 75Mr] = Span(c<(5X | X e CM>,
where we interpret M; as a A-module using the obvious embedding functor;
(ii) The set Py; = {op | M’ € add(M)} is a C-basis of R(Car);
(iii) The subset of the dual semicanonical basis Sy; = S* N R(Cy) is a C-basis of
R(Carr) containing all cluster monomials.

Let R(Cps) be the algebra obtained from R(Cy;) by formally inverting the elements
0p for all Cps-projectives P. In other words, ﬁ(C ) is the cluster algebra obtained from
R(Cpr) by inverting the generators of its coefficient ring. Similarly, let R(Cps) be the
cluster algebra obtained from R(Cps) by specializing the elements dp to 1. For both
cluster algebras R(Cas) and R(Cas) we get a C-basis which is easily obtained from the
dual semicanonical basis Sy, and again contains all cluster monomials, see Sections 20.5
and 20.6.
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3.7. Adaptable elements of W. Let W be the Weyl group of g, with Coxeter generators
S1,-.+,8,. We say that w € W is Q-adaptable if there exists a reduced decomposition
w = S;, - Si,ySi, such that iy is a sink of @, and ixy; is a sink of oy, - -- 04,04, (Q) for
every 1 < k <t — 1. Here o; is the operation on quivers which changes the orientation
of all the arrows incident to the vertex i. In this case (i,...,71) is called a Q-adapted
reduced expression of w. We say that w is adaptable if it is Q-adaptable for some (acyclic)
orientation @) of the Dynkin diagram of g.

For example if W is finite, the longest element wg of W is always adaptable. If () has
only two vertices, for instance if @ is a (generalized) Kronecker quiver, then every w in
W is adaptable. On the other hand, if @) is a Dynkin quiver of type D4 with central node
labelled 3, then w = s3s1s2s3 is not adaptable.

It is easy to associate to a terminal CQ-module M a Q°P-adaptable element w. Indeed,
let A}, := {dim(M),...,dim(M,)} be the set of dimension vectors of the indecomposable
direct summands of M. It is well known that AL is a subset of the set AT of positive
real roots of g. In fact A7, = {a € AT | w(a) < 0} for a unique w = w(M) € W, and
w(M) is Q°P-adaptable, see Lemma 19.3. Conversely any Q°P-adaptable w (not contained
in a proper parabolic subgroup of W) comes from a unique terminal CQ-module M.
Moreover, if Q' is a quiver obtained from ) by changing the orientation and if w is also
Q'°P-adaptable, then Cp; = Cpyr where M’ is the terminal CQ’-module attached to w (see
Section 22.7). This implies that Cy; depends only on the adaptable element w of W, and
we sometimes write Cpy = Cyp.

3.8. Unipotent subgroups and cells. Let M be a terminal CQ-module, and let w =
w(M) be the associated Weyl group element. Let

ny = n(w) = @ Ny
aeAT,

be the corresponding sum of root subspaces of n. This is a finite-dimensional nilpotent
Lie algebra. Let Nj; = N(w) be the corresponding finite-dimensional unipotent group.

If G is the Kac-Moody group attached to g as in [Ku, Chapter 6], which comes with a
pair of subgroups N and N_ (denoted by ¢ and U_ in [Ku]), then

N(w)=Nn(w 'N_w).
We also define the unipotent cell
NY=Nn(B_wB-)
where B_ is the standard negative Borel subgroup of G.

The following theorem, proved in Section 22, is one of our main results. It shows that
Car can be regarded as a categorification of both N(w) and N™.

Theorem 3.5. The algebras of reqular functions on N(w) and N have a cluster algebra
structure. More precisely, we have natural isomorphisms

CIN(w)] = R(Cm),

C[N™] = R(Cy).

Note that in the Dynkin case the cluster algebra structure on C[N*] was already known
by work of Berenstein, Fomin and Zelevinsky [BFZ], but our proof is different and yields
the additional result that the upper cluster algebra is in fact a cluster algebra.
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1 0
1 0 0 1
1 0
e AN
0 1
1 0 1 1
1 1
/ N 7
0 0 1
0 O 1 1 1 0
1 1 0
\ / Q S A
0 0 1
0 1 1 0 0 0
1 0 0

FiGURE 3. The Auslander-Reiten quiver of a path algebra of type Ay

3.9. An example. We are going to illustrate some of the previous results on an example.
Let @ be the quiver

1

\2 4
N

Figure 3 shows the Auslander-Reiten quiver of CQ. The indecomposable direct sum-
mands of a terminal C@Q-module M are marked in blue colour. In Figure 4 we show the
Auslander-Reiten quiver of the preprojective algebra A of type A4. As in Section 2.4,
we display the graded dimension vectors of the indecomposable A-modules. One has to
identify the objects on the two dotted vertical lines. The indecomposable C,s-projective-
injective modules are marked in red colour, all other indecomposable modules in Cjy; are
marked in blue. Observe that Cj; contains 18 indecomposable modules, and 4 of these
are Cpr-projective-injective. The stable category C,, is triangle equivalent to the cluster
category Cq.

The maximal rigid module Th; has 8 indecomposable direct summands, namely, the 4
indecomposable Cjs-projective-injective modules

1 0 1 0
1 1 0 0
—_ 1 0 _1 1 _ _
14—0 1 13— 171 12—1110 11—1100
0 1 0 1
and the modules
1 0 0 0 0 0 0 0
Th= 1 0 o= 1 0 T3= "1 1 T,= 1 o.
0 1 0 1 0 1 0 0

Similarly, Ty, has 4 non-projective indecomposable direct summands, namely,

00 10 1 0 1 0
T T Y N 0 0

= 0 1 = = =
1 2 3 4 0 0

0 O 0 1 0 0

Here, the group N can be taken to be the group of upper unitriangular 5 x 5 matrices with
complex coefficients. Given two subsets I and J of {1,2,...,5} with |I| = |J|, we denote
by Drj € C[N] the regular function mapping an element € N to its minor Dy;(z) with
row subset I and column subset J. Every A-module X in Cj; gives rise to a linear form
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*

6x € U(n);, and by means of the isomorphism U(n);

gr
For example,

. = C[N] to a regular function ¢x.

01, = D1234,2345, w1, = D123345, @1, = D1235, @1, = D13,
e = D123234, @1, = D123.134, 13 = D123135, @1, = D12.13,
oy = Digsajess, pry = Di2s2ss, @1y = Di2ps, @1y = Dio.

The Weyl group element attached to Cps is w = $384825153545251. The corresponding
unipotent subgroup N (w) consists of all 5 x 5 matrices of the form

1 Ul U2 U7 U4

0 1 us uUg Ug
0 0 1 0 O0f, (ug,...,us € C).
0 0 0 1 ws

0 0 0 0 1

The unipotent cell N is a locally closed subset of N defined by the following equations
and inequalities:

NY = {.I eN | D1’4(l‘) = D1’5(I) = D12,45($) = 0,
D1934,2345(x) # 0, Diaggsas(x) #0, Diass(xz) # 0, Dy 3(z) # 0}

Note that the 4 inequalities are given by the non-vanishing of the 4 regular functions
or, (k=1,...,4) attached to the indecomposable Cj/-projective-injective modules.

Our results show that the polynomial algebra C[N (w)] has a cluster algebra structure, of
which ((PT1 y PToy PTsy PTay Plis Play Plss 9014) and (90T1V Y PTY s PTY » PTY s PIis Play Pl3s §014) are
two distinguished clusters. Its coefficient ring is the polynomial ring in the four variables
(¢r1,, 01y, 015, ©1,). The cluster mutations of this algebra come from mutations of maximal
rigid modules in Cp;. Moreover, if we replace the coefficient ring by the ring of Laurent
polynomials in the four variables (¢1,, 1, ¢I,, ¢1,), Wwe obtain the coordinate ring C[N"].
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FIGURE 4. A category Cj; C mod(A) with C,, triangle equivalent to a cluster category of type Ay
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Part 2. The category Cy,

4. REPRESENTATIONS OF QUIVERS AND PREPROJECTIVE
ALGEBRAS

4.1. Nilpotent varieties. A A-module M is called nilpotent if a composition series of M
contains only the simple modules Sy, ..., S, associated to the vertices of Q. Let nil(A) be
the abelian category of finite-dimensional nilpotent A-modules.

Let d = (di,...,d,) € N*. By

rep(Q,d) = ] Hompg (K%, K@)
ac@

we denote the affine space of representations of ) with dimension vector d. Furthermore,
let mod(A, d) be the affine variety of elements

(f(“ fa* )GEQ1 c H (HOHIK (de(a) , Kdt(a)) X HomK(Kdt(a) , de(a) ))
a€Qq
such that the following holds:

(i) For all i € Qo we have

Z fa*fa: Z fafa*-

a€Q1:s(a)=1 a€Q:t(a)=t

By Aq = nil(A,d) we denote the variety of all (f,, for)acg, € mod(A,d) such that the
following condition holds:

(ii) There exists some N such that for each path ajaz - --ay of length N in the double
quiver @) of @ we have f4, fo, - fan = 0.

If @ is a Dynkin quiver, then (ii) follows already from condition (i). One can regard (ii)
as a nilpotency condition, which explains why the varieties Ay are often called nilpotent
varieties. Note that rep(Q,d) can be considered as a subvariety of Ay. In fact rep(Q,d)
forms an irreducible component of A4. Lusztig [L1, Section 12] proved that all irreducible
components of Ay have the same dimension, namely

dim rep(Q, d) Z ds(a)di(a)-
ac@Qq
One can interpret Ay as the variety of nilpotent A-modules with dimension vector d. The
group

GLq = [ [ GL(d;, K)
i=1
acts on mod(A, d), Ay and rep(Q, d) by conjugation. Namely, for g = (g1,...,9n) € GLqg
and © = (fa, fa)acg, € mod(A,d) define

9@ = (91a) faTy () Is(a) o Gy(a)) ac@s -

The action on Ay and rep(Q,d) is obtained via restriction. The isomorphism classes of
A-modules in mod(A,d) and Ay, and K@Q-modules in rep(Q, d), respectively, correspond
to the orbits of these actions. For a module M with dimension vector d over A or over
KQ let Oy be its GLg-orbit in mod(A, d), A4 or rep(Q, d), respectively.
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4.2. Dimension formulas for nilpotent varieties. The restriction functor
mg: mod(A) — mod(KQ)

induces a surjective morphism of varieties mg q: mod(A, d) — rep(Q, d). There is a bilinear
form (—, —): Z™ x Z" — 7 associated to @ defined by

<da €> = Z die; — Z ds(a)et(a).

1€Q0 a€Q1
The dimension vector of a K@Q-module M is denoted by dim(M). For K@-modules M
and N set
(M, N) := dim Homgq(M,N) — dim Extjo (M, N).
It is known that (M, N) = (dim(M),dim(N)). Let (—,—): Z™ x Z™ — Z be the sym-
metrization of the bilinear form (—, —), i.e. (d,e) := (d,e) + (e, d). Thus for A-modules X
and Y we have

(dim(X), dim(Y)) = (mg(X), mq(¥)) + (ma(Y ), mg(X)).
Lemma 4.1 ([CB1, Lemma 1]). For any A-modules X and Y we have

dim Ext}(X,Y) = dim Homy (X,Y) 4+ dim Homy (Y, X) — (dim(X), dim(Y")).
Corollary 4.2. dim Ext} (X, X) is even, and dim Ext}(X,Y) = dim Ext} (Y, X).

For a GLg4-orbit O in A4 let codim O = dim Az — dim O be its codimension.
Lemma 4.3. For any nilpotent A-module M we have dim Ext} (M, M) = 2 codim Oy;.

Proof. Set d = dim(M). By Lemma 4.1 we have
dim Ext}h (M, M) = 2dim Ends (M) — (d, d).
Furthermore, dim Op; = dim GL4 —dim Endj (M). Thus
codim Oy = dim Ag — dim Oy = Y dy(aydyiy — Y di + dim Enda (M).

acQ1 =1
Combining these equations yields the result. O

Corollary 4.4. For a nilpotent A-module M with dimension vector d the following are
equivalent:

o The closure Oy of Our is an irreducible component of Ag;
e The orbit Oy is open in Ag;
e Extl (M, M) =0.

Lemma 4.5 ([CB2, Theorem 3.3]). For each N € rep(Q, d) the fibre Wé}d(N) is isomorphic
to DExtro (N, N).

Corollary 4.6 ([CB2, Lemma 3.4]). For N € rep(Q,d) we have
dim 7, (On) = dim Oy + dim Extjeq(N, N)
= Y d} — dim Endgq(N) + dim Extfo(N, N)

i€Qo
= Z dzz - <d7 d) = Z ds(a)dt(a) = dim rep(Q,d).
1€Q0 a€Q1

Furthermore, Wé}d(ON) is locally closed and irreducible in mod (A, d).
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Corollary 4.7. Let N € rep(Q, d) such that ﬂé}d(N) C Ag. Then
-1
WQ,d(ON)
is an irreducible component of Ay.

4.3. Terminal K Q-modules and irreducible components. Following Ringel [Ri5] we
define a K-category C(1,7) as follows: The objects are of the form (X, f) where X is in
mod(KQ) and f: X — 7(X) is a K@Q-module homomorphism. Here 7 = 7¢ denotes the
Auslander-Reiten translation in mod(K@). The morphisms from (X, f) to (Y, g) are just
the K@Q-module homomorphisms h: X — Y such that the diagram

o b
()

7(X) —=7(Y)

commutes. Then the categories mod(A) and C(1,7) are isomorphic [Ri5, Theorem B].
More precisely, there exists an isomorphism of categories

U: mod(A) — C(1,7)
such that W(X) = (Y, f) implies 7o(X) =Y for all X € mod(A).
Lemma 4.8. Let M be a terminal KQ-module. Assume N € add(M). Then
7q.a(ON)
is an irreducible component of Aq. In particular, Cpr C nil(A).
Proof. Since M is a terminal K@-module and N € add(M), we know that ﬁé}d(N) is
contained in A4. Indeed, by [Ri5] for every K@Q-module X the intersection
Wé}d(X) NAg

can be identified with the space of K @Q-module homomorphisms f: X — 7(X) such that
the composition

T 7_2 Tmfl

is zero for some m > 1. Since N is preinjective, such an m always exists, namely we have
Hompgg(N,7™(N)) = 0 for m large enough. Then use Corollary 4.7. O

5. SELFINJECTIVE TORSION CLASSES IN nil(A)
5.1. Tilting modules and torsion classes. We need to recall some facts on torsion
theories and tilting modules. Let A be a K-algebra, and let U be a subcategory of mod(A).

A module C in U is a generator (resp. cogenerator) of U if for each X € U there exists
some t > 1 and an epimorphism C* — X (resp. a monomorphism X — C?).

Let
Ut = {X € mod(A) | Hom4(U, X) = 0 for all U € U},
LU = {X € mod(A) | Hom(X,U) = 0 for all U € U}.

The following lemma is well known:
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Lemma 5.1 ([Bo2, Section 1.1]). For a subcategory T of mod(A) the following are equiv-
alent:

(i) T="(T");

(ii) 7 s closed under extensions and factor modules.

A pair (F,T) of subcategories of mod(A) is called a torsion theoryin mod(A) if T+ = F
and 7 = LF. The modules in F are called torsion-free modules and the ones in 7 are
called torsion modules. A subcategory 7 of mod(A) is a torsion class if it satisfies one of
the equivalent conditions in Lemma 5.1.

An A-module T is a tilting module if there exists some d > 1 such that the following
three conditions hold:

(1) proj.dim(7T) < d;

(2) Exty(T,T) =0 for all i > 1;

(3) There exists a short exact sequence 0 — 4 A — Ty — T3 — --+ — Ty — 0 with
T; € add(T) for all + > 0.

Such a module T is a classical tilting module if we can take d = 1. Note that over path
algebras K (@ every tilting module is a classical tilting module.

Any classical tilting module T" over an algebra A yields a torsion theory (F,7) where
F ={N € mod(A4) | Hom (T, N) = 0},
T = {N € mod(A) | Ext (T, N) = 0}.

It is a well known result from tilting theory that 7 = Fac(T'). As a reference for tilting
theory we recommend [ASS, Bol, HR, Ril].

Let A and B be finite-dimensional K-algebras. The algebras A and B are derived
equivalent if their derived categories D?(mod(A)) and D?(mod(B)) are equivalent as tri-
angulated categories, see for example [H1, Section 0]. We need the following results:

Theorem 5.2 ([H1, Section 1.7]). If T is a tilting module over A, then A and End 4(T)°P
are derived equivalent.

Theorem 5.3 ([H1, Section 1.4]). If A and B are derived equivalent, then gl. dim(A) < oo
if and only if gl. dim(B) < co.

5.2. Approximations of modules. Let A be a K-algebra, and let M be an A-module.
A homomorphism f: X — M’ in mod(A) is a left add(M)-approzimation of X if M’ €
add(M) and the induced map

Homu (f, M): Homa(M', M) — Hom4(X, M)

is surjective. A morphism f: V — W is called left minimal if every morphism g: W — W
with gf = f is an isomorphism. Dually, one defines right add(M )-approximations and
right minimal morphisms. Some well known basic properties of approximations can be
found in [GLS5, Section 3.1].

5.3. Frobenius subcategories. Let C be a subcategory of mod(A) which is closed under
extensions. A A-module C in C is called C-projective (resp. C-injective) if Ext} (C,X) =0
(resp. Ext} (X,C) = 0) for all X € C. If C is C-projective and C-injective, then C is also
called C-projective-injective.
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We say that C has enough projectives (resp. enough injectives) if for each X € C there
exists a short exact sequence 0 =Y — C — X — 0 (resp. 0 - X — C — Y — 0) where
C' is C-projective (resp. C-injective) and Y € C.

Lemma 5.4. For a A-module C' in C the following are equivalent:

o (' is C-projective;
o (' is C-injective.

Proof. This follows immediately from Corollary 4.2. g

If C has enough projectives and enough injectives, then C is called a Frobenius subcate-
gory of mod(A). In particular, C is a Frobenius category in the sense of Happel [H2].

5.4. Cluster torsion classes. Let C be a subcategory of nil(A). We call C a selfinjective
torsion class if the following hold:

(i) C is closed under extensions;
(ii) C is closed under factor modules;
(iii) There exists a generator-cogenerator I¢ of C which is C-projective-injective;
(iv) rk(C) < 0.
It follows from the definitions and Lemma 5.1 that for a selfinjective torsion class C of
nil(A) we have +(C*) = C. In particular, (C*,C) is a torsion theory in mod(A).
We will show that each selfinjective torsion class C of nil(A) can be interpreted as a

categorification of a certain cluster algebra, provided the following holds:

(x) There exists a C-complete rigid module T¢ such that the quiver I'7, of Enda(7¢)
has no loops.

A selfinjective torsion class satisfying (x) will be called a cluster torsion class.

We will prove in Proposition 8.11 that for every terminal K @Q-module M, the subcate-
gory Cpr is a cluster torsion class. For simplicity, in the introduction, Theorems 3.1 and
3.3 were only stated for subcategories of the form Cj;. But the proofs (Sections 14 and
20.1) are carried out more generally for cluster torsion classes.

5.5. Cyy is a torsion class. Let M = M & ---@ M, be a terminal K ()-module as defined
in Section 2.2. Set .
T:= @Tti(M)(IZ-).
i=1

Note that the K@Q-module T' is a basic tilting module with Fac(T') = add(M). We can
identify Cps with the category of pairs (X, f) with X € add(M) and f: X — 7(X) a
K@Q-module homomorphism. Clearly, Cjs is an additive subcategory.

Lemma 5.5. C)s is closed under extensions.

Proof. Let 0 — (X, f) — (Y,9) — (Z,h) — 0 be a short exact sequence of A-modules
with (X, f),(Z,h) € Cyps. Applying the functor mg we get a short exact sequence
0—-X—-Y—-2—-0

in mod(KQ) with X,Z € add(M). For each indecomposable direct summand Y; of YV
there exists a non-zero map X — Y;, which implies that Y; € add(M), or Y; is a non-zero
direct summand of Z, which also implies Y; € add(M). Thus (Y, g) € Cum. O
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Lemma 5.6. Cps is closed under factor modules.

Proof. Let (Y, g) be a factor module of some (X, f) € Cps. Then for every indecomposable
direct summand Y; of Y there exists a non-zero map X — Y;, which implies Y; € add(M).
It follows that (Y, g) € Cas. O

Corollary 5.7. For a terminal KQ-module M the following hold:
(i) Car = *(Cy):
(ii) For each (X, f) € Cr there exists a short exact sequence
0— (X1, f1) = (X, f) = (X2, f2) = 0
with (X1, fi) € Cy and (X2, f2) € Cy;
(iii) Ci; = {(Y,9) € mod(A) | Y Nadd(M) = 0}.
Proof. Part (i) follows from Lemma 5.1, Lemma 5.5 and Lemma 5.6. To prove (ii), let
(X, f) be a A-module. We can write
X=X10 X,

where X; is a maximal direct summand of X such that X; € add(M), and X5 is some
complement. Note that X; and Xy are uniquely determined up to isomorphism. By
f1 we denote the restriction of f to X;. Since M is a terminal K(@-module, we get
Hompgq(X1,7(X2)) = 0. Thus, the image of f; is contained in 7(X1). So we can regard
(X1, f1) as a A-module. In particular, (X1, f1) is a submodule of (X, f). We get a short
exact sequence of the form

0— (X1, /1) = (X, f) = (X2, f2) =0

with (X1, fi) € Cas and (X2, f2) € C37. Also (iii) follows easily from these considerations.
O

6. LIFTING HOMOMORPHISMS FROM mod (K Q) TO mod(A)

As before, let I,...,I, be the indecomposable injective K(@-modules. For natural
numbers a < b define

b
Lo = P (1),
j=a
and let
01
€ijab] = < AR 1) ) — T fap)
0

be the K@-module homomorphism with e; (4 (7%(1;)) = 0 and whose restriction to 77 (I;)
is the identity for a +1 < j <b. The A-modules of the form (I; (44, €;[a,5) are crucial for
our theory.

Let (X, f) € mod(A). Define Homgq (X, 7%(1;))s as the subspace of Homgg (X, 7%(1;))
consisting of all morphisms A such that

0= 7" (B) o r"(f) o0 7(f) o f: X — 7A(E).

Lemma 6.1. For 1 <i<n and a < b there is an isomorphism of vector spaces

HOIIIKQ(X, Ta(Ii))b - HOmA((X, f)7 (Ii,[a,b]7 ei,[a,b]))
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ha
— ha+1
hg — hg =
hy
where

hatj =1 (ha) o T/ (f) o -T2 (f) o7(f) o f: X — 79H(I;)
for1<j<b-—a.

Proof. Let h € Homp (X, f), (i [a,b]; €i,a,p)))- Thus

ha
ha+1 b

h= . X — Tj(Ii)
s j=a

is a K@-module homomorphism such that the diagram

X i [a,p)

lf lei,[a,b]
7(h)

7(X) —= 7L [a0))

commutes, in other words

ha ha T(h’a)f
,H ° _1 . hat1 7(hat1)f
mo| To'1 Sl :
0 0 h 7(ho)f
Thus hy: X — 7%(1;) determines hgi1, ..., hy. So the homomorphisms space

HOHIA((X, f)a (Iz}[a,b]? ei,[a,b]))
can be identified with the space of all homomorphisms h,: X — 7%(1;) such that
0=r7(hy) o f=1""9Yhy) o %(f)o---or(f)of: X — 70THIy).

In this case, set

ha

— hat1

ho= 1 . |+ (X0 f) = (Lijap): €ifas])
e

where hqij = 7 (he) o T9 7 (f) o -T2 (f)or(f)offor 1<j<b—a.

O

In the above lemma we call E; the lift of hy: X — 7%(I;). The lift of a K@Q-module

homomorphism

h=(hy);: X — DY,
JjeJ

with Y} indecomposable preinjective for all j is defined by lifting every component h; of
this homomorphism. (Each indecomposable direct summand Y is of the form 7%(1;) for
some 1 < i <nanda > 0. Of course, we also have to specify with respect to which b > a

we want to lift h;: X — 7%(1;).)

Corollary 6.2. Let (X,f) € Cypy. Then for 1 < i < n and 0 < a < t;(M) we get

isomorphisms of vector spaces

Hom g (X, 7%(1;)) — Homa (X, f), (L [a,t; (0] €irfarts (M)]))
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ha
—~ ha+1
he — hq =
hti&M)

where hqyj =1 (he) o T/ f) o 72(f) or(f) o f for 1 < j < t;(M) — a.

Proof. In Lemma, 6.1 take b = t;(M). We have X € add(M), but 75M)+1() is not in
add(M). Thus
Hompgq(X, 7 M*1(;)) = 0.

So there is no condition on the choice of h,. O

Let again (X, f) € mod(A). For 1 <i <n and a < b, define Hom g (7°(1;), X)q as the
subspace of Hom g (7°(1;), X) consisting of all morphisms h such that

0=for  (flor?(f) o o7 U (f) o r= U= (h): 7(1;) — 7(X).
Lemma 6.3. There is an isomorphism of vector spaces
Homgq(r"(Li), X)a — Homa (i fa,0); €3 a1) (X, f))
hy = hy = (ha, hatt, - - hy)

where ‘ A A
hy—j = TP o fororI(f)or I (hy): TVTI(L) — X
for1<j<b-—a.

Proof. Let h € Hom ((1 [q,8); €i,[a,p))s (X, f)) for some a < b. Thus

h=(hahatt, ... ) @7(L) — X

is a K@-module homomorphism such that the diagram

i (a,p) X

lei,[a,b] lf

7(h)
(L fap) — 7(X)

commutes. In other words
01
0,7(ha)s oy T(hp-1)) = (7(ha), T(hat1)s - - - T(Rp)) - (

= (fha, fhat1, - -, [h).
Thus hy: 7°(I;) — X determines hy, ..., hy_1. So the homomorphism space
Homy (X, f), (Zi a8 €i,[ab])
can be identified with the space of all homomorphisms hy: Tb(IZ‘) — X such that
0=foha=for (f)or?(f)o-or C(f)or =D (hy): 79(L;) — 7(X).

In this case, set

0

Wy = (hashat1,-- - ) (Lifap)» €ifap) — (X, f)
where hy_; =77 1(f) o7 2(f) o --orI(f)or V() for 1 < j<b—a. O
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Corollary 6.4. Let (X, f) € mod(A). Then for 1 <i<mn and b > 0 we get an isomor-
phism of vector spaces

Hom g (7°(1;), X) — Homa ((Z; o1, €:.0))s (X, f))

hy = hy = (ho, by, )
where hp—; =7 f) o7 2(f) oo (f) oI (hy) for 1 < j <b.

Proof. In Lemma 6.3 take a = 0. We have identified Hom ((Z; [0 ], €i,0,5))s (X, f)) with
the space of all homomorphisms hy: 7°(1;) — X such that

0= fho: I; — 7(X),

where hg is obtained from h; as described in Lemma 6.3. But for every X € mod(KQ)
we have Homgq(Z;, 7(X)) = 0. Thus there is no condition on the choice of hy. O

7. CONSTRUCTION OF SOME Cj/-COMPLETE RIGID MODULES

7.1. The modules T); and T]\V4. In this section, let M = M; & --- @ M, be a terminal
KQ-module, and for 1 <4 < n and a < b let (I; (44 €;[qap) be the A-module defined in
Section 6. For brevity, let t; := t;(M). Define

T —@® i,[a,ti] zat]) and TM _@® 7«[0b]

i=1 a=0 i=1 b=0

Lemma 7.1. For 1 <4,5<n,0<a<t; and 0 < c <t; we have
EXt/l\((Ii,[a,ti]7 ei,[a,ti})v (Ij,[c,tj]v ej,[c,tj])) =0.
Proof. By Lemma 4.1 we know that
| Ext (L fa,t:)s €ifati))s L fet)s €et))| = THOMA (L fa,t.]s € fati))s (L e )s €5 ferts)]
+ ‘Homl\(([ Jlests]s €4,lest ])a (I i[a,t;] ei,[a,ti})”
| HomKQ( i,]a, tl]v Jslest; ])|
| HomKQ( Jle, tj]a i,[a, tl])|
+ |EXtKQ( i,[a,t;] j,[c,t]’])|
+ | EXt}{Q(Ij,[c,t]-]v Ii,[a,ti]”'
From Corollary 6.2 we get
Homa (£ a1 €ifati)s (Ljfet;]s €ifert;]) = Hompq (L o, T°(15))-

Furthermore, the Auslander-Reiten formula yields

EXt}(Q(Ij,[c,tjbIi,[a,ti}) =D HOmKQ(Ii [a, tv],T(Ij [c ¢ ]))

=DHomgq | Lijar], T EBT

tj-i-l

= DHomgq | Iz, P (1))
l=c+1
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Note that, since 7% (I;) & add(M), we have Homgq (I [q,1,], 7" T (I;)) = 0. This implies
1
| EXtKQ (Ij,[c,tj}aji,[a,ti]” =

| Homgq (£ [a,t:]s L fet;) | — | HomA ((Zi ja,t,)» €3 [a,ti]) s (Ljife.t;]s €4.fe,ts))]-

We also have a similar equality where ¢ and j are exchanged, as well as a and ¢. Summing
oy 1 —
up these two equalities, we get Exty (1 a,t,] €i,[a,t:])s (I]}[C,tj], ej,[C,tj])) =0. O

By Corollary 6.2 there is an isomorphism

t;
Cltiliet;): @D Homeq (7! (1), 7(1)) = Homa (T fa,t,), €ifast)> Tt ) €5erts])
l=a
defined by
hl,c
— hict1
hic:= (07 ,0,he, 0, ,0) = hl,c = :
hl:tj
where
hc S HOHIKQ(TI(IZ'), TC(I]‘))
and

tj
hl,c+k = Tk(hl,c) o Tk_l(ei,[a,ti]) ©--+0 T(ei,[a,ti]) © € lat;]* Ii,[aﬂfi] - @TU<IJ>

for 1 <k <t; —c. An easy calculation shows that

hie = 7(he) |+ Uiatis €ifat)) = Lifea,)s €ifes;)

where m = max{t; —{,t; —c}. Here, the entries of the (t; —c+1) x (t; —a+ 1)-matrix h; .
are homomorphisms between the indecomposable direct summands of the K@Q-modules
Ii ;) and Iy 1. The only non-zero entries are the maps 7*(he), 0 < k < m. (To be
more precise, these are non-zero if and only if h. # 0.)

Lemma 7.2. For 1 <i<n and a < b the endomorphism ring

EndA((I@[a,b] ) €4.[a,b] )

1s local.

Proof. In the above situation, assume a = ¢, i = j and t; = t;. Let a <1 <¢;. If a </,
then it follows easily that A is nilpotent for all h. € Hompgq(7!(1;),7¢(1;)). It is also

clear that these homomorphisms form an ideal I in Enda ((; a5 €i,(a5)))- (If We write l{c
again as a (t; —c+1) x (¢; — a+ 1)-matrix, then this matrix is upper triangular with zero
entries on the diagonal. If a = [, then we obtain a diagonal matrix.) Every ideal consisting
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only of nilpotent elements is contained in the radical of Enda((Z;[4,0), €i,[a,p)))- Now the
factor algebra Enda ((; (4,6, €i,[a,p)))/] is 1-dimensional with basis the residue class of
Lre(r)
T(Lra(r;))

T4 (Lra(r,))
Here we use that Homgg(X, X) = K for all indecomposable preinjective K Q-modules X.
This finishes the proof. O

Corollary 7.3. For 1 <i <mn and a < b, the A-module (I; (a,b]> ei,[%b}) 18 indecomposable.

)

Corollary 7.4. Ty and Ty, are basic Cpr-complete rigid A-modules.

Proof. Clearly, the modules Ty and Ty, are contained in Cp;. By Lemma 7.1 we know
that Tps is rigid. Similarly one shows that T}, is rigid. Each A-module of the form
(L [a,b]» €i,[a,p)) 18 indecomposable, and we have (I; (4], € [a,0]) = (L} [c,d]s €j,[c,q)) if and only
if i = j and [a, b] = [¢,d]. Thus we get

S(Twy) = S(Tyy) =7
Imitating the proof of [GS, Theorem 1.1] it is easy to show that rk(Cps) < r. Thus we get
rk(Cpr) = ¥(M) = r. This finishes the proof. O

Corollary 7.5. rk(Cys) = 7.

For later use, let us introduce the following abbreviations: For 1 <i <nand 0 < a <
b <t; set
T jap) = Liab] €iab])
,Ti,a = (Ii,[a,ti]a ei,[a,ti})a
Ty = Ly jo.4) €4,0.])-

7.2. The quivers of Enda(Ty) and Enda(T};). Let '}, be defined as in Section 2.6.
As before, let I'r,, be the quiver of Enda (Tar).

Lemma 7.6. We have I'r,, = I'},, where for 1 <i <n and 0 < a < t; the vertex 7(1;)
of I'y; corresponds to the vertex (I; (44,1, €ias,]) Of Ty

Proof. Let (I [a,t,], €3 [a,t;) @0d (L) [e.t;]: €j[ct;)) Pe indecomposable direct summands of Ty.

We want to construct a well behaved basis B; 4) (j.¢) of

e
Hom/\(([i,[a,ti]v ei,[a,ti})v (Ij,[c,tj] ) ej,[c,tj]))'

We write B(; 4),(jc) s a disjoint union

J,c)
t;
Biaio = U Bl
l=a
where By ) (jc) are the images (under the map Py, c¢,]) of residue classes of paths (in
the path category of Zg) from 7!(I;) to 7¢(I;).
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Here we use that the mesh category of Zg is obtained from the path category by factoring
out the mesh relations, and that the full subcategory of indecomposable preinjective K Q-
modules is equivalent to the mesh category of Zg. For details on mesh categories we refer
to [GR, Chapter 10] and [Ri2, Lecture 1].

Now it is easy to check that the homomorphisms hA[ c we constructed above are ir-
reducible in add(Ty) if and only if h. € Hompgq(7!(1;),7¢(1;)) is irreducible in Zg, or
l=a+1,i=j,c=a+1and b, is a non-zero multiple of

0 ].7-a+1(li)

0 T(17a+1([i))

: Lot €ifati]) = Lottt €ifa+ 1))
0 Tm(lTaJrl([i))

where m = t; — a — 1. In other words, h. € Hompq(7*(I;), 7% 1(1;)) is a non-zero
multiple of 1,at1(z,). This implies I'r,, =T'};. O

The following Lemma is proved similarly as Lemma 7.6.

Lemma 7.7. We have FTM =TI, where for 1 <i <mn and 0 < b < t; the vertex (1)
of I'y; corresponds to the vertex (I; o4, €i o)) of T'ry,-

Note that the Cps-projective direct summands of T correspond to the rightmost ver-
tices of I'};, whereas the Cp/-projective summands of T}, correspond to the leftmost ver-
tices of I'},.

One could also use covering methods to prove Lemma 7.6 and Lemma 7.7, compare
[GLS2]. But note that in [GLS2] we only deal with @ being a Dynkin quiver and for
M we take the direct sum of all indecomposable K(@-modules. In this case, we have
T = Pgor and Ty, = Iger, where Py and I are defined in [GLS2, Sections 1.7 and 1.2].

7.3. Dimension vectors of some End (7Th/)-modules. As before, let M = M; @ --- &
M, be a terminal K@Q-module, and set B := Endj(Tas). For a A-module (X, f) € Cy
we want to compute the dimension vector of the B-module Hom ((X, f), Tas). Since the
indecomposable projective B-modules are just the modules Homp (T} 4, Thr), 1 < @ < n,
0 <a <t;, we know that the entries of the dimension vector dim(Homy ((X, f),Th)) are

dim Hompg(Homy (T 4, Tar), Homa (X, f), Tar))
where 1 <1 <n, 0<a<t;. We have
HOIIIB(HOIHA(T%’UL, TM)a HOHIA((X, f)7 TM)) = HOIHA((X, f)a Ti,a)
= Hompq(X, 7%(1;)).

The first isomorphism follows from Corollary 9.5 and Lemma 9.11. For the second iso-
morphism we use Corollary 6.2.

In other words, the entries of dim(Homa ((X, f),Ta)) are dim Homgq(X, M) where
1 < s <r. We can easily calculate dim Homgq(X, M) using the mesh category of Zg,
see [GR, Chapter 10], [Ri2, Lecture 1].

7.4. An example of type Asz. Let @ be the quiver

l=—2——3
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and let M be the direct sum of all six indecomposable K Q-modules. Thus I'y; = I'g looks

as follows:
(1,1) (1,0)

N TN

(2,1) (

N S
(3,1) (3,0)

The following picture shows the quiver of Enda(73s) where the vertices corresponding to
the T; , are labelled by the dimension vectors dim(Homa (75,4, Thr))-

2,0)

110<70111
0 1 0 1
1 1<=— 1 2
0 1 0 1
1 0 1

0
1 0 =— 1 1
1 0 1 1

0

Similarly, the quiver of Enda (T}y;) looks as follows:

1 1
1 1=—— 0 1
0

1\01/00\0
1/01\00/O

0
1 1 0 1
1 1 0 1

The vertices corresponding to the T}’ are labelled by the vectors dim(Homn (7}%, Thr))-

7.5. An example of type 1&2. Let @ be the quiver

and let M be the terminal K@Q-module with ¢;(M) = 1 for all i. Then the quiver of
Endx (Tys) looks as follows:
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As vertices we display the indecomposable direct summands of the A-module Tj;. The
numbers can be interpreted as basis vectors or as composition factors. For example,

stands for a 9-dimensional A-module with dimension vector (2,3,4). More precisely, one
could display the module X as follows:

3 2
v N /.
3 2 1
Alf/ \63/‘”
N

This picture shows how the different arrows of the quiver @ of A act on the 9 basis
vectors of the module. For example, one can see immediately that the socle of X is
isomorphic to Sz, and the top is isomorphic to S3 & S3 @ S3. One can also clearly see
how the 2-dimensional indecomposable injective K @Q-module I, is “glued from below” to
the indecomposable K Q-module 7(I3) using the arrows a*,b*, ¢*. This gives a short exact
sequence

0— (I2,0) - X — (7(I2),0) — 0
of A-modules.

Using the same notation, the quiver of Enda(7};) looks as follows:

3
271 3
3

Ay
7

8. Cy; IS A CLUSTER TORSION CLASS AND IS STABLY
2-CALABI-YAU

8.1. Cps is a cluster torsion class. As before, let M = M7 & --- @ M, be a terminal
K@Q-module. Set

Ine = P T o, 0 € 0,8 (21))-
i=1
The following two lemmas are a direct consequence of Lemma 6.1 and Corollary 6.2.
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Lemma 8.1. For all1 <i <n and b > 0, the A-module (I; [y, €;[0,5) has a simple socle
which is isomorphic to (S;,0).

Lemma 8.2. For X € Cy; we have dim Homy (X, I7) = dim X.

Lemma 8.3. Let (X, f) € Cps. Then there exists a short exact sequence
0= (X,f) = U,e) = (Y,9) =0
of A-modules with (I,e) € add(Ipr) and (Y,g) € Cps.

Proof. Let

n
h: X — @I
i=1

be a monomorphism of K(@-modules. Such a monomorphism exists, since I1,--- , [, are
the indecomposable injective K Q-modules. It follows from Corollary 6.2 that the lift

n

he (X, f) = (I,e) = P Tiouan)s € o 0r)™
i=1
of h is a monomorphism of A-modules. We denote its cokernel by (Y, g). Since Cps is
closed under factor modules, (Y, g) is contained in Cyy. O

Corollary 8.4. Iy is a cogenerator of Cyy.

Lemma 8.5. I, is Cpr-injective.

Proof. Tt is enough to show that for 1 < i < n the module (I; o, (a)s €04 (a1)) 18 Cou-
injective. Suppose h': (X, f) — (Y, g) is a monomorphism in Cj;, and let

he (X, f) = (Lijo,e (a0 €4,00,6 (M)

be an arbitrary homomorphism. By Corollary 6.2 we know that
ho
— h1
h=hy= :
hti;M)
for some K @-module homomorphism ho: X — I;. Since I; is injective (as a K @Q-module),
and since h': X — Y is a monomorphism, there exists some KQ-module homomorphism
hi:Y — I; such that h{j o h' = hy.

x Moy
h°l /
g
I;

We want to show that there exists a homomorphism h”: (Y, g) — (I 0.4, (M) €, [0.t;(M)])
such that the diagram

(X, f)

|
X

(L 0,6, (M) €0, (M)

(Y. g)

commutes.

Recall that a homomorphism (X, f) — (I 0., (a)]s €i,[0,t:(a))) 18 already determined by
its component X — I;.
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Let
hg
" T hi
e :
P on
be the lift of h{j. It follows that the component X — I; of the homomorphisms h” o h’ and
h is equal, namely h{j o ' = hy, thus h” o b’ = h.

For brevity, let I := (I; (o4, (nm1))» €i,0,;(M)])- Assume Z € Cp. We have to show that
Ext}h(Z,1) = 0. Let

0o-I1LESZ20

be a short exact sequence of A-modules. By the above considerations, we know that
Homy (f, I) is surjective. In particular, there exists a homomorphism f’: E — I such that
f'f =id;. Thus f is a split monomorphism and the above sequence splits. This finishes
the proof. O

Lemma 8.6. If C is a cogenerator of Cpy, then add(C) contains all modules which are

Car-injective.

Proof. Let I be Cps-injective. Then there exists a short exact sequence

0—1IL ¢ = Coker(f) — 0
of A-modules with ¢’ € add(C). We know that Coker(f) € Cys, because Cps is closed
under factor modules. Since I is Cps-injective, the above sequence splits. Therefore,
I € add(C”") C add(C). O
Summarizing, we obtain the following:

Proposition 8.7. If M is a terminal KQ-module, then
add(Ins) = {Car-projectives} = {Cpr-injectives}.

Now, let
T:= éTti(M)(Ii).
Recall that 7' is a tilting module over K 5,1 and that
add(M) = Fac(T) = {N € mod(KQ) | Extjq(T,N) =0} .
Lemma 8.8. Let X be a KQ-module in add(M). Then there exists a short exact sequence
0T =T L X0
of KQ-modules with T', T" € add(T') and h a right add(T')-approzimation.

Proof. We deduce the result from the proof of [Bol, Prop. 1.4 (b)]. Let h: T — X be
a right add(T")-approximation of X. Since X € add(M) = Fac(T"), we know that h is an
epimorphism. Let 7" = Ker(h). We obtain a short exact sequence

01" -7 % x -0

Applying Homgq (T, —) to this sequence yields an exact sequence

HomKQ (T,h)
_

Hompgq(T,T") Homp (T, X) — Exto (T, T") — Extyo(T,T') = 0.
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Since h is a right add(T)-approximation, Homgq(T, h) is surjective. It follows that
Extro(T,T") = 0. Thus 7" € add(M). Every indecomposable direct summand of 7"
maps non-trivially to a module in add(7"). But the only modules in add(M) with this
property lie in add(T"). Thus 7" € add(T"). This finishes the proof. O
Lemma 8.9. Let (X, f) € Cps. Then there exists a short exact sequence

0—(Y,9) — (L,e) = (X, f) =0
of A-modules with (I,e) € add(Ips) and (Y, g) € Cps.

Proof. Let
0—>T”—>T'£>X—>0
be the short exact sequence appearing in Lemma 8.8. It follows that

n

T = P 0 )™
i=1

for some m; > 0. Set
n

(I,e) = Ui 0,000 €irorts ()™
i=1
Note that (I, e) € add(Ipr). By Corollary 6.4 we can lift 4 to a A-module homomorphism

h: (I,e) = (X, f).
We denote the kernel of h by (Y, g). Thus we obtain a short exact sequence of K @Q-modules

0-Y -Ihx_o

Since h occurs as a component of the homomorphism h and since h is a right add(T)-
approximation of X, we know that the map

HomKQ(T,ﬁ): Hompgq(T,I) — Hompq(T, X)

is surjective. The module I lies in add(M), thus Ext%Q(T, I) =0. So we get
Extyq(T,Y) = 0.

This implies Y € add(M), and therefore (Y, g) € Cay. O
Corollary 8.10. Iy is a generator of Cps.
Proposition 8.11. Let M be a terminal KQ-module. Then Cyr is a cluster torsion class
of nil(A) with tk(Cpr) = X(M).
Proof. Combine Lemma 5.5, Lemma 5.6, Proposition 8.7, Corollary 8.4, Corollary 8.10,
Corollary 7.4 and Lemma 7.6. U
Corollary 8.12. Let T be a Cpr-mazximal rigid A-module, and let X € Cps. Then there
exists an exact sequence T" — T — X — 0 with T",T" € add(T).

Proof. Every Cpr-maximal rigid A-module contains I; as a direct summand. Then use
Lemma 8.9 to get a surjective map h: T/ — X with 77 € add(T) and Ker(h) € Cj;, and a
second time to get a surjective map 7" — Ker(h) with 7" € add(T). O

Corollary 8.13. Let M be a terminal KQ-module. Then Cps is a Frobenius category.

Proof. Combine Proposition 8.7, Lemma 8.3 and Lemma 8.9. 0
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8.2. The stable category C,, is 2-Calabi-Yau. Let C,; be the stable category of Cy;.

By definition the objects in C,; are the same as the objects in Cjs, and the morphisms
spaces are the morphism spaces in Cy; modulo morphisms factoring through C,s-projective-
injective objects. The category C,, is a triangulated category in a natural way [H2]. The
shift is given by the relative syzygy functor

Q3 Coar — Cor
We know that Cjs is closed under extensions. This implies
Exts (X,Y) = Exty (X,Y)

for all objects X and Y in Cyy.

Since Cjy is a Frobenius category, there is a functorial isomorphism

for all X and Y in Cps: Every f € Cp(X,Q;,/(Y)) gives rise to a commutative diagram

Ik 0 Y E X 0
]
0 Y Iy Q,; (V) —=0.

The lower sequence is obtained from the embedding of Y into its injective hull Iy in Cyy,
and the upper short exact sequence is just the pull-back of f. Then f +— 7y yields the
isomorphism (2).

Furthermore, using the canonical projective bimodule resolution of A, it is not difficult
to show that for all A-modules X and Y there exists a functorial isomorphism

(3) Ext}(X,Y) = DExt} (Y, X),

see [GLS4, §8].

Let 7 be a K-linear Hom-finite triangulated category with shift functor [1]. Then 7 is
a 2-Calabi- Yau category if for all X, Y € T there is a functorial isomorphism

T(X,Y)=DT (Y, X[2).
If additionally 7 = C for some Frobenius category C, then 7 is called algebraic.

Proposition 8.14. C,, is an algebraic 2-Calabi- Yau category.

Proof. We have
=~ D Extg,, (Qu(Y), X)
> D Exte,, (Y, 2y (X))
= DCy, (Y, 2,7 (X)),

and all these isomorphisms are functorial. O
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9. RELATIVE HOMOLOGY AND C-MAXIMAL RIGID MODULES
In this section, we recall some notions from relative homology theory which, for Artin
algebras, was developed by Auslander and Solberg [AS1, AS2].

9.1. Relative homology theory. Let A be a K-algebra, and let X,Y, Z, T € mod(A).
Set
FT .= Homy(—,T): mod(A) — mod(End4(T)).
A short exact sequence
0-X—-Y—-272—-0

is FT-ezactif 0 — FT(Z) — FT(Y) — FT(X) — 0 is exact. By FT(Z, X) we denote the
set of equivalence classes of FT-exact sequences.

Let X1 be the subcategory of all X € mod(A) such that there exists an exact sequence
(4) 0= X —To%m I 2
where T; € add(T') for all i and
0 — Ker(f;) = T; — Im(f;) — 0

are FT-exact for all i > 0. Sequence (4) is an F'!-injective coresolution of X in the sense
of [AS2]. Note that

add(T) C Xp.

For X € Xr and Z € mod(A) let Ext'.;(Z,X), i > 0 be the cohomology groups
obtained from the complex

(5) 0—TpLom Lm0

by applying the functor Hom 4(Z, —).

Lemma 9.1 ([AS1]). For X € Xp and Z € mod(A) there is a functorial isomorphism
Exthr(Z,X) = FT(Z,X).

Proposition 9.2 ([AS2, Prop 3.7]). For X € X7 and Z € mod(A) there is a functorial
isomorphism

Extyr (Z, X) — Extiyg , () (Homa (X, T), Homa(Z, T))
for all i > 0.
Corollary 9.3. For X € X1 and Z € mod(A) there is a functorial isomorphism
izxr: Homa(Z, X) — Homgyg , (1) (Homa (X, T), Hom(Z,T))
h— (b — h'R).

If X = Z, we define ix 7 :=ix x .
Corollary 9.4. For X € Xr and Z € mod(A) the map
ixr: Enda(X) — Homppg , () (Hom4 (X, T), Homa (X, T'))
is an anti-isomorphism of rings. In other words, we get a ring isomorphism

Enda(X) — Endgyg , (1) (Homa (X, T))°P.

Proof. 1t follows from the definitions that ix 7(h1 o he) =ix (he) o ixr(h1). O
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Corollary 9.5. The functor
Homu(—,T): Xr — mod(End4(T))
is fully faithful. In particular, Homa(—,T) has the following properties:

(i) If X € Xp is indecomposable, then Homu (X, T) is indecomposable;
(ii) If Homa(X,T) = Homa(Y,T) for some X,Y € Xp, then X 2 Y.

Note that Corollary 9.5 follows already from [A, Section 3], see also [APR, Lemma 1.3
(b)]-
Corollary 9.6. Let T € mod(A), and let C be an extension closed subcategory of Xr. If

Hom 4 (g»T) HomA(f’T)

¥: 0 — Homgu(Z,T) Homu (Y, T) Homu(X,T) — 0
is a short exact sequence of End 4(T')-modules with X,Y,Z € C, then
n:0—X Ly sz 0

is a short exact sequence in mod(A).

Proof. By Proposition 9.2 there exists an FT-exact sequence
77/:0—>Xf—>Eg—>Z—>O

with F7(n/) = 1. Since C is closed under extensions, we know that £ € C. Now Corol-
lary 9.5 implies that £ = Y. So there is a short exact sequence

77”:0—>Xf—H>Yi>Z—>O
with F7(n") = 4. Again by Corollary 9.5 we get f” = f and ¢" = g. O
9.2. Relative homology for selfinjective torsion classes. The following lemma is

stated in [GLS5, Lemma 5.1] for preprojective algebras of Dynkin type. But the same
proof works for arbitrary preprojective algebras.

Lemma 9.7. Let T and X be rigid A-modules. If

0— X EN T =Y —0
is a short exact sequence with f a left add(T')-approzimation, then T ®Y is rigid.

Corollary 9.8. Let T and X be rigid A-modules in a selfinjective torsion class C of nil(A).
If T is C-mazimal rigid, then there exists a short exact sequence

0=-X—->T —-T"—0
with T',T" € add(T).

Proof. In the situation of Lemma 9.7, if T is C-maximal rigid, we get Y € add(T). O

Corollary 9.9. Let T and X be rigid A-modules in a selfinjective torsion class C of
nil(A). If T is C-maximal rigid, then Homp (X, T) is an Endy(T)-module with projective
dimension at most one.

Proof. Applying Homp (—,T) to the short exact sequence in Corollary 9.8 yields a projec-
tive resolution

0 — Homp (7", T) — Homy (T",T) — Homy (X, T) — 0
of the Endp (7")-module Homy (X, T). O
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Lemma 9.10. Let C be a selfinjective torsion class of nil(A). If T is a C-maximal 1-
orthogonal A-module, then for all X € C the Enda(T)-module Homp (X, T') has projective
dimension at most one.

Proof. Let X € C, and let f: X — T’ be a left add(T')-approximation of X. Clearly, f is
injective, since 7T is a cogenerator of C. We obtain a short exact sequence

o-xLr 10
where T” = Coker(f). Applying Hom(—,T) yields an exact sequence
n: 0 — Homa(T",T) — Homy (T",T) — Homp (X, T) — 0

of End (T)-modules. It also follows that Ext} (7",T) = 0. Since C is closed under factor
modules, we know that 7" € C. This implies 7" € add(T), because T is C-maximal
1-orthogonal. Thus 7 is a projective resolution of Homy (X, T). O

Lemma 9.11. Let C be a selfinjective torsion class of nil(A). If T is a C-maximal rigid
A-module, then C C Xp.

Proof. For X € C,let f: X — T be aleft add(T)-approximation, and let Y be the cokernel
of f. Since T is a cogenerator of C, we know that f is injective. The selfinjective torsion
class C is closed under factor modules, thus Y € C. This yields the required F'7-injective
coresolution of X. O

10. TILTING AND C-MAXIMAL RIGID MODULES

In this section, we adapt some results due to Iyama [Iy1, Iy2] to our situation of selfin-
jective torsion classes.

Theorem 10.1. Let M be a terminal KQ-module, and let T be a A-module in Cps such
that the following hold:

(i) T is rigid;
(ii) T is a Cpr-generator-cogenerator;

(ifi) gl. dim(End, (T)) < 3.

Then T is Cpr-mazximal 1-orthogonal.

Proof. Let X € Cp with Ext} (T, X) = 0. We have to show that X € add(T). By
Corollary 8.12, there exists an exact sequence 7" — T" — X — 0 with T/, 7" € add(T).
(For an arbitrary selfinjective torsion class of nil(A), the existence of such an exact sequence
is not known.) Applying Homp(—,7T) yields an exact sequence

0 — Homy (X, T) — Homa (T, T) — Homp(T",T) — Z — 0
of Endj (T)-modules. Since gl. dim(Enda(T")) < 3 we get proj.dim(Z) < 3 and therefore
proj.dim(Homy (X, 7)) < 1. Let
0 — Homy (1>, T) <, Homy (71, T) L, Homy T)—

(X,
be a projective resolution of Homa (X, T"). Thus 73,7 € add(T"). Furthermore, we know
by Corollary 9.3 that I = Homy (f,7") and G = Homp (g, 7") for some homomorphisms f
and g. By Corollary 9.6,

o-xLnsr oo
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is a short exact sequence. Since we assumed Ext}\(T , X) =0, we know that this sequence
splits. Thus X is isomorphic to a direct summand of 73, and therefore X € add(7"). This
finishes the proof. O

Theorem 10.2. Let C be a selfinjective torsion class of nil(A). If Ty and Ty are C-mazimal
rigid modules in C, then Homp (T3, T1) is a classical tilting module over Enda (1), and we
have

EndEndA (T1) (HOIHA (TQ, Tl)) = EndA(Tg)OP.

Proof. Without loss of generality we assume 3(7%) > 3(71). Set
T := Homp (T,71) and B := End,(77).

Let f: Ty — TY be a left add(7})-approximation of T5. Since T} is a cogenerator of C, we
know that f is a monomorphism. Since 75 is rigid we can use Lemma 9.7 and get a short
exact sequence

(6) 0T Lr LT o
with 77, T]" € add(Ty). This yields a projective resolution

Homn (g,71) Homn (f,T1)
_ 4 -4

(7) 0 — Homy (77, T1) Homy (T7, Ty) Homy (T3, T1) — 0.

So the B-module Homy (75, 7T}) has projective dimension at most one, which is the first
defining property of a classical tilting module.

Next, we show that Exth(T,T) = 0. Applying Hompg(—,T) to Sequence (7) yields an
exact sequence

(8) 0— Endp(T) EiR Hom g (Homy (T7,T1),T) <, Hom g (Homy (7Y, T1),T)
— BExth(T,T) — Exth(Homy (17, T1),T)

where
F = Homp(Homy(f,71),T) and G = Homp(Homy (g,71),T).

Lemma 10.3. ExtL(Homy (T}, T1),T) = 0.

Proof. This is clear, since Homy (77, T}) is a projective B-module. |

Lemma 10.4. The map G is surjective and ExtL(T,T) = 0.

Proof. One easily checks that the diagram

Homy (T2,9)

Homp (T2, T7) Hompy (75, T7)
liTQ,T{,Tl liTQ,T{/,Tl
Hom g (Homy (7!, T}), T) —> Hompg(Homy (T, T1), T)
is commutative. The morphism Homy (T», g) is surjective, since T3 is rigid. Thus
ity 1y 1y © Homa (T, 9) = G oy, 1y 1y

Is surjective, since i, v 7, is an isomorphism. This implies that G is surjective. Now the
result follows from Lemma 10.3. g
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The number X(7') of isomorphism classes of indecomposable direct summands of T
is equal to (7). We proved that T is a partial tilting module over B. This implies
X(T) < ¥(T1). By our assumption, X(73) > X(11). It follows that X(71) = X(T»).

Thus we proved that T is a classical tilting module over B. Now apply Homy (7%, —) to
Sequence (6). This yields a short exact sequence

Homp (T3, f) Homy (T2,9)
— LA LEAAN

0 — Endx (T») Homy (7%, TY) Homy (T3, T}") — 0.
Lemma 10.5. There exists an anti-isomorphism of ring

§: Endy(Ty) — Endgng, (r)(T)
such that the diagram

Homy (T2,9)

Homy (T3,
0—— EndA(Tg) M) HOIHA(TQ, T{) HomA(Tg, Tlll)

lﬁ lZT%T{’Tl lZTz,T{/,ﬂ

0 — Endp(T) . Homp(Homy (177,T1),T) G, Homp(Homy (17, T1),T) — 0

commutes and has exact rows.

Proof. Set £(h)(h") = W'k for all h € Endy(T2) and h” € Homy (T, T1). Now one easily
checks that
(Fo&)(h) = (igyq,1, o Homa(To, f))(h): b+ 1 fh.
U

Lemma 10.5 implies that Endgpq,(7,)(T) = Enda(72)°P. This finishes the proof of
Theorem 10.2. g

Corollary 10.6. LetC be a selfinjective torsion class of nil(A). If Th and Ty are C-mazimal
rigid A-modules, then (1) = X(T»).

Corollary 10.7. Let C be a selfinjective torsion class of nil(A). For a A-module T the

following are equivalent:

e T is C-maximal rigid;
o T is C-complete rigid.

11. A FUNCTOR FROM Cj; TO THE CLUSTER CATEGORY Cg

11.1. A triangle equivalence. Assume in this section that M is a terminal K Q-module
with ¢;(M) =1 for all . (Note that this assumption excludes the linearly oriented quiver
of Dynkin type A,.) Thus

M =PTLo (L))
=1

where I, ..., I, are the indecomposable injective K Q-modules. By Cg we denote the clus-
ter category associated to ). Cluster categories were invented by Buan, Marsh, Reineke,
Reiten and Todorov [BMRRT]. Keller [K] proved that they are triangulated categories in
a natural way.

Theorem 11.1. Under the assumptions above, the categories C); and Cq are triangle
equivalent.
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Proof. We proved already that C,, is an algebraic 2-Calabi-Yau category. According to
an important result by Keller and Reiten [KR], it is enough to construct a Cj;-maximal
l-orthogonal module T in Cp; such that the quiver of the stable endomorphism algebra
Endg,,(T) is isomorphic to Q°P. Using Lemma 7.6, it is easy to check that the module
T we constructed in Section 7 has this property. O

The proof of Keller and Reiten’s theorem is quite involved and it does not seem to
provide an explicit functor. Here we present an elementary construction of a K-linear
functor G': Cpy — Cg such that the kernel of G consists precisely of the morphisms which
factor through Cjs-projective-injective modules. Thus we obtain a K-linear equivalence
G: Cyr — Cg. Note however that we do not discuss the possible triangulated structures
of Cj; and Cg.

11.2. Derived categories of path algebras. Let us review a few facts about the derived
category of a path algebra which we will use without further reference. This material can
be found in Happel’s book [H2]. Write D := Db(mod(KQ)) for the bounded derived
category of mod(K Q). Recall that

D = \/(mod(KQ))[i
1€EZ
since K@ is hereditary, see also Figure 5. As usual, we identify mod(K Q) with the full
subcategory mod(KQ)[0] of D.

If I € mod(KQ) is injective, then 7.5 (I) = (v~(I))[1] may be considered as a complex
of projective K@Q-modules which is concentrated in degree —1. Here v: mod(KQ) —
mod (K Q) is the Nakayama functor, see for example [ASS, Ril]. More generally, if

L

0—-L—I>1"—-0

is an injective resolution of a K Q)-module L, then
1
(L) = (1) v
may be viewed as a complex of projectives concentrated in degree —1 and 0. This is
essentially the same as saying that 7 !is the right derived functor

RHOmKQ(DKQ, —)[1] = RHOHIKQ(DKQ[*H, —).

Here, we consider the injective cogenerator DK@ := Homg (K@, K) of mod(KQ) as a
bimodule.

In particular, if L € mod(K @) has no projective direct summand, then 7p(L) = 7q(L).
This follows from the usual construction of the Auslander-Reiten translation 7 = 7¢g in
mod(K Q).

11.3. Cluster categories. Let us review the construction of the cluster category Cq as
a K-linear category. It is by definition the orbit category of D by the action of the group
(F) generated by the self-equivalence F := 7' o [1] of D. Keller [K] proved that this is in
fact a triangulated category.

Now, let F be the full subcategory of D which consists of all objects which are isomorphic
to a complex 0 — I’ — I"” — 0 of injective K @Q-modules concentrated in degree 0 and 1. So
each object C'in F is naturally of the form Cin;1 ® Cod,0 Where Coq,0 is isomorphic to a
K Q-module concentrated in degree 0, and Cjy;,1 is isomorphic to an injective K Q-module
concentrated in degree 1.
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FIGURE 5. D*(mod(KQ)) and F

Thus the indecomposable objects in F are just the indecomposable K Q-modules L and
the shifts I;[—1] of the indecomposable injective K@Q-modules I, ..., I,. (Recall that we
identify mod(K Q) and mod(KQ)[0].)

Note that F(F) consists of those objects in D which are isomorphic to a complex
0 — P — P” — 0 of projective K@-modules concentrated in degree —2 and —1. In fact,
F(I' — I") = (v 1(I') — v=1(I"))[2] which is a complex of projectives concentrated in
degree —2 and —1, where v is again the Nakayama functor of mod(K Q).

We conclude that we may consider F as a fundamental domain of the action of the

group (F) on D. Thus we can identify the objects of Cg and F. Note that with this
identification we have

Co(X,Y) =D(X,Y)® DX, F(Y))
for X,Y € F. The composition is given by

(@0, d1) © (Yo,%1) = (dovo, (Fdo)h1 + d11o)

Recall that for M, N € mod(KQ) we have Homp(M, N[i]) = 0 unless i € {0, 1}, see also
Figure 5.

11.4. Description of Cj;. Recall that the objects in Cp; are of the form X = (I” ¢
7(I'), f), where I and I" are injective K @Q-modules and

f € Hompo(I" @ 7(I'), 7(I") @ 7*(I")).

For obvious reasons we can and will identify f with a homomorphism f: 7(I') — 7(I").
Y = (J'"®71(J'),g) is another object in Cps, then we have

eu(X,Y) ={(% 2) € Hompa(I" @ 7(I'), J" @ 7(J') | go ' =7(¢") o f}.
Thus the diagram

/

T(I/)LT(J/)

T(y) ) T(!l;')

commutes. Note that there is no condition on ¢ € Homgq(7(I'), J").

11.5. Description of the functor . Using the above conventions and notations we
define G': Cpy — Cg on objects as

7_71
ax)=0-1"Yr oer
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For a morphism ¢ € Cj;(X,Y’) we define

G(p) = ((T7H¢),¢"), 75" (9))

The first component, (771(¢’), ") is by the definition of the homomorphisms in Cy; a
homomorphism between complexes of injective modules. So this is well defined. As for
the second component consider the following diagram for morphisms G(X) — FG(Y) in
D:

0———15"(J)

I//

Theorem 11.2. The functor G is an epivalence. For ¢ € Cp(X,Y) we have G(p) = 0 if
and only if there exists

n= <7Z~]2 7;)1) eD(I" (I, 5 (J") @ J)

such that

(9) o= <<%” f/) _ (T‘l(g) off (g c;z%)t ;(m) Of>‘

Moreover, the condition (9) is equivalent to the condition that ¢ factors through a Cpr-
projective-injective module. This implies that G: C); — Cq is an equivalence.

Proof. (a) Obviously, G is dense. On morphisms, G is surjective in the first component
because (771(¢’), ¢”) can be any morphism between the two complexes of injectives which
are concentrated in degree 0 and 1. Moreover, in the derived category D homomorphisms
between bounded complexes of injectives are just given by morphisms of complexes modulo
homotopy.

(b) In order to see that G is also surjective in the second component, we consider the
standard triangles

7.71
r Y i) — 1
and

ol () 2 () - FG(Y) = ()]

in D. For i # j and a,b € {!," } we get D(I%[i], 75" (J*)[j]) = 0. From the corresponding
long exact sequences we obtain the following commutative diagram with exact rows and
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columns:

D" 5t () —— DI 75" (J)) ——— D", FG(Y)) ——————> 0

D(G(X),75 "' () —= D(G(X),75" (J")) —= D(G(X),FG(Y)) —= D(G(X),r5" (J')[1])

0 0 DI"[-1,FG(Y)) —— >0

Thus, D(I"[1], FG(Y)) = 0

D(G(X), 75" (J)[1]), and we conclude that
D(I', 5" (J"))
(o2 (9)) D', 75 (J)) + D", 75 (J")) (772 ()
(c) Our claim on the kernel of G follows from the end of steps (a) and (b), respectively.
Now one can use our results in Section 6 to describe the morphisms in Cp; which factor

through Cjs-projective-injectives. It follows that this is equivalent to the description of
the kernel of G in (9). O

D(G(X), FG(Y)) =

In practice, the functor G': Cpy — Cg is (at least on objects) easy to handle: Take an
indecomposable K Q)-module L, and let

0-L-I'L1r o
be a minimal injective resolution of L. Define a A-module
Li=(1"or(), (7).
Then we have G(L) = L. In particular, if L = I; is injective, then L = (7(I;),0). Note
that there is a short exact sequence
0— (I",0) — L — (r(I'),0) — 0.
of A-modules.

Next, let L := I;[—1] be the [—1]-shift of an indecomposable injective K@Q-module I;.
Set L := (1;,0). Again, we have G(L) = L.

This describes the preimages of the indecomposable objects in Cg under the equivalence
G:Cy — Co.

Example: Let @ be the quiver

and let
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be the Auslander-Reiten quiver of K@Q. (The dotted arrows show how the Auslander-
Reiten translation 7 acts on the non-projective indecomposable K @Q-modules.) Then

O—>12—>123i>3—>0
is a minimal injective resolution of the K@-module L := !, where f is just the obvious
projection map. It follows that

i=(s0n(30)) =

Note that 7(f): 2 — 1, is the obvious inclusion map. (Here we are using the same
notation as in Section 7.5: The numbers 1,2, 3 correspond to composition factors of K Q-
modules and A-modules, respectively. For example 2 3 is the 2-dimensional indecompos-
able A-module with top S and socle Ss.)
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Part 3. Mutations

12. MUTATION OF C-MAXIMAL RIGID MODULES

Proposition 12.1. Let T'® X be a basic rigid A-module such that the following hold:

o X is indecomposable;
e X € Sub(T).

Then there exists a short exact sequence
0-xL1T %4y o0
such that the following hold:
e [ is a minimal left add(T)-approximation;
e g is a minimal right add(T')-approzimation;
.

T @Y is basic rigid;
Y is indecomposable and X 2 Y .

Proof. Let f: X — T’ be a minimal left add(T)-approximation of X. Since X € Sub(T),
it follows that f is a monomorphism. Now copy the proof of [GLS5, Proposition 5.6]. O

In the situation of the above proposition, we call {X,Y} an exchange pair associated to
T, and we write

pux(TeX)=TaY.
We say that T'@ Y is the mutation of '@ X in direction X. The short exact sequence

o-xL71T%y o

is the exchange sequence starting in X and ending in Y.
Proposition 12.2. Let X and Y be indecomposable rigid A-modules with
dim Ext} (Y, X) =1,
and let
0-xLely o
be a non-split short exact sequence. Then the following hold:
(i) E® X and E®Y are rigid and X,Y ¢ add(FE).
(ii) If we assume additionally that T & X and T @Y are basic C-mazximal rigid A-

modules for some selfinjective torsion class C of nil(A), then f is a minimal left
add(T)-approzimation and g is a minimal right add(T)-approzimation.

Proof. If X and Y are in some selfinjective torsion class C, then E € C, since C is closed
under extensions. Now copy the proof of [GLS5, Proposition 5.7]. O

Corollary 12.3. Let C be a selfinjective torsion class of nil(A). Let {X,Y} be an exchange
pair associated to some basic Tigid A-module T such that T® X and T®Y are C-mazximal
rigid, and assume dim Ext} (Y, X) = 1. Then

py(ux (T e X)) =To X.

Proof. Copy the proof of [GLS5, Corollary 5.8]. O
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13. ENDOMORPHISM ALGEBRAS OF C-MAXIMAL RIGID MODULES

In this section, let C be a selfinjective torsion class of nil(A). We denote by I¢ its
C-projective generator-cogenerator. We work mainly with basic rigid A-modules in C.
However, all our results on their endomorphism algebras are Morita invariant, thus they
hold for endomorphism algebras of arbitrary rigid A-modules in C.

Let A be a K-algebra, and let M = M{" &--- @ M;" be a finite-dimensional A-module,
where the M; are pairwise non-isomorphic indecomposable modules and n; > 1. As before
let S; = Sy, be the simple End 4 (M )-module corresponding to M;. Then Hom4(M;, M)
is the indecomposable projective End4(M)-module with top S;. The basic facts on the
quiver I'js of the endomorphism algebra End (M) are collected in [GLS5, Section 3.2].

Theorem 13.1 ([Ig]). Let A be a finite-dimensional K -algebra. If gl. dim(A) < oo, then
the quiver of A has no loops.

Proposition 13.2 ([GLS5, Proposition 3.11]). Let A be a finite-dimensional K -algebra.
If gl. dim(A) < oo and if the quiver of A has a 2-cycle, then Ext%(S,S) # 0 for some
simple A-module S.

Lemma 13.3 ([GLS5, Lemma 6.1]). Let {X,Y} be an exchange pair associated to a basic
rigid A-module T'. Then the following are equivalent:

e The quiver of Enda(T @ X) has no loop at X;
e Every non-isomorphism X — X factors through add(T');
e dim Ext} (Y, X) = 1.

Lemma 13.4. Let T be a basic C-mazimal rigid A-module. If the quiver of Enda(T) has
no loops, then every indecomposable C-projective module has a simple socle.

Proof. Let P be an indecomposable C-projective module. Let h: P — T be a minimal left
add(T'/ P)-approximation, and set X := P/ Ker(h). Since P is C-projective, Ker(h) # 0.

Let U be a non-zero submodule of P, and set X’ := P/U. Since C is closed under factor
modules, we get X' € C. By p: P — X’ we denote the canonical projection morphism.

We know that T is a cogenerator of C. Thus there exists a monomorphism
$1
¢ = X' S pmraT!
"
with 7" € add(T'/P). Since U # 0, none of the homomorphisms ¢;: X’ — P is invertible.
In particular, none of the ¢; is an epimorphism. The image of
$10p
pop= P —P"gpT”
$mop
fop
is isomorphic to X', and ¢; o p: P — P is not invertible for all . Since the quiver of
Enda(T) has no loops, there exist homomorphisms ¢;: P — T/ and ¢: T/ — P with
T! € add(T/P) such that
piop = ¢ o}

¢

g=|:1|:P- (éT’) oT".

/
o =1

for all 7. Set
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It follows that ¢ o p = ¢” o ¢ where

o,

1
Thus the image of ¢’ has at least the dimension of X', and we have
Ker(¢') C Ker(¢ o p) = Ker(p) = U.
Now h is a left add(T'/ P)-approximation, thus ¢’ factors through h. Therefore dim X' <
dim Im(h) = dim X. It follows that Ker(h) must be simple.

Next, assume that U; and U, are simple submodules of P with Uy # Us. Thus there
exists a monomorphism P — P/U; @ P/U;. From the above considerations we know
that P/U; and P/Us are both in Sub(7/P). This implies that P is in Sub(T/P), a
contradiction. We conclude that P has a simple socle. O

Proposition 13.5. Let T be a basic C-mazximal rigid A-module. If the quiver of Enda(T)
has no loops, then

gl. dim(EndA (7)) = 3.

Proof. Set B = End(T). By assumption, the quiver of B has no loops. It follows that
Ext}g(S, S) = 0 for all simple B-modules S. Let T'=T; @ - - - ® T, with T; indecomposable
for all ¢. As before, denote the simple B-module corresponding to T; by Sr,.

Assume that X = T; is not C-projective. Let {X,Y} be the exchange pair associated
to T'/X. Note that I¢ € add(T/X). This implies X € Fac(7T/X) and X € Sub(T/X).

By Lemma 13.3 we have dim Ext} (Y, X) = 1. Let
0—-X—-T —-Y =0
and
0—-Y—->T"-5X -0
be the corresponding non-split short exact sequences. As in the proof of [GLS5, Proposi-
tion 6.2] we obtain a minimal projective resolution
0 — Homp (X, T) — Homp(T",T) — Homp (1", T) — Homy (X, T) — Sx — 0.
In particular, proj. dimg(Sx) = 3.
Next, assume that P = T; is C-projective. By Lemma 13.4 we know that P has a simple
socle, say S. As in [GLS5, Proposition 9.4] one shows that X := P/S is rigid. Note also

that X € C. Let f: X — T’ be a minimal left add(T'/P)-approximation. It is easy to
show that f is injective. We get a short exact sequence

O—>X£>T'—>Y—>0.

It follows that Y € add(7'). The projection 7: P — X yields an exact sequence
PLT v o0

where h = fm. One can easily check that h is a minimal left add(7"/P)-approximation.
Applying Homy (—,T) to this sequence gives a projective resolution

0 — Homy (Y, T) — Homp(T", T) 222D, Homy (P, T) — Sp — 0.

This implies proj.dim(Sp) < 2. For details we refer to the proof of [GLS5, Proposition
6.2]. This finishes the proof. O
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Recall the definition of a cluster torsion class of nil(A) (see Section 5.4). The statements
in the following theorem are presented in the order in which we prove them.

Theorem 13.6. Let C be a cluster torsion class of nil(A). Let T be a basic C-mazimal
rigid A-module, and set B = Enda(T'). Then the following hold:

(1) The quiver of B has no loops;

(2) gl.dim(B) = 3;

(3) For all simple B-modules S we have Exts(S,S) =0 and Ext%(S,S) = 0;
(4) The quiver of B has no 2-cycles.

Proof. By Theorem 10.2 we know that End(7¢) and Endy (7)) are derived equivalent,
since every C-complete rigid module is obviously C-maximal rigid. Since the quiver of
Endx (T¢) has no loops, Proposition 13.5 implies that gl. dim(Enda (7¢)) = 3 < oo. This
implies gl. dim(Endy (7)) < oco. Thus by Theorem 13.1 the quiver of Ends(7") has no
loops. Then again Proposition 13.5 yields gl. dim(Enda(T")) = 3. This proves (1) and (2).

Since the quiver of B has no loops, we have Exts(S,S) = 0 for all simple B-modules
S. Let X be a direct summand of T" such that X is not C-projective. In the proof of
Proposition 13.5, we constructed a projective resolution

0 — Hom (X, T) — Homp (T”,T) — Homy (T",T) — Homp (X,T) — Sx — 0,

and we also know that X ¢ add(7T"). Thus applying Homp(—, Sx) to this resolution yields
Ext%(Sx,Sx) = 0. Next, assume P is an indecomposable C-projective direct summand
of T. As in the proof of Proposition 13.5 we have a projective resolution

0 — Homy (Y, T) — Homp (T, T) 2D gom (P, T) — Sp — 0

where P ¢ add(7"). Since the module 7" projects onto Y, we conclude that P ¢ add(Y).
Applying Homp(—, Sp) to the above resolution of Sp yields ExtQB(Sp,Sp) = 0. This
finishes the proof of (3).

We proved that for all simple B-modules S we have Ext%(S,S) = 0. We also know that
gl.dim(B) = 3 < co. Then it follows from Proposition 13.2 that the quiver of B cannot
have 2-cycles. Thus (4) holds. This finishes the proof. O

Corollary 13.7. Let C be a cluster torsion class of nil(A). Let T be a basic C-maximal
rigid A-module, and let X be an indecomposable direct summand of T which is not C-
projective. Let

0—-X—-T —-Y =0

be the corresponding exchange sequence starting in X. Then the following hold:
e We have dim Ext} (Y, X) = dim Ext} (X,Y) =1, and the exchange sequence end-
ing in X is of the form
0—-Y—-T"-5X—-0

for some T" € add(T/X);
o The simple Endp (T)-module Sx has a minimal projective resolution of the form

0 — Homy (X, T) — Homp(T",T) — Homy (1", T) — Homy (X, T) — Sx — 0;
e We have add(T") Nadd(T”) = 0.

Proof. Copy the proof of [GLS5, Corollary 6.5]. O

Theorem 13.8. Let M be a terminal KQ-module. For a A-module T in Cyps the following
are equivalent:
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(i) T is Crr-mazimal rigid;
(ii) T is Car-complete rigid;
(iii) T is Cpr-mazimal 1-orthogonal.

Proof. Since Cyps is a selfinjective torsion class of nil(A), we know from Corollary 10.7
that (i) and (ii) are equivalent. Every Cj/-maximal 1-orthogonal module is obviously Cy;-
maximal rigid. Vice versa, assume that 7" is Cjr-maximal rigid. We know that there exists
some Cpr-complete rigid module T such that the quiver of Enda(Tas) has no loops. By
Theorem 13.6 we get that gl. dim(Endy (7)) = 3. Thus we can use Theorem 10.1 and get
that T is Cpr-maximal 1-orthogonal. 0

We conjecture that Theorem 13.8 can be generalized to the case where C is a cluster
torsion class of nil(A). Note however that in this article (and also in [GLS5]) we do not
make any use of the fact that every Cp;-maximal rigid module is Cp-maximal 1-orthogonal.

Proposition 13.9. Let C be a cluster torsion class of nil(A). Let T be a basic C-mazimal
rigid A-module, and let X be an indecomposable direct summand of T which is not C-
projective. Set B = Endp(T). Then for any simple B-module S we have

dim Ext® “(Sx, S) = dim Ext%(S, Sx)

where 0 < 4 < 3.

Proof. Copy the proof of [GLS5, Proposition 6.6]. O

14. FROM MUTATION OF MODULES TO MUTATION OF MATRICES

In this section, let C be a cluster torsion class of nil(A).

Let T =Ty @ --- ® T, be a basic C-maximal rigid A-module with T; indecomposable
for all 4. Without loss of generality we assume that T,_,1,...,7T, are C-projective. For
1 <i<rletS; =87 be the simple Endj (7")-module corresponding to 7;. The matrix

Cr = (cij)1<ij<r
where
cij = dim Homgyg, () (Homp (T3, T), Homp (T}, T)) = dim Homy (7}, T;)
is the Cartan matrix of the algebra Endy (7).

By Theorem 13.6 we know that gl.dim(Endx (7)) = 3. As in [GLS5, Section 7] this
implies that
(10) Rr = (rijh<ij<r = Op'
is the matrix of the Ringel form of End(7T), where

3

rig = (Si,8;) = > _(=1)"dim Extiyg 1)(Si, ).
=0

Lemma 14.1. Assume thati <r —mn or j <r —mn. Then the following hold:

® Tij = —Tji;
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number of arrows j — i in I'p if rij >0,
o rij = ¢ —(number of arrows i — j in I'r) if ri; <O,
0 otherwise.
Proof. Copy the proof of [GLS5, Lemma 7.3]. O

Recall that B(T') = B(I'r) = (tij)1<i j<r is the r x r-matrix defined by
ti; = (number of arrows j — ¢ in I'r) — (number of arrows ¢ — j in I'r).

Let B(T)° = (tij) and R} = (r45) be the r x (r — n)-matrices obtained from B(T") and
Ry, respectively, by deleting the last n columns. As a consequence of Lemma 14.1 we get
the following:

Corollary 14.2. R7 = B(T)°.
The dimension vector of the indecomposable projective End s (7)-module Homy (7;,T")
is the ith column of the matrix C7.

For1<k<r—nlet

(11) 0Ty —T — T} -0
and
(12) 0—TF =T — T, —0

be exchange sequences associated to the direct summand T of T. Keeping in mind the
remarks in [GLS5, Section 3.2], it follows from Lemma 14.1 that

T'=P 17* and T'= T
i >0 7 <0
Set
T" = pr,(T) = Ty @ T/T}.

For an m x m-matrix B and some k € [1,m] we define an m x m-matrix S = S(B, k) =
(sij) by
[bij| — bi
Sij = —0ij + 2
0ij otherwise.
By S* we denote the transpose of the matrix S = S(B, k).

if i =k,

Now let S = S(Rp, k). The proofs of the following proposition and its corollaries are
identical to the ones in [GLS5].

Proposition 14.3. With the above notation we have
Cr+ = SCrS".

Corollary 14.4. Ry~ = S'RrS.

Corollary 14.5. R5. = ui(R7).

Now we combine Corollary 14.2 and Corollary 14.5 and obtain the following theorem:

Theorem 14.6. B(ur, (T))° = uk(B(T)°).

In particular, applying Theorem 14.6 to the cluster torsion class Cjp; we have proved
Theorem 3.1.
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15. MUTATIONS OF CLUSTERS VIA DIMENSION VECTORS

Let C be a cluster torsion class of nil(A) of rank r. Let T¢ be a fixed basic C-maximal rigid
module and set B = Endp(7¢). In this section we prove that every indecomposable rigid
module X in C is determined by the dimension vector dx of the B-module Homy (X, 7).
If {X,Y} is an exchange pair associated to U = U} @ --- @ U,_1, we also give an easy
combinatorial rule to calculate dy in terms of dx and the vectors dy,.

15.1. Dimension vectors of rigid modules. Let A be a finite-dimensional K-algebra,
and assume that K is algebraically closed. For d > 1 let A% be the free A-module of rank
d. Let U be an A-module which is isomorphic to a submodule of A4, and set

e = dim(A4%) — dim(V).
By mod(A,e) we denote the affine variety of A-modules with dimension vector e.

The Richmond stratum S(U, A?) is the subset of mod(A4,e) consisting of the modules
M such that there exists a short exact sequence

0—-U— A -~ M — 0.

Theorem 15.1 ([R, Theorem 1]). The Richmond stratum S(U,A?) is a smooth, irre-
ducible, locally closed subset of mod(A,e), and

dim S(U, A%) = dim Hom4 (U, A%) — dim End4(U).

Corollary 15.2. Assume that gl. dim(A) < oo. Let M and N be A-modules such that the
following hold:

e dim(M) = dim(N);
e M and N are rigid;
e proj.dim(M) <1 and proj.dim(N) < 1;

Then M = N.

Proof. Let d = (dy,...,d,) be the dimension vector of the modules M and N, and set
d=dy + - +d,. So there are epimorphisms f: A — M and g: A? — N. Since the
projective dimensions of M and N are at most one, we get two short exact sequences

0P AT M —-0 and 0—P"— A N0
with P’ and P” projective modules which have the same dimension vector.

Since gl. dim(A) < oo, the Cartan matrix of A is invertible. Thus the dimension vectors
of the indecomposable projective A-modules are linearly independent. These two facts
yield that P’ and P” are isomorphic. Since M and N are rigid, the orbits Oj; and Oy are
dense in the Richmond stratum S(P’, A%), thus Oy = Oy and therefore M = N. Here
we use the fact that Richmond strata are irreducible. 0

Corollary 15.2 is in some sense optimal as the following two examples show. Let ) be
the quiver with two vertices 1 and 2, and two arrows a: 1 — 2 and b: 2 — 1.

Let Ay = KQ/I; where the ideal I; of the path algebra K@ is generated by the path
ba. Let M = 1 and N = 2. Obviously, dim(M) = dim(N) = (1,1) and M % N. The
following hold:

e M and N are rigid;
e proj.dim(M) = 1 and proj. dim(N) = 2;
e gl.dim(A) =2.
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Next, let Ay = K@Q/I> where the ideal I5 of the path algebra K@ is generated by the
paths ab and ba. Define the modules M and N as above. Then the following hold:

e M and N are rigid;
e proj.dim(M) = proj.dim(N) = 0;
e gl.dim(4) = 0.

Corollary 15.3. Let X and Y be indecomposable rigid modules in C. If dx = dy then
XY.

Proof. Let M = Homy (X, T¢) and N = Homy (Y, T¢). Since M and N are direct sum-
mands of tilting modules over B they are rigid, and by Corollary 9.9 they have projec-
tive dimension at most one. Hence by Corollary 15.2 we have M = N. Now applying
Lemma 9.11 and Corollary 9.5 we get that X =2 Y. O

15.2. Mutations via dimension vectors. We now explain how to calculate mutations
of clusters via dimension vectors. We start with some notation: For d = (dy,...,d,) and
e=(e1,...,er) in Z" define

max{d,e} := (f1,..., fr)

where f; = max{d;,e;} for 1 <i <r. Set Max{d, e} :=d if d; > ¢; for all 7. In this case,
we write d > e. Of course, Max{d, e} = d implies max{d,e} = d. By |d| we denote the
sum of the entries of d.

Let I'* be a quiver as constructed in Section 3.5. We assume that I'* has r vertices.
Now replace each vertex i of I'* by some d; € Z". Thus we obtain a new quiver (I'*)’
whose vertices are elements in Z".

For k # (i,0) define the mutation pq, ((I'*)’) of (I'*)" at the vertex dj, in two steps:

1) Replace the vertex dj of (I'*)" by
(1)

dj :=—dg + maxq Y dy, Y d;

di—d; d;—dy

where the sums are taken over all arrows in (I'*)" which start, respectively end in
the vertex dg;

(2) Change the arrows of (I'*)’ following Fomin and Zelevinsky’s quiver mutation rule
for the vertex dy.

Thus starting with (I'*, (d;);) we can use iterated mutation and obtain quivers whose
vertices are elements in Z". It is an important and interesting question, if these quivers
parametrize the seeds or clusters of the cluster algebra A(B(I'*)°) associated to I'*, and
if the elements in Z" appearing as vertices are in bijection with the cluster variables of

A(B(T*)°).

For example, if for each 7 we choose d; = —e;, where e; is the ith canonical basis
vector of Z", then the resulting vertices (i.e. elements in Z") are the denominator vectors
of the cluster variables of A(B(I'*)°), compare [FZ5, Section 7, Equation (7.7)]. (The
variables attached to the vertices (i,0) serve as (non-invertible) coefficients. To obtain
the denominator vectors as defined in [FZ5] one has to ignore the entries corresponding
to these n coefficients.) It is an open problem, if these denominator vectors actually
parametrize the cluster variables of A(B(I'*)°).
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We will show that for an appropriate choice of the initial vectors d;, the quivers obtained
by iterated mutation of (I'*)" are in bijection with the seeds and clusters of A(B(I'*)°).
All resulting vertices (including the d;) will be elements in N, and we will show that for
our particular choice of initial vectors, we can use “Max” instead of “max” in the formula
above. (This holds for all iterated mutations.)

Proposition 15.4. Let T and R be C-maximal rigid A-modules, and assume that R is
basic. Let

n’:O—>ka—>R’g—>R}2—>O and 77”:0—>sz—>R”g—>Rk—>O

be the two exchange sequences associated to an indecomposable direct summand Ry of R
which is not C-projective. Then dim Homp (R/,T) # dim Homa (R”,T), and we have

dim(Hom Ry, T)) + dim(Hom (Rj, T)) = max{dim(Homy (', T)), dim(Homa (R”, T))}.
Furthermore, the following are equivalent:

(i) 1’ is FT-exact;
(ii) dim Homp (R/,T) > dim Homp (R",T);
(ili) dim(Homy (R',T)) > dim(Homy (R",T)).

Proof. Set B = Endx(T). By [H3, Lemma 2.2] we may assume without loss of generality
that Exth(Homp (R}, T), Homp (R, T)) = 0. By Proposition 9.2,

1 = dim Ext} (R}, Ry) > dim ExtLr (R}, Ry)
= dim Exth(Homy (Ry, T), Homp (R}, T)) > 0.

This implies Ext} (R}, Ry) = Exty.r (R}, Rp). Thus o/ is FT-exact, and

Homy (glvT) HomA(f/vT)
e — T

n: 0 — Homp (RE,T') Homy (R, T) Homp (Rg,T) — 0

is a (non-split) short exact sequence. If we apply Homp(—,T') to n”, we obtain an exact
sequence

Homy (¢”,T) Homp (f”,T)
[ AN 5

0 — Homp (Rg, T) HomA(R", T) Homp (R, T).

Now Homy (f”,T) cannot be an epimorphism, since that would yield a non-split ex-
tension and we know that Exty(Homp (R}, T), Homy(Rg, T)) = 0. Thus for dimension
reasons we get dim Homy (R, T) > dim Homp(R”,T). Using the functors Homp(P, —)
where P runs through the indecomposable projective B-modules, it also follows that
dim(Homp (R, T)) > dim(Homy (R”,T)). Finally, the formula for dimension vectors fol-
lows from the exactness of 7. 0

Proposition 15.4 yields an easy combinatorial rule for the mutation of C-maximal rigid
modules. Let T' = T} @ --- & T, be a C-maximal rigid A-module. We assume that
Tr—n+1,-.., 1, are C-projective. For 1 <i < r let d; := dim(Homy (73, 1¢)).

As before, let I'y be the quiver of Endy (7). The vertices of 'y are labelled by the
modules T;. For each ¢ we replace the vertex labelled by 7T; by the dimension vector d;.
The resulting quiver is denoted by I'7..

For k € [1,r —n] let
0—-Tpy—T —TF -0 and 0T =T —Tp —0
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be the two resulting exchange sequences. We can now easily compute the dimension vector
of the End (T¢)-module Homy (T}, T¢), namely Proposition 15.4 yields that

dj, := dim(Homy (T}, 1¢)) = —dp + g —a, di i Dg g, 1dil > 24, 1d5];
= dim k> —dy + Zdj—>dk d; otherwise,

where the sums are taken over all arrows in I'/, which start, respectively end in the vertex
d;. More precisely, we have

(13) dj = —dp +max{ > di, > d;

di—d; d;—dy

and we know that

(14) max Z d;, Z d; p = Max Z d;, Z d;

dy—d;  dj—d, dp—d;  dj—dy

15.3. Example. Let M be a terminal K Q-module such that I'y; is the quiver
(1,2) (1,1) (1,0)

N AN, S
)/ N )/

which appeared already in Section 3.5. Let Thy = Ty & --- & T%. As always we as-
sume without loss of generality that T5,Tg, T are Cps-projective. The following picture
shows the quiver I, . Tts vertices are the dimension vectors of the Enda(7s)-modules
Homp (T3, Th). These dimension vectors can be constructed easily by standard calcu-
lations inside the mesh category of NQ°P, see also Section 7.3. The dimension vectors
associated to the indecomposable Cjs-projectives are labelled in red colour.

1
(3,1 (3,0

1 3 9 1 4 12 1 4 13
6 8

2 2 <~ 2 8
0o 2 2 p
AN
0
0
/
4

2 6//10 XO 2 8//10

1 4 =— 1 5

1 0 1

0 2
13 '
170 11
Compare this also to the example in Section 7.4.

Now let us mutate the A-module T} where
. 1 4 12
dim(Homy (Ty, Tar)) = 02,8
We have to look at all arrows starting and ending in the corresponding vertex of FL[M, and
add up the entries of the attached dimension vectors, as explained in the previous section.
Since 1 4 13 0 2 6 1 3 9
‘ 2 8 ‘—&—2-’ 1 4 ):58>57:‘ 2 6 ‘—1-2
02 0 1 02
we get

. 1 4 13 0 2 6 1 4 12 0 4 13
d1m(HomA(T,j,TM))20228 +2-01 10— 2,8 = 28
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and the quiver F;L 7. (Tar) looks as follows:

0 2 4 0 2 6
13

10 11
Note that we cannot control how the arrows between vertices corresponding to the three
indecomposable Cys-projectives behave under mutation. But this does not matter, because
these arrows are not needed for the mutation of seeds and clusters. In the picture, we
indicate the missing information by lines of the form — — — . This process can be iterated,
and our theory says that each of the resulting dimension vectors determines uniquely a
cluster variable.

15.4. Characterization of ()-split exact sequences. In this section, let M = M; &
-+ @ M, be a terminal K@Q-module. We need the following result.

Lemma 15.5. Let Ni,No € add(M). If dim Homgq(Ni, M;) = dim Homgg(No, M;)
forall1 <i<r, then N1 = Ns.

Proof. For i = 1,2 we have Homgg(N;, N) = 0 for all indecomposable KQ-modules N
with N ¢ add(M). It is a well known result by Auslander that for any finite-dimensional
algebra A the numbers dim Homy (X, Z), where Z runs through all finite-dimensional
indecomposable A-modules, determine a finite-dimensional A-module X uniquely up to
isomorphism. Applying this to X = N; yields the result. ]

As before let mg: mod(A) — mod(K Q) be the restriction functor, which is obviously

exact. Let .
n i
= DO

i=1 a=0
be the Cps-complete rigid module we constructed before. Set B := End (7).

We know that the contravariant functor Homp (—, Ths) yields an embedding
Cy — mod(B).
If X € Cpr, then the entries of the dimension vector dimpz(Homy (X, Ths)) are
dim Homp(Homa (75,4, Thr), Homp (X, Thr)) = dim Homgq (7o (X), 7%(1;))

where 1 < ¢ < n and 0 < a < t;, compare Section 7.3. This together with Lemma 15.5
yields the following result:

Lemma 15.6. For A-modules X,Y € Cyy the following are equivalent:

o mQ(X) = mo(Y);
o dimp(Homy (X, Thr)) = dimpg(Homa (Y, Tar)).

A short exact sequence n: 0 - X — Y — Z — 0 of A-modules is called Q-split if the
short exact sequence 0 — mg(X) — mo(Y) — mQ(Z) — 0 splits.
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Proposition 15.7. For a short exact sequence n: 0 - X — Y — Z — 0 of A-modules in
Cyr the following are equivalent:

o 1 is F™™ _exact;
e 1) is Q-split.
Proof. Clearly, n is F™™-exact if and only if
dim g (Homy (X, Thr)) + dim g (Homa (Z, Thy)) = dim g (Homa (Y, Tay)).
By Lemma 15.6 this is equivalent to mg(X) @7 (Z) = mg(Y'). This is the case if and only
if n is Q-split. U

Proposition 15.7 singles out a distinguished class of short exact sequences of modules
over preprojective algebras. We believe that these sequences are important and deserve
much attention.

For each indecomposable direct summand (Ii,[a,tib ei,[ayti}) of Ty we know its projection
to mod(K @), namely

t;
QL a,ts) €ijarts) = Lijjats] = @Tj (1;).
j=a

Using the mesh category of Zg we can compute dim g (Homa ((; (q.4,]s €i,at,]), Tar))- Thus,
combining Propositions 15.4 and 15.7 we can inductively determine the K Q-module mg(R)
for each cluster monomial dr in R(Car, Thr).

15.5. Example. Let A be of Dynkin type As. Then the short exact sequences
n:0— 1,3 — 123 —2—=0 and 7":0—-2—=1,8,% 1,30

are exchange sequences in mod(A). There are four Dynkin quivers of type Az. In each
case, we determine if ' or 1 is Q-split:

9) 7 "
1—2«3 - Q-split
1—-2—-3 - Q-split
1—~2-—-3 - Q-split
1— 2+« 3| Q-split -

16. THE ALGEBRA Endy (7)) 1S QUASI-HEREDITARY

16.1. The partial ordering of tilting modules. Let 74 (resp. le) be a set of repre-
sentatives of isomorphism classes of all basic tilting modules (resp. basic classical tilting
modules) over A.

For a tilting module T' € T4 let
T+ :={Y € mod(A) | Ext}(T,Y) =0 for all i > 1},
17 = {X € mod(A) | Ext}(X,T) =0 for all i > 1}.

From now on we use L only in this sense, so there is no danger of confusing it with the
notation in Section 5.1.
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For R,T € T4 define R < T if R* C T+. Thus (74,<) and also (7§}, <) become
partially ordered sets. It follows that there is a unique maximal element, namely we have
T < 4A for all T € T4. Minimal elements need not exist in general.

Riedtmann and Schofield [RS] define a quiver K 4 as follows: The vertices of K 4 are the
elements in 74, and there is an arrow T — R if and only if the following hold:

(i) T=N®X and R=N @Y with X and Y indecomposable and X 2 Y
(ii) There exists a short exact sequence

0—-X—>N —-Y—=0
with N’ € add(N).
In this case, we have ExtY(X,Y) = 0. Here are some known facts:

(a) If T"and R are basic tilting modules satisfying (i), then there is an arrow 7' — R
or R— T in Ky4;

(b) The quiver K4 is the Hasse quiver of the partially order set (74, <), see [HU2];

(c) If there is an arrow 7' — R in K4, then R < T and proj. dim(R) > proj. dim(7);

(d) If R € T+, then R < T, see [HU1, Lemma 2.1, (a)] and [HU2, Proof of Theorem

2.1].

16.2. Quasi-hereditary algebras. Let A be a finite-dimensional algebra. By Py,..., P,
and Q1,...,Q, and S1,...,.S, we denote the indecomposable projective, indecomposable
injective and simple A-modules, respectively, where S; = top(P;) = soc(Q;).

For a class U of A-modules let F(U) be the class of all A-modules X which have a
filtration

X=X02X12--2X;=0

of submodules such that all factors X;_1/X; belong to U for all 1 < j <t¢. Such a filtration
is called a U-filtration of X. We call these modules the U-filtered modules.

Let A; be the largest factor module of P; in F(Sy,...,S;), and set
A={Aq,...,A}.

The modules A; are called standard modules. The algebra A is called quasi-hereditary
if Enda(A;) & K for all 4, and if 4A belongs to F(A). Quasi-hereditary algebras first
occured in Cline, Parshall and Scott’s [CPS] study of highest weight categories.

Note that the definition of a quasi-hereditary algebra depends on the chosen ordering
of the simple modules. If we reorder them, it could happen that our algebra is no longer
quasi-hereditary.

Now assume A is a quasi-hereditary algebra, and let F(A) be the subcategory of A-
filtered A-modules. For X € F(A) let [X : A;] be the number of times that A; occurs as
a factor in a A-filtration of X. Then

dimp (X) = ([X : Aq],.. ., [X 1 A)]) e N
is the A-dimension vector of X.
Let V; be the largest submodule of Q; in F(S1,...,5;), and let
V=A{V1,...,V,}.

The modules V; are called costandard modules.
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Let A be a quasi-hereditary algebra. The following results (and the missing definitions)
can be found in [Ri3, Ri4]:

(i) There is a unique (up to isomorphism) basic tilting module 72"V over A such that
add(T2"V) = F(A) N F(V).
ave F(A) = H(TA"V) and F(V) = (TAV)L.

F(A) is closed under extensions and under direct summands.
F(A) is a resolving and functorially finite subcategory of mod(A).
F(A) has Auslander-Reiten sequences.
(vi) [P 2 Aj] = [V : S for all 1 < i,j < r, where [V; : S;] is the Jordan-Hélder
multlpllclty of S; in V.
i) If X € F(A), then [X : A;] = dim Hom4 (X, V;) for all 7.
iii) Homa(A;, Aj) =0 for all i > j.
ix) Extl(A;,A;) =0 for all i > j.
) The F(A)-projective modules are the projective A-modules. The F(V)-injective
modules are the injective A-modules.
(xi) The F(A)-injective modules are the modules in add(T2"V). The F(V)-projective
modules are the modules in add(72"V).
(xii) If Ext (X, V;) = 0 for all 4, then X € F(A). Similarly, if Extl(A;,Y) = 0 for all
i, then Y € F(V).

§
,’:F'

The module T2V is called the characteristic tilting module of A. In general, T2V is not
a classical tilting module. The endomorphism algebra End 4 (T27V) is called the Ringel
dual of A. Tt is again a quasi-hereditary algebra in a natural way, see [Ri3].

16.3. T'ps-adapted orderings. Let M = M; @ --- @& M, be a terminal K@Q-module. An
ordering z(1) < xz(2) < --- < z(r) of the vertices of the quiver I'y; is called I"y/-adapted if
the following hold: If there exists an oriented path from z(j) to z(¢) in I'j; we must have
j > i. Such orderings always exist since I'j; is a quiver without oriented cycles.

16.4. The algebra End(7T)s) is quasi-hereditary. As before, let M = My @ --- & M,
be a terminal K @Q-module, and let ¢; = t;(M) for all 1 <14 < r. For brevity set

B :=Enda(T).
Recall that there is an inclusion functor ¢ : mod(K Q) — mod(A) defined by 1o(X) =
(X,0). For every A-module (X, f) we have 1g(mg (X, f)) = (X,0).

Assume that z(1) < 2(2) < --- < z(r) is a I'yy-adapted ordering of the vertices of I'jy,
compare Section 22.4. Thus we get a bijection

v:{z(l),...,z(r)} = {My,..., M,}.
Set M (x(i)) := v(z(i)). It follows that Hom g g (M (2(4)), M (x(j))) = 0 if i < j.
For each z(j) we have
M(z(j)) = 7(L)

for some uniquely determined 1 <7 <n and 0 < a <t;. Define

Miq = M(x(j)),

Px(]) = La = HOHIA(T, a Tor),

Ayjy = Aig = Homp ((M(2(4)),0), T ),

Sa() = Sia = top(Px(j)).
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For the definition of T; , we refer to Section 7.1. Recall that P, ;) is an indecomposable
projective B-module, so its top Sy(;) is simple. We get an ordering

Sa(1) < Sa(2) <0 < Sar)
of the simple B-modules.
Set
A= {Dyty - Doy} -
Lemma 16.1. For each x(j) the following hold:

(i) proj.dim(A,;y) < 1;
(ii) top(Asj)) = Su(jys

Proof. For 1 <i<nand 0 <a <t; weget a @-split short exact sequence
0— (1%(£i),0) = Tig = Tia41 — 0

of A-modules. This follows easily from the construction of T ,. Applying Homn (—,Ths)
yields a short exact sequence

(15) 0— Pi,a—i—l — P@a — Ai,a —0

of B-modules. Here we set T;;,+1 = 0 and P;;,+1 = 0. Clearly, the exact sequence
(15) is a projective resolution of A;,. Thus proj.dim(A;,) < 1. Furthermore, P;, is
an indecomposable projective module and therefore has a simple top. It follows that
top(A;q) = Si . Finally, we have

Endp(As(;)) = Enda((M(2(5)),0)) = Endgq(M(2(5))) = K.

(The KQ@-module M (x(j)) is indecomposable preinjective, and therefore its endomorphism
ring is K.) O

Lemma 16.2. We have pB € F(A).

Proof. The short exact sequence (15) in the proof of Lemma 16.1 yields a filtration
0=PFPy 1 CPy C---CPo.1CP,

such that P /P r1 = Ay for all @ < k < t;. Since each indecomposable projective
B-module is of the form P; , for some i and a, this implies B € F(A). O

Lemma 16.3. A simple B-module S ;) occurs with multiplicity
[Asj)  Sapy] = dim Homgq (M ((j)), M (x(i)))
in every composition series of Ag(jy.
Proof. Clearly, for each ¢ and a we have
[Ax(]) : Si,a] = dim HomB(HomA(Tiw TM), Ax(]))
Then by the considerations in Section 7.3 we know that S; , occurs
dim Hompq(M(z(5)), 7*(1:))

times in every composition series of A ;). a
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Let (X, f) € Cas, and let
X = M(a(1))"™0) & - & M(a(r)) "

be a direct sum decomposition of X into indecomposables. We assume that X # 0. Let k
be minimal such that mg ;) > 0. It follows that

Hompgq(M (2(k)), M (x(j))) = 0

for all j with m;) > 0. For some direct summand M (z(k)) of X let v: M(z(k)) — X be
the canonical inclusion map, and let 7: X — X /M (z(k)) be the corresponding projection.
Furthermore, let i: X/M (2(k)) — X be the obvious inclusion.

We obtain a short exact sequence

(16) 0 — M(z(k)) ——— X ——— X/M(2(k)) ——0

R S R

7(0) —— m(M(xz(k))) 7(X) T(X/M(2(k))) —7(0)

T(¢ 7(m)

of A-modules, where " = 7(m) o f oi. Clearly, the short exact sequence (16) is Q-split. It
follows that it stays exact if we apply Homp (—, Ths).

For an algebra A let P<;(A) be the subcategory of all modules X € mod(A) with
proj.dim(X) < 1.

The main result of this section is the following:

Theorem 16.4. Let M be a terminal KQ-module. The following hold:

(i) The algebra B := Endp(Tas) is quasi-hereditary with standard modules
A= {Ax(1)7 .- 7Ax(r)} )
(ii) F(A) = Homyp (Cpr, Thr);
(iii) T2V = Homp (Ty;, Tar);
(iv) F(A) € P<i1(B).

Proof. (i): By Lemma 16.3 we know that [A,;) : Sy;)] # 0 implies j > i. Furthermore,
we have S; 441 > S; . Using this and the short exact sequence

0— f)i,a—i-l - Pi,a - Ai,a —0

and the fact top(Pjq+1) = Siat1, we get that A;, is the largest factor module of P; 4 in
F{S|S < S;4}) where S runs through the simple B-modules. By Lemma 16.2 we know
that pB € F(A). Now Lemma 16.1, (iii) yields that B is quasi-hereditary.

(ii): For X,Z € Cjr and we have a functorial isomorphism

Extl, (Z,X) — Exth(Homp (X, Tas), Homp (Z, Tas)).

FTm
Thus the image of the functor
F = HOIHA(—,TM): CM — mod(B)

is extension closed. Clearly, for all x(j) the standard module A, ;) is in the image of F.

It follows that F(A) C Im(F).

Using the short exact sequence (16) and induction on the number of indecomposable
direct summands of X one shows that

Homa (X, f),Thv) € F(A)

7)
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for all (X, f) € Cps. Here one uses that F(A) is closed under extensions. Thus Im(F') C
F(A).

(iii): Let 1 <i <m and 0 < b <t;. Recall that EYb = ({ijo,0)» €i,j0,5) and

n t;
Ty =P Py

i=1 b=0
Thus Homy (T}, Tar) € F(A). To prove that Homa (T, Tar) € F(V) we have to show
that
Ext (A (), Homa (T34, Thr)) = 0
for all z(j), compare Section 16.2, (xii). This is equivalent to showing that

EXt;TM (Eva (M(:C(j)), 0)) =0

for all z(j). In other words, we have to show that every Q-split short exact sequence

(17) 0— (M(2(j)),0) & E =T34, =0
splits. Without loss of generality we can assume that

F= o] M) ~ M) © Ton

Let N be the terminal K@Q-module defined by t5(N) = b for all 1 < k < n. (If we are
in the Dynkin case, it can happen that 7°(I;) = 0 for some j. In this case, let t;(N) be
the minimal [ such that 7!(1;) # 0.)

Case 1: If M(z(j)) € add(N), then T;}, = T, is Cy-projective-injective. Thus the
sequence (17) splits.

Case 2: Assume that M (z(j)) ¢ add(V). This implies Hom g (1 o), 7(M (2(5)))) = 0.
Since the sequence (17) is Q-split we know that FE is isomorphic to (M (z(j)) ® I; 0,4, h)
where h is of the form

0 n . .

h=1{ .. s M((5) © Lijjop) — T(M (7)) © 7(Li o))

h™ eioy
It follows that h” = 0, otherwise f would not yield a homomorphism in Cj;. We also have
h' =0, since Homgq(; o4, (M (x(5)))) = 0. This implies that the short exact sequence
(17) splits.

So we proved that
HOHIA(T]\\;[, TM) € f(A) N f(V)

Since T has the correct number of isomorphism classes of indecomposable direct sum-
mands, namely r, we know that Homn (7}, Tas) = T2V, This finishes the proof of

(ii).
(iv): This follows directly from Lemma 16.1, (i). O

Corollary 16.5. Let M be a terminal KQ-module. Then Homp(—,Ths) yields an anti-
equivalence

Cn — F(A).

Proof. Combine Corollary 9.5, Lemma 9.11 and Theorem 16.4, (ii). O
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One can easily construct examples of the form B = Enda (7)) such that F(A) is a
proper subcategory of P<1(B), see Example 2 in Section 16.7.

Next, we describe the B-modules V; 5. By Section 16.2, (vi) and the proof of Lemma 16.2

we know that
1 ifi=jandb<a<t;
Via:Sis] = [Pis: Aval = .
[ i,a ],b] [ Jsb Z’a] {0 otherwise.

Thus the B-modules V; , are very easy to describe, namely V; , is a serial B-module which
has a unique composition series

0=Uig41CU«CUjq1C---CU;1 CUio=Via
such that U; 1 /U; g1 = S for all 0 < k < a. In particular, we have
tOp(Viya) = Si,[)-

There is no other indecomposable B-module U with dim(U) = dim(V; ), since the support
of V;, is a quiver of type Aq41.

It follows from the proof of Lemma 16.2 and Section 16.2, (ix) that each A-filtration of
the indecomposable projective B-module P;, is structured as follows:

Ai,a
Ajat1
JAVES
(We just display the factors of the A-filtration of P;,.)

Next, let us analyse the structure of the characteristic tilting module

n t;

TANV _ @ @ HomA(EYb, TM)

=1 b=0
in more detail: It follows easily from the definitions that for all 1 <¢ <n and 0 < b <t
there is a @-split short exact sequence

0—T% = Tio— Tipy1 — 0
of A-modules. Applying Homy (—, 7)) yields a short exact sequence
0 — Pipp1 — Pig — Homp (T}, Tar) — 0
of B-modules. (Again, we set Tj,+1 = 0 and P; 4,41 = 0.) It follows that each A-filtration
of the B-module Homy (T}, Tas) has the following structure:
Aip
Aig

Ay
Thus, it is enough to know the structure of the F(A)-projective-injective B-modules P; o =

Homy (T30, Tn), in order to describe all indecomposable direct summands of pB and
TAI’WV'

Next, let Q{7 be the full subquiver of I'r,, with vertices T [t,,t,) Where 1 <4 <n. (For
example, if ¢; = ¢; for all i and j, then Q] = Q°P.) Let M’ be the terminal KQ}}-module
defined by t;(M’) = t;(M) for all 1 <i < n. Then one can check that

Enda (T;)°P = Endp (Th).
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Note that Enda (7);)°P is the endomorphism algebra of our characteristic tilting module
TAOV. In other words, Endy(7Ty,)° is the Ringel dual of Enda(Ths). It follows that
Enda (T;)°P (and therefore also Enda (T};)) is again a quasi-hereditary algebra.

We conclude that Endp(Th) belongs to a rather special and interesting class of quasi-
hereditary algebras:

(a) The characteristic tilting module 72"V has projective dimension one.

(b) Each indecomposable projective Endy (7Ts)-module and each indecomposable di-
rect summand of T2V is “A-serial”, i.e. it has a unique A-filtration. In particular,
its A-dimension vector has only entries 0 or 1.

(c) All modules in V are serial modules.

Lemma 16.6. The characteristic tilting module TV is the unique minimal element in

the poset (TSN F(A), <).

Proof. Let T € T§ N F(A) with T < T2V, This implies Exty(T2"V,T) = 0. By
Section 16.2, (ii) we get

T € F(A)NF(V) = add(T>™V).
Therefore T = TV This shows that 74"V is a minimal element in (7' N F(A), <).

To show uniqueness, assume 7 is a minimal element in (75NF(A), <). Since T € F(A)
we know again by Section 16.2, (ii) that 74"V € T+, Now Section 16.1, (d) yields that
TAMY < T. This implies T = T4V, O

Lemma 16.7. The modules Homa(T;0,Thr), 1 < i < n are the indecomposable F(A)-
projective-injectives modules.

Proof. The modules Homy (7T} 0, Tas) are the only indecomposable projective B-modules,
which are direct summands of T2V, Therefore, by Section 16.2, (xi) we know that
Hom (75,0, Thr) is F(A)-injective. Furthermore, any F(A)-projective module is projective
by Section 16.2, (x). This finishes the proof. O

Corollary 16.8. If T is a tilting module in F(A), then T has a direct summand isomor-
phic to

n
@ Homa(Ti0, Tas).-
=1

It is straightforward to construct examples where the B-module Homy (T}, Ths) is not
injective in mod(B), see Example 2 in Section 16.7.

Conjecture 16.9. The Hasse diagram of (T§ N F(A), <) is connected.
Lemma 16.10. For a A-module (X, f) € Cas the following hold:

(1) [Homa((X, f),Thr) : Ayyy] = [Homa((X,0), Thr) + Ayl
(i) dima (Homa((X, f), Tar)) = dima (Homy ((X, 0), Tar));
(ili) dim(Homy ((X, f),Tar)) = dim(Homy ((X,0), Thr)).

Proof. Using the short exact sequence (16) one shows by induction on the number of
indecomposable direct summands of X that (i) holds. It follows from the definitions that
(i) and (ii) are equivalent. Modules having the same A-dimension vector, also have the
same dimension vectors, i.e. (ii) implies (iii). O
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16.5. Examples of type Aj. Every finite-dimensional algebra A with global dimension
at most two is quasi-hereditary, i.e. one can find an ordering of the simple A-modules
such that A becomes quasi-hereditary with respect to that ordering. If T" is a Cjp;-maximal
rigid A-module, then gl.dim(End, (7)) = 3. It seems to be difficult to determine when
End (T") is quasi-hereditary and when not.

Even if ) is a quiver of type Ag there are maximal rigid modules whose endomorphism
algebra is not quasi-hereditary: Let T be the maximal rigid A-module

1 2 3
2.0 ,%2;9 %@ 2,81 30 2.
The quiver of End (7T') looks as follows:
2 2 2
3 173 1
1 2 3
2 13 2
3 2 1

It is not difficult to show that End (7') is not a quasi-hereditary algebra.

As another example (also in the type Ag case), let T' be the maximal rigid A-module

9 9 1 2 3
©® d3Pp 2 d1 3 2 .
3 13 3 9 1

The quiver of End (7T') looks as follows:

2
3 173 T
1 2 3
2 173 2
3 2 1

The algebra Endy (T') can be equipped with the structure of a quasi-hereditary algebra.
However, it turns out that for each of these structures, there are standard modules A;
with proj.dim(A;) = 2. Thus the image of the functor Homp (—,T") does not coincide with
the category F(A) of A-filtered Ends (7")-modules.

16.6. An example of type A4. Let @@ be the quiver

2/3\4
/

1

of Dynkin type Ay4.



66 CHRISTOF GEISS, BERNARD LECLERC, AND JAN SCHROER

The Auslander-Reiten quiver AR(KQ) of KQ looks as follows:

0
10 0
A \
| : i
1 0 0 1
| 1 0
I
TN P
0 | 1 |
01 0 | 11 1 |
| |
? \ | / T \ |
! 111 ! 110
| 0 | 1
I I
VAN
1 | 1
O0 1 | O1 0
|
\ I /

As usual, the solid arrows correspond to the irreducible maps between the indecompos-
able K(@Q-modules, and the dotted arrows describe the Auslander-Reiten translation in
mod(KQ).

Next, let M(xz(1)),...,M(z(10)) be the 10 indecomposable K @Q-modules labelled in

such a way that (1) < z(2) < --- < x(10) is a I'jy/-adapted ordering of the vertices of
I'pr, where M is just the direct sum of all indecomposable K Q-modules. For example,

is such a labelling. This labelling of the indecomposable K @Q-modules will be fixed for the
rest of this section.

Now we replace the dotted arrows in AR(K Q) by solid arrows, and for simplicity we
label the vertices by 4 instead of x(7). In this way we obtain the quiver I'r,, = I'}; of the
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algebra Enda (Ty), where M := M(z(1)) @® - -- & M (z(10)):

\ 9
SN
NN
/
\

NI/

3

/

Note that Enda(7Ths) contains as a subalgebra the Auslander algebra of K@Q (just delete
the solid arrows which came from the dotted arrows of AR(KQ)).

For each vertex z(i) of the quiver of Enda(Ths) let A, ;) be the associated standard
module. It turns out that A, is just the indecomposable projective module over the
Auslander algebra of K@ considered as an End (Tys)-module.

For example, as a quiver representation the Enda (Ths)-module Ay g) looks as follows:

AN

N
NN

LN
NS

0

0

K

The arrows without a label are just zero maps. Another way of displaying this module
would be

8
7T 6
4 5
3

The numbers correspond to composition factors. Here is a table of all the modules A, ;
and Vz(l)

10

9 5
3 4

1 1 3 3 2 5

8
—~
<
=
—
[\
—
—
w
[
—
w
w
w
V)
N
w
K
N
K
w
N
=2}

L 2
Vi 3 4 5
x(i) | 1 2 3 4 5 6 7 8 9 170

Here are pictures describing the structure of the indecomposable projective Endp (Ths)-
modules. The factors of a A-filtration of the modules P, ;) are marked by different colours.
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The top S,(;) of a standard module A, ;) is displayed as . Note that Py C Py C
Py Proy C Pury C Pr(2), Pue) C Pr(z) and Py C Pys)-

2]
7]

-
[~ =[]

.
2 \3 N
XX N
7 /6

W

—
H
0 <— i <—+—

NN |
3/ \5
1/ 3/@
1 L

/
'

ISQESERN

N /

—_
[\

Next, we would like to construction T explicitly. First, observe that the Auslander-
Reiten quiver AR(KQ°P) of KQ°P looks as follows:

AR(KQ°P): z(1)
( )/ { 3)
x(2 [ z(3
PN N
| z(4) | z(5)
N
x(7) | x(6) |
N
: z(8) x(9)
W
x(10)
Q: 3
/ \
2 4
1/

Again, we will just write ¢ instead of x(i).
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Denote the Auslander algebra of KQ°P by C, and let P(i), 1 < i < r be the indecom-
posable projective C-modules. Set

T, :=F\(P@i) and Ty=T1®---dT,.

Here F) is the push-down functor mod(A) — mod(A) where A is the obvious covering
(with Galois group Z) of A. We can consider C' as a subalgebra of A, so the expression
F)\(P(i)) makes sense. The following table illustrates how the modules P(i) and T; look
like:

1 2 3 5
N 203 4 475 4 6 6 7 8
P(i)| “4”5 6 |76 | 746, 8 0 0] Ts 0l |90
6 9 8 10
2 1 3 4
| 1.3 2 274 2 3 3 1 2
1; 24 s L1t 1,8, o 2| e a7 e
3 4 2 1

Note that @ could be identified with the full subquiver given by the vertices {10, 8,6,9}.
Then one easily checks that the restriction of T; to the full subquiver given by {10, 8,6,9}
is just the module M (xz(7)).

16.7. Examples of type 4. Let @ be the quiver

|
|
|
sl
1 1 1
A A ! A
|
| | |
| | | |
! | 111 !
i | i
A
: /| \:
| | : |
Enguu
1 1 1
A A : A
| | |
| | | |
| | |
| \ |
| \ |
| |
| | |
)
0 0 0




70 CHRISTOF GEISS, BERNARD LECLERC, AND JAN SCHROER

As before, we label the indecomposable KQ-modules M (z(1)),..., M (x(12)) such that
z(1) < x(2) < --- <x(12) is a I'ps-adapted ordering:

%\

10) 11)

\\ /
// \
\\xw/
1)‘{/ \x@)

For simplicity we write again just i instead of x(7).

Example 1: Let

12
M =5 M(x(i))
=1

The following picture describes the indecomposable projective End (Th)-modules Py
and P, 4. Up to symmetry, the projectives P,(3) and P,3) look like P, ). The factors of
a A-filtration of each of these modules is highlighted by different colours.

AN
AN A7 LN
\d\ 4 ><

9 10 11

AN (24
\,/ L\
e N\

dim(Py ) = (2,2,2,4,2,2,2,3,1, 1,1, 1).

Note that
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Thus dim P4y = 23. We know that P,y € F(A)NF (V). We leave it as an easy exercise
to work out that P4 has a V-filtration of the following structure:

Vio
Vo ® Vio® Vi1
Vs & Vg
Vs @ Ve @ Vy
V4

Example 2: We keep the notation from above, but now we define

Again, set B := Endj (Ths). The following picture describes the indecomposable projective
B-modules P,;). The factors of a A-filtration are marked by different colours. Note that
Prg)y C Prray, Pus) C Pr(1)s Pre) C Pr2) and Ppry C Pys).

AN
/N

NN\
74 AN
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Note that none of the modules P,;) has a simple socle. Thus there are no non-zero
projective-injective B-modules.

This time there is a V-filtration of P4 which is structured as follows:
Vs
V5@ Ve & Vy

Vi@ Vy
Vi® Vy® Vs

There is an obvious embedding ¢: Py1) — P4 such that the cokernel Z of ¢ looks as

/1N,

/N

\/
/

1
Thus we obtain a short exact sequence
0 — Py1) = Pyay = Z — 0.
This shows that proj.dim(Z) < 1.
Next, we apply Homp(—, Z) to the short exact sequence above. Up to scalars there is
only one homomorphism f: P,y — Z. (The image of f is the socle S,y of Z.) It is also
obvious that f factors through ¢, i.e. there exists a homomorphism g: P4 — Z such

that g ot = f. (The image of g is the unique 2-dimensional submodule of Z.) It follows

that
HomB(P$(4)a Z) Hom_B(Lvﬂ HomB(Pz(l)a Z)

is surjective. Since P, is projective, we have Ext}g(Px(4),Z) = 0. It follows that
ExtL(Z,7) = 0.

It is also clear that Z does not lie in F(A). (The top of Z is isomorphic to Sy, so if
Z € F(A), then A,y has to be a factor module of Z, which is not the case.)

Taking the Bongartz completion of Z we obtain a classical tilting module in TB?I which
is not contained in F(A). In particular, F(A) and P<;(B) do not coincide.

17. MUTATIONS OF CLUSTERS VIA A-DIMENSION VECTORS

Ford = (dy,...,d,;) and e = (eq,...,e;) in Z" define

d-e:= idlez
i=1
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Let M = M; & --- @ M, be a terminal K@Q-module, and let z(1) < z(2) < --- < x(r)
be a I'jps-adapted ordering of the vertices of I'ys. Set B := End (Thy).
We know that the K-dimension of the standard module A, ;) is
dim A, ;) = dim Homy ((M (x(i)),0), Tr)

= Z dim Hompq(M (x(7)), M(z(j)))
j=1

= Z dim Hompgq(M (x(4)), M (z(j)))
=1

for all 7. So dim A, ;) can be calculated in the mesh category. Define
dA = (dlm Ax(l)? ceey dim Ax(r))

As before, for a A-module X € Cps let dima (Homa (X, 7)) be the A-dimension vector
of the B-module Homy (X, Th;).

Now let T =11 & --- ® T, be a basic Cjpr-maximal rigid A-module, and suppose that
T}, is not Cpr-projective-injective. Then we can mutate T in direction Tj. We obtain two
exchange sequences

0—-Tp T —-TFf—0 and 0—T; —T"—Tp,—0
with T/, 7" € add(T/T}).
For brevity, set
d; := dima (Homa (73, T ))

for all 1 <4 <r. Similarly to the definition of I'/. in Section 15 let I'/. be the quiver which
is obtained from the quiver of End (7T") be replacing the vertex corresponding to 7; by the
A-dimension vector dim (Homp (75, Thr)).

Proposition 17.1. The A-dimension vector of the B-module Homn (T}, Ths) is

d* - {_dk + deadi d; Zf deﬂdi di-da > de"dk dj Hda,s

k= —d; + Zdjedk d; otherwise.

Here the sums are taken over all arrows of the quiver of T/, which start, respectively end
i the vertex dy.

Proof. This follows immediately from our results in Section 15. (]

In the example in Section 15.3, the graph I’%M looks as follows:

0 1 1 0 1 1 1

0 0 =——— 0 0 =— 0 0

0/10

1 0 =—— 1 1

0

0 0 =— 0 O

The A-dimension vectors associated to the indecomposable Cps-projectives are labelled in
red colour.
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An easy calculation in the mesh category shows that
23 6 1
dr = 14 3 .
ATy

Again, we mutate the A-module T} where

dim 5 (Homp (T, Thr)) = (1)0(1)00'
We get
di_mA(HomA(T;:,TM)):_(I)O;OO+;2(1)01 - 32201
since

1 1 1 0 0 0 _ _ 1 0 0 0.0 0
0000 ~dA+2‘0100 dA_58>57_0000 da + 2 0101 da.

In this easy example, the calculation of the above inequality was not necessary. Using
A-dimension vectors one can see immediately that
1 1.0 1 0 0 0 0 0
— 00 + 0 0 +2- 1 1
0 0 0 0 0 0
contains a negative entry, so the other option, namely taking the arrows in I'}, ending in
1 1 0
0 0,
0 0
is the correct one.

This shows that in some situations it can be more convenient to calculate mutations
using A-dimension vectors in contrast to using ordinary dimension vectors as in Section 15.

18. A SEQUENCE OF MUTATIONS FROM Ty TO Ty,

18.1. The algorithm. Let M = M@ --@ M, be a terminal KQ-module, and (as before)
let Q7 be the full subquiver of I'r,, with vertices T, ;) where 1 < < n.

Without loss of generality we assume that the vertices 1,...,n of Qs are numbered in
such a way that 1 is a sink of Qa7 and k + 1 is a sink of the quiver
o 0201(Qn)

forall 1 <k<n-1 Weecal 1l<2<---<naQu-adapted ordering of the vertices of
Q. (If k is a vertex of a quiver ', then oy (T") is the quiver obtained from I" by reversing
all arrows ending or starting at k. For brevity we just wrote ¢ for the vertex T} ;, ;1 of Qum

and QY}.)
Now we describe an algorithm which will yield a directed path in the Hasse quiver of
the partial ordering 75' from the (unique) maximal element Th to the (unique) minimal

element T};. The proof is done by induction on the number r — n of indecomposable
non-injective direct summands of M. This is left as an exercise to the reader.

In the following, we just ignore the symbols of the form 7T}, in case a < 0 or b <0.

Step 1: We mutate the following

n
ryi= E t;
i=1
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vertices of I'r,, in the given order:

Ty 0] T =100 1 [t —2,0]0 - -+ L1180
T [tg,0] Lo, [ta—1,t0)> L2, [t2—2,t0]5 - - -+ L2,[1,80]

Lo ftntn]s Trftn—1,tn] Trftn—2,tn]s - - > Lny[1,t]

We obtain a new quiver F%M with r1 new vertices

Tt —140-1 Ta -2 -1 L1t 3,01 —1]5 - - 5 110,01 1]
T2,[t2—1,t2—1] ) TQ,[t2—2,t2—1} ) TQ,[tQ—S,tz—lb s 7T2,[0,t2—1]7

Lo ltn—1,tn—1] Dnftn =260 —115 Dy [tn—31tn—1]5 - - = » L1,[0,t0 1]

Step 2: We mutate the following
n
ro 1= Zmax{o,ti -1}
i=1

vertices of FITM in the following order:

Tt 1601 Lt —2,60 - 10 L[t =301 —1]5 - -+ L1, 1,01 -1]5
s [ty —1,05—1] L2, [t5—2,t5—1]5 L2,[ts—3,t0—1]5 - - -+ L2,[1,82 1]

Lo ltn—1,tn—1] Dnftn—2,t0—115 D [tn—31tn—1]5 - - = » Lno,[1 80 —1]

We obtain a new quiver F%M with ro new vertices

Ty (4,202 L1 [0, —3,00—2] L1, [t~ —2]5 - - - L1,[0,61 - 2]
TQ,[t272,t272} ) TQ,[t273,t272} ) T2,[t274,t272}7 ] T2,[0,t272]7

Lo ltn—2,tn—2]> Tnjtn 3,40 —2]5 Dn[tn—dstn—2]5 - - - » L1,[0,t0 2]

Step k: We mutate the following
n
ri o= max{0,t; — (k— 1)}
i=1

vertices of F?;{l in the following order:

Tt — (k1) b1 — (k=1)]s L1, [t —kytr — (k= 1)]5 L1,[t1 — (k1)1 —(k=D)] > - - =5 L1,[1,61 — (k—1)]»
T [ty (k—1) to— (k1)) L2, [ty —k ta— (k—1)]» L2,[ta— (k41) b2 —(k—)1]5 - - - » L2,[1,t2— (k—1)]>

Lo [tn—(k=1),tn—(k—1)]» Ln[tn—kstn—(k—1)]5 L, [tn—(k+1)stn—(k—1)]s - - = » Lry[ 1t — (k—1)]

We obtain a new quiver F?M with 7, new vertices

T [ty kgt =) L1t — (k1)1 —k]s L0, [t1 — (k42) 01 —k]s - -+ L1,[0,61 — ]
T [ty — bty —k)s 12,80 — (k1) 00—K)> L2,[t2—(k+2),ta—K]» - -+ » 12,[0,05—2] 5

L ftn—ktn—k] Lnftn—(k+2) tn—k]> Lr[tn—(k43) tn—k]s - - - > L1,[0,n—H]

75



76 CHRISTOF GEISS, BERNARD LECLERC, AND JAN SCHROER

The algorithm stops when all vertices are of the form 75 ;) where 1 <i <nand0 <b <t;.
This will happen after

n

NM%:E:ME+D

mutations.

As an example, assume () is a Dynkin quiver of type Eg, and let M be the direct sum of
all 120 indecomposable K Q-modules. In this case, we get t; = 14 for all 8 vertices ¢ of Q.
Then our algorithm says that starting with T we can reach T after »(M) = 8-105 = 840
mutations.

Note that if we start with our initial maximal rigid module T, and if we only perform
the r(M) mutations described in the algorithm, then we obtain the subset

{Tifp 11<i<n,0<a<b<t;}

of the set of indecomposable rigid modules of Cy;. In particular, this subset contains all
modules (M;,0) where 1 < i <r, namely

{(M;,0) |1 <i<r}={Tjeq|1<I<n0<c<t}.

It follows that a given rigid module of Cj; has at most n indecomposable direct summands
of the form (M;,0). (Otherwise we would get a rigid CQ-module with more than n
isomorphism classes of indecomposable direct summands, and this is not possible.)

18.2. Generalized determinantal identities. Recall from Section 3.3 the definition of
dx for X € nil(A). The known multiplicative properties of these functions are reviewed
below in Theorem 19.7. In view of these properties, the previous explicit sequence of
mutations from Ty, to Ty, yields an interesting family of identities satisfied by the 5T¢,[C, aq°
To avoid cumbersome notation, in the following theorem, for A-modules X and Y we write
X Y instead of dx - dy. If ¢ > d, then set T} . g := 1.

Theorem 18.1 (Generalized determinantal identities). Let M = M; & --- & M, be a
terminal KQ-module. Then for 1 <i<n and 1 <a <b<t; we have

(18) Tifa—14 " Tijjap—1] = Tijjap) - Tija—1,6-1]

- H 1}7[0+(tj—ti)7b+(tj—ti)] H Tkv[a_1+(tk_ti)7b_1+(tk_ti)]

i—j k—i

where the products are taken over all arrows of the quiver Q?\Ij which start and end in 1,
respectively.

Proof. This follows immediately from Theorem 19.7 and the algorithm described in Sec-
tion 18.1. Formula (18) is just an exchange relation corresponding to the mutation of
ﬂ’[avb} Wlth CZ—?:[(Z,b] = Tiv[G'*l’b*l]‘ D

If M is a terminal K'()-module such that all ¢;’s are equal to a fixed ¢, then the formula
in Theorem 18.1 simplifies as follows:

(19) T a1 Tijas—1) = Thjas) - Tia16-1) = L] Tiat) | Thja16-1)

where the products are taken over all arrows of the quiver QF} = Q°P, which start and
end in i, respectively.
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Remark 18.2. Fomin and Zelevinsky [FZ1, Theorem 1.17] prove generalized determinan-
tal identities associated to pairs of Weyl group elements for all Dynkin cases (including the
non-simply laced cases). Using the material of Sections 22.3, 22.4 below, the formula (18)
can be seen as a generalization of some of their identities to the symmetric Kac-Moody
case.

Note that the intervals appearing on the right hand side of Formula (18) all have length
b—a+ 1. On the left hand side we have the interval [a — 1,b] of length b — a + 2 and
the interval [a,b — 1] of length b — a. Thus we obtain a recursive description of any o7 :

i,[a,b]
in terms of the 5le[cyc]. This shows that every 5Ti,[a,b is a rational function of the 5Tl,[c .
Recall that each 5Tl’[m

] ]’

| is of the form §,y, o) for some i.

In fact, we will show that for any A-module X € Cps we have §x € C[d(s, 0y - - - I(as,,0)]5
see Theorem 20.1. In particular, for all 1 <i <mn and 0 < a < b < t; the rational function
5Ti [a,b] is a polynomial in 5(M1,0)7 ceey 5(Mr,0)'

Another proof of the polynomiality of the 6Ti,[a,b] was found by Kedem and Di Francesco
[DFK], using ideas of Fomin and Zelevinsky (in particular [BFZ, Lemma 4.2]). We thank
these four mathematicians for communicating their insights to us at MSRI in March 2008.

18.3. Examples. Let @ be the quiver

M

AN

[\V]

/

4
Let M be the terminal K@Q-module with t; = t3 = 3, to = t5 = 2 and t4, = 1. In the
following we just write 4,[a,b] instead of Tj [, 4. Then the quiver I'r,, of Enda (7)) looks
as follows:
17[373} <~ 17[273} 17[173] 17[073}

~N 7 I N

37[373 37[153] ~ 37[073]

2,[2,2]

4,1,1]] =<— 4,[0,1]

Clearly, Q) looks like this:

(Note that we have chosen the numbering of the vertices of @ in such a way that the
ordering of the vertices of Qs is Qr-adapted.)
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Starting at I'r,,, it takes 19 mutations to reach the quiver of Endy (7). In the following
pictures we perform sometimes two mutations at the same time, in case these mutations
do not affect each other. The vertices we are going to mutate are marked in different
colours.

Step 1:

1,[2,3] 1,[1,3] 1,00,3]
~ 7NN TN T
3,[3,3] <——— 3,[2,3] 3,[1,3] 3,(0,3]
B A N O
5,2,2] 5,1,2] 5,[0,2]
N A N
-~ 2012~ 2][02]
~ 7N T
4] < 4[0.1]
1,[2,2] ———— [ 1,[2,3] 1,[1,3] 1,]0,3]
™ ~ 7 N T
3,[3,3] =<—— 3,[2,3] 3,[1,3] 3,]0,3]
5,12,2] 5,[1,2] 5,[0,2]
N ]/,

N . N TN
3,3,3] 3,12,3] 31,3 < 3,03
5,12,2] 5,1,2] 5,[0,2]
o -~
2,[L,1] 2,(0,1] 2,[0,2]
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1,[22] <——1,]1,2] 1,(0,2

. S

3,[2,3] 3,[1,3]

\3
7N A

5,[1,2] 5,(0,2]

e
. -

e
2,[1,1] 2,(0,1] 2,0,2]
I ,

w
~
i)

3,[2,2] 3,[1,2] 3,[1,3] -~ 37[0 3}
AN N N S
5,[2,2] 57[1,2] 5,[0,2]

M 7
2,[1,1] 2,(0,1] 2,(0,2]
. .

1,[22] <—— 1,[1,2] 1,[0,2] 1,(0,3]
NN 7 T
3,12,2] 3,1,2] 3,02 ———=3,[0,3]

Step 2:

79



80

CHRISTOF GEISS, BERNARD LECLERC, AND JAN SCHROER

1,[2,2] 1,[1,2] 1,[0,2] 1,[0,3]

32,2 =< 3.[1,2] 3,(0,2] 3,(0,3]
X I X xS
5,[1,1] 5,00,1] 5,0,2]

NN = 7% AN 7
5,[1,1] 5,(0,1] 5,[0,2]
e 7 7
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Step 3:

L] [=——1,[0,1] 1,00,2] 1,(0,3]

S 7 <§T\\\\\\:j\\\\\\;i>

116—————3Qu—————»&mm—————» ,[0,3]

& % - 9
5

5,(0,0] ml] [0,2]

§

20,00 == 2][0,1]] = 20,2]

P

4,0,0) ——— > 4,[0,1]

1,(0,0) ——— > 1,[0,1] 1,[0,2] 1,]0,3]

~ T T

3,1,1] |<— 3,[0,1]] —— = 3,]0,2] ——— 3,[0,3]

S N N
7

5,[0,0] 5,[0,1]
Qi//////?i;///////
20005 ~2[01]=  >2][02]

S S [

4,0,0)] ——— > 4,[0,1]

1,00,0) ——— 1,[0,1] 1,(0,2] 1,(0,3]

3,00 ————=3,[0,1]] ———— = 3,[0,2] ———— = 3,[0,3]
“% = X % e
5,(0,0] 5,(0,1] 5[02
g
2,[0,0} - > 2,[0,1] - 2,[0,2]

N N

4,(0,0) ——— > 4,[0,1]

We finally arrived at a quiver whose vertices correspond to the indecomposable direct
summands of Ty;. Since we know how the quiver of Ends (T};) looks like, we also obtain

the missing arrows marked by — — — . Namely we have an arrow 3,[0,3] —= 5,(0,2] and

two arrows 2,[0,2] ——4,[0,1] .

Next, we discuss another example, which illustrates why we call the formula in The-

orem 18.1 a generalized determinantal identity. This time we will display explicitly the

A-modules occuring in our sequence of mutations from Ty to T);. Let Q be the quiver

/
/
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The Auslander-Reiten quiver of CQ is:

4
My= ,3
1
AN
Mg— 123 <—— - M7—234

/ \ / \ / \

Let us display a sequence of mutations from Ths to Ty
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4
3
2
1
/ 3
2? 4
1 173
/ )
2 1
173
1 9 4
/ / 1
1
2 2
2 2
3 ) 3
3 4
4
3
2
1
3
4
2
L 1
2
2 1
3
”
AN
/ / e .
1
2 23 2 23
4 4
4
3
2
1
3
274
2
173
/1 2
2
3 1
2 11,3 4
3
R
AN
/ %/ .
1
2
2 2
2 3 —_—
3 3
4 4

4
3
2
1
3
2 1 4
1
2
<?
e v N
2
3
3 1
274
2 3 4
\7
Ve .
1
2
2 2
2 3 —
3 4 3
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The first quiver on the list above is the quiver of the endomorphism algebra End 4(Ty),
and the last quiver on the list is the quiver of Enda (Ty;).

Define a matrix

1 X2 T3 T4
1 rs Tg X7
0 1 rs I9
0 0 1 10
0O 0 0 O 1

The matrix X has columns and rows indexed by [1,5]. For two subsets I, J C [1,5] with
the same cardinality k let

=
Il
coom

A]’J S (C[l'l, R ,3310]

be the minor of X with respect to the rows I and columns J. For example,
Azg 35 = det <J}5 x7> = TrT9 — X7.
’ 1 s}

If I =[1,b]UI" and J = [1,b] U J’, then we have A7 ; = Ap_y. Also, for some subsets I
and J of [1, 5], the minor A7 ; will be zero. If I = [1, k], we will just write A instead of
ALJ.

We now take the quiver of Enda (7)) as displayed in the list above and replace the
vertices by polynomials in C[z1,...,x10] as follows:

N

SN TN
\

/

There is an isomorphism

n: (C[:L’l, cee ,.%'10] - C[(S(Mho), v 7(5(M1o,0)] = R(CM)
which is defined by x; — d(py, 0)- Note that
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1 = Ao, ro = A3, x3=~A74, x34=A»As5
r5 = A13, 26 =An, v7=A»A7A;,

rg = A124, T9 = Aq2s,

10 = A1235

Now one can easily show that for 1 <¢<4and 0 <a <b<i—1 we have

n: A[1,ifa],[1,i7b71]u[47b+1,47a+1} — 5Ti,[a,b]-

(We assume that [1,0] := @.) Thus all cluster variables appearing in the above sequence
of mutations from Ty to T, are images of minors of the matrix X.

On the other hand, there are cluster variables g in R(Cys) which are not images of
minors of the matrix X, compare [GLS1, Section 13.1].
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Part 4. Cluster algebras

In this part, let K = C be the field of complex numbers.

19. KAC-MoOODY LIE ALGEBRAS AND SEMICANONICAL BASES

In this section we recall known results on Kac-Moody Lie algebras and semicanonical
bases.

19.1. Kac-Moody Lie algebras. Let I' = (I'g,I'1,7) be a finite graph (without loops).
It has as set of vertices I'g, edges I'; and v: I'y — Po(Ty) determining the adjacency of
the edges; here P2(T'g) denotes the set of two-element subsets of T'g. If I'g = {1,2,...,n}
we can assign to I' a symmetric generalized Cartan matriz Ct = (Cij)i,jzl,Q,...m which is
an n X n-matrix with integer entries

2 ifi=7,
Cij - P .
! — |t g ifi#£ g

Obviously, the assignment I' — CT induces a bijection between isomorphism classes of
graphs with vertex set {1,2,...,n} and symmetric generalized Cartan matrices in Z"*"
up to simultaneous permutation of rows and columns.

If Q@ = (Qo,Q1,s,t) is a quiver without oriented cycles (in particular without loops) its

underlying graph |Q| := (Qo, @1, q) is given by q(a) = {s(a),t(a)} for all a € Q; i.e. it is
obtained by “forgetting” the orientation of the edges. We write then also Cq := C|q).

It will be convenient for us to consider g := gg := g(Cq) the (symmetric) Kac-Moody
Lie algebra associated to @, which is defined as follows: Let h be a C-vector space of
dimension 2n — rank(Cq), and let IT := {a,..., o} C b* and IIY := {o,..., )} C b
be linearly independent subsets of the vector spaces h* and b, respectively, such that

(67 (Oé;/) = Cij

for all i, 5. Then g = (g,[—, —]) is the Lie algebra over C generated by h and the symbols
e; and f; (1 <i < n) satisfying the following defining relations:

) [h,h'] =0 for all h,h' € b,

) [hyei] = O‘Z( Jei, and [h, fi] = —a;(h) fi,
) lei, fil = o and [e;, f;] = 0 for all i # 7,
) (ad(e;)'~ C”)( j) =0 for all i # j,

) (ad(f)1=)(f;) = 0 for all i # 5

(For z,y € g and m > 1 we set ad(x)(y) := ad(z)'(y) = [z,y] and ad(z)"t'(y) =
ad(z)™([2,y]).)

The Lie algebra g is finite-dimensional if and only if @ is a Dynkin quiver. In this case,
g is the usual simple Lie algebra associated to Q.

Conversely, if g = g(C) is a Kac-Moody Lie algebra defined by a symmetric generalized
Cartan matrix C, we say that g is of type I' if C' = Cr. This is well defined for symmetric
Kac-Moody Lie algebras. We call I the Dynkin graph of g.

For a € h* let
go:={z € 9| [h,z] = a(h)zx for all h € h}.
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One can show that dimg, < oo for all a. By R := Zay & - - - ® Za, we denote the root
lattice of g. Define R := Nay @ - - - @ Na,. The roots of g are defined as the elements in

A:={a € R\{0}|ga # O}.

Set AT := ANR" and A~ := AN (—R"). One can show that A = AT UA~. The
elements in AT and A~ are the positive roots and the negative roots, respectively. The
elements in {a1,...,q,} are positive roots of g and are called simple roots.

One has the triangular decomposition g =n_ @ h & n with
n_ = @ g and n= @ Ja-
aEAT aEAT
The Lie algebra n is generated by e, ..., e, with defining relations (L4). Set n, := g4 if
a € RT\ {0}.
For 1 < i < n define an element s; in the automorphism group Aut(h*) of h* by
si(@) == a — a(a) )y

for all @ € h*. The subgroup W C Aut(h*) generated by si1,...,s, is the Weyl group
of g. The elements s; are called Coxeter generators of W. The identity element of W is
denoted by 1. The length I(w) of some w # 1 in W is the smallest number ¢ > 1 such that
W = 8, - - - 84,84, for some 1 < i; < n. In this case (ity...,99,11) is a reduced expression for
w. Let R(w) be the set of all reduced expressions for w. We set [(1) = 0.

Let us repeat the following definition from Section 3.7. A Weyl group element w is Q-

adaptable if there exists a reduced expression (iy, ..., i2,41) € R(w) such that i; is a sink of
@, and g4 is a sink of 0y, - - - 04,04, (Q) for all 1 < k <t—1. If this is the case, we say that
(ity...,12,11) is a Q-adapted reduced expression. A Weyl group element w is adaptable if

there exists an orientation @ of the Dynkin graph of g such that w is -adaptable.

A root a € A is a real root if o = w(e;) for some w € W and some 4. It is well known
that dimg, = 1 if « is a real root. By A we denote the set of real roots of g. Define
A=A NAT.

Finally, let us fix a Z-basis {w; | 1 < j < 2n —rank(Cq)} of b} such that
@) = d;j, (1<i<n, 1<j<2n—rank(Cp)),
(see [Ku, §6.1.6]). The w; are the fundamental weights. We denote by

2n—rank(Cq)
P= P Zw
i=1
the integral weight lattice, and we set

Pt:={veP|v(y)>0for1<i<n}.

19.2. The universal enveloping algebra U(n). The universal enveloping algebra U (n)
of the Lie algebra n is the associative C-algebra defined by generators FEy,...,FE, and

relations
1—cyy

S (COER B EH o
k=0
for all ¢ # j, where the ¢;; are the entries of the generalized Cartan matrix Cg, and

E® .= EF/k1.
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We have a canonical embedding ¢: n — U(n) which maps e; to E; for all 1 <i <n. We
consider n as a subspace of U(n), and we also identify e; and E;.

Let

[1,d] if dimn = d.

Let P := {p; | i € J} be a C-basis of n such that P N n, is a basis of n, for all positive
roots a. We assume that {ej,...,e,} C P. Thus ¢; is a basis vector of the (1-dimensional)
space Ny, .

J_{Nl if dimn = oo,

For k > 0 define p( = pF/k!. Let N be the set of tuples (m;);es of natural numbers
m; such that m; = 0 for all but finitely many m;. For m = (m;);>1 € N define

(ma), (m2) (ms)

Pm =P1 Py A

where s is chosen such that m; = 0 for all j > s.

Theorem 19.1 (Poincaré-Birkhoff-Witt). The set
Pi={pm |men”}
is a C-basis of U(n).

The basis P is called a PBW-basis of U(n). For d = (dy,...,d,) € N" let Uy be
the subspace of U(n) spanned by the elements of the form e; e;, - - - €;,,, where for each
1 <i<ntheset {iy |ixr =1,1 <k <m} contains exactly d; elements.

I'l): @ Ud.

deNn
This turns U(n) into an N"-graded algebra.

It follows that

Furthermore, U(n) is a cocommutative Hopf algebra with comultiplication
A:Un) = Um) @Um)
defined by A(z) :=1®z+ 2 ® 1 for all z € n. It is easy to check that

(20) Alpm) =Y P ® Pm-1c
k

where the sum is over all tuples k = (k;);>1 with 0 < k; < m, for every 1.
By U] we denote the vector space dual of Uy. Define the graded dual of U(n) by
Ny = P U
deNn

It follows that U(n)g, is a commutative associative C-algebra with multiplication defined
via the comultiplication A of U(n): For f', f” € U(n);, and z € U(n), we have

(f - ") Zf (@) (@),

where (using the Sweedler notation) we write

T) =Y ) @)

(z)
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Let P* := {p;‘n |m € N(‘])} be the dual PBW-basis of U(n);,, where

1 if m=n,

p*m<pn) = {

The element in P* corresponding to p; € P is denoted by p}. It follows from (20) that

0 otherwise.

p:jn ! pfl = prn—i-n’
that is, each element py, in P* is equal to a monomial in the p’s. Hence, the graded dual

U(n)g, can be identified with the polynomial algebra C[p7,p3,...] (with countably many

variables py).

19.3. The Lie algebra n(w). Let

n:= H Ny,

aEAT

be the completion of the Lie algebra n.

A subset © C AT is bracket closed if for all o, 8 € © with a+3 € AT we have a+3 € O.
One calls © bracket coclosed if AT\ © is bracket closed.

For w € W set
AY ={ae At |w(a) <0}.
It follows that for each (iy,...,142,71) € R(w) we have
Ay = {aiy, si (@), o siysiy o si (i) )

The set A} contains [(w) positive roots, all of these are real roots. See for example [Ku,
1.3.14]. The next lemma is well known.

Lemma 19.2. For every w € W, the set A}l is bracket closed and bracket coclosed.

Let

n(w) := @ Ny
aEAY
be the nilpotent Lie algebra associated to w. Thus dimn(w) = l(w).

The following lemma is also well known (see [Be]).

Lemma 19.3. Let M = My @ --- @& M, be a terminal CQ-module, and let z(1) < x(2) <
- < x(r) be a I'pr-adapted ordering of the vertices of I'pyr. For 1 < j <r setij =i where
i is the vertex of Q with x(j) = (i,a) for some a. Then

w=w(M) = s, - - SiySi,
is Q°P-adaptable, and we have
A = Ay o= {dim(My), . .., dim(M,)}.

Moreover, w does not depend on the choice of the adapted ordering.

Let us discuss an example. Let Q be the quiver

AN

2

/
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We take a terminal CQ-module M defined by t; = 2 and t3 = t3 = 1. Thus the quiver

I'ps looks as follows:
" \
x(7)
127N |

x(l

The vertices are labelled such that the ordering x(1) < x(2) < --- < x(7) is I'p/-adapted.
Thus w = w(M) := s1835251835251 is a Q°P-adaptable Weyl group element. We get

o o 1 1 2 2 3
A*::{o 1, 1, 2. 2. 73 3}.
w 1 71 72 72773773774

These are just the dimension vector of the indecomposable direct summands of M. For

example, we have
1 1 1
515283(041) = 5152 1 0) =81 1 2 ) = ) 2 ).

The part of the preinjective component of CQ, where the indecomposable direct summands
of M lie, looks like this:

19.4. Semicanonical bases. Recall that for each dimension vector d = (dy,...,d,) we
defined the affine variety Ay of nilpotent A-modules with dimension vector d. A subset C'
of A4 is said to be constructible if it is a finite union of locally closed subsets. A function

f:Ad—>(C

is constructible if the image f(A4) is finite and f~1(m) is a constructible subset of A4
for all m € C. The set of constructible functions on A4 is denoted by M (Ag4). This is a
C-vector space.

Recall that the group GLg acts on Ag by conjugation. By M(A4)%“ we denote the
subspace of M(A,) consisting of the constructible functions which are constant on the
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GLg-orbits in A4. Set -

M= P M(Ag) .

deN”

For f' € M(Ay)Sa, " € M(Agr)%a” and d = d’' + d" we define a constructible function

fi=fxf""Ag—C
in M(Ad)GL’i by

JX) =Y mxe ({UCSX | f(U)f"(X/U) =m})
meC

for all X € Ay, where U runs over the points of the Grassmannian of all submodules of

X with dim(U) = d’. Here, for a constructible subset V' of a complex variety we denote
by x.(V) its (topological) Euler characteristic with respect to cohomology with compact
support. This turns M into an associative C-algebra.

Remark 19.4. Note that the product * defined here is opposite to the convolution prod-
uct we have used in [GLS1, GLS3, GLS4]. This new convention turns out to be better
adapted to our choice of categorifying C[N(w)] and C[N"™] by categories closed under fac-

tor modules. It is also compatible with our choice in [GLS6] of categorifying coordinate
rings of partial flag varieties by categories closed under submodules (see Remark 22.22).

For the canonical basis vector e; := dim(S;) we know that A, is just a point, which (as
a A-module) is isomorphic to the simple module S;. Define 1;: A.;, — C by 1;(5;) := 1.
By M we denote the subalgebra of M generated by the functions 1; where 1 < i < n. Set
Mg = M0 M(Ag)C . Tt follows that

M::@Md

deNn
is an N"-graded C-algebra.

Theorem 19.5 (Lusztig [L3]). There is an isomorphism of N"-graded C-algebras
Umn) — M
defined by E; — 1; for 1 <i<n.

Let Irr(Ag) be the set of irreducible components of Ag.

Theorem 19.6 (Lusztig [L3]). For each Z € Irr(Ag) there is a unique fz: Ag — C in
Mg such that fz takes value 1 on some dense open subset of Z and value 0 on some dense
open subset of any other irreducible component Z' of Ay. Furthermore, the set

S = {fZ ’ Z € II‘I‘(Ad),d € Nn}
is a C-basis of M.
The basis S is called the semicanonical basis of M. By Theorem 19.5 we just identify
M and U(n) and consider S also as a basis of U(n).

Now we turn to the graded dual

Uy =P Ui

deN”
of U(n). Let M} be the dual space of Mg, and set
M= @ M.

deN”
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For X € A, define a linear form
ox: Mg—C

by 0x(f) := f(X). It is not difficult to show that the map X +— dx from A4 to M} is

constructible, i.e. this map has a finite image and the preimage of each element in M}

is constructible in A4. So on every irreducible component Z € Irr(A4) there is a Zariski

open set on which this map is constant. Define pz := dx for any X in this open set. The

C-vector space M7 is spanned by the functions dx with X € Ay. Then by construction
S*:={pz| Z € Irr(Ay),d € N"}

is the basis of M* = U(n)g, dual to Lusztig’s semicanonical basis S of U(n).

19.5. A cluster character. The map X +— dx from nil(A) to U(n)g, has the following
multiplicative properties.

Theorem 19.7 (|[GLS1, Lemma 7.2] and [GLS4, Theorem 2]). Let X,Y € nil(A).
(i) We have

0xdy = dxgqy-
(ii) If dim Ext}(X,Y) =1 with
0-X—-F =Y —-0and0—-Y - E" - X —0
the corresponding non-split short exact sequences, then

Ox0y =0 + Opn.

In fact, the main result of [GLS4] is a more general multiplication formula (without the
restriction to the case dim Ext} (X,Y) = 1). However, in this paper we do not need this.

19.6. Dual Verma modules. We present some of the results of [GLS3] in a form conve-
nient for our present purpose. For i =1,...,n, let IAZ denote the injective A-module with
simple socle S;. If A is not of Dynkin type, fz is infinite-dimensional. For v € P we write
n
I,
=1

v(aY)

I, :=
i
For i =1,...,n and a nilpotent A-module X we denote by G(i, X) the variety of submod-
ules Y of X such that X/Y = S;. Similarly, if

n

soc(X) = @Szm
i=1
and v € Pt is such that 1/(04;/) > m; for 1 < i < n, then we have an embedding X — fl,

In this case, we denote by G(i,v, X) the variety of submodules Y of fy such that X C Y
and Y/X = S;. Hence, if dim(X) = 3 and f € Mg_,,, we can form the following sum

=Y mx.({Y €66, X)| f(Y)=m}).
meZ
For convenience we shall denote such an expression by an integral, for example,

S = f(Y).
YeG(i,X)
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Similarly, there exists a partition
m
G(i,X)=| | 4
j=1

into constructible subsets such that dy = dy~ for all Y, Y’ € A;. Then, choosing arbitrary
Y; € Aj for j = 1,...,m, we can also denote by an integral the following element of

MG
5y = XC(A )5y
/Yeg(z‘,X) ]Z; I

Theorem 19.8. Let A € P be an integral weight, and let Moy (X) be the lowest weight
Verma right U(g)-module, with lowest weight X\. Under the identifications

Miow(N\) =Un) =M

we equip M with the structure of a right U(g)-module as follows. The generators e; €
n, fien_, heh act onge M(B) by

@)= [ e,

G- = [ gv) - - N(ae(x @S,
Yeg(i,w,X)
g-h=(0—B)(h)g,

where X' € Agia,, X € Ag_qo, and v € PT are as above.

Note that g - e; = g * 1; by our convention for the multiplication in M. Moreover, the
formula for g - f; € Mpg_,, is in fact independent of the choice of v.

Recall, that for each h-diagonalizable right U(g)-module
M= M,
HED*
one can consider the dual representation
= @
neh*

defined by M; := Homc (M), C) and
(- @)(m) :=¢(m-z),  (zeg, meM).

Consider the canonical epimorphism from the Verma module Moy (A) to the irreducible
lowest weight right U(n)-module Loy (A). For the corresponding dual representations we
obtain an inclusion

Liow(A) = Migy (A)-
It is well known that L; (A) is isomorphic to the irreducible highest weight left module
L(X). This yields the following realization of L(A) in terms of §-functions.

Theorem 19.9. Let A € P be a dominant weight. The subspace of U(n)g, spanned by all

0x such that X is isomorphic to a submodule of IA)\ carries the above-mentioned structure
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of an irreducible highest weight module L(X). For such X with dim(X) = 3 the action of
the Chevalley generators of U(g) is given by

e 0x = / dy,
YEG(i,X)

fi-0x = / Oy,
Y'EG(iNX)
h-dx = (A= B)(h)éx.

Note that U(n)g, carries also a right U (n)-module structure coming from the left regular
representation of U(n). In order to describe it, we introduce the following definition. For
X € Ag we denote by G'(i, X) the variety of submodules Y of X such that dim(Y) = «;.
Each element of this space is isomorphic to S; and clearly G’'(i, X) is a projective space.
It is easy to see that

5X e = / 6X/S'
Seg’(i,X)

Under the above identification My (\) = U(n)g,, the subspace of U(n)g, carrying the
U(g)-module L(\) can be described as follows.

Corollary 19.10. We have

L) = {¢e Uy | ¢-e; ™ =0, (i= 1,...,n)}.

Proof. The nilpotent A-module X is isomorphic to a submodule of f,\ if and only if

5X . e%\(aiv)ﬂ

i = 0 for every 7. The claim then follows from Theorem 19.9. U

20. A puaL PBW-BASIS AND A DUAL SEMICANONICAL BASIS FOR
A(Cr)

In this section we prove Theorem 3.3 and Theorem 3.4. We also deduce from these
results the existence of semicanonical bases for the cluster algebras R(Cys) and R(Cpr)
obtained by inverting and specializing coefficients, respectively.

20.1. Proof of Theorem 3.3. By the definition of the cluster algebra A(Cps,T), its
initial seed is (y, B(T)°). Let F = C(y1,...,yr). Since T is rigid, by Theorem 19.7 (i)
every monomial in the d7; belongs to the dual semicanonical basis §*, hence the 7, are
algebraically independent and (d7,,...,d7.) is a transcendence basis of the subfield G it
generates inside the fraction field of U(n)g,. Let ¢: F — G be the field isomorphism defined
by ¢(y;) = dr, (1 < i < r). Combining Theorem 3.1 and Theorem 19.7 (ii) we see that
the cluster variable z of A(Cys,T) obtained from the initial seed (y,B(T")°) through a
sequence of seed mutations in successive directions ki, ..., ks will be mapped by ¢ to dx,
where X € Cjs is the indecomposable rigid module obtained by the same sequence of
mutations of rigid modules. It follows that ¢ restricts to an isomorphism from A(Cps,T)
to R(Car,T). This isomorphism is completely determined by the images of the elements
i, hence the unicity. The cluster monomials are mapped to elements dr where R is a (not
necessarily maximal or basic) rigid module in Cjps, hence an element of S*. This finishes
the proof of Theorem 3.3.
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20.2. Proof of Theorem 3.4. Let M = M7 & --- ® M, be a terminal CQ-module. We
fix for this section a I'jr-adapted ordering z(1) < x(2) < --- < z(r) of the vertices of I'js
and we may assume that M, corresponds to the vertex z(i) for 1 < i < r. Moreover, we
write a(7) := dim(M;).
We have
C[(S(Mho), ... 76(M7‘70):| - R(CM) - SpanC<5X ’ X e CM>,

where the first inclusion follows from the observation that each of the A-modules (M;,0)
for 1 <4 < r is the direct summand of a maximal rigid module on the mutation path
from Ty to T}, see Section 18. The second inclusion follows from the observation that
Spanc(dx | X € Cypr) is an algebra. This follows from the fact that Cps is an additive
category together with Theorem 19.7 (i).

For each M’ € add(M) we can choose a CQ-module homomorphism
farr: M — (M)

such that (M’, fy;) is generic in wé}d(OM/), where d = dim(M’). It follows that d(np 7, )
belongs to the dual semicanonical basis S* of U(n)g,. If M’ = M; is an indecomposable
direct summands of M, then Homcg(M', 7(M’)) = 0 and therefore fyyr = 0.

The following theorem is a slightly more explicit statement of Theorem 3.4:
Theorem 20.1. Let M be a terminal CQ-module. Then the following hold:
(i) We have
R(CM) = (C[é(Ml,O)u C 75(Mr,0)] = Spandéx ’ X € CM>;
(ii) The set
7)?(4 = {(5(M’,0) | M/ S add(M)}
is a C-basis of R(Cym);
(iii) The subset
S& = {5(M/7fM’) | M, S add(M)}

of the dual semicanonical basis is a C-basis of R(Cpr), and all cluster monomials
of R(Car) belong to Sy,

The basis P;,; will be called dual PBW-basis of R(Car), and S}, the dual semicanonical
basis of R(Cpr). The proof of this theorem will be given after a series of lemmas.

Let Mg 4 be the C-vector space of GLg-invariant constructible functions rep(Q@, d) — C.
Set

MQ = @ MQ,d.
deN™

Note that the affine space rep(Q, d) of representations of @) with dimension vector d can
be viewed as an irreducible component of Ay. In fact, dim rep(@,d) = dim A4, and we
have

rep(Q7d) = {(faafa*)aEQl € Ad ‘ fa* =0forallae Q1}7

compare Section 4. Thus we have a natural restriction Resg: M — Mg, which is an
algebra homomorphism.

Lemma 20.2 ([L1, S]). Let f € My. If Resg(f) =0, then f =0.
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Let

be the root space decomposition of n. We consider n as a subspace of the universal
enveloping algebra U(n). Since we identify U(n) and M, we can think of an element f in
ng as a constructible function f: Ay — C in My.

Lemma 20.3. Let f eng. Ifd ¢ {a(i) |1 <i<r}, then
f(X) =0 for all X € Cy.

Proof. We know from Lemma 19.2 and Lemma 19.3 that {a(i) | 1 < i < r} is a bracket
closed subset of AT. Thus if X € Cjps has a dimension vector d’ in AT we must have
d € {a(i) | 1 <i <r}. Therefore, since f € My with d € At and d & {a(i) |1 <i<r},
we have f(X) = 0 for every X € Cyy. O

Next, we construct a PBW-basis of U(n) as follows. Choose a C-basis
P .= {pj | j€J }
of n consisting of weight vectors for the adjoint representation. We number it so that

for 1 < j < r the vector p; belongs to n,;. We denote by P = {pm | m € N(J)} the
PBW-basis of U(n) with respect to P (see Theorem 19.1).

Lemma 20.4. Let pm € P where m = (mj)cy. If mj >0 for some j > r, then
Pm(X) =0 for all X € Cypy.
Equivalently, dx (pm) = 0 for all X € Cyy.

Proof. We regard pmy, as an element of M, hence as a convolution product

Pm = pgrm) *pgmz) o *pgms)‘

Let us assume that s > r and ms > 0. It follows that py, = p x ps where
1 _ _
pi=— (pgml)*pém)*m*pgfi D plms ”)-
Now let X € Cps. Then

Pm(X) = (p*p)(X) = > mx.({U S X | p(U)ps(X/U) = m}).
meC

Since Cyy is closed under factor modules, we get X/U € Cyps for all submodules U of X.
Now Lemma 20.3 yields ps(X/U) = 0 for all such U. Thus we proved that py,(X) = 0 for
all X € Cyy. O

We denote by P* the dual of the PBW-basis P of U(n). Define
Par = A{(p1)"™ - ()™ [ mi = 0} € P
Recall that the dimension vectors of the indecomposable representations of the quiver
@ are known ([K1]):

Theorem 20.5 (Kac). There is an indecomposable representation in rep(Q,d) if and
only if d € AT. Furthermore, there is (up to isomorphism) exactly one indecomposable
representation in rep(Q,d) if and only if d € AL,
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Let A: U(n) — U(n) ® U(n) be the comultiplication of U(n). For f € U(n) it is well
known that

Alf)=12f+f®l

if and only if f € n, see for example [D]. As before, we identify U(n) and M, and we
denote the comultiplication of M also by A. If f € My, X' € Ay and X" € Ay with
d=d + d”, then

fX e X") = A(f) (X', X"),

see [GLS1]. Thus, if f € ng for some d, and X € A, is not indecomposable, we can write
X =X'® X" with X’ # 0 # X" and

fX) =1 X X))+ (fo )X, X") = f(X) + f(X") =0,
since dim(X") # d # dim(X"). Therefore we proved the following result:

Lemma 20.6. For a dimension vector d, let Ag‘d be the constructible subset of Aq con-
sisting of the indecomposable A-modules in Ag. If f € ng, then supp(f) C Aidnd.

We know by Lemma 20.2 that the map Resg: My — Mg 4 is injective. Thus, if
0 # f € Mg, then Resg(f) # 0. Let d be a real root. Thus ind(Q,d) = Ojp for some
CQ-module M’. Therefore, if f € ng, then

Resq(f) = cmrlo,,
for some ¢y # 0. In particular, for the functions pq,...,p, in P we get
Resq(pi) = ciloor,)

(for typographical reasons we write here O(M;) = Oyp,). We can assume (after possibly
rescaling the p;) that ¢; =1 forall 1 <4 <.

Lemma 20.7. We have

Resq(p{"™) - xpl™)) = 100} w - % 15000 = 1oy,

where M' := M & --- & M.

Proof. Since (1) < z(2) < --- < z(r) is a I'ys-adapted ordering of the vertices of I'p7, we
get that Ext(lcQ(Mi, M;) = 0 for all i« > j. Now the result follows from the definition of
the multiplication x of constructible functions. 0

Lemma 20.8. We have Py, = {00y | M € add(M)} .

Proof. For M', M" € add(M) with M’ := M{™ @ --- & M we have

Sarroy ™ %+ xp7) = (B ok p ) (M, 0)

= ResQ(pgml) ook pmY (M
1 if M= M,

0 otherwise.

=1p,,(M") = {

This follows from Lemma 20.7, and the fact that (M"”,0) is the image of M” under the
natural inclusion rep(Q)) — nil(A) which sends a C@Q-module L to the A-module (L,0).
Hence, using also Lemma 20.4, the claim is proved. g
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Proof of Theorem 20.1. Let X € Cp;. By Lemma 20.4 and Lemma 20.8, jx is a linear
combination of dual PBW-basis vectors of the form () with M’ € add(M). Hence

(5)( S (C[(S(Ml,o)a R 75(Mr70)]’ and
Span(c(éx ‘ X e CM> - (C[é(MLO), . 75(M'r70)] - R(CM)

Using the known reverse inclusions we get (i) and (ii) of Theorem 20.1.

Next, let M" € add(M). Thus O(M,f,,) 1s an element in the dual semicanonical basis S*.
Since (M’, farr) € Car, we know thatdyy g, ) € R(Cpr). For dimension reasons this implies
that

Sty = {Srp,, | M € add(M)} = 8* N R(Car)

is a C-basis of R(Cys). By what we proved before, the cluster monomials of R(Cyps) are a
subset of S3;. This proves (iii). O

20.3. Example. Let us discuss an example of base change between P}, and Sj,;. Let @
be the quiver

1/2\3

The Auslander-Reiten quiver of mod(CQ)) looks as follows:

1<— — —— —— — 2,
3<——————- 12
The A-modules Tj |, ;) are the following:
Tyl = o 2 Ty = 3 Tion= 2°
00] = 17 L[] ’ Lo = ;= >
2
T27[0,0} =2, Tz,[1,1} = 12 35 TQ,[OJ] =1 ) 3,
1
Tsj00 = %3, Ty =1, Ty = 2,

Let M = My @ --- & Mg be the direct sum of all six indecomposable C@-modules. For
each indecomposable A-module of the form (M;,0) one easily checks that Fj x is either
empty or a single point, so x.(Fj x) is either 0 or 1.

Thus the functions 6z, o) are known. Using Theorem 18.1 we get

0T, 0.y = 0Ty 11 " OTi fo.0) — 0T 0
5T2,[0,1] = 5T2,[1,1] ) 5T2,[0,0] - 6T1,[0,0] ’ 6T3,[0,0]7

5T3,[0,1J = 5T3,[1,11 '5T3,[o,01 - 5T2,[1,1]‘
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The initial cluster of our cluster algebra R(Cxs) looks as follows:

5T3,[1,1] -~ 5T3,[1,11 '5T3,[o,0J - 5T2,[1,1J

5T2,[1,1] ’ 6T2,[0,0] - 5T1,[0,0] ’ 5T3,[0,0]

5T2,[1,1]

5T1,[1,1] ’ 5T1,[0,0] - 6T2,[1,1]

6T1,[1,1]
The cluster variables in R(Cys) are
{0100 1oy 1 1S i<3and c= 0,1 U {81 6 5,01 3},
e o 2 2 2

(Here we consider the three coefficients 7, 0.1 also as cluster variables.) Beginning with
our initial cluster we can mutate several times and get

01 =01 :-69—0 2,
2 1

6 3:52'(53—(52 5
2 3

51 3:5 2 +(51'52'63—51‘(52 —53(5 2.
2 1 3 3 1

So we wrote all cluster variables as linear combinations of dual PBW-basis vectors.

20.4. Non-adaptable Weyl group elements: an example. Let I' be the graph
1 2 3
4
of type D4. Let w be the Weyl group element s3s4525154. The set of reduced expressions for

wis R(w) ={(3,4,2,1,4),(3,4,1,2,4)}. It follows that w is not adaptable. Furthermore,
an easy calculation shows that

A} ={000 100 010 110 111}
Let i = (3,4,2,1,4). Using a construction dual to the one in [BIRS, Section II.2], we

obtain a subcategory C,, of mod(A), which by definition has a generator

4 4
Ti::Tl@---@Tg,::4@%@3@142@1§2.

It follows that
We can think of C,, as a categorification of a cluster algebra of type A with four coefficients.

Now let @ be any quiver with |Q| = T'. By My,..., M5 we denote the five indecom-
posable K@Q-modules with A = {dim(M;) | 1 < i < 5}. Then the projection mq(T5)
is not in add(M). Note also that the dimension vector of T5 is a root, but mg(75) is a
decomposable K @Q-module. Another calculation shows that

75" (7 (Cw)) # Cu.

This indicates that our proof of Theorem 20.1 does not work for non-adaptable Weyl
group elements.
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20.5. Some generalities on bases of algebras. We start with the following:

Lemma 20.9. Let M' = M| @ M}, be in add(M) such that

for some i. Then we have dppy, ) = 5(M{7f1\4£) . 5(M§vfM§)'

Proof. Note that the A-module (MJ, f Mé) is a projective-injective object in Cps. The claim

then follows easily from [GLS1, Theorem 1.1] in combination with explanations in [GLS1,
Section 2.6]. O

This lemma gives rise to the following definition: A CQ-module M’ € add(M) is called
interval-free if M' does not have a direct summand isomorphic to I; & 7(I;) @ - - - & 74 (I;).

Let B := {b; | i > 1} be a K-basis of a commutative K-algebra A. For some fixed n > 1
let C := {b1,...,b,}. A basis vector b € B is called C-free if b ¢ b;B for some b; € C.
Assume that the following hold:

(i) For all b; € C we have b;B C B;
(ii) If b3* - bZnb = by -+ - by for some z;, 2, > 0 and some C-free elements b, b’ € B,

then b=V and z; = 2| for all 4.

It follows that
B={b"---b7"b| b e Bis C-free, z; > 0}.

Define
A=A/b;—1,...,b,—1).

For a € A, let a be the residue class of a in A. Furthermore, let Ay, ;. be the localization
of A at by,...,b,. The following lemma is easy to show:

Lemma 20.10. With the notation above, the following hold:

(1) The set B :={b| b is C-free} is a K-basis of A;
(2) The set By, . p, = {b7*---birb | b is C-free, z; € Z} is a K-basis of Ay, p,-

20.6. Inverting and specializing coefficients. One can rewrite the basis S}, appearing
in Theorem 3.4 as
Sy = {(5T1,[07t1])21 e (5Tn,[0,tn])zn5(M/7f1W/) | M' € add(M), M' interval-free, z; > 0} .

The next two theorems deal with the situation of invertible coefficients and specialized
coefficients.

Theorem 20.11 (Invertible coefficients). Let M be a terminal CQ-module. Then
St = {(5T1,[O,tl])Z1 (01, 10.00) 07 fyp0) | M’ € add(M), M" interval-free, z; € Z}

is a C-basis of ﬁ(CM), and g}& contains all cluster monomials of the cluster algebra

R(Car)-

Next, we specialize all n coefficients 5Ti7[0’ ] of the cluster algebra R(Cps) to 1. We

obtain a new cluster algebra R(Cps) which does not have any coefficients. The residue
class of dx € R(Cys) is denoted by J .
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Theorem 20.12 (No coefficients). Let M be a terminal CQ-module. Then
Sy = {Q(M’,fM,) | M’ € add(M), M’ interval—free}

is a C-basis of R(Car), and S}, contains all cluster monomials of the cluster algebra
R(Cm).

Proof of Theorem 20.11 and Theorem 20.12. Let B := {b; | i > 1} := S}, be the dual
semicanonical basis of R(Cys). We can label the b; such that

{bla EE) bn} = {6T1,[O,t1]’ Tt 5Tn,[0»tn]} :

Using Lemma 20.9 it is easy to check that the elements b; satisfy the properties (i) and
(ii) mentioned in Section 20.5. Then apply Lemma 20.10. O

21. ACYCLIC CLUSTER ALGEBRAS

In this section we will study the case of acyclic cluster algebras, which is of special
interest. Assume that M is a terminal CQ-module with ¢;(M) = 1 for all i. Thus M is of
the form

M =P @ (1)),
=1

then R(Cyps) is an acyclic cluster algebra associated to @ having n coefficients, whereas
R(Cyr) is the acyclic cluster algebra associated to @ having no coefficients.

Theorem 21.1. Let M = M; @ --- @ My, be a terminal CQ-module with t;(M) =1 for
all i. Then the following hold:

(i R(CM) = C[5(M1,0), R ’5(M2n,0)] = Span(c<5X ’ X e CM>,
(i) {6(amrr0) | M' € add(M)} is a C-basis of R(Car);
(iii {Q(M',O) | M' € add(M), M’ mterval—free} is a C-basis of R(Cr);

There is an isomorphism of cluster algebras R(Car) = Aqg, where Ag is the coef-
ficient free acyclic cluster algebra associated to Q).

~— — — —

Proof. Part (i) and (ii) were already proved before for M arbitrary. Part (iv) is clear
from our description of the initial seed (labelled by Ts) for the cluster algebra R(Cas). It
remains to prove (iii): We have

R(Cyn) = P Ra
deNn

where Ry is the C-vector space with basis {6 7, ) | M' € add(M) Nrep(Q,d)}. We
know that {8y 0y | M’ € add(M) Nrep(Q, d)} is a basis of Ry as well. After specializing
the coefficients 5Ti7[071] to 1, we get

R(Cu) = P Ry

deN”

where R, is the C-vector space with basis

{Q(M/,fM,) | M" € add(M) Nrep(Q, d), M’ interval—free} .
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Now one can use the formula
5Ti,[0,1] = 6Ti,[1,1] ' 5Ti,[0,0] - H 6Tj,[1,1] ’ H 6Tk,[0,0]
i—j k—i
(where the products are taken over all arrows of Q°P which start and end in 7, respectively)
and induction on the vertices of @ to show that for every interval-free M’ € add(M),
the vector d(pp 7, ) 18 & linear combination of elements of the form ¢y o) where M" is

interval-free in add(M) and |dim(M")| < |dim(M")|. For dimension reasons we get that
the vectors 0y ) with M" interval-free form a linearly independent set. This implies
(ii). O

It is interesting to compare (iii) to Berenstein, Fomin and Zelevinsky’s construction of a
basis for the acyclic cluster algebra Ag. Let y := {y1,...,yn} be the initial cluster whose
exchange matrix B is encoded by (@, as in Section 3.1. Let {y},...,y}} be the n cluster
variables obtained from y by mutation in the n possible directions.

The n sets {y1,...,yn} \ {yx} U{y;} are the neighbouring clusters of our initial cluster
y. Using a simple Grobner basis argument, the following is shown in [BFZ]:

Theorem 21.2 (Berenstein, Fomin, Zelevinsky). The monomials
{or" ()™ -y (o)™ | pisai = 0, pigi = 0}
form a C-basis of the acyclic cluster algebra Ag.
Now assume that the vertices 1,...,n of () are numbered in such a way that 1 is a sink

of @, and k + 1 is a sink of oy ---0901(Q) for 1 < k < n — 1. We perform n mutations
p - - poper, 1 < k < n of the initial seed (y, Bg). In each step we obtain a new cluster

variable which we denote by y};. Note that yI =y, but already y; and y5 may be different.
Observe that pi, - - - pop1(Bg) = Bg. We get that

({vl,- . ul}, Bg)
is a seed of the cluster algebra Ay where

{y17)yn}m{y11‘77y7tb} =d.
Our version of Theorem 21.2 looks then as follows:
Theorem 21.3. The monomials
{ylfl (yi)ql cyPr (gl | g > 0, pigi = 0}

form a C-basis of the acyclic cluster algebra Ag.

Note that in our setting, the initial cluster {yi,...,y,} comes from Ty, and the cluster
{yl,...,yh} comes from TY,.

22. THE COORDINATE RINGS C[N(w)] AND C[N"]

22.1. Nilpotent Lie algebras and unipotent groups. As before, let

n:= H Ny,

acAt
be the completion of the Lie algebra n. This is a pro-nilpotent pro-Lie algebra. Let N be
the pro-unipotent pro-group with Lie algebra n. We refer to Kumar’s book [Ku, Section
4.4] for all missing definitions.
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We can assume that N = 7 as a set and that the multiplication of IV is defined via the
Baker-Campbell-Hausdorff formula. Hence the exponential map Exp: n — N is just the
identity map.

Put H := U(n)g. This is a commutative Hopf algebra. We can regard H as the

coordinate ring C[N] of N, that is, we can identify N with the set
maxSpec(H) = Homyjs(H, C)

of C-algebra homomorphisms H — C. An element f € Homg,(H,C) is determined by
the images ¢; := f(p}) for all ¢ > 1.

It is well known (see e.g. [Ab, §3.4]) that Hom,(H, C) can also be identified with the
group G(H°) of all group-like elements of the dual Hopf algebra H° of H, by mapping
f € Hom,, (H,C) to

=3 (T om0
Note that the map f — y; does not depend on the choice of the PBW-basis {pm}. Note
also that G(H®) is contained in the vector space dual H* of H, which is the completion

U(n) of U(n) with respect to its natural grading. When we use this second identification,
an element x € N = 1 is simply represented by the group-like element

exp(x) := Zxk/k'
k>0
in 17(;) To summarize, we have H = U(n);, = C[N] and

N = maxSpec(H) = Hom,(H,C) = G(H°) C H° C H* = U(n).

Let © be a bracket closed subset of AT. Recall from Section 19.3 the definition of the
Lie subalgebra n(©) C n. Let N(©) := Exp(n(0)) be the corresponding pro-unipotent
pro-group. For example, if o € AL, then O, := {a} is bracket closed. In this case, N(«)
is called the one-parameter subgroup of N associated to . We have an isomorphism of

groups N(a) = (C,+).

If © is bracket closed and bracket coclosed, then set N’(©) := N(A™1\ ©). In this case,
the multiplication yields a bijection [Ku, Lemma 6.1.2]

m: N(©) x N'(©) — N.

For w € W let N(w) := N(A}) be the unipotent algebraic group of dimension [(w)
associated to the Lie algebra n(w). Similarly, define N'(w) := N’(A}).

22.2. The coordinate ring C[N(w)] as a ring of invariants. We start by noting that
the PBW-basis of U(n) and the dual PBW-basis of U (n)* are homogeneous with respect to
the (root lattice) N™-grading of U(n). We write |m| = d € N" in case py, is a homogeneous

)

element of degree d € N". Let us denote by (e;);cs the usual coordinate vectors of AS
For example, |e;| = a(i) for 1 <i <r.
The multiplication p: U(n) @ U(n) — U(n) is given by its effect on the PBW-basis, say

k
Pm * Pn = Z Cm,n Pk-
[k|=|m+n|
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Next, the comultiplication p*: C[N] — C[N] ® C[N] is a ring homomorphism, so it is
determined by the value on the generators p; = pg.. By construction, we have
PP = D b © D
|m-+n|=le;]

Lemma 22.1. Let 1 < i <7 and 0 # n € N(J) such that n; = 0 for 1 < j < r. Then

€; —
Con = 0.

Proof. Let m = m= + m~ such that mj = 0 for j > r and m; = 0for 1 < j <r, so
Pm = Pm< * Pm>- Since A} is bracket closed and coclosed we have
Pm> Pn= Y, O Pk
[k’|=|m>+n|

with k:;zoforlgjgr. Thus

k/
Pm Pn = Z Cm> nPk +m<-
K| =l +n
Putting k = k' + m< we get ¢k, , = c§;>’n. Thus, if in our situation ck, , # 0 then k; # 0
for some k > 7. O

Now, let us turn to the subgroups N(w) and N'(w). Consider the ideals
I(w) == (Pry1:Pry2s )y T'(w) = (o1, p7)
in C[N]. Then we have
N(w) = {v € Homu(C[N],C) | v(I(w)) = 0}, and
N'(w) = {v/ € Hom,x(C[N],C) | '(I'(w)) = 0}.
In other words we have canonically C[N(w)] = C[N]/I(w) and C[N'(w)] = C[N]/I'(w).

We consider the action of N'(w) on N via right multiplication. By definition, this comes
from the left action of N'(w) on C[N] given by

Ve f = (idev)u(f)
for f € C[N] and v/ € N'(w). (Here we identify C[N] ® C = C[N] in the canonical way.)
We denote by C[N]N'(*) the invariant subring for this group action.

Proposition 22.2. Consider the injective ring homomorphism
7t CIN(w)] — C[N]

w
defined by p; + I[(w) — pf for 1 < i < r. The corresponding morphism (of schemes)
Tw: N — N(w) is N'(w)-invariant and is a retraction for the inclusion of N(w) into N.
As a consequence, 7, identifies C[N (w)] with C[N]N'®) = C[p*, ..., p].

Proof. We have

P =10pi+pi@1+ Y b © D
Im-+tn[=|e;|
where in the last sum |m| # 0 # |n|. Thus for 1 < i <7 and v/ € N'(w) we get
Vepi=1-04pf 14 Y bV (0h)

|m+n|=|e;]
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with the last sum vanishing by Lemma 22.1 and the definition of N’(w). In other words,
pf € CINIV'®) for 1 < i < r. Thus, 7,: N — N(w) is N'(w)-equivariant, that is,
Tw(nn') = 7y (n) for any n’ € N'(w).

Now, since the multiplication map N(w) x N'(w) — N is bijective, each N'(w)-orbit
on N is of the form n - N'(w) for a unique n € N(w). We conclude that the inclusion
N(w) — N is a section for 7. Our claim follows. O

By Theorem 20.1 we know that R(Cys) = C[pj,...,p}]. Therefore we have proved:

Corollary 22.3. Under the identification U(n)y. = C[N] the cluster algebra R(Cnr) gets
identified to the ring of invariants C[N1N' () which is isomorphic to C[N(w)].

22.3. The coordinate ring C[N"] as a localization of C[N]N'(®), We start with some
generalities on Kac-Moody groups. Let G™" be the Kac-Moody group with Lie(G™") = g
constructed by Kac-Peterson (see [Ku, 7.4]). It has a refined Tits system

(G™® Norm®™(H), N N G™" N_, H).

Write N™I* .= G™" 0 N, Moreover, G™" is an affine ind-variety in a unique way [Ku,

7.4.8].

For any real root « of g, the one-parameter root subgroup N(«) is contained in G™",
and the N(a) together with H generate G™™ as a group. We have an anti-automorphism
g — g1 of G*™® which maps N(alpha) to N(—a) for each real root a, and fixes H. We
have another anti-automorphism g — ¢* which fixes N(«) for every real root a and such
that h* = h™! for every h € H.

For i = 1,...,n we have a unique homomorphism ¢;: SLz(C) — G™® satisfying

oo 1) et wi() Y)=ewtn).  eo

_ 0 -1

For w € W, we define w = s, ---3;,, where (i,,...,41) is a reduced expression for w.
Thus, we choose for every w € W a particular representative w of w in the normalizer
Normg (H).

We define

We have the following analogue of the Gaussian decomposition.

Proposition 22.4. Let G be the subset N_ - H - N™* of G™in,

(i) The subset Gq is dense open in G™™ and each element g € Go admits a unique
factorization g = [g]-[g]olg]+ with [g]- € N_, [glo € H and [g]+ € N™m.

(ii) The map g — [g]+ (resp. g — [g]o) is a morphism of ind-varieties from Ggo to
N™ - (resp. to H).

Part (i) follows from the fundamental properties of a refined Tits system [Ku, Theorem
5.2.3]. For part (ii), see [Ku, Proposition 7.4.11].

Following Fomin and Zelevinsky [FZ1] we can now define for each w; a generalized
minor Ay, . as the regular function on G™" such that

Aw]-,w]- (g) - [g]i)ﬂj’ (9 € GO)



CLUSTER ALGEBRA STRUCTURES AND SEMICANONICAL BASES 107

For w € W, we also define Ay, () by

Aw]-,w(w]')(g) = ij7wj (gw)
The generalized minors have the following alternative description. Let L(w;) denote the
irreducible highest weight g-module with highest weight @;. Let v; be a highest weight
vector of L(w;j). This is an integrable module, so it is also a representation of G™".

Proposition 22.5. Let g € G. The coefficient of v; in the projection of gv; on the weight
space L(w;)w, is equal to Ay, o (9)-

Proof. Let g = [g]-[glolg]+ € Go. We have [g] v; = v;, and [g]ov; = [g]g vj. The result
then follows from the fact that [g]_v; is equal to v; plus elements in lower weights. O

Proposition 22.6. We have
Go={9€G™ | Ag,wi(9) #0 for L <i<n}.

Proof. We use the Birkhoff decomposition [Ku, Theorem 5.2.3]
¢ = | | NwHN™",
weW
where G is the subset of the right-hand side corresponding to w = e. If g = [g]_[g]o[g]+ €
Go, then Ay, .(9) = [9]g” # 0. Conversely, if g ¢ Go we have g = n_whn for some
n_ € N_,ne N™ he H and w # e. Then for some j we have w(w;) # w; and wWhnv;
is a multiple of the extremal weight vector wwv;. Since the projection of n_wv; on the
highest weight space of L(w;) is zero, it follows that A, & (g9) = 0. Finally, note that for
any j > n the minor Ay, . does not vanish on G™". Indeed, the corresponding highest

weight irreducible module L(w;) is one-dimensional since w;(a;) = 0 for any i. Hence in
the above description of G, we may omit the minors Ay, . with j > n. (]

Let us now consider the groups N(w) and N’(w) introduced in Section 22.1.
Lemma 22.7. We have
N(w) = NN (w 'N_w),
N'(w) = NN (w™ ' Nw),
N (w) N N™2 = N™2 A (™ EN™Rqy),

Proof. This follows from [Ku, 5.2.3] and [Ku, 6.2.8]. O
It follows that A, ,-1(s;) is invariant under the action of N'(w) N N min on GWIN yig,
right multiplication. Indeed, for g € G™" and n’ € N'(w)NN™" we have n'w=! = w™n"

for some n” € N’(w) N N™ hence

Aw]-,wfl(w]-)(gn/) - ij,wj (gnlﬁ_l) = ij,wj (g@_ln”)

= ij,wj (gﬁ_l) = ij,w—l(wJ')(g)’
Define .
Ny = {n c N ’ Awi,w—l(wi)(n) 7& 0 for all Z} .
This is the subset of N™ consisting of elements n such that wn’ € Gy. Indeed,

Awi,wfl(wi)(n) = Aw,;,m, (nw_l) = Awi,wi((nw_l)T) = Ag, (wn),
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Following [BZ, Section 5], we can now define the map 7, : N,y — N™1 given by
i (2) = [T+
Proposition 22.8. The following properties hold:

) The map 1y, is a morphism of ind-varieties.
) The image of 7, is N™.
(iii) 7w (2) = 7w (y) if and only if x = yn' for some n' € N'(w) N N™n,
(iv) 7 restricts to a bijective morphism N(w) N Ny — N*.
) We have N* C Ny, and 1, restricts to a bijection ny,: NY — NY.
) The inverse of Ny is given by Nyt () = ny-1(z4)* for x € N¥. It follows that n,
s an automorphism of N*.

Proof. Property (i) follows from Proposition 22.4 (ii). Next, we have

@21y = ([w2T)y [w2") - w:T € B_wB_.
This shows that the image of 7, is contained in N"™. The rest of Property (ii) and
Property (iii) are proved as in [BZ, Proposition 5.1]. Property (iv) follows from (ii), (iii),

and the decomposition N™ = N(w) x (N’(w) N N™). Finally, (v) and (vi) are proved
exactly in the same way as in [BZ, Propositions 5.1, 5.2]. O

Proposition 22.9. The map 7, restricts to a morphism my,: N* — N, N N(w). This is
an isomorphism with inverse

N s N N N(w) — NV,

In particular, N is an affine variety with coordinate ring identified to the localized ring
N'(w)
C[N]p, , where

n
A =[] A w1
i=1

Proof. By Proposition 22.8 (iv) and (v), we know that 1,7, is a bijection. On the other
hand 7,(N") C N(w) N N, because N* C N,,. Now, by Proposition 22.8 (iii), we have
that

T (Tw (%)) = 7w () = 17w ()
for every x € N*. Hence n;lﬁwww(@ = z for every xz in N*. So we have n;lﬁuﬂrw = idyw,
and this proves that 7, is the inverse of 1,7,

These maps are morphisms of varieties so they induce isomorphisms

C[N"] = C[N(w) N Ny = C[N(w)]a, = C[N]X @,

w

0

22.4. Generalized minors arising from 7);. For w € W and 1 < j < n, we denote by
D, w(w;) the restriction of the generalized minor ij,w(wj) to N. For example, D, o,
is equal to the constant function 1.

Recall the identifications M* = U(n);, = C[N]. To every X € nil(A), we have associ-

ated a linear form 6x € U(n);,. We shall also denote dx by ¢x when we regard it as a
function on N. For i =1,...,n, define

x;(t) := exp(te;).
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The following formula shows how to evaluate ¢ x on a product of x;(t)’s. To state it, we
introduce some notation. Given a sequence i = (i1,...,i;) and X € nil(A), we denote by
Fi, x the variety of ascending flags of submodules

0=XpCX1C---CXp=X

with X;/X; 128, (j =1,...,k). Equivalently, a point of ; x can be seen as a compo-
sition series of X of type i.

Proposition 22.10. Let X € nil(A). We have

t(fl .. .tzk
ex (i (t1) -+ - w4, (tk)) = Z Xc(fia,X)ﬁ-
a=(ay,...,a;)ENF 1 k:
Here i? is short for the sequence (i1,...,41,...,0k,..., i) consisting of a1 letters iy followed
by a9 letters ig, etc.
Proof. By Section 22.1 we can regard x;, (t1) - - - ;, (tx) as an element of U(n), namely,
- .tzk
a a
iy (t1) - -, (L) = Z mei; cegk,
a:(al,...,ak)GNk
It follows from the identification ¢ x = dx that
t‘fl .. 'tZ’“
a a
ox (@i (t1) - - w3, (k) = > m(sx(@if ).

a=(a1,...,a)ENK

Now, in the geometric realization M of the enveloping algebra U(n) in terms of con-
structible functions, 6;-111 e e?: becomes the convolution product 1?11 * ek 1;1: and it is
easy to see that

Ox (1) %+ x 13F) = xe(Fia x)-
O

Remark 22.11. The formula for ¢ x given in [GLS5, §9] involves descending flags instead
of ascending flags of submodules of X. This is because in the present paper we have taken
a convolution product x opposite to that of our previous papers (see Remark 19.4).

We are going to show that all generalized minors D, (;) can be expressed as some
functions ¢ x for certain A-modules X. In order to do this, we need to recall some results
on Kac-Moody groups.

Let C[G™"]s.. denote the algebra of strongly regular functions on G™® [KP, §2C].
Define the invariant ring

CIN-\G™sr. = {f € CIG™™s.. | f(ng) = f(g) foralln € N, g € G™"}.
This ring is endowed with the usual left action of G™ given by

(9-Ng)=flg9),  (f € CINNG™ s, g,9" € G,
It was proved by Kac and Peterson [KP, Cor. 2.2] that as a left G™"-module, it decom-
poses as follows
CIN\G™™ 5. = €D L(N).
AepP+
This is a multiplicity-free decomposition, in which the highest weight irreducible module
L(\) is carried by the subspace

S(A) = {f € CIN\G™ .. | f(hg) = Ax(h)f(g) for all h € H, g € G™™},
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where we denote

AaY)
Ay =[] A%%;
J

Clearly, Ay € S(\) and is a highest weight vector. Moreover, for any w € W, the one-
dimensional extremal weight space of S(\) with weight w(\) is spanned by
_ Ae)
Aw(A) T wj,w(w;)’

Now consider the restriction map
pP: (C[N_\Gmin]s.r_ - (C[Nmin]s.r.
given by restriction of functions from G™" to N™in,

Lemma 22.12. For every A € PT, the restriction
pr: S(A) — CIN™™g,
of p to S(\) is injective.

Proof. We have
Nmin C GO _ N_HNmin —_ B_Nmin.

It follows that the natural projection from G™™ onto B_\G™™ restricts to an embedding
of N™ with image the open subset of the flag variety X = B_\G™® defined by the
non-vanishing of the minors Ag, .. Now C[N_\G™"];, can be regarded as the multi-
homogeneous coordinate ring of X with homogeneous components S(\) (A € PT). Tt
follows that C[N™] can be identified with the subring of degree 0 homogeneous elements
of the localized ring obtained from C[N_\G™"],. by formally inverting the element

A= Hij,wj.
J

Therefore, the restriction py of p to every homogeneous piece S(A) is an embedding. [

It follows that we can transport the G™"-module structure from S()\) to p(S(\)) by
setting .
ge=plg-p (@),  (9€G™, pep(SM)).
In this way, we can identify the highest weight module L(\) with the subspace p(S(\)) of
C[N™n)g .. The highest weight vector is now p(Ay) = 1, and the extremal weight vectors

are the minors
M)

Dw(/\) = wj,w(w;)’

for w e W.

At this point, we note that a strongly regular function on N™" is just the same as
an element of U(n)g,. Indeed, the elements of C[N min] . are the restrictions to N™ of
the linear combinations of matrix coefficients of the irreducible integrable representations
L(A\) (A € PT) of G (see [KP, Lemma 4.2]). Now, by Theorem 19.9, we can realize
every L(A) as a subspace of U(n)g,, and every f € U(n)g, belongs to such a subspace for
A sufficiently dominant. It follows that each element of U(n)g, can be seen as a matrix

coefficient for some L(\), and vice-versa. We can therefore identify
C[Nmin]s.r. = U(n);r = C[N].
Moreover, these two ways of embedding L(A) in C[N] coincide.
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Lemma 22.13. Under the identification U(n)s, = CIN™"] ., the embedding of L(\) in

U(n)g, given by Theorem 19.9 coincides with p(S(A)).

Proof. The natural right action of U(n) on U(n)g, defined before Corollary 19.10 coincides

with the right action of U(n) on C[N™®] . obtained by differentiating the right regular
representation of N™":

(f - n)(z) = f(nx), (z,n € N™, f e CIN™.,.).
Consider first the case of a fundamental weight A = @;. It is easy to check that

A o (9) ifi# ],
Aw~w' 7,t — VERae) ep - .
7’ J(CB ( )g) { Aw])wj(g)—i_tAsJ(wJ)va(g) lfz:J.

Now, the subspace p(S())) is spanned by the functions n +— Ay, &.(ng), (n € N_, g €
G™n) By differentiating the previous equation with respect to ¢ and setting t = 0, we
obtain that

p(S(N) C {f € CIN™ . | f-e; =0fori#j, f-ef =0},

Hence, using Corollary 19.10, we see that p(S())) is contained in the embedding of L(w )
given by the dual Verma module. Since these spaces have the same graded dimensions,
they must coincide. The case of a general \ follows using the fact that

AaY)
A/\ = H ij',zjz'j
J
and that the e;’s act as derivations on C[N™"], . . O

Let M = M; & --- & M, be a terminal CQ-module. Let w = w(M) = s;,---s;, be
the element of W attached to M with its reduced expression (iy,...,%1) obtained from a
I'pr-adapted ordering, as in Lemma 19.3. Set

w;i:sil-.-sik, (k:l’_“’r).

Finally, let Ty, = T1 & --- & T, be the Cj/-maximal rigid A-module defined in Section 7.
Here we number the indecomposable direct summands of Ty, using the same I'j;-adapted
ordering.

Proposition 22.14. We have
@Tk — lek 7“);116(""_“'%)’

In particular, we have Dy, =1 (w,) = PT; 0,4 for every 1 <i <mn.

Proof. Using Lemma 22.13, we can realize the fundamental module L(w;, ) as the subspace

p(S(wy)) of C[N]. Then using Theorem 19.9 and arguing as in the proof of [GLS2,

Theorem 2], we can check that the function ¢r, is an extremal vector of weight wZ, (w;,)

in L(w;,), hence it coincides with D_ wZl (i, ) WP to a scalar. Moreover, its image under
Ik bl < Zk

AL el'® is equal to 1, so the normalizations agree and we have o1, = D

elk 21

wik,wgi(wik)'
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22.5. Example. Let I'j; be the following quiver, which appeared already in Section 3.5.

1,2) (1,1) (1,0)
(2,1) (2,0)
(3,1) (3,0)
The following is a I'ps-adapted ordering;:
z(6) z(1)

\/\/
/\/

This gives i = (3,1,2,3,1,2,1). The indecomposable direct summands of T, are

1 1 1
T1=1, T2:121, T3: 212,
1 1 1 1 1 1 1 1
Ty= 2, Ts= 2 2 2 2,
3 173 "1
2
12121 12121 12121 1212121
T = 173 “17 03 T17 o 17 = 11
2 2 2
1 3

Here, the A-modules are represented by their radical filtration. The indecomposable Cp;-
injective modules are T5,Ts and T%7. The corresponding functions ¢7;, are given by

YT = Dw1,s1(w1)7 YTy = Dw2»8152(w2)’ P15 = DWLSIS?Sl(wl)’
Py = DW3,51825153(W3)7 PTs = Dwz,slszslsgsg(wz)7
PTs = Dw1,s15251335251(w1)7 Y, = Dw3,81525153325153(w3)'

It is also interesting to calculate the expansions of these minors in terms of the dual
PBW-basis using our generalized determinantal identity in Theorem 18.1. For this, it is
convenient to change notation and to write

T =T 0,0, T =T 0,0, T3 =T 0,11, Ty =1T30,0;
Is =150, Ts =11 0,2, T7 =150,

With this notation, our initial seed becomes

T} 0,2 T1 0,1 110,01

N, Ny A
/

2,00,1] = T2 [0,0)

/
\
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Now, writing Tj [, ) instead of T 10> WE obtain immediately

a,b]’

T o) = Topn oo — T2 00,
Do = Toiy P00 — TipnTs00)s
T30, = T30, 750,00 — T21,1)-

Again by Theorem 18.1 and a short calculation we get

Tij02) = Tipa T T — Tz T o0 — To iy oo+
+2To 10T 0,071,005, 00 — Ty Lo,

22.6. Proof of Theorem 3.5. Everything is now ready for the proof of Theorem 3.5. By
Proposition 22.9, we know that C[N*] is the localization of the ring C[N(w)] with respect
to the minors D, -1(s,). By Corollary 22.3, C[N(w)] is equal to the cluster algebra
R(Cprr). By Proposition 22.14, the minors D, ,-1(x,) coincide with the functions px
where X runs through the set of indecomposable Cjs-projective-injective. In other words,
the D, 1,-1(w,) coincide with the generators of the coefficient ring of R(Cyas). Hence C[N*]

is equal to the cluster algebra R(Car).

22.7. The subcategory C,. In Lemma 19.3 we have associated to a terminal CQ-module
M a @Q°P-adaptable element w of the Weyl group. It is not difficult to see that the map
M — w is a bijection from the set of isomorphism classes of terminal CQ-modules to
the set of sincere Q°P-adaptable elements w of W. (Here w is called sincere if for any

reduced expression (i, ...,41) € R(w) we have i € {i1,...,4;} for all 1 <i < n. Looking
at sincere Weyl group elements is not really a restriction, since we could just pass from
to a smaller quiver by deleting the vertices which do not occur in {iy,...,:}.)

On the other hand, an element w of W may be adaptable to several orientations @) of
the Dynkin graph of g. (For example if g is finite-dimensional, the longest element wq of
W is adaptable to every orientation of the Dynkin graph.) In this case, w is associated
with a terminal CQ-module M = Mg for several orientations ) of the Dynkin graph.

Lemma 22.15. Let Q and Q' be two orientations of the Dynkin graph of g. Let w € W
be Q°P-adaptable and Q'°P-adaptable, and let M € mod(CQ) and M’ € mod(CQ') be the
corresponding terminal modules. Then, the subcategories Cpr and Cpp of nil(A) are equal.

Proof. Recall that, by Proposition 22.14, the elements of C[N] attached to the Cjs-injective
indecomposable direct summands of T}, are the D, w—1(e;) for 1 <i <mn. In particular,
they depend only on w and not on the choice of a reduced expression. Now, if X and Y
are two rigid modules such that o x = ¢y, we have that X is isomorphic to Y. Otherwise,
the closures of their orbits would be different irreducible components of the nilpotent
variety on which they lie, and therefore ¢ x and ¢y would be different elements of the
dual semicanonical basis. It follows that Cys and Cpsr have the same generator-cogenerator,
so they are equal. O

Therefore we may define C,, := Cjs, and we have associated to every adaptable element
w € W a subcategory C,, of nil(A). This subcategory is, up to duality, the same as the
one introduced in a different manner in [BIRS]. To check this, one only needs to compare
our maximal rigid module T (as described in Proposition 22.14) with the cluster tilting
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object

.
P/, s,
k=1

defined in [BIRS, Theorem II.2.6]. More precisely, if in our construction we would replace
our terminal CQ-module M in the preinjective component by an “initial” CQ-module in
the preprojective component, then we would get exactly the cluster tilting objects and the
subcategories C,, of [BIRS, Theorem I1.2.8], but only for the adaptable elements w of W.

Thus we have proved:

Theorem 22.16. Conjecture I11.3.1 of [BIRS] holds for every adaptable element w € W.

22.8. Calculation of Euler characteristics. We retain the notation of Section 22.4. In
particular M = M &---@ M, is a terminal CQ-module, and w = w(M) = s;, - - - s;, is the
corresponding Weyl group element. Let T be a Cjs-maximal rigid module in the mutation
class of T}y, or equivalently in the mutation class of TA\Q =T ®---dT,. Let X be an
indecomposable direct summand of T" and let j = (j1,...,jq). By Proposition 22.10, the
Euler characteristic x.(Fj,x) is equal to the coefficient of ¢y -- -t in @ x (xj, (t1) - - - x5, (ta)).
Using mutations, we can express algorithmically ¢ x as a Laurent polynomial in the func-
tions o7, (i = 1,...,7). Again, by Proposition 22.10, to evaluate ¢, on xj, (t1) - - - xj,(tq),
we only need to know the Euler characteristic x.(Fk,r,) for arbitrary types k of composi-
tion series. These Euler characteristics can in turn be calculated via a simple algorithm
that we shall now describe.

To this end, it will be convenient to embed U(n)g, = C[N] in the shuffle algebra I, as
explained in [Le, §2.8]. As a C-vector space, F'* has a basis consisting of all words

wlk] = wlky, ka, .. ., ks] := w, wi, -+ - Wi, (1<ki,....,ks <n, seN),

in the letters w1, ...,w,. The multiplication in F™* is the classical commutative shuffle
product W of words with unit the empty word wl] (see e.g. [Le, §2.5]). By [Le, Prop. 9,
10], for any X € nil(A) the image of px in this embedding is just the generating function

gx = Z Xe(Fi,x)wlk]
K

of the Euler characteristics x.(Fx x) for all types k of composition series.

Let A € Pt and 1 <i < n. Define endomorphisms pj(e;), pa(fi) of the vector space F*
by

p)\(el)(w[jlaa]k]) = 5i,jkw[jl)°"ajk—1]a
k

p)\(fl)(w[jl)ajk]) = Z()‘_a]1 _"'_O[jr)(aq\;/)w[jla'"aj’r‘aiujr-‘rlu"'vjk]'
r=0

Proposition 22.17. The formulas above extend to a linear representation py of g on
F*. This turns F* into a U(g)-module. The image of C[N] in its embedding in F* is
a U(g)-submodule isomorphic to the dual Verma module M (N){ = (see Section 19.6). In
particular the set

*
low

{oafir - fi)wl]) | s €N, 1 < i, yis S
spans a copy of the irreducible module L(\).

The above formulas for py(e;) and py(f;) can be obtained by specializing ¢ to 1 in the
formulas of the proof of [Le, Prop. 50]. We omit the details.
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By Proposition 22.14, we have
PT, = Wiy, ,w;;lg(wik)’

that is, 7, is the (suitably normalized) extremal weight vector of L(w;, ) with weight
Siy -+ - Sip, (w4, ). This implies that o7, is obtained by acting on the highest weight vector

of L(w;,) with the product f OB fi(:’“) of divided powers of the Chevalley generators,
where by, = w;, (o ) = 1 and b (sij+1 osi (@) (@) (=1,...,k—1). Therefore we
have

(21) g1, = pany (£ £ ().

Hence to calculate the generating function g7, one only needs to apply b1+ - -+b;, = dim T},
times the above combinatorial formula for pz, (f;)-

Thus we have obtained an algorithm for calculating the Euler characteristics x.(Fk 1)
for any rigid module 7 in the mutation class of T);. This applies in particular to every
summand M; of the terminal CQ-module M. Hence, by varying M, we see that the Euler
characteristics x.(Fx, 1) are (in principle) computable for any preinjective CQ-module L.

22.9. Example. We continue the example of Section 22.5. Clearly, we have

91, = P (1) (w]]) = w10y Jw[1] = wl1].
Similarly

Now we calculate successively

P (f2)(wl]) = @2(ag)w[2] = wf2],
P (f1)(W[2]) = @2(a)) w(l,2] + (w2 — az)(e)) w[2,1] = 2w[2,1],
P (f1)(2w[2,1]) = 2(w2(ay) w[l,2,1] + (w2 — o) () ) w2, 1,1]

= 4w[2,1,1].
Hence, taking into account that f1(2) = f2/2, we get
T, = 2w[2,1,1].
Similar applications of formula (21) yield the following results
g = pey (£ 2(2)f1> (w])) =4w(1,2,1,2,1,1] + 12w[1,2,2,1,1,1],
g1, = s (17 L2fs) (wl]) = 20[3,2,1,1),
g1, = e (KB 1P Lot ) ()

+96w(3,2,1,2,1,2,2,1,1,1,1] + 48 w[3,2, 1, 1, 2,2,1,1,2,1,1]
+48w([3,2,1,2,1,1,2,2,1,1,1] + 48 w|[3,2,1,2,1,2,1,2,1,1,1]
+48w([3,2,1,1,2,1,2,2,1,1,1] + 16 w[3,2,1,2,1,2,1,1,2,1,1]
+16w[3,2,1,2,1,1,2,1,2,1,1] + 16 w[3,2,1,1,2,1,2,1,2,1,1].

The generating functions g7, and g, are too large to be included here. For example g,
is a linear combination of 402 words.
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22.10. Coordinate rings of unipotent radicals. In this section, we assume that Q
is of finite Dynkin type A,D,E. We first recall some standard notation (we refer the
reader to [GLS6] for more details). The group G is now a simple complex algebraic group
of the same type as Q). Let J be a subset of the set of vertices of ), and let K be the
complementary subset. To K one can attach a standard parabolic subgroup B containing
the Borel subgroup B = HN. We denote by Nk the unipotent radical of By. This is a
subgroup of N. Let Wx be the subgroup of the Weyl group W generated by the reflexions
sk (k € K). This is a finite Coxeter group and we denote by wéf its longest element. The
longest element of W is denoted by wy.

In finite type, the preprojective algebra A is finite-dimensional and self-injective. In
agreement with [GLS6|, we shall denote by P; the indecomposable projective A-module
with top S; and by @); the indecomposable injective module with socle S;. We write

Q]Z@Qj and PJ:@_P]'.

jeJ jeJ
In [GLS6], we have shown that C[Nk] is naturally isomorphic to the subalgebra

Ry = Spanc{px | X € Sub(Q,))

of C[N]. As before, Sub(Q ) is the full subcategory of mod(A) whose objects are submod-
ules of direct sums of finitely many copies of @ ;. This allowed us to introduce a cluster
algebra Aj; C Rg, whose cluster monomials are of the form px with X a rigid object of
Sub(Q). We conjectured that in fact Ay = Rx [GLS6, Conj. 9.6].

K

We are going to prove that this conjecture follows from the results of this paper if wowy
is adaptable.

Lemma 22.18. We have Nx = N'(wk) = N(wow{).

Proof. We know that N'(wf) is the subgroup of N generated by the one-parameter sub-
groups N(a) with a > 0 and w{f(a) > 0. These are exactly the one-parameter subgroups
of N which do not belong to the Levi subgroup of By, hence the first equality follows.
Now, since N = wgN_wg, we have

N'(w) = NnwlfNwl = N nwlfwoN_wowl’ = N(wow).

O

As before, let Fac(Py) be the subcategory of mod(A) whose objects are factor modules
of direct sums of finitely many copies of P;.

Lemma 22.19. We have C,,,,x = Fac(Py).

Proof. By Proposition 22.14, we know that the indecomposable projective-injective object
I; of Cwow{f with socle \S; satisfies

(tel).

P, = Dwi,w{){wo(wi)’

By [GLS6, §6.2], it follows that I; = Engi, where 5w5< is the functor defined in [GLS6,
§5.2]. It readily follows that I; is the projective-injective indecomposable object of Fac(P;)
with simple socle S;. Hence Cw0w5< and Fac(Py) have the same projective-injective gener-
ator. (]



CLUSTER ALGEBRA STRUCTURES AND SEMICANONICAL BASES 117

Let S denote the self-duality of mod(A) induced by the involution a +— a* mapping
an arrow a of () to its opposite arrow a* (see [GLS2, §1.7]). This restricts to an anti-
equivalence of categories Fac(P;) — Sub(Q ), that we shall again denote by S.

Lemma 22.20. For every X € mod(A) and every n € N we have
ex(nh) = (=) X pgx) (n).

Proof. We know that N is generated by the one-parameter subgroups z;(t) attached to
the simple positive roots. By Proposition 22.10 we have

ox (@i (t1) -+ @iy, (L)) = > Xe(Fia, x)

a:(al,...,ak)GNk

ai ag
Lty

al!---ak!'

Now, if n = x;, (t1) - 24, (tk), we have n=! = z;, (—tx) - - - 24, (—t1) and the result follows
from the fact that F(i?, X) = F(iop®, S(X)), where iop and a,, denote the sequences
obtained by reading i and a from right to left. O

‘We can now prove:
Theorem 22.21. Conjecture 9.6 of [GLS6] holds if wowl is adaptable.

Proof. Suppose that wow(lf is Q-adapted. Let Cp; = Cwow? be the corresponding sub-
category of mod(A). The cluster algebra R(Cps) = R(Fac(Py)) is isomorphic to Ay via
the map ¢x +— ¢g(x). This comes from the fact that S: Fac(P;) — Sub(Q) is an
anti-equivalence which maps the maximal rigid module T, used to define the initial seed
of R(Cys) to the maximal rigid module U; of [GLS6, §9.2] used to define the initial seed
of A;. (Here we assume that i is the reduced word of w{wy obtained by reading the
Q-adapted reduced word of wowfS from right to left.) In particular the cluster variables
¢, which, by Theorem 20.1, generate R(Fac(Py)) = C[N (wow’)] are mapped to cluster
variables @7,y of Aj. They also form a system of generators of the polynomial alge-
bra C[N(wow{{)] = C[Ng] by Lemma 22.20, because the map n + n~! is a biregular
automorphism of Ng. Hence A; = C[Nkg]|. d

Remark 22.22. The previous discussion shows that we obtain two different cluster al-
gebra structures on C[Ng], coming from the two different subcategories Fac(Py) and

Sub(QJ).
When using Fac(P;) =C
functions of C[N] for the action of N’ (wow{) on N by right translations (see Section 22.2).

This allows us to relate the first cluster structure to the cluster structure of the unipotent
cell C[Nwow(g{] (see Proposition 22.9).

wowk » We regard C[Nk] as the subring of N’(wow)-invariant

When using Sub(Q ), we regard C[Ng] as the subring of N'(wow{)-invariant functions
of C[N] for the action of N'(wow{) = N(wl) on N by left translations. These functions
can then be “lifted” to Bj-invariant functions on G for the action of By on G by left
translations. This allows us to “lift” the second cluster structure to a cluster structure on
C[Bx\G] (see [GLS6, §10]).

23. OPEN PROBLEMS

23.1. It is known that the dual canonical basis B* and the dual semicanonical basis &*
of M* = U(n)g, do not coincide, see [GLS1]. But one might at least hope that both bases
have some interesting elements in common:
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Conjecture 23.1 (Open Orbit Conjecture). Let Z be an irreducible component of Ag,
and let by and py be the associated dual canonical and dual semicanonical basis vectors of
M=, If Z contains an open GLg-orbit, then by = pz.

We know that each cluster monomial of the cluster algebra A(Cjy) is of the form pyz,
where Z contains an open GLg-orbit. So if the conjecture is true, then all cluster monomials
belong to the dual canonical basis.

23.2. Finally, we would like to ask the following question. Is it possible to realize every
element of the dual canonical basis of M™* as a d-function? We know several examples of
elements b of B* which do not belong to §*. In all these examples, b is however equal to
dx for a non-generic A-module X.

Let us look at an example. Let () be the quiver
=2

and let A be the associated preprojective algebra. For A € C* we define representations
M (X, 1) and M (), 2) of @ as follows:

(1) (o1)
M(\1):= C=——=C and M(\,2):= C2=——(2
(%) (33)

Let ¢: rep(Q,(2,2)) — A2y be the canonical embedding, defined by M’ — (M’,0).
Clearly, the image of ¢ is an irreducible component of A (3 3), which we denote by Zg. It is
not difficult to check that the set

{(M(\ 1) © M(p,1),0) | A, € C}
is a dense subset of Zg. It follows that

(MO DBM(u,1),0) = PZg

is an element of the dual semicanonical basis S*. It is easy to check that

O(M(7,2),0) 7 O(MOD)SM(1,1),0)-

Indeed the variety of ascending flags of type (1,2,1,2) has Euler characteristic 2 for
(M(N 1)@ M(u,1),0) and Euler characteristic 1 for (M (A, 2),0). Furthermore, one can
show that

O(m(r2),0) = bzq
belongs to the dual canonical basis B* of M*.

Note that the functions dar(x 1)@ (u,1),0) and d(ar(r,2),0) do not belong to any of the
subalgebras R(Cys), since M (A, 1) and M (), 2) are regular representations of the quiver
Q for all .
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