RIGID MODULES OVER PREPROJECTIVE ALGEBRAS

CHRISTOF GEISS, BERNARD LECLERC, AND JAN SCHROER

ABSTRACT. Let A be a preprojective algebra of simply laced Dynkin type A. We study
maximal rigid A-modules, their endomorphism algebras and a mutation operation on
these modules. This leads to a representation-theoretic construction of the cluster algebra
structure on the ring C[N] of polynomial functions on a maximal unipotent subgroup N
of a complex Lie group of type A. As an application we obtain that all cluster monomials
of C[N] belong to the dual semicanonical basis.
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1. INTRODUCTION

1.1. Preprojective algebras were introduced by Gelfand and Ponomarev in 1979 [19], and
since then played an important role in representation theory and Lie theory. For example,
let U(n) be the enveloping algebra of a maximal nilpotent subalgebra n of a simple Lie
algebra g of type A,D,[E, and let A denote the preprojective algebra associated to the
Dynkin diagram of g. In [30], [32], Lusztig has given a geometric construction of U(n) as
an algebra (M, *) of constructible functions on varieties of finite-dimensional A-modules,
where * is a convolution product inspired by Ringel’s multiplication for Hall algebras [37].
This yields a new basis S of U(n) given by the irreducible components of these varieties
of modules, called the semicanonical basis.

1.2. Cluster algebras were introduced by Fomin and Zelevinsky [13] to provide, among
other things, an algebraic and combinatorial framework for the study of canonical bases
and of total positivity. Of particular interest is the algebra C[N] of polynomial functions on
a unipotent group N with Lie algebra n. One can identify C[N] with the graded dual U (n)*
and thus think of the dual §* of S as a basis of C[N]. We call §* the dual semicanonical
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basis. It follows from [4] that C[N] has a natural (upper) cluster algebra structure. This
consists of a distinguished family of regular functions on IV, grouped into subsets called
clusters. It is generated inductively from an initial cluster defined in a combinatorial
way. In type A, (n < 4), there are finitely many clusters and their elements, the cluster
variables, can all be described explicitly. Moreover the set of all cluster monomials (that
is, monomials in the cluster variables supported on a single cluster) coincides with S*. In
general, though, there are infinitely many clusters and cluster variables in C[N], and very
little is known about them.

1.3. To a finite-dimensional A-module M one can attach the linear form d;; € M* which
maps a constructible function f € M to its evaluation f(M) at M. Under the isomorphism
M* =2 U(n)* =2 C[N], 0 gets identified to a regular function ¢ps € C[N]. Thus, to study
special elements of C[N], like cluster monomials, we may try to lift them to mod(A) via
the map M — ¢ps. For example, by construction, the element of §* attached to an
irreducible component Z of a variety of A-modules is equal to s, where M is a “generic
module” in Z.

1.4. A A-module M is called rigid provided Ext} (M, M) = 0. We characterize rigid
A-modules as the modules having an open orbit in the corresponding module variety. In
particular, the closure of such an orbit is an irreducible component.

In the first part of this paper, we show that the endomorphism algebras of rigid modules
have astonishing properties which we believe are interesting in themselves. In particular,
maximal rigid modules are examples of maximal 1-orthogonal modules, which play a role
in the higher dimensional Auslander-Reiten theory recently developed by Iyama [25], [26].
This yields a direct link between preprojective algebras and classical tilting theory.

In the second part, we use these results to show that the operation of mutation involved
in the cluster algebra structure of C[/N] can be entirely understood in terms of maximal
rigid A-modules. More precisely we define a mutation operation on maximal rigid modules,
and, taking into account the results of [15], [16], [17], we prove that this gives a lifting of
the cluster structure to the category mod(A). In particular, this implies that all cluster
monomials of C[N] belong to &*. This theorem establishes for the first time a bridge
between Lusztig’s geometric construction of canonical bases and Fomin and Zelevinsky’s
approach to this topic via cluster algebras.

1.5.  Our way of understanding the cluster algebra C[N] via the category mod(A) is very
similar to the approach of [6], [7], [8], [10], [11], [28] which study cluster algebras attached
to quivers via some new cluster categories. There are however two main differences.

First, the theory of cluster categories relies on the well developed representation theory
of hereditary algebras, and covers only a special class of cluster algebras called acyclic.
With the exception of Dynkin types A, with n < 4, the cluster algebras C[N] are not
believed to belong to this class. This indicates that hereditary algebras cannot be used
in this context. In contrast, we use the preprojective algebras which have infinite global
dimension and whose representation theory is much less developed.

Secondly, cluster categories are not abelian categories but only triangulated categories,
defined as orbit categories of derived categories of representations of quivers. In our
approach, we just use the concrete abelian category mod(A).

2. MAIN RESULTS

2.1. Let A be a finite-dimensional algebra over an algebraically closed field K. By mod(A)
we denote the category of finite-dimensional left A-modules. If not mentioned otherwise,
modules are assumed to be left modules. In this article we only consider finite-dimensional
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modules. We often do not distinguish between a module and its isomorphism class. For
an A-module M let add(M) be the full subcategory of mod(A) formed by all modules
isomorphic to direct summands of finite direct sums of copies of M. The opposite algebra
of A is denoted by A°P. Let

D = Homg (—, K): mod(A) — mod(A°P)

be the usual duality functor.

If f: U — V and g: V — W are morphisms, then the composition is denoted by
gf: U — W. With this convention concerning compositions of homomorphisms we get
that Homy4 (M, N) is a left End4(N)-module and a right End 4(M )-module.

For natural numbers a < b let [a,b] = {i € N|a <1i < b}.

2.2.  An A-module T is called rigid if Ext! (T, T) = 0. A rigid module T is maximal if any
indecomposable A-module T” such that T'®T" is rigid, is isomorphic to a direct summand
of T (in other words, 7" € add(T)).

2.3. Throughout the article let Q = (Qo, Q1, s,t) be a Dynkin quiver of simply laced type
Ae{A,(n>2),D,(n>4),E,(n=06,7,8)}.

Thus @ is given by a simply laced Dynkin diagram together with an arbitrary orientation
on the edges. Here Qg and )1 denote the set of vertices and arrows of @, respectively.
For an arrow a: i — j in @ let s(a) =i and t(a) = j be its starting and terminal vertex,
respectively. By n we always denote the number of vertices of (). Note that we exclude
the trivial case A;.

Let @Q be the double quiver of ), which is obtained from @ by adding an arrow o*: j — 4
whenever there is an arrow a: ¢ — j in (). The preprojective algebra associated to @ is
defined as

A=Ag=EKQ/(0)
where (c) is the ideal generated by the element

c= Z (a"a — aa’™),

ac@Qq

and K Q@ is the path algebra associated to Q, see [38]. Since @ is a Dynkin quiver it follows
that A is a finite-dimensional selfinjective algebra. One can easily show that A does not
depend on the orientation of Q. More precisely, if @ and @’ are Dynkin quivers of the
same Dynkin type A, then Ag and Agr are isomorphic algebras.

Let r be the set of positive roots of ), or equivalently, let r be the number of isomorphism
classes of indecomposable representations of (), compare [14]. Here are all possible values
for r:

Q| A. | D. |Ee|E|Es
n(n2+1) ‘nQ—n ‘ 36 ‘ 63 ‘ 120

r

For a module M let ¥(M) be the number of isomorphism classes of indecomposable direct
summands of M. The following theorem is proved in [18]:

Theorem 2.1. For any rigid A-module T we have X(T) < r.

We call a rigid A-module T' complete if 3(T") = r. It follows from the definitions and
from Theorem 2.1 that any complete rigid module is also maximal rigid. In Theorem 2.2
we will show the converse, namely that ¥(7') = r for any maximal rigid module 7" .
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2.4. Let A be a finite-dimensional algebra. Following Iyama we call an additive full
subcategory 7 of mod(A) mazimal 1-orthogonal if for every A-module M the following
are equivalent:

e M e T,

o Exty(M,T)=0forall T € T;

o Exty(T,M)=0forall T €7.

An A-module T is called mazimal 1-orthogonal if add(T') is maximal 1-orthogonal.

An A-module C is a generator (resp. cogenerator) of mod(A) if for every A-module
M there exists some m > 1 and an epimorphism C™ — M (resp. a monomorphism
M — C"™). One calls C' a generator-cogenerator if it is both a generator and a cogenerator.
It follows that C is a generator (resp. cogenerator) if and only if all indecomposable
projective (resp. injective) A-modules occur as direct summands of C, up to isomorphism.

It follows from the definitions that any maximal 1-orthogonal A-module T is a generator-
cogenerator of mod(A). It also follows that T is rigid. In general, maximal 1-orthogonal
modules need not exist.

The global dimension gl.dim(A) of an algebra A is the supremum over all projective
dimensions proj.dim(M) of all A-modules M in mod(A). The representation dimension
of A is defined as

rep. dim(A4) = inf{gl. dim(End 4 (C)) | C' a generator-cogenerator of mod(A)}.

Auslander proved that A is of finite representation type if and only if rep. dim(A4) < 2, see
[1, p.559]. Iyama [24] showed that rep.dim(A) is always finite. Next, let

0—-A—-Iy—-0LHL—>1,— -
be a minimal injective resolution of A. Then the dominant dimension of A is defined as
dom. dim(A) = inf{i > 0 | I; is non-projective}.

Let M be a finite-dimensional A-module. Thus M = M{" & --- & M;" where the
M; are pairwise non-isomorphic indecomposable modules and n; = [M : M;] > 1 is the
multiplicity of M; in M. The endomorphism algebra End4 (M) is Morita equivalent to
an algebra KT'j;/I, where I'j; is some uniquely determined finite quiver and I is some
admissible ideal in the path algebra KT'j;. (An ideal I in a path algebra KT is called
admissible if I is generated by a set of elements of the form ) " | A\;p;, where the p; are
paths of length at least two in I' and the \; are in K, and if KT'/I is finite-dimensional.)

The module M is called basic if n; = 1 for all i. In fact we have Ends (M & --- & M) =
KT'pr/I. Thus, if M’ is the basic module M;&®- - -@& M;, then the categories mod(End 4 (M))
and mod(End 4(M’)) are equivalent, and we can restrict to the study of mod(End4(M")).

We call T'ys the quiver of Ends(M). The vertices 1,...,¢ of I'p; correspond to the
modules M;. By Sy, or just S; we denote the simple End 4 (M )-module corresponding to
i. The indecomposable projective End 4(M )-module P; with top S; is just Hom 4 (M;, M).

Our first main result shows that endomorphism algebras of maximal rigid modules over
preprojective algebras have surprisingly nice properties:

Theorem 2.2. Let A be a preprojective algebra of Dynkin type A. For a A-module T the
following are equivalent:

o T is mazximal rigid;

o T is complete rigid;

e T is maximal I1-orthogonal.
If T satisfies one of the above equivalent conditions, then the following hold:

o gl. dim(Ends (7)) = 3;

e dom.dim(Endy (7)) = 3;
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e The quiver I'p of Enda(T) has no sinks, no sources, no loops and no 2-cycles.
Corollary 2.3. rep.dim(A) < 3.
The following is a consequence of Theorem 2.2, see Proposition 4.4 for a proof:
Corollary 2.4. For a mazximal rigid A-module T the functor
Homp (—,T): mod(A) — mod(Enda (7))

is fully faithful, and its image is the category of Endy (T')-modules of projective dimension
at most one.

The proof of Theorem 2.2 uses the following variation of a result by Iyama (see Theorem
4.3 below). The definition of a tilting module can be found in Section 3.3.

Proposition 2.5. Let T1 and Ty be maximal rigid A-modules. Then T = Homp (T5,T1)
is a tilting module over Endp (11), and we have

Endgpa, (1) (T') = Enda(T2)°.
In particular, Endp (T1) and Endp(T2) are derived equivalent.
2.5. If B= (bij) is any r x (r —n)-matrix, then the principal part B of B is obtained from
B by deleting the last n rows. The following definition is due to Fomin and Zelevinsky
[13]: Given some k € [1,7 —n] define a new r x (r —n)-matrix ux(B) = (bj;) by

, —bij ifi:k‘orj:k,

j bij+| k| kg;r bk |

otherwise,

where i € [1,7] and j € [1,r —n]. One calls j(B) a mutation of B. If B is an integer

matrix whose principal part is skew-symmetric, then it is easy to check that ug(B) is also
an integer matrix with skew-symmetric principal part.

2.6. Let T =T1®---®1T, be a basic complete rigid A-module with T; indecomposable for
all .. Without loss of generality assume that T,_,+1,...,7T, are projective. Let B(T) =
(tij)i<ij<r be the r x r-matrix defined by

ti; = (number of arrows j — 7 in I'p) — (number of arrows ¢ — j in I'7).

Since the quiver 't does not have 2-cycles, at least one of the two summands in the
definition of ¢;; is zero. Define B(T')° = (t;;) to be the r x (r — n)-matrix obtained from
B(T) by deleting the last n columns.

For k € [1,r — n| there is a short exact sequence

O—>Tki> @T;“‘ —>T];k—>0
tix>0
where f is a minimal left add(7/T}))-approximation of T} (i.e. the map Homy(f,T) is
surjective, and every morphism g with gf = f is an isomorphism, see Section 3.1 for a
review of basic results on approximations.) Set

ur, (T) = T; © T/Ti.

We show that pr, (T') is again a basic complete rigid module (Proposition 5.6). In partic-
ular, T} is indecomposable. We call p7, (T') the mutation of T' in direction T},.

Our second main result shows that the quivers of the endomorphism algebras End (T")
and End (p7, (T')) are related via Fomin and Zelevinsky’s mutation rule:
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Theorem 2.6. Let A be a preprojective algebra of Dynkin type A. For a basic complete
rigid A-module T as above and k € [1,7 — n| we have

B(pr,,(T))" = pr(B(T)°).

2.7. ByTg = (I'g,I'1,s,t,7) we denote the Auslander-Reiten quiver of (), where 7 is the
Auslander-Reiten translation.

Recall that the vertices of I correspond to the isomorphism classes of indecomposable
K@-modules. For an indecomposable K @Q-module M let [M] be its corresponding vertex.
A vertex of I'g is called projective provided it corresponds to an indecomposable projective
KQ@Q-module. For every indecomposable non-projective K@Q-module X there exists an
Auslander-Reiten sequence

n(X)

0—7(X)— EBXZ-—>X—>0.

i=1
Here 7(X) and the X; are pairwise non-isomorphic indecomposable K Q-modules, which
are uniquely dermined by X. We also write 7([X]) = [7(X)]. The arrows of I'g are
defined as follows: Whenever there is an irreducible homomorphism X — Y between
indecomposable K@Q-modules X and Y, then there is an arrow from [X] to [Y]. The
Auslander-Reiten sequence above yields arrows [7(X)] — [X;] and [X;] — [X], and all
arrows of I'g are obtained in this way from Auslander-Reiten sequences.

In general, there can be more than one arrow between two vertices of an Auslander-
Reiten quiver of an algebra. But since we just work with path algebras of Dynkin quivers,
this does not occur in our situation. For details on Auslander-Reiten sequences we refer
to [3] and [36].

It is well known (Gabriel’s Theorem) that I'g has exactly r vertices, say 1,...,r, and
n of these are projective. Without loss of generality assume that the projective vertices
are labelled by r —n +1,...,7. We define a new quiver I';, which is obtained from I'q
by adding an arrow z — 7(x) for each non-projective vertex x of I'g. For the proof of
Theorem 2.2 we need the following result [16, Theorem 1]:

Theorem 2.7. There erists a basic complete rigid A-module Ty such that the quiver of
the endomorphism algebra Enda (1) is I'y,.

In comparison to [16] we changed our notation slightly: Here we denote the module
Iger which we constructed in [16] by Tg. Also we write I'y) instead of Ag.

Since A does not depend on the orientation of @), we get that for every Dynkin quiver
Q" of type A there is a basic complete rigid A-module T¢y such that the quiver of its
endomorphism algebra is F*Q,.

2.8. Note that in [4] only the cluster algebra structure on C[G/N] is defined explicitly.
But one can easily modify it to get the one on C[N]. The cluster algebra structure
on C[N] is defined as follows, see [16] for details: To any reduced word i of the longest
element wy of the Weyl group, one can associate an initial seed (X', E(i)’ ) consisting of a list
x' = (A(1,i),...,A(r,i)) of r distinguished elements of C[N] together with an r x (r—n)-
matrix B(i)'. (Here we use the notation from [16].) This seed is described combinatorially
in terms of i. In particular, the elements of X' are certain explicit generalized minors
attached to certain subwords of i. The other seeds are then produced inductively from
(x/, B (i)’) by a process of seed mutation introduced by Fomin and Zelevinsky:

Assume ((f1,..., f,), B) is a seed which was obtained by iterated seed mutation from
our initial seed. Thus the f; are certain elements in C[N] and B = (b;;) is a certain
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7 X (r —n)-matrix with integer entries. For 1 < k < r —n define another r x (r —n)-matrix

pe(B) = (by;) as in Section 2.5 above, and let

bik —b;
_ Hbik>0 fl " + Hbik<0 fz "
Jr

The choice of the initial seed ensures that f; is again an element in C[N], this follows from
the results in [4]. Let ux(f1,..., fr) be the r-tuple obtained from (fi,..., f.) by replacing
the entry fi by fi. Then (ux(fi,..., fr), 1(B)) is the seed obtained from ((f1, ..., f,), B)
by mutation in direction k. Thus, starting with our initial seed, an inductive combinatorial
procedure gives all the other seeds. Each seed has r — n neighbouring seeds obtained by
just one mutation.

Suppose that i is adapted to the quiver @, in the sense of [30]. Then it is shown
in [16] that the matrix B(i)’ coincides with the matrix B(Tq)°, where Tg is the basic
complete rigid module of Theorem 2.7. Moreover, if we write Tg = 11 @ --- © T;. and
x; = @1, (1 <i<r) (see 1.3 above), then X’ coincides with (z1,...,z,). In other words,
the rigid module Ty can be regarded as a lift to mod(A) of the initial seed (X', B(i)").

Let 75 be the graph with vertices the isomorphism classes of basic maximal rigid A-
modules and with edges given by mutations. Let 7y denote the connected component of
7 containing T. To a vertex R = R ®- - -® R, we attach the r-tuple of regular functions
X(R) = (@RU T QDRT)'

For a rigid A-module M the closure of the orbit Oy in the corresponding module variety
is an irreducible component, see Section 3.5 (in particular Corollary 3.15). Therefore M is
a generic point of the irreducible component Oy, see Section 9.2. This implies that x(R)
is a collection of elements of the dual semicanonical basis S*. Define B(R)° as in Section
2.6.

Let G be the exchange graph of the cluster algebra C[N], that is, the graph with vertices
the seeds and edges given by seed mutation.

Using Theorem 2.6 and the multiplication formula for functions ¢ps of [17], we can then
deduce the following theorem.

fr

Theorem 2.8. With the notation above the following hold:

(1) For each vertex R of Ty, x(R) is a cluster of C[N];
(2) The map R — (x(R), B(R)°) induces an isomorphism of graphs from Ty to G;
(3) The cluster monomials belong to the dual semicanonical basis S*.

Note that this proves in particular that the cluster monomials are linearly independent,
which is not obvious from their definition. On the other hand, with the exception of
Dynkin types A, with n < 4, it is known that there exist irreducible components of
varieties of A-modules without rigid modules. Therefore, it also follows from Theorem 2.8
that when C[N] is a cluster algebra of infinite type, the cluster monomials form a proper
subset of §* and do not span C[N].

It is also worth noting that there is no known algorithm to calculate the semicanonical
basis (in [31], a similar basis of constructible functions for the group algebra of a Weyl
group is considered to be “probably uncomputable”). Therefore it is remarkable that,
by Theorem 2.8, a large family of elements of S* can be obtained by a combinatorial
algorithm, namely by repeated applications of the exchange formula for cluster mutation.

We conjecture that the graph 7, is connected, so that Theorem 2.8 should hold with
7y instead of 7.

2.9. The paper is organized as follows:
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In Section 3 we recall mostly known results from the representation theory of algebras.
Section 4 discusses maximal 1-orthogonal modules, which were recently introduced and
studied by Iyama [25], [26]. We repeat some of Iyama’s results, and then study the functor
Hom4(—,T) associated to a maximal 1-orthogonal module 7". In Section 5 we introduce
a mutation operation on basic rigid A-modules and study the corresponding exchange
sequences.

The endomorphism algebras Endx (7") of maximal rigid A-modules are studied in detail
in Section 6, which contains a proof of Theorem 2.2.

Next, in Section 7 we use the results from Section 6 to prove Theorem 2.6. Some
examples are given in Section 8.

In Section 9 we recall some backround results on cluster algebras and semicanonical
bases, and we prove Theorem 2.8.

3. PRELIMINARY RESULTS

In this section let A be a finite-dimensional algebra over an algebraically closed field
K. For backround material concerning the representation theory of finite-dimensional
algebras we refer to [3] and [36].

3.1. Approximations of modules. We recall some well known results from the theory
of approximations of modules. Let M be an A-module. A homomorphism f: X — M’ in
mod(A) is a left add(M)-approzimation of X if M' € add(M) and the induced map

Homu (f, M): Homa(M', M) — Hom4(X, M)

(which maps a homomorphism g: M’ — M to gf: X — M) is surjective, i.e. every
homomorphism X — M factors through f.

A morphism f:V — W is called left minimal if every morphism g: W — W with
gf = f is an isomorphism.

Dually, one defines right add(M)-approximations and right minimal morphisms: A
homomorphism f: M’ — X is a right add(M)-approzimation of X if M’ € add(M) and
the induced map

Hom (M, f): Homa (M, M') — Hom (M, X)
(which maps a homomorphism g: M — M’ to fg: M — X) is surjective, i.e. every
homomorphism M — X factors through f. A morphism f: V — W is called right
minimal if every morphism ¢g: V' — V with fg = f is an isomorphism.

The following results are well known:

Lemma 3.1. Let f: X — M be a homomorphism of A-modules. Then there exists a
decomposition M = My & My with Im(f) C My and f1: X — My is left minimal, where
f1=mf with m: M — M the canonical projection.
Lemma 3.2. Let
0-xLvLz o

be a non-split short exact sequence of A-modules. Then the following hold:

e If Z is indecomposable, then f is left minimal;

o If X is indecomposable, then g is right minimal.

Lemma 3.3. If fi: X — M; (i = 1,2) are minimal left add(M)-approzimations, then
M = My and Coker(f1) = Coker(f2).

Lemma 3.4. If fi: X — M; (i = 1,2) are left add(M)-approzimations with My = Moy,
then Coker(f1) = Coker(f2).

There are obvious duals of Lemmas 3.1, 3.3 and 3.4.
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Lemma 3.5. Let
0-xL1T%y o
be a nmon-split short exact sequence with T' € add(T) for some module T. Then the
following hold:
o IfExty(Y,T) =0, then f is a left add(T)-approzimation;
o IfExtY(T,X) =0, then g is a right add(T)-approzimation.
Proof. Applying Hom4(—,T) we get an exact sequence

0 — Homa(Y,T) — Homu(T", T) 224D, fom, (X, T) — Ext4(Y,T) = 0.

Thus Homu(f,T) is surjective, i.e. f is a left add(7T)-approximation. If we apply the
functor Hom 4 (7', —) we obtain the corresponding dual result for g. 0

3.2. Endomorphism algebras and their quivers. Let M = M" @& --- & M,;" be a
finite-dimensional A-module, where the M; are pairwise non-isomorphic indecomposable
modules and n; > 1. As before let S; = Sy, be the simple End 4 (M )-module corresponding
to M;, and let P; = Hom(M;, M) be the indecomposable projective End 4(M )-module
with top S;. For 1 <4, 5 <t the following numbers are equal:

e The number of arrows i — j in the quiver I'ys of End4(M);

e dim Ethli)ndA(M)(Si’ Sj);

e The dimension of the space of irreducible maps M; — Mj in the category add (M );

e The dimension of the space of irreducible maps P; — P; in the category add(P; ®

-+ @ P,) of projective End 4 (M )-modules.

Furthermore, let f: M; — M’ (resp. g: M"” — M;) be a minimal left (resp. right)
add(M/(M;""))-approximation of M;. If i # j, then we have

dim Exty,g ) (i Sj) = [M': M),

dim Extyg ) (Sj,8i) = [M" = Mj).
The above facts are important and will be often used, in particular in Sections 6 and 7.

3.3. Tilting modules and derived equivalences. An A-module T is a tilting module
if the following three conditions hold:

(1) proj.dim(7) < 1;
(2) Ext}(T,T) = 0;
(3) There exists a short exact sequence
0—-A—-T -T"—=0
with 77, T" € add(T).
By D%(A) we denote the derived category of bounded complexes of A-modules. Let B
be another finite-dimensional K-algebra. The algebras A and B are derived equivalent if

the categories D?(A) and D°(B) are equivalent as triangulated categories, see for example
[21, Section 0].

Theorem 3.6 ([21, Section 1.7]). If T is a tilting module over A, then A and End 4 (T)°P
are derived equivalent.

The following theorem is also well known:

Theorem 3.7 ([21, Section 1.4]). If A and B are derived equivalent, then gl. dim(A) < oo
if and only if gl. dim(B) < oo.

For details on tilting theory and derived categories we refer to [20], [21].
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3.4. Loops and 2-cycles. For the rest of this section we assume that A = KT'/I, where
I" is a finite quiver and I is an admissible ideal. We denote the simple A-module corre-
sponding to a vertex [ of I' by .S;. The path of length 0 at [ is denoted by ¢;. Thus e, KT'e,
is the vector space with basis the set of paths in I' which start at ¢ and end at p.

The following result is proved in [23]:

Theorem 3.8 (Igusa). If gl. dim(A) < oo, then the quiver of A has no loops.

Let [A, A] be the commutator subgroup of A. This is the subspace of A generated by all
commutators [a, b] = ab — ba with a,b € A. The following result can be found in [29, Satz
5]:

Theorem 3.9 (Lenzing). If gl. dim(A) < oo, then every nilpotent element a € A lies in
[A, A].

As mentioned in [23], Theorem 3.8 is already contained implicitly in Theorem 3.9. The
next lemma follows directly from [5], see also [9]:

Lemma 3.10. Let w be a path of length two in e, KT'eq. If w—c € I for some c € e, KT'e,
with w # ¢, then Ext?(Sy, Sp) # 0.

From Theorem 3.9 we can deduce the following result:

Proposition 3.11. Assume that gl. dim(A) < oo and that the quiver of A has a 2-cycle.
Then Ext%(S,S) # 0 for some simple A-module S.
Proof. For some vertices ¢ # j in I" there are arrows a: j — ¢ and b: i — j in I'. We have
ab € e; KT'e;. We claim that Exti(Si, S;) # 0 or Exti(Sj, S;) # 0:

We know that ab is nilpotent in A. Thus by Theorem 3.9 we have ab € [A, A]. One

easily checks that every commutator is a linear combination of commutators of the form
[v, w] where v and w are paths in I'. Thus

ab — Z)\l[vl,wl] el
=1

for some appropriate paths v; and w; in I' and some scalars A\; € K. Without loss of
generality we can assume the following:

e vy =a and wy = b;

o {vs,ws} # {vg, we} for all s # ¢;
o {vywy, wv N {ab,ba} =0 for all 2 <1 < m.

Note that we do not assume that the scalars A\; are all non-zero. Set
m
C=ab— Z)\l[’ul, wl].
=1

We get
e;Ce; = ab — Aab — Z)\lei[vl,wl}ei el

=2
If A\; # 1, then Lemma 3.10 applies and we get Ext%(S;,S;) # 0. If A\; # 0, then

m
e;jCej = Aba — Z Nejlu, wyle; € 1.
1=2
Again we can apply Lemma 3.10 to this situation and get Exti(Sj, S;j) # 0. This finishes
the proof. 0
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3.5. Preprojective algebras. We recall some results on preprojective algebras. There

is a symmetric bilinear form (—, —) : Z™ x Z" — Z associated to @ defined by
(dye) =2 diei = Y (dy(ay€s(a) T €sio)di(a)):
1€Qo a€Q1

The dimension vector of a module M is denoted by dim(M/). The following lemma is due
to Crawley-Boevey [12, Lemma 1].

Lemma 3.12. For any A-modules X and Y we have
dim Ext}(X,Y) = dim Homy (X,Y) 4 dim Homy (Y, X) — (dim(X), dim(Y")).
Corollary 3.13. dim Ext} (X, X) is even, and dim Ext}(X,Y) = dim Ext} (Y, X).
Let 8 = (b1,...,0n) € N*. By

rep(@aﬁ) — H HOmK(KﬂS(a),Kﬁt(a))
ac@n

we denote the affine space of representations of () with dimension vector 3. Furthermore,
let Ag be the affine variety of elements

(fos far)acan € [] (HomK(Kﬁs<a>,Kﬂt<a>) X HomK(Kﬁw,Kﬁsw))
a€eQ1
such that for all ¢ € Qg we have

Z fa* foc = Z fafa* .
a€Q:s(a)=i a€Q:t(a)=1
Note that rep(Q, 3) can be considered as a subvariety of Ag. Since @ is a Dynkin quiver,

the variety Ag coincides with Lusztig’s nilpotent variety associated to (). One can interpret
Ag as the variety of A-modules with dimension vector 3. The group

Gs =[] GLs, (K)
i=1
acts by conjugation on rep(Q, ) and Ag:
For g = (g1,...,9n) € Gg and © = (fa, far)acq, € Ap define

92 = (9r(a) faTy(ey> Is(a) o Ty o -

The action on rep(Q, 3) is obtained via restricting the action on Ag to rep(Q, 3).

The isomorphism classes of representations in rep(Q, #) and A-modules in Ag, respec-
tively, correspond to the orbits of these actions. The Gg-orbit of some M € rep(Q, 3) or
M € Ag is denoted by Oy. Since @ is a Dynkin quiver, there are only finitely many or-
bits in rep(Q, 3). Let mg: Ag — rep(Q, #) be the canonical projection morphism. Lusztig

shows that O — ng(O) defines a one-to-one correspondence between the Gg-orbits in
rep(Q@, 3) and the set Irr(Ag) of irreducible components of Ag. He also proved that all
irreducible components of Ag have dimension

Z Bs(a)Bt(a)s
a€Qq

see [30, Section 12|. For a Gg-orbit O in Ag let codimO = dimAg — dimO be its
codimension.

Lemma 3.14. For any A-module M we have dim Ext} (M, M) = 2 codim Oy.
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Proof. Set 3 = dim(M). By Lemma 3.12 we have dim Ext} (M, M) = 2dim Ends (M) —
(8, 3). Furthermore, dim Oy = dim Gg — dim Endj (M). Thus

codim Oy = dimAg — dim Oy = Z 6s(a)5t(a) — Zﬂ? + dim Endy (M).
a€Q1 =1

Combining these equations yields the result. O

Corollary 3.15. For a A-module M with dimension vector 3 the following are equivalent:

o The closure Oy of Opr is an irreducible component of Ag;
o The orbit Oy is open in Ag;
e BExth (M, M) =0.

4. MAXIMAL 1-ORTHOGONAL MODULES

In this section let A be a finite-dimensional algebra over an algebraically closed field K.

4.1. Iyama’s results. We recall some of Iyama’s recent results on maximal 1-orthogonal
modules [25], [26].

Theorem 4.1 ([26, Theorem 5.1 (3)]). Let T' be a rigid A-module and assume that T is
a generator-cogenerator. If gl. dim(End 4 (7)) < 3, then T is mazximal 1-orthogonal.

Theorem 4.2 ([26, Theorem 0.2]). If T is a mazimal 1-orthogonal A-module, then
gl. dim(End (7)) < 3 and dom.dim(End4 (7)) > 3.

Theorem 4.3 ([26, Theorem 5.3.2]). Let T} and T be maximal 1-orthogonal A-modules.
Then T'= Homy (T, T1) is a tilting module over End4(T), and we have

EndEndA(Tl)(T) = EndA (Tg)Op.
In particular, End A (1) and End A (Ts) are derived equivalent, and X(Ty) = X(T»).
4.2. A Hom-functor.

Proposition 4.4. Let T be a mazimal 1-orthogonal A-module. Then the contravariant
functor

Fr =Homy(—,T): mod(A) — mod(End (7))
yields an anti-equivalence of categories
mod(A) — P(End(T))

where P(End4(T)) C mod(End4(T)) denotes the full subcategory of all End 4(T")-modules
of projective dimension at most one.

Proof. Set E = Ends(T). Let X € mod(A), and let f: X — T’ be a minimal left
add(T)-approximation of X. Since T is a cogenerator of mod(A), we know that f is a
monomorphism. Thus there is a short exact sequence

o-xLro1 -0
Applying Homy(—,T') to this sequence yields an exact sequence

Hom 4 (f,T)
5

0 — Homu (T",T) — Homa(T",T) Homu (X, T)

— ExtYy(T",T) — Exty(T",T).
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Since T is rigid and T' € add(T), we get Ext} (7', T) = 0. The map f is an add(T)-
approximation, thus Hom4(f,T) is surjective. This implies Exty (7", T) = 0. But T is
maximal 1-orthogonal, which yields 7" € add(7"). Thus the exact sequence

Hom 4 (f,T)
5

0 — Homu (T",T) — Homa(T",T) Homy(X,T) — 0

is a projective resolution of Fr(X) = Hom4(X,T'), and we conclude
proj.dimg(Fr(X)) < 1.

Now the dual of [2, Lemma 1.3(b)] yields that Fp induces a fully faithful functor
mod(A) — P(E).

Finally, we show that every object Y € P(FE) lies in the image of Fp. There exists a
projective resolution of the form

0 — Homu(T",T) < Homu(T',T) — Y — 0

with 77, 7" € add(T'). Since Hom (7', T) and Hom(T"”,T) are projective, there exists
some g € Hom (7', T") such that G = Hom4(g,T). We claim that g must be surjective.
Let us assume that ¢ is not surjective. Then there exists a non-zero homomorphism
h € Homu(T”,T) such that hg = 0. Here we use that T is a cogenerator of mod(A). This
implies G(h) = 0, which is a contradiction to G being injective.

Thus there is a short exact sequence

0 — Ker(g) = T L T" — 0.

Applying Hom 4(—,T') to this sequence yields an exact sequence

0 — Homu(T",T) < Homu(T', T) — Hom(Ker(g), T) — 0.

Here we used that ExtY (7", T) = 0. Thus we get Y = Homy(Ker(g),T). This finishes
the proof of Proposition 4.4. O

A more general result than the above Proposition 4.4 can be found in [26, Theorem
5.3.4].
Let Fp be as in Proposition 4.4. Then F7p has the following properties:

e If X is an indecomposable A-module, then Fr(X) is indecomposable;
e Fp reflects isomorphism classes, i.e. if Fp(X) = Fp(Y) for some A-modules X
and Y, then X Y.

Note that the functor F7 is not exact.
The following proposition is due to Iyama:

Proposition 4.5. Let T be a basic maximal 1-orthogonal A-module, and let X be an
indecomposable direct summand of T'. Then there is at most one indecomposable A-module
Y such that X 2Y and Y & T/X is maximal 1-orthogonal.

Proof. Assume there are two non-isomorphic indecomposable A-modules Y; where i = 1,2
such that X 2Y; and Y; ® T/ X is maximal 1-orthogonal. By Theorem 4.3 we know that
Homu(Y; ® T/X,T) is a tilting module over End 4 (7).

Thus the almost complete tilting module Hom4(7'/X,T) over End4 (7)) has three in-
decomposable complements, namely Hom 4 (X, T'), Homu4(Y1,T) and Homa(Y>,T). Here
we use that the functor Fp as defined in Proposition 4.4 preserves indecomposables and
reflects isomorphism classes. By [35, Proposition 1.3] an almost complete tilting module
has at most two indecomposable complements, a contradiction. O
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5. MUTATIONS OF RIGID MODULES
5.1. In this section we work with modules over the preprojective algebra A.
Lemma 5.1. Let T and X be rigid A-modules. If
0-xL1%y o
is a short exact sequence with f a left add(T)-approximation, then T ®Y is rigid.

Proof. First, we prove that Ext}(Y,T) = 0: We apply Homp(—,T) and get an exact
sequence

Homy (f,T)
5

0 — Hom (Y, T) — Homp(T",T) Homy (X, T)

— BExt) (Y, T) — Extj(T',T) = 0.
Since f is a left add(7)-approximation, we know that Homy (f,T') is surjective. Thus

Exth (Y, T) = 0. Next, we show that Ext}(Y,Y) = 0. This is similar to the proof of [6,
Lemma 6.7]. We apply Homp (X, —) and get an exact sequence

Homp (

0 — Homa (X, X) — Homp (X, T") 229, goma (X, Y) — Extl (X, X) = 0.

Thus Homy (X, g) is surjective, i.e. every morphism h: X — Y factors through g: 7" — Y.
We have Ext} (Y, T) = 0, and by Lemma 3.12 we get Ext}(7,Y) = 0.
Applying Homy (—,Y) yields an exact sequence

Homp (f,Y)
_ 5

0 — Hom(Y,Y) — Homu (T",Y) Homy (X,Y)

— Ext} (Y,Y) — BExt)(T",Y) = 0.
To show that Ext} (Y,Y) = 0 it is enough to show that Homy (f,Y) is surjective, i.e. that
every map h: X — Y factors through f: X — T”. Since Homy (X, g) is surjective, there

is a morphism ¢: X — T” such that gt = h. Since f is a left add(7T')-approximation, there
is a morphism s: 7" — T” such that sf =t. So

h =gt =gsf.
Thus h factors through f, which implies Ext} (Y,Y) = 0. O
Corollary 5.2. Let T and X be rigid A-modules. If T' is mazximal rigid, then there exists

a short exact sequence
0—-X—-T —-T"—0

with T, T" € add(T).
Proof. In the situation of Lemma 5.1, the maximality of T implies Y € add(T). O

Note that there exist dual results for Lemma 5.1 and Corollary 5.2, involving right
instead of left add(7")-approximations.

Corollary 5.3. Let T and X be rigid A-modules, and set E = Enda(T). If T is mazimal
rigid, then

proj.dimy(Homy (X, 7)) < 1.
Proof. Apply Homp(—,T) to the short exact sequence in Corollary 5.2. This yields a
projective resolution

0 — Homa (T",T) — Hom (T",T) — Homy (X, T) — 0.
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Theorem 5.4. For i = 1,2 let T; be a mazimal rigid A-module, let E; = Enda(T;), and
set T = Homp (T, T1). Then T is a tilting module over E1 and we have

Endg, (T) & E5°.
In particular, Ey and E2 are derived equivalent, and X(T1) = X(T?).
Proof. Tt follows from Corollary 5.2 that there exists a short exact sequence
0—Ty—T =Ty —0

with 77,7y € add(T1). Then Corollary 5.3 yields that the projective dimension of T' =
Homy (T2, T1) regarded as an FEj-module is at most one. This shows that T satisfies
condition (1) in the definition of a tilting module.

Now the rest of the proof is identical to Iyama’s proof of Theorem 4.3. O

The above theorem is very similar to Iyama’s Theorem 4.3. However there are two dif-
ferences: Theorem 4.3 holds for arbitrary finite-dimensional algebras, whereas we restrict
to the class of finite-dimensional preprojective algebras. On the other hand, the modules
T; in Theorem 4.3 are assumed to be maximal 1-orthogonal, which is stronger than our
assumption that the T; are maximal rigid.

In both cases, one has to prove that proj.dim(7") < 1. This is the only place in the
proof of Theorem 4.3 where the maximal 1-orthogonality of the 7; is needed. For the
rest of his proof Iyama just needs that the 7; are maximal rigid. If we restrict now to
finite-dimensional preprojective algebras, then one can prove that proj.dim(7") < 1 under
the weaker assumption that the T; are maximal rigid.

Later on we then use Theorem 5.4 in order to show that the maximal rigid A-modules
are in fact maximal 1-orthogonal and also complete rigid.

Corollary 5.5. For a A-module M the following are equivalent:
o M is mazimal rigid;
o M is complete rigid.

Proof. By Theorem 2.1 every complete rigid module is maximal rigid. For the other
direction, let 77 be a complete rigid A-module. Such a module exists by Theorem 2.7.
Let T» be a maximal rigid module. Theorem 5.4 implies that Enda (71) and Enda (73) are
derived equivalent. Thus X(7}) = X(7%) = r, in other words, T5 is also complete rigid. O

Proposition 5.6. Let T @ X be a basic rigid A-module such that the following hold:
e X is indecomposable;
e A €add(T).

Then there exists a short exact sequence

o-xL1T%y o

such that the following hold:

f is a minimal left add(T')-approximation;
g s a minimal right add(T)-approxzimation;
T @Y is basic rigid;

Y is indecomposable and X 2Y .

Proof. Let f: X — T’ be a minimal left add(7T')-approximation of X. Since A € add(T),
we know that f is a monomorphism. Let Y be the cokernel of f and let g: 77 — Y be the
projection map. Thus we have a short exact sequence

o-xL1sy_o.
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Since X ¢ add(T), this sequence does not split. Thus X % Y, because X is rigid. By
Lemma 5.1 we know that T'@® Y is rigid.

Using Lemma 3.2 and Lemma 3.5 yields that g is a minimal right add(7")-approximation.
Thus, if Y € add(T), then 7" 2 Y and g would be an isomorphism. But this would imply
X =0, a contradiction since X is indecomposable. Thus Y & add(T).

Next, we prove that Y is indecomposable. Assume Y = Y1 ®Y5 with Y7 and Y5 non-zero.
For i = 1,2 let f;: T/ — Y; be a minimal right add(7")-approximation, and let X; be the
kernel. Thus we have short exact sequences

O—>XZ’—>T{—>Y;—>O.

The direct sum 7] @ Ty — Y1 @ Y5 is then a minimal right add(7')-approximation. Thus
by the dual of Lemma 3.3 the kernel X7 @ X5 is isomorphic to X. Thus X; = 0 or Xy = 0.
If X; =0, then 0 — 77 is a direct summand of f: X — T’. This is a contradiction
to f being minimal. Similarly X9 = 0 also leads to a contradiction. Thus Y must be
indecomposable. O

Note that the assumption A € add(T") in Proposition 5.6 can be replaced by the weaker
assumption that there exists a monomorphism from X to some object in add (7).

The proof of Proposition 5.6 is similar to the proofs of Lemma 6.3 - Lemma 6.6 in [6]. For
convenience we gave a complete proof. Note that we work with modules over preprojective
algebras, whereas [6] deals with cluster categories. However both have the crucial property
that for all objects M and N the extension groups Ext!(M, N) and Ext! (N, M) have the
same dimension.

In the situation of the above proposition, we call {X,Y '} an exchange pair associated to
T, and we write

px(TeX)=TaY.

We say that T'@ Y is the mutation of T'é® X in direction X. The short exact sequence
0-xL1T Ly o
is the exchange sequence starting in X and ending in Y.
For example, if T'= A and {X,Y} is an exchange pair associated to T, then
px(TeX)=ToQ H(X)

where € is the syzygy functor.

Exchange sequences appear in tilting theory, compare for example [22, Theorem 1.1],
[34, Section 3|, [35, Proposition 1.3] and [39, Theorem 2.1]. A special case of an exchange
sequence in the context of tilting theory can be found already in [2, Lemma 1.6].

Proposition 5.7. Let X andY be indecomposable rigid A-modules with dim Ext} (Y, X) =
1, and let
0-xL MLy o

be a non-split short exact sequence. Then M@ X and M &Y are rigid and X,Y ¢ add(M).
If we assume additionally that T ® X and T ®Y are basic mazximal rigid A-modules for
some T, then f is a minimal left add(T')-approzimation and g is a minimal right add(T")-
approrimation.

Before we prove Proposition 5.7 let us state a corollary:

Corollary 5.8. Let {X,Y} be an exchange pair associated to some basic rigid module T
such that T © X and T @Y are mazimal rigid, and assume dim Ext} (Y, X) = 1. Then

py(ux(Te X)) =Ta X.
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Proof. Let
0—-X—-T —-Y =0

be the short exact sequence from Proposition 5.6. Thus ux(7T ® X) = T @Y. Since
dim Ext} (Y, X) = dim Ext}(X,Y) = 1 and since T ® X and T @Y are maximal rigid,
Proposition 5.7 yields a non-split short exact sequence

0-YLhM-oX—0
with h a minimal left add(7T")-approximation. Thus uy (T ®Y) =T & X. O

5.2. Proof of Proposition 5.7. Let X and Y be indecomposable rigid A-modules with
dim Ext} (Y, X) = 1, and let
(1) o-xL MLy o
be a non-split short exact sequence.
Lemma 5.9. Ext} (M, M) = 0.
Proof. By Lemma 3.12 we have
dim Ext) (X @Y, X @Y) = 2dim Homy(X @Y, X ®@Y) — (dim(X @ Y),dim(X @ Y)),
dim Ext} (M, M) = 2dim Homp (M, M) — (dim(M), dim(M)).
Then our assumptions on X and Y yield
2 =dim Extj)(X @Y, X @Y) = 2dim Homy(X @Y, X @ Y) — (dim(M), dim(M)).
Since Sequence (1) does not split, we get M <geg X @Y, where <qe, is the usual degen-
eration order, see for example [33]. Thus dim Homy (M, M) < dim Homy (X @Y, X @Y),
which implies Ext} (M, M) = 0. O
Lemma 5.10. X,Y ¢ add(M).

Proof. Assume X € add(M). Since X is indecomposable, M = X @& M’ for some M’, and
we get a short exact sequence

0—-X—->XoM —-Y —0.
By [33, Proposition 3.4] we get M’ <qeq Y. Since Ext}(Y,Y) = 0 this implies M’ =Y.
Thus the above sequence splits, a contradiction. Dually, one shows that Y ¢ add(M). O
Lemma 5.11. Ext} (M, X @Y) = 0.
Proof. Apply Homy (—, X)) to Sequence (1). This yields an exact sequence

Homaltl ), Homp (X, X) 2 Extl (Y, X)

— BExt) (M, X) — Ext} (X, X) = 0.
Suppose that Homp (f, X) is surjective. Then the identity morphism X — X factors
through f: X — M. Thus X € add(M), a contradiction to the previous lemma. So the

morphism § has to be non-zero. Since dim Ext} (Y, X) = 1 this implies that ¢ is surjective,
thus Ext} (M, X) = 0. Dually, one proves that Ext} (M, Y) = 0. O

0 — Homy (Y, X) — Homu (M, X)

Now assume additionally that T'@® X and T @ Y are basic maximal rigid for some 7.
Lemma 5.12. Ext} (M, T) = 0.
Proof. Applying Homp (—,T') to Sequence (1) yields an exact sequence
0 =Exti(Y,T) — Exth(M,T) — Exth (X, T) = 0.
Thus Ext} (M, T) = 0. O
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Lemma 5.13. M € add(T).

Proof. We know already that X and Y cannot be direct summands of M, and what we
proved so far yields that T'® X & M is rigid. Since T'@® X is a maximal rigid module, we
get M € add(T). O

Lemma 3.2 and Lemma 3.5 imply that f is a minimal left add(T")-approximation. Du-
ally, g is a minimal right add(T')-approximation. This finishes the proof of Proposition
5.7.

6. ENDOMORPHISM ALGEBRAS OF MAXIMAL RIGID MODULES

In this section we work only with basic rigid A-modules. However, all our results on their
endomorphism algebras are Morita invariant, thus they hold for endomorphism algebras
of arbitrary rigid A-modules.

6.1. Global dimension and quiver shapes.

Lemma 6.1. Let {X,Y} be an exchange pair associated to a basic rigid A-module T.
Then the following are equivalent:

e The quiver of Endx(T @ X) has no loop at X ;

e Fvery non-isomorphism X — X factors through add(T);

e dim Ext} (Y, X) = 1.

Proof. The equivalence of the first two statements is easy to show, we leave this to the
reader. Let

0-xL1royvoo
be the exchange sequence starting in X. Applying Homy (—, X)) yields an exact sequence

Homy (f’X)
_

0 — Homy (Y, X) — Homy (T7, X) Homp (X, X) — Exth (Y, X) — 0.

Since f is an add(T)-approximation, every non-isomorphism X — X factors through
add(T) if and only if it factors through f. Clearly, this is equivalent to the cokernel
Ext} (Y, X) of Homy(f, X) being 1-dimensional. Here we use that K is algebraically
closed, which implies Hom (X, X)) /radj (X, X) = K. O

Proposition 6.2. Let T' be a basic maximal rigid A-module. If the quiver of Enda(T) has
no loops, then

gl. dim(EndA(T")) = 3.

Proof. Set E = End, (T). By assumption, the quiver of £ has no loops. Thus Extk (S, S) =
0 for all simple EF-modules S. Let

T=T & - oI,

with T; indecomposable for all i. As before, denote the simple E-module corresponding
to T; by STz"

Assume that X = T; is non-projective. We claim that proj.dimg(Sx) = 3. Let {X,Y}
be the exchange pair associated to T'/X. Note that A € add(7T/X). By Lemma 6.1 we
have dim Ext} (Y, X) = 1. Let

0—>XLT/—>Y—>O

and
0—-Y->T"-X -0



RIGID MODULES OVER PREPROJECTIVE ALGEBRAS 19

be the corresponding non-split short exact sequences. Applying Homp(—,7T) to both
sequences yields exact sequences

Homy (f,T)
5

0 — Hom (Y, T) — Homp (T, T) Homy (X, T)

— BExt) (Y, T) = Exti (Y, X) — Ext} (T",T) = 0
and
0 — Homy (X, T) — Homp(T",T) — Homu (Y, T) — Extj(X,T) = 0.
Since dim Ext} (Y, X) = 1 we know that the cokernel of Homy(f,T) is 1-dimensional.
Thus, since Hom (X, T') is the indecomposable projective E-module with top Sx, the

cokernel must be isomorphic to Sx. Combining the two sequences above yields an exact
sequence

0 — Homp (X, T) — Homp(T",T) — Homy (1", T) — Homy (X, T) — Sx — 0.

This is a projective resolution of Sx. Thus proj.dimg(Sx) < 3.

By Proposition 5.6 we have X ¢ add(7”). Thus Hompg(Homu(7”,T),Sx) = 0 and
Ext%(SX, Sx) =2 Hompg(Homp (X, T), Sx) is one-dimensional, in particular it is non-zero.
Thus proj. dimg(Sx) = 3.

Next, assume that P = T; is projective. We claim that proj.dimg(Sp) < 2. Set
X = P/S where S is the (simple) socle of P. First, we prove that X is rigid: Applying
Homy (—, X)) to the short exact sequence

0-S—-P5LX—0
yields an exact sequence
0 — Homy (X, X) — Homy (P, X) — Homy (S, X) — Ext} (X, X) — Ext} (P, X) = 0.

The quiver of the preprojective algebra A does not contain any loops. Thus the socle of
X does not contain S as a composition factor. This implies Homy (S, X) = 0, and thus
Exth (X, X) =0. Let f: X — T’ be a minimal left add(7/P)-approximation. Clearly, f
is injective. We get a short exact sequence

O—>Xi>T/—>Y—>O.

Now Lemma 5.1 yields that Y @& T'/P is rigid. Since P is projective, there is only one
indecomposable module C' such that C' @ T'/P is maximal rigid, namely C' = P. Here we
use the assumption that 7" is maximal rigid. This implies Y € add(T"). The projection
m: P — X yields an exact sequence

PLT Ly o

where h = frr. Applying Homp (—,T") to this sequence gives an exact sequence

0 — Homa(Y,T) — Homa (T, T) 2D, Homn (P, T) — 7 — 0.

We have Homy (P, T") = Homa (P, T/P) & Homy (P, P). For each morphism ¢g: P — T'/P
there exists some morphism ¢': X — T'/P such that g = ¢’7. Since f is a left add(7'/P)-
approximation of X, there is a morphism ¢”: 7" — T/ P such that ¢’ = ¢’ f. Thus we get
a commutative diagram

p—2-T1/P

WA

/
X*>f 1"

This implies g = ¢'m = ¢’ fm = ¢"h. Thus g factors through h.
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Since there is no loop at Sp, all non-isomorphisms P — P factor through 7'/P. Thus
by the argument above they factor through h. Thus the cokernel Z of Homp (h,T") must
be 1-dimensional, which implies Z = Sp. Since Y € add(T"), we know that Homy (Y, T) is
projective. Thus the above is a projective resolution of Sp, so proj.dimg(Sp) < 2.

This finishes the proof of Proposition 6.2. U

Corollary 6.3. rep.dim(A) < 3.

Proof. Clearly, the module Ty from Section 2.7 is a generator-cogenerator of mod(A). The
quiver of Ty has no loops, thus by Proposition 6.2 we know that gl. dim(Enda(Tg)) = 3.
This implies rep. dim(A) < 3. O

The statements in the following theorem are presented in the order in which we prove
them.

Theorem 6.4. Let T' be a basic mazimal rigid A-module, and set E = Endx(T"). Then
the following hold:

(1) The quiver of E has no loops;

)
3) T is mazximal 1-orthogonal;

4) dom.dim(E) = 3;

5) The quiver of E has no sinks and no sources;

6) For all simple E-modules S we have Ext},(S,S) =0 and Ext%(S,S) = 0;
7) The quiver of E has no 2-cycles.

Proof. By Theorem 5.4 we know that Enda(7) and Enda(T) are derived equivalent,
where T is the complete rigid module mentioned in Section 2.7. Since the quiver of
Enda(Tg) has no loops, Proposition 6.2 implies that gl. dim(Enda (7)) = 3 < oo. This
implies gl. dim(Endj (7)) < oo. Thus by Theorem 3.8 the quiver of Endx(7") has no
loops. Then again Proposition 6.2 yields gl. dim(Endy (7)) = 3. Thus 7' is maximal 1-
orthogonal by Theorem 4.1, and by Theorem 4.2 we get dom.dim(Enda (7)) = 3. (It
follows from the definitions that for an algebra A and some n > 1, gl. dim(A) = n implies
dom.dim(A) < n.) This proves parts (1)-(4) of the theorem.

For any indecomposable direct summand M of T there are non-zero homomorphisms
M — P; and P; — M for some indecomposable projective A-modules P; and P; which
are not isomorphic to M. Thus the vertex Sjs in the quiver of F is neither a sink nor a
source. So (5) is proved.

Since the quiver of £ has no loops, we have Ext}g(S, S) = 0 for all simple E-modules
S. Let X be a non-projective direct summand of T". In the proof of Proposition 6.2, we
constructed a projective resolution

0 — Homy (X, T) — Homp(T",T) — Homy (7", T) — Homy (X, T) — Sx — 0,

and we also know that X ¢ add(7"). Thus applying Homg(—, Sx) to this resolution yields
EXt%(S x,Sx) = 0. Next, assume P is an indecomposable projective direct summand of
T. As in the proof of Proposition 6.2 we have a projective resolution
0 — Homa (Y, T) — Homp (T, T) 222D, Homa (P, T) — Sp — 0
where P ¢ add(7”). Since the module 7" projects onto Y, we conclude that P ¢ add(Y).
Applying Homg(—, Sp) to the above resolution of Sp yields Ext%(Sp,Sp) = 0. This
finishes the proof of (6).
We proved that Ext%(S,S) = 0 for all simple E-modules S. We also know that
gl.dim(F) = 3 < oo. Then it follows from Proposition 3.11 that the quiver of E can-
not have 2-cycles. Thus (7) holds. This finishes the proof. O
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Corollary 6.5. Let T =T, & --- ® T, be a basic marimal rigid A-module with T; inde-
composable for all i. For a non-projective X = T; let

0 X—-T —-Y >0

be the corresponding exchange sequence starting in X. Then the following hold:
e We have dim Ext} (Y, X) = dim Ext} (X,Y) = 1, and the exchange sequence end-
ing in X is of the form
0—-Y—-T"-X—0
for some T" € add(T'/X);
e The simple Endp(T)-module Sx has a minimal projective resolution of the form
0 — Hom (X, T) — Homp(T”,T) — Homy (T',T) — Homy (X, T) — Sx — 0;
e We have add(T") Nadd(T") = 0.
Proof. By Theorem 6.4 the quiver of Endy(7") has no loops. Now Lemma 6.1 yields that
dim Ext} (Y, X) = 1, and by Lemma 3.12 we get dim Ext}(X,Y) = 1. Corollary 5.8
implies that the exchange sequence ending in X starts at Y. The minimal projective

resolution of Sx is obtained from the proof of Proposition 6.2. By Theorem 6.4 there are
no 2-cycles in the quiver of End, (7). This implies add(7”) Nadd(7") = 0. O

6.2. Ext-group symmetries.

Proposition 6.6. Let T be a basic maximal rigid A-module, and let X be a non-projective
indecomposable direct summand of T. Set E = Endy(T). Then for any simple E-module
S we have
dim Ext3(Sx, S) = dim Ext%/(S, Sx)
where 0 <7 < 3.
Proof. We have S = S5 for some indecomposable direct summand Z of T'. Since Sx and
Sz are simple, we get
1 ifSz=S8
dim HOmE(Sx,Sz) = dim HOHlE(Sz,Sx) = ! d . X
0 otherwise.

Let
(2) 0 — Homp(X,T) — Homy (T",T) — Homp (T",T) — Homp(X,T) — Sx — 0

be the minimal projective resolution of Sx as constructed in the proof of Proposition 6.2.
Dually we get a minimal injective resolution

(3)
0 — Sx — DHomy (T, X) — DHomy (T, T") — DHomy (T, T") — D Homy (T, X) — 0

of Sx. We apply Hompg(—, Sz) to (2) and Hompg(Sz, —) to (3) and get

1 if Sy =2 Sy,

dim Ext%(Sx, Sz) = dim Ext(Sz, Sx) = ‘
0 otherwise.

Here we use that X ¢ add(7’ @ T"). Similarly, if Sz = Sx, then Extk(Sx,S7) = 0 =
Ext%(Sx,Sz) and Exth(Sz,Sx) = 0 = Ext%(Sz, Sx). Thus the proposition is true for
Sz = Sx.

From now on assume Sx % Sz. The projective resolution (2) yields a complex

0 — Homp(Homu (17,T), Sz) LN Hom g (Homp (T",T),S7) — 0
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whose homology groups are the extension groups EX‘D%(S x,S7). By Corollary 6.5 we
have add(7”) N add(T”) = 0, which implies that either Hompg(Homy (7”,7),Sz) = 0 or
Homp(Homy (T, T),S7) = 0. Hence §# = 0. Therefore we have dim Ext%(Sx,Sz) =
[T" : Z]. The discussion in Section 3.2 yields

dim Extk(Sx,Sz) = [T’ : Z] = number of arrows Sx — Sz in I'p,
dim Extk(Sz, Sx) = [T” : Z] = number of arrows Sz — Sx in I'p.

(As before I'p denotes the quiver of F = Endy(7T).)
This implies dim Ext%(Sx,Sz) = dim Ext}(Sz, Sx). Using the injective resolution (3)
we get dim Ext%(Sz, Sx) = dim Ext}(Sx, Sz). This finishes the proof. O

6.3. The graph of basic maximal rigid modules.

Proposition 6.7. Let T be a basic mazimal rigid A-module, and let X be an indecom-
posable direct summand of T'. If X is non-projective, then up to isomorphism there exists
exactly one indecomposable A-module Y such that X 2Y andY & T/X is mazimal rigid.

Proof. Recall that every maximal rigid A-module is maximal 1-orthogonal. Proposition
5.6 yields an exchange sequence

0 X—->T —-Y >0

such that Y satisfies the required properties. Proposition 4.5 implies that Y is uniquely
determined up to isomorphism. O

Let T be a maximal rigid A-module. Let Tg,q, (1) be the graph of basic tilting modules
over Endy (T'). By definition the vertices of this graph are the isomorphism classes of basic
tilting modules over Enda (7"). Two such basic tilting modules M; and My are connected
with an edge if and only if My = M & M{ and My = M & M, for some M and some
indecomposable modules M and M/, with M| % M.

Similarly, let 75 be the graph with set of vertices the isomorphism classes of basic
maximal rigid A-modules, and an edge between vertices T} and T3 if and only if T} = T®T]
and Th = T & T} for some T and some indecomposable modules 77 and Ty with 77 2 T5.

Lemma 6.8. Let T = T1 & --- ® T, be a basic maximal rigid A-module with T; in-
decomposable for all i, and assume that T,_n41,..., T, are projective. There are ez-
actly n indecomposable projective-injective Endy (T")-modules up to isomorphism, namely
Homp(Ty—p+1,T),...,Homp (T, T). These are direct summands of any tilting module over

Endp(T).

Proof. For 1 <i < r—n we know that Homy (u7,(T),T) is a tilting module over End (7"),
which does not contain Homy (7;,T') as a direct summand. Thus Homa (7;,T") cannot be
projective-injective, otherwise it would occur as a direct summand of any tilting module
over Endy (7).

Let vp = DHomp(—, A) be the Nakayama automorphism of mod(A). It is well known
that vy maps projective modules to injective ones. But A is a selfinjective algebra. This
implies that for r —n+ 1 <i <r we get

Homy (73, T) = D Homy (T, va(T;)) = D Homy (T, T})
for some j. In particular, Homy (7;,T) is a projective-injective End (7')-module. O
Proposition 6.9. Let T be a basic maximal rigid A-module. The functor

Fr: mod(A) — mod(Endy (7))
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induces an embedding of graphs
Y1 Tan — Tendu (1)

whose image is a union of connected components of Tgna,(r). FEach vertex of Ty (and
therefore each vertex of the image of Y1) has exactly r — n neighbours.

Proof. By Theorem 4.3 we know that every vertex of 75 gets mapped to a vertex of
Tgnd, (). Proposition 4.4 implies that Fr reflects isomorphism classes, therefore i is
injective on vertices. Proposition 5.6 and Proposition 6.7 and its proof yield that ¢
is injective on edges as well. It also follows that every vertex of 7, has exactly r — n
neighbours. Thus every vertex in the image of 7 has at least » — n neighbours. But by
[35, Proposition 1.3] there are at most two complements for an almost complete tilting
module. Combining this with Lemma 6.8 implies that every vertex in the image of ¥r has
exactly 7 — n neighbours. Thus the image of ¥r is a union of connected components. [

Conjecture 6.10. The graphs Ty and Tgynq, (1) are connected.

To prove Conjecture 6.10 it is enough to show that 7g,q, (1) is connected.

7. FROM MUTATION OF MODULES TO MUTATION OF MATRICES

In this section we prove Theorem 2.6.

7.1. Let B = (bi;) be an [ x m-matrix with real entries such that [ > m, and let k£ € [1,m].
Following Fomin and Zelevinsky, the mutation of B in direction k is an [ X m-matrix

p(B) = (b;j)
defined by
, —bi]’ le:k‘OI‘j:k,
bz’j = b+ ‘bzk’bkj + blk’bkj‘
1) 2
where ¢ € [1,{] and j € [1,m]. If | = m and B is skew-symmetric, then it is easy to check
that pi(B) is also a skew-symmetric matrix.
For an m x m-matrix B and some k € [1,m]| we define an m X m-matrix S = S(B, k) =

(si5) by

otherwise,

biil — bis
o —5Z-j+7’ ”'2 Loif i =k,
ij =
0ij otherwise.

By S! we denote the transpose of the matrix S = S(B, k). If B is skew-symmetric, then
one easily checks that
S?=1
is the identity matrix. The following lemma is a special case of [4, (3.2)]. For convenience
we include a proof.

Lemma 7.1. Let B be a skew-symmetric m x m-matriz, and let S = S(B,k) for some
k € [1,m]. Then we have

,uk(B) = StBS
Proof. Let b}; be the ijth entry of S*BS. Thus

m m
/ e . .
bz‘j = E E SpibpgSq;-

p=1g=1
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Since B is skew-symmetric we have by = 0 for all [. From the definition of S we get

Skkbkjsjj if i = k‘,

bij = { SiibikSkk if j =k,

Siibiijj + Siibikskj + Skibkjsjj otherwise.
Now an easy calculation yields u(B) = S'BS. O
7.2. Let A be a finite-dimensional algebra, and let Py, ..., P, be a complete set of rep-
resentatives of isomorphism classes of indecomposable projective A-modules. By S; we
denote the top of P;. Thus S1,...,.5,, is a complete set of representatives of isomorphism
classes of simple A-modules. The Cartan matriz C of A is by definition C' = (¢ij)1<i j<m
where

¢ij = dim Homa(P;, Pj).

Now assume that the global dimension of A is finite. Then the Ringel form of A is a
bilinear form (—,—): Z™ x Z™ — Z defined by

(dim(M), dim(N)) = > " (=1)" dim Ext}4 (M, N)
i>0
where M, N € mod(A). Here we use the convention Ext% (M, N) = Homa (M, N). We

often just write (M, N) instead of (dim(M),dim(/N)). The matrix of the Ringel form of
A is then

R = ({(Si, Sj))1<ij<m-
The following lemma can be found in [36, Section 2.4]:
Lemma 7.2. If gl. dim(A) < oo, then the Cartan matriz C' of A is invertible, and we
have
R=C",
where C~t denotes the transpose of the inverse of C.
73. Let T=T1®--- P T, be a basic complete rigid A-module with T; indecomposable
for all ¢. Without loss of generality we assume that T,_,1,...,T, are projective. For
1 <4 <rlet S; be the simple Endy (7T")-module corresponding to 7;. The matrix
Cr = (cijh<ij<r
where
cij = dim Homgpq, (7y(Homy (73, T'), Hom (T}, T')) = dim Homy (75, T;)
is the Cartan matrix of the algebra Endx (7).
By Theorem 6.4 we know that gl. dim(Endx(7")) = 3. Thus by Lemma 7.2
Ry = (rijh<ij<r = C7'
is the matrix of the Ringel form of Enda(T"), where
3

rij = (S, S;) = Z(—l)idim EXt%ndA(T)(Sij)-
=0

Lemma 7.3. Assume thati <r —mn or j <r —mn. Then the following hold:

® Ty = —Tji;
number of arrows j — i in I'r if mij > 0,
e 1y =  —(number of arrows i — j in I'r) if ry; <0,

0 otherwise.
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Proof. The first two statements follow from Proposition 6.6. Since by Theorem 6.4 there
are no 2-cycles in the quiver of Endy (7), at least one of the two summands in the equation
r;j = dim Ext]gndA(T)(sj, S;) — dim ExtgndA(T)(si, S;)
has to be 0. Now the third statement follows from the remarks in Section 3.2. g
Recall that B(T') = (tij)1<s,j<r is the r X r-matrix defined by
ti; = (number of arrows j — ¢ in I'r) — (number of arrows ¢ — j in I'r).

Let B(T)° = (ti;) and R = (rj;) be the r x (r — n)-matrices obtained from B(T') and
Rr, respectively, by deleting the last n columns. As a consequence of Lemma 7.3 we get
the following:

Corollary 7.4. R} = B(T)°.

Note that the dimension vector of the indecomposable projective Enda(7")-module
Homy (73, T) is the ith column of the matrix Cp.
For1<k<r-—nlet

(4) 0Ty —T — T -0
and
(5) 0—=TF =T — T, —0

be exchange sequences associated to the direct summand T of T'. Keeping in mind the
remarks in Section 3.2, it follows from Lemma 7.3 that

T'=@ 1" and T'=p T

rig>0 <0
Set
T = MTk(T) = T]: ® T/Tk
and S = S(Rr, k).
Proposition 7.5. With the above notation we have

Cr+~ = SCrS".
Proof. Set C7. = SOpS* = (c};)1<ij<r- Thus we have

I8 '
, — . .
Cij = E E :Szpcpquq

p=1q=1
where
|7"ip| —Tip .,
_5 T —
sip = dip + 5 ifi =k,
dip otherwise
and
gl T
—Ogi LY =k
Sjqg = Ch 2 nJ "
Ogj otherwise.

It follows that the transformation C7 — C7, only changes the kth row and the kth column
of Cp. We denote the ijth entry of Cr- by ¢j;. Clearly, ¢;; = ¢;; = cgj provided ¢ # k and
j # k. Assume i # k and j = k. We get

T

/

Cik, = § CigSkq = —Cik + E | TqkCig-
q=1

qu>0
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Applying Homy (—, T;) to Sequence (4) yields
¢y, = dim Homy (T}, T;) = —dim Homy (T}, T3) + Y 7 dim Homy (T3, T5)

qu>0
= —Cip t E TqkCig-
rqk>0

Thus ¢, = ¢}, Similarly, if i = k and j # k, then

T
Ckj = E :Skpcm = —Ckj + § , |7 kplCpy-
p=1 Tkp<0

Applying Homy (T}, —) to Sequence (4) yields

ci; = dim Homy (T}, T5) = —dim Homy (T, T}) + > 7y dim Homy (75, T})
Tpi >0

=—Crj+t > TphCpj = —Chj T D |ThplCpj.

Tpk>0 ’V’kp<0

Thus ¢;; = cj;- Finally, let i = j = k. Thus

' T
/
Crk = Z Z SkpCpqSkq = Ckk — Z |7kplepk — Z TqkCkq T Z Z Tqk|Tkp|Cpg-

p=1qg=1 Tkp<0 qu>0 qu>0 T‘kp<0
We apply Homy (—,T}) to Sequence (4) and get
¢iy = dim Homy (T}, Tj) = —dim Homa (Ty, ) + Y 7 dim Homy (T, T;).
T‘qk>0

By applying Homy (7%, —) and Homa (7y, —) to the same sequence, we can compute the
values dim Homy (7%, 7)) and dim Homy (75, T}) in the above equation. We get

*
Crp = Ckk — E TpkCpk + E Tqk | —Ckq + E TpkCpq

rpk>0 Tqk>0 rpi>0
= Ckk — E TpkCpk — E TqkCkq + E E TqkTpkCpq
T‘pk>0 qu>0 qu>0 T‘pk>0
= Ckk — E ‘Tkp|cpk: - § T'qkCkq + E § qu|rkp|cp4'
T'kp<0 T'qk>0 T‘qk>0 Tkp<0
: I %
This proves that ¢, = cj,.. O

Note that in the proof of Proposition 7.5 we only made use of Sequence (4). There is
an alternative proof using Sequence (5).

Corollary 7.6. Rr- = S'RrS.
Proof. From Proposition 7.5 and and Lemma 7.2 we get
Crt=(SHtets = siots
and therefore
Rp- = Cpl = S'C'S = S'RyS.

Corollary 7.7. R%. = ur(R5).
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Proof. For an r x r-matrix B = (b;;)1<i j<, define a matrix BY = (b}g-)lgi,jgr by

B 0 ifr—n+1<ij<r,
Y b;; otherwise.

It follows from Lemma 7.3 that the matrix RY is skew-symmetric. One easily checks that
S(RY., k) = S(Rr,k) = S. By Corollary 7.6 we have Ryp+ = S*RpS.
It follows from the definition that the matrix S is of the form

(51 S
s=(5 7)

where 0 is the 0-matrix of size n x (r — n), and I is the identity matrix of size n x n.
We partition Ry and Ry into blocks of the corresponding sizes and obtain

(R1 Ry v (R R
RT—<R3 R4> andRT—(R3 O>'
This implies

Ry — StRTS _ < SfR;[Sl S{Rng + SfRQ ) '

S§R151 + R3S, S§R152 + SéRz + R3S + Ry
Since Ry is skew-symmetric and S = S(RY., k), Lemma 7.1 implies

S{R.S StR1Sy + SIR
VY _ otpVa _ 110101 i
we(Br) = 5" RS = (S§R151 + R3S1 S§R1S2 + SRy + R3S?> .

It follows from the definitions that u(RS.) is obtained from gy (RY.) by deleting the last
n columns. This yields

o\ __ SﬁRISI _ po
pk(Ry) = <SER151 R3S ) T Rp..

Now we combine Corollary 7.4 and Corollary 7.7 and obtain the following theorem:

Theorem 7.8. B(u7,(T))° = pi(B(T)°).

8. EXAMPLES

In this section we want to illustrate some of our results with examples. We often describe
modules by just indicating the multiplicities of composition factors in the socle series. For
example for the preprojective algebra A of type Az we write

2
M=1 3.
2

This means that M has a socle isomorphic to the simple labelled by 2, the next layer of
the socle series is isomorphic to 1 & 3, and finally the third layer is isomorphic to 2 again.

The examples discussed are for preprojective algebras of type Ao and Aj. These are
easy to deal with since they are representation finite algebras. The only other finite type
case is Ay (recall that we excluded A1), and the tame cases are As and Dy. Beyond that,
all preprojective algebras are of wild representation type.
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8.1. Case As. Let A be the preprojective algebra of type As. There are exactly four
indecomposable A-modules up to isomorphism, namely

T1:17 TQZQ, Tg:127 T4:12.
The modules T5 and T} are the indecomposable projective A-modules. The Auslander-
Reiten quiver of A looks as follows:

2 1

SN N

In the above picture one has to identify the two vertical dotted lines. The dotted arrows
describe the Auslander-Reiten translation.

The module T' = T} & T3 & Ty is complete rigid, and the quiver of the endomorphism
algebra Endp (T") looks as follows:

1/1\2

2

1

We want to illustrate Proposition 4.4: The algebra End (7T') is isomorphic to the path
algebra of the quiver

a
/N
C<ﬂ—b

with zero relations fa and v(3. There are exactly 7 indecomposable End (T')-modules, all
of which are serial. The Auslander-Reiten quiver of Endy(7') looks as follows:

N
NN SN

Again, the dotted arrows describe the Auslander-Reiten translation, and the two dotted
vertical lines have to be identified.

One can easily check that there are exactly four indecomposable Endy (7)-modules of
projective dimension at most one, namely the three indecomposable projective modules
and the simple module corresponding to the vertex ¢. One easily checks that

FPr(Ti) =%, Fr(Ty) = c, Fr(T3) = ‘2, Fr(Ty) =?%,
where Fr is the functor defined in Proposition 4.4.
For T we get
1 10 0o 1 -1 -1 0 1
Cr=10 11|, Rp=Cs'=(-1 1 0|, S=SQRpr,1)=[0 1 0
1 11 1 -1 1 0 0 1

Besides T' there exists only one more basic complete rigid A-module, namely T* =
T5 @ T3 @ Ty. The endomorphism algebras Enda(7") and Enda(7™) are isomorphic. The
two corresponding exchange sequences are

1

0—-2—-1,—-1-0
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and

2

0—1—,°—=2—0.

For T* we get

101 0 -1 1
Cr«=(11 1| andRp==Crl=|1 1 -1
011 -1 0 1

Now one can check that SC7St = Cr« and S'RpS = Ry~.

8.2. Case Ajz. Let A be the preprojective algebra of type As. There are exactly 12
indecomposable A-modules up to isomorphism, and all of these are rigid.
Define T'=1T] & --- @ Ts where

1 2 3
T1:1, T2:12, T3:12, T, = 23, T5:123, Tg= 2 .

By computing the dimension of Endj(7') one can easily check that 7" is complete rigid.
The quiver I'y of the endomorphism algebra End (7) looks as follows:

1
1 3 2
2 1

Set T = pg, (T'). It turns out that 7* is obtained from 7" by replacing the direct summand
T5 by the module

The two exchange sequences are

and

2
1
0— 2—>169123—>1 3 — 0.

The quiver I'p= of Endy (T™*) looks as follows:

2

_— >

1 3 1
N AN
1 2 3
2 1 3 2
3 2 1
For T an easy calculation yields
110100 0 1 -1 0 0 0
011110 1 0 1 1 -1 0
111110 o |1 =10 0 1 -1
Cr=1lp 0011 1| @Br=Cr=,¢y 41 ¢ 1 o ol
011121 0 1 -1 -1 1 0
111111 0 0 1 0 -1 1
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and for T% we get

100100 0 -1 0 1 0 0
110111 1 0 -1 -1 1 0
lr 11110 o o1 0 0 0 1
Cre=1g 101 1 1| @dBr-=Cr=| 14 1 ¢ 1 _1 o
011121 0 -1 0 0 1 0
111111 0 0 1 0 -1 1
Furthermore, we have
1
1 -1 1
S = S(Rp,2) = b
1
1

In the above matrix we only displayed the non-zero entries of S. Now one can check that
SCTSt = CT* and StRTS = RT*.
For the case Ag there are exactly 14 basic complete rigid A-modules up to isomorphism.

8.3. Case Ay. Let A be the preprojective algebra of type A4. There are exactly 40
indecomposable A-modules up to isomorphism, and all of these are rigid. The number of
isomorphism classes of basic complete rigid A-modules is 672. For more details we refer
to [15].

9. RELATION WITH CLUSTER ALGEBRAS

From now on let K = C be the field of complex numbers.

9.1. We are going to outline the construction of the map ¢: M +— ), introduced in 1.3.
As before let Ag be the affine variety of A-modules with dimension vector 3 € N". Let
M = @genn Mg be the algebra of Gg-invariant constructible functions introduced by
Lusztig as a geometric model for U(n). Here Mg is the vector space of functions from
A to C spanned by certain functions d; defined as follows. For M € Ag, let ®; s be the
variety of composition series of M of type i = (i1,...,1x), that is of flags of submodules

M=MyDM; D ---DMp=0
with M;_1/M; isomorphic to the simple module S;, for j =1,..., k. Then
(6) di(M) = x(Pi,m),

where y denotes the Euler characteristic.

Let M* = @genn M be the graded dual of M, and let 6y € M* be the linear form
which maps a constructible function f € M to its evaluation f(M) at M. It is completely
determined by the numbers 057 (d;) = x(®i,a7) where i varies over the possible composition
types. Under the isomorphism M* = U(n)* = C[N], dp; gets identified with a regular
function ¢ € C[NV].

To describe @) explicitly, we introduce the one-parameter subgroups

ml(t) = exp(tei)v (t €eC, ie QO)a

of N associated with the Chevalley generators e; of n.
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Lemma 9.1. For any sequence i = (i1,...,ix) of elements of Qo, we have
AR
oM (@i (t1) -+ @iy, (t)) = > X(Piapp) -

al! a]ik' 3 (tl,...,tke(C),
a=(a,...,a)ENF

where we use the short-hand notation i* := (i1, ..., 01, ... ik, -, i)
N——

al ag

The proof follows easily from the classical description of the duality between U(n) and
C[N]. Note that if i is a reduced word for the longest element of the Weyl group of g then
the set {x;, (t1) - - 24, (tg) | t1,...,tx € C} is dense in N, so the above formula completely
determines the polynomial function j;.

It is shown in [15, Lemma 7.3] that the functions ¢y are multiplicative, in the sense
that

(7) ©M PN = PMaN, (M, N € mod(A)).

9.2. Let Z be an irreducible component of the variety Ag. The map ¢ being constructible,
there exists a dense open subset Oz of Z such that for all M, N € Oz we have ¢y = pn.
A point M € Oy is called a generic point of Z. Put pz = ¢as for a generic point M of Z.
Then the collection {pz} where Z runs over all irreducible components of all varieties Ag
is dual to the semicanonical basis of U(n). We call it the dual semicanonical basis of C[N]
and denote it by S*.

If M € Ag is a rigid A-module in the irreducible component Z, its Gg-orbit is open so
M is generic and ¢ = pz belongs to S*.

9.3. Recall the setting of 2.8. From the complete rigid A-module Ty =T1 @ --- © T, of
Theorem 2.7 we get the initial seed (x(Tg), B(T)°) where

x(Tg) = (x1(1Q), .- -, 2+ (1)) :== (P1ys- - PT,)-

By [16], it coincides with one of the initial seeds of [4] for the upper cluster algebra
structure on C[N]. Here we assume as before that T,_,,11, ..., 7T, are the n indecomposable
projective A-modules, so that x1(7g), ..., z,—n(Tg) are the exchangeable cluster variables
of x(Tq) and the remaining ones generate the ring of coefficients.

Recall the definition of the mutation of a seed (x, B) in direction k € [1,7 — n]. This
is the new seed (x/,B’), where B’ = yu(B) is given by 2.5, and x’ is obtained from
x = (x1,...,x,) by replacing x by

b, -
[, 502" + 11, <02

Tk

bik
(8) ), =

Here the exponents b;;, are the entries of the matrix B.
The mutation class C of the seed (x(Tq), B(T)°) is defined to be the set of all seeds

(x, B) which can be obtained from (x(Tg), B(Tq)°) by a sequence of mutations.

9.4. We will need the following result of [17].
Theorem 9.2. Let M and N be A-modules such that dim Ext} (M, N) =1, and let
0 M—-X—-N—-=0 and 0—-N—-Y —->M-—=0

be non-split short exact sequences. Then vy - N = px + Py .
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9.5. Now everything is ready for the proof of Theorem 2.8. Let R=R; ®---® R, be a
vertex of 7y. Thus R is obtained from Ty by means of a finite number of mutations, say
¢. We want to prove that (x(R), B(R)®) is a seed in C. We argue by induction on ¢. Put
x(R) = (¢Ry,---» ¥R, ). If £=0 then R =Ty and we know already that (x(R), B(R)°) is
an initial seed of C. Otherwise we have R = pug, (S) for some vertex S of 7y and some k,
and by induction we can assume that (x(S5), B(S)°) is a seed in C. By Corollary 6.5, we
know that dim Ext} (Sy, Rx) = 1, so we can apply Theorem 9.2. Let

0—-R,—X—>5,—0 and 0—S,—Y - R, —0

be non-split short exact sequences. Then ¢g, - ¢s, = ¢x + ¢y. By Corollary 7.4 and the
remarks which follow it, we have

X=@ s, v= s,
b b

ik <O ik >0
where the b here are the entries of B(S)°. Using (7), it follows that

_ _bik _ bik
ox = ] e5*, v =[] o¥
bik<0 b >0

Hence, comparing with (8) and taking into account Theorem 7.8, we see that (x(R), B(R)°)
is obtained from (x(5), B(S5)°) by a seed mutation in direction k. This shows that the
map R — (x(R), B(R)°) gives a covering of graphs from 7 to the exchange graph G of
C[N].

Now if R and R’ are such that x(R) = x(R'), then ¢r = ¢pr. In particular, R and R’
have the same dimension vector 8. Since R and R’ are both generic g = @r/ belongs to
S* and R and R’ have to be in the same irreducible component of Ag. Therefore R and
R’ are isomorphic. Hence the covering of graphs is in fact an isomorphism. (Two seeds
which can be obtained from each other by reordering of the entries of the clusters and a
corresponding reordering of the columns and rows of the exchange matrices are considered
to be identical.)

Finally, using (7), we get that all cluster monomials are of the form ¢,; for a rigid
module M (not necessarily basic or maximal), hence by 9.2 they belong to S*.

This finishes the proof of Theorem 2.8.
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