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Abstract

Let A be a preprojective algebra of Dynkin type, andGebe the corresponding complex
semisimple simply connected algebraic group. We studd rigpdules in subcategories SRb
for Q an injectiveA-module, and we introduce a mutation operation between tampgid
modules in SukY. This yields cluster algebra structures on the coordinatgsrof the partial

flag varieties attached @.
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1 Introduction

Let G be a simple simply connected complex algebraic group of Isiiaged typeA, D, E. Let

P be a parabolic subgroup @. The projective variety?\G is called a partial flag variety. Let
C[P\G]| be the multi-homogeneous coordinate rindaf for its Plicker embedding into a prod-
uct of projective spaces.

WhenP = B is a Borel subgroup with unipotent radidd| C[B\G] is equal to the coordinate
ring of the base affine spadgN\G|. Letwy be the longest element of the Weyl groapof G.
The double Bruhat celB®" [8] can be naturally identified to an open subselNgfS. Berenstein,
Fomin and Zelevinsky [4] have shown tHaiG*"°] has a nice cluster algebra structure, with initial
seeds described explicitly in terms of the reduced exprassifwy.

WhenG = SL, andP is a maximal parabolic subgroup, &rP\G is a Grassmann variety and
Scott [31] has studied in detail a cluster algebra struobmr€[Gr] (see also [19], where a cluster
algebra on an open Bruhat cell of Gr was previously introdiice

In [14], we considered a cluster algebra structuredjN] coming from the one of©[G*"],
and we showed that it is deeply connected to the represemtidteory of the preprojective algebra
A attached to the Dynkin diagram &. We proved that every cluster Gf[N] comes in a natural
way from a complete rigid\-module and that the cluster mutation lifts to a new operatia
complete rigid modules that we also call mutation. Thisve#ld us to prove that every cluster
monomial is an element of the dual semicanonical basis,rapdriticular that cluster monomials
are linearly independent.

In this paper we consider an arbitrary partial flag varietyG. Let Np denote the unipotent
radical of P. We introduce a cluster algebral C C[Np] whose initial seed is described in terms
of certain reduced expressions w§. We then lift &/ to a cluster algebraz C C[P\G]. We
conjecture that in facty’ = C[Np], and thate coincides withC[P\G] up to localization with
respect to certain generalized minors (see 10.4 for a mdoisnulation). We give a proof of the
conjectures in typé and in typeD,4. We also give a complete classification of the algebragor
equivalently.<”) which are of finite type as cluster algebras.

We arrived at the definition of7 by studying certain subcategories of madLet Q be an
injective A-module, and denote by SQ@bthe full subcategory of mafl whose objects are the
submodules of a finite direct sum of copiesQ@f This is a classical example of a homologically
finite subcategory (see [1, 2]). We show that the relativeygyZunctor of Sulf) coincides with
the inverse of the relative Auslander-Reiten translatigihis can be seen as a 2-Calabi-Yau
property for Sulf).) There is a natural correspondence between basic ingetinodulesQ and
conjugacy classes of parabolic subgrolpef G. We show that the number of non-isomorphic
indecomposable direct summands of a rigid module in@igat most the dimension ¢\G.

A rigid module in Sulf) with this maximal number of summands is called complete. Vdoe
that complete rigid modules exist in SQby constructing explicit examples attached to certain
reduced words ofvg. These modules give rise to the initial seeds from which windethe
cluster algebra. If X& T € SubQ is a basic complete rigid module wi¥hindecomposable and
non-projective in Sukp, we show that there exists a unique indecomposable matal&ubQ
non-isomorphic toX such thaty & T is complete rigid. The modulé & T is said to be obtained
from X & T by a mutation. We can attach to any complete rigid module ger matrix encoding
the mutations with respect to all its summands which areprojective in Sul®). We show that
these matrices follow the Fomin-Zelevinsky matrix mutatiale. This implies, as in [14], that all
cluster monomials of7 belong to the dual semicanonical basis.

To illustrate our results, we work out in detail in Sectiond &mple but instructive example.
We take forG the group of typeD, associated with a non-degenerate quadratic fornCéh



The variety of isotropic lines is a smooth quadricRA'™(C), which can be identified t®\G
for a maximal parabolic subgroup. We describe the corresponding subcategory @Guishich
is of finite type with 31— 4 indecomposable modules, and the cluster algebfas C|Np] and
o = C[P\G] which have finite cluster typgA;)"2 in the Fomin-Zelevinsky classification [10].

In contrast, the cluster algebra structure on the coordinaty of the Grassmann variety of
isotropic subspaces of dimensiarin C?" is in general of infinite type. The only exceptions are
n=4 andn =5, and they are described in detail in Section 13.

2 Coordinate algebras associated to parabolic subgroups

In this section we fix our notation for algebraic groups and flarieties. We also recall some
basic facts concerning coordinate rings of partial flageta&s and their relation with coordinate
rings of unipotent radicals of parabolic subgroups.

2.1 LetAbe a Dynkin diagram of typ#A, D, E with vertex set. We denote by the cardinality
|l| of I, and byr the number of positive roots @.

Let G be a simple simply connected complex algebraic group withkKdydiagramA. LetB
be a fixed Borel subgroup @ andN its unipotent radical, that is, the largest normal unipbten
subgroup oB. We denote byH the maximal torus ofs contained irB.

For each positive roatr of A we have a one-parameter subgrogiit) of N. In particular for
i €1 and the simple rootij, we have a subgrougy, (t) which we write for simplicityx;(t). The
xi(t) (i € I,t € C) form a system of generators Nf

Let B~ denote the Borel subgroup oppositeBpand N~ its unipotent radical. The one-
parameter subgroup & attached to the negative roetr is denoted by, (t), and byy;(t) when
—a = —Aaqj.

The fundamental weights @ are denoted byg (i € |). For a dominant integral weiglt let
L(A) be the (finite-dimensional left) irreduciblé-module with highest weight. ThelL(w) are
called fundamental representations.

Letg— g' be the involutive anti-automorphism & given by

x(MOT =y(t), h' =h, (iel,heH).

We denote by (A)* the rightG-module obtained by twisting the action @fby this anti-automor-
phism.

The Weyl group ofG is denoted byV and its longest element lwyp. The Coxeter generators
of W are denoted by, (i € I). The length ofv € W is denoted by/(w).

The Chevalley generators of the Lie algebmef G are denoted bg, fi,h; (i €1). Here, theg’s
generate the Lie algebraof N.

The coordinate ring"[N] is naturally endowed with a left action f

(x- f)(n) = f(nx), (f € CIN], x,n€ N),
and a right action oN
(f-x)(n) = f(xn), (f € C[N], x,;ne N).

Differentiating these two actions we get left and right @aesi ofn on C[N]. We prefer to write

qT(f) instead off - g for the right action of the Chevalley generators.



2.2 Throughout the paper we fix a non-empty subkef | and we denote its complement by
K=1\J.
Let B be the standard parabolic subgréug G generated by and the one-parameter sub-
groups
(),  (keK,teC).

We denote byNk the unipotent radical dBk. In particular, we hav@®, = B andNp = N. On the
other hand, wheK =1 —{j} hasn— 1 elementsByk is a maximal parabolic subgroup. Itis known
that every parabolic subgroup &f is conjugate to a unique standard parabolic subgBwp5,
Cor. 11.17].

Let B, be the parabolic subgroup Gfgenerated bya~ and the one-parameter subgroups

xk(1), (keK,teC).

ThenN is an affine space of the same dimension as the projectivety&j \G. More precisely,
the natural projection map
m G— B \G

restricts to an embedding bk into B, \G as a dense open subset (seg[5, Prop. 14.21]).
Example 2.1 Let G = SLs(C), a group of typeAs. We choose foB the subgroup of upper trian-

gular matrices. Takd = {2} andK = {1,3,4}. ThenB, andN are the subgroups @ with the
following block form:

Bx =

* %X % ¥ %
* %X %X x %
*¥ ¥ ¥ OO
*¥ ¥ ¥ OO
£
Il
ol olNololy
oNeoNol e

* %
* %

0 0].
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In this caseBy is a maximal parabolic subgroup. Lét;,...,us) be the canonical basis .
We regard vectors of® as row vectors and we |& act on theright on C®, so that thekth row
of the matrixg is ucg. ThenB, is the stabilizer of the 2-space spannedugyandu, for the
induced transitive action d& on the Grassmann variety of 2-planes@f. HenceB, \G is the
Grassmannian G2,5) of dimension 6. o

2.3 The partial flag varietyB, \G can be naturally embedded as a closed subset in the product
of projective spaces
P(L(a@;)")
Il

[25, p.123]. This is called the Plucker embedding. We derytC[B, \G| the multi-homoge-
neous coordinate ring @, \G coming from this embedding. Lé&t; = N denote the monoid of
dominant integral weights of the form

A= a;wj, (aj EN).
2

1A more familiar notation for this parabolic subgroup woule B, but we keep this symbol for denoting certain
projective modules over the preprojective algefra



Then,C[B, \G] is all;-graded ring with a naturab-module structure. The homogeneous compo-
nent with multi-degre@ € N is an irreducibleG-module with highest weight. In other words,

we have
C[Bc\G| = @ L(A
)\EHJ

Moreover,C[By \G]| is generated by its subspa@c; L ().

In particular, C[B™\G] = @,cn L(A), where the sum is over the monditl of all dominant
integral weights of5. This is equal to the affine coordinate rifig\N —\ G| of the multi-coneN~\G
overB~\G, that is, to the ring

CINT\G] ={f €C[G]| f(ng) = f(g),neN", ge G}

of polynomial functions or invariant undeiN~. We will identify C[B, \G] to the subalgebra of
C[N~\G]| generated by the homogeneous elements of degyé¢ c J).

Example 2.2 We continue Example 2.1. The Plicker embedding of the Grassian G(2,5)
consists in mapping the 2-plakeof C® with basis(vy,V,) to the line spanned by A v, in A?C5,
which is isomorphic to the righB-moduleL(a»)* (remember tha acts on the right oft®).

This induces an embedding of @r5) into P(L(w»)*). The homogeneous coordinate ring for
this embedding is isomorphic to the subring@jf5| generated by the functiorgs— Ajj (g), where
Ajj(g) denotes the 2 2 minor of g taken on columns, j and on the first two rows. Th&;; are
called Plucker coordinates. AS&module we have

C[Gr(2,5)] = PL(kmn),
keN

where the degrekhomogeneous compondntka,) consists of the homogeneous polynomials of
degreek in the Pliicker coordinates. o

2.4 Some distinguished elements of degmgen C[N~\G]| are the generalized minors
ij W(@j) > (W € W)a

(see [8,51.4]). The image ofNk in B, \G under the natural projection is the open subset de-
fined by the non-vanishing of the minafs; & (j € J). Therefore the affine coordinate ring of
C[Nk] can be identified to the subring of degree 0 homogeneous atenrethe localized ring
C[Bk\G][Ag wJ w» | €J]. Equivalently,C[Nk] can be identified to the quotient &fB, \G] by the
ideal generated by the elemeds, o — 1 (j € J).

Example 2.3 We continue Example 2.1 and Example 2.2. The coordinateair@[Nk] is iso-
morphic to the ring generated by thg modulo the relatiod\;, = 1. This description may seem
unnecessarily complicated sinbk is just an affine space of dimension 6 and we choose a pre-
sentation with 9 generators and the Plicker relations. tBege generators are better adapted to
the cluster algebra structure that we shall introduce. o

2.5 Let pry: C[B\G] — C[Nk] denote the projection obtained by moding out the ideal gen-
erated by the elementSg, o — 1 (j € J). The restriction of py to each homogeneous piece
L(A) (A € My) of C[BL\G] is injective and gives an embeddinglgf ) into C[Nk].

We introduce a partial ordering dm; by deciding tha#A < u if and only if u— A is anN-linear
combination of weightso; (j € J).



Lemma 2.4 Let f € C[Nk]. There is a unique homogeneous elemert C[Bk \G] satisfying

pr;(f) = f and whose multi-degree is minimal with respect to the almoglering <.

Proof — Let us first consider the algebfg[N]. LetA = y;am. Itis known that the subspace
pr,(L(A)) € C[N] can be described in terms as

pri(L(A)) ={f €C[N]| (¥ f =0, iel}.
In particular,C[Nk| can be identified to the subalgebra
{feC|N]|eff =0, ke K}.
ForA =3 ;ajmj € Ny, we then have
pry(L(A)) = {f € C[N] | ()3 f =0, jeJ}.
Now givenf € C[Nk], we definea;(f) = max{s| (e}r)sf # 0} and putA (f) =5 jc;aj(f)wj. Then

f € pry(L(A(f))) andA () is minimal with this property. Since the restriction ofpo L(A (f)) is
injective, we see that there exists a uniduas claimed : this is the unique element of multi-degree

A () in C[Bc\G] with pry(f) = f. O

For f € C[Nk], letaj(f) andA(f) be as in the proof of Lemma 2.4.

Lemma 2.5 Let f,ge C[Nk]. Then(f -g) = f-g. If moreover, for every ¢ J we have q{f+g) =
max{aj(f), aj(g)}, then

(f+9) =puf+vg

wherep andv are monomials in the variabley, ; (j € J) without common divisor.

Proof — The endomorphi:sme}r are derivations of®[Nk], that is, we have

e/(fo) =€|(fg+fef(9),  (f.ge CN]).
Therefore, by the Leibniz formula,
(e))1(+a0)(g) = ()N (1)(e)* 9 (g) £ 0,

and(e}r)ai(mai (@+1(fg) = 0. This proves the first statement. For the second staterthenaddi-
tional assumption implies that there exist unique monastiadndv in the Ag, » such that/JfN

andvg have the same multi-degree @s+ g). Moreoveru andv have no common factor. The
result follows. O

Example 2.6 We continue Examples 2.1, 2.2 and 2.3. Fok1< j <5, let Djj = pry(4jj).
Thus,D12> = 1, and for(i, j) # (1,2), Dij = 4jj. It follows for example that, iff = D13D24 and
g = —D23D14, thenf = A130y4 andg = —A23014. Now we have the Plicker relation

D13004— D314 = D1oAza.

This shows thaff +g = Ag, is not of the form uf + vg. Here, we havex(f) = ax(g) = 2 but
az(f+g) =1, so that the assumpti@(f +g) = max{ax(f), ax(g) } is not fulfilled. o



3 The categorySubQ);

3.1 Let A be the preprojective algebra &f (seee.g. [30, 11]). This is a finite-dimensional
selfinjective algebra ove. An important property of\ is its Ext-symmetry:

dimExti (M,N) = dimExti(N,M),  (M,N € modA).

In particular, Exg (M,N) = 0 if and only if Ext; (N,M) = 0. In this case, we say that the modules
M andN are orthogonal A A-moduleM is calledrigid if it is orthogonal to itself, that is, if
Exti(M,M) = 0.

The simpleA-module indexed by € | is denoted byS. Let P be the projective cover and
Qi the injective hull ofS. We denote by the Nakayama involution df, defined byQ; = P,,;).
(Equivalently,u is characterized in terms of the Weyl growpby s, = WosWo.)

Let T be the Auslander-Reiten translation of mgdand letQ be the syzygy functor. It is
known thatQ = 7! (seee.qg.[13, §7.5]).

3.2 LetQy=@jc;QjandPy = D, P;. We denote by SuQ; (resp. FacPy) the full subcat-
egory of mod\ whose objects are isomorphic to a submodule of a direct suoopies ofQ;
(resp. to a factor module of a direct sum of copiesRy). We are going to derive cluster algebra
structures on the coordinate algebf@dNg | and C[B, \G]| by constructing a mutation operation
on maximal rigid modules in Sup;. We could alternatively use the subcategory Fabut since
this would lead to the same cluster structures we shall ooikwith SubQ;.

Proposition 3.1 The categonsubQ); is closed under extensions and has almost split sequences.

Proof — This is [1, Prop. 6.1]. O

We shall denote byr; the relative Auslander-Reiten translatioof SubQ;. Thus forM an
indecomposable object of S@ which is not Ext-projective, we havwd = 13(M) if and only if
there is an almost split sequence in Klof the form

O—-=N—-E—M=0.

In this situation we also write; 1(N) = M.

3.3 For eachM in modA, there is a unique submoduiz(M) minimal with respect to the prop-
erty thatM /6;(M) is in SubQ;. The natural projectioM — M/6;(M) is a minimal left Sul;-
approximation oM (see [24§4]). Fori € |, definel; = R/6;(R).

Proposition 3.2 (i) The L are the indecomposablext-projective andExt-injective modules
in the subcategorpubQ);.

(i) The direct sum of theilis a minimal finite cover and a minimal finite cocoverSfbQ);.

Proof — Thel; are the indecomposable Ext-projectives by [1, Prop. 6.B (bhey are also
Ext-injective because of the Ext-symmetry of madSince, by [1, Prop. 6.3 (d)] the number of
indecomposable Ext-injectives is the same as the numbedetomposable Ext-projectives, the
L; are also all the indecomposable Ext-injectives. O



3.4 We introduce theelative syzygy functaoR; of SubQ;. ForM € SubQ);, Q;(M) is defined
as the kernel of the projective coverdfin SubQ);.

Lemma 3.3 We have
Q;(M) =Q(M)/6;(Q(M)).

Proof — If 0 — Q(M) — P — M — 0 is the exact sequence defini@fM), then6;(P) is iso-
morphic to6;(Q(M)) so the sequence-8 Q(M)/6;(Q(M)) — P/6;(P) — M — 0 is also exact,
with middle term the projective cover & in SubQ;, see Proposition 3.2. O

Proposition 3.4 For any indecomposable non-projective module MsubQ; we have

;1 (M) = Q;(M).

Proof — Let 0+ M — E — 171(M) — 0 be an almost split sequence in mad Then by [1,
Corollary 3.5], 1; }(M) is a direct summand of “1(M)/6;(t~1(M)). Now, it is known that
1-1(M)/6;(t1(M)) is indecomposable [3, 21], see also [24, Proposition 4.&hdé

T3 H(M) =11 (M)/63(T7H(M)) = Q(M)/65(Q(M)) = Q3(M).
O

To summarize, the subcategory Sppis a Frobenius categorig. it is an exact category with
enough Ext-projectives, enough Ext-injectives, and meeed&xt-projectives and Ext-injectives
coincide (see [20]). By Proposition 3.4, the corresponditable category Sup; is a 2-Calabi-
Yau triangulated category (see [23]).

4 The category(SubQ;)*

A A-moduleM is said to beorthogonalto SubQ; if Ext,l\(M,N) =0 for everyN € SubQ;. We
now give a useful characterization of these modules.

4.1 LetAg be the subdiagram df with vertex setK. This is in general a disconnected graph
whose connected components are smaller Dynkin diagramsAkée the preprojective alge-
bra of Ax. It is isomorphic to the direct product of the preprojectalgebras of the connected
components of\x. Although [14] only deals with preprojective algebras assted with a single
Dynkin diagram (the simple case), it is easy to check thahallesults extend to this more general
“semisimple case”. In particular, maximal rigitk -modules havex non-isomorphic indecom-
posable summands, wheme denotes the number of positive roots/&g{, that is, the sum of the
number of roots of each connected componemof

In the sequel we shall always regard nfgdas the subcategory of médwhose objects are
the A-modules supported af.

Proposition 4.1 As above let k=1 \ J. Then the following hold:

(i) A A-module M with no projective direct summand satisEﬁ#\(l\/l,N) = 0 for every Ne
SubQ); if and only if M= 1(U) with U € modAk. In other words,

(SubQy)* = add(t(modAk ) UaddA).



(i) A A-module N with no projective direct summand satisfies, (1(U),N) = 0 for every
U € modA if and only if Ne SubQ)j. In other words,

(1(modAk))* = add(SubQ; U addA).

Proof — (i) By [1, Prop 5.6],M satisfies the above property if and only if
Homa(171(M),Qs) = 0.

Now if f: A — Qj is a nonzero homomorphism, thditA) is a submodule of; and its socle
contains a modul&s; with j € J. ThereforeA has a composition factor isomorphic 8 and
A ¢ modAk. Conversely, ifA has a composition factor of the for§) with j € J we can find a
submoduleB of A such that the socle @/B contains only copies d§;. HenceA/B embeds in
a sum of copies oRj, and Hom (A,Q;) # 0. So we have proved that Haft ~1(M),Q;) =0
if and only if all the composition factors &f = r‘l(M) are of the formS, with k € K, that is,
U € modAk. This finishes the proof ofi).

(i) By part (i), if N € SubQ; then Exk (t(U),N) = 0 for everyU € modAk. Conversely, if
N € modA is such that Ext(1(U),N) = 0 for everyU € mod/, then by takind) = S (k € K)
and using the classical formula

Exth (A, B) ~ DHom, (1"1(B),A)

we get that HOm(S,N) = 0. Therefore, every non-zero homomorphism fr&nto N factors
through a projective-injectivA-module, which can only b&. This implies that)y is a summand
of N, contrary to the hypothesis. Hence we have that R@nN) = 0, and since this holds for
everyk € K, it follows thatN € SubQ);. O

We can now give an alternative description of the modulesf Proposition 3.2. We denote
by gk (k € K) the indecomposable injectivi-modules, that isg is the injective hull ofS in
modAg.

Proposition 4.2 Letic I. If u(i) = j € J then L = Q; = B. Otherwise, ifu(i) = k € K then
Li = T(aK)-

Proof — Clearly, by definition ofL;, if u(i) = j € J thenL; = Q; = B. On the other hand, for
everyU € mod/A\k we have

Extr(T(U), T(tk)) ~ Extx (U, k) ~ Extx, (U, qc) =0, (ke K).

Hence, by Proposition 4 (li), we havet (gx) € SubQ;. Now, by Proposition 4.1i), 7(gk) is Ext-
orthogonal to every modull € SubQ;, thereforet(qx), which is indecomposable, is one of the
Ext-projective modules; of SubQj. Finally, sincer = Q~1, the head of (gx) is § with i = u(k),
soT(0k) = L. O



5 The functors & and éﬁT

In this section we introduce certain endo-functéysand é”iT of modA which we use to construct
rigid A-modules. These functors should be seen as the lifts touddhe maps"®* and(e,T)maX
from C[N] to C|N] defined by

&"*f —f where k=maxj|e f #£0},

and |
(qT)maXf = (QT)If where | = max{j | (qT)Jf 7& 0}

5.1 ForM € modA andi € 1, let miT(M) denote the multiplicity of§ in the socle ofM. We
define an endo-functoffr of modA as follows. For an objed?! € modA we put

t (M)
&My =m/gm,
So we geta short exact sequence
0— Sﬂén{(M) —-M— cgiT(M) — 0.

If f:M — N isahomomorphism, we can compose it with the natural prigedi — é”iT(N) to
obtainf : M — g;T(N)_ The S-isotypic component of the socle bf is mapped to 0 byf, hencef
induces a homomorphis#j' () : £'(M) — &'(N). Clearly, & is an additive functor.

Proposition 5.1 The functorsé?T (i € 1) satisfy the following relations:
(i) &'6 =& &Titiand jare not connected by an edgesin

(i) &'6'&" =664 ifiand jare connected by an edgesn

Proof — Claim (i) is evident. Next consider the largest submodulg of M whose compo-
sition factors are all isomorphic t§ or S;. If i and j are not connected by an edgeArthen
Exth(S,S)) = Exti(S;,S) = 0, henceV j is semisimple, and one clearly has

&6t M) =&"ET M) =m/m .

If i andj are connected by an edgednan elementary calculation in tyge shows that; & & (Mi;j) =
&1 &6 (M j) = 0. It follows that

&7 6 (M) = 61816 (M) =M/ My .
O

Let (i1,...,ik) be a reduced word faw € W. Proposition 5.1 implies that the functey - - &7
does not depend on the choice of reduced word. We shall dérinytes;).
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5.2 ForM € modA let m(M) be the multiplicity ofS in the head oM. We define an endo-
functor & of modA as follows. For an objed¥! € modA we defineé;(M) as the kernel of the

surjection
M — S@M(M)
If f: M — Nisahomomorphismf(&(M)) is contained in5(N), and we define
&(): &(M) — &(N)

as the restriction of to &(M). Clearly, &; is a functor. Alternatively, we could defing as the
composition of functors

(1) &=54"S

whereS is the self-duality of mod\ introduced in [13,§1.7]. This shows immediately that the
functors&; satisfy analogues of Proposition 5.1. In particular, weehfr everyw € W a well-
defined functo,.

Proposition 5.2 If M is rigid then & (M) andgiT(M) are rigid.

Proof — Let M be a rigid module with dimension vectBt We use the geometric characterization
of rigid A-modules given in [14, Cor. 3.15], nameM is rigid if and only if its orbit Oy in the
variety Ag of A-modules of dimension vectd# is open.

Letp=m(M) andp’ = 3 — pa;. In [27,§12.2], Lusztig considers, fay € N, the subvariety
Ngiq Of Ag consisting of allA-modulesN with mi(N) = g. He introduces the variety of triples
(t,s,r) wheret € Agjo, SE€ Agjp andr it — sis an injective homomorphism agk-modules.
Let p1:Y — Agjoandpz:Y — Ag; , denote the natural projections. It is easy to check that
plpgl(ﬁ’N) = Og(N), the orbit of §(N) in Ag. By [27, Lemma 12.5]p; is a principal Gg-
bundle, and the mafi,s,r) — (t,r) is a locally trivial fibrationp) : Y — Ag o x Jo with fibre
isomorphic toC™ for a certainm € N. Here,Jy stands for the set of all injective graded linear
maps fromVg to V. It follows that if Oy is open inA\g then p’lpgl(ﬁM) is open inA\g: ; o X Jo,
and g ) is open inAg: 0. Since/\g j o has the same pure dimension/gs [27, Th. 12.3], we
conclude that ) is open in/Ag:. This proves the claim fo#i(M). The result foréaiT(M) then
follows from (1). O

If M is a rigid A-module with dimension vectqB then &y, is an irreducible component of
Ng. So the functorss; yield maps which associate to an irreducible componentatong a
rigid module, other irreducible components, also contejra rigid module. By [22], these maps
correspond to certain arrows of Lusztig’s colored graptttierenveloping algebtd (n) of Dynkin
type A (see [28514.4.7,514.4.15]) or, equivalently, to certain paths in Kashiwarrystal graph
of U (n).

5.3 The functorss; and é”iT can be used to construct rigitd-modules. Start withQ = @i Q.
This is a projective-injective module hence a rigid moduleti = (iy,...,i;) be a reduced word
for wp. We define a rigid modul§ by induction as follows. PUtT( (r+1) Q and

Tk — gT(TTk—s—l)@Qlk’ (1<k<r).
Then defineTiJr = TT@),

11



Example 5.3 In typeAg, leti = (2,1,3,2,1,3). We have

QL= 3, Q= 2 , Q3=1
v 1/ \3 \2
s \2/ \3

Here the graphs display the structure of the injecfivenodules. ThusQ); is a uniserial module
with socleS;, top S3 and middle laye6;. (In the sequel we shall frequently use graphs of this type
to represent examples sfmodules.) Now,

7O = &/(Q®Qs= & ()@ Q= . ®Q.

Next,

Similarly we get

TO-1 0 30 2 ® Q, TR -1 @ 20 1 @ Q,

TO=1 @2 30 Q, "TTW=19309 2 ©Q=T"
N s

2 2 1 3

5.4 Similarly we can define a rigid modulg inductively as follows. PuT "+ = Q, and
TO =g (T aRr, @<k,

Then define
T=TO.

In fact, we havel; = S}'T. In particular,T; and'l'iT have the same number of indecomposable direct
summands, and their endomorphism algebras have oppoditgeGguivers.

5.5 LetWk be the subgroup of generated by the (k € K). Letwh denote the longest element
of Wk. We haveZ(wK) = rk.

Proposition 5.4 For any/A-module M, we have

%(M):M/%(M).

Proof — It is easily checked that for evefy c K, é"m} (ak) = 0. This implies that for every
0
N € modAk we haveg\;K(N) = 0. Therefore, ifN is the largest submodule & contained in
0
modAk, we have@‘(’\;K (M) =M/N, and the result follows. O
0
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Proposition 5.4 shows that the functé’F modA — SubQ; is left adjoint to the inclusion
functor; : SubQ; — modA (seee.g.[2, §2, p 17-18]). In other words, there are isomorphisms

Hom\ (M,N) = HomSubQJ(ng,é(M),N)

functorial inM € modA andN € SubQ);.
In particular, takingk = {k}, we see thatg"kJr is left adjoint to the inclusion functor; gy .
Similarly, & is right adjoint to the inclusion functor of the subcategbach _y, -

6 Generalized minors and maximal rigid modules

6.1 Foriclandu,veW, letAyq) v denote the generalized minor introduced by Fomin and
Zelevinsky [8,51.4]. This is a regular function oB. We shall mainly work with the restriction of
this function toN, that we shall denote bR g) v(w)- It is easy to see thddg) v(m) = 0 unless
u(am) is less or equal te(w ) in the Bruhat order, and th@ ) y) = 1 for everyi € 1 and
ueW (see [452.3]).

6.2 In[14,8§9] we have associated to evevyc modA a regular functionpy € C[N], encoding
the Euler characteristics of the varieties of compositieries ofM. In particular, one has

2 $a = Dgwo(m)- (iel).

More generally, it follows from [13, Lemma 5.4] that farv € W we have

(3) sia0 = Dut@) (@)
6.3 To areduced word= (i, ...,i;) of wp, Fomin and Zelevinsky have attached a sequence of
minorsA(k, i) defined as follows (see [185.3]). Herek varies ovef{—n, —1] U [1,r],
A(_Li):ij',Wo(wj')? (J € [l7n])7
and
A(kvl) :Amk,v>k(mk)> (kE [17r])7

wherev.y = 5§, ,---S,,,- We shall denote b{p(k,i) the restriction ofA(k,i) to N. There are
nindiceslj (1< j < n)in [1r] such thatD(l},i) = Dy, @, = 1. The remaining — nindices in
[1,r] are calledi-exchangeable. The subset[bfr] consisting of theséexchangeable indices is
denoted bye(i). The functionsD(k,i) (k € [-n,—1] Ue(i)) form one of the initial clusters for the
cluster algebraC[N] [4, 13].

Proposition 6.1 Leti = (i1,...,i;) be a reduced word for yv Then the following hold:
(i) T is a basic complete rigich-module.
(i) We can denote the r indecomposable direct summandshyf T in such a way that
¢t =Dk u(i), (ke [=n—-1Jue(u(i))),

whereu(i) = (u(i1),...,M(ir)) is the image of under the Nakayama involution (s§&.1).

13



Proof — One hassj(Pj) = P; if j # i. Moreover, sinceé® has a simple socle, all its submodules
are indecomposable. It then follows from the inductive diefin of T; that the indecomposable
direct summands dF; are the projective moduld3 and all the nonzero modules of the form

Mk:gilgiz"'gik(ljlk)> (1<k<r)'
Using Equation (3) and the fact that= Q,, we thus get immediately

¢Mk = Dwﬂ(ik)7ugkwo(wﬂ(ik))’

whereugk =s; -+ S,. Now,
U<kWo = WoS;, - Sy ;W0 = Sy(i) " Su(ir1)

and it follows thatgy, = D(k, u(i)). Note that then indicesk € [1,r] which are notu(i)-exchan-
geable givepy, = 1, hence the corresponding moduldsare zero. Therefore, taking into account
the n modulesQ;, we see thall; has exactlyr pairwise non-isomorphic indecomposable direct
summands and projects under the lhvap- ¢y to the product of cluster variables

Dk, u(),  (ke[=n-1jueu(i))).
O

Proposition 6.1 gives a representation-theoretic coottmu of all the initial clusters of[N].
Note that this description is different from that of [13] whiwas only valid for the reduced words
i adapted to an orientation of the Dynkin diagram. It is knosee([4, Remark 2.14]) that all these
clusters are related to each other by mutation. Therefaiagu13] and [14] we know that the
exchange matrix of the cluster

{D(k,u(i)) [ ke [=n,—Ljue(u(i)}

coincides with the exchange matrix of the rigid moduije Hence, using [4], we have an easy
combinatorial rule to determine the exchange matriX; dbr everyi, or in other words the Gabriel
quiver of its endomorphism algebra.

6.4 Foru,veW andi € | we have
S((gduT(g]VQi) = éDU@@vTPI = éavT(g]UQu(i)'

It follows that
Psiai ) = Puia) umo(@,)-
This, together with Proposition 6.1, implies that

Corollary 6.2 The rigid module ,'F is basic and complete imodA. Its r —n non projective
indecomposable direct summang5=F S satisfy

¢Tk‘f = Dng(mk)7W0(mk)7 (k € e(i)),

where ux =S5, - S, O

14



Example 6.3 We continue Example 5.3. We have

DUge(w3)7W0(%) =1, DUgS(w1)7WO(W1) =1 Du@(lﬂz%Wo(WZ) =1

Du_s(ms)wo(ws) = Depsiss () wo(ws) = ¢
Dy (@) wo(mr) = Dsysy(mn) wo(mr) = Pss:

Duél(@),wO(Wz) = DSz(wz)-,Wo(wz) =¢ 2

YN

1 3

7 Complete rigid modules inSubQ);

7.1 ForaA-moduleT, we denote by (T) the number of non-isomorphic indecomposable sum-
mands ofT.

Proposition 7.1 Let T be a rigid module irsubQ;. We havex(T) <r —rk.

Proof — Let T’ be a basic rigid\x-module without projective summands. Then by [18] we know
thatZ(T') < rk — |K|, and by [13] we can assume that this upper bound is achiekatljst we
can assume thdt’ hasrk — |K| indecomposable summands. It follows thi&T’) is a basic rigid
A-module withrg — |K| indecomposable summands. By Proposition 4.1, no summan(rof
belongs to Su;, since such a summand would have to be theanslate of a projectivé\k -
module. Therefore th&-moduleT” =T & 1(T’) & Qk is basic and rigid. Here we use that for
k € K, the injective modul&) is not in Sul;. By [18] we havex(T") <, hence

(M) +(rk =K+ |K[=Z(T)+rk <.

Note thatr — rx = dimNk = dimB,\G.

Definition 7.2 A rigid moduleT in SubQj is calledcompletef X(T) =r —rk.

7.2 We can writewp = Wi vk with £(wW5) + £(vk) = £(wo). Therefore there exist reduced words
i for wo starting with a factofis, ..., i) which is a reduced word fcwg.

Proposition 7.3 Leti = (iy,...,ir) be a reduced word for yvsuch that(is,...,ir.) is a reduced
word for V\é Then 'f has r— rx indecomposable direct summandsSiabQ);.

Proof — The indecomposable summandsTﬁfare theQ (i € 1) and the modules
M =&lal-81@Q),  (iee).

For j > rk, by Proposition 5.4 we ha\tdjT € SubQ);. Taking into account the non-exchangeable
elements, we have— n—rx such modules. Moreover, again by Proposition 5.4, we have

NG= 6160 &) (Qu = 6QeeSubQy,  (keK).

15



Letsc =max{s<rk | is=k}. ThenM;rk = ler belongs to Sulp;. Finally, since forj € J we have
obviouslyQ; € SubQ;, we have found —n—rg + [K| +|J| = r —rg summands oTiT in SubQj.
O

Proposition 7.3 shows that there exist complete rigid meslih Sulf);, and gives a recipe
to construct some of them. Note that the modulesi € |) occur as direct summands of every
complete rigid moduld in SubQ;. This follows immediately from the fact that the are Ext-
projective and Ext-injective in Su®;.

7.3 Proposition 7.3 is based on properties of the funé@{ A related result is given by the
next proposition. Following lyama, we callemoduleT maX|maI 1-orthogonal itsubQ; if

addT = {M e SubQ; | Exti(T,M) = 0}.

Clearly a maximal 1-orthogonal module is maximal rigid in SubQ;, that is, it is rigid, and if
M € SubQj is such thall & X is rigid thenX € addT .

Proposition 7.4 Let T be a maximal rigid module imodA. Thenéa;K (T) is maximal 1-orthogo-
0
nal in SubQ;.

Proof — By Proposition 5.2 (T) is rigid, so ifM € adds”, (T) then
0 0

Ext}(&7 (T),M) = 0.

0

Conversely, let us assume thte SubQ); is such that E)%t(éD\AT,K (T),M)=0.
0

Let f: T" — M be a minimal right ad@ -approximation. Sincé € addT, f is surjective and
puttingT” = ker f we get an exact sequence

0—-T"-T =-M—=0.

By Wakamatsu's lemma, it follows that BXT,T”) = 0 (see [2, Lemma 3.1]). By [14, Th. 6.4],
we know thafT is maximal 1-orthogonal in mofl, henceT” € addT.
Now, sinceM € SubQ; we havef;(M) = 0 and6;(T”) ~ 6;(T'). Therefore we get an exact
sequence
0— %(T”) - %(T') —M —0.

But é’m;é (T") e addé(’m*,}é (T), so by assumption
1ot (yn —
Ext,\(cfwé(T ),M)=0
and the sequence splits. Herés a direct summand (ﬁ\AT,K (T")andM e addé’m;( (T), asrequired.
0

o
O

7.4 It follows from a general result of [16] that every maximadid module in Sul®; is com-
plete. Proposition 7.4 then implies that for every maximgidrmoduleT € modA, the module
5\;;( (T) is complete rigid in Sukp;. We will not make use of this result in the sequel.

0
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8 Mutations in SubQ);

8.1 Let X® T be a basic complete rigid module in SR with X indecomposable and not
Ext-projective. LetV be a basic rigid module in mdtk without projective summand, and let us
assume thak(V) = rg — |[K|. Then, by Proposition 4. X & T & 1(V) ¢ Qk is a basic maximal
rigid module in mod\.

Let f : T'—X be a minimal right addT )-approximation. Sinc& contains as a summand the
moduleL = @jL;, which is a cover of SuQ;, the mapf is surjective. Lel be the kernel off, so
that we have a short exact sequence

(4) o—y21Ttx—o

whereg denotes inclusion. SincE belongs to Sulp; which is closed under taking submodules,
Y also belongs to SuB;. Using the dual of [14, Proposition 5.6], we get tigas a minimal left
add(T)-approximation,T @Y is basic rigid,Y is indecomposable and not isomorphicdoAgain
by Proposition 4.1, we have thétb T @ 7(V) @ Qk is a basic maximal rigid module in méd By
[14] this is the mutation oK & T @ 1(V) @ Qk in the direction ofX. This shows in particular that
f andg are in fact addT @ 1(V) @ Qg )-approximations, and thatis the unique indecomposable
module in Sul®); non isomorphic toX and such thaT @Y is complete rigid. By [14] we have
another short exact sequence

(5) 0-X LTy o

whereh andi are addT & 7(V) & Qk)-approximations. Since S@y is closed under extensions,
T” is in SubQ;. Henceh andi are also addT )-approximations, and in particuld™” does not
depend on the choice Wf. It also follows from [14, Corollary 6.5] that dim E}g(X,Y) =1, hence
the short exact sequences (4), (5) are the unique non-Bplit exact sequences betweemandy.
To summarize, we have obtained the following

Proposition 8.1 Let X@& T be a basic complete rigid module 8ubQ; with X indecomposable
and notExt-projective. There exists a unique indecomposable modgtexyin SubQ; such that
Y @ T is a basic complete rigid module BubQ;. Moreoverdim Ext}\(X,Y) =1landif (4), (5) are
the unique non-split short exact sequences between X areeN ftg, h,i are minimaladd(T)-
approximations. O

In the situation of the above Proposition, we say that T is themutation of Xp T in the
direction of X and we writeux (X & T) =Y @ T. LetU =XaT. LetB=BU & 1(V)®Qk)°
be the exchange matrix of the maximal rigid module> 1(V) ® Qk. The(r —rg) x (r —rg —n)
submatrix ofB whose rows are labelled by the indecomposable summaridsaoid columns by
the indecomposable summanddwbf L is calledthe exchange matrix of luand denotedB(U )°.
By the discussion above, it contains all the informationatzglate the mutations &f in all the
r —rk — ndirections. Moreover, the submatrix Bfwhose rows are labelled by the summands of
7(V) @ Qg and columns by the indecomposable summands oF has all its entries equal to 0.
Taking into account the results of [14], this implies the

Proposition 8.2 Let U be a basic complete rigid module $ubQ;. WriteU=U; & --- @ U,_y,,
where the last n summands de&t-projective. Let k< r —rkx —n. We have

Bty (U))” = m(B(U)?),
where in the right-hand sidgx denotes the Fomin-Zelevinsky matrix mutation. O
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9 Cluster algebra structure onC[Nk]
9.1 The next proposition relates the coordinate ridiNg | to the subcategory Sy.

Proposition 9.1 The algebraC[Nk] is isomorphic to the subspace @fN| spanned by the set

{¢M | M e SthJ}.

Proof — By 2.5,C[Nk] is isomorphic to the (non direct) sum of the subspaces

pri(L(A)), (A €My,

of C[N]. It was shown in [12, Th. 3] that, ¥ = 3 jc;ajw; andQ(A) = @jeJQ?aj, then pr(L(A))
is spanned by théyy whereM runs over all submodules (A ). The result follows. O

9.2 Following 7.2, we introduce the s&wp,K) of reduced words = (i’,i”) for wyp starting
with a reduced word of w. By Proposition 7.3, if € R(wo,K), the basic complete rigid module

T; has a unique direct summand which is a complete rigid moaduBuibQ;. We shall denote this
summand by;. If j = (j',j”) is another word irR(wp, K), we can pass frori to j’ by a sequence

of 2-moves and 3-moves, and similarly frafthto j” by a sequence of 2-moves and 3-moves.
Using [4, Remark 2.14], this implies th&tandT; ;. are connected by a sequence of mutations.
Moreover, the definition of the modul@sshows that all these mutations will leave unchanged the
direct summandJ; € SubQ;. Similarly, T;/i») andT; are connected by a sequence of mutations
and it is plain that they all take place in SQk. Hence the moduled; andU; are connected by a
sequence of mutations in S@y. To summarize, we have proved that

Lemma 9.2 The set#; of basic complete rigid modules 8ubQ; which can be reached from,U
by a finite sequence of mutations does not depend on the afoieeR(wp, K). O

Now, exactly as in [14], we can proje¢t; on C[Nk] using the magM — ¢u. More precisely,
putdk =r—rx =dimNg, and forT =T1 & --- & Ty, € %, letx(T) = (¢T1,...,¢TdK). The next
Theorem follows from the results of Section 8 and from thetiplitation formula of [15].

Theorem 9.3 (i) {X(T)|T € Z%,} is the set of clusters of a cluster algebsg C C[Nk] of rank
dx —n.

(if) The coefficient ring ok# is the ring of polynomials in the n variables, (i €1).

(iii) All the cluster monomials belong to the dual semicaisahbasis ofC[Nk], and are thus
linearly independent.
O

9.3 We now proceed to describe in detail initial seedsdgr
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9.3.1 Leti=(iy,...,ir) € Rwp,K). Puti_my=mform=1,...,n. Asin 6.3, seucm =S5, S,
if m=1,...,r, anducy = ethe unit element oW if m< 0. Then, by Corollary 6.2, the cluster of
C[N] obtained by projec'[ingfr consists of the r functions

(6) ¢(m,i) = DUgm(wm),Wo(lﬂm)7 (m € [_n> _1] Ue(i))'

Moreover,TiT = ST, where, as seen in 6.3, projects on one of the initial seeds of [4]. By [14]
the exchange matrix of a cluster seed@N] is a submatrix of the matrix of the Ringel form of
the endomorphism algebra of the corresponding compleig mgdule. It follows from 5.4 that
the exchange matrix of the seeds correspondinf iaand'l’iT are given by the same combinatorial
rule, which is described in [4]. We shall recall it for the eenience of the reader.

9.3.2 Forme [—n,—1jUe(i), letm" =min{l € [1,r] | | > mandi; =im}. Next, one defines a
quiver I'; with set of vertice§—n,—1] U e(i). Assume tham and| are vertices such than < |
and{m,1} Ne(i) # 0. There is an arromn — | in [’ if and only if m™ =1, and there is an arrow
| — mifand only ifl <m" <I* anda;,;, <0. Here,(aj)1«i j<n denotes the Cartan matrix of the
root system ofG. By definition these are all the arrows bf. Now define arr x (r — n)-matrix
B(i) = (bmi) as follows. The columns d&(i) are indexed b(i), and the rows b(i) U[—n,—1].

Set
1 if there is an arrowm — | in [,

bm =< —1 ifthereisanarrow — minTj,

0 otherwise.

9.3.3 Finally, asin 7.2, fok € K letty = max{t <rk | it =k}. If j € J, settj = —]. It follows
from 7.2 that

X(U) = {p(m,i) [ melre,r]ned)} U{p(.i)ie ).

This is the cluster of our initial seed fav;. Here the first subset consists of the rk — n cluster
variables. The second subset consisting ofrtlyenerators of the coefficient ring is contained in
every cluster. The corresponding exchange matrix is thensitrix of B(i) with columns labelled
by Jrk,r]Ne(i) and rows labelled by]rk,rjNe(i)) U{t | i €1}. Let us denote it bya(i,J). Then
our construction yields

Proposition 9.4 For everyi € R(wp,K), the pair (x(U;),B(i,J)) is an initial seed of the cluster
algebra.e/; C C[Nk]. O

Example 9.5 Let G be of typeAs, that is,G = SLs. Thenr = 15. TakeJ = {1,3}. Then we have
K ={2,4,5} andrx = 4. The wordi = (2,4,5,4, 1,2,3,4,5,2,3,4,1,2,3) belongs taR(wp,K) :
the subword 2,4,5,4) is a reduced word forvg. We have

e(i)={1,2,3,4,5,6,7,8,10,11}.

The graphl’; is shown in Figure 1. The vertices®7,8,10,11 (in bold type) represent the
cluster variables of the initial seed of;, and the vertices-1,1, —3,4, 3 (in squares) represent the
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Figure 1:The graphr;.

generators of the coefficient ring. The exchange matrix is

0o 0 O O -1 0O

0O 0 -1 0 1 O
0 1 0 -1 -1 1
O 0 1 0 0 -1
1 -1 1 0 0 -1
Bi,J)=|0 0 -1 1 1 o],
1 0 0 0 0 0
1 1 0 0 0 0
0O -1 1 0 0 0
0 0 -1 1 0 O
0 0 0 -1 0 O

where the rows oB(i,J) are labelled by{5,6,7,8,10,11,—1,1,—3,4,3} and the columns by
{5,6,7,8,10,11}. We have

¢(5,i) =Dsp, @(6,i) =D2szss, @(7,i)=D2sgase, ¢(8,i) = D2ssg3sse,
¢(10,i) =D3gse, ¢ (11,i) = Dasgass, ¢(—1,i) =D1s, @ (1,i) =Daizse,

¢ (—3,i) =D1oasse, ¢(4,i) = D123gaass, @ (3,i) = D1235623456
Here, since we are in typ&;, the generalized minors are simply minors of the upper iamgular
6 x 6 matrix of coordinate functions oN. More precisely, fow in the symmetric groufbg the
weightw(a ) indexing a generalized minor can be identified with the subggL,i]) of [1,6] of
row or column indices of the minor. This is the convention vagdused. o
9.4 We end this section by stating the following
Conjecture 9.6 We haves/j = C[Nk].
The conjecture will be proved fdg of type A, and of typeD,4 in 10.4. It will also be proved for
J = {n} in type D, in Section 12, and fod = {1} in typeDs in Section 13.

20



10 Cluster algebra structure onC[By \G]

In this section we lift the cluster algebra; C C[Nk] to a cluster algebras; C C[Bk\G].

10.1 Let(x(T),B) denote a seed af/;. Letx, = ¢, be a cluster variable ir(T), and denote
by x; the cluster variable obtained by mutation in directlonThe exchange relation betwegp
andx is of the form

XX = My + N,

whereMy andNg are monomials in the variables »fT ) — {xc}. We have two exact sequences in

SubQ;,
0—Tk—X— T —0, 0—-T —=Y—Tk—0,

whereXy, Yk € addT, and
% =01,  Mc=0x, Ne=dy.
The following proposition is a particular case of a resulflii].
Proposition 10.1 With the above notation, for everysjJ we have
dimHomn (S, Tk) + dimHomu (S, T') = max{dim Hom (S, X), dimHom (Sj, Yi) }-
0

Recall from Section 2.5 the definition af(f) for f € C[Nk]. If f = ¢m for someA-moduleM, it
follows from [12] thata;(f) = dimHomx (Sj, M), the multiplicity ofS; in the socle oM. Putting
together Proposition 10.1 and Lemma 2.5 we thus have

7 o4, = LM+ VN,

wherep andv are monomials in the variablésy o (j € J) without common divisor.

10.2 It follows that the element® wherex runs through the set of cluster variablesagf form
the cluster variables of a new cluster algebra containe@[B) \G|. More precisely, forT =

Ti®--- DT € X, Ietx(T):{ﬁ,...,ﬁ;}u{ij@j | j €J}.

Theorem 10.2 (i) {x(NT) | T € Z;} is the set of clusters of a cluster algebrg C C[Bk \G] of
rank d¢ —n.

(i) The coefficient ring of# is the ring of polynomials in the || variables@, (i €1) and
ALDj,le (J € ‘])

(i) The exchange matri8 attached tax(T) is obtained from the exchange matrix B>dfT)
by adding|J| new rows (in the non principal part) encoding the monomjalsand vk in
Equation (7).

O
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Note thatdk + |J| is equal to the dimension of the multi-cone oBy\G. Note also that the

clusters ofe; and </; are in natural one-to-one correspondence, and the prinpgés of the
exchange matrices of two corresponding clusters are the.sdihis shows that7) and .«7; are
both of finite cluster type or of infinite cluster type, andhky are of finite type, their types are
the same.

Example 10.3 We continue Example 9.5. Let us denote for shoriaythe functionsg (m,i) of
Example 9.5. Thus we have 11 minors

X5, X6, X7, X8, X10, X11, X—1, X1, X3, X4, X3,
in C[Nk]. Itis straightforward to calculate their lifts t6[B, \J]. One gets
Xs = A126, Xo =ND156, X7 =A~»DN145, Xg=DN131, X10=~D125 X11 = D124
X1 =D, X1=D020156— D105, X 3=D4s6, Xa=Dass, X3=0D23a
In these formulas, all minors are flag minors, hence we hasieated only their column indices.

For example, using the fact thBj ; is a minor of an upper unitriangular matrix, we have,

Xg = D23563456 = D2334 = D123134.

HenceXg = A123134 = A134. A more interesting example is
X1 = D1356 = D12D2356 — D123256 = D12D123156 — D123256

Hence,
X1 = A1 20123156 — D1,10123256 = DoA156 — D156

Note thatX; can not be written as a flag minor @ (In representation-theoretical terms, this
is because the socle of the indecomposable vigioduleL, attached toq is not simple : it is
isomorphic t0S; $ S3.) Sincex; is one of the generators of the coefficient ring.«@f (that is,
Ly = P4/S is projective in Sul);, see Proposition 3.2), it belongs to every seed of the aluste
structure Nof% This example shows that, in contrast to the case of the aglhriety, the cluster
algebra«/; of a partial flag variety may have no seed consisting entivéag minors.

Finally, the exchange matrix for this seed.@j is

0o 0 O 0 -1 O

0O 0 -1 0 1 0
0o 1 0 -1 -1 1
O 0 1 0 0 -1
1 -1 1 0 0 -1
0 0 -1 1 1 0
Bi,J)=[1 0 0 0 0 0
11 0 0 0 0
0O -1 1 0 0 0
0O 0 -1 1 0 O
0O 0 0 -1 0 O
0 -1 0 0 0 o0
O 0 0 0 0 1

It is obtained from the matrix of Example 9.5 by adding the te® rows labelled by\; andA123.
The two nonzero entries in these rows correspond to the twhasge relations fotg andxy;. <
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AN AN

2345 3456, 4567____, 5B7E

Figure 2:The grid for n=7 and j= 4.

10.3 We now show that in typé\, our algebras%} coincide with the cluster algebras on
coordinate rings of Grassmannians considered in [9] fer2, and in [31] for generaj. To do so,
it is enough to check that one of our seed .fg;, coincides with a seed of [31].

10.3.1 Inthe case of typé, andJ = {}, the rule described in Proposition 9.4 gives us a unique
initial cluster for.<7j;. Indeed, ifi = (i",i”) andj = (j’,j") are two elements iR(wo,| —{j}), then

i” andj” are related by a sequence of 2-moves, and the corresporidstgrs are therefore equal.
This unique initial cluster of7{;, consists of the mino®¢c whereC belongs to the following list:

(. i-Li+1h {1 i—-L1j+2} ... {L....j—1n+1},
{1,...,]—2,j,j+1}, {,...,i —=2,j+1,j+2}, ....{,...,] —2,n,n+ 1},
{1771_371_17171+1}7 {1771_37J7J+17]+2}) 7{1)71_37n_17n7n+1}7
{1,3,...,5,j+1}, {1,4,...,j+1,j+2}, ....{4,n—]+3...,n,n+ 1},

{2,...,j+1}, {3,...,j+2}, ....{n—j+2,...,n+1}.

Then subsets in bold type correspond to generators of the caaificing, and therefore cannot
be mutated. Here we use the same notation as in Example XQtfflag minors in typé\. Note
that it is not obvious from Proposition 9.4 that all elemeaftghis initial cluster can be written
as flag minordc. It turns out to be true and not difficult to check in this spéciase. From the
point of view of preprojective algebras, this case is spdnighe sense that all indecomposable
summands of the rigid modulg of 9.2, which by construction have simple top, also have Bmp
socle.

The graph describing the exchange matrix of this clustertheshape of a rectangular grid
with j rows andn— j + 1 columns. The vertices are the subsetdisplayed as above. There are
horizontal right arrows, vertical down arrows and diagonatth-west arrows. For example, if
n=7 andj = 4, this graph is shown in Figure 2.

We note that this initial seed coincides with the one desdriin [19,53.3].
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Figure 3:The honeycomb arrangement foen7 and j= 4.

10.3.2 Let Ac denote the flag minor o corresponding tdc. Thus,Ac = Dc. The initial
cluster of.<7, lifting the cluster above consists of @&t whereC runs over all sets in the above
list, together with the new sét, j] = {1,..., j}. All the exchange relations are obtained by simply
replacing eacldc by the correspondingc, except the exchange relation for={1,...,j—1,j+

1} which reads

Apr -1}, j-2.j 42 =B j-1j421 B, -2 )5+ TR B0, j-2j+1,j+2}-

One then checks that this coincides with one of the seedslyf T® do so, one has to construct a
Postnikov arrangement [29], [333] whose labelling is given by the list of subs&®f our seed
for <7;;,. This arrangement has a regular structure similar to a haovelp. The central labelled
cells are hexagonal and the border ones are quadrilatdrtiie ketsC andC’ are connected by
an arrow in the grid of 10.3.1, then the cells labelled®wandC’ have a common vertex. For
example, whem = 7 and | = 4, the “honeycomb” Postnikov arrangement is shown in Figure
This finishes the proof that/;;, coincides with the cluster algebra of [31].

10.3.3 We think that our construction sheds a new light on the clusigebra structures of the
coordinate rings of Grassmannians. For example, in [31,6[hScott describes the two special
cluster variableX andY of C[Gr(3,6)] which are not flag minors. In our setting

X:és\l\//h Y:ﬁa

whereM andN are the only two indecomposable rigid modules of &ylin type As with a 2-di-
mensional socl& @ S3. These modules are represented in Figure 4.

10.4 Let3; be the multiplicative submonoid of; generated by the set

{8, @, | ] € Jandw; is not minusculg.

Conjecture 10.4 The localizations of) andC[B \ G| with respect ta; are equal.
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Figure 4:The rigid A-modules M and N iiBsubQs for type A.

Note that ifJ is such that all the weightw; (j € J) are minuscule, theB, is trivial and the con-

jecture states that the algebt;&gand(C[Bg\G] coincide without localization. This is in particular
the case for every in type A,. Note also that Conjecture 10.4 implies Conjecture 9.6 eduatl
by construction py(.2%) = <73, pry(Z;) = {1} and by 2.5, pj(C[B¢ \G]) = C[Nk]. We shall now
prove Conjecture 10.4 in typ&, andD,.

10.4.1 We first remark that if the conjecture is true for eve&f{” € J), then it is true for
<. Indeed, if) c J andK’ =1 \ J, there exist reduced words far of the formi = (i’,i”,i")
with i’ a reduced word fow§ and (i’,i”) a reduced word fowf . This shows that the initial seed
for %associqtved with will contain the initial seed fgn% associated with. Hence% is a
subalgebra of7;. In particular,«7;, is a subalgebra of/; for every j € J. Suppose we know that
(C[B[\{j}\G] is contained in the localization @%} with respect t&;, foreveryj € J. Then, since
C[Bx\G] = @)cn, L(A) is generated (as a ring) by the subspdc@s,) C C[B,‘\{J}\G] we have

that C[B, \G]| is generated by the localized rlngsm {J} hence also bysz[ 1. Therefore
Conjecture 10.4 is satisfied.

10.4.2 IntypeA,, the algebraC[BR{j}\G] is generated by the set of flag minors
ij Ww(@m;) (W € W)

Hence to prove the conjecture in this case it is enough to shateach of these minors belongs
to <7j;. In [31], Scott proves that all flag minors are cluster vaeabof 7;;,. It follows that
Conjecture 10.4 is true in typt.

10.4.3 We now prove Conjecture 10.4 in tyfi#y. We choose to label by 3 the central node of
the Dynkin diagram. By 10.4.1 it is enough to check it in theesa) = {1},{2},{3} and {4}.
Because of the order 3 diagram automorphisrdgfthe cased = {1},{2} and{4} are identical.
They are dealt with in detail in Section 12 (which studies engenerally the casé= {n} in type
Dn). So we are left withl = {3}.

To prove the conjecture in this case we have to showﬁg}t contains, up to localization by
Aw, my, @ basis of th&-modulel (@3). This module has dimension 28. The 24 generalized minors
D, u(a) (U € W) are extremal vectors df(ms), but we need 4 more vectors to get a basis. We
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Figure 5:The one-parameter family M) in SubQs for type Dy.

shall use the dual semicanonical basid (3), obtained by lifting the dual semicanonical basis
of the subspace py; (L(m3)) of C[N] via the mapx+— X. This basis consists of elements of the
form ¢y, whereM runs through “generic” submodules @&. It contains the 24 minors above,
attached to 24 rigid submodulés. In particular,

Aws.,ws = %7 Aw;,wo(@) = ﬁ,

where0 denotes the trivial submodule @&. The 4 remaining vectors af,, ¢L,, ¢, anddu ),
where
M),  (AeC-{0,1}),

denotes the 1-parameter family Afmodules represented in Figure 5. Note that, by constnctio
bLys Oy PLs Do ANA Ay () = P, bElONG t0.073), since they are the generators of the
coefficient ring.

We choose = (1,2,4,3,1,2,4,3,1,2,4,3) € R(wp,K) and consider the corresponding initial
seed oteZg}. The 5 cluster variables of this seed are

2 =Dps(m)) 2=Dmss(m) 8=Dmesm): 4 =Dous@):

and a variables of degree 203. One can then obtain by mutation the 18 other minors of tha for
A, u(ws)» @S shown in Table 1. Here, for example, the first row meanstha,, s, () is the new
cluster variable obtained by applying to the initial clustemutationp; with respect to the first
variable, followed by a mutatiop, with respect to the fourth variable.

It remains to show thaﬂﬂ\(,\/) also belongs tozZ;g}, up to division byAg, o,. For this, we use
the multiplication formula for the functiongy, of [15]. Let N; andN, denote the\-modules

Ni=1 2 a4, No=1 2 4
\i/ \3/ \3/

Itis easy to check than, = A, s,s,s,s5(a5) @Nd thatdy, is the new cluster variable obtained from
the initial cluster ofe/ 3, via one mutation with respect . By [15] we have
Pvr) = PN — O — By — P, — By
This implies that
A@,a&m = PN, — PN, — D (PL, + DL, + PLL),

which shows thaﬁw\(,\/) belongs to the localization ong,} with respect tdA\g, ;. This finishes
the proof of Conjecture 10.4 in tyd2y.
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u mutation sequence fd¥g, y(w,)
5153 Hath
4813 U3ty
45153 K2k

S9S1S3 Ha
BB Hs
SHUSS H2
1S3 Malls Ll Uz Lo Ly
439515 s Uy 3o iy
$9B%S1S3 MsHa L2 Ha g
S19349S3 s U1 Ha sy
SBS14$S3 Hs Ha 32
USBSIUHS3 Hals a3 L2
$S3S14S3 U3 s g 3o
S1S3S14SS3 HoHs a3 L2
24535154253 HaHs
S19BS1M9S3 HsHs
SIuSSIUSS HaHs
SIS U3 HiHs

Table 1:Generalized minordg, o) Obtained by cluster mutation.

11 Finite type classification

11.1 Using the explicit initial seed described in 9.3.3 it is pbkesto give a complete list of the
algebrasez; which are of finite type as cluster algebras. The results amensarized in Table 2.
Here, we label the vertices of the Dynkin diagram of typein such a way thatt. () andL (@)

are the two spin representations drdo,) is the vector representation. We have only listed one
representative of each orbit under a diagram automorphigmexample, in typé\, we have an
order 2 diagram automorphism mappidg- {1,2} to J’ = {n—1,n}. Clearly, &7y has the same
cluster type ad, namelyA,_1.

11.2 The classification whed = | (i.e. in the case ofC|N] or C[B~\G]) was given by Beren-
stein, Fomin and Zelevinsky [4]. The only finite type casesfgr(n < 4).

11.3 The classification whed = {j} is a singleton ands is of type A, (the Grassmannian
Gr(j,n+ 1)) was already known [31]. Note that whén= {1} (the projective spac®"(C)) the
cluster structure is trivial. Indeed S@h;, has onlyn indecomposable objects which are all Ext-
projective. Thus{y, (resp.;zZl}) has no cluster variable and is reduced to its coefficiern, @n
polynomial ring inn (resp.n+ 1) variables.

11.4 We now indicate how to obtain the classification.

11.4.1 The first step is to check that all cluster algehtdsof Table 2 are indeed of finite type.
For this, one choosase R(wp, K) and computes following 9.3.3 the exchange maik J). Let
iy denote the subgraph Bf corresponding to the principal part Bfi,J). By [10], one then has
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Type of G J Type of o7
AN | {1 =
Ay (n>2) {2} An-2
An>2) | {12} An1
Avn>2) | {Ln} | (A)"?
Ay(n>3) | {1,n—1} Aon_4
An (n > 3) {l, 2, n} Azn_g
Ay {2,3} Dy
A4 {17 27 3} D5
Ay {1,2,3,4} Ds
As {3} Dy
As {1,3} Es
As {2,3} Es
As {1,2,3} E;
As {3} Es
As {27 3} Es
A7 {3} Es
D,(n>4) | {n} (A)™2
D4 {1,2} As
Ds {1} As

Table 2:Algebrasa of finite cluster type.

to find a sequence of mutations transforming this graph inremtation of the Dynkin diagram
of the claimed cluster type. In each case, this is a straightfrd verification. We illustrate it in
the next example.

Example 11.1 We continue Example 9.5. He@is of typeAs andJ = {1,3}. The graph;; is
shown in Figure 6. If one performs a sequence of 3 mutatiorss,dt vertex 6, then at vertex 11,
finally at vertex 7, one gets a quiver of tygsg, in agreement with Table 2. o

For the cas®,,, J = {n}, see also Section 12 below. For the cBgeJ = {1}, see also Section 13
below.

11.4.2 One then needs to check a number of “minimal” infinite case$ypeA these are
e As:J=1{1,3/5},
o As:J=1{1,3},{1,4},{3,4},
o A7:3=1{2,3},{3,7},
e Ay(n>5):J={2,n—-1}.
In typeD these are
o Dy:J={1,24},
e Ds: J={1,2},{1,5},
e Dg: J={1},
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Figure 6:The graphj ; for J = {1,3} in type A.

e Dp(n>4):J={n-1}.
In typeE, labelling the Dynkin diagrams as in [6], these are
o Es:J={1},{2}.
e E;:J={T7}.
o Eg:J={8}.

These cases are settled by calculating as in 11.4.1 the grgpfihen, one may either check that
i3 contains a full subgraph from the list of minimal infinite swaphs of Seven [32], or find a
sequence of mutations transformifg, into a graph (containing a full subgraph) of affine type.

Example 11.2 TakeG of typeD4 andJ = {3}. Then
i=(1,2,4,3,1,2,4,3,1,2,4,3)

belongs toR(wp, K). The graph; ; is shown in Figure 7. If one performs a mutation at vertex 4,
one gets a quiver of affine tydgy. o

For the cas®sg, J = {1}, see also Section 13 below.
11.4.3 To prove that there are no other finite type cluster algebfathan those listed in Table 2,
one uses the following obvious

Lemma 11.3 (i) Let.«/; and <7y be two algebras attached to the same Dynkin diagram and
suppose that & J'. If 75 has infinite cluster type the®@y has infinite cluster type.

(i) Let.er; and.<7] be two algebras attached to two Dynkin diagratand A’ and suppose that
A'is a full subdiagram ofY'. If <7; has infinite cluster type thew] has infinite cluster type.
O
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Figure 7:The graph; ; for J = {3} in type Du.

11.4.4 Assume thaG is of typeA,. By [31] we know that ifn > 8 the only cluster algebras/,

of finite type are obtained foy=1,2,n— 1, n. It follows from Lemma 11.3 (i) that fon > 8 the
algebragz; can have finite cluster type only JfC {1,2,n— 1,n}. Sinced = {2,n— 1} yields an
infinite type by 11.4.2, this is also the case for {1,2,n— 1} andJ = {1,2,n— 1,n}. Hence,
the only cases left fon > 8 are those of Table 2. FéYt;, we need to check that nbof the form
{]j,3} gives a finite type. By 11.4.2,2,3} and{3,7} can be excluded. Using Lemma 11.3 (ii)
we can also exclud¢l, 3} and{2,3} since they already give an infinite type fég. For {3,5}
and{3,6}, we use again Lemma 11.3 (ii) and restrict to tyleby removing the vertex 1 of the
Dynkin diagram. This yieldd = {2,4} andJ = {2,5} in type As. These can be ruled out by using
11.4.2 againJ = {2,4} gives already an infinite type f@ks). This finishes typé\;. The typeshs
andAs are dealt with similarly. Details are omitted. This finishke classification in typa.

11.4.5 Assume thaGis of typeDn. If n> 6 andj # nthen};, has infinite type. This is easily
shown by induction on. Indeed ifn= 6, by 11.4.2 we can exclude=1,2,5. By Lemma 11.3 (ii)
and using again 11.4.2 f@s andD4 we can excludg = 4 andj = 3. Thusn = 6 is checked. If
the claim holds foD,,_; then we can excludg=n—1 by 11.4.2 and use Lemma 11.3 (ii) and the
assumption fob,,_; for all otherj’s. If n=5, and<? is of finite type, we must havéC {1,2,5}.

By 11.4.2 we can exclude all pairs{i,2,5}, so we are left withl = {1} or J = {5} in agreement
with Table 2 § = {2} andJ = {1} are conjugate under a diagram automorphismy # 4, we
have a diagram automorphism of order 3 exchanging 1, 2 an@dking into account 11.4.2, we
see that we are left with the cases of Table 2 (up to isomamhiFhis finishes the classification
in typeD.

11.4.6 Assume thaiG is of type Eg. We have a diagram automorphism exchanging 1 and 6.
Thus, using 11.4.2, we see that;, is of infinite type forj = 1,2,6. Using Lemma 11.3 (i) and
11.4.5, we obtain by reduction s that <7}, is also of infinite type forj = 3,4,5. Thus« is
infinite for everyJ. The cases whe@ is of typeEy or Eg follow by means of Lemma 11.3 (ii) and
11.4.2. This finishes the classification in tylpe

11.5 When/ has infinite cluster type, it has an infinite number of clustaiables. Therefore
the category Su@; has an infinite number of indecomposable rigid modules.
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Figure 8:The Auslander-Reiten quiver for= {1, 3} in type A.

When.¢7; has finite cluster type, one can knit the Auslander-Reitéveguf SubQ;. One ob-
tains a finite connected quiver drawn either on a cylindemoa obius band. The corresponding
stable Auslander-Reiten quiver, obtained by deleting thiepEojective modules, is isomorphic to
the Auslander-Reiten quiver of the cluster category of e type as»), introduced by Buan,
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Marsh, Reineke, Reiten and Todorov [7].

Example 11.4 We continue Examples 9.5 and 11.1. H&és of typeAs andJ = {1,3}. The
Auslander-Reiten quiver of S@y is shown in Figure 8. This quiver is drawn on a Mdbius band.
The horizontal dashed lines at the top and at the bottom dre ibentified after performing a half-
turn. The relative Auslander-Reiten translationis going up. Each indecomposaldemodule

M has a grading with semisimple homogeneous components. MesentM by displaying the
layers of this filtration. Thus,

stands for a 6-dimensional module with graded compongnt§; & S3, S ¢ S, andS;, from top
to bottom. To determine this quiver, we have first calculdtesir;-orbits using Proposition 3.4,
which states thatJ‘l is equal to the relative syzygy functor. The five Ext-prajeetmodulesL;
are printed in bold type. If one erases these five verticeselsas the corresponding arrows,
one obtains the stable Auslander-Reiten quiver of @ylwhich is isomorphic to the quiver of a
cluster category of typEs. o

12 The coordinate ring of a smooth quadric inP?"~1(C)

WhenGis of typeD, andJ = {n}, the construction of the previous sections yields a cludtgbra

structure on the homogeneous coordinate ring of a smoottirigia P>"~%(C), and a finite type
subcategory Su, of modA which can be regarded as a lift of this ring. We shall preshbist t
example in some detail.

12.1 Letn>4. LetU =C?® andP =P(U) =P 1(C). Let (uy,...,U) be a fixed basis df
and(ys,...,Y2n) the coordinate functions with respect to this basis. We tiebg[y; 1Yo : - - - yon|
the corresponding system of homogeneous coordinat@aom we consider the smooth quadric
2 in P given by the equation

n

(8) a(Y1;---»Yzn) == Zl(—l)i)/i Yont1-i = 0.

1=
In other words,2 is isomorphic to the variety of isotropic lines in the qudirapace(U,q).
Note that every smooth quadric ihcan be brought to equation (8) by an appropriate change of
coordinates. The homogeneous coordinate ring2a$

Cl2]=Cly1,...,Ynl/(AY1,---,Y2n) = 0).

12.2 Let G be the group of linear transformations df preserving the quadratic form. We
regardG as acting on theight onU, i.e. elements ofJ are regarded a®w vectors. We identify
g € G with its matrix with respect tqus,...,up,): theith row of the matrixg is the list of
coordinates ofiig. The groupG = SOx,(C) is a group of type,,. In this realization, the subgroup
of diagonal matrices ofs is a maximal torus, and the subgroup of uppesp. lower) triangular
matrices ofG is a Borel subgroup denoted B/(resp. B'). We label the vertices of the Dynkin
diagram in such a way that 1 and 2 correspond to the two spieseptations andto the vector
representatiotV .
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12.3 LetJ={n}andK ={1,2,...,n—1}. The quadricZ is isomorphic tdB, \G. Indeed Cu;

is an isotropic line and? is theG-orbit of Cuy, the stabilizer ofCu; being equal td, . Therefore,

for g € G, the coordinates of the vectogg give a system of homogeneous coordinates for the
point Cu;g € 2, that we can and shall continue to denoteyby . .,y2,. The affine open subset
given by the non-vanishing of is isomorphic toNk. Thus, settingx = yk/y1

C[NK] = (C[Zz, ce ,Zzn]/(Q(l, 2,... ,ZZn) = O)

12.4 The functions onG mappingg to the coordinates of the vectagg are regular, and are
nothing else than the generalized mindgg, (5, for vin the Weyl group. In particular the coor-
dinate ofuy in u1gis equal tdAg, &,(g), and the coordinate akn in u1g is equal tAAg, () (9)-
The restrictiond |, Of all these functions to the unipotent radidabf B are the elementgy,
of C[N], whereM runs over the @ submoduled of the injectiveA-moduleQ. In particular

Dm_hw_l = l = ¢o = 217 DmeO(wn) = ¢Qn — ZZn,

where0 denotes the trivial submodule Q.

12.5 The category Su@, has a finite number of indecomposable objects, which aregadl.r
Here is a complete list:

e the 2h— 1 nonzero submodules &, with pairwise distinct dimension vectors:

0,...,0,1], [0,...,0,1,1], ..., [0,1,...,1,1],
(1,0,1,...,1,1], [1,1,1,...,1,1], [1,1,2,1,...,1,1],
1,1,221,...,1,1],...,[1,1,22,...,2.

The modules with dimension vectd$ 1,...,1,1|, [1,0,1,...,1,1],(1,1,2,2,...,2] are the
relatively projective modulek;, L1, L, = Qy, respectively. We shall denote the regular func-
tions onN corresponding to thesen2- 1 modules by, ..., z;,, in agreement with 12.3 and
12.4. They generat€[Nk| and satisfyq(1,z,...,2xn) = 0.

e then— 3 indecomposable submodules@f® Q, with socle§, & S, (up to isomorphism).
They all have the same dimension vectofasnamely[1,1,2,2,..., 2], and they all are pro-
jective objects in Su,. They form the remaining indecomposable projective. .., L, 1
of SubQ,. We denote the corresponding functionshby ps, ..., pn_1. One can check that
for3<k<n-1,

Pk = Znt1 KkZnik — Zn-kZniks1+ -+ (=1)" K 220 1 4 (—1)" Kz
One can also check thak = Dy, (g wo(w) fOr SOme appropriate elemeung of W.

As an illustration, the Auslander-Reiten quiver of the gaty SulQs in type Ds is displayed in
Figure 9. The quiver is drawn on a cylinder, obtained by idginig the two vertical dashed lines.
The 5 projective objects are written in bold type.

12.6 The cluster algebra structurg; on C[Nk] is as follows. The coefficient ring is generated
by p1,..., pn, Wherep; := z,, P2 := Z111, Pn := Zon and the remainingy’s are defined above.
There are Pn— 2) cluster variables, namely

2,23, ..., In-1, Znt2,---,2n-1.
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Figure 9:The Auslander-Reiten quiver of the categBnbQs in type D.

The firstn — 2 form a cluster and for 2 k < n— 1 we have the exchange relations
Pnki1t Pnkiz if2<k<n-2,
LZon—k+1 = ,
p1p2+ P3 if k=n—1.
This shows thaty = C[Nk] has finite cluster type equal {;)"~2, in agreement with Table 2.

12.7 The cluster algebra structu&%on C[2] is as follows. The coefficient ring is generated
by do, 0, .-, Gn, Wherego = y1, G1 1= ¥n, 02 := Yn41, On := Yzn @nd for 3c k< n—1,

Ok := Y1 kYnrk = Yn-kYntkra £+ (= 1" yayon 1+ (= 1) yayan.
There are Pn— 2) cluster variables, namely

Y2, ¥3, -+ Yn-15 Ynt25---,¥Yon-1.

The firstn — 2 form a cluster and for 2 k < n— 1 we have the exchange relations

qnfl+q0qn If k: 2!
YkYon—k+1 = On—k+1+0n-ki2 f3<k<n-2,
0102 + O3 if k=n—1.

Thus, o) = C[2] is also a cluster algebra of tygé;)" 2.
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Figure 10:The triangular grid for B.

12.8 Whenn = 3, C[2] has a cluster algebra structure of type Using the same notation
as above for the generatoys,...,Ys and the coefficientsp, ..., ds, the unique exchange relation
reads

Y2Ys = Q102 + dods.
Note thatD3 = Az and that2 is isomorphic to the Grassmannian of 2-plane€

13 Isotropic Grassmannians

We retain the notation of Section 12. L#tdenote the Grassmann variety of totally isotropic
n-subspaces df. This variety has two connected components, and we shatitddry 4, the
component containing the subspace spannefupy..,u,). The stabilizer of this subspace for
the natural action oG is the maximal parabolic subgroly , where nowK = {2,...,n}, that is,

J = {1}. Thus% is isomorphic toB, \G. We shall now discuss the cluster algebra structure on
C[%o] and the corresponding subcategory 84b

13.1 Asin10.3.1, the rule of 9.3.3 gives us a unique initial augor 7(;,. The graph encoding
the exchange matrix of this cluster has the shape of a trlangud in which the first two rows,
corresponding to the exceptional vertices 1 and 2 of the Dydlagram ofD,,, have a special
structure. A typical examplen(= 9) is displayed in Figure 10 (compare Figure 2, the rectaargul
grid attached to the ordinary Grassmannian). Mmtgznerators of the coefficient ring correspond
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Figure 11:The Auslander-Reiten quiver of the categBnbQ; in type D.

to the leftmost vertices on each row. It is easy to see thatghaph yields a cluster algebra of
infinite type, except fon =4 andn=>5.

13.2 Whenn = 4, because of the order 3 symmetry of the Dynkin diagrégris isomorphic to
the quadric? of Section 12, and Sul, is equivalent to SuQy. In particulare/;, = C[%] is a
cluster algebra of typ#g x A;.

13.3 Whenn =15, SulQ; is a category of finite type with 25 indecomposable objecisttu
isomorphism), 5 of them being Ext-projective. The Auslari@eiten quiver of Sulp; is dis-
played in Figure 11. Itis drawn on a Mobius band obtaineddaytifying the two vertical dashed
lines after performing a half-turn. The stable Auslandeité quiver (obtained by deleting the 5
projectives) is the quiver of a cluster category of tyjag in agreement with Table 2.

We shall now describe the cluster algebra structufg. on C[%)]. First we express the cluster
variables and the generators of the coefficient ring in teofnthe generalized minorAg, ()
which generat€[%]. (Note that, strictly speaking, these minors are not fumstionG = SOy, (C)
but only on the corresponding simply connected group 5p@).) The 16 minordg, ;x) Will
be denoted for short bf; (1 < i < 16) according to Table 3. Among them,

A1:QO> A7:<’3E—,:C157 Aloz(ﬂ;:ql, Alezﬁ:%:q%
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i u mutation sequence fdy;
1 e o

2 S VAl

3 S381 2

4 %381 z

S S 4

6 SIS o

7 54381 Os

8 32945351 U1

9 SSUBSL o U1 Us Ly

10 S1382 45381 (o}

11 S5 $3S1 Haps g

12 $1555355483S1 Us g

13 S1S5835 548351 Ha 3z Ha Hs g
14| 145583948351 Ha g s oy Us g
15| SIS Hs i Us Ly

16 | 9535154553431 (o))

Table 3:Generalized minordg, y(q) in type Ds.

are generators of the coefficient ringﬂﬂ}. The two other generators of the coefficent ring are
s = PLy = Dabas— D3, Qa = P, = Dol1a— D13,
The initial cluster, obtained by lifting t@Zl} the cluster of 13.1, consists of the functions
z1=0, =03 ZZ=0N04, Z=D05 z5=~»003— D1l

The exchange matrix of this cluster is

0 0 0 0 1
0O 0 1 1 -1
0 -1 0 0 O
0 -1 0 0 1
-1 1 0 -1 0
B=1 0 0 0 -1],
0 0 1 0 O
0 0 -1 0 1
0 0 0 1 -1
0 0 0 -1 0

1 0 0 0 O

where the successive rows are labelledzhyy, 73,24, 25,91, 02,93, 94,05, Go- The last column of
Table 3 indicates which sequence of mutations producesinstdrom this initial cluster, each
minor 4. This shows that7j;, contains a set of generators Gf%)]. Hence, Conjecture 9.6
and Conjecture 10.4 are also proved in this case. (Notedthdas a minuscule weight, so no
localization is needed in Conjecture 10.4.)

The remaining cluster variables all have degrem and are given by the following quadratic
expressions in the minors:

D3N3 — D115, AgDia—DolAie, Dglis—DsDhie,  DoA11— A1,
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Figure 12:The elliptic diagram of type %l).

Aghy3—D1Age,  Dolis—A7lie,  AsDiz— A7lio.
As already mentionedz;Zl} = C|%)] is a cluster algebra of finite typ&s.

13.4 Whenn = 6, there exists a sequence of 6 mutations transforming theipal part of the
triangular grid into the graph displayed in Figure 12. Hdre tlashed arrow stands for a pair of
entriest+2 in the exchange matrix. Following [11], we propose to dttacthis infinite type cluster
algebraszZl} the elliptic typeE§1’l).

14 Remarks on the non simply-laced case

14.1 Although the definition of the cluster algebr#; was obtained using the representation
theory of preprojective algebras, the definition of thei@ieed in 9.3.3 can be formulated without
any reference to preprojective algebras. As a result, theesdefinition can serve to introduce
similar cluster algebras?; in the non simply-laced types. (This was suggested to us ireédn
Zelevinsky.) One can expect thaf; is again equal t€ [Nk ] and can be lifted to a cluster algebra
structuregz%von C[Bk \G], whereG is now the corresponding algebraic group of non simply-dace
type.

14.2 Asimilar study as in Section 11 gives the classification bfimite type cluster algebrag/

in the non simply-laced case. The results are summarizedbie®. Our convention for labelling
the Dynkin diagrams of typB,, andC, is that the vertex associated with the vector represemtatio
is numberea.

Type of G J Type of o7
B.(n>2) | {n} | (A)™}
Can=2) | {n} | (A)™"
Bz = C2 {1, 2} Bz = C2
Bs {1} Cs
Cs {1} Bs

Table 4:Algebrase; of finite cluster type (non simply-laced case).
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