GENERIC BASES FOR CLUSTER ALGEBRAS
AND THE CHAMBER ANSATZ
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ABSTRACT. Let @ be a finite quiver without oriented cycles, and let A be the correspond-
ing preprojective algebra. Let g be the Kac-Moody Lie algebra with Cartan datum given
by @, and let W be its Weyl group. With w € W, there is associated a unipotent cell
NY of the Kac-Moody group with Lie algebra g. In previous work we proved that the
coordinate ring C[N"] of N* is a cluster algebra in a natural way. A central role is
played by generating functions ¢x of Euler characteristics of certain varieties of partial
composition series of X, where X runs through all modules in a Frobenius subcategory
Cw of the category of nilpotent A-modules. The first aim of this article is to compare
the function ¢x with the so-called cluster character of X, which is defined in terms of
the Euler characteristics of quiver Grassmannians. We show that for every X in Cy, @x
coincides, after an appropriate change of variables, with the cluster character of Fu and
Keller associated with X using any cluster-tilting object T of C,,. A crucial ingredient of
the proof is the construction of an isomorphism between varieties of partial composition
series of X and certain quiver Grassmannians. This isomorphism is obtained in a very
general setup and should be of interest in itself. Another important tool of the proof
is a representation-theoretic version of the Chamber Ansatz of Berenstein, Fomin and
Zelevinsky, adapted to Kac-Moody groups. As an application, we get a new description
of a generic basis of the cluster algebra A(L';) obtained from C[N™] via specialization of
coefficients to 1. Here generic refers to the representation varieties of a quiver potential
arising from the cluster-tilting module 7. For the special case of coefficient-free acyclic
cluster algebras this proves a conjecture by Dupont.
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1. INTRODUCTION AND MAIN RESULTS

1.1. In the recent literature on cluster algebras, calculations of Euler characteristics of
certain varieties related to quiver representations play a prominent role. In [GLS2, GLS3,
GLS5], cluster variables of coordinate rings of unipotent cells of algebraic groups and Kac-

Moody groups were shown to be expressible in terms of Euler characteristics of varieties
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of flags of submodules of preprojective algebra representations. In another direction,
starting with a formula of Caldero and Chapoton [CC], the coefficients of the Laurent
polynomial expansions of cluster variables of some cluster algebras were described as Euler
characteristics of Grassmannians of submodules of quiver representations. This was first
achieved for acyclic cluster algebras [CK], later for cluster algebras admitting a 2-Calabi-
Yau categorification [P, FK], and more recently for general antisymmetric cluster algebras
of geometric type [DWZ2]. There is a posterior but essentially different proof in [Pl], see
also [N]. The first aim of this paper is to compare these two types of formulas for the
large class of cluster algebras which can be realized as coordinate rings of unipotent cells
of Kac-Moody groups.

To do this, we will return to the very source of cluster algebras, namely to the Chamber
Ansatz of Berenstein, Fomin and Zelevinsky [BFZ, BZ], which describes parametrizations
of Lusztig’s totally positive parts of unipotent subgroups and Schubert varieties. The
second aim of this paper is to provide a new understanding of the Chamber Ansatz formulas
in terms of representations of preprojective algebras, together with a generalization to the
Kac-Moody case. In particular the mysterious twist automorphisms of the unipotent cells
needed in these formulas turn out to be just shadows of the Auslander-Reiten translations
of the corresponding Frobenius categories of modules over the preprojective algebras. Our
treatment of the Chamber Ansatz shows that the numerators of the twisted minors of
[BFZ, BZ] form a cluster, and that the Laurent expansions with respect to these special
clusters have coefficients equal to Euler characteristics of varieties of flags of submodules
of preprojective algebra representations. This provides the desired link between the two
types of Euler characteristics mentioned above, and it allows us to show that the cluster
characters of Fu and Keller [FK]| coincide after an appropriate change of variables with
the ¢-functions of [GLS2, GLS5].

Finally, our third aim is to exploit these results for studying natural bases of cluster
algebras containing the cluster monomials. We consider the class of coefficient-free cluster
algebras obtained by specializing to 1 the coefficients of the cluster algebra structures on
unipotent cells. In [GLS5, Section 15.6] we have found such bases, consisting of appropriate
subsets of Lusztig’s dual semicanonical bases. Here, using the above connection with Fu-
Keller cluster characters, we give a new description of the same bases in terms of module
varieties of endomorphism algebras of cluster-tilting modules. In the special case when the
cluster algebra is acyclic, this proves Dupont’s generic basis conjecture [D]. In general,
the elements of these bases are generating functions of Euler characteristics of quiver
Grassmannians, at generic points of some particular irreducible components of the module
varieties. These special irreducible components can be characterized in terms of the new
E-invariant introduced by Derksen, Weyman and Zelevinsky [DWZ2] for representations
of quivers with potential, and one may therefore conjecture that a similar description of a
generic basis can be extended to any antisymmetric cluster algebra.

1.2. To state our results more precisely, we need to introduce some notation. Let () be
a finite quiver with vertex set {1,...,n} and without oriented cycles. Denote by A the
corresponding preprojective algebra. Let g be the Kac-Moody Lie algebra with Cartan
datum given by @, and let W be the Weyl group of g. The graded dual U(n)g, of the
universal enveloping algebra U(n) of the positive part n of g can be identified with the
coordinate ring C[N] of an associated pro-unipotent pro-group N with Lie algebra n.

For w € W, let N¥ := N N (B_wB_) be the corresponding unipotent cell in N, where
B_ denotes the standard negative Borel subgroup of the Kac-Moody group G attached to
g. Here we use the same notation as in [GLS5]. For details on Kac-Moody groups we refer
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to [Ku, Sections 6 and 7.4]. Let x;(t) denote the one-parameter subgroup of N associated
to the simple root «;. For each reduced expression i = (i, ...,i1) of w, the map

x; (tr, .. ,tg,tl) — l’i,)(tT) Ce Ty (tg)afil (tl)

gives a birational isomorphism from C" to N*. In [GLS5] we have described a cluster
algebra structure on C[N"] in terms of the representation theory of the preprojective
algebra A.

For a nilpotent A-module X and a = (a;,...,a1) € N" let Fj, x be the projective
variety of flags
Xo:(OZXrggXl gXOZX)
of submodules of X such that Xj_1/X) = SZC’“ for all 1 < k < r, where S; denotes the
one-dimensional A-module supported on the vertex j of Q). The varieties Fj o x were first

introduced by Lusztig [L1] for his Lagrangian construction of U(n). Dualizing Lusztig’s
construction, we can associate with X a regular function px € C[N] satisfying

ox(z;(t) = Z X (Fia,x)t?.

acN"

Here t = (t,,...,t;1) € C", t* :=tI" - - t5t]", and x denotes the topological Euler charac-
teristic.

Buan, Iyama, Reiten, and Scott [BIRS] have attached to w a 2-Calabi-Yau Frobenius
subcategory C,, of the category of finite-dimensional nilpotent A-modules. (The same
categories were studied independently in [GLS4] for special elements w called adaptable.)
In [GLS5] we showed that the C-span of

{SOX | X ecw}

is a subalgebra of C[N], which becomes isomorphic to C[N"] after localization at the mul-
tiplicative subset {¢p | P is C,-projective-injective}. Moreover, we showed that C[N"Y]
carries a cluster algebra structure, whose cluster variables are of the form ¢x for inde-
composable modules X in C,, without self-extension. In Section 2 we explain this in more
detail.

The category C,, comes with a remarkable module V; for each reduced expression i of w
(see [BIRS, Section III.2], [GLS5, Section 2.4]). The ¢-functions of the indecomposable
direct summands of V; are some generalized minors on N which form a natural initial
cluster of C[N"]. We introduce the new module

Wii=1,® Qw(‘/l)a

where Q,, = 7, 1 is the inverse Auslander-Reiten translation of Cy,, and I,, is the direct sum
of the indecomposable C,-projective-injectives. For a A-module X, the set Ext} (W;, X)
is in a natural way a left module over the stable endomorphism algebra

£ :=End;, (W;)°P = End, (V5)°P.

Denote by GI%(EXt/l\(Wi, X)) the projective variety of £-submodules of Ext} (W;, X) with
dimension vector d, a so-called quiver Grassmannian. Our first main result is

Theorem 1. For X € Cy, and all a € N", there is an isomorphism of algebraic varieties

~ £
Fiax = Grghx(a) (EXt/l\(Wi, X)),

where di x is an explicit bijection from {a | Fiax # @} to {d | Gr%(Ext}\(Wi,X)) # D}.
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It follows easily that the set {a | x(Fiax) # 0} has a unique element if and only if
Ext}\(Wi,X ) = 0. Now by construction, Wj is a cluster-tilting module of C,, that is,
Ext}h (Wi, X) = 0 if and only if X belongs to the additive hull add(W};) of W;. Moreover,
in this case JFja x is reduced to a point. Hence Theorem 1 has the following important
consequence:

Theorem 2. For X € C, the polynomial function t — px(z;(t)) is reduced to a single
monomial t* if and only if X € add(W}).

1.3. Let Wj,...,W;, denote the indecomposable direct summands of Wj. The r-tuple
of regular functions (¢w; ;- - -, pw;, ) is a cluster of C[N*], and it follows from Theorem 2
that the ¢, , (z;(t)) are monomials in the variables ¢;,...,¢,. Inverting this monomial
transformation yields expressions of the ti’s as explicit rational functions on N, a result
originally called the Chamber Ansatz by Berenstein, Fomin and Zelevinsky [BFZ] in type
Ay, because of a convenient description of these formulas in terms of chambers in a wiring
diagram. To present these formulas in the general Kac-Moody setting, we need more
notation. By construction, the summands Vj of V; are related to the modules Wj ;. by
short exact sequences

0—= Wiy —= PVig) = Vip —0
where for X € C,,, P(X) denotes the projective cover in C,,. We set
PWi i
PPWik)

, .
PVip =

a Laurent monomial in the ¢y, (since add(Wj) contains all C,-projectives). As will
be explained in Section 1.6 below, the regular functions ap’vi . on N*% are the twisted
generalized minors of [BZ] corresponding to i (in the Dynkin case).

Denote by ¢(i,j) the number of edges between two vertices ¢ and j of the underlying
unoriented graph of the quiver ). For 1 < k <, put

1 n
(1.1) Cip=—F—7F—" H <(p§/i,k_(j)
¢W,k@W,k—(ik) j=1

>Q(ik7j)
where k7 (j) :=max{0,1 <s <k —1|is=j} and Vj is by convention the zero module.
Theorem 3. For 1 <k <r andt = (t,,...,t1) we have C;;(z;(t)) = tx. Therefore, for
X € Cy we get an equality in C[N™]:

(1.2) px = Y X(Fax)Cy - G50
acN"

1.4. Using Theorem 1, we now want to compare Equation (1.2) with similar formulas of
Fu and Keller. To simplify our notation, we define

R = {1,2,...,7},
Rmax = {k € R|thereisno k < s <r with i5 = iy},
R_ = R\ Rpax-
Let T'=T1 ® --- ® T, be a basic cluster-tilting module in C,,, where the numbering is
chosen so that Ty, is Cy,-projective-injective for k € Rpax. Assume that (o7,...,¢7.) is
a cluster of C[N"], i.e. that it can be obtained from (¢v;,,...,%v,) by a sequence of

mutations. In this case, T is called Vj-reachable. (One conjectures that this is always the
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case.) The endomorphism algebra Er := End, (7)°P has global dimension 3, see [GLS5,
Proposition 2.19]. Thus we may consider

BT := (B )rser = ((dim Hom (T, T)rser) ",

the matrix of the Ringel bilinear form for £&p. (For a matrix B, we denote the inverse of
its transpose by B7'.)

For a general 2-Calabi-Yau Frobenius category C with a cluster-tilting object, Fu and
Keller [FK, Section 3] (extending previous work of Palu [P]) have attached to every object
of C a Laurent polynomial called its cluster character. When applied to the category C,,
and the cluster-tilting object T', the formula for this cluster character can be written as

(13) 0% = flmoma DB SR (Grfr (Bxh (T, X)) 2 (X €Ca).

deNf-
Here we use the abbreviations
o8 = [licr gp% for g = (q1,92,---,9-) €EZ",
5™
¢re = [lier gaTll’k forke R_,
¢4 = Tleen ¢75  ford=(diren €N-.

By [FK, Theorem 4.3] and [GLS5, Theorem 3.3], the cluster variables of C[N"] are
of the form 6% for indecomposable rigid modules X of C,, and (1.3) gives therefore a
representation-theoretic description of their cluster expansions with respect to the cluster
(¢1y,---,p1,.). However, for an arbitrary X € C, not much is known about the func-
tion 9;@. For instance it is a priori only a rational function on N*. Using Theorem 1 and
the Chamber Ansatz Theorem 3, we prove our next main result:

Theorem 4. For every X € C,, we have
9)T< =px.

In particular, 0%; is a reqular function on N for every X € Cy, that is, the image of the
cluster character X w 0% is in the cluster algebra C[N%].

1.5. In the last part of this paper, we deduce from Theorem 4 a new description of a
generic basis for the coefficient-free cluster algebra obtained from C[N™] by specializing
to 1 the functions ¢p for all C,-projective-injectives P. (This algebra can be seen as the
coordinate ring of the subvariety N N (N_wN_) of N*, but we will not use it.) In [GLS5,
Section 15.6] we have already described such a basis in terms of generic modules over the
preprojective algebra A. Here we want to express it in terms of generic modules over the
stable endomorphism algebra £4 of the cluster-tilting module 7.

The quiver I'y of £ has the set R_ as vertices, with £k € R_ corresponding to T,
and it has [Bl(,?]Jr arrows from k to [, where we write for short [z]; = max(z,0). We
consider the cluster algebra A(I'y) C C((xg)rer_) with initial seed ((zx)ker_, I'r). We
have a unique ring homomorphism II7: C[N*] — C((zx)rer_) such that Hr(pp, ) = x%
for k € R_, and IIr(¢r,) = 1 for k¥ € Rpyax. The homomorphism II7 restricts to an
epimorphism C[N"] — A(L'), which we also denote by IIr.

Following Palu [P], for an £p-module Y we put

(1.4) vy =aB - Y X (G (V) i,
deNf-
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where
. 1 i
gy = (gk)ker_ = (dlm Exte,. (S, V) — dim HOInéT(Sk?Y))kGR
and
9 B{}, d d
8 = H ", Tryp = Ty, Ty = H xT)jk'
veR IR keER_

(Here Si, k € R_ are the simple £p-modules.) In fact, if Y = Ext}(T,X) for some
X € Cy, in view of Theorem 4 we have ¢y = Ilp(px).

For d € N®- let mod(£7, d) be the affine variety of representations of £, with dimension
vector d. It will be convenient to consider mod (€, d) with the right action of

keR_
by conjugation. For each irreducible component Z of mod(£;,d) there is a dense open
subset U C Z such that for all U,U’" € U we have 9y = yr. Define 1z := 1)y, where
U € U. An irreducible component Z of mod(E4,d) is called strongly reduced if there is a
dense open subset U C Z such that

codimz (U. GLa) = dim Homg, (Tng(U), U)

for all U € U, where 7¢,. denotes the Auslander-Reiten translation of mod(£y). It follows
from Voigt’s Lemma [G, Proposition 1.1] that strongly reduced components are (scheme-
theoretically) generically reduced, hence the name. But contrary to what the terminology
might suggest, being strongly reduced is not a property of the scheme Z equipped with its
GLg-action, since the definition uses additionally the representation theory of the algebra
Er. Note also that £ is given by a quiver with potential [BIRSm]|, and that

dim Homg_, (Tng(U), U) = E™N(U)
is the E-invariant defined in [DWZ2].
Let Irr(mod(€1,d)) be the set of irreducible components of mod(E,,d), and set

Irr(Ep) := U Irr(mod(E4, d)).
deNfi-
Let Irr®" (1) denote the set of all strongly reduced irreducible components in Irr(€4). For
Z € Trr(Ep,d) define Null(Z) := {m € Nf~ | m(k) = 0 if d(k) # 0}.

Finally, let us denote by S the dual semicanonical basis of C[N®] constructed in
[GLS5]. We can now state

Theorem 5. The set
Gl = {a™ ¢z | Z € Ir*(£7), m € Null(2)}

is a basis of the cluster algebra A(Ly). It is equal to the image of the dual semicanonical
basis S under Ilp: CIN"] — A(Lp).

Each finite-dimensional path algebra is isomorphic to £; for some appropriate A, w
and T, see [GLS5, Section 16]. In this case, mod(E4,d) is an (irreducible) affine space for
all d, and it is easy to see that mod(Ep,d) is strongly reduced. Thus Theorem 5 implies
Dupont’s conjecture [D, Conjecture 6.1]. On the other hand, even if £ is not hereditary
but mutation equivalent to an acyclic quiver, it is quite easy to find examples of irreducible
components of varieties mod (£, d) which are not strongly reduced.
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Since Theorem 5 gives a description of the generic basis G1 of A(I';) entirely in terms
of the varieties of representations of the algebra £, it is natural in view of [DWZ2] to ask
if the first statement of Theorem 5 generalizes to other classes of cluster algebras.

1.6. The paper closes with our categorical interpretation of the twist automorphisms of
the unipotent cells, introduced by Berenstein, Fomin and Zelevinsky in connection with
the Chamber Ansatz. For x € NY, the intersection N N (B_wz”) consists of a unique
element, which, following [BFZ, BZ, GLS5], we denote by 1, (z). (The anti-automorphism
g+ g7 of the Kac-Moody group is defined in [GLS5, Section 7.1]. For more details on 7,
we refer to [GLS5, Section 8].) The map 7, is in fact a regular automorphism of N, and
we denote by (n%)~! the C-algebra automorphism of C[N™], defined by

()" )(@) = flni ' (x))  (f € C[NY]).
Theorem 6. For every X € Cy,, we have
PQuw(X)
PP(X) .

()M ex) =

Moreover, n;, preserves the dual semicanonical basis 5{"0 of CIN"Y] and permutes its ele-
ments.

Thus, the regular functions goQ/i . occurring in Theorem 3 are obtained by twisting

the generalized minors @y, , with no!, in agreement with [BFZ, BZ] in the Dynkin case.
We believe that Theorem 6 provides a conceptual explanation of the existence of the
automorphism 7,,, and of its compatibility with total positivity [BZ, Proposition 5.3].

1.7. The article is organized as follows: In Section 2 we give a short reminder on cluster
algebras and some previous results. In Section 3 we construct isomorphisms between flag
varieties and quiver Grassmannians in a very general setup. The isomorphisms stated in
Theorem 1 turn out to be special cases. Section 4 contains the proofs of Theorems 1 and 2
and of the Chamber Ansatz Theorem 3 together with some illustrating examples. The
proof of the cluster character identities stated in Theorem 4 and a detailed example are
in Sections 5 and 6. The proof of Theorem 5 is in Sections 7 and 8. Finally, Section 9
contains the proof of Theorem 6.

1.8. Notation. Throughout, we work over the field C of complex numbers. For a C-
algebra A let mod(A) be the category of finite-dimensional left A-modules. By an A-
module we always mean a module in mod(A), unless stated otherwise. Often we do not
distinguish between a module and its isomorphism class. Let D := Homc(—,C) be the
usual duality functor.

For a quiver @ let rep(Q) be the category of finite-dimensional representations of @
over C. It is well known that we can identify rep(Q) and mod(CQ).

By a subcategory we always mean a full subcategory. For an A-module M let add(M)
be the subcategory of all A-modules which are isomorphic to finite direct sums of direct
summands of M. A subcategory U of mod(A) is an additive subcategory if any finite direct
sum of modules in U/ is again in Y. By Fac(M) (resp. Sub(M)) we denote the subcategory
of all A-modules X such that there exists some ¢t > 1 and some epimorphism M? — X
(resp. monomorphism X — M?).

For an A-module M let 3(M) be the number of isomorphism classes of indecomposable
direct summands of M. An A-module is called basic if it can be written as a direct sum
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of pairwise non-isomorphic indecomposable modules. An A-module M is called rigid if
Extl (M, M) = 0.

For an A-module M and a simple A-module S let [M : S] be the Jordan-Hélder mul-
tiplicity of S in a composition series of M. Let dim(M) := dimy(M) := ([M : S])s
be the dimension vector of M, where S runs through all isomorphism classes of simple
A-modules.

For a set U we denote its cardinality by |U|. If f: X — Y and ¢g: Y — Z are maps,
then the composition is denoted by gf =go f: X — Z.

If U is a subset of a C-vector space V, then let Spang(U) be the subspace of V' generated
by U.

Let N = {0,1,2,...} be the natural numbers, including 0, and let Z be the ring of
integers. For a domain R let R(Xy,...,X,), R[X1,...,X,] and R[de, ..., XF! be the
field of rational functions, the polynomial ring, and the ring of Laurent polynomials in the
variables X1, ..., X, with coefficients in R, respectively.

2. REMINDER ON CLUSTER ALGEBRAS

2.1. Let F := Q(X1,...,X,) be the field of rational functions in r variables. We fix a
subset F' C {1,...,r}.

A seed in F is a pair (z,T"), where I' = (I'0,I'1, s, ¢) is a finite quiver without loops and
without 2-cycles with set of vertices I'g = {1,...,7}, and = = (x1,...,2z,) with x1,..., 2z,
algebraically independent elements in F. The vertices in {1,...,r}\ F are called mutable,
and the ones in F' are frozen.

Given a seed (z,I') in F and a mutable vertex k of I', we define the mutation of (x,T")
at k as

pp(x,T) == (2, T).

The quiver I" is obtained from I' by applying the Fomin-Zelevinsky quiver mutation at k,
which is defined as follows: For 1 <14,j < r let

7ij := |[number of arrows j — 4 in I'| — [number of arrows i — j in IT'|.

(Recall that there are no 2-cycles in I'. So at least one of the numbers on the right-hand
side is 0.) By definition also I has no loops and no 2-cycles, and the corresponding
numbers ~;; for I are

) —Yij ifi=korj=k,
Vij = [Yike| Vg + Vi Vo5 |

Yij + 5 otherwise.

Finally, 2’ = (2, ..., 2}) is defined by

»r

T otherwise

where the products are taken over all arrows of I" which start, respectively end, in k.
Set fu(zry(xx) = x,. It is easy to check that (2/,T') is again a seed in F and that

1, T) = (,T).
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Two seeds (z,T") and (y,X) are mutation equivalent if there is a sequence (ki, ..., k)
with k; € {1,...,r} \ F for all 7 such that
My - -+ Mo My (l’, F) = (y7 2)
In this case, we write (y, %) ~ (z,T").
For a seed (z,T") in F let
X(z,F) = U {ylv"'ayr}
(y,2)~(2,1)

where the union is over all seeds (y,X) with (y,X) ~ (z,T'). By definition, the cluster
algebra A(z,T') associated to (z,I") is the subalgebra of F generated by X(, ).

We call (y,X) a seed in A(z,T') if (y,X) ~ (z,I'). In this case, y is a cluster in A(z,T),
the elements y1, . .., y, are cluster variables and y"* - - -y~ with m; > 0 for all i are cluster
monomials in A(z,T).

For any seed of the form (y,T") in F we obtain an isomorphism A(x,T") — A(y,I") given
by z; — y; for all 1 < i < r. So one sometimes writes just A(T") instead of A(x,T").

Note that for any cluster y in A(z,I') we have y; = z; for all @ € F. These cluster
variables are also called coefficients of A(x,T"). Localizing A(z,T') at [[;cp2; yields an
algebra A(z, T, F*), which we also call a cluster algebra.

There are algebra epimorphisms
A(z,T) = A(z,I) and A(z,T,F*) = A(z,T)
defined by
1 ifiekF,
Ti — .
x; otherwise,

where A(z, L) € Q((%i)ie1,...,1\F) IS again a cluster algebra with x := (2i)ieq1,... .3\ F> and
the quiver [ is obtained from I' by deleting all vertices in F' and all arrows starting or
ending in one of the vertices in F'. We say that the cluster algebra A(z, ) is obtained from
A(x,T') by specialization of coefficients to 1, and the two epimorphisms defined above are
called specialization morphisms. Clearly, the specialization morphisms induce a surjective
map X(CC,F) \ {xz ‘ 1€ F} — X(LE)'

Using the identification C[N"] = A(I'r), the epimorphism Il defined in Section 1.5,
can be seen as a specialization morphism. Thus the cluster algebra A(L';) is obtained
from C[N"] by specialization of coefficients to 1.

2.2. Cluster algebra structures for coordinate rings of unipotent cells. In a
series of papers [GLS1, GLS2, GLS5] we constructed a map

¢: nil(A) — C[N]

which maps a nilpotent A-module X to a function ¢x € C[N]. This map satisfies the
following properties:

(i) For all X,Y € nil(A) we have

PXPY = XY
(ii) Let X,Y € nil(A) with dim Ext} (X,Y) = dim Ext} (Y, X) = 1, and let
0—-X—-F —-Y =0 and 0—-Y —E'" X =0
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be non-split short exact sequences. Then we have
PXpy = PE t+ppr.
(iii) Restriction yields a map
v: Cypy — C[NY].

(Again we identified C[N"] with the localization of the C-span of {px | X € Cy}
at {¢p | P is Cy-projective-injective}.)

(iv) Let i = (4,...,71) be a reduced expression of w, and let I' ;== I'; and F' := Rpax.
(The definitions of I'; and Rpmax can be found in Sections 3.6 and 1.4, respectively.)
Then there is an algebra isomorphism

ni: A(z, T, F¥) = C[NY]

with ni(z1) = ¢y, forall 1 <k <.

Using the isomorphism 7; one can now speak of cluster variables and cluster monomials
in C[N"]. For example, an r-tuple (pr,...,%7. ) is a cluster in C[N"] if and only if

there is a seed (y,%) in A(z,T, F*) with ni(y;) = o7, for all i. In this case, let T :=

Ty @ ---@®T,. The vertices of the quiver I'r of the endomorphism algebra End (7')°P are
naturally parametrized by 1,...,r and the following hold:

(v) With the exception of arrows between coefficients ¢, d € F, the quivers ¥ and I'r
coincide. The seed (y,Y) in A(z,T") is already determined by y.

(vi) The module T is a basic cluster-tilting module in C,,. For any mutable vertex k
there is a unique indecomposable T} € C,, with T} % T}, such that

u(T) = T, T/T;

is a basic cluster-tilting module in C,,. For y; = (y,s) (k) We have
m(Ye) = o1y

We say that (¢r,...,¢77,..., 1) is obtained from (¢ry,...,¢7,,...,¢1,) by
mutation in direction k. We also say that ug(7T) is obtained from T' by mutation
in direction k.

(vii) We have dimExt} (T}, T}) = dimExt}(7},T)) = 1, and there are short exact
sequences

O—>Tk—>@Tj—>T,g—>0 and 0—>T,§—>@Ti—>Tk—>0,

where we sum over all arrows in I'r ending and starting in k, respectively. Fur-

thermore, the identity
vt = [Jvi+ [ w
k—i j—k
in A(z,I") corresponds to the identity
erer = | [ en + 1 en
k—1 j—k
in C[N"]. For i,j € R, the number of arrows k — 7 in I'r equals [BZ»(,JI;)]J'_ and the

number of arrows j — k is [_B](-?I;)]J’_.
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(viii) The cluster monomials in C[N"] are
()09’:'];1 . @%”’
where m; > 0 for all 4, and T :=T1 @ - - - § T, runs through the set of Vj-reachable

cluster-tilting modules in C,.
(ix) All cluster monomials in C[N"] belong to the dual semicanonical basis of C[N*].

3. PARTIAL FLAG VARIETIES AND QUIVER GRASSMANNIANS

3.1. Basic algebras and nilpotent modules. Let I' = (I'g,I'1, s,t) be a finite quiver
with set of vertices I'g = {1,...,n}, and set of arrows I';. For an arrow a: ¢ — j in I" let
s(a) :=1i and t(a) := j be its start vertex and terminal vertex, respectively.

A path of length m in T' is an m-tuple p = (ai,...,ay) of arrows in I' such that
s(a;) = t(aj41) for all 1 < i < m — 1. We define s(p) := s(an) and t(p) := t(a1).
Additionally, for each vertex i € I'g there is a path e; of length 0 with s(e;) = t(e;) = 1.
An arrow a in I' is a loop if s(a) = t(a). A path p = (a1,a9) is a 2-cycle if s(p) = t(p).

The path algebra CI' of I' has the paths in I" as a C-basis, and the multiplication of two
paths p and ¢ is defined by

(a1, ...y am, b1, ... by) if s(p) =t(q), p= (a1,...,am) and ¢ = (b1,...,by),

p if ¢ = ey(p);
pq = : ®)

q lfp = Ct(q)s

0 if s(p) # t(q)-

Extending this rule linearly turns CI' into an associative C-algebra with unit element.

For m > 0 let CI'>,,, be the ideal in CI' generated by all paths of length m. An algebra
A is called basic if A = CI'/J, where J is an ideal in CI" with J C CI'sy. For the rest of
this section, we assume that A = CI'/.J is a basic algebra.

Let Si,...,S, be the 1-dimensional A-modules associated to the vertices of I'. (If A
is finite-dimensional, then Si,..., S, are all simple A-modules up to isomorphism.) We
focus on A-modules having only Si,...,S5, as composition factors. These modules are
called nilpotent. The category of all nilpotent A-modules is denoted by nil(A). (If A is
finite-dimensional, then nil(A) = mod(A).) Let Th,...,I, be the injective envelopes of
Si,...,Sp, respectively. (The modules fj are in general infinite-dimensional A-modules.)

Let J; be the maximal ideal of A spanned by all residue classes p := p + J of paths,
where p runs through all paths except e;. Thus A/J; is 1-dimensional and (as an A-
module) isomorphic to S;. (In the following, we sometimes do not distinguish between a
path p in CI' and its residue class p.)

Each (not necessarily finite-dimensional) A-module X can be interpreted as a represen-
tation X = (X (i), X(a))iery,acr, of the quiver I', where the vector space X (i) is defined
by e;X, and the linear map X(a): X(s(a)) — X(t(a)) is defined by =z — azx. Recall
that a subrepresentation of X is given by U = (U(7))ier,, where U(i) is a subspace of
X (i) for all 4, and for all a € 'y we have X (a)(U(s(a))) C U(t(a)). When passing from
modules to representations, the submodules obviously correspond to the subrepresenta-
tions. The dimension vector of a representation X = (X (), X (a))iery,acr, is by definition
dimg (X) := (dim X (1) )icqp.

Definition 3.1. For a dimension vector d, let Grfl‘(X ) be the projective variety of subrep-
resentations Y of X with dimp(Y) = d. Such a variety is called a quiver Grassmannian.
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If X is nilpotent, then dim X (i) = [M : S;] for all i € Q9. We study Grassmannians
Gré‘(X ) only for nilpotent A-modules X, so there is no danger of confusing the two types
of dimension vectors dimp(—) and dim 4(—) associated to X and its submodules.

3.2. Refined socle and top series. For an arbitrary (not necessarily finite-dimensional)
A-module X and a simple A-module S, let socg(X) be the sum of all submodules U of X
with U = S. (If there is no such U, then socg(X) = 0.) Similarly, let topg(X) = X/V,
where V' is the intersection of all submodules U of X such that X/U = S. (If there is no
such U, then V = X and topg(X) = 0.) Define rads(X) := V.

Let us interpret X as a representation X = (X (i), X(a))iery,acr, of I', andlet 1 < j < n.
Then socg, (X) can be seen as a subrepresentation (X'(4))er, of X, where

X'(i) = : zjé J
ﬂaGFl,s(a):j Ker(X(a)) ifi =j.

Similarly, radsj (X) can be seen as a subrepresentation (X'(i));er, of X, where
_ ) X@) if i # j,
Z(IEF1,t(a):j Im(X(a)) ifi=j.

It follows that socs;(X) and top s (X)) are isomorphic to (possibly infinite) direct sums of
copies of 5.

X'(1)

Now fix some sequence i = (i, ...,41) with 1 < i, < n for all k. There exists a unique
chain
(0=X,C---C X, CXoCX)

of submodules X}, of X such that Xj_1/X} = socg;, (X/Xy) for all 1 < k < r. We define
soci(X) := X,

XF=xt =X,
forall 0 <k <7, and X} := X0V = (X C... C X;C X)), If soci(X) = X, then we
call this chain the refined socle series of type i of X. Similarly, there exists a unique chain

0CX,C---CX1CXy=X)

of submodules X}, of X such that Xj_1/X; = topsik (Xg—q) for all 1 < k < r. Set
top;(X) := X/X,, rad;(X) := X,, and

X; = X)) = Xy,
for all 0 < k < r. Define X; := Xo™ = (X, C--- C X7 € Xy). Ifrad;(X) = 0, then

r =

X, is called the refined top series of type i of X.

The following lemma is straightforward:

Lemma 3.2. For arbitrary (not necessarily finite-dimensional) A-modules X andY and
every A-module homomorphism f: X — Y the following hold:

(i) f(soci(X)) Csoci(Y) and f(rad;(X)) C rad;(Y).
(ii) If f is a monomorphism (resp. epimorphism), then the induced maps
X/soci(X) — Y/soc;(Y) and radi(X) — rad;(Y)

are both monomorphisms (resp. epimorphisms).

(iii) Ifsoci(Y) =Y, then f(rad;(X)) = 0.
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For 1 < k,s < r define

J o JikJik_l st lfk 2 S,
S A otherwise.

Also the next lemma is easy to show:

Lemma 3.3. For an arbitrary (not necessarily finite-dimensional) A-module X and 1 <
k <1 we have Jp1 X = X7 =rad(;, ;) (X).

Corollary 3.4. The algebra A/Jy 1 is finite-dimensional for all 1 <k <r.
Proof. Use Lemma 3.3 and the fact that the quiver I" of A is finite. O

Let Dj; be the category of all A-modules X in mod(A) such that soc;(X) = X.

Lemma 3.5. For an A-module X the following are equivalent:
(i) X € D;.

(ii) soci(X) = X.
(ili) rad;(X) = 0.

Proof. By definition, (i) and (ii) are equivalent. The equivalence of (ii) and (iii) follows
by an obvious induction on the length r of the sequence i. U

Let A; := A/J,1. We identify the category mod(A;) of finite-dimensional A;-modules
with the category of all X in nil(A) such that J,;X = 0. Under this identification we
obviously get the following:

Lemma 3.6. We have D; = mod(4;).

3.3. Partial composition series.

Definition 3.7. For X € D; and a = (a,,...,a1) with a; > 0 let Fj 5 x be the (possibly
empty) set of chains X = (0 =X, C--- C X; C Xy = X) of submodules X}, of X such
that Xp_1/Xy = Sgc’“ forall 1 <k <r. Wecall 0=X,C---CX; C Xy=X) a partial
composition series of type i of X.

Clearly, F; a x is a projective variety. The weight of X, € Fj o x is defined by
wt(Xe) := (ar,...,a2,a1).
If Xo = X, (resp. X = X[), we define a=(X) := wt(X,) and a, (X) := aj (resp.
at(X) = wt(X]) and a (X) :=q;) forall 1 <k <r.
Lemma 3.8. For X € D; and (X, C --- C X1 C Xy) € Fiax we have
X, CX, CX;
forall1 <k <r.

Proof. For 1 < k < r we show that X C X ,j by decreasing induction on k. Clearly,
we have X, C X;F. (By definition, X, = X;F = 0.) Next, assume that X, C X}
for some 1 < s < r. Thus, there is an epimorphism 7: X/X; — X/X}. We have
Xs-1/Xs C socg, (X/X,), and by definition X} /X = socg, (X/X;). This implies
that m(Xs—1/X;s) C X:_I/Xj. In other words, = + X} € Xj_l/Xs+ for all z € X,_;. For
each such x there exists some y € X:_l with z + X =y + X. This implies that x — y
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is in X, Since X C Xj_l we get T € X:_l. Thus we have proved that X, C X,j for all
1 <k <r. Similarly, one shows by induction on %k that X~ C X for all 1 <k <. O

The next lemma follows from the uniqueness of refined socle and top series.
Lemma 3.9. Let X € D;. If a is equal to wt(X, ) or wt(X,"), then x (Fiax) = 1.

Corollary 3.10. For every X € D; there exists some a such that x (Fiax) # 0.

3.4. The modules V;. Let A = CI'/J be a basic algebra, and let i = (iy,...,7;) with
1 <14, < n for all k. Without loss of generality we assume that for each 1 < j < n there
exists some k with i = j. For 1 <k <rand1<j<nlet
E™ i=max{0,1 <s<k—1]is=1i},
Et c=min{k +1<s<rr+1]is=i},
kmax := max{l < s <7 |is =iy},
Emin :=min{l < s <7r|is =i},
kj :=max{l <s <r|ig=j}.
For 1 < k < r define
Vk = ViJg = Soc(ik,...,h)(Il‘ )
and V3 ;== V1 @ --- ® V.. We also set 1 := 0. For every 1 < j < nlet [j; := ij and
Ii =11 ® - @I, The modules in add(l;) are called i-injective.

Lemma 3.11. For 1 < k < r we have Vi, = D(e;, (A/Jy1)). In particular, Vi is an
indecomposable injective A/Jy, 1-module.

Proof. Clearly, Ji1Vj, = 0. Thus V}, is an A/Jj, 1-module. We have socg, (Vi) =2 S;,. Thus
Vi, can be embedded into the indecomposable injective A/Jy, 1-module D(e;, (A/Jk1)). We
have socg, (D(ei,(A/Jk,1))) = Si,. Therefore D(e;,(A/Jk,1)) can be embedded into fzk
Thus we get two monomorphisms

Vi 2 D(ei, (A1) 2 T,

Since soc;,,.. i) (D(ei, (A/ k1)) = D(ei,(A/Jk,1)), we can apply Lemma 3.2(i) and get
ta(D(ei, (A)Jk1))) < soc(,-k’m’il)(./f;k). Since D(e;, (A/Jk,1)) is finite-dimensional by Corol-
lary 3.4, this implies that Vi, = D(e;, (A/Jk1)). O

Corollary 3.12. V; € D;.

Proof. We have soc;(V;) = V4, and V; is finite-dimensional by Corollary 3.4 and Lemma 3.11.
U

Lemma 3.13. An Aj-module X is injective if and only if X € add(I;).

Proof. One easily checks that e;J;.1 = e;Ji; 1. This implies D(e;(A/J;1)) = D(ej(A/Jx; 1))

But D(e;j(A/Jk; 1)) = Iij by Lemma 3.11. Thus the modules in add(/;) are the injective
A;-modules. O

Lemma 3.14. For every 1 < k < r there is a monomorphism V- — V.
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Proof. We have Ji 1 C Ji- ;. Thus there is a short exact sequence
0— Ji-1/Jk1 — A) kg — A/ Jy-1 — 0.
Applying e;, - and then the duality D yields a short exact sequence
0 — D(ei, (A/Jy- 1)) — D(ei,(A/Jr1)) = D(ei(Je-1/Jk,1)) — 0.

Now the result follows from Lemma 3.11. O

The following lemma is well known and easy to prove:

Lemma 3.15. For any A-module X and any idempotent e in A the following hold:

(i) There is an isomorphism of (eAe)°P-modules
D(eX) = Homy (X, D(eA))

defined by n — f, := [z — (ea — n(eax))].
(ii) Assume that X is finite-dimensional. Then there is an isomorphism of eAe-
modules

eX = DHomy (X, D(eA))
defined by ex — [f — f(x)(e)].

The vector space DHom 4 (X, D(eA)) is an End4(D(eA))°P-module in an obvious way,
and we have eAe = End4(D(eA))°P. Under the isomorphisms eX = DHom4 (X, D(eA))
and eAe = Enda(D(eA))°P, the action of Enda(D(eA))°? on DHoma(X, D(eA)) turns
into the action eae - ex := eaex of eAe on eX.

Lemma 3.16. For any A-module X we have

Hom (X, Vi) = Homa (X/ X", Vi) = Homy, 5,  (X/ X, Vi).

Proof. We havesoc;,  ;,)(Vk) = Vi, andrad;, . ;) (X) = X . By Lemma 3.2(iii) this im-
plies f(X, ) = 0 for every f € Hom4 (X, V}). This yields the identification Hom4 (X, V}) =
Homy(X/X, ,Vi). Now X/X,  and V are annihilated by Ji ;. Thus X/X,_ and V}, are
A/Jg1-modules. This implies Homa (X/X, ", Vi) = Homy,;,  (X/X, ", Vi) O

Corollary 3.17. For any finite-dimensional A-module X we have
DHomy (X, Vi) = e;, (X/X,).
Proof. The A-modules X/X, and V}, can be regarded as an A/J; ;-module, since both are

annihilated by J 1, and V}, is injective as an A/Jj ;-module. Now we apply Lemma 3.15.
O

3.5. Balanced modules. An A-module X is called i-balanced if X € Dj and X, = X.
Thus, X is i-balanced if and only if X" = X k:+ forall 0 <k <r.

Proposition 3.18. Let X € D;. Then the following are equivalent:

(i) X is i-balanced.
(ii) There is a unique b such that Fip x # 9.
(iii) There is a unique b such that x (Fip,x) # 0.
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Proof. (i) = (ii): Since X € Dj;, we know that soc;(X) = X and rad;(X) = 0. This
implies that F; o~ ¢ and F; o+ y are both non-empty. Set b := wt( XJ). Since X

i,wt

is i-balanced, we have X, = X;" for all k. In other words, b = wt(X, ) = wt(X,"). The
uniqueness of b follows now from Lemma 3.8.

(i) = (iii): This follows directly from Lemma 3.9.

(ili) = (i): Since X € Dj, Lemma 3.9 implies X(F; yxr)x) = X(Fiwixi)x) =
1. Since we assume b to be unique, we get wt(X, ) = t(X*). Now (i) follows from
Lemma 3.8. O

Lemma 3.19. Let X and Y be A-modules. Then the following hold:

(i) If X and Y are i-balanced, then X &Y is i-balanced.
(ii) If X is i-balanced, then each direct summand of X is i-balanced.

Proof. One easily checks that for every direct sum decomposition M = M; & My of an
A-module M and every sequence j = (ji,...,71) with 1 < jg < n for all s, we have
socj(M) = socj(My) @ socj(Ms) and rad;(M) = rad;(M;) @ radj(Msz). This implies both
(i) and (ii). O

We say that the pair (A,1i) is balanced, if for each 1 < k < r the A-module Vj, = Vj, is
(ik,-..,11)-balanced. The following lemma follows directly from the definitions:

Lemma 3.20. Assume that (A,1i) is balanced. For 1 <k <r and 0 < s < k we have
rad, i) (Vik) = (Vie)h™ = (Vi) %10 = (V) §0 % = socg iy (Vik)-

Lemma 3.21. Assume that (A, 1) is balanced. Then the modules Vi1, ..., Vi, are pairwise
non-isomorphic.

Proof. Assume Vi, = Vi, with k& > s. By definition Vj; = soc(%_”’is,m’il)(Ek) and
Vi,s = soc,,...i)( é) Clearly, rad(;,, . ;,)(Vis) = 0. Since Vi = Vi, we also get
radg, i) (Vixg) = 0. But Vij is (ig,...,41)-balanced. By Lemma 3.20 this implies
S0C(iy,.isi1) (Vik) = 1ad(i, iy (Vig) = 0. But we have SOCSik(VLk) = S;.. This implies
S0C(i,....is1) (Vi) # 0, a contradiction. d
Proposition 3.22. Assume that (A,1i) is balanced. For 1 < k,s <r we have

Homa (Vi Vi) = ey (Ji,s+1/ k1) €, -
Proof. Recall that Vi, = D(e;, (A/Ji1)) and Vs = D(e; (A/Js1)). By Lemma 3.16 we have
Hom 4 (Vi, Vs) = Homyu (Vi /(Vi)s , Vs). We have

(Vi)s = JsaVie = D(es, (A) Jg,s41))-
For the second equality we used that Vj is (ig,...,i1)-balanced. Note that (Vj); = 0 if
k <s. We get

Homa (Vi/(Vk)s s Vs) = D(ei,(Vie/(Vi)s ) = D (ei,(D(ei, (A/ Jk,1))/ D(eif (A) J,541)))) -

For the first isomorphism we used Lemma 3.15. Now we first apply e;,- and then the
duality D to the short exact sequence

0— Jk’s+1/Jk71 — A/Jk’l — A/Jk,s-H — O,
and we obtain
D(ei,(A)Jk1))/D(ei, (A Ik s11)) = D(ei, (Jk,s41/Tk,1))-
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Now D(e;, D(ei), (Jr,s+1/Ik1))) = D(D(eiy (Jrsv1/Jk1)ei,)) = ei (Jrsv1/Jk,1)ei, implies
Hom 4 (Vi,, Vi) = e, (Jk 41/ k1) €6 - O

Using Lemma 3.15, the isomorphism e;, Ji, s11/Jk,1€i, — Homa(Vj, Vi) can be described
more precisely: Let ei,ﬁeis € ei, (Jr,s+1/Jk1)€i,- Then eik,geis is mapped to the homomor-
phism V, — V,, which maps a linear form 7: e;, (A/J;1) — C in D(e;, (A/Ji1)) to the
linear form ¢ € D(e; (A/Js1)) defined by

Y(eqa) == n(e,be,a).

For A-modules X and Y let Z;(X,Y’) be the subspace of Hom 4 (X,Y") consisting of the
morphisms factoring through a module in add([;). Define

Hom(X,Y) := Homu (X,Y)/T:(X,Y).

Lemma 3.23. Assume that (A,1) is balanced. Then for each X € D; and 1 <k < r we
have
Ti(X, Vi) = Homa (X/ X5, V).

Proof. There is a short exact sequence
00— X5 =X > X/XF—o.

Applying the functor Hom(—, V}) we can identify Hom4(X/X;", Vi) with a subspace of
Hom4 (X, V). Suppose that f: X — V} is a homomorphism.

Assume first that f = hog with g: X — I and I € add([;). It follows from Lemma 3.6
and Lemma 3.13 that we can assume without loss of generality that g is a monomorphism.
By Lemma 3.2(i) we know that g(X,j) - I,j. By definition I,7 = rad(;, . ;)(/) and
s0C(;,.....i1) (Vi) = Vi Thus Lemma 3.2(iii) implies h(I; ) = 0. Since (4, i) is balanced, we
get I, = I,". This shows that f(X;") = 0. In other words, f € Homa(X/X;',Vi). So we
proved that Z;(X, Vi) C Homa (X/ X7, Vi).

To show the other inclusion, let f: X — Vj be a homomorphism with f(X;") = 0.
Thus there is a factorization f = hy o g1, where g;: X — X/X,;|r is the projection. Let
u1: X — I be a monomorphism with I € add(I;), and let ua: I — I/L" be the projection.
By Lemma 3.2(ii) we get a monomorphism gs : X/X]j' — I/Ilj such that us ou; = g 0g1.
Now X/X,;|r and I/Il;|r are A/Jy1-modules, V, is an injective A/Jj, ;-module, and g is a
monomorphism. Thus there exists a homomorphism ugz: I/I ,;" — V. such that ugogs = h;.
The following commutative diagram illustrates the situation:

X Vi
/ l / A
g1
h1
I
o 4
1)1

It follows that

f=hiogi=ugogrogi =ugouzou.
Thus we have proved that Hom4(X/X,", Vi) C Z;(X, Vi). Note that for the proof of this
inclusion we did not use the assumption that (A4,1i) is balanced. O
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Proposition 3.24. Assume (A,1) is balanced, and let X € D;. For 1 <k <r we have

DHoma (X, Vi) = e, (X, /X))

Proof. There is a short exact sequence
n: 00— X /X;, — X/X; = X/X; —0.

As noted in Lemma 3.16 we have Hom4 (X, V}) = Homx(X/X, ,V}), and by Lemma 3.23
we know that Z;(X,Vj) = Homa(X/X, ,Vy). Note that X/X;" and X,/ /X, are both
annihilated by Ji 1. Thus they are A/Jj1-modules, and Vi, = D(e;, (A/Ji1)) is an in-

jective A/Jj 1-module. Now we apply Homu(—, V) to  and obtain Homu (X, V) =
Homy (X, /X, , V). By Lemma 3.15 we get

Homa (X, /X, , Vi) = Homa(X," /X, , D(ei, (A/Jx1))) = D(ei (X;7/X1))-

Thus we have proved that DHom(X, Vi) = e;, (X7 /X,). O

3.6. The quiver of &. Again, let A = CI'/J be a basic algebra, and let us fix some
sequence i = (ir,...,71). Define & := End4(V;)°P. Since we work over an algebraically
closed field, Lemma 3.21 and a result by Gabriel (see for example [DK, Theorem 3.5.4
combined with Theorem 3.6.6]) imply that &; is a finite-dimensional basic algebra. We want
to determine the quiver I'g, of &. The vertices of I'g, correspond to the indecomposable
direct summands Vi,...,V, of V;.

Define a quiver I'; as follows: The set of vertices of T'; is just {1,2,...,7}. For each pair
(k,s) with 1 < s,k < r and kT > st > k > s and each arrow a: is — i in the quiver
I" of A, there is an arrow ’yf’sz s = k in I'j. These are called the ordinary arrows of I';.

Furthermore, for each 1 < k < r there is an arrow ~;: k — k~ provided £~ > 0. These
are the horizontal arrows of T;.

Proposition 3.25. Assume that (A,1) is balanced. Then there is a quiver isomorphism
Iy = Dg, with k— Vy, for all1 <k <r.

Proof. One can almost copy the proof of [BIRS, Theorem II1.4.1]. One only has to replace
the ideals I; used in [BIRS] by our ideals J;. (We have I; = J; if and only if I" has no
loop at the vertex j.) Furthermore, everything has to be dualized. O

In Proposition 3.25 we identify the vertex of I'g, corresponding to Vj, with the vertex k
of I'j. Some examples can be found in Section 3.10.

3.7. The &-module DHom 4 (X, V;). Using Lemma 3.15 together with Propositions 3.22
and 3.24, we arrive at the following conclusion: Assume (A, 1) is balanced, and let X € D;.
Using the identifications

HomA(Vk, V;) = eik(Jk,S“rl/Jk,l)eis’
HOIDA(VS, Vk) = €4, (A/Js,l)eika
DHoma (X, Vi) = e, (X7 /X)),
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the algebra & acts on Y := DHom 4(X, V;) as follows: Assume 1 < s <k <.

eiy, (Jr,s+1/Jk,1)e€is"

— T
e (X /X7) ei (X/X7)
~
ey (A s 1)es, -
For e;, be;, € i, (Jpst1/Tk1)€i, and Ty € €; (X /X ) = e;, X /e, X, we have
€ik56zs “Tg = eikﬁa
and for e; be;, € €;, (A/Js1)e;, and Ty, € €;, (X, /X, ) = €, X Jei, X, we have
eisgeik - T = €, by
We consider Y as a representation Y = (Y'(k), Y (7))r,, of the quiver I'; of &. To describe
Y, we just need to know how the maps Y () act on the vector spaces Y (k) = e;, (X, / X}, ),
where 1 < k <r. Again using the description of I'g, based on [BIRS, Theorem II1.4.1] we

obtain the following result: First, assume ~;: k — £k~ is a horizontal arrow of I';. Then
Y (%) acts as left multiplication with e;, :

Eik'

iy, (le/ij)

ey (X3 /X

Next, let 75’51 s — k be an ordinary arrow of I'j. Then Y(%’;’S) acts as left multiplication
with a:

Ci (le/Xl;)

€ (X /X))
Remark 3.26. For X € D; the following hold:

(i) Zi(X,V;) is a submodule of the End4(Vj)-module Homu4(X,V;). This implies
that DHom (X, V;) is a submodule of the &-module DHomy (X, V;). Clearly,
DHom (X, V;) is also a module over the algebra B; := (End 4(V}))°P.

(ii) For X € D; we have

Hom4 (X, Vi) = Hom, (X, V5).

Since add([;) are the injective Aj-modules, we can apply the Auslander-Reiten
formula to obtain an isomorphism of Bj-modules

DHom 4, (X, V) = BExtly (7, (), X),

where 74, denotes the Auslander-Reiten translation of the finite-dimensional alge-
bra Ai.

3.8. An isomorphism between partial flag varieties and quiver Grassmannians.
In this section we prove that the varieties Jj 5 x of partial composition series of modules
X € Dj are isomorphic to certain quiver Grassmannians Gja x. In the proof we first
construct a (rather trivial) 1somorphlsm between partial flag varieties .7-"1a x of graded
vector spaces and the image Qla x of the usual embedding of ]:la x into a product of
classical subspace Grassmannians. Then we show that the restriction to the subvarieties
Fiax € -7:1aX and Gja x C glaX yields an isomorphism Fj 4 x — Gia x-

Let X € D; for some i = (iy,...,41). We define a map d; x: N' = Z" by (a,,...,a1) —
(f1,..., fr), where

fo=(ay —ag) + (a - —ap-) + -+ (a  — k)

min
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forall 1 <k <r, and (a,,...,a]) :=a (X). In the following theorem, if d; x(a) ¢ N",
then Grif X(a)(Y) is by definition the empty set.

Theorem 3.27. Assume that (A,1i) is balanced, and let X € D;. Then for each a € N"
there exists an isomorphism of algebraic varieties

F: Fiax = Gy o (Y),

where Y is the &-module DHom (X, V;). Furthermore, the map a — di x(a) yields a
bijection {a e N" | Fi o x # @} — {f eN"| Grfi(Y) # @}.

Our proof of Theorem 3.27 will show that dimg (Y) = dj x(a®(X)). Furthermore, if
Fiax # @, and Xo = (X, C -+ C X3 C Xo) € Fiax, then fi = dim(e; (Xp/X,)) for
all 1 <k <r. Note that f, =0 if k™ =r + 1.

3.9. Proof of Theorem 3.27.

3.9.1. Assume that (A,1i) is balanced. For the rest of this section, besides i, we also fix
some a = (ar,...,a1) € N" and some X € D;. With the same notation as in Theorem 3.27,
we define

gi,a,X = Grfi (Y)v
where f := d; x(a).

We consider X as a representation X = (X (j), X(a))jery,aer, of the quiver I' of A, and
the &-module Y is considered as a representation Y = (Y'(k), Y (7))r,, of the quiver I'y
of &. Given X = (0= X, C--- C X1 C Xo = X) in Fj4 x we consider each X}, as a
subrepresentation of X. Thus we have X} = (X4(j));er, such that

X(a)(Xi(s(a))) € Xi(t(a))
for all arrows a of I'.

Our aim is the construction of two mutually inverse isomorphisms of varieties

Fiax Gia,x-

g

3.9.2. Recall that T'y = {1,...,n}. We need to work with the category of I'p-graded
vector spaces. Its objects are just tuples W = (W (4));er, of C-vector spaces W(j). Set
e;W =W (j) for all j € I'y. The morphisms are defined in the obvious way. The degree of
W is dim(W) := (dim(W(5)))jer,- Let e1,...,e, denote the canonical coordinate vectors
of Z™. (Thus the jth entry of e; is 1, and all other entries are 0.) Each representation
X = (X(j),X(a))jero,aer, of I' yields a I'g-graded vector space gr(X) := (X(J));er,-

Let fha, x be the projective variety of chains
Xe=(0=X,C---C X1 CXp=gr(X))
of T'g-graded subspaces of gr(X) such that gr(X, ) C X C gr(X,;") and dim(X;_1/X}) =
ape;, forall 1 <k <.
For a vector space L let Gry(L) be the projective variety of d-dimensional subspaces of
L. Clearly, the variety of (fy 4 dim(e;, X ))-dimensional subspaces Uy, of e;, X such that
ei, X, C Uy C e, X, is isomorphic to Gry, (e;, (X5 /X, )). The isomorphism is given by

Up — Uk = Uk:/ez‘ka_-
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Let QNIa x be the projective variety formed by the r-tuples U := (Uy)1<k<, in

I Gry, (ein (X3 /X))
k=1

such that Uy C Up- for all 1 <k <r.

We construct two morphisms

. F
]:i,a,X

Gia,x

as follows: First, we define F. Let Xo = 0=X,C---CX;CXp=gr(X)) bein ﬁi,a’X.
To each X}, we assign the subspace

U}c = ezk(Xk/Xk_)
of e;, (X;F /X ). Set U := (Ug)1<k<,. Then F(X,) := U defines a morphism of varicties

F: Fiax — gi,a,X-
Second, we define the morphism G. Let U = (Uk)1<k<r be in gi,a,X- We define a chain
Xe=(0=X,C---C X CXp=gr(X))
of I'g-graded vector spaces as follows: For j € T'g set X}, := (Xk(j))jer,, where
Xy (4) == Up

and p := min{k < s < r,r+1|is = j}. (Here we set Uyq1 := 0.) Then G(U) := X,
defines a morphism of varieties

QN: gi,a,X — ﬁi,a,x
Just using the definitions of F and G we obtain the following:

Lemma 3.28. The morphi'smi]? and G are isomorphisms of algebraic varieties, and we
have Go F = ldj':i,a,X and FoG = 1d§i’ayx.
3.9.3. The following lemma is needed in order to ensure that the quiver Grassmannian
Gi,a,x is a subvariety of Gj 4 x:

Lemma 3.29. Let U = (Uk)lgkgr be a submodule of the E-module Y. Then we have
Uy CU,- foralll1 <k <r.

Proof. Let v;: kK — k= be a horizontal arrow of I';. We know that Y () acts on Y as
follows:

€5, "

iy, (X;,/ch_,)
In other words, Y (v)(wx + €;, X, ) = zp + €;, X, for all 7}, € eikX,j. Since U is a

submodule of Y, we know that uy + e;, X,_ is contained in Uy~ /eikai for all u, € Uy.

This implies ug € Uy~ for all ug € Ug. Thus Uy, C Up,-. O
Lemma 3.30. The following hold:

(i) Fia,x is a Zariski closed subset of fi,a,x
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(ii) Under the identification
T
Y = @elk(le/Xk_)
k=1
the variety Gi o x 5 a Zariski closed subset of ’Qla,X.

Proof. For X, € ]‘N—i,a, x, the condition that all X} are submodules is closed. This implies

(i). Similarly, for U € Gi a,x, the condition that U is a subrepresentation is closed. Now
(ii) follows directly from Lemma 3.29. O

We claim that F and G restrict to isomorphisms F: Fiax — Giax and G: Gja x —
Fia,x- Thus, we have to show the following:

(a) If Xy € Fiax, then F(X,) € Giax-.
(b) IfU € gi,ag(, then Q(U) € Jri,a,X-

Note that (a) and (b) imply Theorem 3.27.

3.9.4. Proof of (a). Let Xq = (0 = X, C --- € X; C Xg = X) be in Fj, x. Define
U := (Uk)1<k<r, where Uy, := €;, (X3/X ). Thus F(X,) = U. We have to show that U is
a subrepresentation of Y.

For each horizontal arrow ~;: k — k= of Ty we have Y (1;)(Ux) C Uj-. This holds,
since X C Xj;- and therefore e;, X3, C e;, Xj—. Next, let 'y[]f’s: s — k be an ordinary
arrow of I';. It follows that k& > s. We have

X € X1 € C X1 C X

By definition of F; 5 x we have X; /X, = SZt for all 1 < ¢ < r. By the definition of T}

we know that i; # i for all £ >t > s+ 1. This implies e; X = e;, Xj. It follows that
aXs = ae;, Xs = ae; X, C e;, Xi.

(To get the inclusion ae;, Xj C e;, Xj we used our assumption that X} is an A-module.)

This implies Y(fyff’s)(ﬁs) C Uy. Thus we proved that U € Gj 4 x-

3.9.5. Proof of (b). Let U = (Uy)1<k<, be a subrepresentation of the &-module Y. Thus
we have Uy, = Uy/e;, X, . Let Xo := G(U). Recall that

Xe=(0=X,C---C X CXp=gr(X))
is defined as follows: For 1 < k < r and j € I'g we have Xj(j) = U,, where p = min{k <
s<mrr+1]is =7} (Weset U4y :=0.) Clearly, for all 0 < s < r — 1 we have
Xs+1 C X, since by Lemma 3.29 we know that U+ C Ug. It remains to show that X is
a subrepresentation of X for all 1 <s <r.

By induction, we can assume that X, ..., X411 are subrepresentations of X. So we
only have to investigate how A acts on the subspace Uy of e;, X;. Obviously, e; X; = X;(j)

forall 1 <t <rand j € I'g. Next, assume that 'yf;’sz s — k is an ordinary arrow of I';.
We know that Y(’y(]f’s) acts on Uj as follows: For all us € Uy we have
Y (3% ) (us + €1, X7) = (aus) + €5, X, -

Since by our assumption, U is a subrepresentation of Y, we get that (aus) + €, X 18
contained in U = Uk/eika_ for all us € Us. Thus aus € Uy for all us € Us. Now
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it follows from the definition of X, and Lemma 3.29 that U, C e;, Xs = Xs(ix). Thus
X, is a subrepresentation of X. It follows that X, € Fj, x. This finishes the proof of
Theorem 3.27.

3.10. Examples.

3.10.1. Let I" be the quiver with just one vertex 1 and arrows a and b. Set A := CI'/J,
where J is generated by {ab,ba}. For i = (i4,...,41) = (1,1,1,1) the modules V}, = Vj;,
look as follows:

Vi=1 V2:111 ng 1 1 Vi = 11 11

Obviously, Vi is (ig,...,i1)-balanced. The quiver I'; of &; looks as follows:

va' va? val
4 3 2 1
\4‘3/ \32/ \21/
T T T
Let X be the A-module
ba ,
VN
by b3 ,
AN
by
(Here {b1,...,bs} is a basis of X, and the arrows show how the generators a and b of A

act on this basis.) As a representation of I', we have X = (C* X (a), X (b)), where

0100 000 0
0000 0000
X@=1g g0 o 2d XO=|7 71 ¢ o
000 0 0010

In the following we just write (- - -) instead of Spang(---). The chains X and X look as
follows:

XF=(0
Xo=(

(b1,ba) C (b1,b3,bs) € (b1,b2,b3,bs) C (b1, ba,b3,bs)),

C
C 0 C (ba) € (b1,b3,bs) C (b1,b2,b3,bys)).

As a representation of I'j, the &-module Y = DHomy4 (X, V;) looks as follows:

(30) (5)
0/\(@;/(38)\@2@@
A W ‘\(0)/’

01 1
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More precisely, the four vector spaces in the above quiver representation are (from left to
right)

0=el(X)/X7),
C% = e1(X5 /X5 ) = (b1, bs) with basis (b, bs),
C? = ey (XS /X, ) = (b1,bs,bs)/(bs) with basis (by,b3),
C = e1(X{ /X)) = (b1, b2, b3, bs)/ (b1, b3, by) with basis (bs).

(Here b; denotes the corresponding residue class of b;.) One easily checks that the elements
in Fj(1,1,1,1),x are

fa:=1(0 C (bg) C (by + Abs, bs) C (by,b3,bs) C X),

foo := (0 C (bs) C (b3, bs) C (b1,b3,bs) C X),

gx = (0 C (by + Abg) C (b1,bs) C (b1,b3,bs) C X)
where A € C. It follows that the Euler characteristic of /5 (11,11 x is 3. In this example,

the isomorphism Fj (1.11,1),x — Gr‘(g(i) 11 0)(Y) from Theorem 3.27 looks as follows:

e (07 <b4>7 <F1+ )\5%0)7
foo = (07 <b4>7 <F3>70)7
gr = (07 <bl + )\b4>7 <E>7 0)'

3.10.2. Springer fibres. Let I' be the quiver with just one vertex 1 and one arrow a. Set
A := CI'/J, where J is generated by a™ for some m > 2. Let i = (ip,...,02,11) =
(1,...,1,1). For 1 < k < m the module V}, = Vj}, is uniserial of length k, and V}, is
(ik, - ..,41)-balanced. We have add(V;) = nil(A) = mod(A). The quiver I'j of & looks as

follows:
Tm V4 V3 Y2

m T o /-""\'\ 3 /"”"\ 2 /’-'\ 1
m,m—1 4,3 3,2 2,1
Ya Ya Ya Ya

Let A = (¢, ..., A1) be a partition of m, i.e. the A; are integers such that Ay > --- > X\; > 1
and A\t + - -+ + Ay = m. Define V) := V), @ --- @ V),. This yields a bijection between the
set of partitions of m and the set of isomorphism classes of m-dimensional A-modules.
For a := (am,...,a2,a1) := (1,...,1,1) the varieties F) := Fjav, are just the classical
Springer fibres of Dynkin type A,,—1.

For example, let m = 7 and A = (3,2,2). Then V) = V3@ Vo @& Vo. Set YV :=
DHom4(Vy,Vi). By Theorem 3.27 we get F) = Grfi(Y), where f = (f1,...,fr) =
(2,4,4,3,2,1,0) and dimg (Y) = (h1,...,h7) = (3,6,7,7,6,3,0). It is an easy exercise
to write Y explicitly as a representation of I';.

3.10.3. Balanced modules over preprojective algebras. Let A be the preprojective algebra
associated to a finite connected acyclic quiver Q. Recall that A = CQ/(c), where Q is
the double quiver obtained by adding to each arrow a: ¢ — j in Q an arrow a*: j — @
pointing in the opposite direction, and (c) is the ideal generated by the element

c= Z (a*a — aa®).
ac@Qq

Let i = (iy,...,11) be a reduced expression for some element w of the Weyl group W of
Q. In this situation, the module V; defined in Section 3.4 coincides with the cluster-tilting
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module V; of C,, mentioned in Section 1.2 (see [GLS5]). The following result is then a
direct consequence of [GLS5, Proposition 9.6].

Theorem 3.31. (A,i) is balanced.

Let (—,—) denote the usual W-invariant bilinear form on h*, the dual of the Cartan
subalgebra of the symmetric Kac-Moody Lie algebra g associated to ). For i € Qg let o
and w; be the corresponding simple root and fundamental weight, respectively. By [GLS5,
Proposition 9.6], for Vj, = V; , we have

i a0 = { o)) LUk
0 otherwise.

4. CATEGORIFICATION OF THE CHAMBER ANSATZ

In this section we prove Theorems 1, 2 and 3. The proofs of Theorems 1 and 2 follow
rather easily from Theorem 3.27. As a main ingredient for the proof of Theorem 3 we
describe the twisted ¢-functions <p’Vi , in Proposition 4.4. These can be seen as module-

theoretic versions of the twisted generalized minors introduced by Berenstein and Zelevin-
sky [BZ] (in the Dynkin case).

4.1. Proof of Theorems 1 and 2. We know from Theorem 3.31 that (A,1i) is balanced.
Let X € Cy, and let

£:=& :=Endpy()* and £&:=¢&;:=End; (1}).
As before, let W; := I, ® Qq, (V).
Recall that a cluster-tilting module T" € C,, is called Vj-reachable if one can obtain T’

via a finite sequence of mutations starting with the initial cluster-tilting module V;. By
[GLS5, Proposition 13.4], the module Wj is Vj-reachable.

Since C,, is a triangulated category with shift functor Q,!, we get an £-module isomor-
phism
DHomy (X, V;) = DExt} (X, Qu(V))-
The module I, is C,-projective-injective, thus Ext} (X, Q. (Vi) = Ext}(X,W;). The
category C,, is a 2-Calabi-Yau category, see [BIRS, Proposition II1.2.3] and also [GLS4]
for a special case. Thus there is an £-module isomorphism DExt} (X, W;) = Ext} (W;, X).
Combining these isomorphisms, we have an £-module isomorphism

DHomy (X, V) = Ext) (W;, X).

We can regard DHomy (X, V;) and Ext} (W;, X) as modules over £ and End s (W;)°P, which
are annihilated by the ideals Z) (V4, Vi) and Zx (W, W), respectively. Since ,,: C,, — C,,
is an equivalence, we have an isomorphism of stable endomorphism algebras

£ = End,, (W)

Recall that Wj is a cluster-tilting module in C,. In particular, we have Ext}\(Wi, X)=0
for some X € C,, if and only if X € add(Wj).

By Theorem 3.27 the varieties Fj, x and Grgix(a) (Y') are isomorphic for all a € N",
where Y := DHomy (X, V;). Furthermore, the map a — d; x(a) yields a bijection

{aeN | Fiax #0} > U:={fe N |Gi§(Y) #2}.
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(If Grf(Y) # &, then fr = 0 for all k¥ € Ryax, where Rpax is defined as in Section 1.4.
Thus we can identify Gr&(Y) and Grg(Y), where d := (fx)rer_. Being a bit sloppy,
we often just write Gr?(Y) instead of Gr%(Y).) Clearly, U contains always the elements
f = dim(Y") and the O-dimension vector f = (0,...,0). (In both cases, Gr§ (Y) is a single
point.) Thus there is a unique a € N" with Fj 5 x # @ if and only if Y = 0. This finishes
the proof of Theorems 1 and 2.

4.2. Example. Let QQ be a quiver with underlying graph 1 2 3 4 and let
i:= (i10,...,741) := (1,3,2,4,1,3,2,4,1,3), which is a reduced expression of the longest
element in the Weyl group Wg. It follows that C,, = nil(A) = mod(A). Let V; = Vi @
@ Vigand Wi = L, @ Qpy(V3) = W1 @ -+ - @ Wyp. We first display the indecomposable
direct summands which are not C,-projective-injective:

1 3 3

Vi=3 Vo =1 Vs=3, Vi=1,3 Vs = 2,4 V6:12
2 4 2 2 2 4 2 4

Wi=1 3 Wy = "3 Ws=1 3 Wy=1 33 Ws=1 3 We= 3
2 4 2 24 24 2

Finally, the indecomposable C,,-projective-injectives look as follows:

1 3 2 4
4 2 3 1

Using our language of op-functions, the functions Z, and T; appearing in [BFZ, Exam-
ple 3.2.2] can be written as follows:

1= 9w, Ly =y, Z3 = Py Zy = Py,

To=ovw, Ti=ow; Tioa=pw, Tioas=vw, Tous=ow, Toa=pw,
and the equality Toy = A1345(x)A25(x) — A2345(x)A15(x) translates to pw, = Yw,Px —
YW, Py where

4 4
X::123 and Y::23 .

4.3. Proof of Theorem 3. As before, let i = (i,,...,i2,41) be a reduced expression of
w. Define j := (i,...,42). (This is a reduced expression of v := ws;,.) By Theorem 3.31
we have

radg, (Vig) = Vik-1.
This yields the following result:
Lemma 4.1. If P is Cy-projective-injective, then radg, (P) is Cy-projective-injective.
Corollary 4.2. If X € Cy, then rads, (X) € Cy.
Proof. There is an epimorphism P — X, where P is Cy-projective-injective. This yields
an epimorphism radg, (P) — rads, (X), see Lemma 3.2(ii). Now apply Lemma 4.1. [
For 1 < k < r with k% # r + 1 we have a short exact sequence
n: 0— Wi,k — P(V;’k) — Vi,k — 0

in Cp. The module S;, is a direct summand of the rigid module V;. Thus applying
Homy (—, Si;) to n yields

tops, (Wik) @ topg, (Vik) = tops, (P(Vik))-
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Thus by restriction we obtain a short exact sequence
0 — rads, (Wix) — rads,, (P(Vig)) — radg,, (Vig) — 0.

By Lemma 4.1, the module radg, (P(Vi)) is Cy-projective-injective, and by Corollary 4.2
we know that rads, (Wig) € Cy. Since

rads, (Vig) = V-1,

we get radg, (Wig) = P ® W1 for some C,-projective-injective module P. (Here we
just use the basic properties of the syzygy functor €, see [H].) Thus we have proved the
following:

Lemma 4.3. If we apply radg, (=) ton, we get a short exact sequence
0—-Po th,l — P& P(Vj’kfl) — V:j,k,1 —0

where P is Cy-projective-injective.

For 1 <1<k <r define
bi(l7 k) = _(Sizsiz.H T Sy (wlk)7 a’iz)'
(For I > k we define b(l, k) := 0.) Note that if [ > 1, then b;j(l,k) = b;(l — 1,k —1).

Proposition 4.4. For 1 <k <r we have
by (L,k) - (Vi
90‘/lk Htl ( a k)'

Proof. Let 1 < k < r. If k¥ = r 4+ 1, then the statement follows directly from [GLS5,
Proposition 9.6]. Thus assume k™ < r. By induction we get

—bj(1—1,k—1)
i) = L7 = T
Now Lemma 4.3 together with Theorems 2 and [GLS5, Prop051t10n 9.6] yield the result. O

The following statement is a direct consequence by Proposition 4.4.
Corollary 4.5. For 1 < k <r we have
a+(Wi7k) - a+(P(W7k)) = —a (VL]C) = —(0, v 70, bi(k:, kj), ey bi(2, k), bi(l, k:))

Now we can finish the proof of Theorem 3. For 1 < k < r we have to show that
ty = Ci(z;(t)), where

o 1 ﬁ ( a(ir.g)
ik = Py, )
90/\/ ‘PV”C G =1 LET ()

and k7 (j) ;== max{0,1 < s <k —1|1is =j}. We know from Proposition 4.4 that

(4.1) B ( Ht‘b (@:h)

We insert (1.1) in the right-hand side of equation (4.1) and obtain

k
1 Cilzi(t)) 000,
=1
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To prove Theorem 3, we need to show that for all 1 < k£ < r we have

k
—b;i(1,k
(4.2) o, = [] o P.
=1

This is done in exactly the same way as in [BZ, Section 4]. Namely, one first shows that
the exponent of ¢}, ~on the right-hand side of equation (4.2) is equal to b(k, k) = 1. Then
one shows that for 1 < s < k the exponent of ¢y; —on the right-hand side of (4.2) is equal
to 7

C(s) =05, k) + (s, k) = Y qlim,is)b(m, k).

st>m>s

A straightforward calculation shows that ((s) = 0 for all 1 < s < k. Finally, by [GLS5,
Corollary 15.7] we know that a function px € C[N] with X € C, is already uniquely
determined by its values on Im(z;). This finishes the proof of Theorem 3.

Remark 4.6. Recall that the module W is Vj-reachable. This shows that (¢w, ,, ..., %w;,)
is a cluster of the cluster structure on C[N*] defined by the initial seed ((¢v; ;- -, ¢v;,.), i)
By Theorem 3, the cluster (SOWM» ..., w;,) gives a total positivity criterion for N* in
the sense of [BFZ, BZ]. Therefore, every Vj-reachable cluster-tilting module of C,, also
provides a total positivity criterion.

4.4. Example. Let Q be a quiver with underlying graph 1 —2—3 and let i :=

(igy...,11) == (1,2,1,3,2,1), which is a reduced expression of the longest element in the

Weyl group Wg. It follows that C,, = nil(A) = mod(A). The modules V; =Vi & --- & Vj

and Wy =W; @ - - & Wy look as follows:
1

2

3

Wi=2, Wy=3 W3 =1V; Wi=,3 Ws=V; We = Vs
Besides the modules V, and Wy there are only three other indecomposable A-modules:
L1:123 Lo=2 L4:123

(The reason for naming the third module Ly and not Ls will become clear in Section 8.6.)
Here we used the same conventions for displaying A-modules as explained in [GLS5]. The
p-functions of the indecomposable A-modules are the following;:

v (z3(t)) = t6 +ta + 11 ow, (z;(t)) = tato

s (2;(t)) = tsta + tsth + oty ow, (z3(t)) = t3

ovy(z;(t)) = tataty ow, (z;(t)) = tsts
ovy(z;(t)) = tots + teta + tato o1, (z5(t)) = tstats + tststy
vs(2;(t)) = ttatsts oL, (25(t)) = t5 + t2

v (z;(t)) = tetsts oL, (z;(t)) = tetsts + tatsts

The modules P(V}) are the following;:

PW)=Vs P(Va)=Vs P(V3)=Vs P(Va)=Vs P(V5)=Vs P(Vo)="Vs



GENERIC BASES FOR CLUSTER ALGEBRAS AND THE CHAMBER ANSATZ 29

Thus, we obtain the twisted minors gp’vk = goﬂw(vk)cp;%‘/k):

Pala(®) =55 Aalat) = o sl = o

Py (2i(8)) = t;iiitg s (i(t)) = t5t41t3t2 Pa(i(t) = t6t15t3
Finally, we compute the maps Cj j:

Cip = 9;1/1 Cig = s;vz oy, Cis = (;% C P,

Cia = 90?/41190/% O, Cis = gpg/:% OV, PV, Cip = SD/V:‘PIW X%

5. MONOMIALS OF TWISTED MINORS

As defined before, let V :=V; = Vi@ ---@V,and W = W; =W & .- W,.
For a cluster-tilting module T in C,, and any X € C,, we consider Homy (7, X) as a
module over &7 := End(T)°P. The Ext-group Ext} (T, X) is a module over &7 and over
Ep = End; (T)°P. By dim Ext} (T, X) we mean the dimension vector of Ext} (T, X) as
an Ep-module.

From now on, for the reduced expression i = (i,...,71) we assume without loss of
generality that for each 1 < j < n there is some k with i, = j. We can also assume that

for at least one such j there are indices k # s with iy = is = j. (Otherwise all direct
summands of T are C,-projective-injective, i.e. R_ = &.)

5.1. Apart from the definitions for Theorem 4 the following will be useful:

O = Solvk = SOQw(Vk)SOI;%Vk) for k € R, in particular,
o, =" for | € Ruax,
(V)
o= [ e for k€ R_,
IER
()8 = ] (&) for g = (g1,...,9,) € 2",
kER
(g0 =TT (@™ for d = (dy)icr_ € N
keR_

Recall from [GLS5, Proposition 9.1] that the functions ¢y, can be seen as generalized
minors. The functions go’vk are the twisted generalized minors. The following proposition
describes some special monomials in the functions goQ/k. These results play a crucial role
in the proof of Theorem 4.

Proposition 5.1. Fort = (t,...,t1) € (C*)" and k € R_ we have

(5.1) Pw(zi(t) = Gr(zi(t) =t 8
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Moreover, for X € C,, we have

(52) 1)
im Ext} —dim Hom .B(V)
(5.3) = ( /.)(LE t4 (V,X)—dim Homy (V,X))-B (z;(t)).

Remark 5.2. It seems to be in general quite cumbersome to calculate the ingredients
a=— (W) = at(Wy) and BW) of equation (5.2). In contrast, by Corollary 4.5 we have

Pr(a;(8) = 72 (W),

Similarly, B) = (dim Homy (V}, Vi)1<ki<r) "' can be determined by our results in [GLS5].
Moreover, the dimension vector dim Homp (V, X') depends linearly on the multiplicities in
the add(M;j)-filtration of X, so that equation (5.3) appears to be much more convenient
for practical purposes, see [GLS5, Section 11].

The rest of this section is dedicated to the proof of Proposition 5.1.

5.2. Proof of Equation (5.1). For k € R_ we have by definition (see equation (1.1))
1

Cipt = H (gpl(k+)7(j))q(ik,j)
PPk jeQo
1 o N
= i H (‘Pl(k+)_(j))q( krJ) H (@/(kﬂ_(j))q( w)j
a5 JEQo
k> (k) () >k k>0 ()

1 o
Cik = H ((pgf(j))q(lw)

! A
Pr¥h- JEQo
1 o .
= o H(%_(j))q(w) H (%_(j))q(w).
kYE™ jeQo J€Qo
kT>(k™(5)) ">k (k=) >kt

For (k,j) € R_ x Qo we have k > (k*)~(j) if and only if (k= (j))* > k™, and in this case
(k7)7(j) = k= (j). Thus

H (Sol(k+)_(j))‘I(ikvj) _ H (‘P;c—(j))q(ik’j)'
J€Qo JE€Qo
k> (k)= (5) (k= ()T >kt

Using Theorem 3 we conclude that
tprty = (Ci,k+0ijk1)(lii(t))

= | ¢h- (o) H (90/(k+)—(j))q(ik’j) H (@;g—(j))fq(ik’j) (2i(t))
J€Qo J€Qo
(D) =GN Tkt >RT) ™ (G)>k EY>(k™ ()T >k>k™(4)
= P (wi(t))

where the last equality follows from the description of the quiver of Enda(V)°P in Sec-
tion 3.6 and the definition of ¢}. This shows the second equality of equation (5.1).
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For the first equality of (5.1) we compare mutations of V' and W in direction k. Thus,
for K € R_ we consider the short exact sequences

FBUe / [B13))+
0=Vi=@PV, TV =0 and 0=V -oPV, T 5 V—0
leR leR

as well as similar sequences for W. Since the stable endomorphism rings of V' and W are
isomorphic, we have B,(x) = B,(J?/) for all k,l € R_. Thus, if we write

_ _B<V) _B(V)

V_~(_k) _ @ Vl[ Lk PJ(rk) _ @ VE[ L+
leER_ l€Rmax

7 - D Vl[Bl(’Z)H R VZ[BI(,Z)M
ZGR— leRmax

_ 1) _ W)

Wik) _ @ Wl[ By 1+ ng) _ @ Wl[ By 1+
leR_ € Rmax

_ (W) (W)

W%F)==€})Lvy%$]+ QQQ:: 6}) M4Buk]+
leR_ leRmax

we obtain by the Snake Lemma two commutative diagrams with exact rows and columns:

0 0 0
0 Wi W el Wi 0
0 P(Vy) PV e P® g Q¥ — P(V) —0
0 Vi ARNED vy 0
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and
0 0 0
0 W/ W Q™ Wi 0
0 P(V)) rPv®)y e P® g Q" — P(Vi) —0
0 V! v @ p® Vi 0
0 0 0

Since in both diagrams the end term of the respective middle row is projective, both of
them split, i.e.

PV e PY el = Py e P 2 PV M) e PY ¢ QW
It follows that

-1
-1
(54) SOQ(JC) 90ng> - SOP(VJ(FIC))SOPJ(:C) <90P(V(k))gpp(k)> .

On the other hand, since Bl(x) = B,(J/ZV) for k,l € R_ we can write, with the above
definitions,

Al

ewr Pprk) Pp®) 1 oW
Pk = : :

- - and  Qwr = @y - — - .
Pp(vk) SOWf ¢P£k> - Wwf @Qf)

Thus ¢}, = ¢w, by equation (5.4).

5.3. Proof of Equation (5.2). Since W is a cluster-tilting module, for each X € C,, we
have a short exact sequence
0> Pwk - Pwr S X -0
kER kER

for certain g’ = (¢4,...,9.) € N and g”’ = (¢7,...,9/) € N". Note, that we can assume
gp = 0 for k € Ryax since Wy, is Cy-projective-injective in this case. Write W” resp. W’
for the first two terms of this sequence. Since W is rigid, the sequence remains exact under
Homy (W, —). We conclude that

(dim Homy (W, X)) - BW) = g/ — g

We know from Theorem 2 that there is a matrix A € N"™*" such that for 1 < k < r we
have

T
A
ow, (z:(8)) = [
=1
By Theorem 1, the modules W’ resp. W’ have a unique partial composition series W, =
(W) resp. W/ = (W"), of type i with
a'=wt(W])=g'- A resp. a’ = wt(W))=g"- A
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It follows that W)/ = W" N W/ for 1 <k <r. With X}, := p(W}) we obtain for all kK € R
a commutative diagram with exact rows

(5.5) 0—= Wi, Wi Xg-1—>0
0 wy! 44 Xk 0

and the vertical maps being the natural inclusions. By the Snake Lemma we obtain a
short exact sequence

0— Sf;’“/ - SZ} — X3/ Xp1 =0

and conclude that X,/ X;_; = Si= %, Thus, X, is a partial composition series of type
i

i for X with wt(X,) = (g —g") - A. Applying Homp(—, S;,) to the bottom row of the
above diagram shows that topg, (Xk) =0 for all k € R, since W, = (W'), . This shows
that X, is the refined top series of type i of X. All together we now have

im Hom g .BW) I _g!! 7 W . a—
(P(V%H AW, X))-B (z3(t)) = 878" (z;(t)) = £(8'—g"MA _ (wi(Xe) _ pa (X)

)

which is our claim.

5.4. Proof of Equation (5.3). For a Cy-projective-injective module X € C,, the claim
is clear by the definition of 902 for k£ € Rpax. So we can assume that X has no non-zero
Cw-projective-injective summands. Then we have a short exact sequence

0= X — PQYX)) = (X)=0

in C,, with Q'(X) having no non-zero C,-projective-injective summands. Now we apply
Homy (V, —) and obtain

dim Homy (V, Q1 (X)) — dim Homy (V, P(Q,' (X))) = dim Ext} (V, X) — dim Homu (V, X).
Thus, we have to show that

(5.6) (i) dimHoma (V2! (X)) ~dim Homa (V.P(2' (X)) BY) _ (dim Homa (W, X))-B07).

Using that ! is an autoequivalence of the stable category C,, we obtain again by the
Snake Lemma a commutative diagram with exact rows and columns:

0 0 0

0 w” W aP X 0

0 — P(Q,'(W")) — P(,' (W) & P& Q —= P(2,,' (X)) —=0
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where W’ and VY/ " have no non-zero C,-projective-injective summands, P is Cy,-projective-
injective, and W' & P = W4 € add(W). Similarly, we have Q,'(W’) without non-zero
Cw-projective-injective summands, () is C,-projective-injective, and
/17
Q, (WHeQ= Vglz;}(x) € add(V).
From this it is already clear that the components corresponding to R_ of the three vectors

(dim Hom (W, X)) - BW),

(dim Hom, (V, Q' (X))) - BY),
(dim Homy (V, Q31 (X)) — dim Hom, (V, P(Q,' (X)))) - BV
coincide. Since P(£2,'(X)) is C,-projective-injective, the middle row of our diagram splits.

Thus we have
P(Q,N (X)) & P(Q,'(W") = P(Q,' (W) & P& Q.

w
Finally, from the above diagram we conclude that

dim H W, X))-BW) _
90% omy (W, X)) ZQOV_V’QOV[}//QOP

and

A )(diimHomA(v,ﬂful(X))fdiimHomA<v,P(ﬂ;1(X))>)-B<V>

_ ewr Pr@t ) PPeLt (X))
Pr@gt (W) ywr 1

Thus (5.6) follows from the above isomorphism of C,,-projective-injectives.

6. CLUSTER CHARACTER IDENTITIES

6.1. Quivers with potential and mutations. We review some material from [DWZ2,
Section 4], which in turn is a review of [DWZ1]|. Let P(I', W) := C{(I"))/J(W) be the
Jacobian algebra associated to a quiver I' = (I'g,I'1, s,t) and a potential W € mcy, C
C((T")). For k € Ty we set

Ik = {beT, |sb) =k},

Ik .= {a ey | t(a) = k},

F(ka) = F(_vk) X F(k7+)
For a reduced quiver potential (I', W) and I without 2-cycles at the vertex k € I'g let
wr(L, W) be the mutation of (I', W) in direction k, as defined in [DWZ1]. For conve-
nience, we briefly recall the construction. First, a possibly non-reduced quiver potential
fir(D, W) := (T, W) is defined as follows: The quiver I' is obtained from I' by inserting for

each pair of arrows (b,a) € I'®*) a new arrow [ba] from s(a) to t(b) and replacing each
arrow ¢ with s(¢) = k or t(¢) = k by a new arrow ¢* in the opposite direction. Then

W := [W] + A, where
A= — Z [ba]a™b*

(b,a)el(2:k)

and [W] is obtained by substituting each occurrence of a path ba with (b,a) € T'?#) by
the arrow [ba] (after some rotation, if necessary). Our definition of A deviates from the
original one by a sign. However the resulting quiver potential is right equivalent to the
original one and more convenient for our purpose. Finally, ui (I, W) is by definition the

reduced part of (T, W)
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For a representation M of P(I', W) and k € I'; we need the following notation:

Mt (k)= @ M(s(a))

a€l(k,+)
M~ (k)= 5 M(t®b))
bel'(—:k)
M (o) = (M(a))geres = M7 (k) = M(k),
M(Br) := (M(b))aer-m : M(k) = M~ (k),
M (k) = (M (06,aW)) payerm : M~ (k) — Mt (k).
For an indecomposable representation M of P(T', W), which is not the * simple represen-

tation Sk, the “premutation” fi(M) = M is a representation of P, W) which can be
described as follows [DWZ1]:

o M(j):= M(j) for all j € Ty \ {k} and M(a) := M(a) for all arrows a € [y N Ty.
e M([ba]) :== M (b)M (a) for all pairs of arrows (b, a) € I'2+),
e It remains to define the maps

M (o) Mt (k) = M(k),
M(By): M(k) — M~ (k)
where M (k) := M~ (k) and M~ (k) := M+ (k).

Remark 6.1. It is an elementary exercise to verify that M is up to isomorphism uniquely
determined by the following properties of those maps:

(6.1) Ker(M (ax)) = Tm(M (),
(6.2) Tm (M (Br)) = Ker(M (ay)),
(6.3) Ker(M(6y)) C Im(M (ax)),
(6.4) M (Br) M () = M ().

A concrete choice of a triple (]/\Z(k)jﬁ(ak)jﬁ(ﬁk)) with properties (6.1)—(6.4) can be
found in [DWZ2, p.765].

Next, we need to extract some material from [BIRSm]. Let T =T, @ --- ® T, be a V}-
reachable cluster-tilting module in C,,. We consider the quiver I'r of the endomorphism
algebra Er := Endj (T)°P and the quiver 'y of the corresponding stable endomorphism
algebra 7 := End, (T)°P

We have (I'r)o = R = {1,2,...,r} with the vertex i corresponding to the direct sum-
mand T; of T'. We identify ' with the full subquiver of I'r with vertices R_ corresponding
to the non-C,-projective-injective indecomposable direct summands of T'. Thus we get a
surjective algebra homomorphism

¥: C{(Lp)) = &
such that ¢ (c) € Home, (T}, Ts(c)) for all ¢ € (I'p)s.
We fix some k € R_. Then there are short exact sequences
(6.5) 0T, % P T ﬁ—’“>Tk—>O
aer )
T
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and
;Y% B
(6.6) 0—1T, — GB Tipy — T — 0
ber M

such that p(T) := T}, & T/T}, is also a basic cluster-tilting module in C,,. It is convenient
to label the components of the above maps as follows:

k= (Qak) ep it Br = (ﬁ;@,a)aepg,w,
aj, = (Oéi,k)bd(T—,kn B = (Brp)pert0-
Lemma 6.2. With the above notation the following hold:

(a) One can choose v such that Ker(¢)) = J(Wr) for some potential Wy € meye C
C{(Lr)) and

Y(a) = ag ) € Home (Tk, Ty(q)) for alla € F(k’+)
W(b) = Brp € Home, (Tyy, Ti)  for allb e TS,
V(O0p, W) = Oéfhkﬁllw for all (b,a) € E(T’ ),
(b) We have a surjective algebra homomorphism

(U (C<<iT>> - §Mk(T)

such that
W(a*) = Bt € Home, (Ty), T4) for alla € D),
P(b") = ap,, € Homg, (Ty, Tywy)  for allb € L(T_’k),
Y ([bal) = akBrp for all (b,a) € T®),
vie) = v for allc € (Fp)i N (T)s.

Moreover, Ker(¢') = J(Wr).

Proof. By applying recursively [BIRSm, Theorem 5.3] it follows from [BIRSm, Theo-
rem 6.6] and [BIRSm, Theorem 4.6] that we can find a liftable (in the sense of [BIRSm,
5.1]) isomorphism

¥: P(Lp, Wr) = Ex.
Thus, by [BIRSm, Lemma 5.7] the conditions (O)-(IV) described in [BIRSm, Section 5.2]

hold for our ¢. This shows (a). Part (b) follows from [BIRSm, Theorem 5.6] and the
construction of ¢ (denoted by @' in [BIRSm]), see also [BIRSm, Theorem 4.5]. O

We now consider the following special case of the above: For an indecomposable module
X € Cy \ add(T & T}) we consider the indecomposable £ -module Ext} (7, X) via ¢ as
a representation M of P(Ly, Wr). Similarly, we consider Ext} (ux(T), X) via ¢/ as a
representation M’ of P (L, Wr).

Proposition 6.3. With the above notation, the representations M' and fi(M) of the
Jacobian algebra P(Ly, Wr) are isomorphic. Thus, we can consider the & (m)-module
Exth (ur(T), X) as the mutation of the Ep-module Ext} (T, X) in direction k.
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Proof. Note that M (ay) = Ext} (o, X) and M (By) = Ext} (Bx, X) by the first two equa-
tions in Lemma 6.2(a). Similarly, by Lemma 6.2(b) we have M’(ay) = Extj(a}, X),
M'(B) = Ext} (B, X), and M'(k) = Ext} (T}, X). According to Remark 6.1 it is suffi-
cient to verify (6.1)-(6.4) for this data. Indeed, (6.1) resp. (6.2) follows since Ext} (—, X)
is exact at the middle term of the short exact sequences (6.5) resp. (6.6). Next, (6.3) is
clear, since Ext} (ux(T), X) is an indecomposable £ uo(ry-module. Finally,

M'(Br) o M'(ay,) = Extj (o By, X) = EXt}\W(ab,aW)(b,a)@g,k),X) = M'(vk)

by the last equation in Lemma 6.2(a). Thus also (6.4) holds. O

6.2. Transformation of g-vectors and F-polynomials. We fix a Vj-reachable cluster-
tilting module 7" in C,,, and define for any X € C,, the (extended) index of X with respect
to T as
(6.7) g := (dim Hom, (T, X)) - BT e 7,
and the F-polynomial of X with respect to T as
E
Fe((er) = Y x(Grg" (Bxt)(T, X)))y®.
deN’-
Moreover, we will need the h-vector of X with respect to T’
h% := (hk)ker.  where hy = —dim Homg _ (Sk, Ext} (T, X)).
Fix k € R_ and write T" := p,(T) = T}, & T/T}, for the cluster-tilting module obtained

from T by mutation in direction k. Thus we have short exact sequences:

™ _
68) 0-T @1 ™ 5150 ad 057 > @1
leR leR

(T)
B
“”%naa

Let us recall the following observation from [FK, Section 3]: We have a short exact
sequence

_ —R
0 P " ->Pr" =X =0
keR_ keR
such that 7wy is a minimal right add(7")-approximation for certain non-positive integers

Bk and FL% It will be convenient to define h; := 0 for [ € Ry.x. From this we obtain the
exact sequences

(6.9) 0 — Homy | T, P 7" | = Homy (T, @Tkh§“> — Homy (T, X) — 0
keR_ keER

which can be viewed as a projective resolution of Homy (7', X') over End (7)°P, and

(6.10) 0 — Ext(T, X) — Ext} | T, @ Q' (To) ™ | — Exth [T, @ Q' (T) ™
keR_ keR_

which is a minimal injective copresentation of M := Ext} (T, X) over the stable endomor-
phism ring £;. Thus, it follows from (6.9) that

g% = (gr)1<k<r = (i — h)1<k<s-
In particular, g, > 0 for all £ € Ryax. On the other hand, we conclude from (6.10) that
hy = hy, == —dim Homg,_,(Sk, M) and Rl = —dimExtéT(Sk,M)
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for ke R_.
We have the following easy application of deep results in [BIRSm] and [DWZ2]:

Lemma 6.4. Let

g§ = (gk’)k’ERa h% = (hl)leR,, F = F;,
/

g%’{ = (9k)ker; hY = (hi)leR_7 F' = FXI'

Moreover, let B = (BZ(Q)LWERJ and let (B, (9))icr_) be obtained from (B, (41)icr_) by

Y-seed mutation in direction k in Qs((yi)ier_). Then for M = Ext) (T, X) and k € R_
we get

(6.11) hj, = — dim Exté(S;“ M)  and therefore gy = hy, — hj.
Moreover, for k € R_ we have

(6.12) (G + D" F((@)ier) = @+ D" F'((§))ier)

and for l € R we have

g — By +alBG)e  ifL#E,

—9k ifl =k.

Remark 6.5. Observe that (6.13) is just [DWZ2, (2.11)] (proved in [DWZ2, Lemma 5.2])
extended to our situation with coefficients. Our independent proof for this situation is
quite different.

(6.13) g = {

Proof. We know from [BIRSm, Theorems 5.3 and 6.4] that the stable endomorphism
algebra £, is given by a quiver with potential, and £ is obtained from £, by a mu-
tation of quiver potentials in direction k. Then by Proposition 6.3 the &£r-module
M’ := Ext}(T', X) is obtained from the £-module M = Exti (7, X) by mutation in
direction & in the sense of [DWZ2, (4.16) and (4.17)].

Now, equation (6.11) follows from the description of the minimal injective presenta-
tion of M in [DWZ2, Remark 10.8]. In fact, with the notation used there, we have
obviously dimU;; = dim ExtéT(Sk,M) = ﬁ;{ On the other hand, by the definition
of the mutation procedure for M in direction k and the construction of U;; we have
dim U} = dim Homg,,, (Sk, M') = hy,.

Similarly, equation (6.12) follows now from the “Key-Lemma” [DWZ2, Lemma 5.2].

Next, let Zj be the (r x r)-matrix defined by

1 0 0 0 0

0 1 0 0 0

T T T T
Zy = | [-BN]. -B%) 1+ -1 [-BY), ]+ B,

0 0 0 1 0

0 0 0 0 1

To prove equation (6.13), note that BT = Z,tCB(T)Zk, see [GLS2, Proposition 7.5]. More-
over, if we apply Homy (—, X) to the second short exact sequence in (6.8) we obtain with
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M = Ext} (T, X) the exact sequence

5™
0 — Homy (Ty, X) — Homy (6P Tl[ Ll X) — Homy (T}, X)
lER
(T)

—)M(k) M (B) @ M(Z)[in*lh_
leR_

where dim Ker(M (8x)) = —hy. Thus
dim Homp (T, X) = (dim Homy (T, X)) - Z} — hyey,

where ey, is the kth standard coordinate vector of Z". Now, using Z = Z, L and Bl(cjl;) =0,
we find g’ = gZi, + hiperBT). This implies our claim since —B,ng) = Bla,;) for all (k,1) €

R_ x R. O

6.3. Proof of Theorem 4. Again, let W := Wj. We show in a first step that
px = 0%

for all X € Cy,. It is well known that the morphism z;: (C*)” — N* is dominant. In fact,
by [L2, Proposition 2.7] it is injective, and N" is irreducible and of dimension r. Since
¢ox € C[N*] and Y is a rational function, it is sufficient to verify this equality on z;(t),
see also [GLS5, Corollary 15.7]. Now, we have:

ox(z;(t) = Y x(Fiax)t*
acN"
=62 00 37 (Gl (Bxth (W, X)) g2 )
aeN”
dim Hom (W, X))-BMW) £ R
= i HomatW XD B (6)) ST w(Gr (Exth (W, X)) ¢4 (2:(t))
deNf-

= Q)Vg@i(t))-

The first equality is just the description of px given in [GLS5, Proposition 6.1], and
the second equality follows directly from Theorem 1. To prove the third equality, we
have to show that t272 (X) = ¢d (2(t)) for all a € N" and d = (dp)ker_ := dix(a).
Proposition 5.1 yields

A (i) = T et H™,

keR_

and by Theorem 3.27 we have

di = (a, —ag) + (a,- —ap-)+---+ (a

min

- akmin )

for all k € R_, where a=(X) = (a,,...,a; ). Observe that for k € Rpax we have dy- =
ar — a;, . Now an easy calculation yields the result. The last equality is just the definition
of 8. Since the image of z; is dense in N* and ¢y is regular (and thus continuous), we
get ox = 9}’(‘/.

Since W is Vj-reachable, it remains to show the following: If a new cluster-tilting module
T’ is obtained from a cluster-tilting module T by mutation in direction k, then 9;(/ = 0;( for
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all X € C,. This follows from Lemma 6.4 with the notation used there and a calculation
inspired from the proof of [FZ2, Proposition 6.8]:

0% = o5 F (¢r)
. —he . . y
=8 (Prp+ 1) ™ F (o) (brg + 1)
~ h/
. - o+ 1\ .
= o (prac+ ) (P T o)
PTk

) P Y
= 0% (P + 1) 7% Gy F F (P17)

TR N (e e
= & sOTk@T/HsDTZ e F' (¢17)
leR lER
B B(T)h/ —Jk N
= (H pr, B Ko ) <<PTk<pT,;> F' (o17)
leR

a+1B{) 19 —B ) h -9, .
- < e T (pnen ) T OF (@r)  (since gy = hy — )
leR

=G5 F (¢r)  (by (6.13))
= 9X

(Here we set g := gk and g’ = g§ ) At the beginning, we used that the Y-seed
((Bl(;; ))k,leR_ ,$77) is obtained from (( B )k,leR_ , 1) by Y-seed mutation in direction k

by [FZ2, Proposition 3.9].

6.4. An example. Let () be the Kronecker quiver

1—=2

and let A = CQ/(c) be the corresponding preprojective algebra. Then i = (2,1,2,1) is a
reduced expression for the Weyl group element w = s9s15251. (The stable category C,, is
equivalent to the cluster category of CQ, see [GLS5, Section 16].)

The following picture describes the module V := V; = Vi &- - - &V} and the quiver I'y of
Ev := End, (V)°P. (The numbers 1 and 2 in the picture are basis vectors of the modules
Vi. The solid edges show how the arrows a and b of ) act on these vectors, and the dotted
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edges illustrate the actions of a* and b*.)

1 1 1 1

N/ N N/
2 2 2

1

S N

N/ N/
2 2

-
N

—_— 1
. .

From the well-known description of & by a quiver with relations, we obtain BWY) . the
matrix of the Ringel form of £ and its inverse:

0 -2 1 0 1 23 4
vm_[2 o —2 1 -1 [0 1 2 3
B -1 2 1 =2 and  (B*) 1 2 4 6
0 -1 0 1 01 2 4

Note that the entries of (B(Y))~! describe the dimensions of Homy (V;, V;). Observe also
that £y, := End; (V)P is isomorphic to CQ. Next, we describe

W = WIZIw@Qw(V;):Wl@@W4
Note that I, = V3 & V4, W3 = V3 and Wy = V4. We have short exact sequences

0= Wy —=Vy =V =0 and 0— Wy — V& = Vo =0,
Thus
1 1 1 1 1 1 1 1
N/ N /N /7 N/ N N/
Wi = 2 2. 2. 22 2
1 1 1 1
N/ N N/
and Wsy = 2 2 2
1 1

In our situation, we have W = (p1 o u2)(V). Using [GLS2, Section 7] we get

0o -2 3 0 25 14 9 14
wy |2 0 —4 -1 w1 1609 6 9
BY =123 4 1 o and (B =111 ¢ 4 ¢
0 1 -2 1 6 3 2 4

The quiver Ty of Ew := Endy (W)°P looks as follows:

Vi Wa
2
2 4
V3 3 Wi

(Here we write § ——j in case there are m arrows from i to j.)
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For A € C we consider the following A-module in C,:
1 1 1 1
2. 2 2

%

A=

Note that X = Q,(X,). A direct calculation shows that Ext} (VX)) is an (indecom-
posable) regular CQ-module with dimension vector (1,1) and that dim Homa(V, X)) =
(1,2,3,5). This implies that

(dim Hom, (V, X)) - BY) = (1,-1,0,1).
Using the exact sequences
0 — Homy (Vi,, X») — Homy (P(Vi), X») — Homp (Wi, X») — Ext} (Vi, X)) — 0
for k = 1,2, we obtain dim Homu (W, X)) = (9,5, 3,5), and therefore
(dim Hom, (W, X)) - BW) = (1,-1,0,0).

Finally, since Q,'(X)) = X, we get that also Ext} (W, X) is an indecomposable regular
CQR-module with dimension vector (1,1).

It is straightforward to calculate (using the Euler characteristics of the corresponding
varieties of partial composition series) the following:

ox, (2;(t)) = tatit] + tytstit] + tyt5tst]

ovi(z;(t)) =tz +
Pva(2:(t)) = ta(t + 25ty + 1) + tot]
vy (z;(t)) = t5t5t]

v, (z;(t)) = t4t3t5t]

o (a;(t)) = 131501

o (;(t)) = 56511

Note that the ¢-functions of the direct summands of W evaluate on z;(t) to monomials.
The F-polynomial of each indecomposable representation of
End., (V)°? = End. (W) = CQ
with dimension vector (1,1) is 1 4+ y2 + y1y2. Thus, from the definitions we get
9% = <PW190171/12(1 + Swa + PwaiPwa);
9}/9 = Qy, 90‘_/2190v4 (1+ @y + GvaPya)-
Thus, by Theorem 4 we should have

(6.14) ox, = 0%, = 0%,

From the matrices B(Y) resp. BW) we get
Bvi = PiyPrs Pwi = P, Pres
Pva = OV POV Pwa = P Pvy P, -

We verify equation (6.14) by evaluation on z;(t). First, we observe that

S (zi(t)) = tst'  and Pwa(z;(t)) = tyty .
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This implies that
(w, oy (L + Gwz + Gwadw2))(@i(b) = tst31 (1 + tyty " + tytsty '171) = ox, (2;(t)).
On the other hand, from the definitions we get
v, <Px_/21 ey, 1+ Qv+ Qvidve) = %_/114!7\_/21(90%/1 Pv Py T P Pvy)-
Evaluation at z;(t) yields

tat3t3(ty (ts + t1)% + to17)? + 4156581 (3 + £1)* + 136519
(t3 + t1)(ta(ts + t1)% + tyt3)

= t, (24243 + t13t]) + t4t5t]

= ox, (2;(t))-

7. E-INVARIANT AND EXT

For a cluster-tilting module 7" in Cy, and & := &4, let E: C,, — mod(€) be the functor
defined by X +— Extllx(T , X). This functor is known to be dense (i.e. up to isomorphism,
all objects in mod(€) are in the image of F), see for example [KR, Proposition 2.1(c)].

The following proposition shows that, for an £-module of the form E X, the E-invariant
defined in [DWZ2] has a nice geometric description as the codimension of the orbit of X
in the nilpotent variety. This result plays a crucial role in the proof of Proposition 8.6 and
of Theorem 5.

Proposition 7.1. Let T € C, be a Vi-reachable cluster-tilting module. Then for any
X, Y € C, there is a short exact sequence

0 — DHomg (Y, 7¢(X)) — BExtj (X,Y) — Homg(X,7¢(Y)) — 0.
In particular, if dim, (X) = d we have

codimpw (GLg .X) = dim Homg (EX, 7¢(EX)) = dim HOHlQ(Té_l(EX), EX).

Proof. The stable endomorphism algebra £ of T' is the Jacobian algebra of a quiver with
potential, see [BIRSm|. Denote by Gp the corresponding Ginzburg dg-algebra and by
Dpert(GT) resp. Diq.(Gr) the corresponding subcategory of perfect complexes resp. of
complexes with total finite-dimensional cohomology of the derived category. The shift in
Dpert(Gr) is denoted by X. Following Amiot [A] we have the generalized cluster category
as the triangulated quotient

Cr:= Dperf(GT)/Df.d.(GT)'

It follows from [ART] that C,, = Cy as triangulated categories, and then from [BIRSm]
and [KY] that Cy = Cr. Next, denote by F C Dpert(Gr) the subcategory which consists of
the cones of maps in add(G7). Then the canonical projection Dpert(Gr) — Cr induces an
equivalence of additive categories F — Cr [A, Proposition 2.9, Lemma 2.10], see also [KY,
Remark 4.1]. By [A, Proposition 2.12] we have for X, Y € F a short exact sequence

0= Extp (p)(XY) = Exte, (X,Y) = DExty gy (Y, X) = 0.

rf

We have to show that DExt%)perf(GT)(X, Y) = Homg (H(Y), 72 (H(X))), since H°(X) =
Homp  (c)(Gr, X) = Home, (T, X) for X € F.

To this end we choose a minimal presentation

(7.1) P % Py —» X — SP with Py, P, € add(Gr).
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Now, for P € add(Gr) and Y € Dpe(Gr) we have
Homp () (P,Y) = Home (HO(P), HO(Y))
and Homp__,(P,XY) =0if Y € F. Thus,
Extp  (ap)(X:Y) = Homp () (X, BY) = Coker(Homg (H" (p), H'(Y)))-
Next, the sequence
0
HO(P) % gO(Ry) = HO(X) = 0
is a minimal projective presentation in mod(£) because of the minimality of (7.1). Since
we have Homg (H°(P), L) = DHomg (L, vg(H°(P))) for L € mod(£) and P € add(G7) we
conclude that

DHomp__ () (X, 5Y) = Ker(Homg (H(Y), vg(H"(p)))) = Homg (H(Y), 7 (H°(X))).
Here vg is the usual Nakayama functor. Finally, by Lemma 8.1 below, we have
dim Extj (X, X) = 2 codimpu (GLg . X).
This yields the result. O

8. GGENERIC BASES FOR CLUSTER ALGEBRAS

8.1. Generically reduced components. For a Vj-reachable cluster-tilting module T’
in Cy, the algebra £ := £ is given by a quiver with potential [BIRSm]. Then by [DWZ2,
Corollary 10.8],

dim Homg (75 1(Y),Y) = EM(Y)
is the E-invariant defined in [DWZ2]. Since this translates into a simple rank condi-
tion [DWZ2, Equation (1.17)], for each irreducible component Z € Irr(€) the following
hold:

(i) There is a dense open subset &’ C Z and a unique h(Z) € N such that
dim Homg (71 (U),U) = h(Z)
forall U e U'.
(ii) There is a dense open subset U” C Z and a unique e(Z) € N such that
dim Extg (U, U) = e(2)
for all U e U".
(iii) There is a dense open subset U C Z and a unique ¢(Z) € N such that
codimz(U.GLq) = ¢(2)
for all U € U".
It is well known that
c(Z)<e(Z)<h(Z).
(For the second inequality, one uses the Auslander-Reiten formula
Extg (U, U) & DHomg (77 '(Y),Y).
For an algebra A and A-modules M and N, Hom,(M, N) denotes the homomorphism
space Hom 4 (M, N) modulo the subspace of homomorphisms factoring through projec-
tives.) It follows from Voigt’s Lemma [G, Proposition 1.1] that Z is (scheme-theoretically)

generically reduced if and only if ¢(Z) = e(Z). Recall that Z is strongly reduced if
c¢(Z) = h(Z). So, strongly reduced components are in particular generically reduced.
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8.2. Open subsets of nilpotent varieties. For d € N” let Aq be the affine variety of
nilpotent representations with dimension vector d of the preprojective algebra A. Follow-
ing Lusztig [L1, Section 12], Aq is equidimensional with

(8.1) dim(Aq) = Y _ d(s ().

acQ
On Aq acts the group GLa = [[;c, GLa(;)(C) from the left by conjugation. We have
the following surprising result, which we borrow from [GLS4, Lemma 4.3].
Lemma 8.1. Let M be a nilpotent A-module with dim, (M) =d. Then
2 codimy, (GLg .M) = dim Extj (M, M).

Proof. We have
2 codimy (GLg .M) = 2(dim(Aq) — dim(GLg) + dim Enda (M)) = dim Ext} (M, M),
where the last equality holds by (8.1) and [CB, Lemma 1]. O

Using the notation from Section 3, let J,, := J;1, where A = A and i = (iy,...,41) is
a reduced expression of w. This definition does not depend on the choice of i, see [BIRS,
Proposition I11.1.8].

Lemma 8.2. We have
Cw = {X € mod(A) | Ext}(D(A/Jy), X) = 0= Homy (X, D(Jy))}.
Thus, the subset A :={X € Aq | X € Cy} is open in Aq.

Proof. Since A/J,, is Gorenstein [BIRS, III Proposition 2.2 and Corollary 3.6] we have
Cw := Fac(A/Jy) = {X € mod(A/J,,) | Exty ;. (D(A/Jy), X) = 0}.
We consider the short exact sequence
0— D(A/Jy) 5 D(A) & D(J,) — 0.
A/ Ty

Since Homy (X, D(A)) = D(X) and Homy (X, D(A/Jy)) = D(X/J,,X) naturally, we con-
clude that X € mod(A/Jy) if and only if Homy (X, p) is an isomorphism.

For X € Fac(A/Jy) we have by [BIRS, I11.2.3],
0 = Ext}(D(A/Jy), X) = DExtk (X, D(A/Jy)).
It follows that
0 — Homp (X, D(A/Jy)) Homy (X, D(A)) — Homu (X, D(Jy)) — 0

is exact. Now, Homy (X, ) is an isomorphism since X € mod(A/Jy). This implies that
Homp (Jy, X) = 0.

Conversely, if X € mod(A) fulfills the conditions of the lemma we conclude from
Homy (X, D(Jy)) = 0 that Homp (X, 4) is an isomorphism. Thus X € mod(A/Jy,), and
we infer Ext}\/(]w (D(A/Jy), X) = 0 from Ext}(D(A/Jy), X) = 0.

Homp (X )
—

If A is of Dynkin type, i.e. finite-dimensional, the conditions of the lemma define ob-
viously an open subset in Ayq. Otherwise, J,, is as a tilting module a finitely presented
A-module [BIRS, Section III.1]. Thus we get an injective resolution

0= D(A/Jw) = @D D(esN)™ — €D D(eih)™ — 0
i€Qo 1€Q0
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so that Homp (X, D(J,)) = 0 represents also in this case an open condition. O

8.3. The syzygy functor preserves irreducible components. The results of this
subsection will only be used in Section 9.1, where we prove the second part of Theorem 6.
We consider for e € NF the subset

de = {X € Ag | dim Homy(V, X) = e}.

By the upper semicontinuity of dim Homy (Vj, —) and Lemma 8.2, Aq e is a locally closed
(possibly empty) subset of Aq. Note that for a given e there is at most one d = d(e) such
that Ag, # @. We showed in [GLS5, Section 14] that in case Ag, # @, it is irreducible
and of the same dimension as Aq. In particular, if Ay, # @ its Zariski closure is an
irreducible component of AY§ and each irreducible component of Ay is of this form.

Proposition 8.3. For X € Afi”’e let h: P — X be a Cy-admissible epimorphism (i.e.
P, X € Cy and h is an epimorphism with Ker(h) € Cy, ), where P is Cy,-projective-injective.
Then for d’ := dim, (P) —d and a unique € € N there exists an irreducible variety Eq o
together with open morphisms

ge’ e
Z—’/ X
Ariu’,e’ Aqé],e
such that for each E € E ¢ there exists a short exact sequence

0= (E) 5P r(E)—o0.

Proof. The proof consists of four steps.

(i) Let e be the (componentwise) minimum value of the map Ag§, — Nf- defined by
X — dim(Hom, (V, X)) = dim(DExt}(X,V)). Let Al“i”:; be the open subset of A,
defined by

AYT o= {X € AY, | dim(Home, (V; X)) = &},
Suppose that P € Ag, ., and set e :=e” —e+é. Itis easy to see that for a short exact

sequence
0 X >P—>X—=>0

in C, with X € AY_, we have X’ € AY, _, if and only if X € A, since Extj(V, X') =
Hom (V, X).

(ii) We claim that
oo = {(X',i,p, X) € AY o x Homg, (CY,C?") x Homg, (CY",C) x AY
i € Homy (X', P) injective, p € Homp (P, X) surjective ,poi = 0},

el

together with the obvious projections has the required properties. By construction, we
only have to show that m and «’ are open.

(iii) As for the openness of 7, consider the vector bundle
Ve := {(p, X) € Homg, (C*",C%) x AY, | p € Homy(P, X)}.

This is a subbundle of the trivial vector bundle Homg, (€4” cd) x A§ - In particular, the
projection ma: Ve — AY ., (p, X) — X is an open morphism. The set

Vo' = {(p, X) € Ve | p surjective}
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is a dense open subset of V.

It is a standard argument to check that

o :={(X',i,p, X) € Agr x Homg, (CY,C4") x Homg, (C",CY) x AY
i € Homp (X', P) injective, p € Homy (P, X) surjective ,poi =0}

el

together with the obvious projection
7340 Eo — VI, (X' )iy, X) = (p, X)

is a GLg/-principal bundle. In particular, w34 is open, and & is an irreducible variety.

Now, by Lemma 8.2, and step (i) of the proof, £ ¢ is a dense open subset of £. Thus ,
as a composition of the open morphisms mpom34: £ — AY . and the inclusion £ ¢ < Ee,
is open.
(iv) Let

Ayt = {X" € A o | dim Ext}(V, X') = &}.

This is a locally closed subset of AY, ;. A similar argument as in step (iii) shows that the

restriction
w,+
gelve % Ad’,e’

of ' is open. It remains to show that Afj",’:, is dense in A§,7e,. To this end we note that
there exist constants f, f/ € N such that
dim(r~!(n(E))) = f  and  dim((x")"(x'(E))) = [’

for all E € £y e, see step (iii) of the proof. Moreover, by Schanuel’s Lemma, for X € Im(7)
we have 7/(77!(GLq.X)) = GLg .X’ for some X’ € Im(n’). Thus, we have in this
situation

(8.2) codimp,(GLg.X) = codimpw (GLqg.X)
= codim,w.+ (GLg .X") < codimy , (GLa .X").

d/,e/
On the other hand, since Ext}(X,X) = Exti(X’,X’), we have by Lemma 8.1 that
codimp 4 (GLq .X) = codimp , (GLg/ .X"). This implies by (8.2) that

dim(Ay L) = dim(AY o) = dim(Aq)).
0

8.4. Bongartz’s bundle construction. By Lemma 8.2, we know that AY is an open
subset of Ag for all d. The varieties Aq and AY are equidimensional, and we know that
their irreducible components for all possible dimension vectors d parametrize the dual
semicanonical bases S* of C[N], and 7, of C[N]Y' () respectively.

Given e € N~ and ¢ € N we consider the locally closed subset

A= X e AY | dimExt) (Ty, X) = e(k) for k € R_ and dim Ends(X) = ¢} .

We say that a subset J C Ay is a T-sheet of type e if it is an irreducible component

of some A((je’c). In this case, we say that ) is dense if the Zariski closure Y in Ay is an

irreducible component of Ay.

Clearly, AY is a finite union of T-sheets, and each irreducible component contains a
unique dense T-sheet.
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Remark 8.4. (1) Let us recall some definitions and results from [CBS]. We write Z =
Z'® 2" for irreducible components, say 2’ C AY, and 2" C AY,, if and only if Z €AY, 40
is an irreducible component which contains a dense open subset U such that for all X € U
we have X = X' @ X” for some X’ € Z’ and X” € Z”. This is possible if and only if
Ext} (2/,2") = 0, i.e. if there are dense open subsets 4’ C 2’ and U” C Z” such that
Ext) (X', X") = 0 for all X’ € U’ and X" € U". (Note, since C,, is 2-Calabi-Yau, the
conditions Ext} (2, 2") = 0 and Ext} (2", 2’) = 0 are equivalent.) On the other hand,
Z C Ay is by definition indecomposable if it contains a dense open subset ¢/ such that all
X € U are indecomposable. For example, since Ext}\(Tk,Tk) = 0, one can apply Voigt’s
Lemma to show that
T := GLq . T}
is an indecomposable irreducible component. (Here we set d := dim (7%).)

With these definitions, each irreducible component Z admits an essentially unique de-
composition into indecomposable irreducible components, see [CBS].

(2) We say that an irreducible component Z C AY is generically T-free if in the decom-
position into indecomposable components, there is no summand of the form 7; for any
1 <k <r. As a consequence of (1), each irreducible component Z C AY can be written
uniquely as

z=zZoP1T™
kER
with Z’ generically T-free. If e € Nf- is the type of the unique dense T-sheet )’ C Z’,
then in the above decomposition my = 0 in case e(k) # 0 by the definition of type.
Moreover, the unique dense T-sheet ) C Z has the same type as ).

We have the following variant of a construction by Bongartz [Bo, Section 4.3]:

Lemma 8.5. Let Y C Ag be a T-sheet of type e. Then there exists a GLq-GLe-variety

By together with morphisms
By
A
y

mod(&, e)
such that
e 71 is a GLg-equivariant GLe-principal bundle,
e 7y is GLe-equivariant and GLqg-invariant,
o IfY €Y, then ma(B) = Exti(T,Y) for all B € ny *(Y).
Proof. Tt is easy to derive from [Bo, Section 2.4] that for any k& € R_, the set
Eyi={(Y,e)|Y €Y and e € Ext (T}, Y)}
can be given the structure of an algebraic vector bundle of rank e(k) over ). It follows
that
By == {(Y, (vr)ker_1<i<e(r) | Y €V and (vg1)1<i<e(k)
is a basis of Ext}(T,Y) for all k € R_}

is together with the obvious projection m; a GLg-equivariant GLe-principal bundle over
Y. Then one proceeds as in [GLS5, Section 14]. O

Proposition 8.6. For Z € Irr(mod(&, e)) the following are equivalent:
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(i) Z is strongly reduced.
(ii) Z = mo(By) for some dense, generically T-free T-sheet of type e.

In this case, Y is uniquely determined, and Z = wa(Byr) precisely for the dense T-sheets

ycye o

keNull(Z)

with my € N.

Proof. Since each M € mod(£) is of the form M = Ext}(T,X) for some X € C, we
conclude that Z is a countable union of constructible sets of the form ma(By) for certain
T-sheets Y of type e. Since C is not countable, the Baire category theorem implies that
Z = my(By) for one of these T-sheets, say Y C AY.

There is some ¢ € N such that codimy(GLq.Y) = ¢ for all Y € Y by the defini-
tion of the T-sheets. We claim that then m(By) contains a dense open subset M such
that codimz(M.GLe) = ¢ for all M € M. Indeed, for any M € ma(By) we have
codimg,, (15 1(M.GLe)) = c since there are only finitely many orbits, say GLgq.Y; for
1 <s<tin), such that Ext}\(T, Ys) & M, so that

t
w5 (M. GLe) = | J 77 '(GLa .Y).
s=1

Now, codimg,, (77 H(GLq .Y)) = codimy(GLq.Y) = ¢ for all Y € Y since m is a principal
bundle. So our claim follows from Chevalley’s theorem.

Finally, let h := codimpw(Y). Then codimpw(GLq.Y) = ¢+ h for all Y € Y. Thus,
since each M € m2(By) is of the form M = Ext)(T,Y) for some Y € ), we have by
Proposition 7.1,

¢+ h = dim Homg (M, 7¢(M)).
Thus, Z is strongly reduced if and only if h = 0. The rest is clear by Remark 8.4(2). O

8.5. Proof of Theorem 5. Consider the epimorphism
IIp: C[N*] — A(L'y)
defined in Section 1.5. Then, by Theorem 4 and our results from Section 6.2, for X € C,,
we get,
Ir(px) = HT(H)T() =a™- wExt}\(T,X’)
where we write
X=Xo é "
k=1

in such a way that X’ has no direct summand from add(7"), and we set m := (mg)rer_-
Thus, by Proposition 8.6, the image of the dual semicanonical basis of C[N*] under IIp
is just the generic basis GL. (This is indeed a basis by [GLS5, Section 15].) This finishes
the proof.
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8.6. An example. We continue with the example from Section 4.4. Let W := W; =
W1&®---® Ws. The quiver I'yy of &y looks as follows:

W3

N
NN

An easy computation yields

0 -1 1 1 -1 0 110111
1 0 0 -1 0 0 010101
wy_|-1 0 1 0 0 0 who1 |11 1111
B 1 1 0 0 1 -1 and (BT =10 5 01 1
1 0 -1 -1 1 0 101121

o 0 0 1 -1 1 001011

Note that £ := &£y is the path algebra of the quiver I'y,
1%

1
7N
b W2

modulo the ideal generated by {ba, cb,ac}. We have

Wy

B =11 o0 -1

Let S1,S52,51 be the simple £-modules corresponding to the vertices of I'y,, and let
P, P, Py and Iy, 15,1 be their projective covers and injective envelopes, respectively.
One easily checks that Iy = Py, Io = Py and Iy = P», and that S1,S5%,S54, I1, I, I4 are
the only indecomposable £-modules up to isomorphism. Let us write these modules as
representations of I'y:

Sl (C 82 0 S4 0
/N /N /N
0 0 0 C C 0

I C I C 1y 0
N VAN /N
C=——0 0 C C=——C

Next, we determine the £-modules Ext} (W, X), where X runs through all 12 indecom-
posable A-modules.

Exty(W,V1) = I Exty (W, V3) = I Extp (W, Vi) = I
Exth (W, Ly) = S Exth (W, Ly) = S, Ext}h (W, Ly) = Sy

and we have Ext} (W, W},) = 0 for all 1 < k < 6. Since £ is a representation-finite algebra
(it has only 6 indecomposable modules), each irreducible component in Irr(€, e) is the
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closure of some GLL—orbit. For an £-module Y in mod(&,e) let Oy := Y.GLe be its
GLe-orbit, and let Oy be the Zariski closure of Oy. We get

Ir(€) ={Oy | Y = I' ®I3* ® I{* ® S* | ar,az, a4, 81, > 0, k=1,2,4}.
An easy calculation shows that
(&) ={0y | Y =" I & Ij* ® SpF | ar,a2,a4,5, >0, k=1,2,4,
sia4 = sga; = sqap = 0}.

Next, we compute the functions vy, where Y runs through the 6 indecomposable £-
modules. Observe that Zy,; = 1}25621, Twa = :pflm and Ty = xlxgl. We obtain

Ys, = 7 a1 - jg[)/,o,o)) +1 ic%,’o’o)) = a7 ey (1 + zox) )
Vs, = w105 (1 - g%g[)/,o,o)) +1 a%%,?,’l’o)) = zyy (14 27 'ay)
Vs, = o, (1 aﬁ“g,([),’o’o)) +1- i‘%,?,’o’l)) = xox; (14 2125 1)
Yr, =z (1 :%%,?/0 )) +1- i"%,’o’o) +1- :%%,[1/’0’1)) =27 (14 2ozt + woxy toay )
Y, = a3 (12000 112080 41 200y = o (1 4 2 ey + wory ey )
br, =2y (1200 11 (00 Vo1 200Dy = o7 (1 + may 4 2y ez )

The basis QXJV consists then of the following 14 sets of monomials:

b b
{7575 1/’?11%21??4
a b ¢ a,b c a, b c a b jc
¢51 Y1, ¢y, ) ¢sl Y1, zyPg, %2 ) 1?4¢sl
a b ¢ a,;b c a,.b c a, b, c
Y,V Y1, T3P s, Y1, 1V, Y1, 1T,
a b ¢ a,.b c a,b c a, b, c
s, b1, Y7, 1Pg, Y1, g, ¥1, 1Ty,

where a,b,c > 0.
For example, from our calculations in Section 4.4 we get
Vi = PWe P F P OWs P W + PWs P -
As predicted by Theorem 5 we get
(Il 0 ®7)(pvy) = a3t + g o g + a7t =9y,

9. CATEGORIFICATION OF THE TWIST AUTOMORPHISM

9.1. We define an isomorphism
+1 +1 +1 +1
ki Clo ot ] = Clotd oot ]
of Laurent polynomial rings by
Pin 7 P
for 1 < k <r. By the Laurent phenomenon [FZ1], each cluster variable of a cluster algebra
is a Laurent polynomial in the cluster variables of any given cluster. It follows that C[N"]
is a subalgebra of both (C[go‘i/ii, ey gp‘jﬁlly] and (C[goﬁ,liyl, ey (plj/EVli,r]' Here we use that Wj is
Vji-reachable.
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By Theorem 4 and the definition of k; we have for X € C,,

i im Hom 4 .B(V1) i ~
Ri(iox) = mi(03) = (ip))DmHoma VX BEV R (2)).

Here we also used that Ext} (V;, X) and Ext} (W;, Q,, (X)) are isomorphic as modules over

End. (V3)°P = Ende (W;)°P. Now, using the short exact sequence
0—Qu(X)—>PX)—>X—0

where P(X) is Cy-projective-injective, we get

(i) (dim Homa (i, X))- BV _ (1 y(dim Bxct} (Vi 2w (X)) —dim Hom (Vi Qu (X)))-BMY) -1
° - ° P(X)
Here we used that
(o) (dim Homa (G, P(X))- B _ ;-1
. = Ppx)
Thus, we can continue with the help of Proposition 5.1 and Theorem 4:

im Hom (Vs .B(VD) f « dim Homp (W;, Q4 (X)))-B(W1) AN —
(p,)im Homa (X0 BED gl () = g Homa (Wil CODEEH ol (o op iy
-1
:(PXQOP()Q-

This proves that k; does not depend on the choice of the reduced word i. Thus we can
denote by k,, the restriction of k; to C[N™] C (C[np‘jﬁill, ce go‘i,ilr}. Moreover, the fact that r,,

permutes the elements of the dual semicanonical basis follows directly from Proposition 8.3

and our results in [GLS5, Section 15]. It now remains to prove that r,, = (n%)~ L.

9.2. Definitions and known results. Before we proceed, we recall some definitions
and known results. For more details we refer to [GLS5].

Let w € W. We denote by Dg, y(w,) the restriction to N of the generalized minor
A, u(w;)- Let Oy be the open subset of N defined by

Oy = {a: EN | Dy, wt(w,)(z) #0forall 1 < j < n}
Following [BZ] and [GLS5], we introduce a map 7, : N N O, — N" by

T (z) = [wz'];.
Here, for g in the Kac-Moody group of g admitting a Birkhoff decomposition, [g]; stands
for the factor of this decomposition belonging to N. Let N(w) = N N (w™!N_w) and
N'(w) = N N (w ! Nw) be the unipotent groups associated to w [GLS5, Sections 5.2
and 8.2]. Multiplication in N induces a bijective map N(w) x N'(w) — N. The ring of
N'(w)-invariant functions on N, denoted by C[N]V' () is thus isomorphic to C[N (w)].
The restriction of 7, to N(w) N Oy, is an isomorphism from N(w) N O, to N*. Also,

N" C Oy, and the restriction of 7, to Nv is precisely the automorphism 7, of NV
mentioned in Section 1.6.

Fix z € N¥, and set z = 1,1 () € N¥. Also let y be the unique element of N(w) N Oy,
such that 7, (y) = x. It is known that 2!y € N’(w). Hence, for every ¢ € C[N] invariant
by right translation by N'(w), we have p(2) = ¢(y).

Finally, let i = (iy,...,41) be a reduced word for w. We know that when t varies over
(C*)", z;(t) goes over a dense subset of N¥. For 1 <[ <k < r, we set wy, = s;, - - S,
and

Bl(k> = w1;_11(aik) = Sig v 'Sik_1(aik)‘
As before, let bi(l, k) == —(si, - - - 84, (w34, ), i, ). Note that bi(l, k) > 0.
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9.3. End of the proof of Theorem 6. To prove that k, = (n})~!, we have to show
that

1\ % SDQU, Vi
() (pv) = ) — o1
PP(Vi)

forall1 <k <r.

We know that ¢y, = D Let = := z;(t) where t € (C*)", and attach to =
the elements y and z as above. By Proposition 4.4 we have

—bi(L,k

1<i<k

@iy wy, (@)

Hence, it is enough to show that
_ _ 7bi(lzk)
(9-1) D )2 = Pagy (@) = 11 6777,
1<i<k
where the first equality follows from the fact that D_ is N'(w)-invariant for
1<k<r.

i Wy, (i)

The proof is very similar to that of [BZ], so we just recall the main ideas, referring to
appropriate places in [BZ] for some simple calculations. There are two steps.

(a) We first show (9.1) in the particular case when k = k; := max{s € R | is = j} for a
given 1 < j < n. In this case, (9.1) can be written as

bk
9.2) Doyt @) = ] 77"
1<I<k
Since 90/111- =1/p I;;» already know by Proposition 4.4 that
bi(Lk
Dayi(my) (@) = o1, () = ] 4 0,
1<I<k
Hence it is enough to check that
(93) DWj,w—l(Wj)(y)Dw]',w—l(wj)(x) =L

This is proved in exactly the same way as in [BZ, Lemma 6.4 (a)], using some basic
properties of generalized minors.

(b) We then show (9.1) for any 1 < k < r. We write z = 2”2, where
o=y, (tg) @iy (t) and a’ =y () - wip ()

Let N(Bi(k)) = exp(ng,(x)) denote the root subgroup of N(w) associated to the root (k).
The product map gives an isomorphism of affine varieties

N(Bi(1)) x - -- x N(Bi(r)) = N(w).

Therefore we can write y = y(I - 4" with y¥) € N(;(k)). Arguing as in [BZ, Proposi-
tions 5.3 and 5.4], one shows that

T () -y ™) = g (1) -+ - wiy (1) = 2.
Moreover, 3/ = y ...y e N(wy) and y*+tV) ... y() e N'(wy). Therefore, since

. / . .
- is N -invariant, we h
iy (i) 1 (wy)-invariant, we have

Dy ooy ) = Dy i oy V)
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Now, using (a) with w replaced by wy, we obtain that

. —bi(L,k)
Dy () () = IT « .
1<I<k

This finishes the proof.
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