AUSLANDER ALGEBRAS AND INITIAL SEEDS FOR CLUSTER
ALGEBRAS
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ABSTRACT. Let @ be a Dynkin quiver and II the corresponding set of positive roots. For
the preprojective algebra A associated to ) we produce a rigid A-module Ig with r =
|II| pairwise non-isomorphic indecomposable direct summands by pushing the injective
modules of the Auslander algebra of k@ to A.

If N is a maximal unipotent subgroup of a complex simply connected simple Lie group
of type |@|, then the coordinate ring C[N] is an upper cluster algebra. We show that the
elements of the dual semicanonical basis which correspond to the indecomposable direct
summands of I coincide with certain generalized minors which form an initial cluster for
C[N], and that the corresponding exchange matrix of this cluster can be read from the
Gabriel quiver of Enda (Ig).

Finally, we exploit the fact that the categories of injective modules over A and over its
covering A are triangulated in order to show several interesting identities in the respective
stable module categories.

INTRODUCTION

Let k be a field and @ be a Dynkin quiver. So the underlying graph |Q| of @ is a simply
laced Dynkin diagram. We produce for the preprojective algebra A over k associated to () a
module I by pushing a minimal injective cogenerator over the Auslander algebra I'g of k@
to A-mod. It is easy to see that I decomposes into r = [II| pairwise non-isomorphic direct
summands. We show that I is a rigid module module, i.e. Ext}(Ig,Ig) = 0. Moreover,
the Gabriel quiver Ag of Endy (Ig)°P is obtained from the Auslander-Reiten quiver Ag of
k@ by inserting an extra arrow x — 7z for each non-projective vertex .

In [19] we have shown that if M = &, M; for pairwise non-isomorphic indecomposable
A-modules M;, then Ext}(M,M) = 0 implies m < 7. So our result shows that this
maximum is assumed for each Dynkin quiver. By [16, Theorem 2.2] we conclude that I
is a maximal 1-orthogonal A-module and thus Endy (Ig) is a higher Auslander algebra in
the sense of Iyama [21]. It follows that each rigid module M as above can be completed
to a rigid module with r pairwise non-isomorphic indecomposable direct summands. Note,
that for the proof of the main result of [16] it is essential that the quiver AQ has no loops.

Let now G be a complex simply connected simple Lie group of type |Q| with N C G
a maximal unipotent subgroup. Choose i = (iy,i92,...,%,) a reduced expression for the
longest element wgy of the Weyl group W of G. It follows from [4] that the coordi-
nate ring C[N] is an (upper) cluster algebra. Associated to i one obtains an initial seed
(A 1)j=12. s E(i)'), where the A(j,1) are certain generalized minors, and the exchange

matrix B(i)’ is obtained naturally from the quiver Ag described above.
Next, i provides us with a convenient labelling of the indecomposable direct summands
of I, that is, Ig = @7_ I(j,1). Clearly the I(j,i) are rigid. Thus, if we restrict to the
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special case k = C the A-modules I(j,1) serve as natural labels for elements py(; ;) of the
dual of Lusztig’s semicanonical basis. This is a natural basis for C[N] and we show that

P16 = A, 1)
1. MAIN RESULTS

1.1.  We say that a quiver @ is a Dynkin quiver if its underlying graph |@Q| is a Dynkin
diagram of type A, D, E. For a field k we consider the path category k[Q] (or k@ for short).
The category k@ -mod of finitely presented k-functors M: k) — k-mod is equivalent to
the category of finitely presented left modules over the corresponding path algebra which
we denote by some abuse also by kQ).

For a quiver Q we consider the double Q which is obtained from @ by adding a new
arrow i < j for each arrow i = j in Q. The preprojective algebra A is the quotient of the
path algebra k@ by the ideal generated by the elements

pg = Z a*a — Z aa* for q € Qo,

ac@Q1 a€Q1
t(a)=q h(a)=q

see also 2.1.

In what follows, @) will always be a connected Dynkin quiver. This implies that A is a
finite-dimensional selfinjective algebra, which depends only on |@Q|. Like k@, the algebra
A can also be considered as a k-category.

We have the universal covering F': A — A where A is the path category k[ZQ] modulo
the usual mesh relations. The fundamental group Z of A acts on A via the translation 7.
Associated to F' we have the push-down functor F) : A -mod — A -mod, see 2.3.

In ZQ we find the Auslander-Reiten quiver Ag of k@ as a full convex subquiver. The
Auslander category I'g is the full subcategory of A which has the vertices of Ag as objects.
Denote the inclusion of I'g into A by J. There is a natural equivalence Rg from I'g to the
category of indecomposable k@Q-modules, k@ -ind. We say that an object z € Obj(I'g) is
projective if Tz & Obj(I'g), dually z is injective if 7712 & Obj(Tg), see 2.4.

Associated to I'g we consider the No- graded category FQ It has the same objects as I'g
but the morphisms of degree i are given by T'g;(z,y) = FQ(T x,y) if 7' 'z € Obj(Tg). We
equip FQ with the natural composition. The Gabriel quiver AQ of I‘Q is obtained from Ag

by inserting an additional (degree 1) arrow  — 7 for each non-projective z € Obj(I'g),
see 3.3.

1.2. Start modules. Let us write D for the usual duality Homy(—,k). We denote by
J* the functor which considers a I'g-module (trivially) as a A-module. Thus if apply the
functor F)\J" to the injective I'g-module DI'g(—,z) we obtain a A-module. We call

Ip:= P FJ(DLg(— x)).
z€Obj(Ig)
the start module for A associated to ). Note that F\J (DI'g(—,z)) is isomorphic to a
submodule of F)\J (DI'g(—,7'z)) if x € Obj(I'g) is not injective, and F\J (DI'g(—,x))
is an injective A-module if 2 € Obj(I'g) is injective, see 2.4 and 3.1.
Consider £ = EB%yeobj(pQ)fQ(a:, y) as a (graded) associative k-algebra with multiplica-
tion induced from the composition of morphisms.

Theorem 1. Let A be the preprojective algebra associated to a Dynkin quiver QQ. Then £
is isomorphic to Endp (Ig)°. In particular, the Gabriel quiver of Enda(I1g)° is identified
with AQ as described above in 1.1. Moreover lg is rigid in the sense that Ext}x(IQ, Ig) =0.
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The proof of this result is prepared in 3.4, 3.5, 3.6 and finished in 3.7.

1.3. Reduced expressions. Let m: Obj(I'g) — Qo denote the map induced by the com-
position F'.J. We call a total ordering (1) < z(2) < ... < x(r) of the objects of I'g adapted
(to Q) if Tg(x(i),z(j)) = 0 for i < j. It is easy to find such orderings given that the quiver
Ag is directed.

We call a vertex i € Qg a source in @ if no arrow ends at i. In this case we denote by
5i(Q) the quiver which is obtained from @ by reversing each arrow starting in i.

Let i = (i1,42,...,%,) be a reduced expression for the longest element wy € W, that is
wo = Si; Siy, - - - i, where r = [II|. We say that i is adapted to @ if i; is a source in @) and
ik+1 is a source in s;, - - 53, (Q) if 1 < k < r. This is dual to the original definition in [26].

In this situation i := (w(z(1)),...,m(z(r))) is a reduced expression for the longest el-
ement wgy of the Weyl group W associated to |Q|, see 1.4 below. In fact, the adapted
orderings of Obj(I'g) correspond in this way bijectively to the reduced expressions for wq
which are adapted to @, see [3, Theorem 2.5]. We set

I(j,i) .= Fx\J DI'g(—,x(j)) for1<j<r.

Thus, i provides us with a convenient way of labelling the direct summands of Ig.

1.4. Let now g be a complex simple Lie algebra of type |Q| with the usual Serre generators
ei, h;, fi for i € Qp. Thus the h; form a basis of the abelian subalgebra h and the e; resp. f;
generate maximal nilpotent subalgebras n resp. n_. The simple roots «; form a basis of
the dual space h* such that «;(h;) = a;; where (a; ;)i jeq, is the Cartan matrix of |Q)|.
The fundamental weights (w;)icq, are the basis of h* dual to the basis (h;)ieq, of b.

The Weyl group W is the subgroup of GL(h*) which is generated by the reflections s;
for i € )y such that

si(a) = a — a(h;) - a; for a € h*.
This is a finite reflection group.
Let now G be a complex simply connected simple algebraic group with Lie(G) = g. It has
maximal unipotent subgroups N resp. N_ with Lie(N) = n resp. Lie(N_) = n_, and the

maximal torus H has Lie(H) = . Moreover, we have standard embeddings ¢;: SLy — G
such that

exp(tfi) = ¢i(}]) and exp(te;) = ¢i( {) for i € Qo.
Moreover set
ni(t) = pi( ] (2,1 )€ H fori e Qo and t € C*.

Next, recall that Ng(H)/H is canonically isomorphic to the Weyl group W defined above.
In fact, it is possible to choose representatives w € Ng(H) for the elements w € W such
that

8i = exp(fi) exp(—ei) exp(fi),
uv = aw if l(uwv) = l(u) + 1(v).

We identify the weight lattice P = @;cq,Zw; with the group of multiplicative characters
of H in such a way that n;(t)®7 = t%i for i, € Qq. If we write ?* for the character of H
corresponding to the weight A it follows that

W) = (" haw) for h € H A € P,w € W.
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1.5. Cluster algebras. The coordinate ring of the affine base space C[N_\G] consists of
the functions f € C[G] which are invariant under N_, i.e. f(g) = f(ng) for all g € G and
n € N_. Now C[N_\G] is naturally a G-module via gf(z) = f(zg) for g,z € G. Tt is
well-known that each irreducible highest weight G-module L(\) can be realized as a direct
summand of C[N_\G] by taking

L(A) = {f € C[N-\G] | f(hg) = h*[(g) for h € H,g € G}.

For each L(A) we choose a highest weight vector u) which we normalize by the condition
ux(1g) = 1. Following [5] we define for each fundamental weight w; generalized minors

Awi,w(wi) =W Uy, € L(w;)
for any w € W. In [4] it is shown in particular that the coordinate ring of the double
Bruhat cell G¢"° = BN (B_wpB_-) has the structure of an (upper) cluster algebra. Here,
B and B_ are opposite Borel subgroups of G with B D N and B_ D N_.
For a reduced expression i = (i1,1i9,...,1,) for wy which is adapted to Q and k €
[—n,—1] U [1,7] we set vsk = s;,.5i,_, - if £k > 1 and vsp := wp if & < —1. Then,
following [4] set

© S

Ak, i) = Awik,v>k(wik)
where we take iy, = —k for k € [—n, —1]. The A(k,i) for k € [—-n, —1]U[1,r] form an initial
cluster for C[G*"°]. There is also an easy algorithm to calculate from i the corresponding
exchange matrix. Now set

e(i) :=={i € [1,7] | z(¢) € Obj(I'g) non-projective}.

There is a closely related upper cluster algebra structure on the coordinate ring C[N],
whose initial cluster is given by the restrictions to N of the functions A(k,i) with k& €
[—n,—1] Ue(i) (see 4.4). The quiver associated to the corresponding exchange matrix is

obtained from Ag by removing the arrows between injective vertices. See Section 4 for a
more detailed discussion.

1.6. Semicanonical basis. In [27] Lusztig introduces the semicanonical basis of the en-
veloping algebra U(n). Its elements are labelled naturally by the irreducible components
of the preprojective varieties A, for v € N(?O. In [18] we started the study of the dual
semicanonical basis which can be regarded as a basis of C[N]. In particular, we found that
to (the isoclass of) a rigid A-module M there corresponds naturally an element pys of this
basis. If we set

—i if Ro(2(j)) = DkQ(—,1),

0: [1,r] — [-n,—1]Ue(i),j — { bt o)) = a(k)

we can state our second main result precisely:

Theorem 2. For j € [1,7] we have A(j,1)" := A(0(5),1) = pr(;1)-

The proof of this result is done after some preparation in Section 5.
1.7. Dualities. Denote by ?* the involution on Q with a — a* and a* — a for all a € Q;.
This induces an anti-automorphism of A which we also denote by ?*. Thus we have a
self-duality
S: A-mod «— A-mod with SM(?) = DM (?").
Let us define for a reduced expression i = (i1, ...,4,) for wy which is adapted to @

P(j,i) := I To(z(j),—) and Pg:=EPP(,i).
j=1
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Then it is easy to see that Pg = SIger. Thus, Ext}(Pg,Pg) = 0 and Endy(Pg) =
Enda (Iger)°P. Now, Ager is the Gabriel quiver of Endp (Iger)°P, see Theorem 1, and it is
not hard to see that Agor may be identified with Ag’ (recall that the same happens for
Auslander-Reiten quivers: Ager = AZY). So Enda(Iger) = Enda(Pg)° and Endy (Ig)°P

have the same Gabriel quiver AQ, but they are usually not isomorphic.

On the other hand, S induces the canonical anti-automorphism ?* on Lusztig’s algebra
of constructible functions M = U(n) which commutes with the comultiplication, see [27,
Section 3.4]. This yields by duality an automorphism w of the coordinate ring C[N] which
anti-commutes with the comultiplication. The corresponding anti-automorphism of N
leaves the one-parameter subgroups C — N, ¢ +— exp(te;) invariant.

Note that i* := (u(iy), p(ir—1), ..., u(i1)) is a reduced expression for wg which is adapted
to Q°P, see 2.3 for the definition of u. We leave it to the reader to verify the following:

Ppii) = W(Prrg1—jiv)) for 1 <5<,

see also 1.6.

1.8. Triangulated structures. In the appendix (Section 7) we point out that the cat-
egory of injective A-modules is triangulated. This implies that the category of injective
A-modules is also triangulated. This fact helps us to explain the unusual symmetries in the
stable module categories over both categories by an old result of Freyd. Among other use-
ful formulas we can recover the famous “6-periodicity” for modules over the preprojective
algebra.

2. THE UNIVERSAL COVER OF A PREPROJECTIVE ALGEBRA

2.1. Quiver categories. Let Q = (Qo, Q1,t, h) be a quiver with vertices Qq, arrows Q
and t,h: Q1 — Qo such that we have a: t(a) — h(a) for each arrow a € Q1. A path in Q
is a sequence of arrows a,a,—1 - - - a1 such that t(a;41) = h(a;) for i =1,2,...,n — 1.

On Z% we have the Ringel bilinear form

(vow) = v(i)w(i) = Y v(t(a)w(h(a)).

1€Qo acQn

Let k be a field. Since we need to consider infinite coverings of preprojective algebras we
have to consider k-categories rather than k-algebras.

If Q is a quiver we denote by k[Q] = k@ the k-category which has @y as objects and with
the morphism space kQ(p, ¢) having the paths from p to g as a basis. The composition is
naturally induced from the concatenation of paths.

2.2. Conventions. If D is a k-category we denote by D-mod the category of finitely
presented (covariant) k-functors D — k-mod. These functors are also called left modules,
see for example [15, Section 2.2] for more details.

Let G be a group of k-automorphisms of D which acts from the left on D. Then G
acts naturally from the right on D-mod. If ¢ € G and M is a left D-module, then we
write M9(—) := M(g~1—) for the twisted module. For example, if z € D we get for the

~

projective module D(z, —) an isomorphism DY (z, —) = D(gzx, —).



6 CHRISTOF GEISS, BERNARD LECLERC, AND JAN SCHROER

2.3. Construction of A. Let Q = (Qo,Q1,t,h) be a (connected) Dynkin quiver, so the
underlying graph |Q| is one of the following:

A, 1—2—3— - —(n=2)—(n—1) —n
(n—1)
s
D,,: 1—2—3— - — (n-2) n>4
\ i
E,: 1—2—3— = — (n-2) — (n—1) n=6,7,8

n

Define a (possibly trivial) involution p on the vertices of @ by

n+1l—gq in case A,
(q) = 2n—1—g¢q in case D,, and (n odd and ¢ > n — 1),
K= 6—gq in case Eg and ¢ < 5,

q otherwise.

Following [13] let ZQ be the quiver with vertices ZQoy = Z x Qo and arrows ZQ; =
Z x {Q1 U Q7} where

t(i,a) = (i + 1,t(a)), t(i,a*) = (i, h(a)),

h(i,a) = (i, h(a)), h(i,a*) = (i,t(a)).

We think of Q°P as a subquiver of Z(Q via the embedding ¢ +— (0,q). The quiver ZQ
admits a translation automorphism 7 induced by 7(i,q) = (i + 1,¢). Moreover we have a
“Nakayama permutation” © of Z@). In order to define it we need the following auxiliary
function: For any vertex ¢ denote by I(¢) the number of arrows pointing towards 1 on the
unique walk from 1 to ¢. Now, ¥ is defined on the vertices by

(p+q—=1+1Upu(g) —Ua),n(g) incase Ay,
(p+n—2+1(u(g) —U(q),n(q)) in case Dy,
5(p. q) = (p+aq+2+1Uu(q)) —1(q),n(g)) in case Eg and ¢ <5,
’ (p+5,1(9) in case Eg and ¢ = 6,
(p+8,1(q)) in case Er,

(p+ 14, 1(q)) in case Eg.

So, 7 is a “translation reflection” stabilizing the “middle line” in case A, and a translation
in the cases Doy, Ey and Eg. At the beginning of 6.1 we show as an example part of ZQ)
for a quiver of type Ds, together with the action of D.

We consider the mesh ideal I in the category k[ZQ)] which is generated by the elements

(2.1) > (i,a*)-(i,a) = Y (i,a)-(i+1,a%) forall (i,q) € ZQo.
a€Q1 ac@
t(a)=q h(a)=q

Note that A := k[ZQ]/I is independent of the orientation of @ (up to relabelling of the
vertices), and that I is invariant under the quiver automorphisms 7 and . Thus we will

use the same names for the induced automorphisms of A. Note further that the commuting
automorphisms 7 and 7 of A are determined up to isomorphism by their effect on objects.
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The action of the group Z via 7 on A induces self-equivalences ?(®) of }—mod with
M@ (=) := M(r~%=) for i € Z. Moreover we obtain the covering functor F: A — A which
sends (4, q) to ¢q. Associated to F' we have the push-down Fy: A-mod — A-mod with

(FAM)(q) = ®iezM (i,q)

and the obvious effect on morphisms.

2.4. Auslander category. We define a function N: Q)9 — Ny by the property
™@(0,9) = (0, u(q)).

This is well-defined by the construction of ¥ since u is an involution on g, see 2.3. The
function N depends on the orientation of @) in case A,, Dox11 and Eg. In any case we have
N(q) + N(u(q)) = h(Q) — 2, where h(Q) denotes the Coxeter number of |Q)|.

Define now I'g as the full subcategory of A which has the objects of the form (i,q) =
=N (0, 1u(q)) with ¢ € Qo and 0 < i < N(gq). In other words, we take the objects which
lie between the two copies of Q°P in Z(Q which are obtained via g — (0, q) resp. ¢ — (0, q).
This is the Auslander category of k). Note that I'g depends on the orientation of Q.

By construction we have a full embedding ¢ = 1g: kQ°P — I'g induced by ¢ — (0,q).
Moreover, I'g is canonically equivalent to the category of indecomposable k@Q)-modules via
the functor

(2.2) Rg:T'g — kQ-ind, z — I'g(De, ),

where (D1, ) = Tg(—,x) o be: kQ°P — k-mod is a contravariant functor which we have
to interpret as a left kQ-module. For example, Rg(0, ¢) = DkQ(—,q) and Rg(9(0,q)) =

Thus the Gabriel quiver of I'g (which is the full subquiver of ZQ with the vertices from
I'g) is the Auslander-Reiten quiver Ag of kQ).
Similarly, since we consider left modules, one obtains an equivalence

I'g-inj — kQ°P -mod = (kQ -mod)°?, I — I o iu.

Here, I'g -inj denotes the category of injective left I'g-modules.

Note that the ¢ € Qo parametrize the indecomposable projective-injective I'g-modules,

namely we have
DFQ(_a (07 q)) = FQ(I)((LQ)a _)‘

Recall, that as an Auslander category I'g has dominant dimension at least 2 [2, VL5].
This means by duality that each (indecomposable) injective I'g-module DI'g(—, ) has a
projective presentation

P, — Pyy— DI'g(—,x2) — 0

with Py, and P;, also injective.

3. START MODULES

3.1. Adjoint functors. Let J: T'g — A be the full embedding of locally bounded cate-
gories. Since I'g is convex in A we get an exact functor “extension by 0”
) ~ ) M if To,
J : Tg-mod — A-mod with (J M)(z) = {0 (=) 1156 cle
else.

For a I'g-module N and x € I'g we have natural isomorphisms

Homr, (N, DT'g(—,z)) = DN (z) 2 Homz (J'N, DA(—, z)).
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We conclude that J has a right adjoint J” which is defined by being left exact and

~ DI'g(—,x) ifx € Obj(lg),
JPDA(’x):{() Q( ) e ( Q)

The adjunction morphism ¢p;: J ' JPM — M is injective, its co-kernel is co-generated by
D, covi@novirg) M ®)-
3.2. Lemma. Let z,y € Obj(I'g) and i € Z. Then

. . i | To(riy,x) ifi >0 and t'y € Obj(Tg),

0 else.
In the first case we have more generally JP(J'DFS)(—,y)) >~ Dlo(—, 'y).

Note, that J DI'(—,y) is the injective I'g-module whith socle concentrated in y, but
seen as A-module, thus we may apply to it the translation functor 7 see 2.3.

Proof: The A-module M = J 'ng)(—,y) has simple socle concentrated in the one-
dimensional space M(r'y). If 7'y & Obj(I'g) then this does not belong to the support
of J'DT'g(—,z). On the other hand, if ¢ < 0, it is sufficient to show that there are no maps
from an induced projective-injective module to M since I'g has dominant dimension > 2,
see 2.4. Now,

with the first identity holding for ¢ < 0. _
Thus, let i > 0 and 7'y € I'g. In this case we have in A-mod an injective presentation

0 — M — DA(—,7'z) — EB]‘DK(—, y )™
for certain y; € Obj(A) \ Obj(I'g). Our claim follows now from the construction of J*. O

3.3. A graded category. We construct the Ny-graded category fQ. It has the same
objects as T'g, but the homogenous components are I'q;(z,y) := Tg(r'z,y) if 7'z €
Obj(I'g) and T'g;(z, —) = 0 otherwise. The natural composition is given by

Yo (rig) if 7tz € Obj(Tg),

Tas(:2) ©Tqi®y) = Taurj(e,2), (&)~ {0, else.

By construction, each morphism in f‘QZl(m, —) factors through 1., € f‘QJ(Z‘, Tx) if T €
Obj(I'q), otherwise I'g >1(z, —) = 0. Moreover we have

lpng o0l o, 0l = lomy € Tgu(e, m"2) if 72 € Obj(Tg),

=1z, 7iz). Now, T'g can be described

easily by a graded quiver AQ. It has the same vertices and degree 0 arrows as the Auslander-
Reiten quiver Ag of k@ (i.e. the quiver of I'g) moreover there is a degree 1 arrow t,: © — 72
for each € Obj(I'g) with 7 € Obj(I'g). The degree 0 relations are the mesh relations
for I'g. Moreover, each degree 0 arrow a: x — y with y not projective gives rise to a degree
1 relation

where we consider on the left hand side 1., € T Q1(T

tya — (Ta)ts.
This has to be interpreted as a zero-relation if z is projective. A nice way to remember
these relations is the following: For each arrow between to vertices which are not both

injective there is a (generic) homogeneous length 2 relation in the opposite direction, see
also 6.2.
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3.4. Dynkin quivers. Let us collect some basic facts about the representation theory of
a Dynkin quiver (). Define i, := dim DkQ(—, ¢) and pq := dimkQ(q, —) for ¢ € Qo, the
dimension vectors of the indecomposable injective and projective kQ-modules, respectively.
We have then for 0 < i < N(q)

(3.1) iy = dim (75 DkQ(—, q)) = dim(r; " kQ(q, —)) = &N @p, .

where ® denotes the Coxeter transformation and 7 the Auslander-Reiten translate in
k@ -mod. Next, if (—, —) denotes the Ringel bilinear form of k@) we have

e (dim M,dim N) = dim Homq(M, N) — dim Ext, (M, N),

o (v,w) = (Dv,dw) = —(w, Dv),

o (v,ig) = v(g) thus (v,>_ o, ig) = |v|, where |v]:=3" o v(q),
see for example [28, 2.4].

3.4.1. Lemma. Let 7°(0,p) = (i,p) and 770(0,q) belong to Obj(L'q), then
(®"ip)(q)  ifi+j < N(p),

dimTq(m770(0,q), 7(0,p)) = { (27" Ipg)(p)  if i+ < N(ulq)),
if i +j > min{N(p), N(u(q))}-

Note that the three cases are not exclusive, however they cover obviously all possibilities
for (4, 7) € [0, N(p)] x [0, N(p(q))]-

Proof: In the first case we have
(3.2) dim T (r772(0,¢), 7(0,p)) = dimLo(2(0,9), 777 (0, 9)).

On the other hand, the equivalence Rq from I'g to the category of indecomposable kQ)-
modules commutes with translations

RQ(Ti(O7q)) o TéngQ(—,q) for 0 <i < N(q).
Thus (3.2) is equal to
dim Homg (kQ(q, —), 75,/ DkQ(—, p)) = dim Homg (75,°kQ(q, —), 76 DkQ(—, p)).
Our claim follows now from (3.1) since for a finite-dimensional k@Q-module M we have that
Homg (kQ(q, —), M) = M(q) = D Homq(M, DkQ(—, q))-
The second case is treated similarly. Finally we have
To(r79(0,q),7(0,p)) = A(r72(0,4),7°(0,p)) = A(2(0,), 7~V P)0(0, u(p)))-

The last term vanishes obviously for i + j > N(p). A similar argument shows that
Lo(m770(0,9),7'(0,p)) = 0 for i +j > N(u(q))- O

3.4.2. Lemma. If N(p) — N(q) > j > 0 holds for some p,q € Qq, then ($7i,,i,) = 0.

Proof: Since DkQ(—, q) is injective we have
(@i, ig) = dim Homg (7}, DkQ(—, p), DkQ(—, q)) = dim A(77(0,p), (0, q)).

On the other hand for N(p) — j > N(q) there is no path from 77(0,p) = (N(p) — 4, u(p))
to (0,q) in ZQ. a
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3.5. Proposition. With the notation of 1.2 and 3.4 we have

(3.3) (dimIg)(u(p) = > Z (i + 1)(®%,)(p)

q€Qo =0
for p € Qo, and

(3.4) dim & = qGZQ:O]in(? <<N(q; * 2) - <Z ; 1>) @i, .

Proof: For (3.3) we observe first that

N(q)
dim F\J DT (=, (j, @) (u(p)) = Y (i) (p)
i=j
for (j,q) € Obj(I'g) by 3.4.1 and the definition of the push-down F\. Now (3.3) follows
from the definition of Ij.
For (3.4) we observe first that
N(u(q))
|dim FyJ T (770 Z 27" py|

for 7779(0,q) € Obj(T'g) again by 3.4.1 and the definition of the push-down. Now, by
construction of £ we have

N(u(q)) i
dimé& =" > > |dim F\J To(r/(0,q), )|

qGQo =0 j_O

i N(u(g)
=2 Z Z > 127 py|
qeQo =0 j=0 k=1
N(q) i N(g9)—j N(q) N(q '
=) Dk =Y > Z 7@
q€Qq i=0 j=0 k=i qeQp i=0 j=i

|

3.6. Proposition. Let Q be a Dynkin quiver. Then forv =73 o Zg:(g) (i +1)®%, holds

0= E () ()

p€Qo j=0

Proof: For convenience let us write N(p,q) := {0,1,...,N(p)} x {0,1,...,N(¢q)} and
N(p,q,=) = {(i,j) € N(p,q) | i = j}, similarly N(p,q,<) := N(p,q) \ N(p,q,>). Now
we have
vy = S S i+ DG+ 1) (@, i)
P.a€Qo  (i,5)EN(p,q)
=YY DG+ 1)@, )
pzquO (izj)eN(pvaZ)
-y Yoo DG (i, 97

P,q€Q0  (4,5)EN (p,q,<)
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= > S i+ 1)@y, i)

Pa€Qo  (4.5)EN(p,g,2)
N(p) .
=YY (DN + 1)@, @O

,€Q0 i=N(g)+1

here, the second sum vanishes by Lemma 3.4.2, thus from 3.4

= > Yo D@

P,q€Qo (i,j)eN(p,q,_)
min{N (p),N(q)+d}

= > Z 3 (k+1) | (®%,,1,)

P,9€Q0 =0 k=d
N(p) N(p)
= Z Z k+1)(9%,, Z ig)
pEQo  d=0 k=d q€Qo
(p) N(p)

Here again, the second sum vanishes by Lemma 3.4.2. Finally, (®%,, > e, o) = | D%, |
as observed at the beginning of 3.4, so our claim follows. O

3.7. Proof of Theorem 1. The first claim follows directly from the construction of fQ,
Lemma 3.2 and the fact that

Homyp (F\N, FAN) 2 ®;ez Homz (N, N@).

For the second claim we have to show by [8, Lemma 1] that (dimIg,dimIg) = dim€.
This follows from the dimension formulas (3.3) and (3.4) of Proposition 3.5 together with
Proposition 3.6.

4. THE CLUSTER ALGEBRAS C[G®"°] AND C|N]

In the next two sections we will use the setup from 1.4 and 1.5. We will need the
following result, see for instance [22, Section 4.4.3]

4.1. Lemma. Let i = (i1,i2,...,9m) be a reduced expression for some element w=' € W,
and L(\) an irreducible representation of highest weight \ for G. If uy is a highest weight
vector for L(\) then we have

wn = f0 e (A ) and i, (@un) = 0.
Here by := A(hiy), bk = (si,_, -+ SipSiy (A))(hi),) for2 <k <m and fl-(:’“) = b%ff: eUl(g).

For v € L()), we write f***(v) := (1/m!)f*(v) where m = max{p | f}(v) # 0}. With
this notation we could restate the equality of the lemma as

wu}\ — f;’:lnax fmax max( )\).
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4.2. The group G has Bruhat decompositions with respect to B and B_, namely

G = U BiB = U B_vB._.
ueW veW

The intersection of two cells G** = (BuB) N (B_vB_) is called a double Bruhat cell.

In particular taking u = e, the unit in W, and v = wy we obtain G**° = BN (B_wyB-),
the intersection of B with the big cell relative to B_. By [4, Proposition 2.8], G“"0 consists
of all elements = of B such that A, () (%) # 0 for every i. This is a Zariski open subset
of B, hence an algebraic variety of dimension n+r, where r = |II| is the number of positive
roots associated to the Dynkin type of G. Moreover, we see that the algebra of regular
functions C[G*"] is obtained from C[B] by adjoining formal inverses to the functions

w;,wo(w;)*

On the other hand, N can be described as the subvariety of B given by the equations
Awi,wi(m) =1, (1 <1< n)

Hence the algebra C[N] is the quotient of C[B] by the ideal generated by the elements
(Awi,wi - 1)i:1,2,...,n-

4.3. In [12], Fomin and Zelevinsky have introduced a transcendence basis F'(i) of the field
of rational functions C(G*™) consisting of certain generalized minors. In [4] Berenstein,
Fomin and Zelevinsky have shown that each F'(i) can be taken as the initial cluster for a
natural cluster algebra structure on the ring C[G*"°]. We are now going to recall their
construction.

4.3.1. We add n additional letters i_,,...,i_1 at the beginning of i, where i_; = —j, and
obtain an (r + n)-tuple

(i_n,...,i_l,il,...,ir) = (—n,...,—l,il,...,i,,).

For k € [-n,—1] U [1,r] let

o r+1 if |i;] # |ig| for all I > k,
| min{l |1 > k and |i;| = |ix|} otherwise.

Then k is called i-exchangeable if k and k* are in [1,7]. Let e(i) C [1,7] be the set of i-
exchangeable elements. One easily checks that e(i) contains r —n elements. More precisely,
the set of indices iy, for k € [1,7] — e(i) is exactly [1,n].

4.3.2. Next, one defines a quiver A; with set of vertices [-n, —1] U [1,7]. Assume that k
and [ are vertices such that the following hold:

o k<

o {k,1}ne(i) #0.
There is an arrow kK — [ in /Ti if and only if k™ = [, and there is an arrow [ — k if and
only if | < k% <" and ay;, | ;| = —1. Here, (as;)1<ij<n denotes the Cartan matrix of the

root system of GG. By definition these are all the arrows of A;.

4.3.3. Remark. If i is a reduced expression for wo which is adapted to a Dynkin quiver
@, then it is easy to obtain A; from the Auslander-Reiten quiver Ag. See the examples
in 6.5 and 6.6.
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4.3.4. Now define an (r +n) x (r — n)-matrix
B(i) = (bw)

as follows. The columns of B(i) are indexed by the elements in e(i), and the rows by
[—n,—1] U[1,r]. Set

1 if there is an arrow k — [ in Zi,
by = ¢ —1 if there is an arrow | — k in A;,
0 otherwise.

4.3.5. For k € [-n,—1] U [1,7] one defines a generalized minor A(k,i) as follows. For
ke [1,7] set vsp = 54,5, _, -+ 54, and for k € [-n, —1] put vsy = wo. Then define
A(k,i) = Amik|7v>k(mik|)'

Since sj(w;) = w; for j # 1, it is easy to see that if k € [1,7] is not exchangeable then

A(k,i) = Az, =, - On the other hand for —i € [-n, —1] we have A(—i,1) = Ay, wo(w;)-
It is known [12, Theorem 1.12] that this collection of n + r minors is a transcendence

basis of the field C(G*"?), for any reduced expression i of wy. By 4.2, we see that if we

remove from this collection the n minors Ay, o, we obtain a transcendence basis of the

field C(N).

4.3.6. Let F be the field of rational functions over C in n + r independent variables
X = (x_p,...,T_1,71,...,7.). Let A(i)c denote the upper cluster algebra associated to
the seed (%, B(i)), a subalgebra of F (see [4, Definition 1.6]). Here the non-exchangeable
indices in [—n, —1] U [1,r] label the generators of the coefficient group (see [4, §2.2]).

Berenstein, Fomin and Zelevinsky then show that the isomorphism of fields ¢; from F
to C(G*"°) defined by

vilzg) = Ak, 1), (k€ [-n,—1]U[L,7]),

restricts to an algebra isomorphism A(i)c — C[G%™°], see [4, Theorem 2.10].

Note that by varying the reduced expression i we obtain a priori several cluster algebra
structures on C[G*"?], but according to [4, Remark 2.14] all these structures coincide and
give rise to the same cluster variables and clusters. Note also that in type A,, the upper
cluster algebra A(i)c coincides with the cluster algebra A(i)c, see [4, Remark 2.18].

4.4. Let x' be the subset of X obtained by removing the variables indexed by the n non-
exchangeable elements in [1,r]. Let F' be the field of rational functions over C in the
r variables of X'. Finally, let §(i)’ be the matrix obtained from E(l) by removing the
rows labelled by the n non-exchangeable elements in [1,7], and let A(i){ denote the upper

cluster algebra associated to the seed (X', B(i)'), a subalgebra of F’. By 4.2, we see that
the isomorphism of fields ¢} : 7/ — C(N) defined by

Oi(zr) = Ak, 1), (z1, € X'),

restricts to an algebra isomorphism A(i) — C[N].
Clearly the same remarks as in 4.3.6 apply to the cluster algebra structures of C[N].
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4.5. We shall now describe in representation theoretic terms the restriction to IV of the
regular function A(k,1i). Let L(w;) be the fundamental irreducible g-module with highest
weight w;. Fix a highest weight vector u,.

It is well-known that L(w;) can be realized in a canonical way as a subspace of the
vector space C[N] by restricting the summand L(w;) of C[N_\G| to C[N]. Thus, the
highest weight vector us, becomes identified with the constant regular function 1. Using
this identification we obtain the following lemma:

4.5.1. Lemma. For k € [—n,—1]U[1,r] we have
. ;:1ax -H,I?X' .. max(uwi ) ifk S [17T]7
) - { ) e
i ir—1 i1 Dligl ’ ’

In particular for —k € [—n, —1], the minor A(—k,i) = A is a lowest weight vector

wg,wo ()

of L(wy).
Proof: This follows from [5, p. 150-151] and 4.1 by restricting regular functions on G to
the subgroup N, see also [6, p. 113]. O

5. CLUSTER VARIABLES AND SEMICANONICAL BASIS

5.1. Let @ be a Dynkin quiver such that |@| is the diagram of G. In this section we prove
that if i is a reduced expression for wg which is adapted to @, the minors A(k,i) € C[N]
coincide with certain dual semicanonical basis vectors coming from the injective modules
of the Auslander algebra of CQ. In particular, this shows that the set of minors {A(k,i)}
depends only on (), not on the choice of a particular expression i adapted to Q.

5.2. Recall that by pushing down the injective modules of the Auslander algebra of CQ
we obtain a set of indecomposable rigid modules 1(j,1) over the preprojective algebra A,
see 1.2 and 1.3. Since these modules are rigid, they have an open orbit in their module
variety, and the closure of this orbit is an irreducible component. Therefore the module
I(j,i) can be used to label an element py(;;) of the dual semicanonical basis (see [27], [18,
Section 7.2]).

5.3. The proof of Theorem 2 will make use of certain results of [17] that we shall now
recall. Let I; denote the injective envelope of the simple A-module S; with dimension vector
e;, thus I; = DA(—,4). In [17] the fundamental g-module L(w;) was realized in terms of
the lattice of submodules of I;. This goes as follows.

Let M denote Lusztig’s algebra of constructible functions on the varieties of finite-
dimensional A-modules, and let M* be its graded Hopf dual, an algebra isomorphic to
C[N]. For a finite-dimensional A-module X, let dx denote the linear form on M obtained
by evaluation at X. Then in the identification C[N] = M™*, the subspace L(w;) gets
identified to the subspace of M* spanned by the linear forms dx where X runs over the
lattice of submodules of I;, and one has explicit formulas for the action of the Chevalley
generators of g on each vector dx [17, Theorem 3]. In particular §;, = py, is a lowest weight
vector of L(w;), and dy, where 0 means the zero submodule of I;, is a highest weight vector.

Let X be a submodule of I;. We have a short exact sequence of A-modules

0— X — I Ly 0,
where Y is determined up to isomorphism by the isomorphism class of X, see [17, Lemma
1]. For j € [1,n] let m; denote the multiplicity of S; in the socle of Y, and let X; be the
unique submodule of I; such that X C X; C I; and X;/X is isomorphic to S?mj . Thus

em;

X is the pullback of p and the inclusion of S p into Y.
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5.4. Lemma. With the above notation, we have f***(6x) = f;mj)(éx) = 0x;-

Proof: By [17, Theorem 3 (ii)], we have that

£ 6x) = / Ox (k)
f= (X=X (1)C--CX (k)

where the integral is over the variety of flags f of submodules of I; such that X (s)/X(s—1)
is isomorphic to S; for all 1 < s < k. For k > mj; this variety is empty by definition of m;,
hence ff (0x) = 0. For k = mj, all flags f have their last step equal to X;. Moreover since

X;/X = Sje-amj this variety is isomorphic to the variety of complete flags in C™J, whose
Euler characteristic is m;!. Hence f;nj (0x) =m;lox,, as claimed. O

5.5. Lemma. Let k € [-n,—1]Ue(i) and j = 0~ (k). Then, if i = |ix|, the module 1(j,1)
is a submodule of I; and in L(w;) there holds
{ max pmax . fmax(5o) - f k € e(i),

1(4,1) irilax erf)f . z'rilax(éo) Zf ke [_n’ _1]
Proof: Recall that we defined the function 6 in 1.5. If k = —i € [—n, —1], then 1(j,1) = I,.
On the other hand in this case the product f{"®* f"®<... fi% maps § to the lowest weight
vector of L(w;), that is, to dy,, as required.

If k € e(i), then Rg(z(j)) belongs to the T-orbit of Rg(z(k)) by definition of 8, therefore
to the 7-orbit of DkQ(—,7) see 1.3. It follows that I(j,1) is a submodule of I;, see 1.2.

More precisely, j = 671(k) = min{l € [k + 1,7] | iy = i}. We conclude that in L(w;)
holds fzr;lfi‘ cee fax(50) = 6o by 5.4, since the socle of [; is S;.

Lk+1

Now consider for [ € [j — 1,7] the A-submodule fz(j)(g 1,i) of DA(—,z(5)) with

~ , DA(z(m),z(j)) ifm <I,
Ly (< L) (x(m)) =
0 else.
With I,;(< 1,i) = F,\j:;(j) we see that ;) (< r,i) = 1(j,1) is a submodule of I; since
I\DA(—, z(j)) = L.
Using Lemma 5.4 we conclude that in L(w;) we have

™ Oy (1-1) = On,;y (<) for L€ [57].

This yields that d(; ;) is the extremal vector of L(ww;) with weight s;, s;,_, - - 54, (@;), and
the lemma follows. O

We can now finish the proof of Theorem 2. Using Lemma 4.5.1 and Lemma 5.5 we obtain
that A(k,i) = dy(j;). But since I(j, 1) is rigid, its orbit is open and we have dy(; ;) = pi( i)

6. EXAMPLES

Our running example will be the Dynkin quiver @) of type D5 with the following orien-

tation:
1=<2

Y

3=<-4

b

5
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6.1. I'g for Ds. We show the quiver Ag of I':

©(0,1) (2,1) (1,1) (0,1)

(0, 3) (2 3) (1 3) (0 3)
/
5(0,5) (3 4) (2 4) (1 4) (0 4)
5(0,4) (1,5) (0,5)

The isomorphism classes of the indecomposable representations of () correspond to the
vertices of Ag. Each such representation is uniquely determined by its dimension vector:

10 01 00 11
00 10 11 00
0 1 0 0
N/ N /N /N
11 01 11 01
10 21 11 00
1 1 0 0
AN /N /S N/
00 11 12 01
10 21 21 11
1 1 1 0
NN NN NN SN
00 00 11 01 00
00 10 11 10 01
1 0 1 0 0
00 11 01
11 1 11
1 0 1

The dimension vector of the injective I'g-module DI'g(—, (0, ¢)) is given by the g-compo-
nents of the corresponding dimension vectors. The dimension vector of DI'g(—,77(0, q)) is
obtained from this by “translation and cut-oft”. Here we show for example dim DI'g(—, (0, 3))
and dim DI'g(—, 7(0, 3)):

0 1 1 0 1 1 0 0

NN 7N AN N / N / \ A \
1 2 1 0

AN SN SN S / \ / \ / \ /

1 2 2 1

AVAVACATINA VAVATAS
1 1 1 0
1 1 1
6.2. The category I’ @- We display here the quiver of the (graded) category f‘Q associated

to a quiver of type D5 with the same orientation as above. The arrows of degree one are
dotted.

(2,5) <¢-ooe- < (1,5) s (0,5)

Recall that also the relations are easy to read off: For each arrow a: z — y we have the
corresponding mesh relation (2.1) from y to z if « is of degree 1. Otherwise, if x is not
an “injective” vertex, (i.e. here if z & {(0,1),(0,3),(0,5)}) there are one or two paths of
length 2 (and degree 1) from y to x. The first case occurs when y is a “projective” vertex



AUSLANDER ALGEBRAS AND INITIAL SEEDS FOR CLUSTER ALGEBRAS 17

(i.e. here if y € {(3,2),(3,3),(2,5)}) and the unique path of length 2 from y to x is a
zero-relation, otherwise the two paths form a commutativity relation.

6.3. A projective-injective f‘Q—module. We display for fQ as in 6.2 the projective

module T'g((0,5),—). Since (0,5) is an injective vertex of Ag we have T'g((0,5), —) =
DT'o(—, (0, (5)). Moreover, the projective modules T'g((4,5), —) for 0 < j < 2 are easily

found as submodules of T'g((0,5), —).
Each entry (n, q) represents a basis vector which corresponds to a (graded) simple com-
position factor of this type. The arrows indicate as usual the action of I'g.

(0,2)

03) .

/7
AR Y

(0,5)
0,1y
S5y S (0,2)
1,3) - S03)
AN

a4y -

s
S a0
7 SOk

BRCT) N C Y-

YN E7 N

- (1,3) (0,3)

2,3)
/ N AT \ / AN
(2,4) (0,4)

(2,5) (0,5)

6.4. Dimensions. We include the result of some calculations of
d(Q) = dimEndx (Ig)

for specific orientations. This can be done quite easily on a computer using the for-
mula (3.4).

n n n n
A,: 1—=2—- =+ —=>(n-1)—=>n d(An):2<5>+7<4>+9<3>+5<2)+n,

Dot 1 a2 o > (n2) d(D,) = 27(?) n 43(2) n 19(2) n 2(2)

? 2444  ifn =6,
B, 4—>3>1 d(E,) = {13130 ifn="1,
/! 107114 if n = 8.

n—=(n-1) = - =35
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6.5. An adapted ordering on Obj(I'g):

z(20) x(13) z(8) z(3)
~N 7 ™ 7\ 7\
z(17) z(12) z(7) z(2)
e N e \ / \ /
33(18) z(14)
x(19) \(16/ \(11/ \f(s) z(1)
z(15) z(10) z(5)

According to 1.3 we obtain for wg the following reduced expression which is adapted to Q:

i=(4,2,1,3,5,4,2,1,3,5,4,2,1,3,5,4,2,3,4,1)

6.6. The quiver /Ti. For the adapted expression i from 6.5 we obtain

20

/3\ /8\ /3\ /_1

~ \/\/\/\

. \/7\/7\{/\/
N NN

15 10 5 -5

—4

The exchangeable vertices are {1,2,3,4,5,6,7,8,9,10,11,12,13,14, 16}

7. APPENDIX: USING THE TRIANGULATED STRUCTURE
7.1. Proposition (Freyd/Krause). [24, Appendix B| Let D be a triangulated k-category
with suspension functor 3.

(a) The category D-mod is a Frobenius category. Thus the stable category D-mod is
triangulated with suspension functor 951, the inverse of Heller’s loop functor.
(b) In D-mod we have a functorial isomorphism M* = Q3 M.

7.2. Remarks. (a) We may consider D as a D-D-bimodule, i.e. a functor D°? x D —
k-mod. Similarly, DD with DD(a,b) := Homy(D(b, a),k) is a D-D-bimodule.

(b) Suppose that D admits Auslander-Reiten triangles with translate 7: D — D. In this
case we set v := 7. Then the Auslander-Reiten formula D(z, Xy) = Homy(D(y, 7z), k)
may be interpreted as an isomorphism of bimodules

(7.1) DD =D where D’ (a,b) := D(a,vb).

We conclude that
NM:=DDepM=D" " @pM=M""

is a Nakayama functor for D-mod and v~! the corresponding Nakayama automorphism
for D, see for example [13, Section 2. In this situation we will write

MY =M.

(¢) If moreover D is locally bounded, then D-mod admits Auslander-Reiten triangles
with translation 7p = QQDN . With Proposition 7.1 we obtain the functorial isomorphisms

(7.2) MY ~75QpM  and TP M = M (in D-mod).
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In fact, we have 7pQp = Q3N =75 =27 and 5% = QN3 > BR80T () If
we consider in this context right modules (i.e. contravariant functors), we get in mod-D a
functorial isomorphism M> = QB3M and consequently

MW > rp0pM  and M M= (in mod-D).

7.3. Derived categories. It follows from Happel’s description [20, 1.5.6] of the derived
category D°(kQ°P) := D (kQ°P -mod) that we have a natural equivalence

A-inj = D (kQ°P).

In particular, K—inj is a triangulated category which admits Auslander-Reiten triangles.
The suspension functor resp. the Auslander-Reiten translate are

SI=1"" vesp. TI =1,

see 2.2. In our situation, these functors are up to isomorphism determined by their effect
on objects. We conclude that we have an isomorphism of bimodules

(7.3) A” = DA,

see 7.2 (b).

In order to state our next result we introduce I, the full subcategory of the Auslander
category I'g which contains all objects except those of the form (0, ¢) for ¢ € Qo. We call
L the stable Auslander category of kQ.

7.4. Proposition. The category A is isomorphic to the repetitive category fQ of the stable
Auslander category of kQ.

Proof: Recall that by definition the objects of EQ are of the form (z,z) with z € Z and
z € Obj(Ly) and we have

R Lo(w, ) if z =2/,

Lo((z, ), (#,2)) = DTg(x,2") ifz=2—1,

0 else.
Here we define the dual I'-I'p-bimodule DTy by DL (,y) := Homy(Ly(y, ), k), com-
pare 7.2 (a). Now, by the bimodule isomorphism (7.3) we see that the assignation
(2, (i,q)) = 7'077(0,q)

induces an isomorphism T 0— A. O

7.5. Conclusions. (a) In our situation we note that in D°(kQ) = D°(kQ°P) we have an
isomorphism of functors

(7.4) $2 o @)

where h(Q) is the Coxeter number of |@|. In fact, both functors coincide on objects as

one easily verifies in A. In our quiver situation this is sufficient. From (7.2) we obtain
immediately the remarkable functorial isomorphism

(7.5) T{% ~ p(MQ)—6)
in A-mod 2 D?(kQ)-mod.
(b) The action of the infinite cyclic group (7) on A provides us with a Galois covering

F:/~\—>A,
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see for example [14]. We conclude that A-inj is the orbit category of K-inj modulo the
induced action of (7). Now, A -inj & Db(kQ) is a triangulated category, and the hypothesis
of [23] are obviously fulfilled. Thus A-inj is also a triangulated category with Auslander-
Reiten triangles and the corresponding translation 7 is the identity. Note moreover that
the induced suspension is isomorphic to the corresponding Nakayama automorphism, i.e.
¥ = p. By applying (7.2) to D = (A-inj)°? we conclude that

TAM = MY and 7T5M =M

holds functorially in A-mod. In case v is just a translation, see 2.3, we even have T[?;M = M.
This is our interpretation of the proof for the 6-periodicity of 74 in [1]. Even more directly
by (7.2) we conclude that

TAQAM =2 M
functorially. This means that the triangulated category A-mod is of Calabi-Yau dimen-
sion 2.
(c) Since A = L'y we have by Happel’s Theorem [20, I1.4] A-mod = Db(LQ -mod) as
triangulated categories. If we consider the push-down functor

Fy: A-mod — A-mod

associated to the Galois covering F': A — A the subcategory of A-modules of the first kind
(i.e. the subcategory of objects which are isomorphic to a push-down) is equivalent to the
orbit category Db(EQ -mod)/(7X71) via the above identifications and (7.2), see [11]. Here,
Y resp. T are the suspension resp. the Auslander-Reiten translation in Db(EQ -mod).

Now, for a Dynkin quiver @ with Coxeter number h(Q) < 6 the algebras [ are (quasi-)
tilted. Thus, in these cases we find A-mod = D*(L')/(X771) is a cluster category in the
sense of [7].

7.6. Remark. Let H be a (basic, connected) finite-dimensional hereditary k-algebra of
finite representation type. Then H is a species of type A — G in the sense of Dlab and
Ringel, see [9]. In this case we may also study the stable Auslander category I'j;. The
same argument as in 7.3 and 7.4 shows that L'j;-inj = D*(H™). The Auslander-Reiten
translate in DY(H"") induces an automorphism 7 of EH Thus we may consider the Galois
covering Ly; — Ly /(7). So we are tempted to consider 'y /(7) as the preprojective
algebra of H. However, 7 is now in general not determined by its effect on objects since
Outy(H) = Auty(H)/Inn(H) is possibly non-trivial. Thus we are (for the moment) unable
to compare r 57/ (T) with the possible choices for the preprojective algebra of H in the sense
of Dlab and Ringel [10].

Anyway, if we denote by |H| the (unoriented) diagram of H then we find the list which
we present in Figure 1 of interest due to its similarity with the cluster types of C[/N]. In the
case of Coxeter number ¢(|H|) = 6 we display the diagram of a canonical tubular algebra
following Lenzing [25] and the corresponding extended affine root system in the sense of
Saito [29]. In the case of G there are two different diagrams of canonical algebras which
produce derived equivalent algebras (for adequate choices of bimodules), the corresponding
two root systems are isomorphic up to the marking. Note moreover, that in this case our
previous calculations (7.5) predict that in the stable module category of the repetitive
algebra EH-M the Auslander-Reiten translate should be 6-periodic. This is in fact the
case for all (tubular) algebras which are derived equivalent to a canonical algebra with a
diagram from our list.
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FIGURE 1.
c(|H|) | |H| Ty is tilted of root system
/\ . 4> . ‘> . 4> . ‘> . \{
6 As | - \ / . Eél,l)
@1 7 @
s N ~(1,1)
Bs . . )
c(|H) | |H]| | Ly is ML
tilted of I TR
3 As | Ag C / ¢ F(2’2)
4 Az | As 3 ' ' 4
N /
BQ BQ c =
) A4 D6 ~ i N
Dy -2 Egl’l)
N e
. 4> .
. S ~
Gy 1) NS Gg:a,l)
(1,3)] c = \((3,1) 62173)

Acknowledgement. We like to thank Henning Krause for drawing our attention to the
result on functor categories over triangulated categories. We also thank Markus Reineke
for pointing out the reference for the material in 1.3.

1]

REFERENCES

M. Auslander and I. Reiten, D Tr-periodic modules and functors, Representation theory of algebras
(Cocoyoc, 1994), CMS Conf. Proc., vol. 18, Amer. Math. Soc., Providence, RI, 1996, pp. 39-50.

M. Auslander, I. Reiten, and S. Smalg, Representation theory of Artin algebras, Cambridge Studies in
Advanced Mathematics, vol. 36, Cambridge University Press, Cambridge, 1997, Corrected reprint of
the 1995 original.

R. Bédard, On the spanning vectors of Lusztig cones, Represent. Theory 4 (2000), 306329 (electronic).
A. Berenstein, S. Fomin, and A. Zelevinsky, Cluster algebras. III. Upper bounds and double Bruhat
cells, Duke Math. J. 126 (2005), no. 1, 1-52.

A. Berenstein and A. Zelevinsky, Total positivity in Schubert varieties, Comment. Math. Helv. 72
(1997), no. 1, 128-166.

, Tensor product multiplicities, canonical bases and totally positive varieties, Invent. Math. 143
(2001), no. 1, 77-128.

A. Buan, R. Marsh, M. Reineke, 1. Reiten, and G. Todorov, Tilting theory and cluster combinatorics,
36 pages, to appear in Adv. Math., arXiv:math.RT/0402054.

W. Crawley-Boevey, On the exceptional fibres of Kleinian singularities, Amer. J. Math. 122 (2000),
no. 5, 1027-1037.

V. Dlab and C.M. Ringel, Indecomposable representations of graphs and algebras, Mem. Amer. Math.
Soc. 6 (1976), no. 173, v+57.

, The preprojective algebra of a modulated graph, Representation theory, IT (Proc. Second In-
ternat. Conf., Carleton Univ., Ottawa, Ont., 1979), Lecture Notes in Math., vol. 832, Springer, Berlin,
1980, pp. 216-231.

P. Dowbor and A. Skowronski, Galois coverings of representation-infinite algebras, Comment. Math.
Helv. 62 (1987), no. 2, 311-337.




22

CHRISTOF GEISS, BERNARD LECLERC, AND JAN SCHROER

[12] S. Fomin and A. Zelevinsky, Double Bruhat cells and total positivity, J. Amer. Math. Soc. 12 (1999),

no. 2, 335-380.

[13] P. Gabriel, Auslander-Reiten sequences and representation-finite algebras, Representation theory, I

[14]

(Proc. Workshop, Carleton Univ., Ottawa, Ont., 1979), Springer, Berlin, 1980, pp. 1-71.
, The universal cover of a representation-finite algebra, Representations of algebras (Puebla,
1980), Springer, Berlin-New York, 1981, pp. 68-105.

[15] P. Gabriel and A. V. Roiter, Representations of finite-dimensional algebras, Algebra, VIII, Springer,

Berlin, 1992, With a chapter by B. Keller, pp. 1-177.

[16] Ch. GeiB, B. Leclerc, and J. Schroer, Rigid modules over preprojective algebras, 31 pages,

arXiv:math.RT/0503324.
, Verma modules and preprojective algebras, 14 pages, arXiv:math.RT/0411113.

, Semicanonical bases and preprojective algebras, Ann. Sci. Ecole Norm. Sup. 38 (2005), 193—
253, arXiv:math.RT/0402448.

[19] Ch. Geiss and J. Schroer, Eztension-orthogonal components of preprojective varieties, Trans. Amer.

Math. Soc. 357 (2005), no. 5, 1953-1962 (electronic).

[20] D. Happel, Triangulated categories in the representation theory of finite dimensional algebras, Cam-

bridge University Press, 1988, LMS Lecture Note Series 119.

[21] O. Iyama, Higher dimensional Auslander-Reiten theory on mazimal orthogonal subcategories, 24 pages,

arXiv:math.RT/0407052.

[22] A. Joseph, Quantum groups and their primitive ideals, Ergebnisse der Mathematik und ihrer Grenzge-

biete (3) [Results in Mathematics and Related Areas (3)], vol. 29, Springer-Verlag, Berlin, 1995.

| B. Keller, On triangulated orbit categories, 20 pages, arXiv:math.RT/0503324.
] H. Krause, Cohomological quotients and smashing localizations, Amer. J. Math., to appear, 2003.
| H. Lenzing, A K-theoretic study of canonical algebras, Representation theory of algebras (Cocoyoc,

1994), CMS Conf. Proc., vol. 18, Amer. Math. Soc., Providence, RI, 1996, pp. 433-454.

[26] G. Lusztig, Canonical bases arising from quantized enveloping algebras, J. Amer. Math. Soc. 3 (1990),

no. 2, 447-498.
, Semicanonical bases arising from enveloping algebras, Adv. Math. 151 (2000), no. 2, 129-139.

[28] C.M. Ringel, Tame algebras and integral quadratic forms, Lecture Notes in Math., vol. 1099, Springer-

Verlag, Berlin-New York, 1984.

[29] K. Saito, Eztended affine root systems. 1. Cozeter transformations, Publ. Res. Inst. Math. Sci. 21

(1985), no. 1, 75-179.

INSTITUTO DE MATEMATICAS, UNAM, CrupaDp UNIVERSITARIA, 04510 MExico D.F., MEXICO
FE-mail address: christof@math.unam.mx

LABORATOIRE LMNO, UNIVERSITE DE CAEN, F-14032 CAEN CEDEX, FRANCE
E-mail address: leclerc@math.unicaen.fr

DEPARTMENT OF PURE MATHEMATICS, UNIVERSITY OF LEEDS, LEEDS LS2 9JT, UK
E-mail address: jschroer@maths.leeds.ac.uk



