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1. INTRODUCTION

The aim of this paper is to give a new proof of the Local Langlands Correspondence
for GL,, over p-adic fields, and to simplify some of the arguments in the book by Harris-
Taylor, [10].

Fix a p-adic field F, i.e., a finite extension of @, with ring of integers O. Recall that
the Local Langlands Correspondence, which is now a theorem due to Harris-Taylor, [10],
and Henniart, [13], asserts that there should be a canonical bijection between the set of
isomorphism classes of irreducible supercuspidal representations of GL, (F') and the set
of isomorphism classes of irreducible n-dimensional representations of the Weil group
Wpg of F, denoted m — o(m). One possible local characterization of this bijection was
given by Henniart, [12], showing that there is at most one family of bijections defined
for all n > 1 preserving L- and e-factors of pairs, and also compatible with some basic
operations on both sides such as twisting with characters.

Our starting point is a new local characterization of the Local Langlands Correspon-
dence. First, we extend the map 7 +— o(7) to all irreducible smooth representations 7 by
setting o(m) = o(m)®...®o(m) if 7w is a subquotient of the normalized parabolic induc-
tion of T ® - - - ® 7y, for some irreducible supercuspidal representations 7;.! The rough
idea is that one might hope to associate to any 7 € Wy a function f, € C°(GL,(F))
such that for any irreducible smooth representation 7, we have

tr(frlm) = tr(rlo(m)) -

Now, it is easy to see that this is quite a bit too much to hope for, as f, would have
nonzero trace on all components of the Bernstein center. The best thing to hope for is
to associate to some ‘cut-off’ function h € C2°(GL,,(F)) a function f. ) € C:°(GL,(F))
such that for all irreducible smooth representations 7, we have

tr(frp|m) = tr(r|o(m)) tr(h|m) .

It turns out that there is a very natural way to do this, for many 7 and h.

In the next few paragraphs, we assume that F' = Q, for simplicity. Recall that it is
known that the cohomology of the Lubin-Tate tower realizes the Langlands Correspon-
dence, cf. e.g. [10], Theorem C, but only for supercuspidal representations. The idea
is that replacing the Lubin-Tate space, i.e. the moduli space of one-dimensional formal
groups of height n, by the moduli space of one-dimensional p-divisible groups of height
n, one adds exactly the extra amount of information necessary to get the Langlands
Correspondence for all irreducible smooth representations.

With this in mind, we just repeat the construction of the Lubin-Tate tower, except
that we start with objects defined over a finite field: Take some integer » > 1 and a
one-dimensional p-divisible group H of height n over F,r. Looking at its Dieudonné
module, this is equivalent to giving an element

B € GLy(Zy)diag(p, 1,...,1)GLy(Z,r)

up to o-conjugation by an element of GL,(Z,), where o is the absolute Frobenius
of Zpr.z Let Rg be the deformation space of H, with universal deformation H, and
let Rs /R be the covering parametrizing Drinfeld-level-m-structures on H. Then

IThis is the Weil group representation underlying the Weil-Deligne representation attached to w. We
ignore the monodromy operator in this article.

2It would be more customary to write ¢ instead of (3, but following this convention would result in
too many different §’s throughout this article.
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GL,(Z/p™) acts on Rg,y,. We choose ¢ # p and take the global sections of the nearby-
cycle sheaves in the sense of Berkovich, [3]:

Rypg = @HO(Rwspf Ry Q0)

and their alternating sum [Rig]. These objects carry an action of Wq,, x GLy(Zp).
Now take an element 7 € Wy, projecting to the r-th power of geometric Frobenius, and
let h € C°(GLy(Zy)) have values in Q. Define a new function h" € C°(GL,(Z,)) by
h¥(g9) = h((g~")")-

Our first theorem is the following.
Theorem 1.1. Define a function ¢, on GLp(Qpr) by

¢rn(B) = tr(T x h'[[Ryg]) |

if B is as above, and by 0 else. Then ¢, € C°(GLy(Qpr)), with values in Q independent
of L.

This allows us to define a function f,; € CZ°(GL,(Qp)) by requiring that it has
matching (twisted) orbital integrals, cf. e.g. [1]. We use the normalization of Haar
measures that gives maximal compact subgroups volume 1. Note that this function f;
itself is not well-defined, but e.g. its orbital integrals and its traces on representations
are.

For general p-adic fields F', we have an analogous definition of f;; € C2°(GL,(F))
depending on 7 € W projecting to a positive power of geometric Frobenius and h €
C°(GL,(O)): One only has to replace p-divisible groups with w-divisible O-modules,
i.e. p-divisible groups with O-action over O-schemes for which the two actions of O on
the Lie algebra agree. Now we can state our second theorem.

Theorem 1.2. (a) For any irreducible smooth representation © of GLy,(F) there is a
unique n-dimensional representation rec(m) of Wg such that for all T and h as above,

tr(frn|m) = tr(r|rec(m)) tr(h|7) .
Write o(7) = rec(m)(152).
(b) If  is a subquotient of the normalized parabolic induction of the irreducible repre-
sentation m ® -+ @ m of GLy, (F) X -+ x GLy, (F), then o(n) = o(m1) @ ... D o(m).
(¢) The map m — o(w) induces a bijection between the set of isomorphism classes of

supercuspidal irreducible smooth representations of GLy,(F) and the set of isomorphism
classes of irreducible n-dimensional representations of Wg.

(d) The bijection defined in (c) is compatible with twists, central characters, duals, and
L- and e-factors of pairs, hence is the standard correspondence.

The uniqueness assertion in (a) is clear, as the condition determines tr(7|rec(m)) if
T projects to a positive power of geometric Frobenius, and it is well-known that this
determines the representation. Hence this theorem gives a new local characterization
of the Local Langlands Correspondence, which can be informally summarized by saying
that the Local Langlands Correspondence is realized in the cohomology of the moduli
space of one-dimensional p-divisible groups of height n, for all irreducible smooth rep-
resentations. Also note that the extraneous division algebra acting in the Lubin-Tate
setting disappears in our formulation.

The proof of this theorem occupies the whole paper, and consists of a local and a
global part. Let us first say a few words about the global part of the story.

3We caution the reader that we use the language used e.g. in SGA; in Berkovich’s language, these
sheaves would be called vanishing cycle sheaves.
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The global arguments are inspired by the work [10] of Harris-Taylor and there is a
significant amount of overlap in the two approaches. In both cases, one considers the
cohomology of the Shimura varieties associated to unitary groups of signature (1,n — 1)
and split at p, uses it to construct f-adic Galois representations associated to certain
cuspidal automorphic representations of GL,,, and (most importantly) proves a local-
global compatibility result at places of bad reduction. In the book of Harris-Taylor,
this is achieved by introducing so-called Igusa varieties and counting points on them.
This method has been extended to more general Shimura varieties through the work of
Mantovan, [19], [20], and Shin, [26], and allows one to give expressions for the trace of
arbitrary Hecke correspondences at p on a Shimura variety.

In our approach, we restrict attention to Hecke operators at p coming from the max-
imal compact subgroup. This has the technical advantage that one is pretty quickly
reduced to calculating traces of genuine group actions, instead of just correspondences.
In fact, one can work relatively over the Shimura variety with maximal compact level
structure at p, and reduce all counting problems to counting problems for the maximal
compact level structure, for which one can just appeal to the classical work of Kottwitz,
[17]. With this approach, all of the difficult arguments concerning counting of points,
stabilization, and using the trace formula can be borrowed from the work of Kottwitz.

At first sight, it may be surprising that it is enough to restrict attention to these
Hecke operators. Indeed, one has to spice up the arguments with the use of type theory
to get the arguments running: The necessary statements are recalled in Section 3. All
in all, we prove the following version of Theorem B of [10]. Fix an isomorphism Q, = C.

Theorem 1.3. Let F be a CM field which is the composite of a totally real field Fy of
even degree over Q and an imaginary-quadratic field. Fiz a place x of F which is split
over Fy. Let 11 be a cuspidal automorphic representation of GL,,/F such that

(i) IIV =T o ¢, where ¢ : GL,(Ar) — GL,,(AF) is complex conjugation;

(ii) I is regular algebraic, i.e. it has the same infinitesimal character as an algebraic
representation of Resyq(GLy,) over C;

(iii) I, is square-integrable.

Then there exists an integer a > 1 and an (-adic representation R(I1) of Gal(F/F) of
dimension an such that for all finite places v of F whose residue characteristic is different
from £, we have

R(ID)|wy, = a-rec(Il,)

as elements of the Grothendieck group of representations of Wy, .

Using p-adic Hodge theory, it would be no problem to show that one can choose a = 1,
cf. proof of Proposition VII.1.8 in [10]. Also, the restrictions on F are unnecessary, cf.
proof of Theorem VII.1.9 of [10]. Adding these extra arguments would reprove Theorem
B of [10].

With this theorem, one can almost prove part (a) of Theorem 1.2.

Now let us say a few words about the local arguments. It is easy to see that one
can relate the deformation theory of a general one-dimensional p-divisible group to the
deformation theory of its infinitesimal part, which gives some inductive formulas for the
functions f; . These allow us to almost prove part (b) of Theorem 1.2.

More importantly, one can reconstruct large parts of the cohomology of the Lubin-
Tate tower from our function f-j, at least as far as the restriction of the GL,,(F)-action
to GL,(O) is concerned. In fact, let [Ri)] denote the alternating sum of the global
sections of the nearby cycles for the Lubin-Tate tower. Then [R)] carries an action of

GLn(O) X (DX X WF)O R
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where D is the central division algebra over F' with invariant %, and
(D* x Wg)o ={(d,7) € D* x Wg | v(d) +v(r) =0},

and v denotes natural valuations on D* and Wpg. For any irreducible representation p
of D*, the space

[RY](p) = Homeyx (ol o, [R)

carries an action of GL,(O) x Wg. Let m = JL(p) be the associated representation of
GL,,(F') via the Jacquet-Langlands correspondence.

Theorem 1.4. Let p be an irreducible representation of D* such that m = JL(p) is
supercuspidal. Then, as a virtual representation of the group GLy,(Q) x Wg, the repre-
sentation [Rip)(p") is equal to (=1)""'7V|qr,, (o) ® rec(m).

After these steps, the main divergence to the known proofs occurs. In fact, it turns
out that a previous result from [24] allows us to give a direct proof of part (c) of Theorem
1.2, i.e. the bijectivity of the correspondence. We do so without showing at this point
that m — o(m) preserves conductors or L- and e-factors, i.e. we do not make use of the
numerical Local Langlands Correspondence of Henniart, [11]. This argument is given
in Section 12. It relies on a geometric result from [24] describing the inertia-invariant
nearby cycles in certain regular situations. This determines the inertia invariants o (7)*
for all irreducible smooth representations 7, and implies that there are no supercuspidal
representations that stay supercuspidal after any series of base-changes.

Hence, at this point we have proven parts (a) to (c¢) of Theorem 1.2, i.e. we have
shown that with a natural local characterization of the Local Langlands Correspondence,
this correspondence is unique, exists, and gives the desired bijection. Moreover, it is also
compatible with global correspondences.

In fact, if one is only interested in parts (a) through (c) of Theorem 1.2 for repre-
sentations which are unitarily induced from supercuspidal, then global arguments are
only used at the following points.* On the one hand, one needs Theorem 1.4, with some
undetermined representation rec(m). The results of Strauch in [27] give some hope that
this could be done locally. On the other hand, one needs the compatibility of © —— o ()
with base-change. Alternatively, one might try to prove compatibility with automorphic
induction. For example, in the case where F'//Q, is a cyclic extension, the ‘forgetful’ func-
tor given by mapping a w-divisible O-module to its underlying p-divisible group gives a
natural map from the moduli space of one-dimensional w-divisible O-modules of height
n to the moduli space of one-dimensional p-divisible groups of height n[F' : Q,], which
seems to be related to automorphic induction.

We end the paper by using the method of non-Galois automorphic induction of Harris
and the technique of twisting with highly ramified characters of Henniart to deduce that
our correspondence satisfies the usual requirements on the Local Langlands Correspon-
dence, i.e., we prove part (d) of Theorem 1.2.

Let us also mention that one can arrange the arguments so that our proof of the Local
Langlands Correspondence does not makes use of the theory of types: One only proves
parts (a) and (b) of Theorem 1.2 for representations which are unitarily induced from
supercuspidal, and only proves the local-global-compatibility result under this assump-
tion. With this modification, the automorphic ingredients concerning Clozel’s base-
change from the unitary groups G to GL,, are only those that are also used implicitly
(via reference to Harris’ non-Galois automorphic induction, [9]) by Henniart in his proof
of the Local Langlands Correspondence, [13].

More precisely, one should say arguments involving Shimura varieties. Many statements from local
harmonic analysis that are used in the local arguments, e.g. base-change of representations, are only
proved by global means.
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The Shimura varieties that we use in our arguments are very special, and indeed
we use facts about them that are not true for general Shimura varieties. However,
the construction of the function ¢; 5, which in the present paper is based on Faltings’
theory of group schemes with strict O-action, [7], taylored to our situation, works in
much greater generality. The details, all going well, along with the generalization of
Theorem 9.3, will appear in another paper, [23].

Finally, let us briefly summarize the content of the different sections. In Section 2,
we define the deformation spaces of p-divisible groups and the functions f; 5, and prove
Theorem 1.1. We state Theorem 1.2, and the proof of parts (a) and (b) of this theorem
will be given by induction on n in Sections 3 — 11. We begin by analyzing the necessary
ingredients of the induction step in Section 3, thereby introducing certain statements
(1), (ii) and (iii) in Lemma 3.2, which will be proved by separate methods.

Section 4 provides some basic statements about norm maps and base-change identities
that will be useful throughout the text. Afterwards, in Sections 5 and 6, the proof of
statement (i) is given, by relating the deformation spaces of general one-dimensional
p-divisible groups to the deformation spaces of their infinitesimal parts. The geometric
part of the argument is given in Section 5, and the harmonic analysis part in Section 6.

Next, we prove statement (ii) in Sections 7 — 10 by a global argument. To set the
stage for the global argument, we prove some preparatory local statements in Section
7. Then, in Section 8, we introduce the Shimura varieties that we will study, along with
their integral models. The crucial counting argument is carried out in Section 9, and
the results are applied in Section 10 to prove statement (ii) and Theorem 1.3.

The missing statement (iii), along with Theorem 1.4, is proved in Section 11, via the
comparison with the Lubin-Tate tower.

After we have finished the proof of parts (a) and (b) of Theorem 1.2, we continue in
Section 12 by using our earlier results from [24] to prove part (c). As already indicated
above, in the final two Sections 13 and 14, we use Harris’ method of non-Galois auto-
morphic induction and Henniart’s method of twisting with highly ramified characters,
respectively, to prove part (d) of Theorem 1.2.

Notation. We use F' to denote a finite extension of @, with ring of integers O,
uniformiser @ and residue field k. For any integer r > 1, we let F,./F be the unramified
extension of degree r, with ring of integers O, and residue field k,. The completion of
the maximal unramified extension of F is denoted F', with ring of integers O. We use o
to denote the arithmetic Frobenius of F),. over F', or also of F. In contrast, oo denotes
the arithmetic Frobenius of the Witt vectors W (x,) over Z,,.

Moreover, we denote the Weil group of F' by Wg, with inertia subgroup I, and we
fix a geometric Frobenius element Frob € Wg.

To clarify the distinction, global objects are often denoted by bold-face letters, so
that e.g. F will be a CM field with totally real subfield Fg.

The symbol V is used to denote duals, e.g. dual representations, dual abelian varieties,
and dual p-divisible groups. Also, if f is a function on GL,,(R) for some ring R, we define
a new function f¥ on GL,(R) by f¥(g) = f((¢g~))}).

Acknowledgments. First of all, I thank my advisor M. Rapoport for explaining me
the Langlands-Kottwitz method of counting points, which plays a crucial role in this
article, for his encouragement to work on this topic, and for the many other things he
taught me. Furthermore, my thanks go to Guy Henniart and Vincent Sécherre for their
advice in type theory, among other things.

2. DEFORMATION SPACES OF p-DIVISIBLE GROUPS

Recall the following definition, cf. e.g. [7], where also the analogue of truncated
p-divisible groups is defined.
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Definition 2.1. Let S be an O-scheme on which p is locally nilpotent. A w-divisible
O-module H over S is a p-divisible group H over S together with an action v : O —
End(H) such that the two induced actions of O on the Lie algebra of H agree.

Now let H be a w-divisible O-module over a perfect field k of characteristic p, which
is given the structure of a O-algebra, via a map kK — k. Then the usual Dieudonné
module (Mo, Fy, Vp) of H carries an action of

OaWk) = ] Wolk),
k—k

where W (k) is the completion of the unramified extension of O with residue field k.
Let M be the component of My corresponding to the given map x — k, which is a
free Wo(k)-module. Assume that x = F,; for some j. Then M carries a o-semilinear
action of Fjj, which we denote by F' in this context. One can check that M also admits
a o~ l-semilinear operator V satisfying FV = VF = w. The structure (M, F,V) is
functorial in H and is called the relative Dieudonné module of H. It is an easy exercise
to see that all of Dieudonné theory goes through in this context.

In particular, to any 5 € GL,(O,)diag(w,1,...,1)GL,(O,), one can associate a
one-dimensional w-divisible O-module Hz of height n over k., by taking F' = fo.
Conversely, any one-dimensional w-divisible O-module of height n over &, is associated
to a unique GL, (O, )-o-conjugacy class of such 3.

Definition 2.2. (i) Let Rg be the formal deformation space of Fg as a w-divisible O-
module, with universal deformation Hg.

ii) Let Rg,n, be the covering of Rg parametrizing Drinfeld-level-m-structures on Hg, i.e.
(ii) ) g of R g 5
sections X1, ..., X, € Hglw™] such that

Y X+ inXn] = [Hg[@™]

i1ynsin €0 [
as relative Cartier divisors on Hg/Rg.

Proposition 2.3. (i) The ring Rg is a formally smooth complete noetherian local O,-
algebra, abstractly isomorphic to Oy[[Th, ..., Th—1]].

(ii) The covering Ram/Rga is a finite Galois covering with Galois group GL,(O/w™0O),
étale in the generic fibre.

(iii) The ring Rg m is regular.

Proof. Using Proposition 5.1, one can reduce to the case where H is infinitesimal. All
statements can be checked after base-change to O, where these deformation spaces are
the classical Lubin-Tate spaces and everything is well-known, cf. e.g. [6] or [27]. O

Theorem 2.4. Associated to any double coset
B € (14 w@w"M,(0))\GL,(0,)diag(w, 1,...,1)GL,(O,) /(1 + @™ M, (0)) ,

there is a separated, flat scheme Rﬁm of finite type over O, with smooth generic fibre
equipped with an action of GL,(O/w™), and a finite scheme Z C Spec Rﬁm R0, Kr
stable under this action such thaithe completion of RB,m at Z is GL,(O)-equivariantly
isomorphic to Rg,, for any 8 € 3.

Proof. We recall the necessary facts from Faltings’ theory of group schemes with strict
O-action, [7]. First, giving an m-truncated cwo-divisible O-module (or BT,,) over &, is
equivalent to giving the o-semilinear action of F' and the o~ !-semilinear action of V/
with FV = VF = w on a free O,/w™-module. Giving such data which come as the
truncation of some Hpg is then seen to be equivalent to giving B.
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Further, Faltings shows that the functor H —— H[w™] from w-divisible O-modules
to m-truncated w-divisible O-modules is formally smooth, showing that Rg is also
the versal deformation space of Hg[w™]. Now this is a finitely presented functor, so
that Artin’s algebraization theorem, [2], shows that there is a separated scheme RB of
finite type over O, together with an m-truncated w-divisible O-module Hz and a point
z € Spec Rz(kr) such that the completion of R at @ with Hj restricted to this formal
completion is isomorphic to Rg with Hglew™] for all 3 € .

By going over to a Zariski open subset and normalizing, we can assume that 7?,3 is
normal, flat over O, and smooth in the generic fibre, because these statements are true
in the completion at x. Now let RB,m be the normalization of RB in the covering of the
generic fibre parametrizing trivializations of Hz. Then GL,(O/@™) acts on R m- Let
Z be the preimage of z in Rﬁ,m'

The statements comparing RB,m and Rg,, are now clear, since Rg,, is regular and
in particular normal.

Finally, one may pass to a suitable Zariski open subset to assume that RB,m is flat
over O, and smooth in the generic fibre, as these statements are true in the completion
at Z. 0

We consider the formal nearby cycle sheaves in the sense of Berkovich, [3],5

Ripg = lim HO(Rispr Ry, Q) -
m

Theorem 2.5. The space HO(Riwspf Rﬁ’m(@g) s a finite-dimensional, continuous rep-
resentation of Wg. x GL,(O/w™), which vanishes outside the range 0 < i <n — 1.

Proof. This follows from Theorem 2.4, the comparison of formal nearby cycles with the
usual nearby cycles, i.e.,

RZ@ZJSpf Rﬁ,er = RZ@ZJSpec REmQAZ@mR 5

given by Theorem 3.1 of [3], and the finiteness results in the étale cohomology of schemes.
O

We see that the alternating sum of the cohomology groups induces an element [R3] in
the Grothendieck group of representations of W, x GL,,(O) with continuous W, -action
and smooth admissible GL,,(O)-action.

Now, for any 7 € Frob"Ir C W, and h € C°(GL,,(0)) taking values in Q, we define

$rn(B) = tr(r x hY|[Ryg])
where h" is defined by h¥(g) = h((g~1)?).
Theorem 2.6. This defines a function ¢, € C°(GLy,(F))) with values in Q, indepen-
dent of L.

Proof. From Theorem 2.4, it follows directly that the function is locally constant in 3.
The independence of ¢ follows from the results of Mieda, Theorem 6.2.2 of [21]. To apply
them, assume that h is the characteristic function of ¢ € GL,(O/w™). Use g to twist
the scheme Rg , with the unramified action of Gal(F/F) sending geometric Frobenius
to g. We get a scheme X with a finite subscheme Z such that

Grn(B) = D tr(7l(Rpx Qo)) -
2€Z (Kr)

Now the claim is an immediate consequence of Theorem 6.2.2 of [21]. g

50ur terminology is the one used e.g. in SGA and differs from Berkovich’s terminology, where these
sheaves are called vanishing cycle sheaves.
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Finally, we let f;) € C°(GL,(F')) be associated to ¢, p, using the normalization of
Haar measures giving a maximal compact subgroup volume 1. Recall our second main
theorem.

Theorem 2.7. (a) For any irreducible smooth representation m of GL,,(F) there is a
unique n-dimensional representation rec(m) of Wg such that for all T and h as above,

tr(frn|m) = tr(r|rec(m)) tr(h|7) .

Write o(m) = rec(m)(152).
(b) If m is a subquotient of the normalized parabolic induction of the irreducible repre-
sentation m ® -+ @ of GLy, (F) X -+ X GLy, (F), then o(n) = o(m) @ ... D o(m).
(¢) The map m — o(m) induces a bijection between the set of isomorphism classes of

supercuspidal irreducible smooth representations of GLy,(F) and the set of isomorphism
classes of irreducible n-dimensional representations of Wr.

(d) The bijection defined in (c) is compatible with twists, central characters, duals, and
L- and e-factors of pairs, hence is the standard correspondence.

3. AN APPLICATION OF THE THEORY OF TYPES

If 7 is an admissible smooth representation of GL,,(F') and s € C, then we let 7[s] =
7 ® |det|® be the twisted representation.

For any collection 71,...,m of irreducible essentially square-integrable representa-
tions of GLj,(F') such that m; does not precede 7; for i < j in the sense of Bernstein-
Zelevinsky, [4], [29], we denote by H!_,m; the Langlands quotient of the normalized
parabolic induction of m; ® - - - ® m¢. It is known that this does not depend on the order-
ing of the m;. We extend the definition to any collection of m; by first reordering them
so that m; does not precede 7; if 7 < j, which is always possible.

Let d be a divisor of n, hence n = dt for some integer ¢t > 1, and let w9 be a unitary
irreducible supercuspidal representation of GLy(F). Then we call 7 = B!_ mo[LHE — 4]
a generalized Speh representation of GL,,(F).

Lemma 3.1. (i) Let n = dt and mo be as above and let m = Bi_ mo[EL —i]. Assume
that t > 2. Then there exists a function h € C°(GL,(O)) such that tr(h|p) = 0 for all
irreducible tempered representations p of GLy,(F) which are not of the form p = B_,7[s;]
for some numbers s; € C of real part 0, and for which tr(h|r) # 0.

(ii) Assume that h € C°(GL,(F)) is such that for all irreducible tempered, non-
square-integrable representations © of GL,(F') and for all generalized Speh representa-
tions ™ we have tr(h|w) = 0. Then tr(h|m) = 0 for all irreducible smooth representations
7 of GL,(F).

Proof. Part (i) follows from the results of Schneider and Zink in [22]. We deduce it
from Proposition 11 of [22]. This shows that there exists an irreducible representation 7
(equal to op(A) for P minimal in their notation) of GL,,(O) that occurs in a tempered
representation p if and only if p = H!_,7[s;| for some numbers s; € C of real part 0. We
let h be the character of 7¥. Then the first part of (i) holds true. But Proposition 11,
part (i), of [22] says that 7 also occurs in 7, which implies the second part of (i).

For part (ii), we first show that tr(h|m) = 0 for all properly induced representations
7. Indeed, let P be a maximal parabolic with Levi M = GLj, x GL,,_j, and let h” be
the (normalized, K-invariant) constant term along P, so that

tr(h]n—Indg?g)(F)m ® ma) = tr(h’ |7 @ ma)

for all admissible smooth representations 7y, m2 of GLg(F) resp. GL,,_x(F'). Then our
assumptions say that tr(h”|m ® ma) = 0 for all irreducible tempered 71, o, hence by
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Kazhdan’s density theorem, [15], this also holds for all 7, w2, which is what we have
claimed.
Now, if 7 is square-integrable, then 7 corresponds to some segment

I =[m(5h), m(5h)] -

But one sees e.g. from Lemma 1.3.2 of [10] that 7+ (—1)E!_, mo[52 —i] is an alternating
sum of induced representations in the Grothendieck group of admissible representations
of GL,,(F'). This shows that tr(h|m) = 0, hence tr(h|r) = 0 for all tempered 7 and thus
by Kazhdan’s density theorem for all . O

Lemma 3.2. Assume that the following conditions are satisfied:
(o) Parts (a) and (b) of Theorem 1.2 hold true for all n' < n.

(i) If m is the (not necessarily irreducible) normalized parabolic induction of T @ - - - @7y,
where t > 2 and m; is an irreducible smooth representation of GLy,(F'), then for all T,
h, we have

tr(frn|m) = tr (Tlrec(m) (252) @ . .. @ rec(my) (“F24)) tr(h|r)

(ii) For any irreducible smooth representation m of GL,(F) which is either essentially
square-integrable or a gemeralized Speh representation, there exists a Q-linear combina-
tion rec(m) of representations of Wg with positive coefficients and total dimension n
such that for all T, h, we have

tr(frp|m) = tr(r|rec(n)) tr(h|7) .

(iii) If m is a supercuspidal irreducible smooth representation of GL,(F'), then rec(m) is
a Z-linear combination of representations of Wr.

Then parts (a) and (b) of Theorem 1.2 hold true for n.

Proof. First note that parts (ii) and (iii) imply that for 7 supercuspidal rec(r) is an n-
dimensional representation of Wr: Writing rec(m) in the basis given by the irreducible
representations of Wg, we know that all coefficients have to be nonnegative by (ii) and
integers because of (iii).

If 7 is an irreducible smooth representation of GL, (F') with supercuspidal support

T1s...,m, write o(m) = rec(m ) (152) @ ... @ rec(m)(£52), which is an n-dimensional
representation of Wr. Let f. be the function of the Bernstein center that acts through

the scalar tr(r|o(m)(%51)) on any irreducible smooth representation 7. To prove the

existence of f,, we have to show that

tr(rlo(m)(*5H))

defines a regular function on any component of the Bernstein center. It is clear that the
function depends only on the supercuspidal support, so that one immediately reduces to
the case of a supercuspidal component, given by unramified twists of some supercuspidal
representation 7. In that case, choose h € C°(GL,(0O)) with tr(h|r) = 1. Then
tr(h|7’) = 1 for all unramified twists ' of 7, and hence

tr(7'|a(7r')("7_1)) = tr(r|rec(n’)) = tr(frnlr') .

But the right-hand side does indeed give a regular function on this Bernstein component,
as does the trace of any CZ°-function.
It is enough to see that

tr(frplm) = tr(fr * h|m)

for all irreducible smooth representations m of GL,,(F).
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If 7 is properly induced or supercuspidal, this is clear because of condition (i), resp.
(ii). By part (ii) of Lemma 3.1, it is enough to check it for all generalized Speh representa-
tions ™ = EB;-":lTrg[% — 1], where 7 is a unitary irreducible supercuspidal representation

of a smaller GL4(F'). Choose h as in part (i) of Lemma 3.1. Then we see that
tr(frnlm') = tr(fr * hlx')

for all tempered representations m’: For all except the square-integrable ones, we have

already seen this, and for square-integrable representations, it holds true because both

sides are scalar multiples of tr(h|n’), which vanishes by choice of h. Hence this equality

also holds true for any other irreducible smooth representation, in particular for = =
B7_ mo[=H — d]. In that case, the equality says that

tr(r|rec(m)) = tr (r|o(m)(251)) -

This implies that rec(r) = o(7)(252), and hence we know that for all h, the equality
tr(frnlm) = tr(fr * h|m)

holds for all generalized Speh representations. As indicated above, this finishes the proof
by part (ii) of Lemma 3.1. O

4. NORM MAPS AND p-DIVISIBLE GROUPS

In this section, we will study norm maps on integral elements by relating these to
different parametrizations of p-divisible groups. This will give a very concise proof of
base-change lemmas.

First, we consider the case of étale p-divisible groups. Let D be a semisimple algebra
over Q, with a maximal order Op.

Definition 4.1. Let S be scheme on which p is locally nilpotent. A D-group over S is
an étale p-divisible group H over S together with an action

L: 0 — End(H)
such that H|p| is free of rank 1 over OF /p.

There are two ways to parametrize D-groups H over F,-. On the one hand, one
can look at the (contravariant) Dieudonné module M of H; then M = Op ®z, Zyr.
If we write og for the absolute Frobenius of Z,r, then one can write the Frobenius
F of M as F = 3710y for some 8 € (Op ®z, Zy)*. This clement is well-defined
up to op-conjugation by an element of (Op ®z, Zy-)*. We call this the Dieudonné
parametrization.

On the other hand, one can first give a D-group H over F, and then add a descent
datum to F,r. Let Frob € Gal(F,/F,) be the geometric Frobenius; then a descent

~Y

datum is given by an isomorphism « : Frob*H =~ H, giving the action of Frob. Let
F Fp — Fp

be the p-th power map; then there is the natural Frobenius isogeny F' : H — F*H
defined for any p-divisible group, which is an isomorphism in the case of étale p-divisible
groups. Then giving a descent datum « is equivalent to giving y =ao F~": H — H,

which is an O -linear automorphism. Since EndOon(H ) = Op, it follows that giving a
descent datum is equivalent to giving an element v € OJj. One easily checks that v is
well-defined up to Ofj-conjugation. We call this the Galois parametrization.

Proposition 4.2. This defines a bijection between the set of (Op®z, Zyr ) * -00-conjugacy

classes in (Op ®z, Zyr)* and the set of Of-conjugacy classes in OF, which we denote

by B— Ng. L
Further, the characteristic polynomials of N3 and 83°° --- 3% — agree.
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Proof. The first part is clear by construction. For the second part, look at the Dieudonné
module of H: It is given by
M ®ZPT W(Fp) )

and the action of Frob is given by its action on the second factor, where it acts through
Frob~! by contravariance. The Frobenius isogeny is given by F, and hence o F'~"
given by

y=F"®Frob™! = (8 log) " ®ay=Ng .
For the last equality, note that the evaluation of (3 'og)~" takes place in the algebra
OF ®z, W(F,) of Op-linear endomorphisms of M Q7 W (F,). This implies the desired
statement. U

Now assume that h € C2°(O}) is invariant under conjugation. We get a function

dn € C((Op @z, Zy)*) by setting é5,(6) = h(N ).
We choose Haar measures on D* and (D ®g, Qpr)* that give maximal compact
subgroups volume 1.

Proposition 4.3. In this situation, the functions ¢ and h have matching (twisted)
orbital integrals.

Remark 4.4. Taking D to be M,(Q,) and h to be characteristic function of GL;(Zp),
this gives the usual base-change identity.

Proof. We have to show that for any 3 € (Op ®z, Zy)*,

TOpg, (¢n) = ONﬁ(h) .
Let H be the D-group over F,r associated to 3. Consider the set X of D-groups H' over
Fpr together with an O7)-linear quasi-isogeny « : H' — H. On this set X, we have an
action of I' = (End(H ) ®z, Q,)* by composition.
First, it is easy to see that for any x € X, the stabilizer I', C I' is a maximal compact
subgroup. This shows that all I, have the same volume. We may normalize the Haar
measure by requiring that these subgroups have volume 1.

Note that we can define a T-invariant function 7 on X by requiring h(H' a) =
h(v(H')). We claim that

TOpoy(¢n) = Onglh) = Y h(z)
zeX/T
Now on the one hand, Dieudonné theory gives an isomorphism
I'={ge(Deg, Q)" g '8y =5}
and an identification of X with
{9 € (D ®q, Qpr)™ | 9 'By7 € Op}/(Op Xz, Zpr)™
by sending g to the D-group H' given by the lattice gM C M ®z,Q, and the correspond-

ing quasi-isogeny o : H' — H. Also h(H', a) = ¢5,(g~"B¢”) under this correspondence.
This proves the equality

TOpoy(dn) = Y (=

zeX/T
Reasoning in the same way with the other parametrization of X, we get the second
identity. O

Corollary 4.5. With h and ¢y, as above, we have

/(OD®Z Zyr)* on(B)df = /og h(v)dy

Proof. This follows from the Weyl integration formula, since h and ¢y, are associated. [
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Now we repeat these arguments for the case of one-dimensional formal O-modules of
height n.

Write D for the central divison algebra over F' with invariant %, with ring of integers
Op. There is a natural valuation v : D* — Z, taking @w € F C D to n. Let B, be
the set of basic elements in GL,,(O,)diag(w, 1, ...,1)GL,(O,), by which we mean those
elements that are basic as elements of GLn(F' ). Also, we let D, be the set of elements
of D* whose valuation is 7.

Proposition 4.6. There is a natural bijection between GL,(O,)-0-conjugacy classes in
B, and OF-conjugacy classes in D,, denoted f — Nf. Further, the characteristic
polynomials of NG and 337 - --ﬂ"r_l agree.

Proof. Consider the set of formal one-dimensional w-divisible O-modules over k, of
height n; these are in bijection to each of the two sets. For the first, this is clear by
looking at the relative Dieudonné module, writing /' = Bo. For the second, note that
over R, there is a unique formal one-dimensional w-divisible @-module H of height n,
for which End(H) = Op. Under this identification, the valuation on Op is given by
the height of endomorphisms of H. Giving the descent datum to &, is equivalent to
giving an element of D_,., using the same reasoning as in the étale case and the fact
that the Frobenius has height 1. We identify elements of D_, with elements of D, via
the d — d~!. The final statement is seen by looking at the Dieudonné module of H as
in the case of étale p-divisible groups. O

For any function h € CZ°(D,) which is invariant under Oj5-conjugation, we define
¢n € C°(By) by ¢n(8) = h(INF). The next two statements are proved in the same way
as the corresponding statements in the étale case.

Proposition 4.7. The functions ¢p and h have matching (twisted) orbital integrals.
Corollary 4.8. We have the equality

on(B)dB = [ h(d)dd .
B, Dy
5. DESCENT PROPERTIES OF THE TEST FUNCTION: GEOMETRY

Pick some
g € GL,(0O,)diag(w, 1,...,1)GL,(O;)
and consider the associated w-divisible O-module ﬁﬁ over k.. Write
Hy=HyxHy
as the product of its infinitesimal and étale part. Let k& be the height of F% as a formal
O-module. After og-conjugation, we correspondingly get
B = (8 8% € (GL,(O,)diag(w, 1,...,1)GL(O;)) x GL,_,(O;) .
Recall that one can also use the Galois parametrization for F;t. Repeating the ar-

guments on étale p-divisible groups from Section 4 with relative Dieudonné modules
replacing usual Dieudonné modules (and keeping track of normalizations) shows that

the action of Frob on Feﬁt(l_f) is through right multiplication by v = (Ng°)~1.
Let O be the completion of the maximal unramified extension of O.

Proposition 5.1. (i) The connected components of Spt (Rgm ®o, O) are parametrized
by surjective O-linear maps

v:(O/a™)" — th[wm](/;:) .

In particular, GL,(O/w™) acts transivitely on the set of connected components.
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(ii) Let V. C (O/w™)™ be a direct summand of rank k over O/w™. Let

9

Spf (Rgm ®o, O)v
be the union of all connected components corresponding to v with kerv = V. Then
(Rg.m ®o, O)y is defined over O,; call it (Rgm)v. Further, the stabilizer of (Rgm)v C
Rg ., is Py(O/w™), where Py is the parabolic associated to V', i.e. the subgroup stabi-
lizing V.
In the following, we take V = (O/@™)* C (O/@™)". We write P, = Py .
(iii) The canonical projection
Spf (Rgvm)v — Spf Rﬂo7m >

given by sending a deformation of Hg with Drinfeld-level structure (X1,...,Xp,) to its
infinitesimal part and the Drinfeld-level-structure given by (X1,...,Xk), is formally
smooth, inducing (noncanonical) isomorphisms of each connected component of

v

Spf (Ram)v ®o, O
with
Spf (Rgo.m @0, O) [T, oo, Tus]]

(iv) The map in (iii) induces a (canonical) Py(O/w™) x Wg, -equivariant isomorphism
Ribspe (R )y Qe = Ribsps Ry, ® Q[GL,—x(O/™)] ,

where the P,(O/w™)-action factors through its Levi quotient, and the W, -action is the
natural action on both nearby cycle sheaves and is the unramified action taking Frob” to
right multiplication by (y~1) = (NB°*)t on Qu[GL,_1(O/=™)].

(v) This gives an equality of virtual GL,(Q) x W, -representations

[Rbg] = Indi3 7l ([Ripgo] @ C°(GLy1(0)))

where we take functions with values in Q.

(vi) We have the following equality
brn(B) = tr (b x NE*Ind 5 8 6r,0(8°) © C2(GLy1(0)))

with NB° acting through right multiplication by (N3°)~1. Here ¢y (8°) is the distri-
bution taking hy € C2°(GLk(O)) to

¢T,hk (/60) = tr(T X h)c/HRT/}BO]) )

which we consider as an element in the Grothendieck group (with C-coefficients) of
admissible representations of GL,—;(O).

Proof. This is basically well-known. Part (i) follows from the canonical decomposition
Hy=Hyx Hy
identifying sections of ﬁﬁ with points of ﬁeﬁt.

It is clear that the Galois action on the connected components is through the action
on Feﬁt [@™] (k). This action does not change ker v, hence the first part of (ii) follows.
The second is obvious.

Part (iii) follows from Proposition 4.5 of [6].

Now part (iv) follows from the invariance of nearby cycles under power series exten-
sions, see e.g. [10], Lemma 1.5.6. Also part (v) is an immediate consequence of part (iv)

and the facts about the GL,,(O/w™)-action from part (i) and (ii).
Finally, part (vi) follows from part (v) after taking dual GL,,(O)-representations. [
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6. DESCENT PROPERTIES OF THE TEST FUNCTION: HARMONIC ANALYSIS

In this section, we will translate the descent formula established in the last section
to establish condition (i) of Lemma 3.2. Basically, this is an application of the Weyl
integration formula, turning a statement about the values of ¢, on elements into a
statement about its traces on representations.

Let P be the standard parabolic with Levi GLj x GL,_; and let N be its unipotent
radical. For any admissible representation m of GL,,(F) of finite length, let my, be its
(unnormalized) Jacquet module with respect to Nj. Assume that

tﬂ,k

_ 1 2
TN = D TN © T
=1

as elements of the Grothendieck group of representations of GL (F) x GL,,_;(F). Let O
be the distribution on GL,(F}.) given by O(3) = O,(Nf3). Define QH}V analogously.
[3X

For any ¢ € C°(GL,(F})), we will write Or(¢) as tr((¢,o)|II), thinking of II as the
base-change lift of .

Lemma 6.1. In this situation,

n t7r,k

n—k)r GLn (O
6 ((Gr )T = 32 Pt (RInd S (tr((drrxm oY, ) © 7%, )
k=1 1i=1

where tr((qbk,TXBk,aﬂH}Vk’i) is the distribution on GLg(O) sending hy to
tr((qu,hZXBk? U)‘H}Vk,i) J
where x g, s the characteristic function of the set By, of all basic elements in
GLx(O,)diag(w, 1,...,1)GLg(O,) .

Again, we identify conjugation-invariant distributions with elements in the Grothendieck
group of admissible representations to make sense of this formula.

Proof. We follow the proof of Lemma 5.5 in [24]. This gives

n tﬂ',k
tr((¢rn, o)) = > pHr >~ > \W (T} X T, GLy, X GLy_)| ™!
k=1 i=1 TR, CGLy, Ty, CGL, _§

T}, anisotropic

GLyxCL,_
X/AéLk(F)(Ntl)AéLnk(F)(NtQ)TOtaLkX - “(¢rn)On1

where the integral runs over the set of all ¢t = (¢1,¢2) in
Tk(Fr)lia X Tnfk(Fr)lio-\Tk(Fr)l X Tnfk(or> )
where Ty (F})1 is the set of all ¢; € Ty (F,) with vp(det¢;) = 1. Further,
W(Tk X Tk, GLy x GLn—k)

is the normalizer of Ty, (F') X T),—k(F") in GLg(F) x GL,,_(F") divided by Ty (F) x T,,—x(F).
Now, we keep t; fixed and look at the sum over T,,_; combined with the integral over
t22

(Nt1)O,z  (Nto)dtydty |

Z ’W(Tnfkv GLnfk)‘il

Tk CGLp ¢
x / Ay (NE)TOL ™ (b p(th, )0z (Nto)dts .

kot

Tn—k(Fr)lia\Tn—k(Or')

This is exactly the twisted Weyl integration formula computing tr(¢-p(t1, )\H?V“)
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Lemma 6.2. We have

(St ), 0) M) = tr(h|Ind 5 B 2 (81) @ )
for any irreducible smooth representation m,_j of GL,_p(F).
Proof. For this, we first recall the following formula.

Lemma 6.3. Let f be a GL,,_;(O)-conjugation-invariant locally constant function on
GL,,—%(O) and let ¢ € C°(GLy—(O;)) be defined by ¢(3) = f(NB). Then

/ $(3)dB = f()dy .
GLp—1(0y) GL, £ (0)

Proof. This is proved in exactly the same way as Corollary 4.5, replacing Dieudonné
modules by relative Dieudonné modules. O

Hence if f; p(t1,) € Co°(GL,—1(0O)) is defined by

Frn(t1,792) = tr (B x el Ind Gl - (1) © C(GLa-4(0)))

then tr((¢-n(t1,-), o) i) = tr(frn(t1,-)|mn—k) by Proposition 5.1, part (vi). We need
to see that CL.(O)
tr(frn(te, )| mn—k) = tr(h|Inde(’}9) G (t1) @ k)
but this follows from writing
CX(GLyk(0) = P m s @ ™
Tk

where m/,_, runs over all irreducible representations of GL,_x(O), and decomposing
m,_k into irreducible representations. O

Now, we look at the sum over T}, and the integral over ¢;, which reads

> IW(T, GLy)[ ! / Abp, () (NIDTOGH ()0, (Nt)dt

tio i
T, CGLg
T}, anisotropic
GLn(

where ¥(t1) = tr(h|Inde(O§9)¢k7T(t1) ® 7T]2V“) This is the twisted Weyl integration
formula again, this time for ¢¥xp, and GLg(F). It calculates the trace
tr((wXBkv U)’H]l\/k,i> )

Ty (Fr) =\ T (Fr )1

which is exactly

GL, (O
tr (hInd 37 (9,3, )Ty, ) © 7k, )
by tracing through the definitions. (|

Theorem 6.4. Assume that Theorem 1.2 holds true for alln’ < n. Assume that 7 is the
normalized parabolic induction of an irreducible representation m ®- - -y of GLy, (F) X
-+ X GLy, (F'), where t > 2: Hence there ezist representations rec(wy), ... ,rec(m) of Wr
such that

tr(frp,|m) = tr(r|rec(m;)) tr(hsi|m;) |
for all i and all functions h; € C°(GLy,(O)). Then we have
tr(frplm) = tr (7|rec(m) (2521) @ . .. @ rec(m) (252)) tr(h|T)
for all functions h € C°(GLy,(O)).

Proof. The proof reduces to Lemma 6.1 as the proof of Lemma 6.8 in [24] reduces to
Lemma 6.5 in [24]. O

This establishes condition (i) of Lemma 3.2.
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7. COMPARISON OF TWO FUNCTIONS

In this section, we compare our function ¢,; with a closely related function ¢, 4/
that arises naturally as a local ingredient in the global setup.

Fix a semisimple algebra D" over Q, with maximal order Ops. Then we define the
algebra D = M, (F) x D" with maximal order Op = M,,(O) x Op,. Consider the group
scheme Gp over Z, given by

Gp(R) = (Op ®z, R)*
which decomposes as Gp = Resp/z, GLn X Gpr, where
Gp/(R) = (Opr ®z, R)* .
In this context, we need the following type of p-divisible groups with extra structure.

Definition 7.1. (i) Let S be an O-scheme. An (O,D’)-group over S is a p-divisible
group H with an action

L: O — End(H)

such that H decomposes as H"™ x H' under the action of Oon = M, (0)°P x OODIZ, where
H is a one-dimensional w-divisible O-module of height n and H' is a D'-group in the
sense of Definition 4.1.

(ii) A level-m-structure on an (O, D')-group H consists of a Drinfeld-level-m-structure
on H and an isomorphism

O /" = Hp")
of (9%3 -modules.

There are two ways to parametrize (@ D')-groups over k,. For the first, one looks
at the usual Dieudonné module M of H. Our assumptions imply that there is an
isomorphism of Op ®z, W (k;)-modules

M=0p ®z, W (k) .

If we write og for the absolute Frobenius of W (k,.), then, writing the Frobenius F' of M
as ' =6y 150, we get an element

do € GD(W(FLT)Q) ,
which is well-defined up to og-conjugation by an element of Gp (W (k,)). Here W (k,)g

is the fraction field of W (k).

The second possibility is to look at the decomposition H=H"x H. As above, one
can parametrize H by an element § € GL,(F}), well-defined up to o-conjugation by

GL,,(O,). Further, " gives an element 7/ € OF, using the Galois parametrization, and
an element 3’ € (Opr ®z, W (k,))* using the Dieudonné parametrization. These satisfy
,y/ — Nﬂl

Going through all definitions shows the following proposition, giving the relationship
between the two parametrizations.

Proposition 7.2. Under the canonical decomposition

GoW(k)e) = ([ GLalF)) x Go(W(k,)o)

K— Ky

=GL(F)x (] GLuF)) x Go(W(x)a) .

a:k— Ky,a7#id

the element &y is G p(W (k,))-00-conjugate to ((371),1,3).
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Now fix an (O, D')-group H over k.. We get a deformation space Ry of H with
universal deformation H, and a covering Rﬁ,m / RE parametrizing level-m-structures on
the universal deformation.

Proposition 7.3. (i) The canonical map Ry — Rg is an isomorphism.
(ii) The canonical map B
Ry o — Rom xr, (H'[p"])"
is an isomorphism, where (H'[p™])* C H'[p™] is the open and closed subset of OF)-
generators of the O(l))p, -module H'[p™]. The OF,-action on Rﬁ,m is given by sending
b € OF, to left multiplication by b=' on H'[p™].
In particular, the covering Ry ,, / Ry is a finite Galois cover with Galois group
GL,(O/@™) x (Op/ /p™)* .
Proof. This follows from rigidity of étale covers: There is a unique deformation of a

D’-group to any infinitesimal thickening. O

Again, we can consider the global sections of the nearby cycle sheaves
Ryg = li_H}HO(Rd)Spf REm@E) :
They carry an action of Wg, x Gp(Zy,). We get the following corollary of the last
proposition.
Corollary 7.4. There is a canonical Wr, x G p(Zy)-equivariant isomorphism
Ry = Ripg @ C°(Op,)
where we take functions with values in Q.

In particular, let 7 € Wpg project to the r-th power of Frobenius, and let h €
CP(GL,(0)) and b € C(OF,) have values in Q. We define the function ¢- 4 (do) by

qf)7—7h,h/(50) = tr(T x hY x h,|R¢E) ,

if H corresponds to &y, and by 0 if there is no such H. Then our results of Section 2
imply that ¢, € C(Gp(W(kr)g)), and is independent of ¢. In fact, we have the
following result, which is the main result of this section.

Lemma 7.5. For any 7, h, I/, the functions ¢,y and fY, x b’ are associated.

Proof. We may assume that A’ is invariant under O7}),-conjugation. Take H which cor-
responds to &g and to (3,7') in the two parametrizations. In that case, we claim that

tr(r x I'|C(Op,)) = W' (Y) .

Indeed, the action of 7 on H[p™](R) is through right multiplication with +’, and hence
the left-hand side may be computed as

/ R (b y'b)db = 1/ ('),
0%,
by assumption on h'.

It follows that

Grh (00) = drn(B)R (V)

if 5o and (8,7') parametrize the same (O, D')-group over k,. Now the same argument
as in the proof of Proposition 4.3 shows the lemma. (|
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8. EMBEDDING INTO A SHIMURA VARIETY

In order to apply certain global arguments, we embed the situation into a Shimura
variety. These Shimura varieties are of the kind considered by Harris-Taylor, and previ-
ously in a more general set-up by Kottwitz. We use Kottwitz’ notation as in [17], [16],
except that we stick to our convention of using bold-face letters for global objects.

We start with the following data:

a totally real field Fy of even degree over Q;

an infinite place 7 of F;

a finite place xq of Fy;
e an imaginary quadratic field K such that the rational prime below zq splits in K;

an embedding K — C;
e a positive integer n.
We get the CM field F = KTy, and two places x, x¢ of F over Fg.

Lemma 8.1. Given these data, there exist a central division algebra D over F of di-
mension n?, an involution * on D of the second kind, and a homomorphism

ho:(C—ﬁDR

such that x — ho(i)~'z*ho(i) is a positive involution on Dg and such that the following
properties hold:

(i) The algebra D splits at all places of F different from x, z¢;
(ii) If Go/Fq is the algebraic group defined by

Go(R) ={g e (D&, R)* | 99" =1},

then Gg s quasisplit at all finite places of Fy that do not split in F, is a unitary group

of signature (1,n—1) at T, and is a unitary group of signature (0,n) at all other infinite
6

places®.

Remark 8.2. The order in the signature is important: Any infinite place 7’ of Fy induces
an isomorphism D ®p, R = M,,(C), unique up to conjugation, normalized by our choice
of embedding K «— C. Under this identification, hg takes the form

ho(2) = (diag(, ..., 2,%,...,2)) € Dg = [[D&r, R= [[ Ma(C) .
T/ 7.l
We say that Gg has signature (p,q) at 7" if the number of 2’s appearing at 7’ is p, and
the number of Z’s is ¢. It is then easy to see that indeed Gg ®p, R is isomorphic to the
unitary group U(p, q) of signature (p, q).

Proof. This is contained in Section 1.7 of [10], in particular Lemma 1.7.1. Note that our
D corresponds to B°P and our * corresponds to fg in the notation of [10]. O

We get the reductive group G/Q defined by
GR)={geD®R)" |gg" € R"} .

Remark 8.3. An assumption about the ramification of ID is necessary to apply the global
Jacquet-Langlands correspondence relating automorphic representations of D* to auto-
morphic representations of GL,, /F. The assumption that [F be the composite of a totally
real field and an imaginary quadratic field implies that the action of the Galois group
on the dual group G is through the quotient Gal(K/Q), which makes applications of
base-change possible. The restriction on the degree of Fy over Q is needed to make the
lemma true.

6With the convention on the signature explained in the next few lines.
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Restricting hg to C* and considering it as a morphism of algebraic groups over R
gives a map

h: RGSC/RGm — G]R .

Then the datum (G,h™!) defines a projective Shimura variety Shyx for any compact
open subgroup K C G(Ay), cf. [17].
Over C, the group G decomposes as

GC:( I1 GLn>xGm,

IF()‘—>C

where the projections to GL,, are given by the projection of

D&y C= [] M.(C)
F—C

to the factor corresponding to the embedding Fy < C and the fixed embedding K — C.
Further, the projection to G, is the natural map g — gg*. Recall the morphism

Gm — G x Gy = (Resg/rGm) ®r C
z—(z,1)

where the first factor corresponds to the identity map C — C and the second factor
corresponds to complex conjugation. Precomposing h with this morphism defines a
(minuscule) cocharacter

u: Gy — Ge .

Our assumptions imply that it is given by z +— diag(z,1,...,1) on the factor corre-
sponding to 7, by z — 1 on the other GL,-factors, and by z — z on the G,,-factor.

From here, it follows that the reflex field E is canonically isomorphic to F: The infinite
place 7 of Fg and the embedding K — C give a canonical embedding of F into C, which
identifies F with £ C C.

Our assumptions on p are the following. We require that p splits in K. Further, we
fix a place w of F above p, inducing a place u of K above p, and require that D splits
at w, i.e. w # x,x° We set F' = F,, and use the local notation O, k, etc., as before.
We choose some rational prime ¢ # p and an isomorphism Q; = C. Note that the
Grothendieck groups of continuous representations of W with coefficients in either Q,
or C get identified, and we will ignore the distinction.

Now let £ be an irreducible algebraic representation of G. We get f-adic local systems
Fk on Shg for all compact open subgroups K C G(Ay), to which the action of G(Ay)
extends, cf. e.g. [17]. Then we consider the direct limit of the étale cohomology groups
of Shy with coefficients in Fg, i.e.

H{ = @H*(ShK,FK) .
K
We also consider the alternating sum [H¢| as an element in the Grothendieck group of /-
adic representations of Gal(F/F) x G(Af) with continuous Galois action and admissible
smooth G(Ay)-action.

In order to apply the method of counting points modulo p, we first have to construct
integral models of the Shimura varieties over . We have to explain how to choose the
data of PEL type in [17]. We take the simple Q-algebra B = D and V = D as a left
B-module via right multiplication. This gives C' = Endg(V) = D. Furthermore, choose
€ € DX with €* = —¢ close to hg(i). Then z —— £x*¢~! defines a positive involution *p
on B. Moreover, we have an alternating pairing (-,-) : V x V. — Q defined by

(z,y) = trg/qtrp/r(z€y™)
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where trpr is the reduced trace. This pairing is compatible with xp, i.e. (bx,y) =
(z,b*By) for all b € B. Finally, we are given the homomorphism

hoi(c—>CR:]D)R,

and if £ was chosen correctly, the form (-, ho(i)-) on Vg is positive definite. This gives
the rational data of [17].
We have a decomposition

DegQ = [[DerF, ,
plp
and for all places p|u we fix a maximal order Op in D ®p Fp. Equivalently, we have
maximal orders OF , in By. Using the involution xp, these give rise to maximal orders
in By, for all places p of F above p, and hence to a maximal Z,-order Op in B. We
also get a unique self-dual Z,-lattice A in V' ® Q, which is equal to Op , at all places p
dividing u.
Further, writing
Op = H Obpyp ,
plu
we get Op @ Z, = OF x Op. Moreover, Op,, = M,(0), giving
OD = Mn((/)) X OD/
with the obvious definition of Opr, placing us in the situation of Section 7. With that
notation, we have
GQp = (GD ®Zp Qp) X Gm
= ResF/QpGLn X (GD’ ®ZP @p) X Gy,
giving us an integral model of G over Z,). In particular, we get a maximal compact
open subgroup KS C G(Qyp), which decomposes as

K, = GL,(0) x OF, x Z .
For m > 1, we also consider the congruence subgroups
K)'=(1+o"M,(0)) x (1+p"Opr) xZ, .

Assume we are given an abelian variety A up to prime-to-p-isogeny together with a
polarization A of degree prime to p and a *p-homomorphism ¢ : Op — End(A) over a
scheme on which p is locally nilpotent. Looking at its p-divisible group A[p™], we get a
decomposition

A[p™] = (H(A)" x H(A)') x (H(A)" x H(A)")"
corresponding to

Op @ Zp = (Mp(0)® x OR) x (M,(0) x Opr) .
In the situations we will consider, the p-divisible group H(A) = H(A)" x H(A)" with its
OP-action is an (O, D')-group (so that the notion of level-m-structure from Definition
7.1 applies). In fact, over schemes on which p is locally nilpotent, this condition is
equivalent to the determinant condition of Kottwitz, cf. [17] and Lemma III.1.2 of [10].

Consider the functor that associates to a locally noetherian scheme S over O the set
of isomorphism classes of quadruples (4, A, ¢, 7P, X1,7n) consisting of
e a projective abelian scheme A over S up to prime-to-p-isogeny,

e a polarization A\ : A — A" of degree prime to p,
e a xp-homomorphism ¢ : Op — End(A), satisfying the determinant condition,

a level-structure P away from p of type KP?,

a level-m-structure 7, on H(A),
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where two objects

(AN 0,7 mp) (AN L7 )
are called isomorphic if there exists an Og-linear prime-to-p-isogeny from A to A’ car-
rying \ into a Z(Xp j-multiple of N, 7P into 77 and 1, into 7.

For an explanation of the notion of a level-structure of type KP, we refer to [17],
Section 5.

As in [17] and [10], Section III.4, one sees that if KP? is sufficiently small, then this
moduli problem is represented by a projective scheme Shgw ,,. Furthermore, the ar-
guments of Kottwitz, cf. also [10], sections III.1 and III.4, show that the generic fibre
of Shgr , is the disjoint union of |ker!(Q, G)| copies of the canonical model Shx of
the Shimura variety associated to (G, h™!, K), base-changed from F to F = F,,, where
K =K]'KP?.

There is an obvious action of GL,(0) x O}, x G(Ai) on the tower of these integral
models. Further, the algebraic representation £ gives rise to smooth f-adic sheaves
Frr m on Shiw , to which this action extends naturally. They are compatible with the
sheaves on the Shimura variety Shg.

9. COUNTING POINTS MODULO p

The main result of this section calculates the trace of certain operators on the coho-
mology of the Shimura varieties introduced in the last section.

Let 7 € Frob"Ip C W, and take h € C2°(GL,,(0)) and b/ € C2°(OF,) with values in
Q. Further, fix the characteristic function ez of Z; C Q, and take f? € CSO(G(A?)),

again with values in Q. Then we get
f=h"xh x ezx X [P € C(G(Ay)) .

We will compute the trace tr(r x f|[He]). We fix m > 1 such that h¥ x b/ x egx is
bi- K*-invariant.

Fix a sufficiently small compact open subgroup K? C G(AI}) such that f? is bi-KP-
invariant. In fact, assume that f? is the characteristic function of KPg? K? divided by
the volume of K? for some ¢P € G(N}). We have the following diagram.

Shgrn(gr)=1 Krge,m

th m Sthm(gp —1KPgr.0 KP ,m
Shxwr o

We will evaluate tr(r x f|[H¢]) via the Lefschetz trace formula. Recall that the
upper correspondence in the diagram above extends canonically to a correspondence
u: ﬁQ!ﬁTfKP,m — f}(pm@ and let

(7] : H*(Shiwm ® F, Fom) — H*(Shiom ® F, Ficrm)

be the associated map on cohomology. Of course, 7, h and h" also act on the cohomology,
and it is a standard fact that

ker!(Q, G)tr(1 x f|[H¢]) = tr(1 x hY x b/ x [fP]|H*(Shicrm @ F, Frm)) -
We use proper base change to rewrite the cohomology as

H*<Sth’m &® F,f[{p7m) = H*(Sh[{pp &® R, F*R'lpj:[{p,m) .
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Let 7/ = r[s : Fp] and let "' be the /-th power of the relative Frobenius correspondence
on Shgr o®~K. Then the action of W on the nearby cycle sheaves gives a correspondence

F™* 0, RO F o i —— T ROF o

which on cohomology realizes the map 7. Furthermore, the actions of GLy,(O) and O,
give a correspondence

hY xh'
T RO F ko — TRYFgr m

which on cohomology realizes the map hY x h’. Hence the composition ¢ of the two
correspondences,
_ pyoF” _ _
c:Shgro @K P Shgpn(gr)y-1Krgr0 @ K ELN Shgro ® K
with the corresponding composition of the correspondences on the sheaf m,RYFg» p,
realizes a map on the cohomology whose trace equals tr(7 x f|[H¢]).

Now we use the Lefschetz trace formula, see e.g. [28], Theorem 2.3.2. Hence we need to
evaluate the traces try(m R Fgrm) at the fixed points y, i.e. y € Sth(gp)qugp’o(R)
with z = (p1 o F"')(y) = pa(y)-

At this point, we stop to check that all of Kottwitz’ arguments concerning the
parametrization of the fixed points y go through in our situation. We just make some
remarks on the crucial points.

e The analogue of Lemma 7.2 in [17] is true; one can even require that the hermitian
form be preserved on the nose. Indeed, our assumption that p be split in K immediately
reduces everything to the linear case, which is trivial to handle.

In particular, as in the article of Kottwitz, [17], p. 419, cf. also p. 429, we can associate
to any fixed point y an element § € G(W (k,)q), well-defined up to og-conjugation by
G(W(k,)).” In fact, note that the fixed point y gives rise to an (O, D’)-group H, over
K. Then the element § can be more explicitly written as

6 = (b0, t) € Gp(W(kr)a) x W(kr)g = G(W(kr)o) ,

where dp is the Dieudonné parametrization of Ey in the sense of Section 7, and ¢ is some
element of p-adic valuation —1.

e Lemma 14.1 in [17] stays true. The crucial point is to check that for all 6 € G(W (k,)q)
associated to a fixed point, the norm N§ can be represented by an element of G(Q,).
This follows from our arguments in Section 7.

e One can describe the double coset KS(SKS similarly to the description made on pages
430-431 in [17], cf. Section 7 again.
As in Section 14 of [17], we also get an element v € G(A‘;’c), well-defined up to

conjugation, and an element vy € G(Q), well-defined up to stable conjugation, which is
stably conjugate to v and NJ.

Lemma 9.1. We have
TR Fico m = (e RYQy) @ Fico -
Proof. In the following calculation, we use several times that 7, and Ry commute. First,
T RO F oy = Ry, o™ Fep g = Rw(ﬂ'*@g ® Frr0)

by construction of the sheaves and the projection formula.
Now we use that Fx» o extends to a smooth sheaf on Shg» o, because of the con-
struction of Fg» ¢ using the tower of Shimura varieties with varying K, C G(Qy), which

"Note that the number 7 is denoted 7 by Kottwitz.
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extend to the integral models considered. In particular, there is a canonical adjointness
morphism between

RI/J(W*QZ (%9 .7:[{10,0)
and

(RQ,ZMT*Qz) ® .7:}(11’0 .
In order to check that this is an isomorphism we reduce to torsion coefficients and then
localize in the étale topology so that (the torsion version of) Fg» o becomes trivial.
Then it is clear. (|

This gives
try (e RO F o m) = tr(70|€)try (me RYQy) |
cf. pages 433-434 in [17] for the computation of the trace on Fgr o which gives tr(yo|§).
Further, we have the following description of the completed local rings @Sth707x. As

before, O, is the unramified extension of O of degree r and O is the completion of the
maximal unramified extension of O.

Lemma 9.2. (i) There is a canonical isomorphism
OSth,o,I = Rﬂy ®o, o,
which maps the correspondence

Spf OShKPﬁ(gP)—lkng,ovy

plOFy K

Spf @Sth,mx Spt @thp,o@

to the Frobenius correspondence.

(ii) The isomorphism in (i) extends GL,(O) x O, -equivariantly to
7 (Spf Ofhyep o) = SpE Ry m @0, 0.

The correspondence given by

—1 A
™ (Spf OSthm(gp)flegp@vy)

Tr_l(Spf @Sth,O,x) W_l(spf (§Sth,o,x)

is mapped to the Frobenius correspondence under this identification.

Proof. This is an immediate consequence of the Serre-Tate theorem that deforming an
abelian variety is equivalent to deforming its p-divisible group. (|

Recall that the local term tr(m,Ri)Qy) is the trace of the map

TxhY xh': (W*RQZ)QZ)CE = ((pl o FT’)*W*Rw@K)y B (pSW*Rw@E)y = (W*Rw(@f)z .
But Lemma 9.2 and Theorem 3.1 of [3] imply that one can identify

(mRYQe)e = H (Ribspr iy, Q)

equivariantly for the GL,,(O) x Of,-action and compatible with the action of 7. Hence
we see that by definition of ¢ 1/ (do), we have

try (e RpQy) = ¢r i (00) -

Now all the further discussion of [17] applies and proves the following theorem.
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Theorem 9.3. With the notation of [17], we have
\Y% / D
tr(7 x b’ x h' x egx X f |[He])

= Y 907 )0 ()T O (brnir X €1y () tr(0l€) -
(7037,9)
Note that Lemma 7.5 shows that the functions ¢;pp X €,-1y(x,)x and Y, x b x
€p-riz ATE associated.

Using this expression and going into the calculations of [16] that exploit the process
of pseudostabilization applicable to the Shimura varieties considered, we can rewrite the
last theorem in the following form.

Corollary 9.4. We have the following equality:
ntr(t x hY x b’ x egx % fP|[He]) = tx( T X h'x e,—rizx * fP|[H]) -

Proof. We just go through the most important steps in the calculation. Recall that
Kottwitz constructs in [16] a function f, on G(R), depending on &. Let

= £y x b x €prigx X P X foo

be the function on G(A). Then arguing as on pages 661-663 of [16], we see that the left
hand-side equals

nr(G) S 504, (f) |
70

where 7(QG) is the Tamagawa number of G, 7o runs through the stable conjugacy classes
in G(Q) and SO+, (f) is a stable orbital integral. Now the Arthur-Selberg trace formula
shows that this equals

S mr) t(fim)

where 7 runs through automorphic representations for G with correct central character.
Using Lemma 4.2 of [16], this can be rewritten as

Ztr(fTv’h x b x €przx X fPmy) Zm(m ® Too)eP(Too ® E)

Tf Too
using the notation ep to denote the Euler-Poincare characteristic as in [16]. Here we
have used that the N occuring in Lemma 4.2 of [16] equals n in our situation. Finally,
Matshushima’s formula reveals that this equals

tr(f), x b’ X ep-rgx % fPIHE]) .

10. GALOIS REPRESENTATIONS ATTACHED TO AUTOMORPHIC FORMS

In this section, we will associate ¢-adic Galois representations to (most) regular al-
gebraic conjugate self-dual cuspidal automorphic representations of GL,,/F, and prove
a local-global compatibility result for them. The construction is based on Clozel’s base
change from G to GL,,, which we will use in the form given in Section VI of [10].

For any irreducible admissible representation 7y of G(Ay), we define the isotypic
component

W¢(mr) = Homga ) (my, He)
of H;. Taking the alternating sum gives an element [We(my)] in the Grothendieck group

of f-adic representations of Gal(F/F). Kottwitz proves in [16] that 7 occurs either
only in even or only in odd degrees, so that in particular no cancellation can occur
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and £[W¢(my)] is effective. Also recall the integer a(my) from [16], which is roughly the
multiplicity of 7y: In fact, we have

dim [We(my)] = a(ms)n .

Corollary 10.1. Assume that 7y is an irreducible admissible representation of G(Ay)
with Wi (my) # 0. Let mp = Ty @ T @ mp 0 corresponding to

G(Qp) = GL,(F) x D™ x Q) ,

assume that mp o is unramified and let X, , be the character of Wg C Wg,, corresponding
to mpo by local class-field theory. Then for all T € Wg projecting to a positive power of
Frobenius and h € C°(GL,(0)), we have

() = oy I We(np)] © Xy ) )

Proof. Take some function b’ € C2°(OF,) such that tr(h'|m}’) = 1, and take m > 1 such
that both hY x b/ x ez and Yy x b x ez are bi-K'-invariant.
Further, take a compact open subgroup K? C G(A?) such that W? has KP-invariants.

Because H*(Shy, Fk) is finite-dimensional, there are only finitely many irreducible
admissible representations 7T} with invariants under K = K"K? and W¢ (71‘}) # 0.

Now Corollary VI.2.3 of [10] implies that there exists a function fP € C’go(G(AIJZ))
biinvariant under K? with tr(f?P ]77?) = 1 and such that whenever 7 is an irreducible
admissible representation of G(Ay) with W (7)) # 0, with invariants under K}'K?,
and tr(fp|7r;?) =% 0, then 77} = 7. Indeed, it is always possible to find f? such that the
conclusion 7'['} = W? holds true, but Corollary VI.2.3 of [10] tells us that then already
77} = 7y, Fix such an f?.

We apply Corollary 9.4 to these functions. Both sides of the equation reduce to the
contribution of W (mf) ® m¢. Direct inspection reveals that the left-hand side is

ntr(7|[We(mp)]) tr(h|mw) |
and the right-hand side gives

/

na(ms) tr(fplme)mpo(@™") -

Rewriting gives the corollary. O

It is useful to be able to embed local components ,, into a global representation .
This is achieved by the following theorem.

Theorem 10.2. Assume that 7 is an irreducible smooth representation of GLy,(F) that
is either essentially square-integrable or a generalized Speh representation. Then there
is an irreducible admissible representation m¢ of G(Ayf) and an algebraic representation
¢ of G such that Wg(ﬂ'f) # 0, the component m,q is unramified and such that the
component m,, of wy is an unramified twist of .

Proof. This follows from Corollary VI.2.5 and Lemma VI.2.11 of [10]. O

Corollary 10.3. If w is an irreducible smooth representation of GLy,(F') that is either
essentially square-integrable or a generalized Speh representation, then there is a Q-
linear combination rec(w) of representations of Wr with nonnegative coefficients such
that for all T, h, we have

tr(frp|m) = tr(r|rec(n)) tr(h|7) .

Remark 10.4. As we can always write a p-adic field as F,, with all the assumptions on
[F etc., this checks condition (ii) in Lemma 3.2.
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Proof. Apply Theorem 10.2 to ¥ and Corollary 10.1 to the resulting representations
7s, & Then 1, = m¥ ® x for some unramified character x. The representation

rec(m) = ——[We(mp)]Y © x5 © X
a(my)

satisfies the requirement. O

1

Furthermore, we have the following theorem from [10] constructing irreducible ad-
missible representations my of G(Ay) with W (ms) # 0 from cuspidal automorphic
representations of GL,, /F.

Theorem 10.5. Let I be a cuspidal automorphic representation of GLy, /F such that

(i) 1V =1l o ¢, where ¢ : GL,(Ap) — GL,(Ap) is complex conjugation;

(ii) I is regular algebraic, i.e. it has the same infinitesimal character as an algebraic
representation of Resyq(GLy,) over C;

(iii) I, is square-integrable.

Then there exists an irreducible admissible representation 7y of G(Ay), an algebraic

representation & of G such that W (my) # 0, and a character ¢ of K*\Ag whose

infinite components are algebraic such that m, = Iy and my o = 1,y for all places w',

u' and p' of F, resp. K, resp. Q, such that w'|u'|p, p’ splits in K and w' # x,x°.
Moreover, for any given prime p' as above, one can arrange that my o is unramified.

Proof. All references refer to [10]. Use Theorem VI.1.1 to produce an automorphic
representation of D*. It continues to have properties analogous to (i) and (ii). Then
Lemma VI.2.10, Theorem VI.2.9 and the properties of the base-change map established
in Theorem VI.2.1 finish the proof. O

Combining this with Corollary 10.1, we get the following construction of Galois rep-
resentations. In its formulation, we assume that parts (a) and (b) of Theorem 1.2 are
true; we will only use this corollary after we have proven these assertions. We prefer to
state it now as it fits in with the discussion here.

Theorem 10.6. Let I be a cuspidal automorphic representation of GLy, /I such that
(i)Y =Tloc¢;
(i) oo 4s regular algebraic;
(iii) I, is square-integrable.
Then there erxists an integer a > 1 and an (-adic representation R(I1) of Gal(F/F) of
dimension an such that for all finite places v of F whose residue characteristic is different
from £, we have

R(ID)|wg, = a-rec(Il,)
as elements of the Grothendieck group of representations of Wy, .

Proof. Choose 7y, € and 9 as in the theorem, and take a = a(7s) as well as
R(IT) = [We(mp)]Y @ x5

where X, corresponds to ¢ by global class-field theory. Because 1 is algebraic at all
infinite places, this makes sense.

The desired property is now immediate for all v # x, ¢ which are split over Fy and
for which my o is unramified, where p’ is the rational prime below v. By the Chebotarev
density theorem, this determines the virtual representation %R(H) uniquely. Now, since
for any given p’, one can choose 7y, £ and ¢ so that my ( is unramified, the condition
that m, o be unramified can be dropped.

Now if v is arbitrary, take some real quadratic field R linearly disjoint from F such
that the rational prime below z splits in R, and the completions of R and K at the
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rational prime below v are isomorphic. Let Fy = FoR and F = FR, and choose places
7 and Z above v and z in F; we can assume that © # Z,Z°. Moreover, the assumptions
imply that o is split over Fy. Also Fy = F,.

Taking the base-change I of II to F, it continues to have the required properties,
hence we get a representation R(l:I) and an integer a > 1. From Chebotarev density, it
follows that éR(ﬁ) = %R(H)] Gal(F/F)- Now applying the previous result at the place ©

gives the desired result for II at v. (|
Later we need a slight variant of Theorem 10.2 for GL,,/F.

Theorem 10.7. Let w be an essentially square-integrable irreducible smooth represen-
tation of GL,(F'). Then there ezists a cuspidal automorphic representation II of GLy, /F
such that

() IV =Toc;
(i) Hoo is regular algebraic;
(iii) I1, is supercuspidal;

and such that the component Il,, is an unramified twist of .

Proof. This follows from Corollary VI.2.6 of [10]. O

11. RELATION TO THE LUBIN-TATE TOWER

In this section, we are back in the local situation. Let
g € GL,(0,)diag(w, 1,...,1)GL,(O,)

be basic. Then the tower

(SPf Rn)m=>0 = (SPf Rgm ®0, O)m>0
is called the Lubin-Tate tower. It does not depend on 3, as the base-change of Fﬁ to K
does not depend on (: it is the unique one-dimensional formal O-module H of height n
over K.
We describe compatible actions of

GLn(O) X ('DX X WF)()
on Spf R,,, where
(D* x Wpg)o={(d,7) € D* x Wg | v(d) +v(r) =0} .

It is clear how GL,(O) acts. Now, for (d,7) € (D* x Wg)o with 7 € Frob"Ir, one
gets quasi-isogenies d~! : H — H of height r, F : H — F*H of height 1 and
7 : Frob™ H — H of height 0. Hence the composition d~* x F~" x 7 : H — H defines
a quasi-isogeny of degree 0, i.e. an automorphism. We get a corresponding action on
Spf Ry,.

Let

Ry = hi{lHO(R%/}Spf R, Qr)

be the global sections of the nearby cycle sheaves associated to the Lubin-Tate tower.
They carry an action of GL,(O) x (D* x Wg)g. It is known that this extends even
further, using Hecke operators, but we will not need this part of the action.

The following theorem is well-known.

Theorem 11.1. Each representation R is an admissible smooth representation of
GL,(0), a smooth representation of OF, and a continuous representation of Ir. More-
over, R vanishes outside the range 0 < i < mn — 1.
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Proof. Everything except the smoothness of the Ofj-action follows from Theorem 2.5.
This smoothness follows from a result of Berkovich, Corollary 4.5 of [3], cf. proof of [10],
Lemma I1.2.8. O

Note that since [ is basic, we can use the constructions of Section 4 to get an associated

norm d = Nj3 € D*, well-defined up to O5-conjugation. Then (d~!,7) € (D* x Wg)o
if and only if 7 € Frob"Ir. It is now an easy exercise to verify the following proposition.

Proposition 11.2. For all h € C*(GL,(0O)), the equality

Grn(B) = tr(r x d~' x hY|[Ry])
holds.

Now consider GL (O D* X W
n xXD* x
[R"L/f} = C- Ind (O)X(DX XW?F) [R¢] :

In particular, for any irreducible representation p of D*, the space
[R¢](p) = Hompx (p, [Re]) = Homyyx (ploys , [RY])

carries an action of GL,(O) x Wg. Let m = JL(p) be the associated representation of
GL,(F) via the Jacquet-Langlands correspondence, characterized by the equality

tr(glm) = (=1)" " tr(d|p)
for all regular elliptic ¢ € GL,(F) and d € D* such that g and d have the same
characteristic polynomial.
Recall that we have already shown that there is a nonnegative Q-linear combination
of Wr-representations rec(w) such that for all 7 and h

tr(frn|m) = tr(r|rec(m)) tr(h|m) .

The following corollary translates this property into a statement about the cohomology
of the Lubin-Tate tower.

Corollary 11.3. Let p be an irreducible representation of D* such that m = JL(p)
is supercuspidal. Then, as a virtual representation of the group GL,(O) x Wg, the
representation [Ry](p¥) is equal to (—1)"'7V|qr,, (o) ® rec(m).

Remark 11.4. One can define a natural action of GL,(F') x Wg on [R¢](p"), and the
proposition stays true when considering the action of GL,,(F) x Wpg on both objects.
However, our methods do not prove this.

Proof. Let h € C°(GL,(O)) and 7 € Frob"Ip. Let II be the base-change of 7 to
GL,(F,). Note that if

B € GL,(0O,)diag(w, 1,...,1)GL,(O,)

lies in the support of the twisted character O, of II, then (3 is basic, i.e. 8 € B,. We
compute, using Corollary 4.8,

tr(rfrec(m)) te(hlm) = tr(fyplm) = (700 |)
/ 671(8)Orm.0(8)d5

" 1/ tr(r x NG~ x hY|[Ry))©,(NB)dj3

n 1

tr(r x d~! x hY|[Ry])O,(d)dd

\

T

= (=1)" "' te(r x hY[[RY](p)) -
This exactly proves the corollary. g
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Now we can check condition (iii) of Lemma 3.2, finishing the proof of parts (a) and
(b) of Theorem 1.2.

Corollary 11.5. For any supercuspidal representation m of GL,(F'), the virtual repre-
sentation rec(m) can be represented by a Z-linear combination of representations.

Proof. The theory of newvectors for GL,, [14], exhibits a representation of GL,(QO)
that occurs with multiplicity 1 in 7TV|GL"(O)- By the last proposition, the corresponding

isotypic component of [Ry](JL™1(7)V) is a Z-linear combination of representations of
W that represents (—1)" trec(r). O

12. BIJECTIVITY OF THE CORRESPONDENCE

For an irreducible smooth representation 7 of GLy,(F), let o(m) = rec(r)(15%) be the
associated Weil group representation, normalized appropriately. In this section, we will
prove that 7 +— o(7) gives a bijection between irreducible supercuspidal representations
of GL,,(F) and irreducible representations of Wr of dimension n.

Theorem 12.1. The correspondence © +— o(m) has the following functorial proper-
ties.

(i) If n = 1, then o(m) is given by local class-field theory.
(ii) If m is an irreducible subquotient of the normalized parabolic induction of the irre-
ducible representation m & - -+ @ ¢ of GLy, (F) x - -+ x GLy, (F'), then

o(r)=o0(m)®...0o(m) .
(iii) If x is a character of F*, then o (m ® x o det) = o(m) ® o(x).

(iv) If F'/F is a cyclic Galois extension of prime degree, if 7 is an irreducible supercus-
pidal representation of GL,(F), and II is the base-change lift to GL,(F"), then

o(Il) = o(m)|lw,, -

(v) If o(m) is unramified, then m has an Iwahori-fized vector (equivalently, the supercus-
pidal support of w consists of unramified characters).

Proof. Part (i) follows directly from the comparison with Lubin-Tate tower, and the
well-known description of its cohomology. Alternatively, one can deduce it from global
class-field theory and the local-global compatibility result for rec(7).

Part (ii) is part (b) of Theorem 1.2, which we have already proved.

Assertions (iii) and (iv) are Lemma VII.2.1 and Lemma VII.2.4 of [10], respectively.
Their proofs carry over without change, using our Theorem 10.6 instead of Theorem
VIL1.9 of [10].

Finally, part (v) is a corollary of our previous work. Using parts (i) and (ii), one
immediately reduces to the case that 7 is a supercuspidal representation of GL,, (F) for
n > 2. In that case, we prove that o(m)/F = 0.

For this purpose, introduce for any r > 1 the function ¢,; = mebr Iy ¢7pdT; this
makes sense as the W -representations involved are continuous. In fact, one easily
checks that

Gr(B) = tr** (Frob” x hY|[Rabg]) ,
where we use the semisimple trace as in [24].
We claim that ¢, ,(3) is constant for all basic

B € GL,(0,)diag(w, 1,...,1)GL,(O,) .
Let R, Ripg be the derived invariants of Rig under Ir. The cohomology groups of this

complex carry an admissible action of Frob™ x GL,(©). Then Lemma 7.5 of [25] says
that
(1 — ¢")tr**(Frob” x hY|[Ripg]) = tr(Frob” x hY|[Rr,.Ryg]) ,
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where ¢ is the cardinality of k. Therefore it suffices to show that the cohomology groups
of the complex Ry, Riyg are independent of 3. But this follows from the description of
these groups given in Corollary 5.6 of [24].8

Now if 7 is a supercuspidal representation of GL,(F) with base-change lift II to
GL,(F,) and associated representation p of D* via the Jacquet-Langlands correspon-
dence, then as in the proof of Corollary 11.3,

tr(Frob”|o(m)1F) tr(h|7) = / tr(r|o (7)) tr(h|m)dr = / tr(frp|m)dr

Frob” I Frob” I

[ (e )Wdr = tx((600) i)
Frob" I

- /B 6rn(8)Or10 (8)dB = const. /B 0,(N )

= const. O©,(d)dd =0 ,

Dy
because p has no invariants under Of. O

We axiomatize the situation.

Definition 12.2. We say that a family of maps associating to any finite extension F/Q,
and any irreducible smooth representation m of GLy,(F) an n-dimensional representation
o(m) of Wr is a functorial extension of class-field theory if it is natural in the sense that
it commutes with isomorphisms F = F' and has the properties (i) through (v) of the last
theorem.

Our results show that the map m —— o(m) is a functorial extension of class-field
theory.

Theorem 12.3. For any functorial extension of local class-field theory, the map from
irreducible supercuspidal representations of GLy,(F') to n-dimensional representations of
Wr is injective with image consisting exactly of the irreducible n-dimensional represen-
tations of Wg.

Proof. First, it is clear that if there exists a functorial extension of local class-field theory,
then any irreducible smooth representation of GL,,(F') has an Iwahori-fixed vector after
a finite series of cyclic base-changes. In particular, supercuspidal representations become
unramified after a finite series of cyclic base-changes, as they always stay (up to twist)
unitarily induced from supercuspidals.

Now we prove the theorem by induction on n, the case n = 1 being obvious.

First, we check that if 7 is supercuspidal, then o () is irreducible. Choose a series of
cyclic extensions of prime degree F' = Fy C F} C ... C F, such that the base-change of
7 from F' to Fj, is not supercuspidal, but the base-change to F},,_1 is still supercuspidal.
Replacing F' by F,,—1, we can assume that there is a cyclic extension of prime degree
F1/F such that the base-change II of 7 from F' to F} is not supercuspidal.

Let 7 € Gal(F1/F) =2 Z/gZ be a generator. The results of Arthur-Clozel, [1], Lemma
6.10, imply that II = I HII" B ... B H{rl for some supercuspidal representation II;
with II; 22 II7.

By induction on n, we know that o(Ily) is irreducible. Further o(7)|w,, = o(Il1) &
@ o(I)™, with o(II;) % o(II)7, by induction, because II; % ITI7. This implies
that o(m) is irreducible.

8At least in the case F' = Qp, but the description generalizes without problems. Note that one may
use the algebraizations constructed in Theorem 2.4 instead of the Shimura varieties considered in [24].
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Now we check that the map is bijective. Choose any irreducible n-dimensional rep-
resentation o of Wr. We choose a series of cyclic extensions of prime degree ' = Fy C
Fy C ... C Fy, such that the restriction of o to W, is not irreducible, but the restriction
to Wg,,_, is still irreducible.

In this situation, oly, =¥ &...& 77" where 7 generates Gal(Fy,/Fp_1) =
7/gZ, and ¥ is an irreducible representation of Wr_~with ¥ 22 ¥7. By induction,
there is a unique supercuspidal representation II of GL%(Fm) with o(II) = ¥. Then

I, =118... 8 7" lifts to a unique representation Il,,,_; of GL,(F,,—1), and this
representation satisfies

-1
o)y, =S ... 03",
whence o(Il;,—1) = ofw,,  : Because & % X7, there is a unique representation of

W, _, with restriction to Wy, being equal to £ @ ... ® X™ ', namely Ind;V/?”‘lZ.
This discussion shows that there is a supercuspidal representation II,, 1 of GLn(}T%m_l)
with o(Ilpn-1) = ofwy -

We claim that this representation Il,,_; is unique. Indeed, the base-change II,, of
;-1 to GLy (Fi,) cannot be supercuspidal, as o (IL,;,) = o (Il;;—1)|wp,, is not irreducible.

Hence I1,, = M. . .BII™ " for some supercuspidal representation IT of GLxz (F},). Then
g

oM &..ecd)” =Ya..ex” ",

which implies that after replacing IT by II”7 for some 4, we have o(II) = ¥. By induction
on n, this determines II uniquely, hence II,, and finally II,,_1.

Now we use descending induction on ¢ = m — 1,m — 2,...,0. Changing notation
if necessary, we can assume that ¢ = 1. Hence we have an irreducible n-dimensional
representation o of Wr whose restriction o1 to Wg, is still irreducible, and we know
that there exists a unique supercuspidal representation 7; of GL,,(F}) with o(m1) = 0;.
Again, F}/F is a cyclic extension of prime degree g, and we let 7 be a generator of
Gal(Fy/F).

Note that o] = o1; hence 7] = m by the uniqueness assertion already established.
The results of Arthur-Clozel, [1], Theorem 6.2, then say that 7 lifts to a supercuspidal
representation 7’ of GL,,(F). We know that

o(M)lwe, = o(m) = olw, -

This implies that o(n’) = o ® x for some character x of Gal(F;/F), which we also
consider as a character of F* via local class-field theory. In particular, for 7 = 7’ ®@ y !,
we have o(m) = o, which shows the existence of .

Now assume that 7, 7’ are two representations with o(r) = o(n’) = 0. Then their
respective base-changes 7, 7} to Fy satisfy o(m) = o(n]) = 01. As o7 is irreducible,
both 71 and 7} are supercuspidal, so that by induction 71 2 7]. Now the uniqueness

of lifts, [1], Proposition 6.7, implies that 7 & 7/ ® x for some character y. But then
0 = 0 ® x, which implies x = 1, as o is irreducible. O

[ad

13. NON-GALOIS AUTOMORPHIC INDUCTION

In this section, we repeat Harris’ arguments constructing certain cuspidal automorphic
representations associated to some Weil group representations which are induced from
a character. The crucial steps are presented in a slightly more general context.

We need the following definitions.

Definition 13.1. Let IL be a number field.
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(i) A cuspidal automorphic representation 11 of GL, /L is called potentially abelian if
there exists an n-dimensional representation 3 of Wi, such that for all finite places v of
L, the representations 11, and X|w,  satisfy

E|W]Lv = U(HU> )

and for all infinite places, they are associated via the archimedean Local Langlands Cor-
respondence.

(ii) An n-dimensional representation ¥ of Wiy, is called algebraic if for all embeddings
L — C, the corresponding restriction to We = C* is a direct sum of characters of the
form z —— zZPZ? for some integers p, q.

The name potentially abelian is motivated by the fact that representations of the Weil
group become a direct sum of characters after restriction to a subgroup of finite index.

We need to reformulate Theorem 10.6 with a slightly different normalization. Call
Il regular L-algebraic if Hoo(”T_l) is regular algebraic. We note that this notion of
regularity is better behaved with respect to functorialities: For example, one checks
easily that it is compatible with automorphic induction, cf. the general discussion
of Buzzard-Gee, [5]. We still use the notation F to denote a CM field which is the
compositum of a totally real field Fy of even degree over Q and an imaginary-quadratic

field. Recall that we have fixed a place x of F which is split over Fy.

Corollary 13.2. LetII be a cuspidal automorphic representation of GL,, /F such that
)TV =Toc;
(i) Hoo is regular L-algebraic;
(iii) I1; 4s square-integrable.
Then there exists an integer a > 1 and an (-adic representation R(I1) of Gal(F/F) of
dimension an such that for all primes v of F whose residue characteristic is different
from £, we have

R(ID[ws, = a-o(Il,)
as elements of the Grothendieck group of representations of Wy, .

Proof. It suffices to find a character ¢ of F*\AX such that ¢! = ¢ o c and doo(%52)
is algebraic. We refer to the easy verification of its existence in [10], proof of Corollary
VIIL.2.8. O

Lemma 13.3. If1I is potentially abelian, associated to X3, and Il is reqular L-algebraic,
then 3 is algebraic.

Proof. This is a direct consequence of the archimedean Local Langlands Correspondence.
O

Lemma 13.4. Let 3 be an algebraic representation of W1, and let £ be a prime number.
Fiz an isomorphism 1 : Qu = C. Then there is an (-adic representation oy of Gal(IL/L)
such that for all finite places v of I such that v does not divide {, the restrictions X|w;
and o¢|w,, are identified via .

Proof. In the case of characters, this can be done by a simple direct construction, made
explicit e.g. by Fargues in [8], page 4. The general case can be reduced to this special
case by passing to a finite extension and descending back to L. Another possibility is
to use Langlands’ work, [18], on automorphic forms on tori, as explained in Section 4 of
[5]: Note that the representation ¥ of Wy, necessarily factors through the L-group of a
torus. O

Now we are ready to state the theorem that will enable us to construct the non-Galois
automorphic induction.
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Theorem 13.5. Let II be a cuspidal automorphic representation of GL,,/F such that
IIV 21 oec, [y is reqular L-algebraic, and 11, is supercuspidal.

(1) If there exists an n-dimensional representation ¥ of Wyx such that I1 and ¥ are asso-
ciated at all infinite places and for all almost all finite places, then for all finite places
v, we have

Slwe, = o(Il,) ,
i.e., 11 is potentially abelian.

(ii) Let F'/F be a cyclic extension of prime degree and assume that there is only one place
x' of ' above x. Further, assume that denoting by II' the base-change of 11 to F’', that
1T, is supercuspidal, and that II' is potentially abelian.

Then 11 is potentially abelian.

Proof. For (i), there are systems of f-adic representations al}, a% associated to both
> and II, by Lemma 13.4 and Corollary 13.2, respectively. These agree at almost all
places by assumption, hence by Chebotarev al} = ag. Now one uses that ¥ and al} are
associated for all finite places v which do not divide £, and the corresponding result for
II.

For (ii), let II' be associated to ¥’. Note that ¥’ extends to a representation ¥ of Wrg.
After twisting, we may assume that 11, and E‘wa are associated: Our results on Local
Langlands show that there is a unique such choice of X.

Now X gives rise to a system of ¢-adic representations al}, and II gives rise to a second
system of (virtual) ¢-adic representations o7. They agree after restriction to Gal(F/F’),
giving the irreducible representation oj. Assume that ¢ is not divisible by . Then
there is a unique Q-linear combination oy of f-adic representations of Gal(F/F) with
nonnegative coefficients such that the restriction to Gal(F/F’) is o), and such that oy
agrees locally at x with at}: The virtual representation oy is a sum of twists of a} with
characters of Gal(IF'/F), and the coefficients of this sum can be read off by looking at
the restriction to =, showing that only the coefficient of al} is nonzero.

Hence we see that al} = al? for all ¢ which are not divisible by . As above, this gives
the result. g

Finally, we can prove the theorem on non-Galois automorphic induction.

Theorem 13.6. Let F3 D F3 D F} be extensions of totally real fields of even degree over
Q, such that F3/F} is a solvable Galois extension. Write n = [F3 : F}]. Further, let K
be an imaginary-quadratic field. We let F* = ]P%K fori=1,2,3. Further, let x be place
of FY, which is split over IF(I) and inert in F3.

Assume that x is a character of FQX\A];Q such that

Hxt=xoc

(ii) For any infinite place T of F2, the component X, is of the form 2P Z~P7  where p; € 7
and p; # py whenever T # 1/,
(iii) The stabilizer of X, o Normgs jp2 in Gal(F3/F!) is equal to Gal(IF3/F?).

Then there exists a potentially abelian cuspidal automorphic representation Iggx of
GL,,/F! associated to ¥ = Indvvgiix.

Proof. First note that II = IIIFF;X automatically has the properties IIV = Il o ¢, Il is
regular L-algebraic, and II, is supercuspidal: These follow from strong multiplicity 1
and the compatibility at all places.

Now we proceed by induction on [F3 : F}]. Choose a subextension F§ O F3 > F} such
that F§/F} is cyclic Galois of prime degree. Write F* = F{K.
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Assume first that Fé C IE‘(Q). Then we know that there exists Ig; x. If we put IIIFFQ1 X =
Ind%ilg X, where Ind denotes automorphic induction, [1], then we know that IT = IIIFF; %

and IndVV[ZE;X are associated at all infinite places and almost all finite places, by the
usual statements about automorphic induction. Looking at the place x, we see that II,
is supercuspidal, and hence II is cuspidal automorphic. Using Theorem 13.5, part (i),
we are done in this case.

Now we are left with the case IF% N ]F(Q) = F(l). By induction, we have a cuspidal
automorphic representation II' = Iﬁli‘;w (x o Normgapa /]Fz), associated to

¥ = IndII:‘V/IF4 (x o Normpeps /p2) = Elw,, -
F2R4 F4

Note that our assumptions imply that X! is irreducible. By strong multiplicity 1, II' is
invariant under Gal(IF*/F!), hence descends to a cuspidal automorphic representation IT
of GL,, /F!, unique up to twist. There is a unique choice of IT such that II, is associated
to X, by our results on Local Langlands. Note that Il is regular L-algebraic and II,
is supercuspidal, as ¥, is irreducible. Also IV = (IT o ¢) ® x for some character y of
Gal(F*/F'). As in [10], pp.241-242, one checks that there is some Artin character 1
such that II = II ® ¢ satisfies IIY = I o ¢. Then Theorem 13.5, part (ii), shows that
II is potentially abelian. Therefore IT is potentially abelian, associated to a Weil group
representation which is a twist of ¥ by a character of Gal(F*/F'). Looking at the place
x, we see that it is equal to X. (|

14. COMPATIBILITY OF L- AND e-FACTORS

We return to the local setting. Let Ap be the free abelian group with generators
given by the supercuspidal representations of GL,(F), any n > 1, and let Gr be the
Grothendieck group (with Z-coefficients) of Wx. Recall that one can define L- and e-
factors for elements of these groups, by extending linearly from the supercuspidal, resp.
irreducible, representations.? In the same way, one defines the central character w; for
7w € Ap, the determinant det o for o € Gp, the dual v resp. ¢V, and the twist 7 ® x
resp. o ® x for a character y of F'*, using local class-field theory in the latter case.

Fix a nontrivial additive character ¢ : I — C*.

Theorem 14.1. The correspondence Ap — G given by m — o () has the following
properties.
(i) In degree 1, it is given by local class-field theory.
(ii) It is compatible with twisting, i.e. o(m ® x) = o(7) @ X.
(i) It is compatible with duals, i.e. o(7V) = o(m)".
(iv) It is compatible with central characters, i.e. deto(m) = wy.
(v) It is compatible with L- and e-factors of pairs, i.e.
L(m X me,s) = L(o(m) ® o(ma), s)

e(m1 X 7o, 8,9) = e(o(m) ® o(ma), $,7) .

Proof. We have already seen parts (i) and (ii). By Brauer induction and linearity, it

suffices to check all properties only for representations 7 with o(m) = IndWW/l; X, Where x
is a character of Wgr. Fix two such representations 7, and .

9A word of warning may be in order: One can send an irreducible smooth representation 7 to its
supercuspidal support, considered as an element of A, and hence define L(m, s), but this does not agree
with the usual definition in general.
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Lemma 14.2. There exists a global field F with a place w such that F = F,, and two
potentially abelian cuspidal automorphic representations 11y, Il of GLy, /F such that
(IL;)y is an unramified twist of m; for i = 1,2, and for which the associated Weil group
representations Y; are irreducible.

Proof. This follows from Theorem 13.6 after embedding everything into the global pic-
ture (Note that the Weil group representations that occur are irreducible, as they are
irreducible at z.). That this can be done is checked e.g. in [10], proof of Lemma VII.2.10,
and [13], Section 3. O

Note that this implies statement (iv), since det ¥1 = wry,, e.g. by strong multiplicity
1. To prove statement (v), one uses the functional equation for L-functions of pairs,
together with the trick of twisting with highly ramified characters, cf. Corollary 2.4 of
[13]. Finally, part (iii) follows from part (v) by looking at poles of L-functions. O
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