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ABSTRACT. We show how the Langlands-Kottwitz method can be used to determine
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case.

CONTENTS
1. Introduction
2. A base change identity
3. The Geometry of some simple Shimura Varieties
4. Description of isogeny classes
5. Calculation of the nearby cycles
6. Orbital integrals for GL,
7. Comparison with the Arthur-Selberg trace formula
References

Date: October 7, 2010.

11
12
16
20
23



2 PETER SCHOLZE

1. INTRODUCTION

The aim of this paper is to extend the method used in [19] for determining the zeta-
function of the modular curve to the case of the unitary group Shimura varieties with
signature (1,n — 1), considered e.g. in the book of Harris-Taylor, [12]. These are proper
Shimura varieties for which endoscopy does not occur and for which particularly nice
integral models exist by the theory of Drinfeld level structures.

Our first main result is of a general geometric nature. Let O be the ring of integers in
a local field K. Assume X /O is a separated scheme of finite type. Then we denote by
X,uw the base-change of X to the maximal unramified extension K" of K and by Xour
the base-change to the ring of integers in K. Also let X3 be the geometric special
fibre. We get maps ¢ : Xz — Xow and j : Xjw — Xouw.

Now assume that X is regular and flat of relative dimension n over O and that the
special fibre X, possesses a stratification X, = (J; Zl into locally closed strata Zl whose
closures Z; are regular. We call the Z; special fibre components. Let ¢(Z) be the
codimension of Z in X, for any special fibre component Z in X.

To any special fibre component Z, we associate a Q,-vector space Wy together with
maps Wz — Wy whenever ¢(Z) = ¢(Z') + 1, by induction on ¢(Z). If ¢(Z) = 1, we
simply set Wz = Q,. In general, we define W to be the kernel of the map

& wi— B W
zcz' zcz'
c(Z")=c(Z)-1 co(Z")=c(Z)-2

where in the case c¢(Z) = 2, the target has to be replaced by Q,. We make the following
assumption:

(%) The sequence

0—W; —...— @WZ/—> @ Wy —...— Q, — 0
zcz' zZcz'
c(Z")=1 c(Z2")=i—1
is exact for all special fibre components Z.

Theorem A. Assume that the condition (x) holds. Then for any x € Xy (F,) with
geometric point T over x, there are canonical isomorphisms

("R Q)= @ Wal-k)
Z,c(Z)=k
T€EZ

for all k.

This generalizes Theorem A of [19], and again makes use of Thomason’s purity theo-
rem, [21], a special case of Grothendieck’s purity conjecture.

It is worthwhile noting that this theorem implies the (nontrivial) fact that the groups

(”*Rkj*(@z)f

are pure (of weight 2k). Also, the description is analogous to results of Brieskorn, [3],
Lemma 5, on the cohomology of complements of hyperplane arrangements. Indeed, one
may think of the special fibre components of maximal dimension as hyperplanes, and the
cohomology groups can be thought of as the cohomology groups of a small neighborhood
of T in the complement of the geometric special fibre Xz in Xpur.

In order to formulate our other results, we need to introduce certain Shimura varieties.
Fix an imaginary quadratic field £ and a central division algebra D over k of dimension

n?, with an involution * of the second kind. Further, let an R-algebra homomorphism

hg:C — Dp



THE LANGLANDS-KOTTWITZ APPROACH FOR SOME SHIMURA VARIETIES 3

be given such that hg(z)* = ho(%Z) and such that the involution x —— hq (i)~ ta*ho (i) is
positive. These data give rise to an algebraic group G over Q whose R-valued points
are

G(R)={g9c(D®qR)" |g'ge R"},
and a homomorphism

h: Re/rGpm — Gr .

Taking any small compact open subgroup K C G(Ay), one gets a smooth and proper
Shimura variety Shx associated to (G, h~!, K), canonically defined over k, although the
reflex field may be even smaller, i.e. Q.

We make the assumption that G = GU(1,n — 1). It is well-known that under these
assumptions the associated Shimura varieties Shx have good integral models at primes
p above primes p which split in k£ and such that D splits at p, if the level is given by a
principal congruence subgroup. In fact, these integral models satisfy the hypotheses of
Theorem A, as proved in Theorem 3.4 and Lemma 5.5.

For any » > 1 and any h € C°(GLy(Z,)), we define a function ¢, = ¢, in the
Hecke algebra of GL,,(Qpr), cf. Definition 5.8. Its values encode the semisimple trace of
Frobenius on the vanishing cycles, cf. Theorem 5.9.

Finally, let f,, be the function of the Bernstein center of GL,(Q,) such that for all
irreducible admissible smooth representations 7 of GL,(Qy), fnp acts by the scalar

p%rtrss(®;]aﬂ) ,

where o is the representation of the Weil group Wy, of Q, with values in Qy associated
to 7 by the Local Langlands Correspondence, cf. [12].
Assume that the Haar measures give maximal compact subgroups measure 1.

Theorem B. For all h € C°(GL,(Zy)), the functions ¢, and fy p * h have matching
(twisted) orbital integrals.

This theorem furnishes a comparison between a purely geometric expression, ¢y, and
a purely automorphic expression, f, , * h. It is analogous to Theorem B in [19] for the
case of modular curves, with some notable differences. Usually, one first compares ¢y,
with a function in the Bernstein center of GL,(Q,) and then invokes a base-change
identity as in the case of a hyperspecial maximal compact subgroup. Our Theorem B
does both steps at once.

To get the comparison with the twisted orbital integrals of a function in the Bernstein
center of GL,(Qp,r), we prove the following base-change identity. In Section 2, we
define a certain class of smooth group schemes G = Gy 1 over Z,, whose generic fibre
is isomorphic to GL,. They include the case of principal congruence subgroups and
parahoric subgroups. As a general piece of notation, we let Z(G, K) be the center of
the Hecke algebra H(G, K) of compactly supported K-biinvariant functions on G, for
any compact open subgroup K of G = GL,(Q,) or G = GL,,(Q,r).

Theorem C. Let f € Z(GL,(Qp),G(Zy)) and ¢ € Z(GL,(Qpr), G(Zyr)) be given. For
every tempered irreducible smooth representation m of GL,,(Qp) with base-change lift 11,
the set of invariants 79%r) is nonzero only if M9 %) is nonzero. Assume that for all 7
with 79%») £ 0, the scalars cfx resp. cy 1 through which f resp. ¢ act on 79Zp) resp.
HQ(ZP’“), agree: Cfr = Co1l-

Then f and ¢ have matching (twisted) orbital integrals.

Remark 1.1. In fact, we prove this theorem for any local field of characteristic 0 in place
of Qp.

This theorem generalizes, for the special case of the group GL,, the classical base-
change fundamental lemma as well as the results of Haines about parahoric subgroups
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G in [11]. The proof of Theorem C makes strong use of (unramified) base change for
GL,, and hence does not generalize to arbitrary groups.

Using Theorem C, one arrives at an expression for the semisimple Lefschetz number
as a sum of a volume factor times an orbital integral away from p times a twisted orbital
integral of a central function in a certain Hecke algebra at p, cf. Theorem 7.4, procing
a general conjecture of Haines and Kottwitz in this special case.

Our last main theorem calculates the semisimple local factor of the Hasse-Weil zeta-
function of Shy /k in terms of automorphic L-functions. Recall that p is a prime of k
lying above a rational prime p that splits in k£ and such that D splits at p. In particular,

Gq, = GL, x Gy,
Theorem D. Let K C G(Ay) be any small compact open subgroup of the form
K = K) X Zj} x K C GLy(Q,) x Q) x G(A}) = G(Ay) .

As in [15], p.656, there is a representation r of the local L-group LGkP. Then the
semisimple local factor of Shx at p is given by

Sh[{, HLSS 8— n—1 7Tp7 )a(ﬂf)dimwff ’

where m¢ runs over irreducible admzsszble representations of G(Ay) and where a(my) € Z
s given by
a(ﬂ-f) = Z m(Trf ® 7700) tr(foo|7Too) .
Too

Here m(my @ moo) 48 the multiplicity of 7y ® moo in L*(G(Q)Ag(R)°\G(A)), where Ag
is the split component of the center of G. Finally, f is the function defined by Kottwitz
in [15]. It is up to sign a pseudo-character of a discrete series representation with trivial
central and infinitesimal character.

Remark 1.2. For a discussion of the semisimple local factor, we refer e.g. to [8], cf. also
[19].

Note that under the assumptions, the local group Gg, = GL; x G;,. Therefore
the local Langlands Correspondence for G, is known and hence one can define the
semisimple L-factor L*(s,m,,r) as the semisimple L-factor L¥(s,r o 0r,) of the Weil
group representation o, associated to m, through the Local Langlands Correspondence,
see e.g. [12]. However, unraveling all the definitions, one sees that one could define this
L-factor directly, without appealing to the work of Harris-Taylor, cf. Remark 6.2.

Note that Theorem D is essentially known by the work of Harris-Taylor, [12]. The
emphasis of this paper lies in the method of proof. It is an extension of the method
used by Kottwitz in [15] for a hyperspecial maximal compact level structure at p, and
more classically by Langlands in [17] to prove a local-global compatibility statement
for the cohomology of modular curves in the case that the local representation is not
supercuspidal. In a similar spirit is the proof of Theorem 11.7 in [10] in the case that K
is an Iwahori subgroup (but without restriction on the signature of G) and the article
of Haines and Rapoport, [9], for the case that the level structure at p is given by the
pro-unipotent radical of an Iwahori subgroup. Here, as in [19], which discusses the case
of GL2, we show that this method can be applied for arbitrarily small level structures
at p.

In the paper [20], we use the methods and results of this paper to give a new proof
of the Local Langlands Correspondence for p-adic local fields, avoiding the use of the
numerical Local Langlands Correspondence of Henniart, [13].

We now describe the content of the different sections. In Section 2, we prove the base-
change identity, Theorem C. It makes strong use of base-change for GL,,. Afterwards, we
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review in Section 3 the geometric results concerning the Shimura varieties, particularly
their interpretation as moduli spaces of abelian varieties and a description of the special
fibre. In Section 4, we recall some of the aspects of Kottwitz’ work on the description of
isogeny classes in the special fibre of these Shimura varieties, for a hyperspecial maximal
compact level structure at p. The main geometric result, Theorem A, is then formulated
and proved in Section 5 along with the application to the Shimura varieties in question.
We remark that the result is closely related to the cohomology of Drinfeld’s upper half
plane, as determined by Schneider-Stuhler, [18]. These results are then reinterpreted as
orbital integrals in Section 6 to prove Theorem B, again making use of base-change for
GL,,. Finally, Section 7 concludes with the proof of Theorem D.

Remark 1.3. Throughout the paper we fix a rational prime ¢ different from p and an
isomorphism Q, = C.

Acknowledgments. I thank my advisor M. Rapoport for introducing me to this
area, his constant encouragement during the process of writing this paper, and his
interest in these ideas.

2. A BASE CHANGE IDENTITY

Let K be a local field of characteristic 0 with ring of integers Ok and uniformiser
w and let L be an unramified extension of K with ring of integers Op. Consider the
group G = GL,, over K. We give a construction of compact open subgroups of G(K)
and G(L).

Start with an Og-subalgebra M of M,(Ok) such that M ® K = M,(K). Further,
take a (two-sided) ideal I C M such that M/ is finite. Then one gets the smooth group
scheme G over Ok defined by

Gui(R)={re€l®o, R|g=1+z¢€ (MQo, R)*}.
In particular, we get compact open subgroups Gar,1(Op), resp. Gu,1(Ok), of G(L), resp.
G(K) We write Gy = QMyM.

Let us give two examples. First, taking M = M,,(Ok) and I = w™ M, (Ok), we get
the principal congruence subgroups
Gum,1(Ok) = ker(GL, (O ) — GL, (O /@™ Ok)) .
Second, one may fix a lattice chain
A=0k CA G- C A= 'O

and consider the subalgebra

M ={m e M,(Ok) | mA; C A; for all i} C M,(Ok) .
Then Gy is the parahoric group scheme given by the lattice chain (A;);.

We begin by proving the following comparison of conjugacy and o-conjugacy classes.

Proposition 2.1. There is a unique map N from the set of o-conjugacy classes in
Grm(Or)/Gm,1(Or) to the set of conjugacy classes in Gy (O ) /G 1(Ok), satisfying the
requirement that if § € Gar(OL) has the property 667 -0 € Gu(Ok), then the
o-conjugacy class of § is sent to the conjugacy class of 667 - - L

Moreover, the map N is a bijection, and the size of the o-centralizer of some element
0 € Gu(OL)/Gum,1(OL) equals the size of the centralizer of N6 € Gy (Ok)/Gm,1(Ok).

Proof. Let v € Gp(Ok). Consider the subalgebra R, = Og[y] C M. Note that this is
a finite free Ok-algebra, so that the functor

2,(R) = (R, 8o, R)*

describes a smooth commutative group scheme over O
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Lemma 2.2. The norm homomorphism
N : Z’y(OL) e Z'y(OK)

§— 66 ... 57"

1S surjective.

Proof. The proof is identical to the proof of Lemma 3.4 of [19]. O

Hence, given 7 € Gy (Ok ) /G, 1(Ok ), choose some lift v € Gy (O ) and § € Z,(Op)
with N§ = ~, with reduction 6 € Gr(OL)/Gar1(OL). We claim that

{ € Gu(Or)/Gar1(OL) | 71027 = 8} = { € Gu(Ok) /G 1(Ok) | &7z =7} .

Take x € Gy (Or)/Gr1(Or) with 271627 = §. Then 278 27 = 57 for all
1 =0,...,7 —1 and multiplying these equations gives
2 'Néx = N§ ,

hence x commutes with 7, i.e.  commutes with v modulo I. But then x commutes with
§ modulo I, because § € O [v], i.e. x commutes with §. Therefore =16z = § = 271627,
and hence z = 27, whence x € Gn(Ok ) /G, 1(Ok ). The other direction is clear.

This proves that the size of centralizers equals the size of o-centralizers. Now a
counting argument finishes the proof, cf. proof of Proposition 3.3 of [19]. O

We use this proposition to prove the following identity.

Corollary 2.3. Let f be a conjugation-invariant locally integrable function on Gpr(Ok).
Then the function ¢ on Gyr(Or) defined by ¢(5) = f(INO) is locally integrable. Further-

more,

(egM,I(OL) *¢)(6) = (egM,I(OK) * f)(NG)
for all 6 € Gy (Or).

Proof. Assume first that f is locally constant, say invariant by Gas 1 (O ) for some ideal
I'. Of course, ¢ is then invariant under Gy p(Or) as well and in particular locally
integrable. The desired identity follows on combining the above Proposition for the
ideals I and I’: Using it for I, we see that we may average over the o-conjugacy class
of . Then we get the sum over all

8 € Gm(OL)/Gnr(OL)

which are congruent to § modulo I of the averages of ¢, resp. f, over the o-conjugacy
class of &', resp. the conjugacy class of N§’, which agree by the Proposition for I’.
The corollary now follows by approximating f by locally constant functions. O

Let tempered representations m, II of G(K), G(L), resp., be given. Further, let
o € Gal(L/K) be the lift of Frobenius.

Definition 2.4. In this situation, 11 is called a base-change lift of w if 11 is invariant
under Gal(L/K) and for some extension of Il to a representation of G(L) x Gal(L/K),
the identity

tr(Ng|m) = tr((g,0)[H)
holds for all g € G(L) such that the conjugacy class of Ng is reqular semisimple.

It is known that there exist unique base-change lifts by the work of Arthur-Clozel,
cf. [1]. Write Z(G1,G2) for the center of the Hecke algebra of compactly supported
Go-biinvariant functions on G, for any parameters GG1, G2 occuring in the sequel.
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Theorem 2.5. Let f € Z(G(K),Gu,1(Ok)) and ¢ € Z(G(L),Gum,1(OL)) be given. For
every tempered irreducible smooth representation m of G with base-change lift 11, the set
of invariants 79.19K) is nonzero only if 1194.1(OL) 4s nonzero. Assume that for all w
with 79.10K) £ 0 the scalars Ctx T€SP. cy 11 through which f resp. ¢ act on 79m.1(0k)
resp. T19¢.1(0L) " ggree: Cfn = CoIl-

Then f and ¢ have matching (twisted) orbital integrals.

Proof. First, because (twisted) characters are locally integrable, cf. [1], Proposition 2.2,
we find that Corollary 2.3 implies

tr(egM,j(OK)’ﬂ-) = tr((egM,I(OL)7U)|H) )

taking f to be the character of m and § = 1. This implies that 794.1(Ox) = 0 only if
[9m.1(O1) £,
Further, we see that

tr(f|m) = cpxtr(eg,, ;(0x)™) = csmtr((eg,, (o), o)) = tr((¢, o)[I) .

We may find a function f’ € C°(G(K)) that has matching (twisted) orbital integrals
with ¢, cf. [1], Proposition 3.1. This implies that tr((¢,o)|II) = tr(f’|w) by the Weyl
integration formula, cf. [1], p. 36, for the twisted version. Hence tr(f — f'|7) = 0
for all tempered irreducible smooth representations m of G(K). By Kazhdan’s density
theorem, Theorem 1 in [14], all regular orbital integrals of f — f’ vanish. Hence f and
¢ have matching regular (twisted) orbital integrals. By [5], Prop. 7.2, all semi-simple
(twisted) orbital integrals of f and ¢ match. O

3. THE GEOMETRY OF SOME SIMPLE SHIMURA VARIETIES

We briefly recall the construction of integral models for the Shimura varieties consid-
ered, as explained in [10], p. 597-600. As in the introduction, fix an imaginary quadratic
field & and a central division algebra D over k of dimension n? and an involution * on
D of the second kind. Let G be the algebraic group over Q representing the following
functor on Q-algebras R:

G(R)={ge(DeqoR)" |g'ge R*} .

Then the kernel Gg of the map G — G, sending g to g*g is an inner form of the unitary
groups associated to the extension k of Q. We assume that an R-algebra homomorphism

ho:(C—>D]R

is given such that ho(2)* = ho(2) and the involution & —— hq(i) ~'2*ho(i) is positive.
By restriction to C*, it gives rise to

h: Rc/rGm — Gr .

One can describe the Shimura variety associated to (G, h~!) as a moduli space of abelian
varieties, of the type considered by Kottwitz in [16], cf. also [10].

In the notation of that paper, let B = D°? and V = D as a left B-module through
right multiplication. Then one gets a natural identification C' = Endg (V) = D. We are
given hy : C — D = Ck.

Further, there is some £ € D* with £* = —¢ such that the involution xp on B = D°P
given by x*8 = £x*¢~! is positive: Simply take ¢ close to hg(i) in Dg to achieve the
second condition. Then, defining the hermitian form (-,-) : V x V — Q by

(z,y) = try qtrp/(§y”) ,
where trp;, is the reduced trace, we have (bz,y) = (z,b*Py) for all b € B. One can

further assume that the form (-, h(i)-) is positive definite, where we recall that h(i) € D
acts by left multiplication on V.
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To summarize, we have a simple Q-algebra B equipped with a positive involution *p,
a left B-module V' equipped with a %p-hermitian form (-,-), and a homomorphism
hyp:C— Cr = EndB(V) QR

such that the form (-, ho(7)-) is positive-definite. This is precisely the basic set-up of
[16].
Using the homomorphism hg, we get a decomposition of

De=Vio Vs

under the action of C ®g C =2 C x C. This decomposition is stable under right multi-
plication of D¢ = D ®j, C® D ®+ C, where v,v* : k — C are the two embeddings.
We make the assumption that as a right Dg-module, V) is isomorphic to

1574 @ (W*)n—l ,

where W and W* are the simple right modules for D ®j,, C resp. D ®j,,+ C. Up to
exchanging v and v*, this is equivalent to asking Gg to be isomorphic to GU(1,n — 1).
In section 1.7 of the book [12], it is discussed how to achieve this situation.

These assumptions imply that the cocharacter

p: Gy — De =D ®py CH D ®p« C= M, (C) d M,(C)
associated to h is given by
u(z) =diag(z,1,...,1) x diag(1, z,...,2) .
Then p is already defined as a cocharacter
w: Gy — Gg .

Let p be a prime which splits in k£ as p = pp and such that D splits at p (and p). We
fix isomorphisms ky = ks = Q, and Dy = M, (Qp). This induces an isomorphism

Go, = GL, x Gy, -

Under the induced isomorphism

Gy, = Go, = GL, x Gy
the cocharacter u takes the form

wu(z) = diag(z,1,...,1) x z .
Lemma 3.1. The representation v of the local L-group LGkP = GL,y(C) x C* x Wy,
defined by Kottwitz in [15], p. 656, is given by

r: GL,(C) x C* x Wy, — GL,(C)
(g9.2,0) — (g7 )'a™".

Proof. 1t clearly satisfies both conditions (a) and (b) in [15], p. 656. O

It remains to fix the integral data. Note that the isomorphism D, = M,(Q,) gives
a natural lattice My (Z,) C M, (Qp), which extends to a unique self-dual lattice A C
V @ @Qp. The stabilizers of A give rise to Z,)-orders Op, resp. Oc¢, in B, resp. C.
Locally at p, we have an isomorphism Op , = M, (Z,)°?. Using the involution *p, this
gives rise to an isomorphism

Op ® Zp = My(Zy)°® & Mp(Zy)°*

such that *pg is given by (X,Y) — (Y, X?).
Fix a compact open subgroup KP? of G(A?). We consider the following moduli scheme.
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Proposition 3.2. Let M be the functor from schemes over Ok, = Zj, to sets, which
maps a locally noetherian scheme S to the set of equivalence classes of abelian varieties
(A, A\, 0,mP), where
(1) A is projective abelian scheme over S up to prime-to-p-isogeny;
(2) A is a polarization of A of degree prime to p;
(3) ¢t : Op — Endg(A) such that the Rosati involution restricts to xg on Op and
the Kottwitz condition

detog (T — blLieA) = detp (T — b|V7)

holds for all b € Op, where detp;, is the reduced norm for D/k. Note that this
equation makes sense because O is mapped to Og via Op — Ok, £ Z;, — Og;
(4) 7P is a level-KP-structure on A.

Here, (A, \,1,mP) and (A", N,/ ,7P") are said to be equivalent if there exists an Op-linear
isogeny o : A — A’ of degree prime to p such that o*(N') = ¢\ for some ¢ € Z(Xp) and

0 7) = 7.

Then 9 is representable by a smooth projective scheme M over Zj, of relative dimen-
sion n — 1, if KP is sufficiently small. Furthermore, if K = K,KP? for the hyperspecial
mazimal compact subgroup

K, = GL,(Z,) x Z; C GL,(Qp) X (@; = G(Qy) ,
then there is an isomorphism

Proof. This follows from [16], once one checks that ker’(Q, G) = 1. By the discussion

~

of Section 7 of [16], this is automatic if n is even; for n odd, one has ker’(Q, Z(G)) —
ker! (Q, G), where Z(G) is the center of G. But, as explained there, for n odd, the

center of Z(G) is isomorphic to Resy /Gy, which has trivial cohomology. O
Associated to A we get a p-divisible group X4, which decomposes under the action
of
Op ® Zp = My(Zy)°° x Mp(Zy)°®
as

Xa= X, x Xg .
Furthermore, X, is a p-divisible group of dimension 1 and height n because of the

Kottwitz condition and the assumption of signature (1,7 — 1). Hence the notion of a
Drinfeld level structure on X, makes sense.

Proposition 3.3. Fizm > 1. Let Mp,my be the Galois covering of M which parametri-
zes Drinfeld level-p™-structures on Xy, i.e. sections Pi,..., P, : S — X, such that

Xplp™] = > [i1PL 4 .o 4 i Py
(i1,-in)E(Z/p™Z)"
as relative Cartier divisors. Then My my is representable by a projective scheme Mppm),
if KP is sufficiently small. Further, if K = K,K?, where K, is the compact open sub-
group
(1+p" Mn(Zp)) % Z; C GL,(Qp) x @; = G(Qyp) ,
then
Shy @ kp = Mrem) @0y, kp -

Proof. We refer to the discussion in the book of Harris-Taylor, [12], sections III.1 and
I11.4. O
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For any direct summand H of (Z/p™Z)", let ./\/lff(pm) be the reduced subscheme of

the closed subscheme of Mr,m) where

> [i(1PL + ...+ inPy) = |H][e] .
The following theorem is known to the experts, and is easy to deduce from the explicit
description of the completed local rings of Mp(,m) also used by Yoshida in [22].

Theorem 3.4. (i) For all H, the scheme Mff(pm) is reqular.
(ii) The special fibre of Mpmy is the union of ./\/llg(pm) over all H # 0.
(iii) ./\/llél(lpm) C ./\/ll{{é)m) if and only if Hy C Hj.
(iv) This induces a stratification

°H
Mgy = Miipm)
H
into locally closed strata

Ml[“i(p’") - Ml]“{(pm)\ U Mlg(pm) :
HCH'
Proof. We may pass to the formal complection at a geometric point x of the special fibre.
Then we get a deformation space of the p-divisible group X, of dimension 1 and height
n: Deforming (A, ¢, \,7?, P1,..., P,) is the same as deforming (A[p*>],¢, A\, P1,..., P,)
by the Serre-Tate theorem and rigidity of level structures away from p. As A : A[p™] =
A[p®1Y, this is the same as deforming (A[p>°], t|ps, (z,)ors P, - - -, Pn). But this reduces
to deforming (X, P1, ..., P), as A[p™] = X} through the action of ¢|yy, (z,)op-

Let X, = Xinr X Xet be the decomposition into étale and infinitesimal part, where
Xins has height k. Applying some element of GL,,(Z/p™Z) if necessary, we can assume
that P = ... = P, = e and Pyy1,..., P, generate X¢. Then the deformation space
of (Xp,P1,...,P,) maps to the deformation space of (Xiu, P1,..., ;) and this map
is formally smooth, as shown in [12], p.80. If z lies in /\/llfl(pn), then necessarily H C
(Z/p™Z)k @ 0", Further, these strata Ml{{(pm)
strata for the deformation space of (Xin¢, Pi, ..., Pk), as their equations only involve the
deformation of X;,r and P, ..., P,. We are reduced to the case of the deformation of a

1-dimensional formal group Xj,¢ with Drinfeld-level-structure Py, ..., Pk.
By the results of Drinfeld, [6], Proposition 4.3, the deformation ring R of

(Xint, P1, ..., Py)

is a complete regular local ring with parameters X1, ..., X;. There is a group structure
+yx on the maximal ideal m of R given by the universal deformation ¥ of the formal
group law of Xj,¢, after the choice of a formal parameter on the universal deformation
of Xint. We may assume that H = (Z/p™Z)’ @ 0" C (Z/p™Z)" for some j < k. The
condition

are pullbacks of the corresponding

Hlle]= > [aPi+...+i;P]
11,0, €EL/p™ L
is equivalent to

TP

Moty [0 = (X)) 4w s )G)

i1,..,0;EL/p™ L
as power series in the formal variable T'. It follows that all symmetric polynomials in the
variables z;, i, = [i1](X1) +x ... +x [i;](X;) vanish, hence on the reduced subscheme
all Tiy,. i vanish. This implies X1 = ... = X, = 0 on the reduced closed subscheme,
and conversely if X1 = ... = X; = 0, then |H|e] = Y [i1P1 + ... + i;P;]. Because
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Xi,..., X} form a regular sequence, the closed subscheme given by X; =... = X; =0
is regular and in particular reduced. This describes the closed subscheme corresponding
to H locally and claims (i)-(iii) are clear.

For claim (iv), it is enough to check that for any point x € Mp(,m), there is a unique
maximal H such that x € /\/l#(pm). This is also clear from our description. OJ

4. DESCRIPTION OF ISOGENY CLASSES

We recall some results from [16] that we will need. In that paper, Kottwitz associates
to any point z € M(F,-) a triple (79,7, 0) consisting of

(1) a semisimple element vy € G(Q), elliptic in G(R) and well-defined up to G(Q)-
conjugation;

(2) an element vy € G(A?), well-defined up to conjugacy;

(3) an element § € G(Q,), well-defined up to o-conjugacys;

satisfying certain compatibilities, e.g. the image of 7 in G(Qy) is stably conjugate to the
(-adic component of v and the image of vy in G(Q,) is stably conjugate to N§. Roughly,
these parametrize Fp--isogeny classes in M(F,-), cf. [16] for precise statements.
Let us briefly recall how § is defined, as this is what is used below, cf. [16], p. 419.
Let x correspond to (A, ¢, \,?). The dual of the rational crystalline cohomology
Hy, = Hom(HL(A/Zy), Qpr)

cris

has an action of B, a semilinear Frobenius F' and a principal polarization A. As shown
in [16], p.430, there is an isomorphism of B-modules H, = V ®g Qpr, preserving the
hermitian forms up to a scalar. Choosing such an isomorphism, F' is mapped to an
endomorphism do for some skew-hermitian B-linear automorphism 4 of V ®q Q,r, i.e.
0 € G(Qpr), which is well-defined up to o-conjugacy.

In the following lemma, this is computed more directly.

Lemma 4.1. Let x € M(F,). One has the associated p-divisible group X, ., and
hence a (contravariant) rational Dieudonné module N, abstractly isomorphic to Q..
Fizing such an isomorphism, the Frobenius operator F' takes the form Jgo, and under
the isomorphism

GQP = GLn X Gm y

the element 6 is sent to ((561)t,p_1). Moreover, ég, resp. 8, is uniquely determined as an
element of GLy(Qpr) N My (Zpr), resp. GLn(Qpr) X Qpr, up to GLy(Zpr)-0-conjugation,
resp. G(Zyr)-o-conjugation.

Remark 4.2. This stronger normalization of § will be essential.

Proof. Fix an isomorphism ¢ : N; — @Q}-. Recall that the p-divisible group X4 of the
universal abelian variety A decomposes as

Xa=Xpx X2,

equivariant for action of Op ® Z,, = M,,(Zy,)°? x M,,(Z,)°?, and the polarization X gives
an isomorphism

)\:Xg

1
x
3
=<

In particular,
Hy, = Hom(N;' & (N;)",Qpr)
compatible with Op-action and polarization. Hence

H, = Hom(N} & (N)",Qpr) & My (Qpr) @ Mp(Qpr) 2V ®¢g Qpr
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is compatible with the action of Op and the hermitian forms, up to the scalar p. The
scalar p enters, because by the definition of N/, there is a perfect pairing of Dieudonné
modules

Ny x N — Qpr(1) .

This implies the first part of the lemma.
One gets the stronger normalization of §y by picking an isomorphism of the integral
Dieudonné module of X, , with Zgr. O

5. CALCULATION OF THE NEARBY CYCLES

In this section we consider the following general situation. Let O be the ring of
integers in a local field K. Let X/O be a separated scheme of finite type. Let X,u be
the base-change of X to the maximal unramified extension K" of K and let Xpur be
the base-change to the ring of integers in K. Also let X5 be the geometric special fibre
of X. Then we have ¢ : X5 — Xopw and j : Xu — Xow. Let Ry, be the derived
functor of taking invariants under the inertia group Ig.

Lemma 5.1. For any sheaf F on the generic fibre X,
R (RYF) = " Rjs Frpr.
Proof. Both sides are the derived functors of the same functor, cf. [19], Lemma 8.1. [

We now make further assumptions. We assume that X is regular and flat of relative
dimension n over O and that the special fibre X possesses a stratification X = |, Zl
into locally closed strata Z; whose closures Z; are regular. We call the Z; special fibre
components. Let ¢(Z) be the codimension of Z in X, for any special fibre component
Z in X.

To any special fibre component Z, we associate a Q,-vector space Wy together with
maps W; — Wy whenever ¢(Z) = ¢(Z') + 1, by induction on ¢(Z). If ¢(Z) = 1, we
simply set Wz = Q,. In general, we define W to be the kernel of the map

® w— D vz,
zcz! zcz'

co(Z"=c(Z)-1 o(Z")=c(Z)-2

where in the case ¢(Z) = 2, the target has to be replaced by Q,. We make the following
assumption:

() The sequence

0 — Wz — ... — @WZ/—> @ Wy — ... — Q, — 0
zcz' zZcz'
co(Z")=i o(Z")=i—1
is exact for all special fibre components Z.

Remark 5.2. By definition of W, this sequence is exact at the first step. It is not clear
to the author whether the condition (x) is automatic in general. Using a combinatorial
result of Folkman on the homology of geometric lattices, [7], one can check that it is
fulfilled if the reduced intersection of any two special fibre components is again a special
fibre component. Note that in the general case, this intersection will only be a union of
special fibre components.

Finally, let 2 € X,(IF;) be a point of the special fibre, with geometric point € X (Fq)
over .
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Theorem 5.3. Assume that (x) holds. Then for all k, there are canonical isomorphisms

(R Q)= @ Wal-k) .

Proof. Let by : Z — X be the closed embeddings, for all special fibre components Z.
Let I*® be an injective resolution of the constant sheaf Q, on X. Consider the following
complex

0— ... — @ Wy ®bgbyI® — ...
Z,e(Z)=i
— P Wz @bzl — T — ST — 0.
Z,c(Z)=1

Proposition 5.4. The hypercohomology of this complex vanishes.

Proof. We prove the proposition for any complex of injective sheaves I*. This reduces
the problem to doing it for a single injective sheaf I. Recall that for any injective sheaf I
on a scheme X = U UZ with j: U — X an open and i : Z — X a closed embedding,
one gets a decomposition I = j, Iy @ 1.7 for certain injective sheaves Iy and Iz on U,
resp. Z. In our situation, we get a decomposition of I as

I= @fz*fz ;
7

where I is an injective sheaf on Z and where fz: Z — X is the natural locally closed
embedding. But that the complex is exact for

1= fZ*IZ

is a direct consequence of the condition (x) on the vector spaces Wy. O

As in [19], proof of Theorem 8.2, this implies the Theorem, using cohomological purity,
as proved by Thomason, [21]. O

As a corollary of Theorem 5.3, we can compute the semisimple trace of Frobenius
on the nearby cycles in our situation. We start by analyzing the combinatorics of the
situation that will arise. Recall from Theorem 3.4 that the special fibre components
are parametrized by (nontrivial) direct summands of (Z/p™Z)". The next lemma shows
that the condition (x) holds in this case. Note that if a group G acts on X preserving
the stratification of the special fibre, then all vector spaces Wy acquire an action of the
stabilizer of Z in G. In our case

° H
Mrmy ©Fy = | Milpm)
H#0

and the stabilizer of /\o/lﬁ(pm) is GL(H) = GLx(Z/p™7Z), if H = (Z/p™Z)".

Lemma 5.5. Let the rank of H be k. Then the representation Wy ofiGL(H) on the
Qq-vector space of functions f : {0 = Hy C Hy € --- C H, = H} — Q, on complete
flags of direct summands of H satisfying

> f(Ho G- CH G- CHp) =0

=

H] direct summand
HoG-GHi 1 GHGHi1 G- CHy=H
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foralli=1,... k—1 is isomorphic to the Steinberg representation Sty of GL(H) given
by

Strr = ker | Ind "1 — €D mai" 1| |
BCP
where B C GL(H) is a Borel subgroup, P C GL(H) runs through parabolic subgroups
and 1 denotes the trivial representation. Moreover, if H' C H is a direct summand of
rank k — 1, then there are natural transition maps Wy — Wy defined by

f(Ho G-+ CHey=H)=f(Hy G- C Hy 1 S Hy=H) .
Finally, the complex

00— Wy —...— GB Wy — @ Wy — ... — Qp — 0

H'CH H'CH
rank H'=i rank H'=i—1

18 exact.

Proof. Under the standard identifications of the homogeneous spaces with spaces of
flags, the first assertion is immediate.

For the last assertion, assume that H = (Z/p™)¥, so that GL(H) = GLk(Z/p™). Let
P; € GLj be the standard parabolic with Levi GL; x GLy_; fori =1,...,k—1. Let St;
be the Steinberg representation of GL;(Z/p™). Then the complex gets identified with

0 — Sty — Indjy 5721 @8ty — - — Ind P 1 @ 8t — -

GLk(Z/p )
-—>Ind @/ )1®1—>1—>0.

This is the complex of 1 + p" M}(Z,)-invariants in a corresponding complex

0 — Sty — IndGL@(Q;P)l @Sty | — e — IndGL((B(%)l ® St; —

I dGLk (((@;D)

of GLj(Qp)-representations. But note that IndGIE’“((?p N1® St; is an extension of two
irreducible representations m;—1 and m; of GL,(Qp), cf. e.g. Lemma 1.3.2 of [12]. Let
d’ denote the i-th differential of this complex. As all differentials of the complex are
nonzero, one sees by induction that imd*!' = m; = kerd’, whence the complex is

exact. ]

Corollary 5.6. The condition () holds for the scheme Mypymy, and Wz = Wy if
Z = lel(pm). In particular, let x € Mrpgm(Fy) be a point such that the infinitesimal
part of the associated p-divisible group Xy, has height k, i.e.

T € ./\;llg(pm)(ﬂ?q)

for some direct summand H C (Z/p™Z)" of rank k. Fizx an isomorphism H = (Z/p™Z)*.
Then

)1®1—>1—>0

GLk(Z/p™Z
(Rj Rw/\/lr(pm)@€>£ - (I d k((Z//]Z;m ))St] ® 1) ( J) )
where Pj . C GLy, is the standard parabolic wzth Levi GL;j x GLj_;. O

Fix a positive integer r and let 1 < k < n. We define certain (virtual) representations.
First, we define the virtual representation

9= (1) p"Ind 7St @ 1
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of GLk(Z,), where St; is the Steinberg representation of GL;(Z,). Note that I) is self-
dual. In the situation of the corollary, it follows from Lemma 7.7 of [19] that for all
g € GLi(Z/p™Z) we have

trss((ﬁpr X g‘(Rpr(pm>@f) ) - tr(g€F ‘Ik) ’

where ep(,m) is the idempotent associated to I'(p™) = 1+p™ My (Z,). Moreover, the long

exact sequence in Lemma 5.5 shows that I,g can be rewritten as a Z-linear combination
of representations:

r GL(Zp)
Ik—Zp]Z )Ind, /St @ 1.

We remark without proof that the Vlrtual representation
! GL
S (1) Indp st @ 1
i=0

GL(Qp)

is up to the sign (—1)7 the irreducible subquotient of Ind B(Qy) 1 corresponding to

{1,...,7+1} C{1,...,k} in the standard enumeration of the irreducible subquotients.
These representations also show up in the cohomology of Drinfeld’s upper half space, cf.
[18].

Consider the standard parabolic P, C GL, with Levi subgroup GL; x GL,_; and
define the virtual representation
GLn(Zp) 70

Py(Zp)
which carries a left action of GL,(Z,) and a left action of g € GL,_x(Z,) through
multiplication by g~! on the right.

Next, we use these representations to define the test functions ¢, whose twisted orbital
integrals will appear in the formula for the Lefschetz number. We need to introduce
some terminology.

Definition 5.7. An element 69 € GL,,(Qpr )NMy,(Zyr) is said to be of height k if v,(dp) =
1 and 6y is GLy(Zyr)-0-conjugate to an element (81,02) € (GLk(Qpr) N My (Zyr)) x
GL,—k(Zyr) such that Noy is elliptic.

Iy = Ind, I} ® C°(GL,—k(Z,))

It is clear that if dg is of height &, then
do € GLy(Zyr)diag(p, 1,...,1)GLy(Zyr) .
On the other hand, it is easy to see that one-dimensional p-divisible groups X of height
n over F)r are in bijection with GL,,(Zy)-o-conjugacy classes
do € GLy(Zyr)diag(p, 1,...,1)GLy(Zyr) ,

and under this bijection, g is of height & if and only if the infinitesimal part of X has
height k. In particular, this shows that any dyp € GL,,(Z,r)diag(p,1,...,1)GLy(Zyr) is
of height k for a unique k=1,...,n

Definition 5.8. Let h € C°(GLy(Zy)). Let ¢p, € C°(GL,(Qpr)) be the unique function
with support in GLy(Z,r)diag(p, 1,...,1)GL,(Zyr) and invariant under GLy(Zyr)-0-
conjugation, such that if 69 = (91,02) € (GLk(Qpr) "My (Zyr)) X GLy—(Zyr) is of height
k, then

dn(00) = tr(h x Ndo|Ig) .

This function will take the place of the characteristic function, often called ¢, of

GL,(Zyr )diag(p, 1,...,1)GLyp(Zyr)
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whose twisted orbital integrals intervene in the proof of the Theorem D for the case that
K, is a maximal compact subgroup.

Recall that we associated an element 6y € GL,(Qpr) N M, (Zyr) to any point z €
M(Fpr), well-defined up to GL,(Zyr)-o-conjugation. Fix a geometric point T over z.
We have the covering

T+ Mppm)y — M
and the sheaf F;, = ;. Qg on the generic fibre of Mp(,m). Define the vector space
(RYFoo)z = @(Rw}—m)f :
It carries a natural smooth admissible action of GLy(Z,) and a commuting continuous
action of Gal(Q,r/Qyr).

Finally, fix h € C(GL,(Z,)) and define a new function h¥ € C(GL,(Z,)) by

h¥(g) = h((g™1)")-
Theorem 5.9. In this situation,
tI'SS(Cpr X hv|(Rﬂ)foo)f) = Qbh((So) .
Proof. We can assume that h equals ger(,m) for some g € GL,,(Z/p™Z). Let us describe
the fiber m,.1(Z) over T € M(F,r). The Drinfeld level-p™-structures are parametrized
by n-tuples B
(Pb ) Pn) € Xet,i[pm](Fpr)
generating Xet z[p™](F,r). The action of @, on 7;,}(Z) is given by the action of ®,» on
Xet z[p™](Fpr), which is given by right multiplication with (Nd2)~1.
Further, Lemma 7.7 of [19] says that

tr%(@pr % (g7 [(RVFm)z) =

T (% (97 Ry, (RO Fin)z) -

But one can rewrite
RIQp R/l/}./\/[fm = RI@P R¢M7rmn*(@( = ng*RIQp R/lp/\/lp(pm)@f
= ng*l’j\/lp(pm)RjMp(pm)*Qf )
because 7, is finite. Here subscripts for Rty indicate with respect to which scheme the
nearby cycles are taken, and ¢ Mppm) and j Mpym, ar€ as defined before Lemma 5.1, for
the scheme Mrp(,m).
Now the theorem follows from Corollary 5.6 and the definition of Ij. U

6. ORBITAL INTEGRALS FOR GL,

Fix an integer » > 1 throughout this section. First, we construct the function f,,
which will turn out to have the correct orbital integrals.

Lemma 6.1. There is a function f,, of the Bernstein center for GL,(Q,) such that
for all irreducible smooth representations m of GLy,(Qp), fnp acts by the scalar

pT TrS (@ o)

where o is the representation of the Weil group W, of Q, with values in Qy associated
to ™ by the Local Langlands Correspondence.

Proof. The proof is identical to the proof of Lemma 9.1 in [19]. O

Remark 6.2. The definition as given needs the existence of the Local Langlands Cor-
respondence. However, one can give a direct definition of f,,,, because it is easy to
evaluate tr*°(®j|or): If m is a subquotient of the normalized induction of a supercus-
pidal representation 7 ® --- ® 7, then take the sum of m;(p") over all m; which are
unramified characters. This is the definition that we are going to use.
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Theorem 6.3. Let h € C:°(GLy,(Zyp)). Then fnp* h and ¢p, have matching (twisted)
orbital integrals.

Remark 6.4. All Haar measures are normalized by giving a hyperspecial maximal com-
pact subgroup measure 1. For the case h = eqr, (z,), this is exactly the usual base
change identity, used e.g. in [15].

Proof. Arguing as in the proof of Theorem 2.5, it is enough to check that for any
tempered irreducible representation 7 of GL,,(Q),) with base-change lift II, the equality

tr(fnp * hlm) = tr((¢n, o)1)
holds. We begin with a computation of the right hand side.

Let P be the standard parabolic with Levi GL; x GL,_; and let Nj be its unipotent
radical. For any admissible representation = of GL,(Q)) of finite length, let 7y, be its
(unnormalized) Jacquet module with respect to Nj. Assume that

tﬂ,k
= Z TN © T
i=1
as elements of the Grothendieck group of representations of GLx(Qp) X GLj_£(Qp).
Let O be the distribution on GL,(Qp) given by O(d) = O,(NJ), where O is the
character of w. Define @Hl _in the same way. For any f € C°(GL,(Qpr)), we will

X3

write O (f) as tr((f, o)[II), thlnkmg of IT as the base-change lift of .
Lemma 6.5. In this situation,
n twk G 7
Ln
(6, )T = Y >~ pr I tx((x,,, )Wy, ) tr(hfIndis 557 10 @ 73, )
k=1 i=1

where X g, 1s the characteristic function of the set By, of all elements 6 of GLy(Qpr) N
My,(Zyr) with v,(0) = 1 such that N is elliptic.

Proof. Let V¥ be the set of § € GLy,(Qpr) N M, (Zyr) which are of height k. It is clearly
enough to prove that

tﬂ'k

(n— GLnZ
tr((nxvg I = p" 73" (x0TI, ) tr(hImdS e 1 @ 3, )
i=1

But by the twisted Weyl integration formula, cf. [1], p. 36,

tr((nxve, 0)[TT) = > W (Ty % Tty GLy X GLpp_ )| ™!

T CGL, T —x CGL,,
T}, anisotropic

* / A1, @) (NOT O (61)Ox(NT) .
Tk(QpT)lio’XTnik(Qpr)lia\Tk(QpT)lXTnfk(ZpT)

Here T;,(Qpr)1 denotes the set of elements t € Tj(Q,r) with v,(dett) = 1. Also recall
that
Adr, (g, () = | det(1 — Ad t|Lie gl,,)|, -

We can make several simplifications. First of all, writing t = (¢1,t2) € T(Qpr) x
Tn—k(QpT)7

O, (Nt) = Z@ L (N0)O (N1)

by a result of Casselman, [4]. We may use thls result because of the conditions t; €
T3 (Qpr)1 with T}, anisotropic and tg € Ty,—(Zpr).
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Second,
2 —k 2
A&,y (V1) =" A (0, NE)AL, (g, (Nt2)
because the action of Ad Nt on the Lie algebra of Nj is by multiplication through p,
and on the opposite nilpotent Lie algebra by multiplication through p—!.
Third, we have the following lemma.

Lemma 6.6. Let ¢ € C°(GL,(Qpr)) have support in the elements which are of height
k and assume that ¢ is invariant under GLy,(Z,r)-0-conjugation. Then fort = (t1,t2) €
GLi(Qpr) x GLy—k(Zyr) with Nty elliptic, v,(dett;) = 1, we have

GLyxGL,_
TO(¢) = TOp """ (9) |
where the right-hand side is the twisted orbital integral on the Levi subgroup GLj X
GL, k.

Proof. We apply Proposition 3.12 of [1] with P being the opposite parabolic of P;. We
have to check that the constant term ¢! of ¢ along P equals ¢. Let N be the nilpotent
radical of P. It is enough to see that for any GLx(Qpr) x GL;,_(Qpr)-o-conjugate ¢’ of
t and n € N(Qpr),

0 else .

This holds true, because both sides vanish unless ¢ € (GLg(Qpr )My (Zpr)) X GLy— i (Zypr)
and n € N(Z,r), in which case, t’ and ¢'n are easily seen to be GLy,(Z,, ) -o-conjugate. D

If one defines h,,_; € C°(GLy,—k(Zyr)) by
hn—(02) = tr(h x Néo|Iy) ,

then inserting ¢ = @pXyx in this lemma implies that for ¢ = (t1,t2) € Tk(Qpr)1 X
To—k(Zy) as above,

qﬁ(t/n) _ { ¢(t,) ne N(Zp"")

T0t0(¢h) - TOtlU(XBk)TOtQO'(hTL—k) .

Now, it is clear that the Weyl integration formula factors as a sum over i = 1,... %
of products of the Weyl integration formulas for GLj(Qpr) and GL;,_(Qp). To finish
the proof, we only need to show that

GLn(Z
() = tr(hlIndp 2 1) @ 7, )
for any irreducible smooth representation 7, _j, of GLn_k(Qp). Ifhl . € CX(GL,—k(Zyp))
is defined by
By a(12) = tr(h x 7alTy)
then tr(hy,_|I,,—x) = tr(h] _,|m,—x) by Corollary 2.3 and Proposition 2.1, taking M =
M, (Zy) and I small. We need to see that
GLn(Z
te(ht,_ | mn ) = tr(h[Ind g 57 1) @ 7 )
But for this we can replace Z, by Z/p™Z for m large and m,_j by an irreducible rep-
resentation of GL,,_x(Z/p™Z). Now, the computation is easy, using the orthogonality
relations:

#GLy(Z/p™Z) tr(h ;1 Kl Tn—k)
= 3" te(h x pomdf e PP T @ CIGL, 4 (Z/p"T)]) tr (2l )

Py(Z/pm2)
72
GLn(Z/p™Z) 70,0
= > te(h x p[Indp 5D T @ (@) 7y @ wply)) tr(ralm )
Y2 Tk

m GLn(Z/p™Z) ;0,0 (p™
= #GLyk(2/p"2) tx(h|Ind O T @ 7,y
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where 7/, runs through irreducible representations of GL,,_;(Z/p™Z). O

Lemma 6.7. Let m be an irreducible smooth representation of GL,(Qp) which is a
subquotient of a parabolic induction from a supercuspidal representation ™ ® - ® my
with no m; being an unramified character. Then tr((xp,,o)[II) = 0.

If 7 is the trivial representation of GLn(Qyp), then tr((xs,,o)|l) = 1.

Proof. Consider the first assertion. Put h = eqp,(z,) in Lemma 6.5. The left hand
side vanishes, because ¢, is bi-GLy,(Zyr)-invariant and 7, hence II, is not unramified,
e.g. by Theorem 2.5 for G = GL,. Further, for all k& < n, we have by induction
tr((xB, U)|H}Vk7i) = 0. Hence also the term for k = n vanishes, which gives exactly the
desired identity.

The same inductive computation also works if 7 is the trivial representation, using
that the left hand side is now the volume of

GLo(Zy )diag(p, 1, .. ., 1)GLn(Zyr) |

which can be determined to be 1+4p"+. ..+ pn=br, e.g. by interpreting it as the number

of neighbors of the vertex corresponding to GL,,(Z,) in the building of PGL,,. g
It is enough to show that for all tempered irreducible representations 7 of GL,,(Q))
) n tw,k G
n—1 _ Lo (Z
pT S (@) = >0 3 p I te((xp,, o) [T, Ind S R e nk (1)
k=1 i=1

as virtual representations of GL,,(Z,). We prove the theorem by induction on n, knowing
that the equation (1) holds true for all irreducible smooth representations of GL,(Q))
with n/ < n.

Lemma 6.8. Assume that 7 is not necessarily irreducible, but is the parabolic induction
of an irreducible smooth representation. Then equation (1) holds true.

Proof. We first remark that the equation (1) makes sense for 7 of this form, because by
Remark 6.2,

tr* (@} |or)
Ind Sl (@)

Prm(Qp)
malized induction. We remark that in this case, we have equalities in the Grothendieck

group of admissible representations:
_ GLn(Qp) s "_ GLn(Qp) _rym— I
m=Indp 1o V'm @7 = n-Indp o VA [0 @ 7]

GLn
= Inde(é%)ﬂ” [m] @ '[m —n] ,

has a definitive meaning. Assume that 7 = 7' @x”, where Ind denotes unnor-

where [z] means twisting by |det |;; and n-Ind denotes normalized induction. In partic-
ular,

tr5%(Phor) = p 2 (Do) + p% 41 (Do)
Further, assume by induction that the equation (1) holds true for 7’ and 7”. Note that
by the restriction induction formula of Bernstein-Zelevinsky, [2], Lemma 2.12, we have

GLXGLp_1(Qp) GLy xGLy,_1(Qp)

e = Ind(p oL, @) ™ O (T G 6L, ) TR MO T m—n]+ I

where the rest R is a sum of representations of the form m; ® m,_p with 7, properly
induced. Let

t'/r/,k
/o /1 12
TN, = ZWNW' @ TN, -
i=1
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By induction, we have an equality of virtual representations of GLy,(Z,):

pT TS (B o )

m lak

GLmZ
Zzp(m k) tI‘ XBkv )’HN]C’L) Pm(G[I:,)n)(Z )Ik® Nkz'
k=1 i=1

Hence, defining Py, ,,, to be the parabolic with breakpoints k& < m,

2n

D 72”1717"trss(¢>£\07ﬂ)7r

m tTr’,k
GL,(Z
= Z Zp XB}N )|1_J:N;c z)I d (( p))Ik ® ﬂ-Nkyi ® "
k=1 =1
o GLy (Z)
Ln(Z
- Z p XBk7 )|HNk l)I d Py (Zyp )p II[C) ®7T]2Vk7i ’
k=1 =1

as virtual representations of GL,,(Zy), where 7T]1Vk i = 773\1@ ;, and 7T]2Vk ; IndﬂNk , @

This definition is useful, since
t !k

GLkXGLn—k’(Q )
Ind(PmﬁGLkXGanfk)(Qp WNk o Z 7TN1m ® WNk i

expresses the first part of my, for & < m. Note that for k£ > m,

GLi XGL,,—1(Qp)

/ "
Ind(PmmGL,chLn,k)(@p)WNk o

is also of the form 7 ® m,_j with m; properly induced. Repeating this with 7’ and 7"
exchanged, we are left to show that any representation of the form 7, ® m,_; in Ty,
with 7 properly induced contributes trivially to (1). This follows from the fact that if
7y is properly induced, then tr((xp,,o)|Ilx) = 0, as xp,, is supported in elements whose
norm is elliptic, and the character of m; vanishes on elliptic elements. O

Further, the equation (1) is trivial for representations which are subquotients of the
parabolic induction of a supercuspidal representation 7 ® --- ® m; with no m; being
an unramified character, as both sides vanish. Hence we are left to check it for an
unramified twist of the Steinberg representation, or equivalently by Lemma 6.8 for an
unramified character x o det. The equation (1) reduces to

(L+p"+ ...+ D)x(p") (x o det) = Zp” () Indiy 5 I © (x o det)

We see that we may assume xy = 1. Then this is a trivial consequence of the definition
of I,g and the long exact sequence in Lemma 5.5. (|

7. COMPARISON WITH THE ARTHUR-SELBERG TRACE FORMULA

We now conclude the proof of Theorem D, i.e. the determination of the semisimple
local factor of the Shimura varieties Shx at the place p in terms of L-functions of
automorphic forms, cf. the introduction for the precise statement.

The main ingredients are the work of Kottwitz on the number of points of the Shimura
variety over finite fields, cf. [16], with the refinements in the case at hand in [15], and the
Arthur trace formula, which is very simple in our case, because our Shimura varieties
are proper. Let

H* = Z(—l)iHét(ShK @k Qp, Qp)
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in the Grothendieck group of representations of Gal(Q,/Qp). Write f? = ex» and

hy = ek,. We know that K} has the form
Ky, =K x Z¥ C GL,(Qp) x Q) = G(Qp) .
We may assume that Kz()) C GL,(Zy). Let hy, = ek, so that hy € C>*(GLy(Zp)). Note
that h, = hy, where we recall that by definition hy(g) = hy((g7")").
Lemma 7.1. Let fyp, be the function defined by
fony 1 G(Qp) = GL,(Qp) X @; —C
ey { Yoot G )= =

0 else .

Then for any irreducible smooth representation m, of G(Qp),

n—1 >
pz " tr(hp]wp)trss(sz’;]r 00x,) = tr(fp,hp\ﬂp) .
Remark 7.2. We apologize for the two different uses of r in this paper.

Proof. Let €p—rz be the characteristic function of p~"Z; divided by its volume. Since
7p is an irreducible smooth representation of GL,(Qp) x Qp, it can be written as m, =
772 ® X, for some irreducible smooth representation 772 of GL,(Qp) and a character xr,
of Q. We compute

6 (fphy 1) = 02 (frp * hiplmp ) t(€y g [Xmry)
n—1
=p'T Ttrss((l);|o'7¥g) tr(fp|mp) tr(e,—rzx X, )

— "7 Tty |y ) S (Bh|r 0 o))

The equation
K

C;S(Sh[(, 8) = H LSS(S _ HT—l’ Tp, r)a(ﬂ'f)dimﬂf
Tf
we want to prove reduces by standard methods to showing that for all » > 1 the equation

S (@ [H) = Y p"F Talmy) tr(f7]) tr(hy | mp) % (@] 0 0,

T :7'(;}) Rmp

holds true: Indeed, take the logarithms of both sides and use the Lefschetz trace formula
for the left-hand side. Using Lemma 7.1, this is equivalent to

(D [HY) = > alwp) te(fP1h) te(fpn, I mp) -

Ty ZW? ®R7p

This equation is proved in exactly the same way as the expression [15, (5.4)] for the
corresponding trace on a Galois representation. We just note the necessary changes in
the argument.

First, a modification has to be done in Section 16 of [16], where the number of points
within one Fjr-isogeny class is computed. The function ¢, occuring there counts the
number of lattices A that give rise to F)--points of the moduli problem. More concretely,
the set of such lattices is in bijection to

Y, = {2 € G(Qp)/G(Zyr) | 71027 € G(Zy )u(p™)G(Zy)}

cf. [16], p.432, noting that in our case p(p~1) is defined over Q,, hence o acts trivially.
But note that then 27162 up to G(Z,r)-o-conjugation is exactly the refined § of the
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corresponding point of M(F,-) as established in Lemma 4.1. Hence, when computing,
using Theorem 5.9,

(D [HY) = > tr%(Dpr X hp| (RYFino)z)

TEM(Fpr)

= > fn(0a0)

TEM(Fpr)

we have to weight the corresponding point with the factor ¢p,(dz0). As the second
component of J, always has valuation —1, this shows that we get the correct result if
we replace ¢, with d)%p X €,-17x in [16], where QSXP (9) = ¢n, (g™

pT‘

We simply record the intermediate result.

Proposition 7.3. The semisimple Lefschetz number trs5(®,|H*) equals

ZZ 70)77 fp>T050'(¢h X€ IZ;r)’

Y .8
in the notation of [16], p.442. In particular, c(yo;7,9) is a certain volume factor.

With this modification, the argument of [15] works, if instead of the base-change
fundamental lemma at the end of p.662, one uses Theorem 6.3. Note that the extra
G -component of § causes no trouble. This finishes the proof of Theorem D.

As a last point, we give a reformulation of the last proposition. Let ¢y, , be the function
of the Bernstein center of GL,,(Q,r) that acts on any irreducible smooth representation
IT of GL,,(Qpr) through the scalar

pT T (Do) -

Its existence is proved as usual and it is readily checked that for any tempered irreducible
representation 7 of GL,(Q,) with base-change lift II, the scalar through which f, , acts
on 7 is the same as the scalar through which ¢, ; acts on II. Indeed, it is enough to do
this for representations unitarily induced from supercuspidal (which are preserved under
base change), and use that representations cannot become unramified after unramified
base change if they were not from the start, cf. proof of Lemma 10.2 in [19].

Fix a group scheme G = G, over Z, with generic fibre GL,, as in Section 2 and
assume Kg = G(Z,). Noting that the function

Vv
PG = (dnp * €G(z,r) " X €pmizx,

lies in the center of the Hecke algebra H(G(Qpr), G(Zyr) X Z,;), the following theorem
proves a conjecture of Haines and Kottwitz in the case at hand.

Theorem 7.4. The semisimple Lefschetz number tr5°(®;|H*) equals

D0 e10:7: )05 ()T 050 (06,1 -

Yo 7,0

Proof. We have seen that this is correct if we replace T'Os,(¢pg ) by T Ogg(gbxp X €, 17 ).
p'f

However, both functions have matching (twisted) orbital integrals with (fnp*eg(z,))" X

€przx: For the first function, this is a consequence of Theorem 2.5, and for the second

functlon it follows from Theorem 6.3. Therefore the twisted orbital integrals agree, as
desired. 0
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