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CURVE

PETER SCHOLZE

ABSTRACT. We show how the Langlands-Kottwitz method can be used to determine
the local factors of the Hasse-Weil zeta-function of the modular curve at places of bad
reduction. On the way, we prove a conjecture of Haines and Kottwitz in this special
case.
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1. INTRODUCTION

The aim of this paper is to extend the method of Langlands, [19], and Kottwitz, [18],
to determine the Hasse-Weil zeta function of some moduli schemes of elliptic curves
with level-structure, at all places. Fix a prime p and an integer m > 3 prime to p.
Let M,,/Z[x] be the moduli space of elliptic curves with level-m-structure and let
Tn : Mpn),m — My be the finite covering by the moduli space of elliptic curves with
Drinfeld-level-p™-structure and level-m-structure. Inverting p, this gives a finite Galois
COVET Ty Mp(pn)m[l] > My — My, [p] with Galois group GLy(Z/p"Z).

We make use of the concept of semisimple trace, [21], cf. also [10], section 3.1. Recall
that in the case of a proper smooth variety X over Q with good reduction at p, the local
factor of the Hasse-Weil zeta function is given by

log (p(X,s) = > |X(F,

r>1

(1)

for any proper smooth model X over Z, of X. This follows from the proper base change
theorem for étale cohomology and the Lefschetz trace formula.

In general, for the semisimple local factor, ¢;°, and a proper smooth variety X over
Q with proper model X over Z,, one has

—Trs

ogCH(X,s) =Y. Y u(@y|(RYQ).)”

r>1 zeMpm (Fpr)

Here ®,- is a geometric Frobenius and RyQ, denotes the complex of nearby cycle
sheaves. In the case that X is smooth over Z,), this gives back (1) since then G =G
and

trss(q)pT’(Rzp@é)x) =1
Using the compatibility of the nearby cycles functor Ri with proper maps, we get in

our situation

—Trs

SS SS p
log (F(Mrgrym:s) =Y Y 0 (@ |[(REFn)r)——

r>1 ze My, (]FPT )

where F,, = Wnn*@g 1. This essentially reduces the problem to that of computing the
semisimple trace of Frobenius on the nearby cycle sheaves.

Our first result is a computation of the semisimple trace of Frobenius on the nearby
cycles for certain regular schemes. Let O be the ring of integers in a local field K. Let
X/O be regular and flat of relative dimension 1, with special fibre X,. Let X,u be
the base-change of X to the maximal unramified extension K" of K, let Xour be the
base-change to the ring of integers in K" and let X3 be the geometric special fiber.
Then we have ¢ : X5 — Xouw and j : Xju — Xour.

Theorem A. Assume that X is globally the union of reqular divisors. Let v € X4(Fy)
and let Dy, ..., D; be the divisors passing through x. Let W be the i-dimensional Q-
vector space with basis given by the Dy and let Wy be the kernel of the map W, — Q,
sending all Dy to 1. Then there are canonical isomorphisms

Q 1) k=0
ks Ty~ ) (1) k=1
CRGQ0: =0 ) k=2

0 else .

Lror problems related to noncompactness of M,,, see Theorem 7.11.



THE LANGLANDS-KOTTWITZ APPROACH FOR THE MODULAR CURVE 3

The main ingredient in the proof of this lemma is Thomason’s purity theorem, [24],
a special case of Grothendieck’s purity conjecture. Together with some general remarks
made in Section 7 this is enough to compute the semisimple trace of Frobenius. It is
known that the assumptions of this lemma are fulfilled in the case of interest to us, as
recalled in Section 6.

To state our second main result, we introduce some notation. For any integer n > 0,
we define a function ¢, : GL2(Qpr) — Q. If n = 0, it is simply ﬁ times the
characteristic function of the set

CLa(Z,) < - ) CLy(Z,) .

If n > 0, we need further notation to state the definition. For g € GL2(Qpr), let
k(g) be the minimal integer k such that p¥g has integral entries. Further, let £(g) =
vp(1 —trg + det g).2 Then

® Opn(g) = 0 except if vy(det g) =1, vp(trg) > 0 and k(g) < n — 1. Assume now

that g has these properties.

® dpnlg) =—1-p"if vy(trg) =1,

e Opn(g) =1 — p2la)r if vp(trg) =0 and £(g) < n — k(g),

e Ppn(g) =1 + pn—k(g)=)r jf vp(trg) = 0 and ¢(g) > n — k(g).

To any point z € M,,(F,r), there is an associated element § = §(z) € GL2(Qpr),
well-defined up to o-conjugation. Its construction is based on crystalline cohomology
and is recalled in Section 5.

Finally, let

F(pn)@pT = ker(GLy,(Zpr) — GLy(Zpr /D" Zyyr)) .
We normalize the Haar measure on GLy(Qpr) by giving GLa(Zyr) volume p" — 1.

Theorem B. (i) The function ¢, lies in the center of the Hecke algebra of compactly
supported functions on GLa(Qpr) that are bitnvariant under I'(p")q,. -
(ii) For any point x € My, (Fyr) with associated 6 = 6(x),

t1°°(Ppr [(RYFn)z) = TOs6($p,n) (T 06 (6p,0)) ™" -

(ili) For any irreducible admissible smooth representation m of GLa(Qpr) with
AL P")a,r £0,
the function ¢y, acts through the scalar
P2t (Byr|o7)

on w P , where o is the representation of the Weil-Deligne group of Qur associated

to ™ by the Local Langlands Correspondence.

Part (ii) furnishes an explicit formula for the semisimple trace of Frobenius on the
nearby cycles. Also note that the description of the Bernstein center implies that part
(i) and (iii) uniquely characterize the function ¢, ,. In fact, we will use this as the
definition and then verify that it agrees with the explicit function only at the end, in
Section 14.

This proves a conjecture of Haines and Kottwitz in the special case at hand. The
conjecture states roughly that the semisimple trace of a power of Frobenius on the /-
adic cohomology of a Shimura variety can be written as a sum of products of a volume
factor, an orbital integral away from p and a twisted orbital integral of a function in the
center of a certain Hecke algebra. This is provided by Corollary 10.1 in our case, upon
summing over all isogeny classes.

2For a more conceptual interpretation of these numbers, see Section 14.
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In order to proceed further, one has to relate the twisted orbital integrals to usual
orbital integrals. To accomplish this, we prove a base-change identity for central func-
tions.

Let

I'(p")q, = ker(GL,(Zy) — GL,(Z/p"Z)) .
Further, for G = GL,(Q,) or G = GL,(Qpr), let Z(G) be the Bernstein center of
G, see Section 2. For any compact open subgroup K, we denote by ey its associated
idempotent.

Theorem C. Assume

f € Z(GLa(Qy)) , ¢ € Z(GL2(Qpr))

are given such that for every tempered irreducible smooth representation m of GL2(Qp)
with base-change lift 11, the scalars cy . resp. cym through which f resp. ¢ act on w
resp. 11, agree: ¢y = cy1.

Assume that h € C°(GL2(Qp)) and h' € C°(GL2(Qypr)) are such that the twisted
orbital integrals of h' match with the orbital integrals of h, cf. Definition 3.2. Then also
f*h and ¢ x h' have matching (twisted) orbital integrals.

Furthermore, ern), —and ergn), = have matching (twisted) orbital integrals.

Qe Q,

This generalizes the corresponding result for a hyperspecial maximal compact sub-
group, known as the base-change fundamental lemma. Versions of this result for general
groups and parahoric subgroups have recently been obtained by Haines, [11].

Together with the Arthur-Selberg Trace Formula and an analysis of the contribution
of the ‘points at infinity’, Theorem B and Theorem C imply the following theorem.
Recall that there is a smooth projective curve M,, over Z[%] containing M,, as a
fiberwise open dense subset.

Theorem D. Assume that m is the product of two coprime integers, both at least 3.
Then the Hasse- Weil zeta-function of My, is given by

C(ﬂmv 8) = H L(7T7 s — %)%m(ﬂ)x(ﬂoo)dimﬂ';(nl 7
7Tel—[disc(G'LZ(A),l)

where Mgisc(GL2(A), 1) is the set of automorphic representations
T="Tf& Mo

of GLa(A) that occur discretely in L?>(GLo(Q)R*\GLa(A)) such that ms has trivial
central and infinitesimal character. Furthermore, m(m) is the multiplicity of m inside
L?(GL2(Q)R*\GL2(A)), X(Too) = 2 if oo is a character and x(ms) = —2 otherwise,
and

K ={g€GLy(Z) | g=1modm} .

Remark 1.1. Of course, multiplicity 1 for GLg tells us that m(mw) = 1.

A much stronger version of this theorem has been proved by Carayol in [5]. Decom-
pose (the cuspidal part of) the ¢-adic cohomology of the modular curves according to
automorphic representations m = ®m, as

@ﬂ'@(fﬂ'a

where o, is a 2-dimensional representation of the absolute Galois group of Q. Then
Carayol determines the restriction of o to the absolute Galois group of Q,, p # ¢, by
showing that it is paired (up to an explicit twist) with 7, through the Local Langlands
Correspondence. In particular, their L-functions agree up to shift, which gives our
Theorem D upon taking the product over all automorphic representations 7.
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It would not be a serious problem to extend the methods used here to prove that all
local L-factors of o and 7 agree (up to shift), by allowing the action of arbitrary Hecke
operators prime to p in our considerations in order to ‘cut out’ a single representation m
in the cohomology. If one could prove that the local e-factors of o, and 7 agree as well,
this would give a new proof of Carayol’s result, but we do not see any way to check this.

It should be pointed out, however, that Carayol uses advanced methods, relying on the
‘local fundamental representation’ constructed by Deligne in [8], strong statements about
nearby cycles, the consideration of more general Shimura curves and some instances
of automorphic functoriality, notably the Jacquet-Langlands correspondence and base-
change for GLs.

By contrast, except for base-change for GLo, all of these methods are avoided in this
article®>. Our approach relies on the geometry of the modular curve itself, the main
geometric ingredient being Theorem A which relies on Thomason’s purity theorem.

We now briefly describe the content of the different sections.

Section 2 up to Section 7 mainly recall results that will be needed later. Here, the first
two sections are of a representation-theoretic nature, describing some results from local
harmonic analysis, in particular the base-change identity, Theorem C. The next sections
are of a more algebro-geometric nature, describing results about the moduli space of
elliptic curves with level-structure and particularly their bad reduction, in Section 4 and
6. We also recall the Langlands-Kottwitz method of counting points in Section 5 and
the definition of the semisimple local factor in Section 7.

The Sections 8 and 9 are technically the heart of this work. In Section 8, we prove
our result on vanishing cycles, Theorem A, which allows us to compute the semisimple
trace of Frobenius in the given situation. Then, in Section 9, we rewrite this result in
terms of twisted orbital integrals of certain functions naturally defined through the local
Langlands correspondence and prove Theorem B, modulo the explicit formula for ¢, .

The rest of the article, Sections 10 to 13, employs the standard method of comparing
the Lefschetz and the Arthur-Selberg Trace Formula to prove Theorem D.

Finally, Section 14 provides the explicit formula for the function ¢, and finishes the
proof of Theorem B.

Notation. For any field K, we denote by G = Gal(K /K) its absolute Galois group.

Acknowledgments. I wish to thank everyone who helped me writing this paper. In
particular, I heartily thank my advisor M. Rapoport for introducing me to this topic
and his constant encouragement and interest in these ideas.

2. THE BERNSTEIN CENTER

Let G = GL,(F), where F' is a local field. Let H(G, K) be the Hecke algebra of
locally constant functions on G with compact support and biinvariant under K, for a
compact open subgroup K of G.

We will recall the description of the center of the Hecke algebras H(G, K) where K
ranges through compact open subgroups of G, cf. [3]. Denote the center by Z(G, K)
and let Z(G) = l(iinZ(G, K). Note that this is not a subset of the Hecke algebra H(G).

Rather, it is a subset of H(G) = limH(G, K) D H(G) which can be identified (after

choosing a Haar measure) with the space of distributions 7" of G' such that T * ek is
of compact support for all compact open subgroups K. Here ex is the idempotent
associated to K, i.e. the characteristic function of K divided by its volume. Then H(G)

3In the form that our article is written, it makes use of (unramified) base-change for GL2, but this is
needed only for Theorem B and Theorem C and could be avoided if one is only interested in Theorem D.
Only the spherical base-change identity is really needed, whose proof reduces to explicit combinatorics
as in [20].
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has an algebra structure through convolution, and its center is Z(G). In fact, Z(G)
consists of the conjugation-invariant distributions in ﬁ(G)

Let G be the set of irreducible smooth representations of G over C. By Schur’s lemma,
we have a map ¢ : Z(G) — Map(G,C*). We will now explain how to describe the
center explicitly using this map.

Let P be a parabolic subgroup of G with Levi subgroup L =2 H?Zl GL,, and fix
a supercuspidal representation o of L. Let D = (G,,)*. Then we have a universal
unramified character x : L — I'(D,0Op) = C[Tlﬂ,...,T,j[l] sending (¢;)i=1,..k to
Hle T/® (det(90)) - ye get a corresponding family of representations n-Ind%(ox) of G
parametrized by the scheme D (here n-Ind denotes the normalized induction). We will
also write D for the set of representations of GG one gets by specializing to a closed point
of D.

Let Rep G be the category of smooth admissible representations of G and let

(Rep G)(L, D)

be the full subcategory of Rep G consisting of those representations that can be embed-
ded into a direct sum of representations in the family D.

Theorem 2.1. Rep G is the direct sum of the categories (Rep G)(L, D) where (L, D)
are taken up to comjugation.

Proof. This is Proposition 2.10 in [3]. O

Let W(L, D) be the subgroup of Normg(L)/L consisting of those n such that the set
of representations D coincides with its conjugate via n.

Theorem 2.2. Fiz a supercuspidal representation o of a Levi subgroup L as above.
Let z € Z(G). Then z acts by a scalar on n-Indg(axg) for any character xo. The
corresponding function on D is a W (L, D)-invariant reqular function. This induces an
isomorphism of Z(G) with the algebra of regular functions on |J D/W (L, D).

(L,D)

Proof. This is Theorem 2.13 in [3]. O

3. BASE CHANGE

We will establish a base change identity that will be used later. This also allows us
to recall certain facts about base change of representations.
Let o be the lift of Frobenius on Q.

r—1

Definition 3.1. For an element 6 € GLa(Qpr), we let N6 = §67 --- 67

One easily sees that the conjugacy class of N¢ contains an element of GL2(Q)).
For v € GL2(Qp), define the centralizer

Gy(R) = {g € GL2(R) | g~ "vg =}
and for 6 € GL2(Q,r) the twisted centralizer
Gss(R) = {h € GLa(R® Qpr) | h15h7 =6} .

It is known that Gj, is an inner form of G 5. We choose associated Haar measures on
their groups of Q,-valued points.
For any smooth function f with compact support on GL2(Q,), put

O4(f) = / flg7 vg)dyg
G’Y (Qp)\GL2 (Qp)
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and for any smooth function ¢ with compact support on GL2(Qyr), put

TOs0(¢) = d(h=16n%)dh .

/Géa(Qp)\GM(@pr)
Definition 3.2. We say that functions

¢ € CX(GL2(Qpr)) , [ € CF(GLa(Qy))
have matching (twisted) orbital integrals (sometimes we simply say that they are ‘asso-
ciated’) if
+TO0s5,(p) if v is conjugate to N§ for some &
0,(f) = 0 else |

for all semisimple v € GL2(Qy). Here, the sign is + except if No is a central element,
but & is mot o-conjugate to a central element, when it is —.

Remark 3.3. This definition depends on the choice of Haar measures on GL2(Q,) and
GL2(Qpr) that we will not yet fix; it does not depend on the choice of Haar measures
on G5,(Qp) and Gns(Qp) as long as they are chosen compatibly.

Proposition 3.4. Let 6 € GLa(Zyr /p"Zyr). Then

Gso(Z/p"Z) = {h € GLa(Zp /p"Zyr) | K107 = 5}
has as many elements as

Gns(Z/p"Z) = {g € GLa(Z/p"Z) | g~ ' Nog = N6} .

Furthermore, o-conjugacy classes in GLa(Zyr /p" Zyr) are mapped bijectively to conjugacy
classes in GLa(Z/p"Z) via the norm map.

Proof. Let v € GLa(Z/p"Z). We get the commutative groups Z, , = (Z/p"Z[y])* and
Zeypyr = (Zyr [p"Zyr[¥])*. The norm map defines a homomorphism ds : Z,, ,r — Z, .
Also define the homomorphism dy : Zy pr — Z, - by di(x) = x2~?. By definition, we
have

Hl(Gal(@p’"/@p)v Zypr) = ker(dg) /im(dy) .
Lemma 3.5. This cohomology group vanishes:

HY(Gal(Qpr/Qyp), Zypr) =0 .

Hence the following complex is exact

Proof. We have a Gal(Q,r/Qy)-invariant filtration on Z, ;- given by X; = ker(Z, ,r —
GLo(Zyr /p'Zyr)) for i@ = 0,...,n. By the long exact sequence for cohomology, it is
enough to prove the vanishing of the cohomology for the successive quotients. But for
i > 1, the quotient X;/X;1; is a Fyr-subvectorspace of
ker(GLa(Zyr /p™ ' Zyr) — GLo(Zyr [D' L)) = By
But by Lang’s lemma,
Hl(Gal(Qpr/Qp)anT) =0.

For ¢ = 0, Lang’s lemma works just as well, noting that the groups considered are
connected.

The complex is clearly exact at the first two steps. We have just proved that it
is exact at the third step. Hence the surjectivity of the last map follows by counting
elements. g



8 PETER SCHOLZE

Given v € GLa(Z/p"Z), choose some § € Z. ,r with N = +. This exists by the last

lemma. We claim that in this case, G55(Z/p"Z) = G(Z/p"Z) as sets. _
Take © € Gs,(Z/p"Z). Then 162 = & and hence #7767 27" = §°" for all
1 =0,...,7 — 1 and multiplying these equations gives
2 'Néx = N§ ,

hence z commutes with v = NJ. But then x commutes with 6 € Z,r/p"Z,-[y] and
therefore 7 162° = ¢ implies = %, whence z € G~(Z/p"Z).

The other inclusion G+ (Z/p"Z) C Gs,(Z/p"Z) follows directly from 6 € Zyr /p" Zypr 7).
This proves the claim Gs,(Z/p"Z) = G(Z/p"Z) and hence the first part of the Propo-
sition in this case.

Now, for representatives 71, ..., of the conjugacy classes in GLa(Z/p"Z), we have
constructed elements d1,...,d0; with N§; = ~; for all i, whence representing different
o-conjugacy classes. We know that the size of their o-conjugacy classes is

GLa(Zyr /9" Zr)| _ |CLa(Zyr /")
Cow @I D) |G (Z/pD)|

The sum gives

GL(Zypr | p™ Ly GLo(Z/p"7Z) GLo(Zyr [ 9" Zoyr
| 2 /pn |Z| 2 /pn | _ | 2( p/pn p)||GL2(Z/an)|
|GL2(Z/p"Z))| |G~ (Z/p" )] |GLa(Z/p"Z))|
= |GLy(Zpr [P" Zypr)| -
Hence every element of GLg(Zyr /p™Z,r) is o-conjugate to one of ¢y, ..., d, proving the
rest of the Proposition. a

We use this Proposition to prove the following identity. Define the principal congru-
ence subgroups

L'(p")q, =19 € GL2(Zy) | g = 1modpk} )

L(p")g, = {9 € GLa(Zp) | g = Imodp”} .
For any compact open subgroup K of GL2(Qp) or GL2(Qpr), let ex be the idempotent
which is the characteristic function of K divided by its volume.

Corollary 3.6. Let f be a conjugation-invariant locally integrable function on GLa(Zy).
Then the function ¢ on GLa(Zyr) defined by ¢(0) = f(NO) is locally integrable. Fur-
thermore,

(ergpyg . *9)(0) = (ergiy, * F)ND)
for all 6 € GLo(Zyr).

Proof. Assume first that f is locally constant, say invariant by I'(p")g,. Of course, ¢ is
then invariant under I'(p")q, and in particular locally integrable. The desired identity
follows on combining Proposition 3.4 for the integers k and n.

The corollary now follows by approximating f by locally constant functions. O

Now we explain how to derive a base change fundamental lemma for elements in the
center of Hecke algebras, once base change of representations is established.
Let tempered representations =, resp. II, of GL2(Qy), resp. GL2(Qyr), be given.

Definition 3.7. In this situation, 11 is called a base-change lift of w if 11 is invariant
under Gal(Qpr/Qp) and for some extension of Il to a representation of GLa(Qpr) %
Gal(Qpr/Qp), the identity

tr(Ng|m) = tr((g,0)[I)
holds for all g € GL2(Qpr) such that the conjugacy class of Ng is reqular semi-simple.

It is known that there exist unique base-change lifts, cf. [20], or more generally [2].
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Theorem 3.8. Assume

f € Z(GLQ(Qp)) ) ¢ € Z(GI—Q(Q;?T))

are given such that for every tempered irreducible smooth representation m of GL2(Qp)
with base-change lift 11, the scalars cy . resp. cym through which f resp. ¢ act on w
resp. 11, agree: ¢y = cy1.

Then for any associated h € C°(GL2(Qp)) and h' € C°(GL2(Qpr)), also f * h and
¢ * h' have matching (twisted) orbital integrals.

Furthermore, epny, and ergn),  are associated.

p @y,

Proof. Because h and h' are associated, we have tr(h|7) = tr((h',o)|II) if II is a base-
change lift of 7, as follows from the Weyl integration formula, cf. [20], p.99, for the
twisted version. We find

tr(f * hlm) = cfptr(h|m) = comtr((R', 0)|I) = tr((¢ = h', 0)|II) .

We may find a function f’ € H(GL2(Q))) that has matching (twisted) orbital integrals
with ¢ * ', cf. [20], Prop. 6.2. This implies that tr((¢ * h',o)|II) = tr(f'|r). Hence
tr((f *«h— f")|m) = 0 for all tempered irreducible smooth representations m of GLa(Q,).
By Kazhdan’s density theorem, [15], Theorem 1, all regular semi-simple orbital integrals
of f+h— f’ vanish. Hence f x h and ¢ % h’ have matching regular semi-simple (twisted)
orbital integrals. By [7], Prop. 7.2, all semi-simple (twisted) orbital integrals of f x h
and ¢ x h’ match.
To show the last statement, we first check that

tr(ep(pn)Qp |7T) = tr((ep(pn)(@pr , O') ‘H) .

But this follows directly from Corollary 3.6 with f the character of 7 restricted to
GL2(Zy,), k = n and 6 = 1, because characters are locally integrable. Now the rest of
the argument is precisely as above. O

4. THE MODULI SPACE OF ELLIPTIC CURVES WITH LEVEL STRUCTURE: CASE OF
GOOD REDUCTION

We will briefly recall some aspects of the theory of the moduli space of elliptic curves
with level structure that we shall need. All of the material presented in this section is
contained in [9].

Definition 4.1. A morphism p: E — S of schemes with a section e : S — F is said
to be an elliptic curve over S if p is proper, flat, and all geometric fibers are elliptic
curves (with zero section given by e).

We simply say that E/S is an elliptic curve, omitting the morphisms p and e in the
notation. It is well-known that an elliptic curve is canonically a commutative group
scheme over S, with e as unit section.

One might try to represent the functor

M : (Schemes) — (Sets)
S +—— {E/S elliptic curve over S up to isomorphism} ,

but it is well-known that this is not representable by a scheme. We need the next
definition:

Definition 4.2. A level-m-structure on an elliptic curve E/S is an isomorphism of
group schemes over S

o (Z/mZ)E — Elm] |
where E[m] is the preimage of (the closed subscheme) e under multiplication by m :
E—FE.
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This is motivated by the fact that for S = Spec k the spectrum of an algebraically
closed field k of characteristic prime to m, one always has (noncanonically) E[m]| =
(Z/mZ)?. However, for algebraically closed fields k& whose characteristic divides m,
there are no level-m-structures at all and it follows that if (F/S,«) is an elliptic curve

with level-m-structure then m is invertible on S. Consider now the following functor
M, : (Schemes/Z[m 1)) — (Sets)
g { (E/S, a) elliptic curve E over S with } .

level-m-structure «, up to isomorphism

Theorem 4.3. For m > 3, the functor My, is representable by a smooth affine curve
M., over Spec Z[L]. There is a projective smooth curve M,, containing M, as an
open dense subset such that the boundary OM, = My, \ My, is étale over Spec Z[L].

Because the integer m plays a minor role in the following, we will write M for M,,.

5. COUNTING POINTS: THE LANGLANDS-KOTTWITZ APPROACH

We will explain the method of Langlands-Kottwitz to count the number of points
mod p of Shimura varieties with good reduction, in the case of the modular curve. This
is based on some unpublished notes of Kottwitz [17].

Let p be a prime not dividing m. Fix an elliptic curve Ey over F,-, for some positive
integer r. Let A];c be the ring of finite adeles of Q with trivial p-component and ZP =
[1¢4, Z¢ be the integral elements in A’

We want to count the number of elements of

M(Fpr)(Ey) = {x € M(Fpr) | E; is Fpr-isogeneous to Ep} .
Define
H? = Helt(Eo,prA?) ) Hp = Hclris(EO/Zp”) ®Zpr Qp* :

Now take z € M(F,)(Ep) arbitary. Choosing an Fp--isogeny f : Ey — E,, we get a
Gr,, = Gal(F,r /F,r )-invariant ZP-lattice

L= f*(Hgt(Eerr7Zp)) C H?,
an F,V-invariant Z,--lattice

A = [ (Heis(Bo/Zyr)) C Hy

cris
and a G]FPT -invariant isomorphism
¢:(Z/mZ)? — L L/mZ
(where the right hand side has the trivial Gppr—action), corresponding to the level-m-

structure. Let Y? be the set of such (L, ¢) and Y}, be the set of A as above. Dividing
by the choice of f, we get a map

M(Eypr)(Eo) — D\YP x Y, ,
where I' = (End(Fy) ® Q)*.
Theorem 5.1. This map is a bijection.

Proof. Assume that (E1,¢1) and (Fa, ¢2) have the same image. Choose isogenies f :
Ey — E1, fa : Ey — FE. Then the corresponding elements of Y? x Y, differ by an
element h € T'. Write h = m~'hy where m is an integer and hg is a self-isogeny of Ej.
Changing fi to fih and f> to fam, we may assume that the elements of Y x Y), are the
same. We want to see that f = fify ! a priori an element of Hom(E», E1) ® Q, actually
belongs to Hom(F», F1). Analogously, faf; ! will be an actual morphism, so that they
define inverse isomorphisms.
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Now, let M be an integer such that M f : F — FEj is an isogeny. Our knowledge
of what happens on the cohomology implies by the theory of étale covers of Fy and the
theory of Dieudonné modules, that M f factors through multiplication by M. This is
what we wanted to show. Note that ¢; and ¢2 are carried to each other by assumption.

For surjectivity, let (L, ¢, A) € YP x Y, be given. By changing by a scalar, we may
assume that L and A are contained in the integral lattices

Hgt(EOFWJZp) ) Hl (EO/ZPT) .

cris

Then the theory of Dieudonné modules provides us with a subgroup of p-power order
Gy, corresponding to A and the theory of étale covers of Ey provides us with a subgroup
GP of order prime to p, corresponding to L. We then take Ey = Ey/GPG,. It is easy to
see that this gives the correct lattices. Of course, ¢ provides a level-m-structure. O

From here, it is straightforward to deduce the following corollary. Let v € GLo (AZ})
be the endomorphism induced by ®,- on H? (after choosing a basis of HP). Similarly,
let § € GL2(Q,r) be induced by the p-linear endomorphism F' on H,, (after choosing a
basis of H,): If o is the p-linear isomorphism of H, preserving the chosen basis, define
6 by F = do. Then we have the centralizer

G (A%) = {g € GLy(A}) [ g 'vg =7}
of 7 in GL2(A%) and the twisted centralizer
Gss(Qp) = {h € GLa(Qyr) | K '6R7 = 6}
of 6 in GL2(Qpr). Let fP be the characteristic function of the set
K? = {g € GLy(ZP) | g = 1 modm}

divided by its volume and let ¢, o be the characteristic function of the set

GLa(zy) (4] ) G1a(zy)

divided by the volume of GLy(Z,"). For any smooth function with compact support f
on GLy(A%), put

O4(f) = flg7 vg)dg .

/Gv(A’})\GLz(A’})
Corollary 5.2. The cardinality of M(F,r)(Ey) is
VOI(F\GV(A}}) X G55(Qp)) O (f*)TOs5(p0)

where the Haar measure on I' gives points measure 1.

Proof. Choose the integral cohomology of Ey as a base point in Y? and Y,. Then we
may identify the set XP of pairs (L, ¢) as above, but without the Galois-invariance
condition, with GLQ(A?) /KP. Similarly, we may identify X,,, the set of all lattices A,
with GL2(Qpr)/K)p, where

K, = GLy(Z,r) .

The condition that an element gKP of XP? lies in YP is then expressed by saying that
vgKP? = gKP, or equivalently g~ 'vg € KP. Similarly, the condition that an element hK,
of X, lies in Y}, is expressed by FhK, C hK, and VhK, C hK,. Noting that F'V = p,
this is equivalent to phK, C FhK, C hK), i.e.

pK, C h10h K, C K, .
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The Weil pairing gives an isomorphism of the second exterior power of H,, with Q- (—1),
so that v,(detd) = 1. In particular, the condition on h can be rewritten as

et o p 0
h=t6h er( 01 )Kp.
This means that the cardinality of I'\Y? x Y, is equal to
/ P97 v9)bpo(h™"6h%)dgdh .
F\GLQ(AZ;)XGLQ(QP'P)

The formula of the corollary is a simple transcription. O

Remark 5.3. In particular TOs,(¢p0) # 0 whenever M(F,-)(Ep) # 0.

6. THE MODULI SPACE OF ELLIPTIC CURVES WITH LEVEL STRUCTURE: CASE OF BAD
REDUCTION
1
the remaining primes, where they have bad reduction. The material presented ﬁére is
contained in [14]. Let us fix a prime p first and choose some integer m > 3 prime to
p. For any integer n > 0, we want to extend the scheme M, over Spec Z[%], noting
that we already have defined it over Spec Z]

We are interested in extending the moduli spaces M,,, defined over Spec Z[--], to

1
pral-

Definition 6.1. A Drinfeld-level-p™-structure on an elliptic curve E/S is a pair of
sections P,@Q : S — E[p"| such that there is an equality of relative Cartier divisors

ST [iP+Q)=Ep"].
iJEL/pT

Since for p invertible on S, the group scheme E[p"] is étale over S, a Drinfeld-level-p"-
structure coincides with an ordinary level-p”-structure in this case. Hence the following
gives an extension of the functor Myn,, to schemes over Spec Z[—-|:

1
My (pr)m (Schemes/Z[m™']) — (Sets)
(E/S,(P,Q), ) elliptic curve E over S with

S +—— ¢ Drinfeld-level-p"-structure (P, Q) and
level-m-structure «, up to isomorphism

Theorem 6.2. The functor Mpn) y is representable by a reqular scheme Mrpyny o,
which is an affine curve over Spec Z[%] The canonical (forgetful) map

Tt Mrrn)m — Mm

is finite. Over Spec Z| it is an étale cover with Galois group GLo(Z/p"Z).

1
Pl

Again, the integer m plays a minor role, so we will suppress it from the notation and
write Mpyny for Mrpeny -

In this situation, the problem of compactification is slightly more difficult. Recall
that the Weil pairing is a perfect pairing

E[p"] xg E[p"] — ppr.s -
It allows us to define a morphism
Mpny — Spec ZIm ™G]

where (,n is a primitive p"-th root of unity, by sending (,» to the image of the universal
sections (P, Q) under the Weil pairing.
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Theorem 6.3. There is a smooth proper curve Mygn)/ZIm™|[¢pn] with Mpgny as an
open subset such that the complement is étale over Spec Z[m™1]|[(y»] and has a smooth
neighborhood.

We end this section with a description of the special fiber in characteristic p of Mrpn).
For any direct summand H C (Z/p"Z)? of order p", write /\/lﬁ(pn) for the reduced
subscheme of the closed subscheme of My ,n) where

Y [iP+iQl=p"e].

(4,)EHC(Z/p"L)?

Theorem 6.4. For any H, the closed subscheme ./\/l{f(pn) is a reqular divisor on Mrp(yn)

which is supported in Mrny ®z Fp. Any two of them intersect exactly at the supersin-
gular points of Mpny @z Fp, i.e. those points such that the associated elliptic curve is
supersingular. Furthermore,

Mrpny ©z Fp = UMI{I(p”) :
H

7. THE (SEMISIMPLE) LOCAL FACTOR

In this section, we want to recall certain invariants attached to (the cohomology) of
a variety X over a local field K with residue field F,. Recall that we denoted G =
Gal(K/K). Further, let Iy C Gk be the inertia subgroup and let ®, be a geometric
Frobenius element.

Let ¢ be a prime which does not divide q.

Definition 7.1. The Hasse-Weil local factor of X is
2dim X A
((X,s)= [ det(t — @0 *|HAX @5 K, Qy)")Y
i=0

i+1

Here H! denotes étale cohomology with compact supports.

Note that this definition depends on /; it is however conjectured that it is independent
of £, as follows from the monodromy conjecture. As we are working only with curves
and the monodromy conjecture for curves is proven in [22], we get no problems.

It is rather hard to compute the local factors if X has bad reduction. However, there
is a slight variant which comes down to counting points ‘with multiplicity’. For this, we
need to introduce the concept of semisimple trace, for which we also refer the reader to
[10].

Let V be a continuous representation of G in a finite dimensional Q,-vector space,
where £ is prime to the residue characteristic of K. Furthermore, let H be a finite group
acting on V', commuting with the action of Gx.

Lemma 7.2. There is a filtration
0=VWWcCcWc---CcVy=V

into G X H-invariant subspaces V; such that Ix acts through a finite quotient on
gr Vo = @Y, Vi/Vi-1.

Proof. Note that this contains Grothendieck’s local monodromy theorem, [25]. We will
repeat the proof here. By induction, it suffices to find a nonzero G g x H-stable subspace
V1 on which I acts through a finite quotient. In fact, it is enough to find a Ix x H-
stable subspace with this property, as the maximal Ix x H-stable subspace on which
Iy acts through a finite quotient is automatically Gg x H-stable, because [ x H is
normal in G x H.
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First, we check that the image of Ix x H is contained in GL,(F) for some finite
extension E of Q. Denote p : Iy x H — GL,(Q,). Since Ix x H is (locally) compact
and hausdorff, it is a Baire space, i.e. the intersection of countably many dense open
subsets is nonempty. Assume that there was no such extension E. For all F,

p_l(GLn(QE) \ GLn(E))
is an open subset of Ix x H. Clearly, their intersection is empty and there are only
countably many finite extensions E of Qy inside Q,. Hence one of them is not dense.
But then some subgroup of finite index maps to GL,,(F), which easily implies the claim,
after passing to a finite extension.

Since Ix x H is compact, the map p : Ix x H — GL,(F) factors through some
maximal compact subgroup, which after conjugation may be assumed to be GL,(O),
where O is the ring of integral elements of E. Let F be the residue field of E.

There is a surjection ¢ : Iy — Z; whose kernel If( is an inverse limit of groups
of order prime to ¢. But the kernel of the map GL,(O) — GL,(F) is a pro-f-group
and hence meets [ f( trivially. This means that I f( acts through a finite quotient on
V. Let I% be the kernel of If, — GL,(O) and let I} = Ix/I% have center Z. Our
considerations show that ¢|z : Z — Z, is nontrivial and has finite kernel.

Let A € Z with t()) # 0. Recall that ®_t(g)®, = qt(g) for all g € Ix. In particular,

" so that the image p(\)4"
in GL,,(E) is conjugate to p(A)?"". This implies that all eigenvalues of p(\) are roots of

unity, so that by replacing A by a power, we may assume that W = V*=! is nontrivial.
But since A € Z, W is Ix x H-stable. O

Definition 7.3. For h € H, we define
T _ T I
tr (@ h|V) = tr(Pph|(gr Ve) ™ X)

for any filtration V, as in the previous lemma.

there are positive integers r and s such that @;SAQTQZ =\

Proposition 7.4. This definition is independent of the choice of the filtration. In
particular, the semisimple trace is additive in short exact sequences.

Proof. Taking a common refinement of two filtrations, this reduces to the well-known
statement that for any endomorphism ¢ of a vector space V with ¢-invariant subspace
W, one has
tr(¢|V) = tr(g|W) + tr(¢|V/W) .
O

This allows one to define the semisimple trace on the Grothendieck group, or on the
derived category of finite-dimensional continuous ¢-adic representations of G x H.

Next, we explain a different point of view on the semisimple trace. Let us consider the
bounded derived category Db(Rep@Z (Gx x H)) of continuous representations of G x H

in finite dimensional Q,-vector spaces.
Remark 7.5. Note that the correct version of the derived category of f-adic sheaves on
a scheme X is defined as direct 2-limit over all finite extensions £ C Q, of Q, of the

inverse 2-limit of the derived categories of constructible Z/¢"Z-sheaves, tensored with E.
We use the same definition of Db(Rep@(G Kk X H)) as the direct 2-limit of the inverse

2-limit of Db(Repz/[nz(GK x H)), tensored with E, here. See [16], Chapter 2, for a
detailed discussion.

Consider the derived functor
Ry, : D"(Repg, (Gk x H)) — D*(Repg, (Gr, x H))

of taking invariants under [f.
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Remark 7.6. Again, this is abuse of language as only with finite coefficients, this really
is the derived functor.

The finiteness properties needed here are special cases of the finiteness theorems for
étale cohomology: Consider

Spec F, — Spec O™ R Spec K" |

where K™ is the maximal unramified extension of K and O" are its integral elements.
Then

R[K = L*Rj* .
We have defined a map
tr®(®}h) : D*(Repg, (Gx x H)) — Q,

that is additive in distinguished triangles. There is a second map

tr(®ph) o Ry : D*(Repg, (Gx x H)) — Q.
Again, it is additive in distinguished triangles.
Lemma 7.7. These two linear forms are related by

tr(®gh) o Ry = (1 — " )tr™(®gh) .

Proof. Because of the additivity of both sides and the existence of filtrations as in Lemma
7.2, it suffices to check this for a complex

— 00— Vg —0— ...

concentrated in degree 0 and with Ik acting through a finite quotient on V4. We can even
assume that this quotient is cyclic, as taking invariants under the wild inertia subgroup
is exact, and the tame inertia group is procyclic. Then tr%(®}h|Vo) = tr(@gh]VOIK ), and
Rp, (W) is represented by the complex

0

.—>O—>VOIK—>VOIK(—1)—>O—>....

The lemma is now obvious. O
Let X be a variety over K.

Definition 7.8. The semisimple local factor is defined by
2dim X

log (B(X,8) =Y > (—1)'tr* (P HI(X @k K Q))?

r>1 =0

—TS

Note that if Ix acts through a finite quotient (e.g., if it acts trivially, as is the case
when X has good reduction), this agrees with the usual local factor.

Let O C K be the ring of integers. For a scheme X /O of finite type, we write X,
X3, X, resp. Xj for its special, geometric special, generic resp. geometric generic fiber.
Let Xz denote the base change to the ring of integers in the algebraic closure of K.
Then we have maps 7: X5 — Xg and j : X — X5
Definition 7.9. For a Qy-sheaf F on Xy, the complex of nearby cycle sheaves is defined
to be

RYF =T Rj, Fy ,
where Fy is the pullback of F to Xg. This is an element of the (so-called) derived

category of Qg-sheaves on Xz with an action of G that is compatible with its action on
Xs.
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Theorem 7.10. Assume that X@/(’) is a scheme of finite type such that there exists an
open immersion Xo C Xo where X is proper over O, with complement D a relative
normal crossings divisor (i.e. there is an open neighborhood U of D in X o which is
smooth over O, such that D is a relative normal crossings divisor in U ). Then there is
a canonical G -equivariant isomorphism

Hci(Xﬁv @6) = Hé(X§7 R¢@4) )

log (S(Xp,s) =Y > (B |(RYQy)s )

r>l zeX;(F, )

and
—7'8

Proof. The first statement follows from [26], XIII, Prop 2.1.9. For the second statement,
it comes down to

2dim X
D (D RS(RYH(Xs RYQp) = Y (g | (RYQy)a)
=0 2€Xs(Fgr)

which follows from the version of the Lefschetz trace formula in [10], Prop. 10, part
(2). O

With these preparations, we deduce the following result.

Theorem 7.11. There is a canonical G, -equivariant isomorphism

HY( My my 7, Q) — Hi(Mpny s RYQp)
In particular, the formula for the semisimple local factor from Theorem 7.10 holds true.

Proof. We cannot apply Theorem 7.10 to the scheme X = Mrp,n) as its divisor at
infinity is not étale over S = Spec Z[m~!]. There is the following way to circumvent
this difficulty. We always have a canonical Gg,-equivariant morphism

Hi( X7, Q) — Hi(X5, RYQy)
To check that it is an isomorphism, we can forget about the Galois action.

We may also consider X as a scheme over S’ = Spec Z[m™!][¢;»]. Let X’ be the
normalization of X xg S’. As X is normal (since regular) and on the generic fibers,
(X xg8"), is a disjoint union of copies of X, parametrized by the primitive p™-th roots
of unity, it follows that X’/S” is a disjoint union of copies of X/S’. With Theorem 6.3,
it follows that we may use Theorem 7.10 for X’. Hence

Hg(Xﬁ, @5) = Hé( 3 R¢ Qﬁ)

where Rv/'Q, are the nearby cycles for X’ and 3 is the geometric special point of S’. Note
that g : Xy — X3 is an infinitesimal thickening. Furthermore, the composite morphism
f:X — X xg S — X is finite and hence g* RYQ, = fy, RY'Q,. Therefore

Hi{(XL, RY'Qy) =2 HY( Xy, fo.RY'Qp) = Hi(X5, RYQy) .

8. CALCULATION OF THE NEARBY CYCLES

Again, let Xo/O be a scheme of finite type. Let X,u be the base-change of X to
the maximal unramified extension K" of K and let Xpu be the base-change to the ring
of integers in K. Then we have ¢ : X5z — Xouw and j : Xjw — Xour.

Lemma 8.1. In this setting

Ry (RYF) = v*Rj, Fopur
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Proof. Both sides are the derived functors of the same functor. O
We now give a calculation in the case of interest to us.

Theorem 8.2. Let X/O be regular and flat of relative dimension 1 and assume that
X, is globally the union of reqular divisors. Let x € X (Fq) and let Dq,...,D; be the
divisors passing through x. Let Wy be the i-dimensional Qg-vector space with basis given
by the Dy, t = 1,...,4, and let Wy be the kernel of the map W1 — Q, sending all Dy
to 1. Then there are canonical isomorphisms

@z( ) k=0
k. o~ Wi(=1) k=1
0 else .

Proof. We use a method similar to the one employed in [22], pp.36-38.

By passing to a suitable open subset, we may assume that the special fibre is the
union of the divisors D1,...,D; and x is the only possible intersection point of these
divisors. Denote b; : D; — X and b : + — X the closed embeddings. Let I® be an
injective resolution of Q, on X.

Remark 8.3. Note that this is abuse of language, as in Remark 7.5. The proper meaning
is to take a compatible system of injective resolutions of Z/("Z.

Using diverse adjunction morphisms, we get a complex of sheaves on Xour
0= W @b, T — P bubiI® — I — .5 T — 0.
1
Proposition 8.4. The hypercohomology of this complex vanishes.

Proof. This is almost exactly [22], Lemma 2.5. We repeat the argument here.

Let us begin with some general remarks. Recall that for a closed embedding i : ¥ —
Z, there is a right-adjoint functor i' to iy = i, given by i'F = ker(F — j.j*F), where
j:Z\Y — Z is the inclusion of the complement. We get an exact sequence

0 — ii' F — F — j.j*F .

Being right-adjoint, 4' is left-exact. Furthermore, i, has a left adjoint i* and a right
adjoint 7', hence is exact. Thus i' has an exact left adjoint and hence preserves injectives.
Similarly, i, has the exact left adjoint ¢* and thus preserves injectives. We see that if F
is injective, then 4/5'F = 4,i'F is injective. Therefore F = i,i'F @ F' for some injective
sheaf F/. We get an injection F' — j,7*F. Since F’ is injective, this is a split injection,
with cokernel supported on Y. But
Hom(i.G, j«j*F) = Hom(j*i,G,7*F) =0
for any sheaf G on Y, hence the cokernel is trivial and F' = j,j*F. This shows that
F =i i F®jj*F

for any injective sheaf F on Y, where i'F and j*F are injective, as j* = j' has the exact
left adjoint ji.

We prove the proposition for any complex of injective sheaves I°®. This reduces the
problem to doing it for a single injective sheaf I. Let U be the complement of X in X

and let U; be the complement of x in D;. In our situation, we get a decomposition of I
as

I = fuudy © @, fuielv, ® fouls |

where Ip is an injective sheaf on 7" and fr : T — X is the locally closed embedding,
for any T occuring as an index.
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Now we check case by case. First, b fusly = bé fus«ly = 0 and the complex reduces to
V fuedly = fudy. Second, b fy,. Iy, = b fu,Iy, = 0 for j # i, while b} fy,. Iy, = Iu,.
Hence the complex reduces to the isomorphism Ir;;, = Iy, in this case. In the last case,
U fouly = béf:v*lx = fusI, for all i, and hence the complex reduces to
and this is exact by our definition of Wj. O

Let us recall one important known special case of Grothendieck’s purity conjecture:

Theorem 8.5. Let X be a reqular separated noetherian scheme of finite type over the
ring of integers in a local field and let f 1Y — X be a closed immersion of a reqular
scheme Y that is of codimension d at each point. Let £ be a prime that is invertible on
X. Then there is an isomorphism in the derived category of constructible Q,-sheaves

Rf'Qp = Qu(—d)[-2d] .
Proof. This is contained in [24], Cor. 3.9. O
We use this to get isomorphisms
bibiI® = by Qy(—1)[2]
and
b b'T® = b,Qy(—2)[—4]
in the derived category. Hence, since the spectral sequence for hypercohomology of

=0 — W @b, T — P bubiI® — o I°

is equivariant for the Galois action and its only nonzero terms are of the form Q,(—k)
for different k, it degenerates and we get the desired isomorphism. O

As a corollary, we can compute the semisimple trace of Frobenius on the nearby cycles
in our situation. Let B denote the Borel subgroup of GLs. Recall that we associated
an element 6 € GL2(Q,r) to any point € M(F,-) by looking at the action of F' on
the crystalline cohomology. We have the covering m, : Mpny — M and the sheaf
Fn = Tnp«Q¢ on the generic fibre of Mp,n).

Corollary 8.6. Let x € M(F,-) and let g € GLa(Zy).

(i) If x corresponds to an ordinary elliptic curve and a is the unique eigenvalue of N§
with valuation 0, then

™ (pr g| (RYF)z) = tr(Pprg| Vi)
where V,, is a Gy, x GLa(Z/p"Z)-representation isomorphic to
GL2(Z/p"Z)
EB IndB(ZQ/an) 1Xy
x€((Z/p"Z)*)¥
as a GLy(Z/p"Z)-representation. Here ®,r acts as the scalar x(a)~! on

IndGL2 (Z/p™7Z)

Bz/mz) LEX

(ii) If = corresponds to a supersingular elliptic curve, then
tr*(Dprg| (R Fn)a) = 1 — tr(g[St)p" ,

where

St = ker(Indg](éfir/L%;Z)l X1-—1)

is the Steinberg representation of GLa(Z/p"Z).
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Proof. Note first that we have
Riy RYpmFrn = Riy R pmnnQp = an*RIKR¢MF<pn>@z = Mozt *RjQy

because 7, is finite. Here subscripts for Rty indicate with respect to which scheme the
nearby cycles are taken, and ¢ and j are as defined before Lemma 8.1, for the scheme
Mrppny. Note that we may apply Theorem 8.2 because of Theorem 6.4.

Let & be any point above x in Mp(,n. In case (i)7 we see that

else .

It remains to understand the action of GLQ(Z/an) x Gp,, on 7, (z). Let E be the
elliptic curve corresponding to . Fix an identification E[p™] = pye x Qp/Z, and in
particular E[p"] = p,n x Z/p™Z. Then the Drinfeld-level-p™-structures are parametrized
by surjections
(Z/p"2)* — LZ/p"T .
The right action of GLy(Z/p"Z) is given by precomposition.
The identification E[p™] = ppe x Q,/Z, gives 6 the form

pbo 0O
0 ag ’

because the crystalline cohomology of E agrees with the contravariant Dieudonné module
of E[p®°]. Then

o ([ p"Nby O

¢, =N = ( 0 Nag ) -

Hence a = Nag and ®,r acts through multiplication by a=! on the factor Z/p"Z of
E[p"]. Hence it sends a Drinfeld-level-p"-structure given by some surjection to the same
surjection multiplied by a~!. In total, we get

_ xpk: & ~ Vn(_k) k:O’l
(Tnset " R" 5 Q) g = { 0 else ,

where V,, = @éw with M the set of surjections (Z/p"Z)?* — Z/p"Z. Then GLo(Z/p"Z)x
G, acts on those pairs and hence on V;,, compatible with the action on the left hand
side. The action of diagonal multiplication commutes with this action and gives rise to

the decomposition
V.= @ W

x€((Z/prz)*)Y

Then one checks that V), = In dGI(;;Z?{;) Dx x and one easily arrives at the formula in
case (i).

In case (ii), there is only one point & above z in Mp(,») and p" +pnt

irreducible com-
ponents meet at x, parametrized by P(Z/p"Z). This parametrization is GLo(Z/p"Z)-
equivariant, so that

~ T aCGL2(Z/p"Z)
Wi =Indg;,, ng) 1X1
and
W = ker(Indj 270181 — 1) = St
in the notation of Theorem 8.2. This yields the desired result. 0
Define for z € M(F,r)
(RYFoo)z = hm(Rw}"n)z

It carries a natural smooth action of GLQ( Zp) and a commuting continuous action of
Gq,-- Then we can define tr*5(®prh|(RYFso)s) for b € C2°(GLa(Zp)) in the following
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way: Choose n such that h is I'(p")g,-biinvariant and then take invariants under I'(p")q,
first:
tr%°(Ppr h| (R F o)) = tr°°(Ppr h|(RYF)2) -
It is easily checked that this gives something well-defined.
We see that for h € C2°(GL2(Zy)), the value of tr%%(®,rh|(RYF s )z) depends only on
the element v = N§ associated to x. This motivates the following definition.

Definition 8.7. For v € GL2(Q),) and h € C°(GL2(Zy)), define
¢ (7,h) =0
unless vy(dety) =1, vy(try) > 0. Assume now that these conditions are fulfilled. Then
for vy(try) =0, we define
ek = > te(hlndE IR o) xo(ta) !
X0€((Z/pnZ)* )V

where ty is the unique eigenvalue of v with vy(t2) = 0. For vy(try) > 1, we take

cr(v, h) = tr(h|1) — p" tr(h|St) .

Since z is supersingular if and only if tr N0 = Omod p, we get
tr%°(Ppr h| (R Foo)z) = (N0, h)

whenever ¢ is associated to z € M(F,-).

9. THE SEMISIMPLE TRACE OF FROBENIUS AS A TWISTED ORBITAL INTEGRAL

First, we construct the function ¢, which will turn out to have the correct twisted
orbital integrals.

Lemma 9.1. There is a function ¢, of the Bernstein center of GLa(Qpr) such that for
all irreducible smooth representations I of GLa(Qpr), ¢p acts by the scalar

P (@ |om) |
where ory is the representation of the Weil group Wa,. of Qpr with values in Qy associated
to 11 by the Local Langlands Correspondence.

Remark 9.2. Of course, the definition of the semisimple trace of Frobenius makes sense
for representations of Wg .. For a representation o of Wq,, we write 0 for the
associated semisimplification.

Proof. By Theorem 2.2, we only need to check that this defines a regular function
on D/W(L,D) for all L, D. First, note that the scalar agrees for a 1-dimensional
representation II and the corresponding twist of the Steinberg representation, because
we are taking the semisimple trace. This shows that we get a well-defined function on
D/W (L, D). But if one fixes L and D and takes II in the corresponding component,
then the semi-simplification off decomposes as (01 ® x10det) ®--- @ (0r ® x¢ o det)
for certain fixed irreducible representatlons 01,...,0¢ and varying unramiﬁed characters
X1, - - -, Xt parametrized by D. In particular

0% (@yrlom) = Ztrss wloi(p)
which is clearly a regular function on D and necessarily W (L, D)-invariant, hence de-
scends to a regular function on D/W (L, D). O

We also need the function ¢p0 = ¢p * earyz,,) € H(GL2(Qpr), GLa(Zyr)). This
definition is compatible with our previous use of ¢, o:
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Lemma 9.3. The function ¢, is the characteristic function of the set

GLa(Zyr) < 0 (1) ) GLa(Zyr)
divided by the volume of GLo(Zyr).
Proof. Both functions are elements of the spherical Hecke algebra
H(GL2(Qpr), GL2(Zyr)) .

Since the Satake transform is an isomorphism, it suffices to check that the characteristic
function of the given set divided by its volume acts through the scalars

pértrss(qur lomr)

on unramified representations. In general, this is done in [18], Theorem 2.1.3. Let us ex-
plain what it means here. By the Satake parametrization, an unramified representation
II is given by two unramified characters x1, x2. Then o = x1 @ x2 and

tr%(@pr o) = x1(p) + x2(p) -

Hence this is just the usual formula for the trace of the classical Hecke operators, usually
called T}, in terms of the Satake parameters (at least for r = 1). O

Theorem 9.4. Let 6 € GLy(Q,r) with semisimple norm v € GL2(Qp). Let h €
C*(GL2(Zp)) and h' € C°(GL2(Zyr)) have matching (twisted) orbital integrals. Then

TO60(¢p * h/) = TO5U(¢;D,0)CT(’Y’ h) .

Proof. Let f1 = ¢p*h' and let fo = ¢p 0. Let IT be the base-change lift of some tempered
representation m of GL2(Q)). Then, tracing through the definitions and taking n so that
h and h' are T'(p")q, resp. I'(p")q,.-biinvariant,

tr((f1,0)[I) = p2" tr((, o) [T P)tr™™ (@, o)
= p2" tr(h|x ) e (D o)
(because h and h' have matching (twisted) orbital integrals) and
tr((f2,0) 1) = p=" dim 720t (@ o)

because €r(1)q, and er(y), , are associated by Theorem 3.8.

Qpr
As a first step, we prove the theorem for special 9.

_(t1 0O
i=(4 o)
with Nt1 # Nto. Then the twisted orbital integrals
T050(¢p * h,) = T050(¢p70) =0

vanish except in the case where, up to exchanging t1, ta, we have vy(t1) =1 and vy(t2) =
0. In the latter case,

TOso (0 1) =vol(T(Z,))™" 3 tr(hnd5 221 8 xo) xo(Nta) ™!
X0€((Z/pnZ)*)V

Lemma 9.5. Assume that

and
TOso(¢po) = vol(T(Z,)) " .

We remark that this implies the Theorem in this case.
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Proof. Let B be the standard Borel subgroup consisting of upper triangular elements
and let x be a unitary character of 7'(Q,) (and hence of B(Qp)). Take the normal-
GL2(@p)
B(Qp)

Then, by [20], Lemma 7.2, the character O, , a locally integrable function, is supported

on the elements conjugate to an element of T'(Q,) and for ¢t = (t1,t2) € T(Qp) regular,
t1,t2) + x(t2,t1)

bo_g4lp
Let II, be the base-change lift of 7, with twisted character O, ,. For t € T(Qy),
define

ized induction 7, = n-Ind X, an irreducible tempered representation of GL2(Q,).

0, (t) = x(

TOM(f) = { (I;Ogg(f) 21;]‘\7{ for some t € T(Q,r)

This definition is independent of the choice of £ as all choices are o-conjugate. We
get by the twisted version of Weyl’s integration formula, cf. [20], p.99, for any f €

C2°(GLa(Qyr)
(o)1) = / 7(9)0m, o (9)dg

GL2(Qpr)

1 ¢ t t1,t0) + x(t2, t
:/T( |1_2+Z’T0t(f)X(l 2) + x(t2, 1)

p P dt
2Jr@,) b b9l

t t
— / Do 2o,y
T(Qy) 2 t1

By Fourier inversion, we arrive at

t to 1 _
TO(f) = | — 2+ 273 /A tr((f, o) [T x(t) "y ,
t2 t1 T(Qp),

where T'(Q,), denotes the set of unitary characters of T'(Q,). Measures need to be
chosen so that .,

vol(T(Qp),,) = vol(T(Z,)) ™",
where T'(Q,),, is the identity component of T'(Qy),; it consists precisely of the unramified
characters.

Note that TO:(f) is a locally constant function on the set of regular elements of
T'(Qyp) and hence this gives an identity of functions there. From here, it is immediate that
TO(f2) =0and TO.(f1) = 0 for all t = (¢, t9) with t1 # to, except in the case where (up
to exchanging t1,t2), vy(t1) =, v,(t2) = 0. In the latter case, TO(f2) = vol(T(Z,)) ™ .
The calculation of T'Oy( f1) is slightly more involved:

TO\(f1) = pb" /T@ tr((f1, o)) x(H)Ldx

=vol(T(Z,))™" >~ tr(h|Indg 2001 B xo)xo(ta) "
x0€((Z/p"Z)*)V

giving the desired result. O

—0 —
u

Next, we remark that if § is not o-conjugate to an element as in Lemma 9.5, then the
eigenvalues of N have the same valuation. Let

f=f+Hp —H)f2,

where we have set

Hy = tr(h|St) , He =tr(h|1) ,
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with St resp. 1 the Steinberg resp. trivial representation of GLo(Z/p"Z). Then the next
lemma finishes the proof of the theorem.

Lemma 9.6. Assume that the eigenvalues of NO have the same valuation. Then the
twisted orbital integral TOs,(f) vanishes.

Proof. Let V' be the set of all § € GL2(Q,r) such that the eigenvalues of N§ have the
same valuation. Note that V is open. In particular, its characteristic function yy is
locally constant and hence f(g) = f(g9)xv(g) defines a function fe CX(GL2(Qpr)).
Then, obviously, the twisted orbital integrals of f and f agree on all elements § such
that the eigenvalues of N§ have the same valuation. We will prove that for all tempered
irreducible smooth representations m of GL2(Q,) with base-change lift II, we have

tr((f, o)) =0.
By the usual arguments (cf. proof of Theorem 3.8), this implies that all twisted orbital
integrals of f for elements ¢ with N§ semisimple vanish. This then proves the lemma.
First, we find another expression for tr((f,o)|II). Note that we have seen in Lemma
9.5 that the twisted orbital integrals of f; vanish on all elements of § € T" with N§ having
distinct eigenvalues of the same valuation, whence the same is true for f. In particular,

tx((F. o)) = (£, 0) D)y-n = [ £(9)®r0(9)dg
GL2(Qpr)o—ell
where GL2(Qpr)s—en is the set of elements of § € GLa(Q,r) with N¢ elliptic (since the
character Or, is locally integrable, one could always restrict the integration to regular
semisimple elements and hence non-semisimple elements need not be considered). This
reduces us to proving that

tr((f,0)[M)g—en =0 .
But for 7 = n—Inng{@?p )X the normalized induction of a unitary character, with
base-change lift II, we have
tr((f,0)M)g—en = 0

because the character © is supported in elements conjugate to an element of T(Q)).
For 7 supercuspidal with base-change lift II,

tr((f, )| Mo—en = tr((f, o)) = 0 .

Here the second equation follows from the definitions of f and the way (f;, o) acts on II,
whereas the first equation holds because the character ©, is supported in the elements
whose eigenvalues have the same valuation — this easily follows from the fact that 7 is
compactly induced from a representation of an open subgroup that is compact modulo
center, as proved in [4]. This leaves us with checking that

tr((f, 0)[)o—en =0

for any unitary twist of the Steinberg representation = with base-change lift II. However,
restricted to the elliptic elements, the character of a twist of the Steinberg representation
agrees up to sign with the character of the corresponding 1-dimensional representation.
Hence it is enough to check that

tr((f, o) Ig—en =0

for any a 1l-dimensional representation m = x o det with base-change lift II = x o
NoerpT /0, © det.

Then
tl“((f, U)|H)U—ell = tl“((f, U)|H)

1 t t
5 [ 2 PITOxtit)at
T(Q) 12 t
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Note that the function in the integral only takes nonzero values if v,(t1) = r and
vp(t2) = 0, or the other way around. Hence, we may rewrite the equality as

tr((f, o)) g—en = tr((f, o)[II) —PTX(PT)/T(Z )To(prtl,tg)(f)x(tlh)dt :

Now, if x is ramified, then tr((f,o)|II) = 0, while the integral is zero as well, because
TOpr, 1,)(f) does not depend on #; and hence keeping ¢ fixed and integrating over t;
gives zero.

On the other hand, if x is unramified, then

tr((f, o)) = tr((f1,0)[T) + (Hip" — Hz) tr((f2,0)[IT)
= (L+p")x(p")Hz + (Hip" — H2)(1 +p")x(p")
= (1+p")Hip"x(p")
and the integral gives

/ TO(PTtl,tz)(f)dt = / TO(pTh,tz)(fl)dt
T(ZP) T(ZP)

(Hyp — ) /  TOpri (o)t

P

= (H1+ Ha) + (Hip" — Hz) = (1+p")H; .
Putting everything together, we get the conclusion. O
O

We get the following corollary.

Corollary 9.7. Let € M(Fpr) with associated 6. Let h € C°(GLa(Zp)) and b’ €
C*(GL2(Zyr)) have matching (twisted) orbital integrals. Then

TOs5(¢p * h') = TOs4(dp.0)tr™ (Pprh| (RO F o)) -

Proof. Combining Theorem 9.4 and Corollary 8.6, all we have to check is the following
lemma.

Lemma 9.8. For any ¢ € GL2(Qpr) associated to an elliptic curve over Fpr, the norm
N6 is semisimple.

Proof. As N§ is the endomorphism of crystalline cohomology associated to the geometric
Frobenius ®,- of FEjp, it is enough to prove that any Fjr-self-isogeny f : £ — FE
of an elliptic curve E/F, gives rise to a semisimple endomorphism on the crystalline
cohomology. If not, we may find m,n € Z such that f' = mf — n is nilpotent on
crystalline cohomology, but nonzero. But if f’ is nonzero, then for the dual isogeny
(f")*, the composition f'(f')* is a scalar, and hence induces multiplication by a scalar
on the crystalline cohomology. Hence f’ induces an invertible endomorphism on the
(rational) crystalline cohomology, contradiction. O

O

We note that by Theorem 3.8, we can take h to be the idempotent er(pm)g, and b’
to be the idempotent ep,ny, —~and get the following corollary, proving Theorem B for
P

®p * er(pny, , instead of ¢, . For the comparison of these functions, we refer to Section
P
14.

Corollary 9.9. Let x € M(F,-) with associated 6. Then
1% (Rpr (R Fn)z) = TOs0(p * erpmyg , ) (TOsa(8p.0) " -
Proof. Use Remark 5.3 to see that the right-hand side is well-defined. O
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10. THE LANGLANDS-KOTTWITZ APPROACH: CASE OF BAD REDUCTION

By Theorem 7.11, we get

—Trs

log C*(Mrgry, @) =D Y. 6@y (RUFu))— .

r>1 IEEM(]FPT)

Again, we may split the terms according to their F,--isogeny class. This leads us to
consider, for Ey fixed,

Yo uN (@ (RYFn)a) -

2E€M(F ) (Eo)
Now Corollary 9.9 tells us that

6% (Bpr [ (R Fn)) = TOs0(p * ex ), )(TOso(8p.0)) ™" -

Corollary 10.1. The sum
Yo (@ |(RF).)

zEM(F,r)(Eo)
equals
VOU(T\G (AF) X Go(Qp)) Oy (f7)T Qs (6p % erpmy, ) -
Proof. This is obvious from what was already said and Theorem 5.2. g

First, we eliminate the twisted orbital integral. Let f,, be the function of the
Bernstein center for GL2(Q)) such that for all irreducible smooth representations
of GL2(Qp), fp,r acts by the scalar

p%’"trss(@gaﬂ) ,

where, again, o, is the associated representation of the Weil group Wg, over Q. The
existence of f,, is proved in the same way as Lemma 9.1. By [12], we know that if 7 is
tempered and II is a base-change lift of 7, then oy is the restriction of 0. Perhaps it is
worth remarking that the statement on the semisimple trace of Frobenius that we need
is much simpler.

Lemma 10.2. For any tempered irreducible smooth representation m of GL2(Q)) with
base-change lift 11, we have

0% (B0 ) = 0% (D o) -

Proof. Assume first that tr(®,|or) # 0. Then the semisimplification of oy is a sum of
two characters y; and y2, one of which, say xo, is unramified and in particular invariant
under Gal(Q,-/Qp). Because II is invariant under the Galois group Gal(Q,~/Qy), the
character x;1 needs to factor over the norm map. We see that there is a principal series
representation 7’ with base-change lift II. By the uniqueness properties of base-change,
cf. [20], m is also a principal series representation. The claim then follows from the
explicit description of base-change for principal series representation.

Now assume tr**(®yr|om) = 0. If tr%°(®]|or) # 0, then the semisimplification of o
is a sum of two characters (one of which is unramified), whence 7 is again a principal
series representation. This yields the claim as before. (|

This shows that f, , * er(pn)g, and ¢p * ep(yn), . satisfy the hypothesis of Theorem
p’V‘
3.8. Thus, by Lemma 9.8, we may rewrite the expression in Corollary 10.1 as
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Corollary 10.3. The sum
Yoo uN(@p|(REF).)

2€M(E,r)(Eo)

equals
EVol(T\G (A}) X Goo(Qp)) O (f)ONs(fp.r * erpm)g, ) - (2)

We need to recall certain facts from Honda-Tate theory to simplify our expression
further.

Theorem 10.4. Fiz a finite field Fy of characteristic p.

(a) For any elliptic curve E/F,, the action of Frobenius on HY(E,Qy) is semisim-
ple with characteristic polynomial pg € Z[T] independent of €. Additionally, if
F acts as 60 on HL, (E/Z,) ® Qq, then N§ is semisimple with characteristic
polynomial pg.
Let vg € GL2(Q) be semisimple with characteristic polynomial pg. Then

(b) The map E — g gives a bijection between Fy-isogeny classes of elliptic curves
over Iy and conjugacy classes of semisimple elements v € GLa(Q) with dety = ¢
and try € Z which are elliptic in GLa(R).

(c) Let G, be the centralizer of yg. Then End(E)* is an inner form of G,. In
fact,

(End(E) ® Q)" = G, ® Qg , for £ #£p
(End(E) ® Qp)* = G5, -
Furthermore, (End(F) ® R)* is anisotropic modulo center.

g

Proof. This combines the fixed point formulas in étale and crystalline cohomology, the
Weil conjectures (here Weil’s theorem) for elliptic curves and the main theorems of [23],
[13]. O

Regarding our expression for one isogeny class, we first get that (2) equals
+vol(T\(End(E) @ Af)™)O~(fP)O5(fpr * el"(pn)Qp) , (3)

writing v = yg € GL2(Q) as in the Theorem and using that by part (a), this is compat-
ible with our previous use. Define the function

f=1Pfpr* eF(p”)@p) € C°(GLa(Ay))

Recalling that I' = (End(F) ® Q)*, we see that (3) equals

Lvol(End(E) © Q)*\(End(E) ® A;)¥) /G o [0
y\Af 2\ f

For any reductive group G over Q, let G be any inner form of G over Q which
is anisotropic modulo center over R, if existent. The terms where G occurs will not
depend on the choice made because of the invariance of the Tamagawa number under
inner twists. Collecting everything so far, we see that

Theorem 10.5. The Lefschetz number
Yo (@ |(REFn).)

SEEMF(pn)(IFpr)
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equals

— > vol(GLa(Q)\GLa(Af)) f(7)

v€Z(Q)

ST @ @\G M) [ Fg™ 19)dg -
o R
with oo elliptic
Remark 10.6. If v € GLo(Q) \ Z(Q) is semisimple with 7. elliptic, then G is already
anisotropic modulo center over R, so that one may take 57 = G in this case. We will
not need this fact.

Proof. We only need to check that the contributions of v with dety # p" or try &
7Z vanish. Assume that dety # p". The orbital integrals of fP vanish except if the
determinant is a unit away from p, so that dety is up to sign a power of p. The orbital
integrals of f,, * €r(p)g, vanish except if v,(dety) = r, so that dety = +p". But if
dety = —p" < 0, then ~ is hyperbolic at co, contradiction.

Assume now that try € Z. The orbital integrals of fP vanish as soon as a prime
¢ # p is in the denominator of try. The orbital integrals of f, , * er(pn)g, match with
the twisted orbital integrals of ¢, * ep(yn), , which were computed in Theorem 9.4. In

p'r
particular, they are nonzero only if v,(try) > 0, so that tr+ is necessarily integral. [

It turns out that it is easier to apply the Arthur-Selberg trace formula for the coho-
mology of the compactification M, instead of the cohomology with compact supports
of Mpnp,. The corresponding modifications are done in the next section.

11. CONTRIBUTIONS FROM INFINITY

Recall that the smooth curve Mpn,,/Spec Z[ﬁ] has a smooth projective compacti-

fication j : Myny,, — ﬂpnm with boundary OMn,,. We use a subscript Q to denote
base change to Q. We are interested in the cohomology groups

Hi (ﬂp"m@’ @Z) .

Let
2
H*(ip“m@7@£) = Z(—l)iHi(Mpnm@,@g) ,
=0
2
=0

in the Grothendieck group of representations of Gg x GL2(Z/p"mZ). Then the long
exact cohomology sequence for

0—jQ —Q— P Q.,—0
xGaMpnm@
implies that
H* (mp"m@’@E) = H:(Mpnm@7@£) + Ho(aMpnm@v @5) .
Lemma 11.1. There is a Gg x GLa(Z/p"mZ)-equivariant bijection

Mg = ( g | )NCLaEnz)
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where GLo(Z/p"mZ) acts on the right hand side by multiplication from the right, and
Gq acts on the right hand side by multiplication from the left through the map

Gg — Gal(Q(Grm) /Q) = (Z/p"mZ)* — GLy(Z/p"mT) |
the last map being given by
x 0 1 .

Proof. This is contained in [14]. The point is that the points at infinity correspond to
level-p™m-structures on the rational p"m-gon, cf. also [9], and the automorphism group

of the p"m-gon is isomorphic to
1 =
{i<01>}

The Galois group acts on the p™m-torsion points of the rational p"m-gon only by its
action on the p"m-th roots of unity. O

We get the following corollary.

Corollary 11.2. The semisimple trace of the Frobenius @, on

1 /(1 0 1 u
~ k! k)dudk .
Q/GLQ(Z)/Aff( (O pr><0 1) Ja

Remark 11.3. Here, for all p’ we use the Haar measure on Q,, that gives Z,y measure 1;

s given by

in particular, the subgroup 7 of A ¢ gets measure 1.
Proof. Note that if
1 wu
D(1.—1
170k (0]f>m¢o,
then p" = 1 modm, so that the integral is identically zero if p” Z 1 modm. In fact, in

this case, @, has no fixed points on 8Mpnm@. So assume now that p” = 1lmodm. In
that case, the inertia subgroup at p groups the points of 8Mpnm@ into packets of size

p"1(p — 1) on which @} acts trivially. Therefore the semisimple trace of @} is

1 1 n
m#({i < 0 1 )}\GL2(Z/]? mZ)) .

But
fP(E1 < (1) ;Sr ) < (1) ? )k) = #GLa(Z/mZ)vol (GLy(ZP)) ™"

if ¥ = 0modm and is 0 otherwise, so that

1 0 1 u
Vid k:_1< >< )kdudk
/c;L2<zp) /A; ( 0 p 01 )M

1 *

—#((( o} )NGLa@/mz).

This reduces us to the statement

- I w 2n 2n—2
For % €n(pm k1< T)kdudk:p —p .
/GL2(ZP) /p( P H )Qp)( 0 p )
But note that the left hand side is the orbital integral of f, , * €r(pn)g, for

(10
/y_opr )
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because more generally for v; # 2 and any h € C°(GL2(Qy))

GLa(Zy) » 0 Y2 01
:|1—721/ / k:1< _“><71 0><1“>k)dudk;
GLa(Zy) JQ, 1 0 v 0 1

_ 0
— 1= 2" Yvol(T(z / h(g (71 )gdg,
| o p vol(T'(Zy)) NG 0 ~ )9

GLQ(Qp) = B(@p)GIQ(Zp) .

Note that in our case, |1— 72 1 =[1-p"|, 1 = 1. But the orbital integral of forxer( "),

equals the corresponding tw1sted orbital integral of ¢, * ep(n),  which was calculated
pT

in Lemma 9.5. 0

12. THE ARTHUR-SELBERG TRACE FORMULA

This section serves to give the special case of the Arthur-Selberg trace formula for
GLy that will be needed. We simply specialize the formula in [1] for the trace of Hecke
operators on the L2-cohomology of locally symmetric spaces.

Let

Hiyy = lim Hy) (M (€), C)

be the inverse limit of the L?-cohomologies of the spaces M,,(C). It is a smooth,
admissible representation of GLa(Af). Again, we define the element

2

Hiyy =Y _(=1)'Hy,

i=0
in the Grothendieck group of smooth admissible representations of GLa(A¢). Then let
L(h) = tr(h|H )

for any h € C°(GLa(Ay)).

Let Z Cc T C B C GL3 be the center, the diagonal torus and the upper triangular
matrices. Recall that for any reductive group G over Q, G is an inner form of G over Q
that is anisotropic modulo center over R. For v € GLo, let G be its centralizer. Finally,
let

0
r@ =tr= (5 3 ) 1> 0l < pal}

Here and in the following, absolute values always denote the real absolute value.
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Theorem 12.1. For any h € CZ°(GLa(Ay)), we have

1
— Y vol(GL2(Q)\GLa(Af))h()
vE€Z(Q)
LY vl@@\G(A)) / h(g ™ 9)dg
v€GL2 (Q)\Z(Q) G~ (Af)\GL2(Af)

semisimple conj. class
with voo elliptic

+% 3 / / h(k’y(é 2f)kl)ozudk
ver(Qy / CL2(®) Jhs

1 / / (1 u) 1

+- h(ky E~Ydudk .
4 Z GL2(Z) J Ay ( 0 1 )

v€Z(Q)

Proof. Specialize Theorem 6.1 of [1] to this case. In this proof, we will use freely the
notation from that article. As a preparation, we note the following formula for a discrete
series character.

Lemma 12.2. Let 7 be the admissible representation of GLa(R) given by the space of
O(2)-finite functions on P1(R) modulo the constant functions. Let O be its character.
Then for regular elliptic v € GLa(R)

Or (7) =-1,
and for v € T(Q) regular with diagonal entries v1, 2, one has
Or(7) =0

if v1v2 < 0, whereas if y1y2 > 0, then
. 1
min{|2,| 2}

1 1
13312 — 13512

Ox(7) =2

Proof. This directly follows from the formula for induced characters. g

We remark that the representation m from the lemma is the unique discrete series
representation with trivial central and infinitesimal character.

Now we begin to analyze the formula of Theorem 6.1 in [1]. We claim that the term
%E(h) is equal to £, (h) for 4 = 1 in Arthur’s notation. For this, we recall that the
C-valued points of M,,, are given by

Mn(C) = GL2(Q)\GL2(A)/(SO2(R) x Kpn) ,

where

Ky ={g€GLy(Z) | g=1modm} .
Because SO2(R) has index 2 in a maximal compact subgroup, we get a factor of 2 by
Remark 3 after Theorem 6.1 in [1], giving £(h) = 2L, (h) for u = 1, as claimed.

The outer sum in Theorem 6.1 of [1] runs over M = GLo, M =T.

Consider first the summand for M = GLy. The factor in front of the inner sum
becomes 1. The inner sum runs over semisimple conjugacy classes in v € GL2(Q) which
are elliptic at co. For the first factor x(G,), we use Remark 2 after Theorem 6.1 in
[1], noting that the term called |D(G, B)| in that formula is equal to 1, and the sign
is —1 or 41 corresponding to (in this order) v being central or not. The second factor
192 ()| equals 1 in all cases, because all centralizers G., are connected (as algebraic
groups over Q), cf. equation (6.1) of [1]. Now, by Lemma 12.2 and the definition of
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Dpr(y, 1) (equation (4.4) of [1]), Par, (v, ) = 1 for regular elliptic v and hence all
elliptic y, by the way that ®gr, (7, 1) is extended, cf. p. 275 of [1]. Finally, the term
hai, (7) is precisely the orbital integral Op(v), by equation (6.2) of [1]. This takes care
of all the terms for M = GLo, giving the first two summands in our formula.

Now, consider the case M = T. The factor in front of the inner sum becomes —%.
The inner sum runs over the elements v € T(Q). Let the diagonal entries of v be 71,
v2. To evaluate x(Ty) = x(T), we use Remark 2 after Theorem 6.1 in [1] again, to
get x(Ty) = vol(T(Q)\T'(As)) = 1. The term [7(y)| gives 1, by the same reasoning
as above. We want to evaluate the term ®ps(7, 1) = ®ar(y,1). Consider first the case
of regular v. By Lemma 12.2 and the definition (4.4) in [1], we get that @7 (v, u) is 0
if 7172 < 0, and otherwise equal to —2min{|22, |%\}% The same reasoning as above
shows that this result continues to hold for non-regular . If |y;| < |y2|, then the fourth
factor hr(vy) appears in the form of equation (6.3) of [1] in our formula, noting that
) B(’}’ﬁn)% = \1—?\% Finally, note that exchanging v and 7, does not change hp(y), so
that we may combine those terms. This gives the desired formula. O

We shall also need the spectral expansion for £(h). Let Ilgs.(GL2(A), 1) denote the
set of irreducible automorphic representations 7 = ), <., 7 of GLa(A) with 7o having
trivial central and infinitesimal character, that occur discretely in

L*(GL2(Q)R50\GLa(A))

For 7 € Mgise(GL2(A), 1), let m(7) be the multiplicity of 7 in L?(GLa(Q)Rxo\GL2(A)).
Using the relative Lie algebra cohomology groups, we have the following lemma.

Lemma 12.3. For any i = 0,1,2, there is a canonical GLa(A¢)-equivariant isomor-
phism

Hjy = ) m(m)H' (gly, SO2(R), moo ) .
TI'GHdiSC(GLQ (A),l)

There are the following possibilities for the representation s, which has trivial central
and infinitesimal character:

(i) 7oo 18 the trivial representation or me = sgn det. Then

| C i=0
H'(gly,SO2(R), 7o) =¢ 0 i=1
C i=2;

(ii) moo 45 the representation from Lemma 12.2. Then

. 0 i=0
H'(gly,SO02(R), o) =¢ CHC i=1
0 i=2.

Proof. The first part is taken from the discussion in Section 2 of [1]. The second part is
contained in [6]. O

Denote x(7s) = Z?ZO(—l)i dim H*(gly, SO2(R), mso). We get the following corollary.
Corollary 12.4. For any h € C°(GLa(Ay)), we have

L(h) = > m(m)x(meo) tr(h|my) -

€ gisc (GL2 (A),l)
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13. COMPARISON OF THE LEFSCHETZ AND ARTHUR-SELBERG TRACE FORMULA

We deduce the following theorem. For this, we need to fix an isomorphism Q, = C.

Theorem 13.1. With f as above,
260 (D H* (M5, Qo)) = L(f) -

Proof. We compare the formulas given by Theorem 10.5, Corollary 11.2 and Theorem
12.1. We are left to show that whenever

7=<701 $2>6T(Q)

with 7192 > 0 and |y1| < |72/, then

/ Py ( Lo ) k)dudk = 0
CLy(Z) Ja, 01

except for vy =1, 9 =p".

However, the integral factors into a product of local integrals and the integral for a
prime ¢ # p is only nonzero if v € GLa(Z;). It follows that v; and ~9 are up to sign a
power of p.

Next, we claim that

_ 1 u
four * er(pn k:lfy< >kdudk:7é0
o Jo B e (o )9

only if vy(y1) = 0 and wv,(72) = r, or the other way around. Indeed, as long as v; # 72,
the term is up to a constant an orbital integral of f,, * T (pr)g, cf. proof of Corollary
11.2, and we have computed those, by computing the twisted orbital integrals of the
matching function ¢, * er(n) oy The case y; = 7 follows by continuity of the integrals.

As 1 and 9 are up to sign powers of p, we are left with either vy = 1 and v = p”

or y1 = —1 and 9 = —p". But the second case also gives 0, because no conjugate of
will be = 1 modm. O

This finally allows us to compute the zeta-function of the varieties M,,. Here, m is
any integer which is the product of two coprime integers, both at least 3, and we do not
consider any distinguished prime. Recall that the Hasse-Weil zeta-function of a variety
X over a number field K is defined as a product of the local factors,

C(X,s) = HC(XK,ws) )
A

convergent for all complex numbers s whose real part is large enough. Here A runs
through the finite places of K and Xg, denotes the base-change of X to the local field
K.

Theorem 13.2. The Hasse- Weil zeta-function of M., is given by
(Mo, s) = H L(m,s— %)%W(W)X(Woo)dimw?m 7
TFEHdiSC(GLQ(A),l)

where
Ky ={g€GLy(Z) | g=1modm} .

Proof. We compute the semisimple local factors at all primes p. For this, write m =
p"m/, where m/ is not divisible by p. By assumption on m, we get m’ > 3. Combining
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Theorem 13.1 and Corollary 12.4, one sees that

2
Z(—n%r%(@;\m(ﬂm,@p,@5))
=0 (5)
1 1, SS(HT : K
= op? > m(m)X (oo ) tr™* (D) o7, ) dim 75

m€gisc (GL2(A),1)

We check by hand that also

Z (_1)ztrss((1);|HZ(Mm7@p, Qg))

i€{0,2}

P Y mmx ()t (@), dimr (6)
m€llgisc(GL2(A),1)

dim oo =1
Indeed, the sum on the right hand-side gives non-zero terms only for 1-dimensional rep-
resentations 7w which are trivial on K,,. Using x(7s) = 2, dim 77]{(’“ =1 and m(m) =1,
the statement then reduces to class field theory, as the geometric connected components
of M,,, are parametrized by the primitive m-th roots of unity. Note that in (6) one may
replace the semisimple trace by the usual trace on the Ig -invariants everywhere. This
gives

[T det(1 — @,p*|HI(M,, 5 . @)')
i€{0,2}
_ 11 Ly, s — 1)3m(@x(ree) dimmfn (7)
m€llgisc (GL2(A),1)

dim meo=1
Subtracting (6) from (5), we see that
_trSS((I);’Hl (ﬂm,@p s @g))

P Y mmx () S (@) dim T ®)
71'Gl—ldisc(G]—-Q (A)’l)
dim oo >1

or equivalently

det®*(1 — Bp*|H' (M,, 55 . Q)

= I e, s Lyrmmxme)dmT (9)
ﬂ'eHdisc(GLQ(A)’l)
dim 7o >1

with the obvious definition for the semisimple determinant. All zeroes of the left-hand
side have imaginary part 0, % or 1: Indeed, if va@p had good reduction, the Weil
conjectures would imply that all zeroes have imaginary part % In general, the semistable
reduction theorem for curves together with the Rapoport-Zink spectral sequence imply
that all zeroes have imaginary part 0, % or 1. Changing the semisimple determinant
to the usual determinant on the invariants under Ig, exactly eliminates the zeroes of
imaginary part 1, by the monodromy conjecture, proven in dimension 1 in [22].

We also see that all zeroes of the right-hand side have imaginary part 0, % or 1.
Assume 7 gives a nontrivial contribution to the right-hand side. Then 7, cannot be
1-dimensional, because otherwise 7 and hence 7o, would be 1-dimensional. Hence 7,
is generic. Being also unitary, the L-factor L(m,,s — ) of m, cannot have poles with
imaginary part > 1, so that replacing L(o7 ;s — 3) by L(mp,s — %) consists again in
removing all zeroes of imaginary part 1.
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We find that
det(1 — &,p~" | H' (M, g . Q)'e) !
_ _ 1y 3m(m)x(moo) dim
L(my, s —35) . (10)
Wendisc(GLQ(A)vl)
dim oo >1
Combining (7) and (10) yields the result. O

14. EXPLICIT DETERMINATION OF ¢, * er(pm)g
p’l‘

In this section, we aim to determine the values of the function ¢, *ep forn > 1.

P )Qyr
Set g=7p".

For any g € GLa(Q,), we let k(g) denote the minimal number k such that p¥g has
integral entries. If additionally, v,(detg) > 1 and v,(trg) = 0, then g has a unique
eigenvalue x € Q, with v,(z) = 0; we define ¢(g) = vp(x — 1) in this case. The choice of
the maximal compact subgroup GLg(Z,) gives a vertex vg in the building of PGLy. We

will need another characterization of k(g).

Lemma 14.1. For any g € GLy(Qq) which is conjugate to an integral matriz, consider
the set Vy of all vertices v such that g(Ay) C Ay, where A, is the lattice corresponding
to v. Then the distance of v and vy is at least k(g) for all v € V; and there is a unique
vertez v(g) € Vy such that the distance of v(g) and vo is equal to k(g).

Proof. Note that if k(g) = 0, then this is trivial. So assume k(g) > 0.

It is technically more convenient to use norms (or equivalently valuations) instead of
lattices. So let val, : Zg — R be the valuation associated to v in the building of PGLs;
it is well-defined up to a constant. Then the distance of v and vy is

max(valy,(y) — val,(z) + valy, (x) — valy, (y)) .

Now by definition of k(g), one has valy, (g) > valy, (z) —k(g) for all 2 € Z2, but there is
some x € Z?I with val,, (gx) = val,, () — k(g). Fix such an = and set y = gz. Assuming
that v € Vj, we have val,(gx) > val,(z), so that

dist(v, vg) > val,(gx) — val,(x) + val,, (z) — valy, (gz) > k(g) ,

giving the first claim. But we may more generally set y = gx + ax for any a € Z,;. Then
we still have val,, (y) < val,,(x) — k(g) (since k(g) > 0) and val,(y) > val,(z), giving

diSt(’U, 'UO) > val, (y) - Valv($) + Valvo (.T) - Valvo (y) > k‘(g) )

as before. It follows that if dist(v,v9) = k(g), then necessarily val,(gx + ax) = val,(z)
for all a € Z,. But then it is clear that A, is the lattice generated by gx and x, so that
we get uniqueness.

Finally, define

valy(z) = min(valy,(x), valy, (gx)) .

Since g?x = (trg)gr — (detg)z and both trg and detg are integral, one sees that
valy(gx) > valg(x). Furthermore,

valy(y) — valg(x) + valy, (z) — valy, (y) < min(0, valy,, (z) — valy, (92)) < k(g) ,

so that by what we have already proved, val,(z) corresponds to a point v(g) € V, with
distance k(g) to vo. O

Remark 14.2. This lemma is related to the fact that for all matrices g € GL2(Qy), the
set V, is convex.
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For a fixed vertex v, the set of all g € GL2(Qq), conjugate to some integral matrix,
with v(g) = v is denoted G,. By Gy, we mean the set of all g which map the lattice
corresponding to v into itself.

It is clear that if v,(detg) > 1 and wv,(trg) = 0 (so that ¢(g) is defined), then
l(g) = vp(1 —trg +detg).

For n > 1, we define a function ¢, , : GL2(Q,) — C by the following requirements:

e Opn(g) =0 except if vy(detg) =1, vp(trg) > 0 and k(g) < n — 1. Assume now
that g has these properties.

* bpnlg) = —1—qifvy(trg) > 1,

o dpnl9) =1 ¢ if v,(trg) = 0 and £(g) < n — k(g),

o dpn(g) =14 @ k@)=L if 4 (trg) = 0 and £(g) > n — k(g).

Theorem 14.3. Choose the Haar measure on GL2(Qq) such that a mazimal compact
subgroup has measure ¢ — 1. Then

¢p,n = ¢p * eF(p")Qq .

Proof. It is enough to check that ¢, lies in the center of the Hecke algebra and that
the semisimple orbital integrals of ¢, and ¢, * er(pr)g, ABree.

In the case ¢ = p, we have computed the orbital integrals of ¢, * er(pm)g, in Theorem
9.4. In fact, the calculation goes through for all powers g of p. Recall that ¢, is the

characteristic function of GLa(Z) ( g (1) > GL2(Z4) divided by the volume of GLa(Z).

Theorem 14.4. Let v € GL2(Qq) be semisimple. Then
Oy (@p * erpn)g, ) = Ox(dp0)e(7)

where
(L+q)(1—q¢") wvp(dety) =1 vp(try) =1
c(v) =8 ¢ —q¢*? vp(dety) = 1,vp(try) = 0,£(y) > n
0 else .

Proof. Note that when ¢ = p, then c(y) = ¢1(7, el"(pn)(@p), so that this is Theorem 9.4.

But note that we never used that p is a prime in the local harmonic analysis, so that
replacing Q, by Q, everywhere gives the result for general g. O

We now aim at proving the same formula for ¢, .
Proposition 14.5. Let v € GL2(Qq) be semisimple. Then
Oy(dp,n) = O (dpo)c(7) -

Proof. First of all, note that O,(¢;) can only be nonzero if v is conjugate to an integral
matrix and vp,(dety) = 1. Of course, the same holds for O,(¢,,0). Hence we only need
to consider the case that « is integral and v,(dety) = 1.

For any vertex v of the building of PGLq, let

Guy = {g € GL2(Qy) | v(g 1vg) = v} .

Lemma 14.6. For any v # vy, we have

vol(G~(Qg)\Gu,y) _ q% try = O0modp
vol(G+(Qq)\Gup.y) 9=l tr~ % 0modp .

q+1
Proof. Let v be the first vertex on the path from v to vg. Then G, = G, \@v/.
Furthermore, G, is conjugate to G,,. Under this conjugation, v is taken to some vertex
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vj, that is a neighbor of vg. In fact, one may choose v, arbitrarily. We see that G, is
conjugate to

GUO \ év(’)
for all neighbors vf) of vy (note that Gy, = G.,). Hence G, . is conjugate to the set

{g € GL?(@q) ’ 9_179 € Gvo \évé}

which is obviously a subset of G, . We check that if v € G, and tr v = Omod p, then
there are ¢ (out of ¢ + 1) neighbors v, of vy such that v ¢ @vé and if try #Z Omod p,
then there are ¢ — 1 neighbors with this property. In fact, v € évé if and only if ymod p
stabilizes the line in Fg corresponding to v,. Now in the first case, ymodp has only
eigenvalue 0, with geometric multiplicity 1, whereas in the second case, v mod p has two
distinct eigenvalues 0 and tr+.

Using this with g~ vyg in place of 7, we see that each element of G, lies in precisely
q (resp. ¢ — 1) of the g + 1 sets

{g € GLQ(QQ) | 9_179 € Gvo \év(’)}

indexed by v(,. This gives the claim. O

Note that we have (by our choice of Haar measure, giving a maximal compact sub-
group measure g — 1)

04 (p0) = qf vol(G (Qg)\Gi.) -

1

Now we are reduced to a simple counting argument. Assume first that trv = 0 mod p.
Then ¢pn(g 1 vg) = —1 — q as long as k(g 'vg) < n — 1; otherwise, it gives 0. There
are (¢ + 1)(1 +q+ ¢* + ... + ¢"2) vertices v # v with distance at most n — 1. Hence,
by the Lemma,

Oy(dpn) = —(1 + @)vol(G+(Qq)\Guy,y)
(0@ + D+ g+ o+ 472 00l(G (©)\C )

=—(1+q)1+g+ ...+ ¢" " )vol(Gy(Qg)\Guo,y) -

Comparing, we get the claim.
Now assume that try # 0mod p, so that ¢(7) is defined. Assume that ¢(vy) < n. Then
for k(g~1yg) <n — £(g), we have

bpn(9 tvg) =1 — ¢*9) |

for n — £(g) < k(g 'vg) < n, we have

b9 1 g) = 14 2 HRlg v -1
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and in all other cases we get 0. Therefore, again by the Lemma,
O+(dpn) = (1 — q%(g))VOI(G“/(@q)\Gvoﬁ)
q

+ (1= g+ 1)1+ g+ ... + q"‘e(g)_Q)q:r

1
1V01(G7(@q)\Gvory)
+ (1 + O g+ DO 4+ (14 @) g+ D

-1
(L 0)a+ 1)) £ v0l(G (Q)\Guo)

((1 o q2£(g))qn—ﬁ(g)—1 + (q o 1)(qn—£(g)—1 4o+ qn—S + qn—2

+

¢ " 97 ) vol(G (Q,)\ Gy )
(1= 2@)g 01 4 (249) — 1)q" "9 )0l (G (Q)\G.)
0,

as claimed. )
Finally, assume £(y) = n. Then ¢,,(g vg) = 1+ PR k(g yg) < n
and vanishes otherwise. This shows that

Oy (dpn) = (1 + q2n71)V01(Gv(Qq)\Gvoﬂ)
+ ((1 YN+ DE + o+ L+ ) g+ D3

(14 g+ 10" ) vl (65(@)\Guy.)

= (A+ @+ DA+ g+ +q" "2

+q" g+t q2n73)>V01<G7(Qq)\Gv0W)
(G Q) )

Again, this is what we have asserted. O

It remains to see that ¢, lies in the center of H(GL2(Qq),T'(p")g,). Our argument
will be slightly indirect, as the direct approach would run into some convergence issues.
We consider the following deformation ¢y, ,, ¢+ of ¢pp:

o ¢pni(g) =0 except if v,(det g) =1, vp(trg) > 0 and k(g) < n — 1. Assume now
that g has these properties.

2
* Ppnt(9) = _q}z—i? if vp(trg) > 1,

o dpnilg) =1 —t29) if yy(trg) = 0 and £(g) < n — k(g),
® Opnilg) =1— w if vp(trg) = 0 and £(g) > n — k(g).

Then specializing to t = ¢, we have ¢, ¢ = ¢pn. We claim that for all ¢, ¢pn
lies in the center of H(GL2(Qy),I'(p")q,). Since as a function of ¢, ¢, is a rational
function and hence any identity of the form ¢, * f = f * ¢p n+ reduces to a polynomial
identity in ¢, it suffices to check this for ¢ infinitesimally small. Hence consider ¢y, (g)
as a function on GL2(Q,) with values in C[[t]]. First we check that these functions are
compatible for varying n.

Proposition 14.7. We have
gbp,n,t = (Z)p,n—&—Lt * €F(pn)@q .

Proof. We compare function values at g € GL2(Q,). We may assume that v,(det g) =1,
as otherwise both functions vanish. Also if k(g) > n + 1, then so is k(gu) > n + 1 for
all u € T'(p")q,, so that both sides give 0. Hence we may assume k(g) < n. Note that
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in all cases, k(gu) = k(g) for all u € I'(p")q,. Also recall that if £(g) is defined, then
l(g) = vp(1 —trg +detg).

Consider the case k(g) = n. We need to check that the right hand side gives 0. Note
that in this case, the value ¢, ,+1,.:(gu) depends only on tr(gu) modp. It is easy to see
that each value of tr(gu) mod p is taken the same number of times. For tr(gu) = O mod p,
we have

1t
Ppn+1,e(gu) = _Qq_itQ ;
for tr(gu) = 1 mod p, we have
(g —1)t? 1 — ¢
qg—12 qq —t27
and for all other values of tr(gu) modp, we have ¢, ,41,(gu) = 0. This gives the result.

Now we can assume that k(g) < n — 1. Assume first that trg = Omodp. Then
tr(gu) = 0mod p and hence ¢y 11,.4(9u) = dpnt(g) for all u € T'(p")q,, giving the claim
in this case.

We are left with tr g # Omod p. If k(g)+£(g) < n, then k(gu) = k(g) and £(gu) = £(g)
for all u € T'(p")g, and in particular again k(gu) 4 £(gu) < n, so that by definition

Ppn+1,t(gu) = Gpnt(g)-
So finally we are in the case trg # O0modp, k(g) + ¢(g) > n, but k(g) <n — 1. Then

2(n—k
b =1 - D
We know that tr(gu) = 1modp™ %) but all values of tr(gu) mod p" *¥)+! with this
restriction are taken equally often. If
tr(gu) = 1+ det gmod p"T1=+9)
then £(gu) > n + 1 — k(g) (since det(gu) = det gmod p"*1), so that
(q — 1)¢2(nt1-k(g))
q—t
In all other cases, we have £(gu) = n — k(g), so that

Gpm+1,t(gu) =1 — 12(n—k(g))

1 (q — 1)t2(n+1=k(9))
(¢p,n+1,t * eF(p”)Qq)<g> - 5 (1 - q— 2

Ppnt1(gu) =1 -

d)p,nﬂ,t(gu) =1-

Hence we get

+,€;:};(1__tmn—k@»)

q
2
197wk (1 1
q q—t
g—1 12(n—k(g))
=1 ( q)_ 2 = (bp,n,t(g) 5
as claimed. O

Hence we may consider the system ¢y, ; = (¢pn.t)n as a distribution with values in C[[¢]]
on the compactly supported, locally constant functions on GL2(Q,) with the property
that ¢, * ex is compactly supported for all compact open subgroups K. To check that
®pn,t is central for all n, it remains to see that ¢, ; is conjugation-invariant. But note
that ¢, modt™ is represented by a locally constant function for all m — the important
point here is that ¢,; modt™ becomes constant when one eigenvalue of g approaches
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Here we need our deformation parameter ¢. It is also clear that ¢,;modt™ is

conjugation-invariant for all m, which finishes the proof. O
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