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1. Introduction

The aim of this article is to extend the results of Kottwitz on the co-
homology of Shimura varieties to cases of bad reduction, with the aim of
generalizing parts of the results from [25] to more general Shimura varieties,
thereby putting them in their natural context. The results of this paper are
used in joint work with S. W. Shin in [26] to prove new results about the
cohomology of compact unitary group Shimura varieties at ramified split
places, and rederive previously known facts, notably the existence of Galois
representations attached to certain automorphic representations of GLn over
CM fields as in [27].

Let us first briefly recall Kottwitz’ results. The basic idea, first due
to Langlands in his Antwerp paper, [19], is to analyze the cohomology of
Shimura varieties by computing the alternating sum of the traces of certain
Hecke operators twisted by a Frobenius correspondence on the cohomology.
In the simplest case, this amounts to counting the number of Fpr -rational
points in the special fibre. The key insight is that Honda-Tate theory com-
bined with some group theory allows one to get a purely group-theoretic
description of this set. Roughly, it is done in two steps:

• Classify the Fpr -isogeny classes.

• Classify all points within one Fpr -isogeny class.

The result is that the isogeny classes are roughly parametrized by (certain)
conjugacy classes in G(Q), where G/Q is the reductive group giving rise to
the Shimura variety, and the points within one isogeny class can be described
by giving lattices in the étale and crystalline cohomology. In the simplest
case of the modular curve, this is beautifully explained in unpublished notes
of Kottwitz, [14], cf. also [24].

In the work of Kottwitz, [17], a similar description of the Fpr -rational
points is given for general (compact) PEL Shimura varieties at unramified
places. The assumption that one works at an unramified place ensures that
the Shimura variety has good reduction and hence that the cohomology of
the generic and special fibre agree.

The present work is based on the following observations, which are already
present in previous work, cf. e.g. the survey article of Haines, [8].

• Even when the PEL data are (mildly, cf. later) ramified, Kottwitz’ argu-
ments go through without change to give a description of the Fpr -rational
points, for a suitable integral modelMKp , Kp ⊂ G(Apf ), of the Shimura va-

riety with no level at p. This model will however in general not be smooth
(not even flat).

• Even when MKp is not flat (but still proper), one can still compute the
cohomology of the generic fibre as the cohomology of the special fibre with
coefficients in the nearby cycle sheaves, and use the Lefschetz trace formula.
In particular, instead of counting the number of fixed points, we have to
weight each fixed point with some factor defined in terms of the nearby
cycle sheaves.

• By a theorem of Berkovich, the nearby cycle sheaves depend only on the
formal completion of the Shimura variety at the given point, which, in turn,
by the theorem of Serre-Tate, depends only on the p-divisible group at the
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given point. This roughly says that the weighting factor corresponding to
a point in the isogeny class parametrized by a conjugacy class γ ∈ G(Q)
depends only on the image of γ in G(Qp) via some function on G(Qp).

1

This makes this contribution sufficiently independent of the rest, so that
the further formal manipulations allow one to prove a formula close to the
one of Kottwitz.

The key new observations of [25], with precursors occuring in [24] and
[23], are the following.

• The same method even works if one allows a nontrivial level Kp at p, by
reinterpreting the cohomology of the Shimura variety of level KpK

p as the
cohomology of the Shimura variety with no level at p (and level Kp away
from p) with suitable coefficients.

• For the global applications, it is often enough to know the existence of some
C∞c function on G(Qpr) that can be used in the trace formula, without any
knowledge about its precise values.

The final output is a formula of the form

tr(τ × hfp|H∗) =
∑

(γ0;γ,δ)
α(γ0;γ,δ)=1

c(γ0; γ, δ)Oγ(fp)TOδσ(φτ,h) , (1)

where τ is an element of the local Weil group, h is a function in C∞c (G(Zp))
(for a suitable integral model of G), and fp ∈ C∞c (G(Apf )); we refer to

Section 5 for precise assumptions and statements. Let us just mention that
the sum basically runs over isogeny classes, which are parametrized in this
case not by conjugacy classes in G(Q), but instead give rise to what we
call a Kottwitz triple (γ0; γ, δ) satisfying certain compatibility conditions.
The first factor c(γ0; γ, δ) is basically a volume factor as it occurs in trace
formulas; the second factor is the orbital integral of fp and roughly counts
lattices in the étale cohomology; both of these are well understood. The third
factor is the new ingredient; it involves the function φτ,h ∈ C∞c (G(Qpr)) that
encodes the weighting factors defined in terms of the nearby cycle sheaves.

In a sense, this puts the whole mystery of the ramification in the bad
reduction of the Shimura varieties into certain functions φτ,h ∈ C∞c (G(Qpr))
depending on elements of the local Weil group τ and a function h on G(Zp).

Let us say a few more words about the construction of this function which
is the technical heart of this paper. This also allows us to explain the precise
assumptions we put on the PEL data at p.

We start by noting that as in the book of Rapoport – Zink, [22], we
consider deformation spaces of p-divisible groups, and our main theorem
can be read as a theorem that relates the cohomology of Shimura varieties
to the cohomology of deformation spaces of p-divisible groups. However,
these deformation spaces will not be Rapoport-Zink spaces. They occur as
formal completions of Rapoport-Zink spaces.

1More precisely, this conjugacy class in G(Qp) will be canonically lifted to a σ-
conjugacy class on G(Qpr ) defined via the action of the Frobenius operator F on the
Dieudonné module of the p-divisible group, and the function will be defined on G(Qpr ).
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The local PEL data2 that we consider are of the same form as in the
book of Rapoport – Zink, but we will put some additional assumptions. We
start with a semisimple Qp-algebra B with center F such that every simple
factor of B is split, i.e. a matrix algebra over a factor of F . Let V be
a finitely generated left B-module. We fix a maximal order OB ⊂ B and
a OB-stable lattice Λ ⊂ V . These data give rise to C = EndB(V ) with
maximal order OC = EndOB (Λ). Additionally, we have an anti-involution ∗
on B which preserves F ; we let F0 ⊂ F be the invariants under ∗. We make
the assumption that F/F0 is unramified. Further, the PEL data consists of a
nondegenerate ∗-hermitian form ( , ) on V , i.e. a nondegenerate alternating
form ( , ) on V such that (bv, w) = (v, b∗w) for all v, w ∈ V , b ∈ B. We
require that Λ be self-dual with respect to ( , ). This induces an involution
∗ on C and OC . We get the algebraic group G/Zp whose R-valued points
are given by

G(R) = {g ∈ (R⊗Zp OC)× | gg∗ ∈ R×} .
The final datum is a conjugacy class µ of cocharacters µ : Gm −→ GQ̄p , with
field of definition E. We assume that after choosing a representative µ of
µ, that under the corresponding weight decomposition on V , only weights
0 and 1 occur, so that V = V0 ⊕ V1. Additionally, we assume that the
composition

Gm
µ→ G→ Gm

is the identity, the latter morphism denoting the multiplier g 7→ gg∗ ∈ Gm.
Moreover, we assume that after extending scalars to Q̄p, all simple factors

of the data (F,B, ∗, V, ( , )) are of type A or C under the classification of
the possible simple factors on page 32 of [22].

Let us mention the restrictions in comparison to [22]: We exclude cases
of orthogonal type, we assume that the lattice chain is reduced to one self-
dual lattice (and translates of it), we assume that F/F0 is unramified, and
that B is split.3 All of these assumptions are made to avoid additional
group-theoretic difficulties; the geometric part of the argument should work
without these assumptions, and it would be an interesting problem to extend
this method beyond the cases considered here.

Let D = (B,F, V, . . .) denote the PEL data. One gets a natural notion of
p-divisible group with D-structure over any scheme S on which p is locally
nilpotent, cf. Definition 3.3. Over Fpr , one can describe them via Dieudonné
theory by elements δ ∈ G(Qpr) up to σ-conjugation by G(Zpr), cf. Proposi-

tion 3.10. Let H = Hδ be the p-divisible group with D-structure associated
to some δ. Then we look at its universal deformation which lives over a com-
plete noetherian local ring RH , which in turn gives rise to a rigid-analytic

variety XH . Moreover, for any K ⊂ G(Zp), we get a natural finite étale

cover XH,K/XH . Let XH,K,η be the base-change to Cp.
The basic idea is to define

φτ,h(δ) = tr(τ × h|H∗(XH,K,η,Q`)) ,

2We also consider the case of EL data.
3But we allow p = 2, which is excluded in [22].
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for any K ⊂ G(Zp) such that h is biinvariant under K.4 Note that the
nearby cycles can be identified with the cohomology of the generic fibre,
thus this expression really is the local term of the Lefschetz trace formula
that occurs as the weighting factor.

At this point, we can explain the main technical obstacle: It is not in
general known that the cohomology groups of XH,K satisfy suitable finite-

ness statements. This would follow if one could prove that these spaces
are algebraizable in a suitable sense, cf. Theorem 2.8. In the special case
considered in our previous work [25], we could deduce this from Faltings’s
theory of group schemes with strict O-action, [2], and Artin’s algebraization
theorem. The same proof works for unramified PEL data (and p 6= 2), by
using a theorem of Wedhorn, [29], Theorem 2.8, which describes the defor-
mation space as a versal deformation space of a truncated p-divisible group,
cf. Proposition 3.12. However, it seems difficult to us to make this strat-
egy of proving algebraicity work outside the case where the moduli problem
without level structure is smooth. In joint work with S. W. Shin, [26], we
will use a global argument to prove that in all EL cases, the deformation
spaces are algebraizable by showing that they occur in a suitable Shimura
variety. However, this argument will already make use of results proven
here.

The idea to get around this difficulty is the observation that in the end, we
are only interested in φτ,h(δ) if the p-divisible group associated with δ comes
from some point in the Shimura variety. In that case, there tautologically is
an algebraization, and hence the finiteness results that one needs hold true.

We employ this idea by defining a notion of rigid-analytic varieties with
”controlled cohomology”; this implies that the cohomology is the same as
the cohomology of a quasicompact admissible open subset. For quasicom-
pact rigid-analytic varieties (satisfying slight technical extra assumptions),
finiteness results are known, and hence the cohomology of any rigid-analytic
variety with ”controlled cohomology” satisfies suitable finiteness statements.
It also implies all other results that one would like to know, like indepen-
dence of `, etc. .

This leads to a well-defined function φτ,h on G(Qpr), and the final state-
ment one needs is that this is a locally constant function. This is based on
the result that the automorphism group of H acts smoothly on the coho-
mology (which follows from results of Berkovich, but which we deduce here
from results of Huber).

Let us add some remarks about previous works using the Langlands-
Kottwitz method in cases of bad reduction. The first case considered was
that of parahoric level structures. In that case, there are natural integral
models for the Shimura variety with parahoric level structure (which are
not used here), and one can adapt Kottwitz’s arguments to describe the
points in the special fibre of these integral models of parahoric level. A
similar function φ′ can be constructed, and a conjecture of Kottwitz states
that this function lies in the center of the Iwahori-Hecke algebra, and can
be explicitly described via the Bernstein isomorphism. This led Beilinson
to a general conjecture in the geometric Langlands program that one can

4Here, we use Huber’s definition of étale cohomology groups for rigid-analytic varieties.



6 PETER SCHOLZE

construct central elements in Iwahori-Hecke algebras via a nearby-cycles
construction, which was proved by Gaitsgory, [4]. His argument was adapted
by Haines and Ngô to prove Kottwitz’ original conjecture, [6]. We note
that this conjecture of Kottwitz leads to a precise formula for the spectral
contribution of the test function φ′ that becomes necessary in applications
of formula (1), e.g. the computation of the semisimple local Hasse-Weil zeta
function as in [8], Theorem 11.7. Outside the parahoric case, we mention an
article of Haines and Rapoport, [7], which considers the unipotent radical
of an Iwahori subgroup for a specific Shimura variety. Again, they find that
there is a canonical test function that lies in the center of a Hecke algebra,
and they identify it explicitly, which leads to a description of the Hasse-Weil
zeta function.

This led to the expectation that for general level structures, it should be
possible to define canonical test functions in the center of an appropriate
Hecke algebra. In the paper [24] dealing with the case of modular curve, it
was verified that functions in the center of a Hecke algebra exist which can
be used to make (1) true. These functions were made explicit, [24], Section
14, but they were constructed artificially, and no relation to the geometry
could be found. It then became clear, [23], [25], that one can define canonical
test functions coming from the geometry, but that these do not lie in the
center of a Hecke algebra. In [23], it was verified formally that also functions
in the center of a Hecke algebra exist, but no geometric interpretation could
be given.

Nonetheless, there is an analogue of Kottwitz’ conjecture, as formulated
in joint work with S. W. Shin, [26]. However, it gives less information: Our
conjecture only determines the twisted orbital integrals of φτ,h, whereas
Kottwitz’ conjecture determined the function itself. Even in the case that
we take h as the idempotent associated to a parahoric level structure, our
function φτ,h behaves worse than the function φ′ in that it does not lie in the
center of the Iwahori-Hecke algebra. This is due to the fact that different
integral models of the Shimura variety are used to define them. One expects
that their twisted integral orbitals agree, which is however not clear from
the definition.

Finally, we give an overview of the content. In Section 2, we collect some
general results about the cohomology of rigid-analytic varieties as proved
by Huber. In Section 3, we define the deformation spaces of p-divisible
groups, which we use in Section 4 to define the test functions φτ,h. In
Section 5, we state our main theorem calculating the trace of certain Hecke
operators twisted with an element of the local Weil group on the cohomology
of Shimura varieties. This theorem is proved in Sections 6 and 7; in Section
6, we give a description of the fixed points of Hecke correspondences, and in
Section 7, we apply the Lefschetz trace formula.

Acknowledgments. It is a pleasure to thank my advisor M. Rapoport
for everything he taught me, and his continuous help with problems of any
sort. Moreover, I thank T. Haines and R. Kottwitz for helpful discussions;
this paper obviously owes a lot to their work. This paper was written while
the author was a Clay Research Fellow.
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2. Etale cohomology of rigid-analytic varieties

In this section, we recall some facts about the étale cohomology of rigid-
analytic varieties that will be used.

In the following, we fix a complete discrete valuation field k of character-
istic 0, with valuation subring k◦ and maximal ideal k◦◦. Moreover, we fix
a prime ` prime to the characteristic of the residue class field κ = k◦/k◦◦.

We have the following properties, collected from the work of Huber, [9].

Theorem 2.1. Let X and Y be separated smooth rigid-analytic varieties
over k of dimension n, resp. m.

(i) If X is quasicompact, then the cohomology groups H i(X⊗k ˆ̄k,Z/`jZ) and

H i
c(X ⊗k ˆ̄k,Z/`jZ) are finite for all i and j.

(ii) Assume that X is taut (cf. Definition 0.4.7 of [9]). Then the cohomology

groups H i(X ⊗k ˆ̄k,Z/`jZ) and H i
c(X ⊗k ˆ̄k,Z/`jZ) are zero for i > 2n.

Moreover, we have an isomorphism

H i(X ⊗k ˆ̄k,Z/`jZ) ∼= H2n−i
c (X ⊗k ˆ̄k,Z/`jZ)∨(−n)

for i = 0, . . . , 2n, where (−n) denotes a Tate twist.

(iii) Assume that X and Y are taut. Then there is a Künneth-formula iso-
morphism

RΓc(X⊗k ˆ̄k,Z/`jZ)
L
⊗Z/`jZ RΓc(Y ⊗k ˆ̄k,Z/`jZ) ∼= RΓc((X×Y )⊗k ˆ̄k,Z/`jZ) .

Proof. Part (i) follows from Proposition 0.5.3 and Proposition 0.5.4 of [9].
Part (ii) follows from Corollary 0.5.8 and Corollary 0.6.3 of [9]. Part (iii)
follows as usual from the properties 0.4.5 a) - d) of [9], noting that they hold
true if f is separated and taut, cf. [9], p. 19. �

Now assume that X is a separated taut smooth rigid-analytic variety over
k of dimension n, and assume that we are given a sequence of quasicompact
admissible open subspaces X0 ⊂ X1 ⊂ . . . ⊂ X, such that X =

⋃
j Xj .

Definition 2.2. We say that X has controlled cohomology (with respect to
X0, X1, . . .) if for all large j, the map

H i
c(Xj ⊗k ˆ̄k,Z/`Z)→ H i

c(X ⊗k ˆ̄k,Z/`Z)

is an isomorphism for all i.

Proposition 2.3. Assume that X is a separated taut smooth rigid-analytic
variety over k of dimension n having controlled cohomology with respect to a

sequence of subsets X0, X1, . . . as above. Then the groups H i(X⊗k ˆ̄k,Z/`jZ)

and H i
c(X⊗k ˆ̄k,Z/`jZ) are finite for all i and j, and there is a perfect pairing

H i
et(X ⊗k ˆ̄k,Z/`jZ)⊗H2n−i

c,et (X ⊗k ˆ̄k,Z/`jZ)→ Z/`jZ(−n)

for all i ∈ Z; in particular the cohomology groups vanish for i > 2n.

Proof. Immediate. �
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Proposition 2.4. Let X and Y be seperated taut smooth rigid-analytic vari-
eties over k of dimension n, resp. m, and consider quasicompact admissible
open subsets X0 ⊂ X1 ⊂ . . . ⊂ X and Y0 ⊂ Y1 ⊂ . . . ⊂ Y exhausting X,
resp. Y . Then X ×Y with respect to the sequence of quasicompact admissi-
ble open subsets X0×Y0 ⊂ X1×Y1 ⊂ . . . ⊂ X×Y has controlled cohomology
if and only if both X and Y have controlled cohomology (with respect to the
given Xj, resp. Yj).

Proof. Use the Künneth formula. �

Proposition 2.5. Let X be a separated taut smooth rigid-analytic variety
over k of dimension n with X0 ⊂ X1 ⊂ . . . ⊂ X as before, and let f : Y → X
be a finite étale Galois cover with Galois group G. Let Yj = f−1(Xj); then
Y0 ⊂ Y1 ⊂ . . . ⊂ Y are quasicompact admissible open subsets exhausting
Y , and Yj → Xj is a finite étale Galois cover with Galois group G for all
j. Assume that the order of G is prime to `. Then if Y has controlled
cohomology (w.r.t. the Yj), then X has controlled cohomology (w.r.t. the
Xj), and

H i
c(X ⊗k ˆ̄k,Z/`Z) = H i

c(Y ⊗k ˆ̄k,Z/`Z)G

for all i ∈ Z.

Proof. First, note that Rf!Z/`Z = f!Z/`Z = f∗Z/`Z = Rf∗Z/`Z is locally
constant on Xet by Corollary 0.5.6 of [9]. We may decompose it into a
direct sum according to the irreducible representations of G over F`, using
that ` is prime to the order of G. The G-invariant part is just Z/`Z (via the
adjunction morphism Z/`Z→ f∗Z/`Z). This shows that for all j, we have

H i
c(Xj ⊗k ˆ̄k,Z/`Z) = H i

c(Yj ⊗k ˆ̄k,Z/`Z)G

as well as
H i
c(X ⊗k ˆ̄k,Z/`Z) = H i

c(Y ⊗k ˆ̄k,Z/`Z)G .

The conclusion follows. �

We want to extend this discussion to `-adic coefficients. In [10], Huber
defines compactly supported cohomology with `-adic coefficients. We set

H∗c (X ⊗k ˆ̄k,Q`) = H∗c (X ⊗k ˆ̄k,Z`)⊗Z` Q`

and
H i(X ⊗k ˆ̄k,Q`) = Hom(H2n−i

c (X ⊗k ˆ̄k,Q`),Q`)

in case X is smooth of dimension n.
Now assume that X is separated, taut and smooth, and has controlled

cohomology with respect to Xj ⊂ X. Then Proposition 2.1 iv) and Theorem
3.1 of [10] imply that

H∗c (X ⊗k ˆ̄k,Z`)
is the inverse limit of H∗c (X ⊗k ˆ̄k,Z/`mZ), and this inverse system is AR-`-

adic. In particular H∗c (X ⊗k ˆ̄k,Q`) and H∗(X ⊗k ˆ̄k) are finite-dimensional
Q`-vector spaces vanishing outside the range 0 ≤ i ≤ 2 dimX, and satisfy a
Künneth formula, also for ordinary cohomology:

H i((X × Y )⊗k ˆ̄k,Q`) =
⊕
j

Hj(X ⊗k ˆ̄k,Q`)⊗Q` H
i−j(Y ⊗k ˆ̄k,Q`) .



DEFORMATION SPACES OF p-DIVISIBLE GROUPS 9

Moreover, in the situation of Proposition 2.5, we have

H i(X ⊗k ˆ̄k,Q`) = H i(Y ⊗k ˆ̄k,Q`)
G .

Finally, we have the following result that will imply smoothness of certain
group actions on the cohomology of the spaces considered.

Proposition 2.6. Let X be a quasicompact separated taut smooth rigid-
analytic variety over k. Then there is an admissible open neighborhood U ⊂
X ×X of the diagonal X ⊂ X ×X such that for all f : X → X for which
the graph Γf ⊂ X ×X is contained in U , the induced morphism

f∗ : H i(X ⊗k ˆ̄k,Q`)→ H i(X ⊗k ˆ̄k,Q`)

is the identity for all i ∈ Z.

Proof. It is enough to ensure that H i
c(X ⊗k ˆ̄k,Z/`Z) maps isomorphically

to H i
c(U ⊗k ˆ̄k,Z/`Z) for all i, for then the same is true for Q`-cohomology,

and we have a commutative diagram

H i(X ⊗k ˆ̄k,Q`)

∼=
((

H i(X ⊗k ˆ̄k,Q`)

∼=
66

∼=
((

H i(U ⊗k ˆ̄k,Q`)

∼=

OO

��

H i(X ⊗k ˆ̄k,Q`)

H i(Γf ⊗k ˆ̄k,Q`)

∼=
66

The existence of U with this property follows from Theorem 2.9 of [12]. �

Now we put ourself into the following situation. Let R be a complete
noetherian local k◦-algebra with residue field κ and maximal ideal m. Then
to R, one can associate a rigid-analytic variety X over k as in [22], 5.5, cf.
also [1], 0.2.6.

Let us recall the construction, in a slightly more general situation. Let
us only assume that R is a complete noetherian semilocal k◦-algebra whose
residue fields are finite extensions of κ, and let m ⊂ R be the set of topologi-
cally nilpotent elements. Let f1, . . . , fm be generators of m, and let $ ∈ k◦◦
be a uniformizer. Then for any j ≥ 1, consider the algebra

Rj = R〈T1, . . . , Tm〉/(f j1 −$T1, . . . , f
j
m −$Tm) .

One checks that Rj⊗k is a Tate algebra over k in the sense of rigid geometry,
and we can define Xj = Sp Rj , a rigid-analytic variety over k. Moreover,
there are obvious transition maps Rj → Rj′ for j ≥ j′, inducing maps
Xj′ → Xj for j′ ≤ j; these are admissible open embeddings. Finally, one
defines X =

⋃
j Xj , with the Xj as admissible open subsets.

Lemma 2.7. For any j ≥ 1, the subset Xj ⊂ X is the subset of all x ∈ X
where for all f ∈ m, the inequality |f(x)| ≤ |$|1/j holds true. The rigid-
analytic variety X is separated and partially proper (cf. Definition 0.4.2 in
[9]), in particular taut.

Proof. This follows easily from the construction of X. �
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Now assume moreover that X is smooth of pure dimension n. Let f :
Y → X be a finite étale morphism. Taking Yj = f−1(Xj), we similarly
exhaust Y by the quasicompact admissible open subsets Yj ⊂ Y . In the
following, we simply say that X or Y has controlled cohomology, this family
of quasicompact open subsets being understood.

The results of [11] and [12] imply the following theorem.

Theorem 2.8. Assume that there is a separated scheme X of finite type over
k◦ with smooth generic fibre and with a finite étale cover g : Y → X ⊗k◦ k.
Let x ∈ X(κ) such that R is the completed local ring of X at x, identifying
the tubular neighborhood of x in the generic fibre Xrig of X with X, and such
that there is a fibre product diagram

Y //� _

��

X� _

��

Yrig // Xrig

Then X and Y have controlled cohomology. Moreover, fixing a geometric
point x above x, there is a canonical Gal(k̄/k)-equivariant isomorphism

(Riψg∗Q`)x ∼= H i(Y ⊗k ˆ̄k,Q`) .

In particular, if Y/X is Galois with Galois group G, so is Y/X and

H i(X ⊗k ˆ̄k,Q`) ∼= H i(Y ⊗k ˆ̄k,Q`)
G .

Proof. By Theorem 2.9 of [12], both X and Y have controlled cohomology.
Proposition 3.15 of [11] gives the description of the nearby cycles for torsion
coefficients. In order to pass to `-adic coefficients, we use Proposition 5.9.4
from [3], which shows that Proposition 5.9.2 of [3] applies, giving that the

definition of H∗(X ⊗k ˆ̄k,Q`) agrees with the naive definition as an inverse

limit of H∗(X⊗k ˆ̄k,Z/`mZ) tensored with Q` (and the same statement for Y
or with coefficients g∗Z/`mZ). The last statement follows from (g∗Q`)

G = Q`

in the algebraic context. �

Finally, we have some lemmas that guarantee that one can apply Propo-
sition 2.6.

Lemma 2.9. Let R be a topological k◦-algebra, topologically of finite type,
and let X be its generic fibre as a rigid-analytic variety over k. Then for any
open neighborhood U ⊂ X ×X containing the diagonal X ⊂ X ×X, there
is some a ∈ k◦◦ such that for all automorphisms f of R that act trivially on
R/a, the graph Γf ⊂ X ×X of f acting on X is contained in U .

Proof. Let πi : X ×X → X, i = 1, 2, be the two projections. Then a cofinal
system of admissible open neighborhoods of the diagonal is given by finite
intersections of admissible open neighborhoods of the form |π∗1(r)−π∗2(r)| ≤
|$|m for r ∈ R, m ≥ 0. Then any automorphism f that is trivial modulo
$m for all m occuring in these expressions has the desired property. �

Lemma 2.10. Let R be a complete noetherian semilocal k◦-algebra whose
residue fields are finite extensions of κ. Let X be the corresponding generic
fibre as a rigid-analytic variety over k. Recall that X =

⋃
j Xj is naturally
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the union of quasicompact admissible open subsets Xj ⊂ X. Then for any
j ≥ 1 and any admissible open neighborhood U ⊂ Xj ×Xj of the diagonal
Xj ⊂ Xj ×Xj, there exists an open ideal I ⊂ R such that for all automor-
phisms f of R that act trivially on R/I, the graph Γf ⊂ Xj × Xj of the
action of f on Xj is contained in U .

Proof. The subset Xj ⊂ X is affinoid, equal to the generic fibre of Spf Rj
for some Rj as in the previous lemma. Now apply the previous lemma. �

3. Deformation spaces of p-divisible groups

We will consider certain deformation spaces of p-divisible groups with ex-
tra structure. This extra structure will be given by endomorphism and level
structures (EL case), or polarization, endomorphism and level structures
(PEL case). Our conventions are the following, cf. [22], 1.38 and Definition
3.18:

EL case. Let B be a semisimple Qp-algebra with center F such that
every simple factor of B is split, i.e. a matrix algebra over a factor of F . Let
V be a finitely generated left B-module. We fix a maximal order OB ⊂ B
and a OB-stable lattice Λ ⊂ V . These data give rise to C = EndB(V ) with
maximal order OC = EndOB (Λ) and the algebraic group G/Zp whose group
of R-valued points is given by

G(R) = (R⊗Zp OC)×

for any Zp-algebra R. The final datum is a conjugacy class µ of cocharacters
µ : Gm −→ GQ̄p . The field of definition of µ is called E, the reflex field.

Fix a representative µ of µ over Q̄p; this gives rise to a decomposition of
V into weight spaces. We make the assumption that only weights 0 and 1
occur in the decomposition, i.e. V = V0 ⊕ V1. The isomorphism class of the
B-module V0 (and that of V1) is defined over E.

PEL case. Again, we have B, OB, F , V , Λ, C and OC as in the PEL
case. Additionally, we have an anti-involution ∗ on B which preserves F ; we
let F0 ⊂ F be the invariants under ∗. We make the assumption that F/F0 is
unramified. Further, the PEL data consists of a nondegenerate ∗-hermitian
form ( , ) on V , i.e. a nondegenerate alternating form ( , ) on V such that
(bv, w) = (v, b∗w) for all v, w ∈ V , b ∈ B. We require that Λ be self-dual
with respect to ( , ). This induces an involution ∗ on C and OC . We get the
algebraic group G/Zp given by

G(R) = {g ∈ (R⊗Zp OC)× | gg∗ ∈ R×} .
The final datum is again a conjugacy class µ of cocharacters µ : Gm −→
GQ̄p , with field of definition E. Again, we assume that after choosing a
representative µ of µ, that under the corresponding weight decomposition
on V , only weights 0 and 1 occur, so that V = V0⊕V1, where the isomorphism
class of the B-module V0 is defined over E again. Additionally, we assume
that the composition

Gm
µ→ G→ Gm

is the identity, the latter morphism denoting the multiplier g 7→ gg∗ ∈ Gm.
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Moreover, we assume that after extending scalars to Q̄p, all simple factors
of the data (F,B, ∗, V, ( , )) are of type A or C under the classification of
the possible simple factors on page 32 of [22].

There are certain cases of PEL type which are closely related to cases of
EL type. They are needed when one wants to embed the EL case into a
global situation, as Shimura varieties are associated to PEL data.

Quasi-EL case. Assume given data D of PEL type such that F decom-
poses as F = F0 × F0, with ∗ acting by (x, y)∗ = (y, x). We let

D0 = (B0 = B⊗FF0,OB0 = OB⊗OFOF0 , V0 = V⊗FF0,Λ0 = Λ⊗OFOF0 , µ0) ,

where µ0 is defined as the first factor of µ under the isomorphism

G = G0 ×Gm

sending an element g acting on Λ = Λ0 ⊕ Λ∗0 to its restriction to Λ0, and
the multiplier gg∗ ∈ Gm. This defines data D0 of EL type. Note that the
second component of µ is a morphism Gm → Gm which by assumption is
the identity. In this way, there is a bijection between data of EL type and
data of quasi-EL type (with fixed decomposition F = F0 × F0).

In particular, we note that our assumptions imply that the reductive
group GQp is connected and quasisplit, with simply connected derived group.
In comparison with the assumptions of [22], we make the additional assump-
tions that B is split over F , that F/F0 is unramified, that the lattice chain
is reduced to a single selfdual lattice Λ ⊂ V (and its translates), and we
exclude the cases of orthogonal type. It would be interesting to investigate
whether our method can be adapted to more general cases.

The following lemma is crucial at a large number of places, and justifies
most of our assumptions.

Lemma 3.1. Let data of PEL type be given. Let (V ′, ( , )′) be a ∗-hermitian
B-module such that V ′ ∼= V as B-modules. Assume that there is a self-dual
OB-stable lattice Λ′ ⊂ V ′. Then there is an isomorphism of ∗-hermitian
B-modules V ∼= V ′ carrying Λ into Λ′.

Remark 3.2. We require the isomorphism to preserve the form, not just up
to a scalar. Hence this is slightly stronger than Lemma 7.2 in [17]. We note
that the proposition stays true after tensoring everything with Qpr over Qp.

Proof. We may assume that F0 is a field. Let $ ∈ F0 be a uniformizer of F0.
The group of OB-linear hermitian isomorphisms of Λ is an unramified group
over the ring of integers of F0. It is also connected by our assumption that
all simple factors of the PEL data are of type A or C. By Lang’s lemma,
there is an isomorphism of ∗-hermitian OB-modules Λ/$Λ ∼= Λ′/$Λ′. As
in [17], proof of Lemma 7.2, one checks that this isomorphism lifts. �

Now let D be data of type EL or PEL. We will consider the following type
of p-divisible groups with extra structure, cf. Definition 3.21 of [22].
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Definition 3.3. Let S be a scheme over OE on which p is locally nilpotent.
A p-divisible group with D-structure over S is given by a pair H = (H, ι)
(resp. a quadruple H = (H, ι, λ,L) in the PEL case), consisting of

• a p-divisible group H over S

• a homomorphism ι : OB −→ End(H) and, in the PEL case,

• a (twisted) principal polarization λ : H
∼−→ H∨ ⊗Zp L, where H∨ is the

dual p-divisible group, and L is a 1-dimensional smooth Zp-local system.

These data are subject to the following conditions.

(i) In the PEL case, we assume that the Rosati involution ∗λ on End(H)
induced by λ is compatible with ∗ on OB, i.e ι(a)∗λ = ι(a∗) for all a ∈ OB.

(ii) Locally on S there is an isomorphism of OB ⊗ OS-modules between the
Lie algebra of the universal vector extension of H and Λ⊗Zp OS.

(iii) The determinant condition holds true, i.e. we have an identity of poly-
nomial functions in a ∈ OB:

detOS (a|LieX) = detE(a|V0) .

We refer to [22], 3.23, for a detailed discussion of this condition.5

Remark 3.4. One may wonder about the appearance of L. First, we re-
mark that its role is of minor importance: L deforms uniquely, and if one
deforms an object over an algebraically closed field, then one can ignore L
completely. This happens in particular in [22]. Later, we will be interested
in deforming p-divisible groups with D-structure over finite fields, and such
twisted forms will appear in the global applications: The p-divisible group
with D-structure over the finite field will be defined by descent from a sim-
ilar object over F̄p, and the descent datum naturally introduces this twist.
We also mention that it is closely related to the notion of c-polarization
occuring in Kottwitz’ paper [17], cf. Proposition 6.2.

Before going on, let us consider p-divisible groups H with D-structure
over perfect fields κ of characteristic p. We get an associated (covariant)
Dieudonné module (M,F ); here M is a free W (κ)-module. Moreover, M
carries a left action of OB, and an ∗-hermitian perfect form M ⊗W (κ) M →
W (κ), well-defined up to a scalar. Let us assume for the moment that
M [1

p ] is isomorphic to V ⊗Zp W (κ) as a B-module; this is satisfied if H

admits a deformation to a mixed characteristic discrete valuation ring as
a p-divisible group with D-structure, by assumption (ii) in the definition.
From Lemma 3.1, it follows that in this case, we can find an isomorphism
between M and Λ⊗ZpW (κ) as ∗-hermitian OB-modules. Let us fix such an
isomorphism. The Frobenius operator F on M takes the form F = pδσ for
some δ ∈ G(W (κ)[1

p ]); moreover, changing the isomorphism changes δ by a

σ-conjugate under G(W (κ)). The normalization of δ is chosen to match the
normalization in [17]. We also define b = pδ, considered as a σ-conjugacy
class under G(W (κ̄)[1

p ]) in G(W (κ̄)[1
p ]).

Let us add a word about parametrizing L. Giving L is equivalent to
giving Qp/Zp ⊗Zp L, which is an étale 1-dimensional p-divisible group. Its
Dieudonné module can be trivialized to W (κ), where F acts as pd for some

5It is stronger than requiring just an identity of the evaluations at all a ∈ OB .
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d ∈ W (κ)×. Then in general for any p-divisible group X over κ with
Dieudonné module (M,F ), the Dieudonné module of X ⊗ L is given by
(M,dF ).

We are ready to state the deformation problem. Let H be a p-divisible
group with D-structure over a perfect field κ of characteristic p, which we
give the structure of an OE-algebra via a fixed map OE −→ κ.

Definition 3.5. Let DefH be the functor that associates to every artinian

local OE-algebra R with residue field κ the set of isomorphism classes of
p-divisible groups with D-structure H̃ over R endowed with a trivialization

H
∼=−→ H̃ ⊗R k .

Theorem 3.6. The functor DefH is pro-representable by a complete noe-

therian local OE-algebra RH with residue field κ.

Proof. By the results of Illusie, [13], Corollaire 4.8 (i), the deformation prob-
lem for the p-divisible group H itself is pro-representable by a complete noe-
therian local OE-algebra RH with residue field κ. By rigidity of p-divisible
groups, the existence of liftings of the extra structure defines a quotient of
RH . Obviously, the conditions (i) and (iii) define a further quotient RH . But

condition (iii) implies condition (ii) by [22], 3.23 c), so that RH represents

DefH . �

Remark 3.7. At least if κ is algebraically closed, these deformation spaces
are formal completions of the deformation spaces considered by Rapoport-
Zink, [22].

Let k◦ be the complete discrete valuation ring with residue field κ that
is unramified over OE (in the sense that a uniformizer of OE stays a uni-
formizer in k◦), and let k be its fraction field. We consider the generic fibre
XH of Spf RH , as a rigid-analytic space over k.

Associated to µ, we get a homogeneous variety F for G over E, cf. [22],
1.31. Let d be its dimension. Let F rig be the associated rigid-analytic variety
over E.

Theorem 3.8. There is an étale morphism of rigid-analytic varieties over
k (the period morphism)

π : XH → F
rig ⊗E k .

In particular, XH is smooth of dimension d.

Proof. The same argument as for smoothness of Rapoport-Zink spaces ap-
plies, cf. Proposition 5.17 in [22]: The period mapping exists in this setting
by Proposition 5.15 in [22], and it is étale by the same arguments. �

Further, we have a universal p-adic Tate module TH over XH , with D-

structure in the obvious sense. For any compact open subgroup K ⊂ K0 =
G(Zp), we let XH,K be the finite étale covering of XH parametrizing level-

K-structures, i.e. (over each connected component of XH) π1-invariant K-

orbits η of isomorphisms

η : Λ
∼−→ TH
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which are OB-linear and, in the PEL case, preserve the hermitian forms up
to a scalar. The existence of such isomorphisms over geometric points follows
from Lemma 3.1. Together with the discussion in [22] starting in Subsection
5.32, this implies that if K ⊂ K ′ is normal, the covering XH,K/XH,K′ is

Galois with Galois group K ′/K.
Now Proposition 1.20 of [22] gives the following result.

Proposition 3.9. Assume that XH 6= ∅. Then κG(b) = µ], with notation

as explained below.

Proof. Recall that the existence of some x ∈ XH implies that the (covari-

ant) Dieudonné module of H can be trivialized as an OB-module (with
∗-hermitian form) to Λ⊗ZpW (κ). Then the Frobenius operator F defines a
σ-conjugacy class b ∈ B(G), where the latter denotes the set of σ-conjugacy
classes in G(W (κ̄)[1

p ]) (the latter set is independent of the algebraically

closed field κ̄ of characteristic p). Kottwitz, cf. [16], Section 6, constructs a
map

κG : B(G)→ X∗(Z(Ĝ)Γ) ,

where Ĝ is the dual group, Z(Ĝ) its center, and Γ is the absolute Galois
group of Qp.

On the other hand, choose a cocharacter µ : Gm → G representing π(x) ∈
F rig. Then the pair (b, µ) is admissible in the sense of [22], cf. 3.19 a) of

[22]. Moreover, µ defines a character of Z(Ĝ), and by restriction a character

µ] of Z(Ĝ)Γ; we remark that µ] depends only on the conjugacy class µ.
In general, κG(b)− µ] lies in

H1(Qp,G) ∼= X∗(Z(Ĝ)Γ)tor ⊂ X∗(Z(Ĝ)Γ)

and measures the difference between TH,x⊗ZpQp and V as B-modules (with

hermitian form up to scalar, in the PEL case), by Proposition 1.20 of [22]. As
they are isomorphic in our case as checked above, we get the proposition. �

We have associated to any p-divisible group with D-structure H over
κ such that XH 6= ∅ an element δ ∈ G(W (κ)[1

p ]), well defined up to σ-

conjugation by G(W (κ)), such that pΛ ⊂ pδΛ ⊂ Λ and κG(pδ) = µ]. This
is summarized in the following proposition.

Proposition 3.10. For any perfect field κ of characteristic p which is an
OE-algebra, the association H 7→ δ ∈ G(W (κ)[1

p ]) defines an injection

from the set of isomorphism classes of p-divisible groups with D-structure
H over κ such that XH 6= ∅ into the set of G(W (κ))-σ-conjugacy classes in

G(W (κ)[1
p ]) with the properties pΛ ⊂ pδΛ ⊂ Λ and κG(pδ) = µ].

Conversely, let us start with an element δ ∈ G(W (κ)[1
p ]) such that pΛ ⊂

pδΛ ⊂ Λ and κG(pδ) = µ]. We can construct the p-divisible group with OB-
action Hδ over κ whose covariant Dieudonné module is given by Λ⊗ZpW (κ)

with F acting by pδσ. Moreover, in the PEL case, the condition κG(pδ) = µ]

implies that for any character χ : G→ Gm, we have 〈µ, χ〉 = ordp χ(pδ), cf.
3.19 b) of [22]. Applying this for the multiplier morphism g 7→ χ(g) = gg∗,
we get 1 = 〈µ, χ〉 = ordp χ(pδ). In particular, there is some L parametrized
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by d = pχ(δ), cf. the discussion after Definition 3.3. This gives a twisted
principal polarization

λ : Hδ → H
∨
δ ⊗ L .

These combine to a pair, resp. a quadruple, H satisfying conditions (i) and
(ii) of a p-divisible group with D-structure over κ. It does not necessarily
satisfy condition (iii), however. This amounts to saying that the map in the
previous proposition is not necessarily surjective.

Definition 3.11. We say that H has controlled cohomology if XH,K has

controlled cohomology for all normal pro-p open subgroups K ⊂ G(Zp), and
all ` 6= p.

Note that this notion depends only on the base-change of H to an alge-
braic closure κ̄ of κ. Moreover, it is enough to check it for a cofinal system
of normal pro-p open subgroups K ⊂ G(Zp), by Proposition 2.5.

In our previous work, [25], Theorem 2.4, we had proved an algebraization
result that shows that in the EL case considered there, all H have controlled
cohomology. This made strong use of Faltings’s theory of group schemes
with strict O-action.

In the case of unramified PEL data, one can use a result of Wedhorn to
prove the same result.

Proposition 3.12. Assume that F (equivalently, F0) is unramified over
Qp. In the PEL case, also assume that p 6= 2. Then all p-divisible groups

H with D-structure over a perfect field κ of characteristic p have controlled
cohomology. Moreover, for any normal subgroup K ⊂ G(Zp), we have

H∗(XH,K ⊗k
ˆ̄k,Q`)

G(Zp) = H∗(XH ⊗k
ˆ̄k,Q`) = Q` .

Proof. In the unramified case, conditions (ii) and (iii) in the definition of
a p-divisible group with D-structure reduce to numerical conditions on the
ranks of certain locally free sheaves and hence can be checked on geometric
points and are irrelevant for deformation problems. Now Theorem 2.8 and
2.15 of [29] show that RH is formally smooth and the prorepresentable hull

of a finitely presented functor (given as the deformation functor of any trun-
cation H[pm]). Now using Artin’s algebraization theorem as in [25], proof of
Theorem 2.4, one constructs an algebraization as in Theorem 2.8. Theorem
2.8 now shows that H has controlled cohomology, and also gives the desired
description of the unramified part of the cohomology. �

Proposition 3.13. Assume given data of EL type, and assume that F fac-
tors as a product of fields F =

∏
i Fi. Accordingly, all other data split into

a product, which we indicate by writing D =
∏
iDi. Similarly, a p-divisible

group with D-structure H over S factors into a product H =
∏
iH i, where

H i is a p-divisible group with Di-structure over S. The reflex field E ⊂ Q̄p

is the compositum of the reflex fields Ei ⊂ Q̄p.

Let κ be a perfect field as above, and let H =
∏
iH i be a p-divisible

group with D-structure over S, given as a product of p-divisible groups with
Di-structure H i over S. Accordingly,

δ =
∏
i

δi ∈ G(W (κ)[
1

p
]) =

∏
i

Gi(W (κ)[
1

p
]) .
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Moreover, if K =
∏
iKi ⊂ G(Zp), there are product decompositions

XH,K =
∏
iXHi,Ki

, the product being taken over Sp k, with k as above.

In particular, H has controlled cohomology if and only if all H i have
controlled cohomology.

Proof. Easy and left to reader; use Proposition 2.4 for the last assertion. �

Proposition 3.14. Assume given data D of quasi-EL type, with correspond-
ing data D0 of EL type.

Then giving a p-divisible group with D-structure H = (H, ι, λ,L) over S
is equivalent to giving a p-divisible group with D0-structure H0 and a 1-
dimensional Zp-local system L over S, the correspondence being given by
H = H0 × H∨0 ⊗ L with the tautological OB = OB0 × O∗B0

-action, and the
tautological twisted principal polarization

λ : H = H0 ×H∨0 ⊗ L→ H∨ ⊗ L = H∨0 ⊗ L×H0 .

In particular, let κ and H be as above, with associated H0 and L. Ac-
cordingly,

δ = (δ0, p
−1d) ∈ G(W (κ)[

1

p
]) = G0(W (κ)[

1

p
])×W (κ)[

1

p
]× ,

where L corresponds to d as above. Then for

K = K0 × (1 + pmZp) ⊂ G(Zp) = G0(Zp)× Z×p ,

with m ≥ 1, there is a product decomposition

XH,K = XH0,K0
×Sp k XL,m ,

where XL,m parametrizes isomorphisms between L⊗ µpm and Z/pmZ.

In particular, H has controlled cohomology if and only if H0 has controlled
cohomology.

Proof. Easy and left to reader; note that XL,m is finite over Sp k and hence
has controlled cohomology. �

Finally, we will need a continuity statement about the action of the au-
tomorphism group of H on the cohomology of XH,K in the case that H has

controlled cohomology.

Proposition 3.15. Assume that H has controlled cohomology. Then for
any normal pro-p open subgroup K ⊂ G(Zp), there is an integer m ≥ 1 such

that for all automorphisms j of H that act trivially on H[pm], the induced
action on

H i(XH,K ⊗k
ˆ̄k,Q`)

is trivial for all i.

Proof. It suffices to check this for a cofinal system of K. We take K as
the kernel of the projection G(Zp) → G(Z/pm1Z). In this case XH,K/XH

parametrizes OB-linear isomorphisms Λ/pm1 ∼= TH/p
m1 that preserve the

hermitian form up to a scalar.
Fix generators λ1, ..., λm2 of Λ as an OB-module. Let H = (H, . . .) be

the universal deformation of H over RH . Consider the finite flat cover

H[pm1 ]/Spf RH , and let H[pm1 ]η/XH be its generic fibre as a rigid-analytic
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variety over k. Let Y = H[pm1 ]
m2/XH
η be the m2-fold fibre product over XH .

Note that Y is the generic fibre of a complete noetherian semilocal k◦-algebra
R whose residue fields are finite extensions of κ: Let H[pm1 ] = Spf R1; then

R = R1 ⊗R
H
· · · ⊗R

H
R1 ,

which is finite flat (in fact free) over RH . We have a closed immersion

XH,K → Y = H[pm1 ]
m2/XH
η

by sending the isomorphism Λ/pm1 ∼= T/pm1 to the images of λ1, ..., λm2 .
Because H has controlled cohomology, there is some quasicompact ad-

missible open subset XH,K,m3
⊂ XH,K with the same cohomology, where

we recall that the rigid-analytic variety XH,K is defined as the union of

quasicompact admissible open subsets XH,K,n. We use Proposition 2.6 to

produce an admissible open neighborhood U ⊂ XH,K,m3
× XH,K,m3

of the

diagonal such that any automorphism of XH,K,m3
whose graph is contained

in U acts trivially on the cohomology.
Because XH,K,m3

is quasicompact, there is some m4 such that XH,K,m3
⊂

Ym4 , where Y =
⋃
m Ym as usual. Moreover, there is an admissible open

neighborhood V ⊂ Ym4 × Ym4 of the diagonal such that

V ∩
(
XH,K,m3

×XH,K,m3

)
⊂ U .

Summarizing, it suffices to find an integer m ≥ 1 such that for any auto-
morphism j of H that acts trivially on H[pm], the graph Γj ⊂ Ym4 × Ym4 of
j acting on Ym4 is contained in V .

Using Lemma 2.10, it suffices to prove that for any open ideal I ⊂ R,
there is some integer m ≥ 1 such that any automorphism j of H that acts
trivially on H[pm], also acts trivially on R/I. This reduces us to proving
the statement with R1 in place of R.

Let mH ⊂ RH be the maximal ideal. It suffices to check that for any

n ≥ 1 there is some m ≥ 1 such that any automorphism j of H acting
trivially on H[pm] lifts to an automorphism of H⊗R

H
RH/m

n
H

that is trivial

on pm1-torsion.
By induction, it suffices to prove that there is some integer m′1 ≥ m1 such

that any automorphism j of H that lifts to an automorphism of H ⊗R
H

RH/m
n−1
H

trivial on pm
′
1-torsion, lifts further to an automorphism of H⊗R

H

RH/m
n
H

trivial on pm1-torsion.

The assertion is equivalent to the existence of lifts of j−1
pm1 ,

j−1−1
pm1 acting

on H ⊗R
H
RH/m

n−1
H

. By [13], Corollaire 4.3 b), for any p-divisible groups

G1, G2 over RH/m
n
H

with restriction G′1, G′2 to RH/m
n−1
H

, the existence

of a lift of some homomorphism f : G′1 → G′2 to a homomorphism G1 →
G2 is equivalent to the existence of a lift of f [p] : G′1[p] → G′2[p] to a
homomorphism G1[p]→ G2[p]. But taking m′1 = m1 + 1, we know that f [p]

is just the zero morphism for the two homomorphisms f = j−1
pm1 ,

j−1−1
pm1 we

are interested in. These obviously lift, finishing the proof. �
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4. Definition of the test function

Let IE ⊂ WE be the inertia and Weil group of E, and fix a geometric
Frobenius element Frob ∈WE . Fix some integer j ≥ 1. Our aim is to define
a function φτ,h ∈ C∞c (G(Qpr)) depending on an element τ ∈ FrobjIE ⊂WE

and a function h ∈ C∞c (G(Zp)) with values in Q. Here we set r = j[κE : Fp],
where κE is the residue field of E.

We regard Fpr as the degree-j-extension of κE ; in particular, it is an OE-
algebra. Fix the Haar measures on G(Qp), resp. G(Qpr), that give G(Zp),
resp. G(Zpr), volume 1.

Definition 4.1. Let δ ∈ G(Qpr). Define

φτ,h(δ) = 0

unless δ is associated to some p-divisible group with D-structure H over Fpr
under the correspondence of Proposition 3.10. In the latter case, assume
first that H has controlled cohomology. Then define

φτ,h(δ) = tr(τ × h|H∗(XH,K ⊗k
ˆ̄k,Q`)) ,

for any normal compact pro-p open subgroup K ⊂ K0 such that h is K-
biinvariant. If H does not have controlled cohomology, define φτ,h(δ) = 0.

Proposition 4.2. The function φτ,h : G(Qpr) → Q` is well-defined and
takes values in Q independent of `. Its support is contained in the compact
set of all δ ∈ G(Qpr) satisfying pΛ ⊂ pδΛ ⊂ Λ and κG(pδ) = µ].

Proof. The last point is clear. We have to see that any two choices K1 ⊂ K2

of K give the same value. This follows from Proposition 2.5 as follows:

tr(τ × h|H∗(XH,K2
⊗k ˆ̄k,Q`))

= vol(K2)−1
∑

g∈G(Zp)/K2

h(g)tr(τ × g|H∗(XH,K2
⊗k ˆ̄k,Q`))

= vol(K2)−1
∑

g∈G(Zp)/K2

h(g)tr(τ × g|H∗(XH,K1
⊗k ˆ̄k,Q`)

K2/K1)

= vol(K1)−1
∑

g∈G(Zp)/K1

h(g)tr(τ × g|H∗(XH,K1
⊗k ˆ̄k,Q`))

= tr(τ × h|H∗(XH,K1
⊗k ˆ̄k,Q`)) .

To get the independence of `, we note that it suffices to prove the inde-
pendence of ` of

tr(τ × g|H∗(XH,K ⊗k
ˆ̄k,Q`))

for all K and g ∈ G(Zp), assuming H has controlled cohomology. In partic-
ular, we assume that XH,K has controlled cohomology, so we may replace it

by some G(Zp)-invariant quasicompact open subset U = XH,K,m ⊂ XH,K

with the same cohomology. Moreover, we can twist U by the unramified ac-
tion of the absolute Galois group of k sending a geometric Frobenius element
to g, which acts via the finite quotient G(Zp)/K; this gives a quasicompact

smooth separated rigid variety V over k such that U ⊗k ˆ̄k ∼= V ⊗k ˆ̄k, and



20 PETER SCHOLZE

with the action of τ × g on the left-hand side corresponding to the action of
τ on the right-hand side. In particular,

tr(τ × g|H∗(XH,K ⊗k
ˆ̄k,Q`)) = tr(τ |H∗(V ⊗k ˆ̄k,Q`)) .

The latter term is independent of ` by Theorem 7.1.10 of [20]. �

Proposition 4.3. The function φτ,h is locally constant, so that it defines
an element φτ,h ∈ C∞c (G(Qpr)).

Proof. Take any element δ ∈ G(Qpr); we want to find a small open neigh-
borhood U of δ such that φτ,h(δ′) = φτ,h(δ) for all δ′ ∈ U . The conditions

κG(pδ) = µ] and pΛ ⊂ pδΛ ⊂ Λ define an open and closed subset outside of
which the function vanishes identically. In particular, we may assume that
δ satisfies these conditions.

The construction after Proposition 3.10 constructs a pair H = (H, ι)
(resp. quadruple H = (H, ι, λ,L) in the PEL case), which satisfies all con-
ditions of being a p-divisible group with D-structure over Fpr except possibly
the determinant condition, i.e. condition (iii) of Definition 3.3.

We want to see that if δ′ is sufficiently close to δ, then over F̄p, the

associated Hδ and Hδ′ become isomorphic. This follows from the following
lemma.

Lemma 4.4. Let κ be an algebraically closed field of characteristic p, let
L = W (κ)[1

p ], and let G be any linear algebraic group over L. Then for any

b ∈ G(L), the map G(L)→ G(L) mapping g to g−1bgσ is open.

Proof. By standard arguments, it is enough to check the statement on the
Lie algebra, which reads: The map g→ g mapping x to −x+ (Adb)(xσ) is
open, where g denotes the Lie algebra of G. Identifying g with Ln for some
n, this follows from the following lemma.

Lemma 4.5. Let A ∈ GLn(L). Then the map Ln → Ln mapping x to
x−Axσ is open.

Remark 4.6. By Qp-linearity, it follows that the map is also surjective.

Proof. It is easily seen that one may replace A by a σ-conjugate. Using
the Dieudonné-Manin classification, and reducing to simple factors, we may
thus assume that A has the form

A =


0 1 0 · · · 0
0 0 1 · · · 0
...

...
. . .

. . .
...

0 0 0 · · · 1
pk 0 0 · · · 0

 ,

for some integer k prime to the size of the matrix. We distinguish the cases
k > 0, k = 0 and k < 0. If k > 0, then A is topologically nilpotent and

we can give the inverse of x − Axσ explicitly as x + Axσ + A2xσ
2

+ . . ..
Similarly, if k < 0, then A−1 is topologically nilpotent, and we can give the

inverse of x−Axσ explicitly as −A−1xσ
−1−A−2xσ

−2− . . .. Finally, if k = 0,
then A = 1, and it suffices to show that the Zp-linear map W (κ) → W (κ),
x 7→ x − xσ, is surjective. This can be checked modulo p, where it follows
directly from the fact that κ is algebraically closed. �
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�

We use this lemma for δ ∈ G(Qpr) ⊂ G(W (F̄p)[1
p ]). Let m ≥ 1 be some

positive integer (to be chosen later). Let V be the open neighborhood of δ
given as the image of ker(G(W (F̄p))→ G(W (F̄p)/pm))) under g 7→ g−1δgσ,
and let U = V ∩G(Qpr).

It follows that for any δ′ ∈ U , the p-divisible groups Hδ and Hδ′ associated
to δ, resp. δ′ become isomorphic over F̄p. In particular, one satisfies the
determinant condition if and only if the other one does, and in this case we
get isomorphisms

XHδ,K
⊗k ˆ̄k ∼= XHδ′ ,K

⊗k ˆ̄k ,

for all open subgroups K ⊂ G(Zp), so that Hδ has controlled cohomology

if and only if Hδ′ has controlled cohomology.
In particular, we get the desired statement that φτ,h is locally constant at

δ unless Hδ is a p-divisible group with D-structure and has controlled coho-
mology. In this final case, we choose m large enough such that Proposition
3.15 applies. Twisting with elements of ker(G(W (F̄p)) → G(W (F̄p)/pm)))

does not change Hδ[p
m], so that the (different) actions of τ on

XHδ,K
⊗k ˆ̄k ∼= XHδ′ ,K

⊗k ˆ̄k

differ by the action of some j in the automorphism group of Hδ over F̄p
which is trivial on pm-torsion points. Now Proposition 3.15 implies that
both actions of τ become identical on the cohomology. We find that indeed
φτ,h is locally constant. �

We end this section by stating some easy lemmas about φτ,h.

Proposition 4.7. Assume that F is unramified, and p 6= 2 in the PEL case.
Let h be the idempotent associated to G(Zp). Then φτ,h is the characteristic
function of the double coset G(Zpr)p−1σ(µ(p))G(Zpr), where µ : Gm →
GQpr is some representative of µ that factors over TQpr for some maximal
Zpr -split torus T ⊂ GZpr .

Remark 4.8. Such µ exist by [15], Lemma 1.1.3 (a). The proposition implies
that in the unramified case, our function φτ,h(δ) is equal to φr(σ

−1(δ)),
where φr is the function used by Kottwitz in [17]. Their twisted orbital
integrals obviously agree, as δ is σ-conjugate to σ−1(δ).

Proof. From Proposition 3.12, we know that all p-divisible groups with D-
structure have controlled cohomology, and that in this case

φτ,h(δ) = 1 .

It remains to classify the set of δ that give rise to a p-divisible group with
D-structure. This is done by Kottwitz, [17], pages 430 – 431. �

Proposition 4.9. In the situation of Proposition 3.13, let h be of the form
h =

∏
hi with hi ∈ C∞c (Gi(Zp)). Then for all δ =

∏
δi ∈ G(Qpr) =∏

Gi(Qpr),

φτ,h(δ) =
∏

φτ,hi(δi) .

Proof. Follows directly from Proposition 3.13. �
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Proposition 4.10. In the situation of Proposition 3.14, let h be of the form
h0 × hGm, where h0 ∈ C∞c (G0(Zp)) and hGm ∈ C∞c (Z×p ). Then for all

δ = (δ0, δGm) ∈ G(Qpr) = G0(Qpr)×Q×pr ,
there is a factorization

φτ,h(δ) = φτ,h0(δ0)φτ,hGm (δGm) ,

where φτ,hGm is the function with support on p−1Z×pr defined by

φτ,hGm (δGm) = h(ArtQp(τ)NδGm) ,

where ArtQp : WQp → Q×p is the local reciprocity map sending a geometric
Frobenius element to a uniformizer.

Remark 4.11. We remark that φτ,hGm satisfies the following spectral identity.

For all characters χ : Q×p → C×,

tr(φτ,hGm |χ ◦NormQpr/Qp) = tr(τ−1|χ ◦ArtQp) tr(h|χ) .

Proof. This follows from Proposition 3.14, once one checks that

tr(τ × hGm |H∗(XL,m ⊗k ˆ̄k,Q`)) = φτ,hGm (δGm)

for all m large enough. �

5. PEL Shimura varieties

We first recall the definition of the PEL Shimura varieties that are also
considered in Kottwitz’ article [17]. They are associated to the following
data.

Global PEL data. Let B be a simple Q-algebra with center F and
maximal Z(p)-order OB that is stable under a positive involution ∗ on B. Let
V be a finitely generated left B-module with a nondegenerate ∗-hermitian
form ( , ). We assume that there is an OB-stable selfdual Z(p)-lattice Λ ⊂ V ,

which we fix. Moreover, we let F0 = F ∗=1, which is a totally real field. We
assume that at all places above p, the extension F/F0 is unramified and the
F -algebra B is split.

We let C = EndB(V ), and OC = EndOB (Λ); both carry an involution ∗
induced from ( , ). We recall, cf. [17], p. 375, that over Q̄, the algebra C
together with the involution ∗ is of one of the following types:

(A)Mn ×Mopp
n with (x, y)∗ = (y, x),

(C)M2n with x∗ being the adjoint of x with respect to a nondegenerate
alternating form in 2n variables,

(D)M2n with x∗ being the adjoint of x with respect to a nondegenerate
symmetric form in 2n variables.

We assume that case A or C occurs. We get the reductive group G/Q of
B-linear similitudes of V ; in fact, we can extend it to an algebraic group
over Z(p) as the group representing the functor

G(R) = {g ∈ (OC ⊗Zp R)× | gg∗ ∈ R×} .
Finally, we fix a homomorphism h0 : C→ C⊗R such that h0(z) = h0(z)∗ for
all z ∈ C, and such that the symmetric real-valued bilinear form (v,h0(i)w)



DEFORMATION SPACES OF p-DIVISIBLE GROUPS 23

on V ⊗ R is positive definite.

We write h for the map S → G ⊗ R from Deligne’s torus S (i.e., the
algebraic torus over R with S(R) = C×) that is given on R-valued points by
h(z) = h0(z), z ∈ C×. Then one gets a tower ShK , K ⊂ G(Af ) running
through compact open subgroups of the finite adelic points of G, of Shimura
varieties associated to the pair (G,h−1).

A priori, these Shimura varieties are defined over C, but they have canon-
ical models over their reflex field E ⊂ C, a finite extension of Q. We recall
that E is the field of definition of the conjugacy class of the cocharacter
µ = µh : Gm → G ⊗ C given as the product of the central morphism
Gm → G sending t ∈ Gm to multiplication by t on V , and the composite
morphism

Gm → S⊗ C h−1⊗C−→ G⊗ C .

Recall that S⊗C = Gm×Gm, the first factor corresponding to the identity
morphism C → C, the second to complex conjugation C → C. The first
morphism Gm → S⊗ C is the one coming from the identity morphism.

We note that this is not the same µ as the µKw considered by Kottwitz,
which is given as the composition

Gm → S⊗ C h⊗C−→ G⊗ C .

This means that the product µµKw is the central morphism Gm → G. We
choose this alternative normalization as it is the one compatible with our
local normalization, which in turn is the one used by Rapoport and Zink in
their book [22]. Fix a prime p of E above p, and let OEp be the complete
local ring at p. This allows to regard µ as a conjugacy class of cocharacters
µ : Gm → GQ̄p , where Q̄p is an algebraic closure of Ep. In particular, after
base-changing everything to Qp, we get data D of PEL type as defined in
Section 3.

Next, we recall that (finite disjoint unions of) these Shimura varieties
can be described as moduli spaces of abelian varieties with polarization,
endomorphism, and level structure. This also leads to integral models of
these Shimura varieties.

Definition 5.1. Let Kp ⊂ G(Apf ) be a sufficiently small compact open sub-

group. Let MKp be the contravariant set-valued functor on the category of
locally noetherian schemes S over OEp associating to S the set of isomor-
phism classes of quadruples (A, ι, λ, η), consisting of

• an abelian scheme A up to prime-to-p-isogeny over S,

• an action ι : OB → End(A),

• a prime-to-p-isogeny λ : A→ A∨ which is a polarization,

• a level structure η of type Kp.

These are subject to the following conditions.

(i) The Rosati involution induced by λ is compatible with ∗ on OB.

(ii) The determinant condition holds true.
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In particular, if p is locally nilpotent on S, then the associated p-divisible
group with extra structure (A[p∞], ι|A[p∞], λ|A[p∞],Zp) is a p-divisible group
with D-structure in the sense of Definition 3.3.

Two triples (A, ι, λ, η), (A′, ι′, λ′, η′) are said to be isomorphic if there is
a prime-to-p-isogeny α : A→ A′ carrying ι into ι′, η into η′ and carrying λ
into a Z×(p)-multiple of λ′ locally on S.

We refer to [17], page 390 – 391, for the notion of a level structure of type
Kp. Note that there is an obvious action of G(Apf ) by correspondences on

the tower of these moduli problems.

Theorem 5.2. The functor MKp is represented by a quasiprojective scheme
MKp over OEp. There is an isomorphism

MKp ⊗ Ep
∼=

⊔
ker1(Q,G)

ShG(Zp)Kp ⊗E Ep

compatible with the action of the Hecke correspondences. Here ker1(Q,G) ⊂
H1(Q,G) is the subset of those cohomology classes that map trivially to
H1(Qv,G) for all places v of Q; this is a finite set.

If C is a division algebra, then MKp is a projective variety over OEp.

Proof. Cf. [17], Section 3. We note that Kottwitz a priori only proves
that these spaces are (possibly infinite) disjoint unions of quasiprojective
schemes. In the generic fibre, the given description shows that there only
finitely many connected components. However, the moduli spaces need not
be (topologically) flat, cf. below, so that a priori there might be many junk
components in the special fibre.

The problem with Kottwitz’ argument is that one works with abelian vari-
eties up to prime-to-p-isogeny, and the endomorphisms only live in End(A)⊗
Z(p). For any abelian scheme A/S, the functor T 7→ End(A×S T )⊗Z(p) on
schemes over S is representable by an infinite disjoint union of projective
varieties over S. In order to restrict to finitely many components, one has to
work with actual morphisms of abelian varieties whose degree is bounded.

We sketch how this can be accomplished. Choose a finitely generated Z-
lattice M in V , look at the order OB,M of B mapping M into itself, and let

Kp be contained in those automorphisms that fix M⊗ Ẑp ⊂ V ⊗Apf . In that

case, the datum of η gives an actual abelian variety A inside the prime-to-p-
isogeny class, and one checks that OB,M acts on A by actual morphisms, and
that a bounded multiple of λ is an actual polarization of bounded degree.
Fixing finitely many algebra generators of OB,M , one sees that each of them
has bounded degree, which gives the desired statement. �

Moreover, for any compact open subgroup Kp ⊂ G(Zp), we introduce
the cover MKp,Kp of MKp ⊗ Ep, parametrizing Kp-orbits of isomorphisms
between Λ⊗ Zp and the p-adic Tate module TpA of A, compatible with the
OB-action and the hermitian forms up to a scalar. Obviously, we get an
action of G(Zp)×G(Apf ) by correspondences on the tower of these varieties;

we do not care about enlarging this action to G(Af ) here.

Proposition 5.3. The cover πKp,Kp :MKp,Kp →MKp ⊗Ep is finite étale,
and Galois with Galois group G(Zp)/Kp if Kp ⊂ G(Zp) is normal. There
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are isomorphisms

MKp,Kp ∼=
⊔

ker1(Q,G)

ShKpKp ⊗E Ep

compatible with the Hecke correspondences and the maps to MKp ⊗ Ep.

Proof. Once again, the existence of such isomorphisms over geometric points
follows from Lemma 3.1; note that the rational `-adic Tate modules V`A are
isomorphic to V ⊗Q` by existence of Kp-level structures; hence so are VpA
and V ⊗ Qp, as the characters of VpA and V`A as B-representations agree.
From here, the usual arguments imply the proposition. �

We have the following comparison with the local theory.

Proposition 5.4. Let κ be perfect field of characteristic p over OEp, and

let x ∈MKp(κ). Let H be the associated p-divisible group with D-structure
over κ. Let k be the complete unramified extension of Ep with residue field

κ. Then the complete local ring ÔMKp ,x is isomorphic to the deformation

ring RH . This identifies the tubular neighborhood of x in Mrig
Kp ⊗Ep k with

XH . Moreover, for any Kp ⊂ G(Zp), we have a pullback diagram

XH,Kp
//

� _

��

XH� _

��

Mrig
Kp,Kp ⊗Ep k //Mrig

Kp ⊗Ep k

In particular, H has controlled cohomology, and for all i ∈ Z, we have a
Gal(k̄/k)-equivariant isomorphism

(RiψπKp,Kp∗Q`)x ∼= H i(XH,Kp
⊗k ˆ̄k,Q`) .

Proof. The first statement is a direct consequence of the Serre-Tate theorem,
and the rest follows easily, using Theorem 2.8 for the last statements. �

We need local systems on the Shimura varieties. For this purpose, let ξ
be a finite-dimensional algebraic representation of G defined over a number
field L, and let λ be a place of L above ` 6= p. The usual construction, cf.
[17], Section 6, produces `-adic local systems Fξ,Kp , resp. Fξ,Kp,Kp onMKp ,
resp. MKp,Kp , to which the action of the Hecke correspondences extend.
We will need the following proposition.

Proposition 5.5. Consider the projection πKp,Kp :MKp,Kp →MKp ⊗Ep.
Then we have a canonical isomorphism

RψπKp,Kp∗Fξ,Kp,Kp ∼= Fξ,Kp ⊗RψπKp,Kp∗Q` .

Proof. Indeed,

RψπKp,Kp∗Fξ,Kp,Kp ∼= RψπKp,Kp∗π
∗
Kp,KpFξ,Kp

∼= Rψ(Fξ,Kp ⊗ πKp,Kp∗π
∗
Kp,KpQ`)

∼= Fξ,Kp ⊗RψπKp,Kp∗π
∗
Kp,KpQ`

∼= Fξ,Kp ⊗RψπKp,Kp∗Q` .

�
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In particular, we can define the cohomology of the Shimura variety with
coefficients in the local system Fξ,

H∗ξ = lim−→
Kp,Kp

H∗(MKp,Kp ⊗ Q̄p,Fξ,Kp,Kp) .

This carries commuting left actions of GEp = Gal(Q̄p/Ep) and G(Zp) ×
G(Apf ). Note that in fact

H∗ξ =
⊕

ker1(Q,G)

H∗Sh,ξ

with the obvious definition of H∗Sh,ξ, compatible with all actions. The right-

hand side even carries an action of G(Af ), which we will not need, however.
Let IEp ⊂WEp ⊂ GEp be the inertia and Weil subgroup, and fix a geomet-

ric Frobenius element Frob ∈WEp . In order to formulate our main theorem,
we need to introduce the notion of a Kottwitz triple.

Definition 5.6. Let j ≥ 1. Set r := j[κEp : Fp], where κEp is the residue
field of Ep. A degree-j-Kottwitz triple (γ0; γ, δ) consists of

• a semisimple stable conjugacy class γ0 ∈ G(Q),

• a conjugacy class γ ∈ G(Apf ) that is stably conjugate to γ0, and

• a σ-conjugacy class δ ∈ G(Qpr) such that Nδ is stably conjugate to γ0

satisfying

(i) γ0 is elliptic in G(R),

(ii) κG⊗Qp(pδ) = µ] in X∗(Z(Ĝ)Γ(p)), where Γ(p) is the absolute Galois group
of Qp.

Let I0 be the centralizer of γ0 in G. Then Kottwitz defines a finite
group K(I0/Q) whose Pontrjagin dual we denote by K(I0/Q)D. Moreover,
he associates an invariant α(γ0; γ, δ) ∈ K(I0/Q)D to any degree-j-Kottwitz
triple.

Finally, we can formulate our main theorem.

Theorem 5.7. Assume that the flat closure ofMKp⊗Ep inMKp is proper
(for one and hence every Kp); for example, assume that C is a division
algebra. Let fp ∈ C∞c (G(Apf )), h ∈ C∞c (G(Zp)) and τ ∈ FrobjIEp ⊂ WEp.

Then

tr(τ × hfp|H∗Sh,ξ) =
∑

(γ0;γ,δ)
α(γ0;γ,δ)=1

c(γ0; γ, δ)Oγ(fp)TOδσ(φτ,h)tr ξ(γ0) ,

where the sum runs over degree-j-Kottwitz triples, and c(γ0; γ, δ) is a volume
factor defined as in [17], p. 441. The Haar measures on G(Qp) resp. G(Qpr)
are normalized by giving G(Zp) resp. G(Zpr) volume 1.

Slightly more generally, we will prove this theorem for any function φ′τ,h ∈
C∞c (G(Qpr)) in place of φτ,h that has the following properties:

(i) φ′τ,h(δ) = 0 unless δ is associated to some p-divisible group with D-

structure H;
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(ii) If H F̄p is the p-divisible group with D-structure associated to some point

of MKp(F̄p) (for some Kp), then φ′τ,h(δ) = φτ,h(δ).

Conjecturally, one would expect that any p-divisible group withD-structure
occurs in the Shimura variety as in (ii), and hence that φ′τ,h is unique. In

[26], we will use this argument the other way around: We will show that (the
twisted orbital integrals of) φτ,h are uniquely determined by the formula of
the theorem in some cases, and deduce that every p-divisible group with
D-structure occurs in the Shimura variety.

We note that it may happen that the models MKp are not flat, not
even topologically flat, thereby explaining the formulation of the properness
assumption in the theorem above. In general, such questions are the subject
of the theory of local models of Shimura varieties. We only mention here
that the results of Pappas and Rapoport in [21] show that in case A, the
model that we have given, also known as the naive local model, need not be
topologically flat. In fact, the dimension of the special fibre may be larger
than the dimension of the generic fibre. However, in case C, results of Görtz,
[5], show that the model is always topologically flat.

In [26], we will need another case where we can apply Theorem 5.7. This
relies on a theorem of K.-W. Lan, [18]. Recall that in case A, the group G
is a unitary similitude group sitting in an exact sequence

0→ ResF0/QG1 → G→ Gm → 0 .

Theorem 5.8. Assume that in case A, the group G1/F0 is compact at one
infinite place of F0, i.e. is isomorphic to U(0, n). Then the flat closure of
MKp ⊗ Ep in MKp is proper.

Remark 5.9. The proof does not show that MKp itself is proper.

Proof. We use Theorem 5.3.3.1 of [18]. We feel that it is worthwhile to
make explicit the objects occuring in this theorem. First, the set of primes,
denoted � in [18], can be chosen to be the empty set. Then MH lives over
S0 = SpecE and becomes after base-change to Ep equal toMKp⊗Ep, where
H and Kp are supposed to give corresponding level structures. We take M ′

equal to the flat closure ofMKp⊗Ep inMKp , living over S′ = SpecOEp . Let
S′1 = SpecEp. Then condition (1) is satisfied tautologically, and condition
(2) is verified as in [17], page 392. Finally, condition (3) is ensured by the
signature condition, cf. Remark 5.3.3.2 in [18]. �

6. Fixed points of correspondences

In order to prove the theorem, we can make the following assumptions.
First, fix a sufficiently small compact open subgroup Kp ⊂ G(Apf ) such

that fp is bi-Kp-invariant. In fact, assume that fp is the characteristic
function of KpgpKp divided by the volume of Kp for some gp ∈ G(Apf ).

Further, let Kp ⊂ G(Zp) be a normal subgroup, such that h is bi-Kp-
invariant; we assume that h is the characteristic function of Kpgp divided
by the volume of Kp for some gp ∈ G(Zp). We have the following diagram,
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where Kp
gp = Kp ∩ (gp)−1Kpgp.

MKp,K
p
gp

p̃1
yy ��

p̃2
%%

MKp,Kp

��

MKp
gp

p1
xx

p2
&&

MKp,Kp

��

MKp MKp

Here, the left-hand diagonal projections are the natural projections, whereas
the right-hand diagonal projections are (in the upper case) the composite
of the natural projection MKp,K

p
gp
→ MKp,(gp)−1Kpgp with the action of

(gp, g
p), which gives an isomorphism MKp,(gp)−1Kpgp

∼=MKp,Kp .
Let Φp :MKp⊗κEp →MKp⊗κEp be the Frobenius morphism. Our first

goal is to describe the fixed points of the lower correspondence restricted

to the special fibre composed with the Frobenius correspondence Φj
p.

6 In
fact, remembering that our model is not always topologically flat, it will be
enough to describe those fixed points that lie in the closure of the generic
fibre. This is done (under slightly stronger, but unnecessary assumptions)
in [17]. Let us recall the description.

By definition, a fixed point of the correspondence is a point (A, ι, λ, η) ∈
MKp

gp
(F̄p) such that (A, ι, λ, η) and σr(A, ι, λ, ηgp) define the same point of

MKp(F̄p), where σ is the p-th power map on F̄p and σr(A, . . .) is obtained

through extension of scalars along σr from (A, . . .).
This translates into the condition that there is some prime-to-p-isogeny

u : σr(A)→ A compatible with ι and sending σr(ηgp) into η, and such that
there is some c0 ∈ Z×(p) with u∗λ = c0σ

r(λ). At this point, let us recall some

definitions from [17].

Definition 6.1. (i) A virtual abelian variety over Fpr is a pair A = (A, u)

consisting of an abelian variety A up to prime-to-p-isogeny over F̄p with a

prime-to-p-isogeny u : σr(A)→ A.

(ii) A homomorphism between two virtual abelian varieties A1, A2 is a ho-
momorphism f : A1 → A2 such that fu1 = u2σ

r(f).

(iii) The Frobenius morphism πA ∈ End(A) of a virtual abelian variety is the
composition u ◦ Φr, where Φ : A→ σ(A) is the relative Frobenius over F̄p.
(iv) For a rational number c of the form c = prc0 with c0 ∈ Z×(p), a c-

polarization of a virtual abelian A = (A, u) is a Q-polarization λ : A → A
∨

(i.e., λ is only a quasi-isogeny, and some multiple of λ is a polarization)
such that u∗λ = c0σ

r(λ).

6Here, we follow the conventions on correspondences and associated maps on cohomol-
ogy that is used in [28]. In particular, we compose p1 with the Frobenius correspondence;
in [17], p2 is composed with the Frobenius correspondence instead. We note that Kottwitz
uses the same correspondence associated to gp, but constructs out of it a map on coho-
mology that goes the other way; this results in giving the inverse of the action of gp on
the cohomology, i.e. the action of (gp)−1. This leads to the occurence of the characteristic
function of Kp(gp)−1Kp later in Kottwitz’ paper, instead of fp.
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We remark that the category of abelian varieties over Fpr forms a full
subcategory of the category of virtual abelian varieties over Fpr in the obvi-
ous way. Moreover, a polarization of an abelian variety over Fpr induces a
pr-polarization of the associated virtual abelian variety.

Proposition 6.2. Let A = (A, u) be a virtual abelian variety over Fpr . Then

A[p∞] descends via u|σr(A[p∞]) to a p-divisible group H over Fpr , which we

sometimes also denote by A[p∞]. Moreover, if λ is a c-polarization of A, and

d ∈ Zpr has norm Nd = ddσ · · · dσr−1
= c−1

0 , and L is the 1-dimensional Zp-
local system over Fpr corresponding to d, then λ induces a twisted principal
polarization

λ[p∞] : A[p∞]→ A[p∞]∨ ⊗ L .

Proof. As u is a prime-to-p-isogeny, it becomes an isomorphism on the p-
divisible group. To check that the descent is effective, it suffices to check
this on pm-torsion points for all m; but restricted to the pm-torsion points,
everything is defined over a finite subextension of F̄p. Under the correspond-

ing identification of σk(A[pm]) with A[pm] for k large, some power of u has
to be the identity morphism (because there are only finitely many automor-
phisms of a finite flat group scheme over a finite field, as the ring of global
sections is finite). This shows that we actually get a Galois descent datum.
We leave the verification about polarizations to the reader. �

In particular, from a fixed point of the correspondence, we get a c-
polarized virtual abelian variety A over Fpr , with an action ι of OB, com-
patible with the polarization λ, i.e. a triple (A, ι, λ). Note that the previ-
ous proposition associates to (A, ι, λ) a p-divisible group with D-structure
H = (A[p∞], ι|A[p∞], λ[p∞],L) over Fpr . Conversely a triple (A, ι, λ) whose
associated p-divisible group with extra structure is a p-divisible group with
D-structure, together with a suitable level structure η of type Kp

gp , will give
a fixed point of the correspondence.

By the existence of a level structure of type Kp, we know that for all
` 6= p, the rational `-adic Tate module V`A is isomorphic to V ⊗Q`; fixing an
isomorphism, the Frobenius morphism πA ∈ End(A) gives rise to a B-linear
automorphism of V`; we define γ` ∈ G(Q`) as its inverse. Its conjugacy class
is well-defined, and the elements combine into a conjugacy class γ ∈ G(Apf ).

Now assume that x ∈MKp
gp

(F̄p) lies in the closure of the generic fibre, so

that XH 6= ∅. Then our local considerations give an element δ ∈ G(Qpr),

well-defined up to σ-conjugation by G(Zpr). It satisfies κG⊗Qp(pδ) = µ].
We have the following proposition.

Proposition 6.3. There is a unique semisimple stable conjugacy class γ0 ∈
G(Q) such that (γ0; γ, δ) is a degree-j-Kottwitz triple.

Proof. Uniqueness is clear; for existence, follow the arguments in [17], Sec-
tion 14. �

Proposition 6.4. The invariant α(γ0; γ, δ) ∈ K(I0/Q)D is trivial.

Proof. Follow the arguments in [17], Section 15. �
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Our next aim is to parametrize fixed points in the isogeny class of the
virtual abelian variety with extra structure (A, ι, λ), following the discussion
in [17], page 431 – 433. Let I/Q be the group of self-quasiisogenies of (A, ι, λ)
(preserving λ up to a scalar in Q×); it is an inner form of the centralizer
I0 of γ0 in G. Consider the set Y of fixed points y ∈ MKp(F̄p) that lie
in the closure of the generic fibre, equipped with a B-linear quasiisogeny
ϕ : A′ → A preserving the polarization up to a scalar in Q×, from the
associated triple (A′, ι′, λ′) to (A, ι, λ). The set of such fixed points itself is
then given by I(Q)\Y . Let N be the rational Dieudonné module of A[p∞],
which is a Qpr -vector space.

Proposition 6.5. There is an injection from Y into the set of OB-stable
selfdual Zpr -lattices Λ′ ⊂ N satisfying pΛ′ ⊂ pδσΛ′ ⊂ Λ′, together with an
element z ∈ G(Apf )/Kp satisfying z−1γz ∈ gpKp. In that case, (Λ′, F =

pδσ) is the Dieudonné module associated to A′[p∞] (with extra structure).

Proof. As we consider abelian varieties up to prime-to-p-isogeny, it is clear
that Λ′ determines (A′, ι′, λ′). The element z describes the level structure of
type Kp

gp , cf. [17], page 432. We note that as we are using slightly different

conventions on correspondences, a fixed point satisfies η = σr(ηgp); this
translates into η = πAηg

p modulo Kp, or equivalently z = γ−1zgp modulo
Kp, which means that z−1γz ∈ gpKp. �

By Lemma 3.1 (and the remark following it), the lattice Λ′ can be equiva-
lently described by giving an element w ∈ G(Qpr)/G(Zpr), where Λ′ = wΛ.
The corresponding δ′ ∈ G(Qpr) up to σ-conjugation by G(Zpr) is then given
by δ′ = w−1δwσ.

We will check in the next section that a fixed point giving rise to (Λ′, z)
contributes the summand

φτ,h(δ′)tr ξ(γ0)

to the Lefschetz trace formula. Conversely, note that if (Λ′, z) is as in the
previous proposition and φτ,h(δ′) 6= 0, then necessarily the pair (Λ′, z) comes
from an element of Y : Namely, the function φτ,h is nonzero only at those
elements whose associated p-divisible group with extra structure does satisfy
the determinant condition, i.e. is a p-divisible group with D-structure.

Summarizing, we get the following proposition.

Proposition 6.6. The contribution of fixed points isogenous to (A, ι, λ) is
given by

vol(I(Q)\I(Af ))Oγ(fp)TOδσ(φτ,h)tr ξ(γ0) .

Proof. For the remaining easy verifications, see [17], page 432. �

Our main theorem now follows from the results of the application of the
Lefschetz trace formula given in the next section (affirming the form of the
contribution of fixed points used above) by going through the rest of the
paper of Kottwitz, Sections 17 – 19, which give a full description of the set
of isogeny classes.
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7. Application of the Lefschetz trace formula

We want to evaluate tr(τ × hfp|H∗ξ ) via the Lefschetz trace formula. Let
us recall the correspondence

MKp,K
p
gp

p̃1
yy ��

p̃2
%%

MKp,Kp

��

MKp
gp

p1
xx

p2
&&

MKp,Kp

��

MKp MKp

The upper correspondence in the diagram above extends canonically to a
cohomological correspondence u : p̃2!p̃

∗
1Fξ,Kp,Kp −→ Fξ,Kp,Kp induced from

the action of (gp, g
p). Let

(gp, g
p)∗ : H∗(MKp,Kp ⊗ Q̄p,Fξ,Kp,Kp) −→ H∗(MKp,Kp ⊗ Q̄p,Fξ,Kp,Kp)

be the associated map on cohomology. Of course, τ also acts on the coho-
mology, and it is a standard fact that

tr(τ × hfp|H∗ξ ) = tr(τ × (gp, g
p)∗|H∗(MKp,Kp ⊗ Q̄p,Fξ,Kp,Kp)) .

We rewrite the cohomology group using proper base change and Propo-
sition 5.5

H∗(MKpKp ⊗ Q̄p,Fξ,Kp,Kp) = H∗(MKp ⊗ Q̄p, πKp,Kp∗Fξ,Kp,Kp)

= H∗(MKp ⊗ F̄p, RψπKp,Kp∗Fξ,Kp,Kp)

= H∗(MKp ⊗ F̄p,Fξ,Kp ⊗RψπKp,Kp∗Q`) .

We have cohomological correspondences p2!p
∗
1Fξ,Kp → Fξ,Kp induced from

gp and p2!p
∗
1RψπKp,Kp∗Q` → RψπKp,Kp∗Q` induced from gp. Their ten-

sor product gives a cohomological correspondence on Fξ,Kp ⊗RψπKp,Kp∗Q`

which induces in cohomology the map (gp, g
p)∗ under the isomorphism of

cohomology groups

H∗(MKpKp ⊗ Q̄p,Fξ,Kp,Kp) ∼= H∗(MKp ⊗ F̄p,Fξ,Kp ⊗RψπKp,Kp∗Q`) .

Finally, because MKp ⊗ F̄p is defined over the finite field κEp , we also
have the Frobenius correspondence

MKp ⊗ F̄p
Φjp←−MKp ⊗ F̄p

=→MKp ⊗ F̄p .

The action of WEp on the vanishing cycles gives rise to a cohomological cor-

respondence Φj∗
p RψπKp,Kp∗Q` → RψπKp,Kp∗Q` induced by τ ∈ FrobjIEp ,

and because Fξ,Kp is also defined over κEp , we have a cohomological corre-

spondence Φj∗
p Fξ,Kp → Fξ,Kp . Their tensor product gives a cohomological

correspondence on Fξ,Kp ⊗RψπKp,Kp∗Q` which in cohomology

H∗(MKpKp ⊗ Q̄p,Fξ,Kp,Kp) ∼= H∗(MKp ⊗ F̄p,Fξ,Kp ⊗RψπKp,Kp∗Q`)

gives the action of τ .
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Now we take the composite correspondence

MKp ⊗ F̄p
Φjp◦p1←− MKp

gp
⊗ F̄p

p2→MKp ⊗ F̄p

with the composite cohomological correspondence

u : p2!(Φ
j
p ◦ p1)∗Fξ,Kp ⊗RψπKp,Kp∗Q` → Fξ,Kp ⊗RψπKp,Kp∗Q` .

This induces a map on

H∗(MKpKp ⊗ Q̄p,Fξ,Kp,Kp) ∼= H∗(MKp ⊗ F̄p,Fξ,Kp ⊗RψπKp,Kp∗Q`)

which is given by τ × (gp, g
p)∗ by our previous considerations. We are inter-

ested in calculating its trace.
Now we use the Lefschetz trace formula in the form given in Theorem

2.3.2 b) of [28].

Theorem 7.1. The Lefschetz trace formula gives

tr(τ × hfp|H∗ξ ) =
∑

x∈M
K
p
gp

(F̄p)

(Φjp◦p1)(x)=p2(x)

tr(ux) ,

where the local term tr(ux) is the naive local term given as the trace of the
morphism

ux : (Fξ,Kp ⊗RψπKp,Kp∗Q`)(Φjp◦p1)(x)
∼= ((Φj

p ◦ p1)∗(Fξ,Kp ⊗RψπKp,Kp∗Q`))x

→ (p∗2(Fξ,Kp ⊗RψπKp,Kp∗Q`))x
∼= (Fξ,Kp ⊗RψπKp,Kp∗Q`)p2(x) ,

the middle map being induced by u (noting that p2! is left-adjoint to p∗2, p2

being étale), and the outer two terms are identified, x being a fixed point.�

Note that the local term vanishes unless x lies in the closure of the generic
fibre; in that case we have associated a degree-j-Kottwitz triple (γ0; γ, δ) to
x. The morphism ux naturally factors as the tensor product of its actions
on Fξ,Kp and RψπKp,Kp∗Q`, so that tr(ux) factors into the product of the
corresponding terms. The trace on Fξ,Kp is computed by Kottwitz to be
tr ξ(γ0) in [17], pages 433 – 434. We are left with the trace on RψπKp,Kp∗Q`.
Using Proposition 5.4, one may express the vanishing cycles in terms of
the cohomology of the deformation spaces of the p-divisible group H over
Fpr associated to the fixed point x as in the last section. Going through
all identifications, this shows that the second factor is exactly φτ,h(δ), as
desired.
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