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ON THE COHOMOLOGY OF COMPACT UNITARY
GROUP SHIMURA VARIETIES AT RAMIFIED SPLIT

PLACES

PETER SCHOLZE, SUG WOO SHIN

ABSTRACT. In this article, we prove results about the cohomology of
compact unitary group Shimura varieties at split places. In nonendo-
scopic cases, we are able to give a full description of the cohomology,
after restricting to integral Hecke operators at p on the automorphic
side. We allow arbitrary ramification at p; even the PEL data may be
ramified. This gives a description of the semisimple local Hasse-Weil
zeta function in these cases.

We also treat cases of nontrivial endoscopy. For this purpose, we give
a general stabilization of the expression given in [39], following the stabi-
lization given by Kottwitz in [26]. This introduces endoscopic transfers
of the functions ¢, » introduced in [39]. We state a general conjecture
relating these endoscopic transfers with Langlands parameters.

We verify this conjecture in all cases of EL type, and deduce new re-
sults about the endoscopic part of the cohomology of Shimura varieties.
This allows us to simplify the construction of Galois representations
attached to conjugate self-dual regular algebraic cuspidal automorphic
representations of GL,, as previously constructed by one of us, [42].
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1. INTRODUCTION

This paper deals with the problem of determining the Galois action on
the cohomology of Shimura varieties, specifically at places of bad reduction.
Let us first briefly recall the expected description, due to Langlands.

Let Shi be some Shimura variety associated to a reductive group G over
Q and a compact open subgroup K C G(Ay), and some additional data.
It is defined over a number field E, canonically embedded into C. For
definiteness, let us assume that the Shimura variety is compact, as we will
only deal with this case; it is equivalent to requiring that G is anisotropic
modulo center!. Then one considers the etale cohomology groups

H = @Hgt(ShK ®rQ, Q) ,
K

which carry an action of G(A¢) (via Hecke correspondences) and of Gal(Q/E).
In the main body of the paper we consider the cohomology groups with co-
efficients in a local system associated to an algebraic representation £ of G,
where everything works without essential change. Let H* be the alternating
sum of the H' in a suitable Grothendieck group; then one can write

H* = Zﬂ'f@O’(T[’f) ,
s

where 7; runs through irreducible admissible representations of G(Ay), and
o(ms) is some virtual finite-dimensional representation of Gal(Q/E).

If one forgets about the action of Gal(Q/E) and is only interested in
describing the G(A)-action, then one can base-change to C and use Mat-
sushima’s formula, which computes the cohomology as the real-analytic de
Rham cohomology of Shi(C). As Shg(C) is a (finite disjoint union of)
locally symmetric varieties for G(R), automorphic forms for G enter the
stage, and in particular one sees that if 7y appears in H*, then there is
some Ty, such that 7y ® m is an irreducible automorphic representation
of G(A). Using relative Lie algebra cohomology of 7, one expresses the
contribution of any automorphic representation 7y ® 7o of G(A) to H*.

The situation becomes more complicated when one is trying to understand
the Galois action. Let us recall the general recipe given in Kottwitz’ paper
[26]. Let us restrict to the contribution of tempered representations for
simplicity. (The general case is similar, using A-parameters instead.) Let
us remark that tempered representations should only show up in the middle
degree cohomology, so that this really only gives part of the whole picture.

First, note that any irreducible automorphic representation 7 of G(A)
should give rise to a global Langlands parameter, which should be some
map

o Lo = e
where Lg is the conjectural global Langlands group, and LG is the L-group
of G, which is the semidirect product of the dual group G over C and
Gal(Q/Q). The parameter ¢, should be discrete due to our assumption on
G. Fix an isomorphism Q; = C. Henceforth the subscript ¢ for a complex

" the general case, one considers the intersection cohomology groups of the Baily-
Borel compactification, and similar results are expected. cf. [33].
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group will designate the base change from C to Q;. In the cases of interest
here, such a parameter ¢, should be closely related to an f-adic Galois
representation

¢ne: Gal(Q/Q) — LGy .
2 A discrete tempered global Langlands parameter
p: Lo — e

upon restriction to each place v of QQ, should give rise to local L-packets
II(¢y), finite sets of isomorphism classes of representations of G(Q,). We
let Iz (p) be the set of isomorphism classes of irreducible admissible repre-
sentations 7y of G(Ay) such that m, € II(p,) for all p.

On the other hand, the data defining the Shimura variety give rise to a
natural representation

r:Y(GegE)— GLy ,

for some integer N. In particular, one gets an f-adic Galois representation
70 Vel car@/E):

Gal(Q/F) % L(G ®g E)y = GLN(Qy) .

A first approximation would be that the contribution of tempered represen-
tations to H* is given by (up to twists)

Z Z m(mp)my @ (1o il ca@/m)) - (1)

¥ ﬂfEHf(gﬂ)

Here m(my) are certain (possibly negative) integers related to multiplicities
of automorphic representations.

This approximation turns out to be correct in the situations where one can
ignore endoscopy. A part of this paper will be restricted to such situations,
but the construction of Galois representations requires working in a more
general context.

The additional ingredient needed is the group S, C G of self-equivalences

of ¢, i.e. the subgroup of G which centralizes the image of ¢ up to a locally
trivial 1-cocycle of Lg into Z(G), cf. [20], §11. Let S, = S@/Z(é), which
is a finite abelian group in the cases of interest®. If S, is trivial, then the
contribution of ¢ to (1) should be correct. Such ¢ are called stable.

To give the general recipe, let us look at the corresponding f-adic ver-

sion. We get an action of Sy, on the Galois representation r o ¢y|gaq/p)-

~

One checks that the subgroup Z(G), acts by a certain fixed character p;.
Let v be a character of S, , whose restriction to Z (é)g is 1, and denote
by (1 o @elgayq/e))v the direct summand of 7 o ¢¢|qa@/p) on which Sy,
acts through the character v. Note that the set of such v is a principal
homogeneous space under the dual group of G,.

2We refer to [8] for a detailed discussion of this point. There is some subtle twisting
issue which we ignore here.
3In fact, in most cases it is just a product of some copies of Z/2Z.
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Now, the general contribution of tempered representations to H* should
be (up to twists)

Z Z mef, v)ms ® (1o rlcaq/e)v - (2)

® 7Tf€Hf

Again, m(ms,v) are certain integers, whose general definition is somewhat
subtle.

The object of this paper is to verify such a description in as many cases
as possible. As even the ingredients in this formula remain largely conjec-
tural, one has to be more specific about the precise statement one wants to
prove. We fix a prime p of F above a rational prime p # ¢, and restrict the
representation of Gal(Q/E) to the Weil group Wg, of E,. Then m, has a
local L-parameter, which gives a map

er, : Wa Lgy .

P

One expects that if 7; € TI(¢), then ¢, is the restriction of ¢, to the local
Weil group; this is known as the local-global compatibility. In particular,
we have

(r o @elca@ye)) lwe, =10 @m,lwg,
so that the local Weil group representations are determined by the local com-

ponents of the representation 7y. We want to prove that the contribution
of tempered representations to H* is

> X Zm”fa v)ms @ (10 @m,lwg, v (3)

%] WfEHf( )

as a virtual G(Ay) x Wg,-representation.

This still requires the existence of the local Langlands correspondence for
the group G(Q,). By [15] and [17], it is known for general linear groups.
It is in this setup that we prove our results. In other words, we start
with a Shimura variety associated to a reductive group G over Q which
is anisotropic modulo center, such that locally at p, G is a product of Weil
restrictions of general linear groups. As G will be a unitary (similitude)
group in this case, we use the term compact unitary group Shimura vari-
eties, and the prime p is called a split place.* We note that we allow both
the representation 7, and the implicit CM field defining the unitary group
G to be ramified at p.

Our first theorem is the following. Here, we allow coefficients given by
a general irreducible algebraic representation £ of G. The corresponding
cohomology group is denoted H, g

Theorem 1.1. Assume that Sh is a compact unitary group Shimura variety,
p is a split place, and endoscopy is trivial, as in [27]. Then

HE = a(mp)ms @ (ro om,lwg, )| - |75/
Tf

A slightly unfortunate terminology, as it only implies that Gg, is quasisplit, but not
that it is split. A justification is that the primes above p should be split between the
totally real field and its CM quadratic extension defining the hermitian form for G.
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as a virtual G(A?) x G(Zp) x Wg,-representation. Here mp runs through
irreducible admissible representations of G(Ay), the integer a(ny) is as in
[27], p. 657, and @r, is the local Langlands parameter associated to my. Also
G(Zp) is a certain mazimal compact subgroup of G(Qp).

The restriction of the G(Qp)-action to G(Z,) is due to our method of
proof. Let us remark that in the situation of the theorem, one expects that
the p-component 7, is determined by w?. Granting this, the identity would
extend to an identity of G(Ay) x Wg,-representations. Unconditionally, the
theorem gives a description of the semisimple Hasse-Weil zeta function.

Corollary 1.2. In the situation of the theorem, let K C G(Ay) be any
sufficiently small compact open subgroup. Then the semisimple local Hasse-
Weil zeta function of Shi at the place p|p of E is given by

(S (Shi, s) = [ L%(s — dim Sh/2, my, )20 dim st
Tf

We remark that in these nonendoscopic cases, no form of the fundamental
lemma or related work is needed, except for the existence of base change
transfers for GL,,, as proved by Arthur-Clozel, [3].

The second theorem is a description of the cohomology of compact unitary
group Shimura varieties at split primes in endoscopic cases. In this case, the
full machinery of endoscopy (for unitary groups) is used, and we have to
make some additional assumptions concerning our data to establish uncon-
ditional results. Specifically, consider a unitary group G relative to a CM
quadratic extension F'/Fy such that F' contains an imaginary quadratic field
K. We assume that Fy # Q. Fix a rational prime p split in K and a prime
p of the reflex field F above p. We assume that G is quasisplit locally at all
finite places but we do not fix the signature at infinity, except that G has a
compact factor at one infinite place. The group G(Ax) admits an order 2
automorphism 6 induced by the complex conjugation on /. Let II be a 6-
stable automorphic representation of G(Ax) = GL1(Ax) x GL,,(Ar) which
has infinite component determined by £. We define a virtual representation
of Gal(Q/E)

H{(np) = Homga, (7, Hf) (4)
and also the Il-part H¢ (II) of H;. The latter is roughly the sum of H; (7y)

over the set of 7y whose base change is I (cf. (25)). We consider two cases,
which are loosely described as:

e (Case ST) II is cuspidal.
e (Case END) II is induced from a 6-stable cuspidal automorphic rep-
resentation on a maximal proper Levi subgroup of G(Ax).

Theorem 1.3. The following hold up to an explicit constant (cf. (26)). In
(Case ST)
HE (D) w, = (10 @, lw, )| - |~ 9502

In (Case END) there exists a natural decomposition

ro (PWP|WE|J = (T 0 (107Tp|WEp)1 + (’I" 0 ¢Wp|WEp)2
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into two representations, and some i € {1,2} depending only on II such that
— dim Sh/2
HZ (Diwy, = (70 @m wg, )il - |~ 5752

As a corollary of this theorem, one can reprove the existence of Galois rep-
resentations associated to regular algebraic conjugate selfdual cuspidal au-
tomorphic representations of GL,, over CM fields, as previously constructed
by one of us, [42], c¢f. Theorem 11.1. We can also reprove the Ramanujan-
Petersson conjecture at unramified places, cf. [11]:

Corollary 1.4. Let F be a CM field, and let I1 be a reqular algebraic con-
Jugate selfdual cuspidal automorphic representation for GL,(Ag). Then for
all finite places v of F' lying above a rational prime p above which F and 11
are unramified, the component 11, is tempered.

Although our theorem gives information in the ramified case as well, we
do not see a direct way of proving temperedness at ramified places, as done
by Caraiani, [9].

Let us explain the strategy of proof. This paper is a sequel to [39]. We
recall that under certain circumstances, the main theorem of [39] gives an
equality of the form

tr(r < hfPIHE) = > e(0:7,0) 04 (fP) T Os6 (¢rn) tré(r0) ()
(7037,9)
a(y0;7,0)=1

for the trace of a Hecke operator hfP twisted with an element of the local
Weil group 7 at a prime p|p of the reflex field E. We refer to Section 4,
especially Theorem 4.1, for a precise statement. Here, h € C:°(G(Z,)) for
a certain extension of G to a group scheme over Z,). There is no naive
generalization of this theorem to general h, and for this reason our method
only gives information about the G(A%) x G(Zy) x W, -action.

We give a general stabilization of this expression, following the arguments
of Kottwitz in [26]. Write E.1(G) for the set of isomorphism classes of elliptic
endoscopic triples for G. For (H,s,n) € Eun(G), let fH = fH’pffhng
be the function on H(A) obtained from fP, ¢, and &. Here fHP is the
usual transfer of fP, whereas ffh is a twisted transfer of ¢, relative to
a suitable L-morphism. The function ng at infinity is an explicit linear
combination of pseudo-coeflicients for discrete series. Let STe}ﬁ denote the

stable distribution on H(A) given as the sum of stable orbital integrals on
elliptic semisimple elements of H(Q).

Theorem 1.5. The formula (5) is stabilized as follows, where the sum runs
over E(G).

tr(r x hfP|H{) = Z UG, H)STH (™)
(H,s,n)

To apply Theorem 1.5, it is essential to understand character identities
satisfied by ffh. We are able to formulate a precise conjecture, cf. Con-
jecture 7.1 and Conjecture 7.2, which is purely local in nature and may be
thought of as a common generalization of the identities [38, Thm 1.2.(a)]
and [26, (9.7)]. As explained in the introduction of [39], it is also related to



ON THE COHOMOLOGY OF SHIMURA VARIETIES 7

a conjecture of Kottwitz about similar functions arising via the bad reduc-
tion of Shimura varieties of parahoric type, and related ideas were expressed
recently by Haines.

The conjecture relates (the endoscopic transfers of) the functions ¢,y
arising from deformation spaces of p-divisible groups with the local Lang-
lands Correspondence. In this sense it is similar in spirit to the conjectures
that describe the cohomology of Rapoport-Zink spaces in terms of the local
Langlands Correspondence; the precise relation between the two points of
view remains to be clarified. Let us only mention here that our conjecture
has the advantage that all Langlands parameters of H occur in the same
way, as was the case in [38], Theorem 1.2.

As evidence we verify the conjecture when all data are unramified, cf.
Lemma 7.3. More importantly, we prove the conjecture in all cases of EL
type, cf. Corollary 8.6. This extends the result of [38], Theorem 1.2, to
arbitrary signature. We stress here that we allow ramified EL data.

Granting this conjecture, we follow the arguments of [26] and verify that
for any compact PEL type Shimura variety of type A or C one gets the ex-
pected description of the cohomology, assuming some additional hypotheses
on the global A-packet classification and the stable trace formula, as in [26].
This justifies the general form of the conjecture.

Knowing the general character identities satisfied by (the endoscopic trans-
fers of ) the test function ¢, j, our main theorems follow from Theorem 1.5
and applications of suitable trace formulas.

We remark on one more application of our arguments in the nonendoscopic
case. Namely, we prove that for certain compact unitary group Shimura va-
rieties without endoscopy, all Newton strata are nonempty at ”split” places
in the above sense, cf. Corollary 8.3 and Corollary 8.4. In particular, this
proves that the deformation spaces considered in [39] are algebraizable in
all cases of EL type, cf. Corollary 8.5.

Let us summarize the content of the different sections. In the first sec-
tions, we give the stabilization leading to Theorem 1.5. We also explain
the process of pseudostabilization in the nonendoscopic case, cf. Section 5.
Afterwards, we state the conjecture about the character identitites satisfied
by the endoscopic transfers ffh of ¢, in Section 7. This will involve the
theory of the stable Bernstein center, which we recall in Section 6. We go on
by proving the conjecture in cases of EL type in Section 8. The last sections
apply this result to prove our main theorems. We note that a reader only
interested in our results in the nonendoscopic case finds the argument in
Section 5, the first half of Section 8, and Section 9.
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2. KOTTWITZ TRIPLES

The definitions of this section are group-theoretic and do not require any
reference to Shimura varieties even though that is where the motivation
comes from. Let G be a connected reductive group over Q with Ag the
maximal split component of its center such that

(1) (G/Ag)(R) contains a compact maximal torus,

(2) G9r is simply connected,

(3) Gq, is quasisplit.
Condition (1) is indispensable. Both (2) and (3) are not essential, but are
assumed to avoid complication.

Let h : Resc/rGy — Gr be a group morphism. Taking the basechange
to C, this gives rise to a morphism G, x G,, — G¢, and we denote the first
factor by u : G,y — Gge. Choosing a maximal torus T of G over C, one
can replace p by a conjugate which factors over T this induces by duality
a cocharacter of T. Restricting this cocharacter to Z (G) gives an element
€ X*(Z (G)) independent of all choices®.

The G(C)-conjugacy class fr of u has its field of definition £ C C, which
is finite over Q. We fix a prime p of E above p. Let f(p) denote the inertia
degree of Ej, over Q.

Set L to be the fraction field of W (F,). Write B(Gq,) for the set of
o-conjugacy classes in G(L). Let

ka,p: B(Gg,) — X*(Z(G)'®)

denote the Kottwitz map, cf. [26], Section 6. Here I'(p) denotes the absolute
Galois group of Q,. Use G(Q)ss to denote the set of semisimple elements in

G(Q).

Definition 2.1. Let j > 1 be an integer, and set r = jf(p). A degree j
Kottwitz triple (v9; 7, d) consists of 70 € G(Q)ss, ¥ € G(AZ}) and 6 € G(Qpr)
such that

e g is elliptic in G(R),

e v and 7y are stably conjugate in G(Qy) for all v # p, oo,

e vy and N§ = 56967 are stably conjugate, i.e. conjugate in

G(Qp);

o kg p(0) = —p in X*(Z(G)F®),
Two triples (70;7,0) and (vy;7',d") are considered equivalent if o ~s ),
§ ~g 0" and~y, ~ 7, for allv # p,00. Denote by KT; (a set of representatives
for) equivalence classes of degree j Kottwitz triples.

5Any opinions, findings and conclusions or recommendations expressed in this material
are those of the author(s) and do not necessarily reflect the views of the National Science
Foundation.

61 particular, we revert back to the normalization used by Kottwitz, which is different
from the one used in [39].
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Let Iy be the cenAtralizer (lf Y0 in G. Kottwitz defines an invariant
Bu(70;7,6) € X*(Z(1p)" ™ Z(G)) for each place v of Q in [26], Section 2.
Set R(I/Q) = NyZ(Iy)' ™ Z(G). The product

B(70:7,6) = [ ] 8007, 8) 501, ) € X (R(16/Q))

~

is trivial on Z(G) by construction, hence defines a character a(vp;7y,d) of
R(Ih/Q) = (N Z(10)" ™ 2(G))/Z(G).

3. ENDOSCOPIC TRANSFER OF TEST FUNCTIONS

In this section we define the test functions needed to stabilize the formula
given in Theorem 4.1 below, following Kottwitz.

First, we recollect some general facts about endoscopy. Let F' be a local
or global field of characteristic 0. Let G be a connected reductive group
over F'. As in the last section, we assume for convenience that

e Gder i simply connected.

Let (H,s,n) € £(G) be an endoscopic triple consisting of a quasi-split con-
nected reductive group H over F', an element s € Z (ﬁ) and an embedding
of complex Lie groups 7 : H-— G satisfying the conditions of [20, 7.4]. Such
a triple is elliptic if (Z(H)')? ¢ Z(G). The notion of isomorphism for en-
doscopic triples is defined in [20, §7]. We use the Weil form of the L-group,
and fix an L-morphism “H — G extending 7, which exists since GI°* is
simply connected ([31, Prop 1]). The latter L-morphism is also denoted n
by abuse of notation. Write £(G) (resp. & (G)) for the set of isomorphism

classes of endoscopic (resp. elliptic endoscopic) triples for G.

3.1. Places v # p,00: Untwisted endoscopy. Now assume that [’ is a
local field. Langlands and Shelstad ([32]) define a transfer factor

A H(F)ss,(G,H)—reg X G(F)SS — (C,

which is canonical up to a nonzero constant. Some basic properties are that
A(~yg,7) depends only on the stable conjugacy class of vy and the G(F)-
conjugacy class of v and that A(yg,y) = 0 unless vy is (G, H)-regular and
associated to v. The fundamental lemma and the transfer conjecture, which
are now theorems due to Ngo6, Waldspurger and others (see [46], [34] and
references therein), assert

Theorem 3.1. For each f € C°(G(F)), there exists a fH € C*(H(F))
such that for every ya € H(F)s (G, H)-reg

SOR® () = 3" A(ym,7)e(G)0SH)(f)
'VEG(F)SS/N

where v runs over the set of representatives for all conjugacy classes in
G(F)ss and G, denotes the centralizer of v in G. Now assume that H, G
and n are unramified and that f € H"(G(F)). Then A can be normalized
such that fH = n*(f) satisfies the above formula, where n* : H(G(F)) —
HY(H(F)) is the natural induced morphism of unramified Hecke algebras.
In particular, if f is the idempotent associated to a hyperspecial maximal
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compact subgroup, then one may take fH as the idempotent of a hyperspecial
mazimal compact subgroup as well.

We will say that fH as above is an (n-)transfer of f.

Remark 3.2. Our transfer factor follows the convention of [32] and [24],
which are opposite to the one of [26]. (See [26, p.178] and [33, p.201].) This
introduces the sign change s — s~! when citing results from the latter.

3.2. Place p: Twisted endoscopy. Let us recall the setup in which func-
tions ¢, , were defined in [39]. In particular, we have a quasisplit reductive
group G over Q, and a conjugacy class @ of cocharacters p : G,, — G@p

with field of definition E C Q,.” We get uj € X*(Z((A})) Let f be the
inertial degree of the extension E/Q,, and let r = jf for some j > 1. In
[39], certain functions ¢, € C°(G(Qpr)) are defined, depending on 7 in
the Weil group of E, acting as the j-th power of geometric Frobenius on the
residue field, and h € C°(G(Zp)) for a suitable integral model of G. One
important property is that

o ¢.4(8) =0 unless kg (6) = —p1 in X*(Z(G)F®).

Here kg : B(G) = X*(Z(G)'®) is the Kottwitz morphism as above.

We want to define the twisted endoscopic transfers of ¢, . Let (H,s,n) €
&(Gg,) be any endoscopic triple. First, we are going to give the construction
of the endoscopic transfer fTHh of the function ¢} when s € Z (ITI)F ®), 1t
will be explained at the end of this subsection what to do in the general
case where s € Z (ﬁ)r(p)Z (é) Let R, = Resg,,/0,Gq,-, equipped with
the obvious automorphism 6 such that R = G. We have an identification
R, =G x---x G (r copies) on which any lift of the arithmetic Frobenius o
acts by (g1, ...,9r) — (0(g2),...,0(gr),0(g1)). In particular, there is a natural
L-morphism ¢ : Y*G — R, sending g x w € G to (g,...,9) x w € 'R,.
Choose elements t; € Z(ﬁ)r(p) for i = 1,...,r such that t1t5---t, = s and
write t = (1, ..., t,). Consider the L-morphism

7:'H - IR, (6)

defined by 7j(h) = &(n(R)) for h € H and 7(5) = t&(n(5)) for any lift 5 € LH
of o. Then (H,t,7) is a twisted endoscopic group for (R;,0).

Ngo and Waldspurger (see [47]) showed that the twisted endoscopic trans-
fer exists. The implication in our situation is that there exists a function

ffh € C*(H(Qp)) such that for all (G, H)-regular semisimple vg € H(Q,),

SO ()= N Ay(m. 8)e(Goo)TOss(br).  (7)
(SGG(Qpr)/NU

where A, denotes the twisted transfer factor, which is nonzero exactly when
the twisted conjugacy class of § transfers to the stable conjugacy class of
vH, and Gy, is the o-centralizer of § in G.

7Here, we switch to Kottwitz’ normalization of u: Let urz denote the u considered in
[39]; then the product pprz is to be the central morphism G,, — G that sends t € G,
to multiplication by ¢ on V.
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As in our situation G is quasi-split over QQ,, more can be said about the
transfer factors. Kottwitz showed ([33, Appendix]) that if canonical transfer
factors ([33, A.1.5]) are used then

Ap(ym, ) = (705 6), 8) ™ Ap (e, 70), (8)
provided that 7o € G(Qp)ss and g have matching stable conjugacy classes.
Such a ~g exists since G is quasi-split over Q,. Henceforth we will always
choose Ap(vm,9) and Apy(ye,Y0) to be canonical transfer factors.

For later use, we recall the definition of a(~p;d) here, cf. [26, p.167]. Let
us write Iy for the centralizer of 79 in G over Q,. We have Iy C H since
v is (G,H)-regular. Recall that the set of o-conjugacy classes in Iy(L)
is denoted B(lp). Using Steinberg’s theorem, choose any d € G(L) such
that 667 --- %" ' = dyod~'. Then it turns out that d~18d° belongs to Io(L)
and yields a well-defined element of B(ly). The image of the latter element
under the Kottwitz map kp, : B(Iy) — X*(Z(I)F®)) is called a(7o; ).

Putting this together, we get

SOMW (B = 3" (a(70:0), 5) " Ay (351,70)€(Go) TOso (6r,1)-
LSGG(QPT)/NG
(9)

So far we treated the case where s € Z (ﬁ)r(p). In general, we may
write s = sgz for sg € Z(}AI)F(”) and z € Z(é) At this point, we remark
that the twisted orbital integrals T'Osq(¢7p) vanish unless kg () = —pu
in X*(Z(G)F®). This allows us to define 8(0:0) € X*(Z(Io)'® Z(G))
as the extension of a(7o;8) which is —p; on Z(G). Then (B(yp:0),s)"! =
w1(2){(B(70;9), 80) L. We define fTI?h relative to (H, s,n) as u1(z) times the
function fH relative to (H, so, ) as constructed above, so that (9) still holds
if one restricts the sum to o satisfying kg(0) = —pu1 and replaces a(vo;9)

by 8(v0;9)-

3.3. Place oo: Pseudocoefficients. In this subsection, we assume that
F = R. Moreover, we fix an algebraic representation £ of G over C. Assume
that (H, s,n) is an elliptic endoscopic triple of G. We recall a construction
of Kottwitz based on Shelstad’s theory of real endoscopy.

For a discrete series representation mg of H(R), write ¢, for its pseudo-
coefficient. For any discrete L-parameter ¢y : Wg — “H, write I1%(pg)
for its associated L-packet. Set ¢,y = [I1*(pm)| ™" Dl (pp) P Write

we : Wr — LG for the discrete L-parameter such that I1?(¢p¢) consists of
discrete series with the same central character and infinitesimal character as
€Y. Define ®g(pe) to be the set of discrete p such that new and ¢¢ are
equivalent. Set

= (mes) ™ D (=)D det(wi(on))don
PHEPH(p¢)
where det(wx(¢m)) is defined on pp.184-185 and (uy, s) ! is defined on p.185
of [26]. Kottwitz shows that for every yu € H(R)y (G H)-reg>

SOH® (7B = (5. (70), 5) ™ Ao (v, 70)e(]) tr5(70>vol<AG<R>O\I<R>>(—1 |
10
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if vy is elliptic and S OAIY{H(R) (fH) = 0 otherwise, cf. [26, (7.4), page 186]. Here
Ao (7H,70) is as on page 184 of [26], and I is the inner form of the centralizer
Iy of g in G that is anisotropic modulo center. Moreover Proposition 3.3.4
(cf. Remark 6.2.2) of [33] implies that

SOH®E) (fH) =0 (11)
if i1 € H(R)gs is not (G, H)-regular.

4. STABILIZATION - PROOF OF THEOREM 1.5

Let us first briefly recall the main theorem from [39].
Let B be a simple Q-algebra with center ' and maximal Z,-order Op that
is stable under a positive involution * on B. Let V be a finitely generated
left B-module with a nondegenerate *-hermitian form (, ). We assume that
there is an Op-stable selfdual Z,-lattice A C V', which we fix. Moreover,
we let Fy = F*=!, which is a totally real field. We assume that at all places
above p, the extension F'/Fj is unramified and the F-algebra B is split.
We let C' = Endp(V), and O¢ = Endp,(A); both carry an involution =
induced from (, ). We recall, cf. [28], p. 375, that over Q, the algebra C
together with the involution * is of one of the following types:
(A) M, x MpP? with (z,y)* = (y, ),
(C) My, with z* being the adjoint of 2 with respect to a nondegenerate
alternating form in 2n variables,
(D) My, with z* being the adjoint of z with respect to a nondegenerate
symmetric form in 2n variables.

We assume that case A or C' occurs. We get the reductive group G/Q of
B-linear similitudes of V; in fact, we can extend it to an algebraic group
over Z, as the group representing the functor

G(R) ={g € (Oc®z, R)* | gg* € R*} .

Finally, we fix a homomorphism hg : C - C®R such that hy(Z) = ho(z)* for
all z € C, and such that the symmetric real-valued bilinear form (v, hg(i)w)
on V ® R is positive definite.

We write h for the map S — G ® R from Deligne’s torus S (i.e., the
algebraic torus over R with S(R) = C*) that is given on R-valued points by
h(z) = hg(z), z € C*. Then one gets a tower Shx, K C G(Af) running
through compact open subgroups of the adelic points of G, of Shimura
varieties associated to the pair (G,h™1).

Of course, we get u and the reflex field E as before, and Shx has a
canonical model defined over E. We fix a prime p of E above p.

Finally, fix an algebraic representation & of G, defined over a number field
L, and let A\ be a place of L lying over the rational prime ¢ # p. This gives
¢-adic local systems F¢ g on Shg to which the action of the Hecke operators
extend. Now we define

H = lim H*(Shr ® Q, Fr ¢)
K

as a virtual representation of Gal(Q/E) x G(Ay).
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We make the assumption that the integral models defined in [39] are
proper; in particular, the Shimura varieties themselves need to be proper,
i.e. G needs to be anisotropic modulo center.

We choose Haar measures on various groups exactly as in [33, §5.1], cf.
also [26, §3]. We merely remark that adelic groups are given the Tamagawa
measure and that the local measures at nonarchimedean places assign ra-
tional numbers to open compact subgroups. Moreover, in our situation we
have defined a model of our group over Z,, and require that G(Z,) and
G(Z,r) get volume 1.

Now we have the following theorem from [39].

Theorem 4.1. Let 7 € W, project to the j-th power of geometric Frobe-
nius, for some j > 1. Let h € C°(G(Zy)) and fP € CSO(G(A?)). Then

(7 x BfPIHE) = Y (7057, ) Oy (fP)TOso(¢7.) tr€(70)
(70;7,0)EKT}
a(v057,9)=1

where ¢(70;7,9) is a volume constant defined as in [26, p. 172].

We remark that a priori these expressions are numbers in an algebraic
closure of Ly; we choose an isomorphism L) = C and consider everything
as C-valued from now on.

Just as (4.2) was obtained from (3.1) in [26], we derive from Theorem 4.1
that tr(r x hfP|H{) is equal to

T(G) Z Z Z <Oé(’}’0; v, 5)7 H>716(fy7 5)O’Y<fp)TOéo(¢‘r,h)

%0 R (1.0) (12)
tré(vo)vol(Aa (R)°\I(00)(R)) ",

where the inner sum runs over (v,d) such that (yp;7v,0) € KT;. Again,

I(c0) /R is the compact modulo center inner form of the centralizer I of g in

G. For every £ in the sum, fix a lift % of & to £(Iy/Q). Note (a(vo; 7, 8), k) =

(B(70;7,0), K)-
Lemma 9.7 of [21] and the global hypothesis for transfer factors ([32, §6.4])
may be summarized as follows.

Lemma 4.2. There exists a canonical map

T: H H(Q)(G,H)—reg,ss/ st
(Hasvn)egell(G)
— {(707 ’i) Y € G(Q)ss/ ~sty K€ ﬁ(IO/(@)} U {@}
such that
(1) (H,s,1n,71) — (70, k) if 70 and vy have matching stable conjugacy

classes, s lands in £(Io/Q) C Z(Iy) via Z(IA7H) ~ Z(Iy) and the
image of s maps to k € R(Ip/Q) via projection.
(2) (H,s,n,vu) — 0 if yu does not transfer to G(Q).
For any (v0, k), there is a unique elliptic endoscopic triple (H, s,n) € Eq(G)
containing a preimage of (7o, K); in that case, we have

7" (70, )| = [Out((H, 5,m))|.
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Moreover, for each (H,s,n) € Eq(G), the transfer factors A, may be nor-
malized globally such that the following holds: for all o € G(Q)ss and

TH € H(Q) (G,H)-reg,ss»

17 ] '% )
IT2.(m,70) = { ¥ 0

0, otherwise

Thanks to the fundamental lemma (Theorem 3.1), we can find an 7-
transfer fHP of fP such that for every vy € H(A?)ss,(CLH)—rega

(FE) = Y Ay ()04 (7). (13)

’YEG(AZ})SS/N

H(AP
SO

Kottwitz’s construction of 3, at v # p, oo implies that (see the second last
equality of [26, p.169], keeping Remark 3.2 in mind)

AP(m12) = A 20) = AP ) (7)) (1)

We have defined ff’lh and ng in the last section. Put fH = vaprf’Ihfgﬂ_
Lemma 4.2, formulas (9), (8), (11), (13), (14) and (10) imply (cf. argument
on [26, p.188-189]) that the expression (12) is equal to

Y. T(@)Out(®Esm)t Y S0, (1)

(H,s,m)€€n(G) YHEH(Q)ss/~st
elliptic in H(R)

= > WGH)TH) Y 80,(M= > (G H)STH(M).

(H,s,m) YHEH(Q)ss/~st (H,s,m)
elliptic in H(Q)

Here +(G,H) is by definition 7(G)7(H)~*|Out((H, s,n))|~*. The proof of
Theorem 1.5 is complete.

Remark 4.3. The stable orbital integrals of the function fH depend only
on the isomorphism class of (H,s,n). For instance suppose that (H,s,n)
is replaced with an isomorphic triple (H, sz,n) with z € Z (é) Then fH»P
does not change whereas fT},Ih and f,SH are multiplied by py(z) and uy'(2),
respectively.

5. PSEUDOSTABILIZATION

In this section, we employ the easier process of pseudostabilization as in
[27] that works for certain compact unitary group Shimura varieties with
trivial endoscopy. It has the advantage that one can avoid mention of en-
doscopy almost completely.?

We recall the setup, cf. [27] and Section 8.1.1.3 in [13]. We start with
a CM field F with totally real subfield Fy. Let D/F be a central division
algebra of dimension n? with an involution * that restricts to complex con-
jugation on F. We want to construct PEL data with C' = D, compatible
with *. First, we set B = D acting on V' = B from the left. In order to

8In particular, all of our results in the nonendoscopic case are independent of recent
work on the fundamental lemma. Only the base change fundamental lemma by Kottwitz,
Clozel and Labesse is needed.
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define the pairing on V', we choose some b € B* with b* = b such that the
pairing
(z,y) = trp(zby”)

gives a positive pairing on B ®g R; this is possible because the set of all
b € B*~! ® R with this property is an open cone in B*~! by Lemma 2.8
in [28]. We endow B with the involution z + z* = bx*b~!; the previous
remarks show that this is a positive involution, as required. Now take some
B € F with 8% = —f, and endow V with the inner product

(,y) = trp (a0~ ByF).
One checks that starting with (B, ), this makes V a left B-module with
a nondegenerate f-hermitian form, and C' = Endp(V) = D, inducing the
involution * on C' = D. Finally, we take some *-homomorphism hy : C —
D ® R such that (x,ho(i)y) is a positive pairing on V.

This defines global PEL data. Let E be the associated reflex field, p a
prime satisfying our local assumptions; in particular, we have additional
integral data at p, and the group G, defined over Q by

G(R)={zre€D®qgR|zz" € R*}

has a model over Z,). Also, let p be a place of E above p, and let £ be an
algebraic representation of G over a number field L; let A be a place of L
lying above £ # p.

Theorem 5.1. Let 7, h and fP as usual. Then
N tr(r x hfP|H) = tr( Shfp\Hg) .

Here N = [I(§)] - [mo(G(R)/Z(G)(R))], <f. [27], p. 659, and fF, is
the endoscopic transfer of ¢, for the trivial endoscopic triple (H,s,n) =
(G, 1,id).

Proof. This follows from following the arguments in [27]. The crucial point
in comparison to the general case is that R(1y/Q) is trivial for all Kottwitz
triples (y0;7,0). This makes the sum over x in (12) superfluous, and one
can factor everything into stable orbital integrals directly. The outcome is,
cf. [27, (5.2)], that the left-hand side equals

NT(G) Y S0 (fG 17 fo)
Yo

where -y runs through stable conjugacy classes in G(Q). Applying the trace
formula (and Lemma 4.1 of [27]), this rewrites as

N> m(r) trw(f o517 foo) -
Now one applies Lemma 4.2 of [27] to rewrite this as
Z tr 7Tf(frc,-"hfp) Z m(ﬂ'f ® Moo )eP(Too ® E)
TF Too
with the notation ep denoting the Euler-Poincaré characteristics of the Lie

algebra cohomology as in [27], p. 660. Finally, one uses Matsushima’s
formula, cf. [27], p. 655, to rewrite this as

tr(fon P IHE)
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as desired. O

In general one would expect that the following statement is true at places
p, such that all places of Fy above p are split in F: If 7y, 77} are two
irreducible admissible representations of G(Ay) such that the 7 s-isotypic
and W}—isotypic components of H 5* are nonzero and the representations are

isomorphic away from p, i.e. 7% = 7’? then also 7, = .
Under some extra conditions, this can deduced from results of Harris
and Labesse, [14], which show the existence of a stable base change lift of
automorphic representations m of G to automorphic representations of GL,,
over F, cf. [13], Section A.3.
In particular, assume that F' is the composite of Fy and an imaginary
quadratic field K. Note that if ¢ is a rational prime that splits in K as wowy,

there is a decomposition

G(Qp) = H GLn(Fv) X Q; 5

v]wo

which induces a decomposition

7Tq:®7rv®Xwo

v]wo
for every irreducible admissible representation 7, of G(Q,).

Theorem 5.2. Assume that F = FyoK is the composite of the totally real
field Fy and an imaginary quadratic field KC in which p splits. Assume that
the division algebra D is split at all places of Fy which do not split in F,
and at all nonarchimedean places either split or a division algebra. Let g
be an irreducible admissible representation of G(Ay) that occurs in Hf, and
such that there is some rational prime q = wowg split in K such that in the

decomposition
g = ® Ty @ Xwo >

v|wo
one component T, s supercuspidal.

Then there exists a cuspidal automorphic representation I1 of GLy,(AF)
and a Hecke character x of A such that Il is regular algebraic, 11V = Iloc,
where ¢ : F' = F is complex conjugation, and for all places p = uoug split
in IC, the decomposition of m, from above is given by

Tp = ®HU ® Xuo -
v|ug
A similar description holds true at unramified inert places.

Proof. This follows from Theorem A.3.1 in [13]. O

Corollary 5.3. In the situation of the theorem, let p # q be split in K
and let 77} be a second irreducible admissible representation of G(Ayf) which

- - / ~Y ~Y
occurs in H¢ and for which ﬁf = W?. Then m, = m,,.

Proof. Use strong multiplicity 1 for GL,, and the quadratic base change for
G in the nonendoscopic case. cf. Corollary VI.2.3 of [15]. O
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Moreover, the results of Harris-Taylor, [16, Theorem C], prove the exis-
tence of f-adic Galois representations associated to II that satisfy a local-
global compatibility at all finite places not dividing ¢. We remark that for
our purposes, the slightly weaker statement proven in [38] would suffice.

Corollary 5.4. In the situation of the theorem, there is an (-adic Galois
representation

Ry(Il) : Gal(F'/F) — GLn(Qy)
such that for all primes v of F' not dividing £, the restriction Ry(II)|w,, is

given by op(I1Y) @ |- |1=™/2 where oy denotes the local Langlands correspon-
dence for GLy(Fy). O

6. THE STABLE BERNSTEIN CENTER

The most convenient way to state our conjecture is to use the conjectural
theory of the stable Bernstein center, cf. [45]. The importance of the stable
Bernstein center in relation to test functions appearing in generalizations
of the Langlands-Kottwitz method has also been emphasized recently by
Haines.

Let us recall the main definitions. Let G be a connected reductive group
over a p-adic field F'. In our convention varieties are not required to be of
finite type or connected.

Definition/Proposition 6.1. ([7]) A supercuspidal pair for G is a pair
(M, o), where M C G is a Levi subgroup of G, and o is a supercuspidal
representation of M(F'). An irreducible smooth representation m of G(F')
is said to have supercuspidal support (M,o), if it appears as a subquotient
of the normalized parabolic induction of o to G(F); for any w, there is a
unique such (M, o) up to conjugation by G(F).

The variety Q(G) of all supercuspidal pairs (M, o) up to conjugation by
G(F) has a natural structure as the C-valued points of an infinite disjoint
union of algebraic varieties over C, which are quotients of tori by finite group
actions. Let Z(G) be the ring of reqular functions on Q(G), the Bernstein
center of G. Then there is a natural Z(G)-algebra structure on C°(G(F)),
given by a convolution map

Z(G) x CX(G(F) = CE(G(F)) « (2, f) = zxf,
such that for all f € C(G(F)), all z € Z(G) and any irreducible m with
supercuspidal support (M, o), we have

tr(z * flm) = 2(M, o) tr(f|m) .

Definition/Proposition 6.2. A semisimple L-parameter® for G is a ho-
momorphism X : Wr — LG from the Weil group Wr of F into the L-group
of G that commutes with the projection maps to the Galois group of F', and
such that N\(Wp) consists of semisimple elements.

The variety Q5 (G) of all semisimple L-parameters for G up to @-conjugation
has a matural structure as an infinite disjoint union of algebraic varieties

9Vogan named it an infinitesimal character in [45], which unfortunately conflicts with
the common usage of the term as a character of Z(G), which Vogan refers to as a classical
infinitesimal character.
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over C, which are quotients of tori by finite group actions. Let Z5'(G) be
the ring of reqular functions on Q5%(Q), the stable Bernstein center of G.

Now assume for motivation that the local Langlands conjecture is known.
In that case, any irreducible 7 has an associated L-parameter ¢, : W X
SLy(C) — LG, and the restriction ¢, |y, defines a semisimple L-parameter
Ar. Here, we embed Wg into Wg x SLg(C) by using the identity map on
the first factor, and the map

1/2
wes 91/2
0 wlp

from Wp to SL(C), using the norm character |- |p : Wr — RZ. Conjec-
turally, cf. Conjecture 7.18 in [45], this induces a finite map of algebraic
varieties

QG) — NG : (M, o) = A\ M,0)

such that whenever 7 has supercuspidal support (M, o), then A\ = \(M, o).
We will use the following form of the local Langlands conjecture. cf.
Remark 6.4 below.

Conjecture 6.3. There is a natural finite map of algebraic varieties
QG) = BYG) .

The induced map Z%(G) — Z(G) has the following property: If f € C°(G(F))
has vanishing stable orbital integrals then for any z°* € Z5%(G) with image
z € Z(G), the convolution z x f € C(G(F)) has vanishing stable orbital
integrals.

The conjecture is true for (products of Weil restrictions of) GL,,, by [15],
[17]. In the case of GL,, one of us essentially constructed the map Z5(G) —
Z(G) directly from Lubin-Tate towers in [37].

Moreover, let us recall some statements from [45] about stable characters.
Here we only explain the case where G is quasisplit and refer the reader
to [45] or [1] for general G. The easiest case is the case of tempered L-
parameters; so let

¢ : Wr x SLy(C) — L@
be a tempered L-parameter. Let S, be the group of g € G centralizing

~

the image of ¢ up to a 1-coboundary of W valued in Z(G). Define &, =
WO(S¢/Z(@)). It is expected that there exists a bijection 7 + r from the
L-packet II(¢) to the set of irreducible finite dimensional representations of
S,. Moreover, one expects that the distribution

SO, = Z dimr, tr
mell(y)

is stable. The bijection 7 — 7, is supposed to be canonical up to twist by
a character, so that the stable character is independent of all choices.

In particular, in this case, a suitable linear combination of the characters
of the representations in the L-packet induces a stable character. In general,
this will not be the case, and one has to include some representations from



ON THE COHOMOLOGY OF SHIMURA VARIETIES 19

other L-packets, as in the example of A-packets. However, all representa-
tions appearing will have the same semisimple L-parameter. Indeed, Vogan
conjectures that there are many stable characters of the form

SO = Za(ﬂ) tro, (15)

where a(7) is nonzero for only finitely many 7, and for all such 7, the
semisimple L-parameter A = A, is the same. Let 25 € Z%%(@), with associ-
ated z € Z(G). Then for all f € C°(G(F)), we have

SO(z* f) = (N SO(f) . (16)

Indeed, this is an immediate consequence of Conjecture 6.3 and the formula
for the action of the Bernstein center on the Hecke algebra.

Remark 6.4. The work of Kazhdan and Varshavsky [18] suggests a har-
monic analytic definition of the stable Bernstein center without reference to
semisimple L-parameters.'? Recall that Z(G) can be viewed as the algebra
of G(F)-invariant distributions o on G(F') which preserve C°(G(F)) under
the convolution *. Define }*'(G) to be the subspace of Z(G) consisting of §
such that ¢ = f has vanishing stable orbital integrals for every f € C2°(G(F))
whose stable orbital integrals vanish. It is clear that }*'(G) is a subalgebra
of Z(G). In this optic Conjecture 6.3 would hold true if the following are
verified: Z(G) is a finitely generated Y**(G)-module and there is a natural
surjection Z5(G) — V5'(G), which should be induced by an infinitesimal
version of the local Langlands correspondence. If G is quasisplit, then the
map Z%(G) — V5(G) should be an isomorphism. This anticipated isomor-
phism justifies our terminology for Z5%(QG).

7. CHARACTER IDENTITIES SATISFIED BY f}_{h: CONJECTURES

The contents of this section are purely local in nature, and we go back to
the local setting of [39] and Subsection 3.2. Let (H,s,n) be an endoscopic
triple for G.

We will state two version of our conjecture. One relies on the local Lang-
lands correspondence for H, at least for tempered L-parameters. The other
relies on Conjecture 6.3 about the stable Bernstein center, and is stronger.

Recall that we have a conjugacy class [z of cocharacters u : G,, — G@p as

defined in Subsection 3.2. Fix a maximal torus T of G over @p with a set
of positive roots. After conjugation we may assume that u factors through
T and is a dominant coweight. Write p for the half sum of all positive
roots. Up to isomorphism there exists a unique complex representation r_,
of G characterized by [19, Lem 2.1.2]. In particular, r_,|q is irreducible,
with highest weight given by (the dominant representative of) —u. Let Frob
denote a geometric Frobenius element in Wg.

101p fact our definition is not the same as the one in [18]. Though the two definitions
are supposed to be equivalent, and this is the case for G = GL,, it is difficult to check in
general. Our definition has the advantage that J**(G) is easily seen to be a subalgebra of
Z(G).
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Conjecture 7.1. Let 7 € Frob/ I for j > 1 and h € C*(G(Z,)). Denote
by K an n-transfer of h from G to H. For every tempered L-parameter oy
of H, with associated semisimple L-parameter \g = 90H|W@p; we have

SO,y (FE) = tr(s 7] (r—p o mAmlw)| - |77) SO (). (17)

~

Here is a simple consistency check. Let z € Z(G). Suppose that (H, s, n)
is replaced with (H, sz,n) and that fﬁlh is constructed from the latter. Then
both sides of (17) are multiplied by p;(z) (cf. Remark 4.3).

It is expected that stable tempered characters are dense in the space
of stable distributions, cf. [40], Conjecture 9.2. Namely for any stable
distribution D on H(Q,), the value of D( ffh) should be determined by (17)
for tempered g. In particular, there should be an analogue of (17) for
nontempered . We feel that the best way to formulate this conjecture is
to use the stable Bernstein center.

Let 20 ¢ Z%(H) be the function in the stable Bernstein center of H
that takes each semisimple L-parameter A : Wg, — LH to

tr(s ™ | (r—p 0 mAlwg)| - [57H) -

General requirements on the local Langlands correspondence ensure that
this is a regular function on Q%*(H). Let 2! € Z(H) be its image.

Conjecture 7.2. Let 7 and h be as above. Then for any n-endoscopic
transfer K2 of h, the function X « W2 is a twisted endoscopic 7j-transfer of

(Z)T,h-

This conjecture says that the twisted endoscopic transfers of ¢, factor
as a product of two factors, one depending only on 7, the other depending
only on h. This property by itself would be of great interest.

As a consequence of this conjecture, assume that S© is a stable distribu-
tion as in (15). Let fTIfh denote any transfer of ¢, 5. Then

SO(fH) = tr(s 7/(r_p o nAlwy)| - [57*) SO (hH) | (18)

This generalizes (17), and should apply in particular to the stable characters
associated to A-packets.

If G(Qp) is a product of general linear groups over finite extensions of
Qp, as happens in all cases of EL or quasi-EL type (cf. Remark 8.2 below),
then H(Q)) is of the same type, and the relevant local Langlands conjecture
is known by [15] and [17]. In this case the statements of Conjecture 7.1
and Conjecture 7.2 do not rely on any unverified conjecture and simplify as
stability issues do not arise. It is an easy exercise to verify that the two
conjectures are equivalent. The conjecture was shown to be true by one of
us, [37], in the Lubin-Tate case. In §8 we will settle Conjecture 7.1 in all EL
cases.

A version of this conjecture also makes sense in the unramified case with-
out any assumption thanks to the unramified Langlands correspondence.
Hence assume that we are in the case of unramified EL or PEL data. Given
our assumptions, this amounts to the only additional requirement that F
is unramified. In particular, G is unramified over Q,. Suppose moreover
that H, n : “H — G, and h are unramified; in particular (up to scalar)
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h =1gz,)- If pn is unramified, then we write 7,y for the unramified repre-
sentation corresponding to ¢y. We define a character SO, on H" (H(Q))),
by setting SO, equal to trm,, if ¢y is unramified and 0 otherwise.

Lemma 7.3. Assume that F' is unramified, and that p # 2 in the PEL case.
One can choose fH hH € HY™(H(Qp)), and for all L-parameters pu with

semisimple L-parameter A\ix, we have

O (FH) = tr(s™ 7] (r—p 0 AWy - [574) SO (BT . (19)

T,

Remark 7.4. The lemma shows that (17) naturally extends the identity in
the unramified case treated in [26].

Proof. From Proposition 4.7 of [39], we know that ¢, ), has the same twisted
orbital integrals as Kottwitz’s ¢ on [26, p.173] when h = 1g(z,). We may
thus work with ¢, instead. We note that ¢, lies in the unramified Hecke
algebra H" (G (Qpr)).

The L-morphism (6) gives rise to the transfer n* : H"(G(Qpr)) —
H"(H(Q))) such that ¢ — 7% (¢) is an 7-transfer with respect to the canon-
ical transfer factor of §3.2 (cf. [33, A.1.5]).

In particular, we can choose ffh, hH € HW(H(Q))), as desired. Moreover,
both sides of (19) vanish unless ¢g is unramified.

Now assume that oy is unramified. Then the argument for (9.7) of [26],
which is based on the Satake transform (thus unconditional), shows that

SOy (f11) = M) tr(s™'7|(r—p 0 MAElW)),

which is equivalent to (19). Note that Ap,(YH, Tyey) = 11n (9.7) of [26] since
the above transfer factor is compatible with the algebra map of unramified
Hecke algebras. U

As the final topic of this section, and as further supporting evidence for
the conjecture, we verify that it leads to the expected description of the coho-
mology. We switch back to global notation and assume that G is anisotropic
over Q modulo center so that our Shimura varieties are compact.!!

The following are accepted on faith:

(1) the A-packet classification for discrete automorphic representations
of G and its elliptic endoscopic groups over QQ, encompassing the
multiplicity formula [26, (8.2)] and a product formula for spectral
transfer factors [26, (9.6)],1?

(2) STE(fH) = STH (fH) for all (H,s,n) € En(G). (cf. [26, (10.1)])

Our argument copies the one in [26, §9-10] with changes occurring only at p.
Therefore we will only indicate the changes without repeating the details.
All references are made to Kottwitz’ article.

e Use fHr, 71',{h and ng in place of h?, h), and h.

HWe also assume that the flat closure of the generic fibre in the integral models defined
in [39] is proper.

121, particular, we assume that there is the global Langlands group. This should be
avoidable in all PEL cases by using alternative global parameters as in [2].
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e Drop the assumption that ¢, is unramified. Now (9.3) is equal to
(9.7) if the latter is replaced by

_ — dim Sh/2
S AW ) te(s T (o o memlw, )| - 1y ) b (h).
ﬂpen(an,p)
This key equality is justified by Conjecture 7.1, or more precisely its
version for A-parameters.
e On page 198, drop conditions (a) and (c).
e (9.9) is valid if trm¢(f) is changed to tr W?(fp) and the line below
reads
A, mp) = (=) D tr(s ™7 (r—p © @y lwig, )| -y
e (10.4) holds if trmy(f) is replaced with tr7%(f?) and we set in the
line below
A, v) = (1" D(sy) tr(r [V - [y ) temy ().
e From (10.4) we obtain (cf. (10.5)) that tr(r x hfP|H{) equals

Z Ztr 7 (hfP) Z(—l)Q(G)m(wf, V)v(sy) tr(T|V (¢, v)).
W] 7r v

e The above equality establishes that

He =33 S (1) @y, v)u(sy) (g © V(i v)).
(] 7 v

as virtual G(A?) x G(Zy) x Wg,-representations, as desired.

Of course, one would expect that this identity stays true as G(Ay) x Wi, -
representations. If Gg, is a product of Weil restrictions of general linear
groups, then 7, should be determined by 77?, which easily implies that this
identity extends to G(Ay) x WEg,. In the general case, the first obstruction is
that if 7, and 77} are two representations appearing in H, g such that 7'('? = ﬂ;?,
then it is not clear that m, and 7r;, belong to the same A-packet. Ignoring
this obstacle, the question of whether one can isolate representations within
a local A-packet by Hecke operators in G(Z,) appears:

Question 7.5. Let G be a connected reductive group over a p-adic field
F, and let K C G(F) be a special mazimal compact subgroup. Let 1) be
an A-parameter for G, with associated A-packet I1(v)) = {m1,...,m}. Are
1K, -« Tk| K linearly independent in the Grothendieck group of admissible
representations of K¢

8. CHARACTER IDENTITIES SATISFIED BY fX : PROOFS

Let us keep the local notation of the last section (except that global
notation will appear in the proof of Theorem 8.1). Recall that the local
Langlands correspondence for (a product of) general linear groups over a p-
adic field is known thanks to Harris-Taylor and Henniart ([15], [17]). In what
follows ¢, denotes the L-parameter attached to an irreducible representation
7 on such a group.
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Theorem 8.1. Conjecture 7.1 is true in all EL and quasi-EL cases for the
trivial endoscopic triple (H,s,n) = (G, 1,id). In fact, for every irreducible
representation m of G(Qyp) with semisimple L-parameter A,

te(fS,I7) = tr(rl(r_ 0 Aelw)| - [ tr(hl). (20)

Remark 8.2. We recall that in [39], quasi-EL data were defined as those PEL
data where the field F' decomposes as Fy X Fy with the involution * acting
by (z,y)* = (y,x). We note that there is a bijection between EL data and
quasi-EL data, and that quasi-EL data come about by localization of global
PEL data of type A at a split place.

Proof. The conjectures in an EL case and the corresponding quasi-EL case
are equivalent by Proposition 4.10 of [39]. Moreover, the conjecture in the
EL case reduces to the simple EL case by Proposition 4.9 of [39]. By Morita
equivalence, we may moreover assume that V = B as left B-module, where
B is a matrix algebra over F.

Summarizing, we may assume that we are in the quasi-EL case corre-
sponding to a simple EL case, where B = By X By is a matrix algebra over
F = Fy x Fy, following the notation for the quasi-EL case in [39]. The
involution on B is given by (z,y)* = (y,x), and V = B as left B-module.

For the proof we may fix 7 and h. Also fix an algebraic representation
¢ of G of regular highest weight. As our proof will be global in nature,
we will adopt global notation as needed. Let us globalize the local datum
over Q, to a global datum (B, Op, F,V,A,C,O¢, h) and a *-hermitian form
on V for a compact unitary Shimura variety with trivial endoscopy as in
Section 5, satisfying the assumptions of Theorem 5.2 as done in [13, Prop
8.1.3]. In particular F'is a CM field containing an imaginary quadratic field
IC, p splits in IC, F' decomposes as the product of its totally real subfield
Fy and K, and p is inert in Fp, with its local field Fy, being isomorphic to
what was previously called Fp. After basechange from Q to Q,, we get the
previous local PEL data and there exists a prime p of the reflex field E of
the datum such that the completion E, is isomorphic to the local reflex field
E occuring in (20), compatible with the cocharacter p. Let G denote the
reductive group over Z,) for the global datum, and 7, denote 7 of (20).

The first step is to verify (20) assuming

e 7, appears as the p-component of an irreducible automorphic repre-
sentation 7 of G(A) such that T € I1>(¢) and m, is supercuspidal
for some prime g # p split in £ and some place v|q of F'.

Let
H{(mp) = Homga ) (s, H).
Using Corollary 5.3, it follows from Theorem 5.1 that
Ntr(T’Hg(ﬂf)) tr(h|mp) = dim Hg(ﬂf> tr(fSh’Wp)- (21)
If mp, is unramified, one may take h = 1lg(z,) and use Lemma 7.3 to

determine the restriction H{ (ms)|wy, , cf. Theorem 1 in [27]. This gives

HE (1) ws, = a(mg)(r—p 0 Amylwg, )| - [y &5 (22)
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for some integer a(7y) € Z. This equation implies in particular that N =
dimr_,, and dim H¢ (7f) = a(ms)N. We also recall that dimSh = (2p, y).
This argument works for any unramified split place p (not only the one
fixed in advance). Using Corollary 5.4, one can build a representation
of Gal(Q/EK) that agrees with Hi (mf)|qai@/pK) at all unramified split
places; we refer to the proof of [13, Thm A.7.2] for the precise construction.
From the Chebotarev density theorem, it follows that they agree everywhere,
which shows that (22) continues to hold at ramified split places, in particular
at our given p.

Now one may combine (21) with (22) to deduce (20).

It remains to get rid of the hypothesis on m,. Consider the two linear forms
F1 (resp. Fa) on the Grothendieck group of admissible representations of
G(Qp) mapping each irreducible m, to the value of the left (resp. right)
hand side of (20). It is easy to see that both F; and F; are trace functions
in the context of the trace Paley-Wiener theorem of [6]. (This is a tautology
for F7.) Since [41, Thm 4.4] shows that a dense subset of the unitary dual of
G(Q,) satisfies the above hypothesis, we know that F; = F on that dense
subset. Since F; and JFj are regular functions on (an infinite disjoint union
of) algebraic varieties, we deduce that Fi(m),) = Fa(m,) for all m,. O

At this point, let us give a corollary of the proof. We note that the
identities of Conjecture 7.1 determine the orbital integrals of fS’h uniquely.
On the other hand, the orbital integrals of f,S'h determine the twisted orbital
integrals of ¢, uniquely. But, cf. the remarks after Theorem 5.7 of [39],
there was some freedom in the choice of ¢, ;. This gives the following
corollary.

Corollary 8.3. Let Sh be compact unitary group Shimura variety without
endoscopy as in Section 5, satisfying the hypothesis of Theorem 5.2. Let p
be a place split in IC, let p|p a place of E and let Mg» /O, be the integral
model of (a finite disjoint union of copies of) Shg(z,)k» over Op, defined
in [39].

Let D be the corresponding local data of quasi-EL type, associated to data
Dy of EL type. Then any p-divisible group H with D-structure over IF‘p which
admits a deformation to characteristic 0 occurs as the p-divisible group with
D-structure associated to some point over IF‘p on Mgvp, for some KP.

Proof. Note that a p-divisible group H with D-structure which admits a
deformation to characteristic 0, i.e. such that X3 # 0, is parametrized by

some 0 € G(W(Fp)[%]), cf. Proposition 3.10 of [35}
We can define two functions QSS_O})L and gb,(rlf)b, both satisfying the conditions

after Theorem 5.7 of [39], but such that d)ﬁo}{, resp. gbgl})w is 0, resp. 1, on all
0 for which nothing is imposed by these conditions. We want to prove that
0
6©) = o).
Now by what we have shown, necessarily all twisted orbital integrals of

d) ¢ h vanish. But this is the characteristic function of some open
bounded subset and it follows that this subset has to be trivial. U
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In the case that the local PEL data are unramified, this implies nonempti-
ness of Newton strata. Recall that the Newton stratification is a stratifi-
cation of M» ® F,, into locally closed subvarieties Mgpp, b € B (Gq,, 1),
parametrized by a certain subset of o-conjugacy classes B(Gg,, 1) C B(Gg,),
cf. the work of Rapoport and Richartz, [36]. The question of nonemptiness
of Newton strata is a deep question in the theory of the reduction of Shimura
varieties. We refer to the survey article of Rapoport, [35], for an extensive
discussion of related work. Recently, Viehmann and Wedhorn, [44], have
used local geometric methods to prove nonemptiness of Newton strata in
many cases, including those that we handle here. Our method is entirely
different, in that it uses global and automorphic arguments, similar to earlier
work of Fargues, [13], showing that the basic locus is nonempty.

Corollary 8.4. Assume that in the situation of Corollary 8.3, the field F
is unramified at p, so that G is unramified at p and G(Z,) is a hyperspecial
mazximal compact subgroup. Then for allb € B(Gq,, 1), the Newton stratum
Mgr p is nonempty.

Proof. We only have to show that there is some p-divisible group with D-
structure that has the correct Newton polygon. In the notation of [35], this
question is equivalent to the question X (b, u)x # (0 by Corollary 3.12 of
[35]. This is resolved by a theorem of Kottwitz and Rapoport in the case
considered here, [23], cf. Theorem 5.5 in [35]. O

Another interesting application of Corollary 8.3 is the following alge-
braization result that works in the ramified case, and seems to be hard
to prove by other methods.

Corollary 8.5. Let D be data of EL type, and let H be any p-divisible group
with D-structure over IF,. Then the deformation spaces X5 /X7 defined

in [39] are algebraizable as in Theorem 2.9 of [39].

Proof. It suffices to consider the case of simple EL data, as in the general
case everything decomposes into a product. By Morita equivalence, we can
assume that V = B again. Changing to quasi-EL data, we may use Corollary
8.3 to embed the situation into a Shimura variety, which provides the desired
algebraization. O

Now we continue with the proof of Conjecture 7.1 in EL cases.

Corollary 8.6. Conjecture 7.1 is true in all EL and quasi-EL cases for gen-
eral endoscopic triples (H, s,n) of G, i.e. for all irreducible representations
mu of H(Qp) with semisimple L-parameter Ay, we have

te(fFh ) = tr(s ™7 (r w0 MAmyglwe)| - [57) tr(AF )

Proof. Let K be a finite extension of Q. It suffices to consider the case of
simple EL data with B = K, V' = K", where G ~ Resg/q, GLy. In this case,
any endoscopic triple (H, s,7) of G is of the form H ~ Resg/q, ([ [; GLx,)
for some n; > 1 such that Zl n; = n and

0 s ([T GLu, (@)% 5 Wy, — GL(C)1m %) s W,
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is the canonical Levi embedding, i.e. we identify H and H with Levi sub-
groups of G and G via block diagonal embeddings. Moreover we may as-
sume that s € Z(H)T® as the general case is reduced to this case (cf.
the last paragraph of §3.2). Write s = (s;); € Z(H)'® = [L; C* (which
embeds in the center of ([]; GLy, (C))Hom Q) diagonally). Choose ty =

(to,i)i € Z(H)T® such that ty = s. Let ¢ : Wo, — Z(H)T® be the co-

cycle w — tg Ord(w), where we normalize ord : Wg — Z by requiring that

it sends a geometric Frobenius element to 1. Define o/ : “H — G by
7'(g x w) = c(w)n(g x w). Recall that R, and 77 were defined in §3.2.
Write ¢ : “G — LR, for the base change L-morphism sending g x w to
(9,9,-..,9) X w. Then it is straightforward to verify that

n=¢&on, (23)
The function ffh is a twisted transfer of ¢, j, relative to 7. We claim that
it is also an 7/-transfer of fS, (denoted (1')*(fS,) below).

Let us accept the claim for now and finish the proof. Note that an 7-
transfer of j‘"TGh7 denoted n*( fTGh), is given by the constant term along a
parabolic subgroup with H as a Levi component. It satisfies a character
identity

% .. G
(" (1S Irw) = tr (1S, [peind 3 (mer))
for every irreducible admissible representation 7y of H(Q),), where n-ind

denotes the normalized parabolic induction (independent of the choice of
parabolic). Let x. : H(Q,) — C* be the character corresponding to ¢ €
H'(Wg,, Z(H)"®).

Since ' = 1+ ¢, one can show that (n’)*fS'h may be given as ! ~n*(f§h).
(The reason is that the Langlands-Shelstad transfer factor gets multiplied
by x; ! when 7 is multiplied by c.) As we can take fh = (n’)*fsh by the
claim above,

) =0 (fS)Mx (), Vv € H(Q,).

To put it in an invariant way,

(/8 ) = 7 (S @ xe) = o (£, [n-ind 37 (mar @ x0) ) -

Note that all subquotients 7 of n—indgggz g(ﬂ'H ® Xc) give rise to the same
semisimple L-parameter Ax = NAryey.. Hence, by (20) the right hand side
equals

.. G
tr(7](r—p © NArg@xe [Wy)) tr (h ‘n—deEgzg(ﬁH ® Xc))
= tr(7](r—p © NAzuex.lwe)) tr(n*(h)|ma ® Xc).

We recall that ¢(1) = t, ord(r) — to" = s1, from which it is not difficult to

deduce that the twist by x. has the same effect as replacing 7 by s~ !7:

(7] (r—p © Mg i) = (s 7| (r—p 0 NArgg [w))-
On the other hand, note that
tr(n*(h)|me ® xc) = tr(n" (h)|ma).
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Indeed, the constant term n*(h) is supported only on the conjugacy classes
of H(Q,) meeting H(Z,), since h is supported on G(Z,,). Since the character
Xc is trivial on such conjugacy classes (because ¢ is an unramified cocycle),
the identity follows.

Putting the above identities together, we conclude that

tr(fEhlme) = tr(s ™ 7I(rop 0 MAag lw)) tr(” (h) mm),

which is the equality (17) to be proved.

It remains to justify the unproven claim that ffh is an n/-transfer of fg'h.
For any (G, H)-regular semisimple yig € H(Q,), if v is not a transfer of any
twisted conjugacy class of § € G(Q,r) then SO, (FB) = SO, () fS8,) =
0. From now on suppose that g1 is a transfer of some §. We note that in
the cases that occur here, taking a stable (twisted) orbital integral amounts
to multiplying the usual (twisted) orbital integral by a sign, given as the
Kottwitz sign attached to the (twisted) centralizer of the element considered.

By (9), (8),
SO’I;-I(QP)( f,lh) = Ag(’)/Hv W) <a(7; 5)’ S>715TO60(¢T,h)'

The superscript 7 indicates that the transfer factor is relative to . On the
other hand, Theorem 3.1 and its analogue for the base change relative to £
tell us that

SOR®) () £G) = AY (a1, 7)SOS @) (£S,) = AT (v11,7) ST Os6 (7.1)-

As we have noted above, A7 (ver,7) = x5 (va)AD(ve, 7). Hence the
proof boils down to showing that

Xe(1m) = (@(7;6), 5). (24)

Define R = Resg,, /g, H. We can find a dy € R} (Q,) = H(Q,r) which
is o-conjugate to & and transfers to g via base change for H. We write
0 = (0m,); and yu = (vm,;); with respect to H ~ ResK/Qp(Hi GL,,). As
usual v, denotes the additive valuation on a p-adic field such that v,(p) = 1.
It can be seen from the definition of x. that

) (NK/Q det yg1,i)
XC(VH) = tof)i ? .

As vym,; is a norm of ég 4, we get

(N /g, det 051 1)
XC(’YH) — Hs?’ K/Qp det 0H .
i
In order to evaluate the right hand side of (24), we begin by recalling
the definition of a(v;d). We are free to replace § by a o-conjugate, and
hence we assume that § = dg. Let L be the fraction field of W (F,). Using
Steinberg’s theorem, one finds d € G(L) such that N§ = dygd~!. In fact,
it is possible to take d € H(L), by choice of §, and as yg is a base-change
transfer of dg. In general, d~18d° € Iy(L), where Iy is the centralizer of v
in G, and «a(v;d) is defined as the image of d~16d° under Kottwitz’ map
k1 : Bllo) > X*(Z(To)D).
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The Kottwitz maps ry, and ~y fit into a commutative diagram

”Iol “Hl (HResK/QpGLni)iJ/
X(Z(10)") —— X*(Z(H)") ===, X*(C*)

The image of a(7; 6) in X*(Z(H)') is the image under kg of the o-conjugacy
class of d~16p1d?, i.e. the o-conjugacy class of dg, as d € H(L).
Then

(a(7;0),8) = (ku(dn), s) = H<5ResK/QpGLni (6m,1), 8i)-

)

N det dg1,;
The right hand side is equal to is;)p( i</ p 4649111 thanks to Lemma 8.7

below. We have finished the proof of (24). O
The following well-known fact was used in the proof.

Lemma 8.7. Let G = Resg/q,GLy, for a finite extension K of Qp. Then
the Kottwitz map

canon.

B(G) = X*(Z(G)'?P)) = x*(C*) X" 7

is induced by the map g — vp(Ng q, det g) from G(L) = GLn(K ®q, L) to
Z.

Proof. The functoriality of the Kottwitz map ([29, 4.9]) with respect to
det : Resg /g, GLn — Resg/q,GL1

reduces the proof to the case of n = 1, where the assertion is standard, cf.
[25, 2.5]. O

9. COHOMOLOGY OF SHIMURA VARIETIES: NONENDOSCOPIC CASE

Consider a compact unitary group Shimura variety with trivial endoscopy
as in Section 5.

Theorem 9.1. Assume that all places of Fy above p are split in F'. Then
we have an identity

H :Za(ﬂf)”f(@(“uoépﬂpwfspﬂ'| /2
Ty
as wvirtual G(A’}) x G(Zp) x Wg,-representations. Here my runs through

irreducible admissible representations of G(Ay), the integer a(ny) is as in
[27], p. 657, and @y, is the local Langlands parameter associated to .

Proof. First, we note that the assumption implies that Conjecture 7.1 is true
in this case, by Theorem 8.1. Matsushima’s formula can be reformulated as
the identity

Hg = NZa(ﬂf)Wf
Tf
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as G(Ay)-representation, cf. Lemma 4.2 of [22]. Now Theorem 5.1 and the
identity from Conjecture 7.1 show that

te(r x hfPIHE) = N (7S, 7| H)

= > a(mp) te(r|(r— o o, lwg, )| - [~ S2) te(hfPlry) -
Tf

This gives the desired identity. O

Corollary 9.2. In the situation of the theorem, let K C G(Ay) be any
sufficiently small compact open subgroup. Then the semisimple local Hasse-
Weil zeta function of Shi at the place p of E is given by

¢ (Shi, s) = [[ L(s — dim Sh/2, my, r_,, )"
Tf

Proof. One can assume that K C G(AI}) x G(Zy). Now the corollary follows
directly from the previous theorem and the definitions. O

10. COHOMOLOGY OF SHIMURA VARIETIES: ENDOSCOPIC CASE

In this section we proceed to study compact unitary group Shimura vari-
eties at split places when endoscopy is nontrivial. We will work in the setup
of [42, §5.1] to be recalled now. Suppose that

e B = F is a CM field with complex conjugation as the involution x,
and
e F' contains an imaginary quadratic field K.

Fix a prime p split in I and let p be a prime of E above p. We also fix a field
isomorphism ¢, : Qy ~ C throughout. Set n = dimpV > 1 and Fy = F*=!
Let Splg,p, denote the set of all rational primes v such that every prime of
Fy above v splits in F'. We further assume

(1) Fo #Q,

(2) if a prime v is ramified in F' then v € Splp/ g,

(3) Gg, is quasi-split at all finite places v,

(4) the flat closure of the generic fibre in the integral models of [39] is
proper.

Condition (4) is necessary for our machinery. A sufficient condition for (4)
is that the pairing (, ) on V' is positive or negative definite with respect to
some complex embedding F' — C, as proved by Kai-Wen Lan, [30], Theorem
5.3.3.1, Remark 5.3.3.2, cf. also [39], Theorem 5.8, for explanation.

Conditions (1) and (2) are imposed only to avoid issues with L-packets for
unitary groups and will become unnecessary in due course. We remark that
this situation is somewhat more general than in [42], as we allow general
signatures at oo.

Condition (3) contrasts the case considered in the previous section, and
means that endoscopy is seen in its full strength. It implies that G(A)
admits an automorphic representation whose base change is I1, for any II as
below. (If Gg, is not quasi-split at a finite v then there would be a local
obstruction at v.)
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Let I = 9 ®II!' be an automorphic representation of G(Ax) ~ GLj(Ax) x
GL,(AF). Let 0 denote the automorphism of G(Ax) induced by the non-
trivial element ¢ of Gal(K/Q). Suppose that

e [T ~1ITo#@ (such a II is called #-stable),
e the L-parameter for Il is the base change of ¢,
e Il is ramified only at the places of F above Splp/p,.

We will put ourselves in either (Case ST) or (Case END) of [42, §6.1], to be
briefly recalled here. The first case refers to the case when II is cuspidal. In
the second, II is required to be parabolically induced from a #-stable cuspidal
automorphic representation on a maximal proper #-stable Levi subgroup
which is isomorphic to a quadratic base change of an elliptic endoscopic
group of G. Such a Levi subgroup is isomorphic to GL; (Ax) X GLy,, (Ap) x
GLy, (Ap) for some m; > mgy > 1 such that m; + mg = n. It is isomorphic
to a quadratic base change of a (necessarily unique up to isomorphism)
elliptic endoscopic group (H, s,n) of G in all cases except when m1, mg and
[F* : Q] are all odd. We may and do assume that s> = 1. Let m, be the
irreducible smooth representation of G(Q),) whose base change is isomorphic
to IL,. Similarly, in (Case END), we have a representation 7g, of H(Q));
its n-transfer is m,.

Fix a set of representatives for & (G) once and for all as in [42, §3.2],
by choosing a Hecke character @ : Ag/K* — C* such that w|,x /Qx corre-
sponds to the quadratic character associated with IC/Q via class field theory,
using Lemma 7.1 of [42]. Define S to be the finite set of all primes which
are either p or a prime where any of F', Il or w is ramified; our assumptions
imply that S C Splp/g,. Define a virtual representation H (II) of Gal(E/E)
by

H () = Y He (ry) (25)
Tf

where the sum runs over my such that Hf (mg) # 0, 77? is unramified,
BC(LMJ*?) ~ II¥ and BCO(iyms) ~ Ilg; this is a finite sum. Here BC' de-
notes the local base change map, which makes sense as 71'? is unramified and
S C Splp/p, ([42, §4.2]).

We have the following proposition, which is not explicitly stated in [42].

Proposition 10.1. Let y be such that H; (my) # 0, 7r]§ is unramified and
BC(LWT?) ~ T1%. Then BC(yms) ~ 5.

Proof. One can argue with the trace formula as in the proof of Corollary 6.5
(iv) of [42], which is similar to the proof of Theorem 6.1 of [42], but relies
on the usual trace formula rather than the trace formula for Igusa varieties.
One derives formulas just as (6.29) and (6.30) of [42]. Then the proposition
follows from the strong multiplicity one theorem for general linear groups
and the injectivity of local base change on S (since S C Splp,p; see [42],
§4.2). (In (Case END), II is not cuspidal and it is implicitly used in the
argument that the induced representation of an irreducible unitary repre-
sentation is irreducible for general linear groups, cf. [42], (6.2), to ensure
that not only the supercuspidal support of IIg but Ilg itself is uniquely
determined.) O
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Set
Ca = (=1)"™™h7(G). (26)
The following generalizes [42, Thm 6.4] to other compact unitary Shimura
varieties.

Theorem 10.2. In (Case ST)

HE (M) wy, = Ca - (r—p 0 @n lwg, )| - |5 52

In (Case END) there exists er1 € {£1} (independent of p and p) such that

X 1 — dimSh/2
Hg (H)|WEp — CGi ((r*,uz o (107rp|WEp) + eH(T*M © 77907rH,p|WEp )S) ||p " / .

S

Here (r_, o ngo,,H’p|WEp) is the wvirtual representation Vju = V2, of Wg,,

where V_,, = Vju © V_, is the decomposition into +1 and —1 eigenspaces
for the s-action on r_, 0 Npry -

Remark 10.3. Even though nery,  is equivalent to ¢r,, we keep the expres-
sion N¢ry , to remember how s acts on the underlying vector space. Note
that the assertion in (Case END) can be restated as

CaVih| -1y ™2, it en = +1,

. 27
CaVo,l- |y ™2, if e = 1. 27

HE (I, = {
Proof. We will first only prove this theorem up to sign. The sign will be
determined later in Corollary 10.6. We adopt the strategy of proof as well as
notation and convention (e.g. the choice of Haar measures, transfer factors
and intertwining operators) from [42, Thm 6.1]. Once we begin with The-
orem 1.5 (playing the role of Proposition 5.5 in that paper), basically the
same argument works if suitable changes are made at p. As for the choice
of test functions, explained at the start of proof of loc. cit., it suffices to

remark that ffh (replacing (Z%,p) is in the image of the base change transfer
for each H since p splits in K and that ng is Nthe same function as ¢’I7’g7oo
by construction (when H = Gj). Let us write fH (with sub or superscript)
for the function on G ®g K whose base change transfer is fH. Hence our

notation f and fcorrespond to ¢ and f in [42], respectively.
Let G* be a quasi-split inner form of G, which is a principal endoscopic
group. In (Case ST), (6.14) of [42] is supplanted by

tr(IL,(fE7) AR ) = trumyp(£5,)
—dim Sh
=t (7] 0 9my b, )| [y ) (i)

where the last equality is justified by Theorem 8.1. In (Case END), the
following is put in place of (6.19) of [42].13

(e, () ARy, ) = trume, (£5,)

— dim Sh/2
= tr (37' ‘(T—# o W@WHW‘WE)J)’ : ‘p / > tr(h‘ﬂ'p)

I3There are typos in (6.19) and (6.20) of [42]: II, and IT, should read ITg , and ITg oo,
resp.
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This time the last equality comes from Corollary 8.6. The right hand side is
equal to tr(7|(r— © Ny, lwi, )| Iy ™ 5?). Set enp = 7 les. With these

changes, the argument of [42] proves Theorem 10.2 up to sign. O

The theorem implies the Ramanujan-Petersson conjecture for regular al-
gebraic conjugate selfdual cuspidal automorphic representations of GL,,.
This was proved previously by Clozel and Caraiani, [11], [9]. We note that
Caraiani’s result is stronger in that it works for all finite places.

Corollary 10.4. Let M be a CM field, and let I1 be a cuspidal automorphic
representation of GLy,(Apy) such that TTV = Tloc and l is regqular algebraic,
i.e. has the same infinitesimal character as some algebraic representation of
RyrjoGLy. Then 11, is tempered for all finite places v of M above rational
primes p above which M and II are unramified.

Remark 10.5. In fact the proof shows that IL, is tempered at all ramified
places as well unless n is even and condition (3) of the theorem fails.

Proof. Fix the place v of M, and let p be the rational prime below v. We
adjoin several quadratic extensions of @Q which are split at p to M to make
the following assumptions true:

e [/ = M is the composite of the totally real subfield Fj and an
imaginary quadratic field I in which p splits,

e II and F” are only ramified at places above Spl JFYs
Note that the quadratic base change of II stays conjugate selfdual and Il
stays regular algebraic. If IT is unramified at some place where the quadratic
field ramifies, then it also stays cuspidal, cf. [3]. Finally, we adjoin one more
real quadratic extension of Q, split at p, to Fj and F’, to get Fy and F. One
checks that all assumptions remain true for F' in place of F’. Let I’ be the
base-change of the original II to F’, and let II be the further base-change to
F.

Using Lemma 7.2 of [42], we arrive at a situation where the assumptions
of (Case ST) are satisfied. Consider a PEL datum whose associated group
G is quasi-split at all finite places and has as signature at infinity either

(1) (1,7’L - 1)a (0,71), e (0,71) or

(ii)) (1,n—1), (1,n —1), (0,n), ..., (0,n).
In case (ii), we require that the two infinite places of Fy with signature
(1,n — 1) lie above one place of Fjj. If n is odd then there is no obstruction
for choosing the signature. In general there is a parity obstruction but one
can still find such a PEL datum with one of the two signatures. Note that
all assumptions of this section are satisfied.

Let Sh denote the corresponding Shimura variety. Note that the reflex
field F is given by F in case (i), and by F’ in case (ii). In case (i), the
proof of [42, Cor 6.5] (following the proof presented on page 207 of [15]),
can be combined with the Weil conjecture to imply that II is tempered at v.
We note that this argument works even at ramified places. Let us explain
the argument in the more subtle case (ii). Note that we have a place v of
F’ and want to prove that IT/ is tempered. We use the previous theorem
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at the place v of E = F’. The representation r_, o O, lw,, is given by a

unitary twist of cp%?. The classification of unitary generic representations
shows that IT), is induced from a representation

Qml -1 @ml- 1) & @
i J
of a Levi subgroup, where m; are tempered representations of smaller GLy’s,
and 0 < a; < % are real numbers. We want to prove that the first factor is
trivial. Our assumptions ensure that this representation already occurs at
an unramified level, for which there exists a smooth model of our Shimura
variety. Thus, it follows from the Weil conjectures and the fact that w%ﬁ

occurs in the cohomology of the Shimura variety that 4a; € Z, i.e. a; = i
for all ¢. If the first factor is nonzero, then it follows that 4,0%,2 contributes
nontrivially to three consecutive degrees. On the other hand, the cohomol-
ogy is an alternating sum, with consecutive degrees contributing different
signs (which cannot cancel each other as they have different weights). This

contradiction finishes the proof. O

Corollary 10.6. In both (Case ST) and (Case END), for any 7y such
that H¢ (myp) # 0, 7rJ§ is unramified and BC(me) ~ TI%, the p-isotypic
component Hg(Wf) s nonzero only for i = dim Sh. In particular, the sign in
Theorem 10.2 is correct.

Proof. This is a direct application of the Weil conjectures. O

Remark 10.7. We restricted ourselves to (Case ST) and (Case END) above
for simplicity, as this is enough for the application of the next section. It
should be possible to treat the case of general Il once finer information
becomes available about the terms in the twisted trace formula for G ®g K.
Such information would be obtained by carrying over the results of [48] and
[2] to the case of unitary similitude groups.

11. CONSTRUCTION OF (GALOIS REPRESENTATIONS

In this final section we remark that the approach used in this paper pro-
vides a shorter proof of the main result of [42], which was based on a gen-
eralization of the method of [15]. In particular one can bypass the use of
Igusa varieties, the Newton stratification, and the analogues of the first and
second basic identities ([15, Thm VI.2.9, V.5.4], cf. [42, Prop 5.2, Thm 6.1])
of Harris and Taylor.

Theorem 11.1. ([42, Thm 1.2]) Let F' be any CM field. Let I be a cuspidal
automorphic representation of GLy,(Ag) such that
(1) IV ~Toc,
(2) Il has the same infinitesimal character as some irreducible alge-
braic representation =V of the restriction of scalars RpoGLy, and
(3) = is slightly regular, if n is even.
Then for each prime £ and an isomorphism v : @ ~ C, there exists a
continuous semisimple representation Ry ,,(II) : Gal(F'/F) — GL,(Qy) such



34 PETER SCHOLZE, SUG WOO SHIN

that for any place y of F not dividing ¢, the Frobenius semisimple Weil-
Deligne representation associated to R&L[(H)\Galﬁy/Fy) corresponds to L[lﬂy

via (a suitably normalized) local Langlands correspondence, except possibly
for the monodromy operator N.

See [42] for the meaning of (3) and a complete list of assertions regarding
Ry,,(IT). It is not difficult to extend the above theorem to the case where
ITV ~ IToc holds up to a character twist or where IIV ~ I up to a character
and F is a totally real field. Moreover using the above theorem as a starting
point, several mathematicians have strengthened it ([10], [9], [4], [5]). For
instance (3) has become unnecessary and a similar conclusion holds at y
dividing .

Proof. In [42], the main theorems of section 7 follow from Theorem 6.4 (and
its corollaries). Since our Theorem 10.2 reproves Theorem 6.4 (by a different
method) when applied to the Shimura varieties of [42], the main results of
that article can be derived from Theorem 10.2 by the same reasoning. (Our
proof of Theorem 10.2 shows that the sign ey is equal to 61_162 of [42]. Hence
it can be controlled by the choice of archimedean parameters as in Lemma
7.3 of that paper.) Note that as in [42] it is enough to consider Shimura
varieties attached to unitary similitude groups in an odd number of variables

with signature (1,m — 1), (0,m), ..., (0,m) at infinity where m = n if n is
odd and m = n + 1 if n is even, even though Theorem 10.2 covers more
general cases. O

Finally, let us add one remark about the determination of the monodromy
operator IV, which is the most delicate extra assertion in [42, Thm 1.2]. One
easily proves temperedness of 11, for all v, so it remains to verify the weight-
monodromy conjecture for Ry ,,(II), as in the paper of Taylor and Yoshida,
[43], cf. [42], Section 7. The input that one needs is a description of the
cohomology of each Newton stratum. This can be achieved by using the
Langlands-Kottwitz method. First, one has to check that the arguments of
[39] compute the cohomology of the Newton stratum corresponding to the
o-conjugacy class b € B(G) once ¢, , is replaced by ¢, X, where xy is the
characteristic function of the o-conjugacy class b, at least if j is sufficiently
large. Now one has to follow the arguments of this paper with ¢, ;X3 in
place of ¢;,. Note that we have already determined the twisted orbital
integrals of ¢;j, which in turn determine those of ¢, x;. This gives the
desired description of the cohomology of each Newton stratum, which may
then be used to determine V.
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