THIN EQUIVALENCE RELATIONS AND INNER MODELS

PHILIPP SCHLICHT

ABSTRACT. We describe the inner models with representatives in all equiv-
alence classes of thin equivalence relations in a given projective pointclass of
even level assuming projective determinacy. These models are characterized by
their correctness and the property that they correctly compute the tree from
the appropriate scale. The main lemma shows that the tree from a scale can
be reconstructed in a generic extension of an iterate of a mouse.

We construct models with this property as generic extensions of iterates of
mice if the corresponding projective ordinal is below ws.

On the way we consider several related problems, including the question
when forcing does not add equivalence classes to thin projective equivalence
relations. For example, we show that if every set has a sharp, then reason-
able forcing does not add equivalence classes to thin provably Al equivelence

relations, and generalize this to all projective levels.

1. INTRODUCTION

Definable equivalence relations are a focus of modern descriptive set theory. While
the bulk of research centers around Borel equivalence relations, there has been a
large amount of work on projective equivalence relations, for example Harrington
and Sami [8], Hjorth [10, 12, 13|, Hjorth and Kechris [14], Kechris [19], Louveau
and Rosendal [24], and Silver [39], and equivalence relations in the constructible
universe L(R) over the reals, e.g. Hjorth [11]. Inner model theory has proved
to be very useful for this endeavour, in particular iterable models with Woodin
cardinals (see e.g. Hjorth [12]). For the theory of iterable mice with Woodin
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cardinals see Mitchell and Steel [29] and Steel [40, 42|. Earlier approaches as in
Harrington and Sami 8] and Kechris [19] use direct proofs from determinacy. It
is well known that determinacy and the existence of the appropriate mice are

equivalent (see [23, 27, 31, 34]).

This paper is about thin projective equivalence relations, i.e. those with no per-
fect set of pairwise inequivalent reals. They have been most notably studied by
Harrington and Sami [8], motivated by the question about the number of equiv-
alence classes. A starting point in this topic is Silver’s theorem [39] that every
thin I} equivalence relation has countably many equivalence classes. Harrington
and Sami subsequently extended this through the projective hierarchy relative to
the projective ordinals. The n'® projective ordinal §! is the supremum of lengths
of Al prewellorders. The number of equivalence classes of thin IT! equivalence

relations is below ¢! if n > 1 is odd and at most the size of §1 | if n > 2 is even

8].

A quite different approach to this question is to look for a bound for the number of
equivalence classes of co-x-Suslin equivalence relations, i.e. when the complement
is the projection of a tree T' on w X w X k. Harrington and Shelah [9] showed
this is at most k if the complement of p[T] is an equivalence relation in a Cohen
generic extension. We use this to bound the number of equivalence classes of
thin IT! equivalence relations under the assumption that the pointclasses IT}, are
scaled for odd k and all projective sets have the Baire property. Note that scales

are closely connected to Suslin representations.

Since the number of equivalence classes of thin IT! equivalence relations is bounded
by a projective ordinal, we look for inner models (possibly with fewer reals than
V') which have representatives in all equivalence classes of all thin IT},(z) equiva-
lence relations, where z is a real parameter in the inner model. Hjorth [10] showed

that every inner model has this property for n = 1 as a consequence of Silver’s
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theorem. The candidates for such inner models for n > 2 are forcing extensions
of fine structural inner models with Woodin cardinals. We will construct such

models if the corresponding projective ordinal is below ws.

Hjorth [10] characterized the models with this property for n = 2. Assuming all
reals have sharps, the inner models with this property for n = 2 are exactly the %}
correct inner models with the right w;. We extend Hjorth’s theorem to the even
levels in the projective hierarchy in the main theorem. The level of correctness
is adapted and instead of asking that the model has the right w;, we ask that
the model correctly computes the tree Ty,41 from the canonical II3, , ;-scale, and
assume the appropriate amount of determinacy. Thus these inner models are

characterized in a simple and beautiful way.

The proof generalizes Hjorth’s proof. In the harder direction, the main lemma
shows that the tree Ty, | from the canonical I}, ;-scale as computed in an inner
model M with countably many reals can be reconstructed in an iterate of Mé’i
To do this, Woodin’s genericity iteration is applied to make reals generic at local

Woodin cardinals over iterates of M7 . and we force over the direct limit. A

2>
density argument will show that the tree can be defined. We also have to look
more closely at the Harrington-Shelah result [9]. If the equivalence relation is co-
r-Suslin, then for any real there is an infinitary formula defining a neighborhood
inside its equivalence class. Combining this with Steel’s result that M# is coded

by a projective real, we can express the existence of a real in this neighborhood

in a projective way and use this to complete the proof.

Let’s look at the setting from a different perspective and suppose the universe is
a forcing extension of an inner model. The issue is when a forcing introduces new
equivalence classes to thin projective equivalence relations. Foreman and Magidor
[4] showed that reasonable forcing of size at most x does not add equivalence

classes to thin k-weakly homogeneously Suslin equivalence relations. Together
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with the Martin-Steel theorem [28| this implies that if there are infinitely many
Woodin cardinals, then reasonable forcing does not add equivalence classes to
thin projective equivalence relations. We replace the large cardinal assumption
with the existence of M#(X) for all X € H,+ and show that reasonable forcing
of size at most x does not add new equivalence classes to thin provably A .,

equivalence relations. It is essential that in this situation M#(X) is absolute.

The paper is organized as follows. Section 1 introduces the facts about thin
equivalence relations, prewellorders, scales, and properties of M# which we will

use.

In section 2 we study liftings of thin projective equivalence relations to forcing
extensions. We show based on an idea of Foreman and Magidor [4] that for any
infinite cardinal x, reasonable forcing of size at most x does not introduce new
equivalence classes to thin projective equivalence relations if M#(X) exists for
every self-wellordered set X € H,+ and every n. The argument is adapted to 33
c.c.c. forcings. We show that generic ¥, 5 absoluteness holds for these forcings
from the assumption that M#(x) exists for every real z, generalizing the result
for Cohen and random forcing [45|, and that no new equivalence classes of thin
projective equivalence relations are introduced. We further prove a lemma about

absoluteness of prewellorders under Cohen forcing which we need later.

In section 3 we present a proof of the Harrington-Shelah theorem [9] for counting
the number of equivalence classes of thin co-x-Suslin equivalence relations, and
use this to calculate the number of equivalence classes of projective equivalence
relations. We further show that thin 33 equivalence relations are IT3 in any real

coding Mzﬁ—l for n > 1, generalizing Hjorth’s result [12] for n = 1.

In section 4 the main theorem is proved. The main lemma shows that the tree
from the IT},,, | scale can be defined in an iterate of M. We then characterize the

inner models which have a representative in every equivalence class of every thin
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13, (z) equivalence relation defined from a real parameter x in the inner model.

We further build a transitive model with this property assuming §3 < ws.

The material in this paper formed part of my dissertation. I would like to thank
Ralf Schindler for many discussions and ideas related to the topic of this paper.
I am further deeply indebted to Greg Hjorth for his suggestions for proving the

main theorem.

2. THE FRAMEWORK

This section presents standard definitions and facts which are used later. We
work in the theory ZF 4+ DC. For background information we refer to Jech [16],
Kanamori [17], Kechris [21], and Moschovakis [30].

2.1. Prewellorders and scales. In this section we discuss basic facts about

prewellorders and scales.

2.1.1. Basic definitions and facts. R as well as “w denotes Baire space, the set
of sequences of natural numbers with the standard topology. The elements of R
are called reals. A perfect set is a nonempty closed set of reals without isolated

points. Clearly every perfect set has the size of the continuum.

Definition 2.1. An equivalence relation E C R x R is called thin if there is no

perfect set of pairwise inequivalent reals.

The corresponding notion is also defined for prewellorders. Recall that a prewellorder

is a wellfounded linear preorder.

Definition 2.2. A prewellorder < is called thin if there is no perfect set P C R

such that x <y ory < x for any x,y € P with x # y.

We will work with the projective pointclasses. By a pointclass we mean:
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Definition 2.3. A (lightface) pointclass T' is a set ) # T' G P(R) which is closed
under recursive preimages and finite intersections and unions. The dual of T' is

defined asT' = {A CR:R — A}. IfT is a pointclass we write A :=T NT.

Of course for any pointclass I' we have a corresponding pointclass of subsets of

R™ via a recursive bijection R — R™.

Definition 2.4. If I' is a pointclass, then I is defined as the pointclass of all
preimages of sets in I' under continuous functions. A boldface pointclass is a

pointclass with I' =T .

Definition 2.5. If I' is a pointclass, then < w — I' denotes the pointclass of
boolean combinations of sets in I', i.e. sets which are formed from sets in " by

finite applications of union and complement.

Some of the relevant structural properties of pointclasses are given by norms and

scales.

Definition 2.6. Suppose I' is a pointclass and A € T'. A prewellorder < with
domain R is called a I'-norm on A if vt <y andy € A imply x € A, and < is

uniformly A in initial segments, i.e. there is a A set B C R? with
{(z,y) eR*:x<yAyec Al =Bn{(z,y) cR?:y c A}
Let = be the equivalence relation induced by < and let
rank(x) :=otp({y : y < x}/ =)

forx € A and

rank(x) := oo

forx & A.
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Definition 2.7. Suppose I' is a pointclass and A € I'. A sequence (<,:n < w)

of I'-norms on A with
{(z,y,n) ERxRxw:z<,y} el
is called a T'-scale on A if there is a set B € A with
{(z,y,n) ERxRxw:z <, yANy€e A} =Bn{(z,y,n) ERxRxw:ye A},

and if (xy : k < w) € “R with x;, — x and rank,(xy) — «, (i.e. rank,(zy)
is eventually constant) for all n, then v € A and rank,(z) < a,. Here rank,

denotes the rank in <,,. A pointclass is scaled if there is a I'-scale on every A € T.

With each scale one associates a tree, from which the scale can again be defined:

Definition 2.8. Suppose (<,: n € w) is a I'-scale on A € T' where I" is a

pointclass. The tree from the scale is defined as

T = {(z | n, (ranko(z), ...,rank,_1(x))) : x € AAn < w}.

Note that A = p[T] in the situation of the definition. Given x € p[T], there are
ordinals oy, and reals z, such that x | k = xy | k for all k € w and rank,(z;) = a,

for all n < k, so x € A by the semicontinuity of the scale.

The projective pointclasses I13,, , , and 23, ., and their boldface versions are scaled
by the second periodicity theorem |21, theorem 39.8] if Det(A},) holds, where
A} = A? denotes the pointclass of arithmetical sets. Let’s fix the IT}, ,-complete
I}, ., set and the X3 ,-complete 33, ., set from the proof of the second period-
icity theorem for each n < w. We will call these sets the complete I}, . set and
the complete X3, ,, set. Let’s also fix the canonical scales on these sets from the

proof of this theorem.
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Definition 2.9. Suppose Det(A}) holds. Then Ty, i1 denotes the tree from the

- 1 1
canonical 113, | -scale on the complete 115, | set.

We will work with transitive models of a fragment of ZF between which well-

foundedness is absolute.

Definition 2.10. A transitive set A is called admissible if (A, €) E KP. We will
call A strongly admissible if (A, €) E KP and every wellfounded relation in A can

be collapsed in A to a transitive relation (“Axiom Beta”, see |3, chapter I, section

9]).
For a background on admissible sets see Barwise [3].

Lemma 2.11. Every X}, ,,(x) set is the projection of a tree which is uniformly

defined from Ts,1q and x in every strongly admissible set A with Ty, 1, € A.

Proof. The tree T from the scale on the complete 33, , set is essentially To,11,
see [21, theorem 38.4]. Any X3 .,(x) set B for # € R is the preimage of the

complete X}, ., set under some function f : R — R recursive in 2. Then the tree
S:={(s,h) € (wx Ord)~¥ : Jy =ysp, D sVi < lh(s)(rank;(f(y)) = h(i))}

induces a X3, , ,(x)-scale on B. Now rank;(f(y)) can be calculated from f(y) and
T in any strongly admissible set A with 7', f(y) € A. Since the existence of y;

for given s, h is absolute between strongly admissible sets, S is as required. [

2.1.2. Prewellorders under determinacy. Typical examples of thin equivalence
relations are given by prewellorders. We will need the following facts to know

that prewellorders induce thin equivalence relations under determinacy.

Lemma 2.12. (Kechris [18]) Suppose T is a pointclass containing the T1Y sets
and Det(I") holds. Then every OI' set has the Baire property and there is no oI'

wellorder of the reals.
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Proof. To prove that every oI set has the Baire property, let B C R? and
A =90B = {x € R : player 2 wins the game for B,},

where B, := {y € R : (z,y) € B}. Basic open subsets of R and R? are denoted
by
Us:={zxeR:x | dom(s) = s}

and

Usi = {(z,y) € R*: z | dom(s) = s Ay | dom(t) =t}

for s,t € w<.

We first claim that the Banach-Mazur game for
AU(R-U,) =9[BU (R* - Up,)]

is determined for all s € w<¥. In this game two players alternate playing finite
sequences S, S1, .. and player 2 wins if sg ~ 57 ~ .. € AU (R — U,). This game
is equivalent to the Banach-Mazur game for B U (R? — U;) by the game formula

[18, theorem 3.3.1], and hence determined.

Now let S be the set of s € w<¥ such that player 2 has a winning strategy in the
Banach-Mazur game for AU (R — Ug). Then A is comeager in U for each s € S
by the characterization of comeager sets in |21, theorem 8.33], so A is comeager
in

U1 = U Us.

seSs

The same theorem shows that for every ¢ € w<¥ — S, the set A is meager in some

nonempty open subset Uy of Uy, so A is meager in

Ug = U Uf(t).

tew<w—S
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Since (R — U;) — Us is nowhere dense, this implies that AAU; is meager. Hence

A has the Baire property.

Let’s recall the proof that there is no wellorder of the reals with the Baire property.

If < were such a wellorder, we define
A= {(z,y) eR* 12 <y},

B:={(z,y) e R*: x>y},

and

C:={(z,y) eR*: 2 =y}

Then both A and B are not meager, since C' is nowhere dense. Hence there is
some x € R such that

A, ={yeR:z <y}

is not meager by the theorem of Kuratowski and Ulam. Choose z as <-minimal
with this property. Again AN (A, x A,) and BN (A, x A,) are not meager. So

there is some x € A, with A, not meager, contradicting the minimality of z. [J

The proof of the previous lemma shows that there is no wellorder of the reals in

the o-algebra generated by ol.

Lemma 2.13. (Kechris [18]) Suppose I is a boldface pointclass containing the
09 sets and Det(T') holds. Then every prewellorder in OT is thin.

Proof. Let < be a prewellorder in oI' and suppose P C R is a perfect set so
that * £ y and y £ z for any two distinct x,y € P. Then < wellorders P.
Now oI is closed under continuous preimages since I' is a boldface pointclass,
so any continuous injective map f : R — P induces a oI' wellorder of the reals,

contradicting the previous lemma. ([l

The next two lemmas will be important for our purposes.
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Lemma 2.14. Det(Aj},) implies that every II3, , norm is thin.

Proof. Suppose P C R is a perfect set whose elements have pairwise different
norms # oo and let f : R — P be a continuous injective map. Then f induces a
A}, ., wellorder of the reals.

Now Det(A},) implies Det(I1},) by |22, theorem 5.1] and further OIT}, = X} .,
by [21, proposition 39.6]. So there is no X3, ., wellorder of the reals by lemma

2.12. U

Note that the conclusion of the previous lemma follows from the Baire property

or the Lebesgue measurability of all Aj, ., sets alone.
Lemma 2.15. Det(I1},,,) implies that every 33, , norm is thin.

Proof. As the previous lemma; otherwise there is a A}, wellorder of the reals,

contradicting lemma 2.12. 0]

It is sufficient to assume the Baire property or the Lebesgue measurability of all

A}, ., sets for the previous lemma.
Lemma 2.16. The following are equivalent:

(1) every A} prewellorder of the reals is thin,
(2) there is no A} wellorder of the reals, and

(3) L[x] does not contain R for any x € R.

Proof. Condition 1 clearly implies condition 2. To show that 2 implies 1, suppose
< is a Al prewellorder of the reals and P C R is perfect with x < y or x > y for
any two distinct x,y € P. Then any continuous injective map f : R — P induces

a A} wellorder of the reals.

Now condition 2 implies condition 3, since if R C L[z| for some = € R, then the
order of constructibility of the reals is Al(x). To show that 3 implies 2, note that
R C L[z] by [16, theorem 25.39] if there is a A}(z) wellorder of the reals. O
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The projective ordinals are given by

Definition 2.17. The n'* projective ordinal 8. is the supremum of lengths of AL

prewellorders forn > 1 .

We state some of their properties, since the projective ordinals play an essential
role in calculating the number of equivalence classes of thin projective equivalence

relations in section 3.2.

Lemma 2.18. The following facts hold for the projective ordinals:

(1) (Martin) ZF 4+ PD implies §} = w;y and §} < w, forn <4,

(2) (Kechris, Moschovakis) ZF + PD implies 4§}, < &y, for all n,

(3) (Moschovakis) ZF + AD implies that each §} is a cardinal, and

(4) (Steel, Van Wesep [43]) ZF + AD*™® 51 = w, is consistent relative to
ZF + AD + ACg.

Proof. The proofs for parts 1 and 2 can be found in |20, theorem 9.1|. For part 3
see [20, theorem 2.2]. Note that Jackson [15] has computed all §! exactly under
AD. For part 4 see [43]. Note that Woodin [46, theorem 3.17] proved that §3 = ws

holds if P(wl)# exists and the nonstationary ideal on N; is No-saturated. O

An important open question is how large the projective ordinal §! for n > 3 can
be under ZFC + ADY®)_ In fact, it is still open if ADE®) implies §' < w,, for all

n, see [17, question 30.34].

Note that the consistency strength of §3 = ws in the presence of sharps for reals is
somewhere between a strong cardinal and a Woodin cardinal with a measurable
cardinal above by work of Steel and Welch [44] and Woodin [46, theorem 3.25].
While we focus on the situation that ZF + PD holds, one can consider the case
that 0% does not exist. Note that MA and w; = wF already imply J = w,. This is

because w; = w! implies that any subset of w; can be coded as A in a real by
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c.c.c. forcing so that w; many dense subsets suffice to define the real. Moreover
in this situation §3 can be quite easily forced to be arbitrarily large with a forcing

from Harrington [6].

2.2. Mice with Woodin cardinals. In this section tools for mice with Woodin
cardinals are presented. The results are due to Martin, Steel, and Woodin, or
folklore. For missing definitions and proofs see Martin and Steel [28|, Mitchell
and Steel [29], Schindler and Zeman [37], Steel [42], and Zeman [47]. Several facts
about w; + l-iterable premice are adapted to w;-iterable premice. The reason is
that we only want to assume PD; all one can get from PD is the existence of

wi-iterable premice with n Woodin cardinals for arbitrary n < w.

2.2.1. Premice, comparison, and M.

Definition 2.19. A self-wellordered (swo) set is a set which codes a wellorder of

itself. The height of a self-wellordered set X is

ht(X) :=sup((Ord Nte(X)) Uw).

Every self-wellordered set can be coded by a set sup(A) U A, where A is a set of
ordinals. Recall that the first level of the J-hierarchy built over a set X is defined
as Jo(X) = tc({X}).

Definition 2.20. A potential X -premouse is a structure

M= (JE(X), €, X, F | 8, Fp)
where X is swo and F is a fine extender sequence relative to X. An X -premouse
1s a potential X -premouse all of whose proper initial segments are w-sound; a
premouse s simply a O-premouse. A boldface or relativized premouse is an X -
premouse for some swo set X. M is called active if Fg # 0, otherwise it is

passive. We write M for the extender sequence of M.
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For the definition of fine extender sequences see [42, definition 2.4| and for w-

sound [42, definition 2.17].

Definition 2.21. Suppose

M= (J5(X),e,X,F | a,F,)

and

are X -premice where X is swo and o < 3 (o < ). Then M is called a (proper)

initial segment of N and we write M I N (M < N ). For notation write
Nlla = (J{(X),€. X, F | a, F.)

and

Nla = (JE(X), e, X, F | a,0).

An ordinal ¢ is called a cutpoint of M, if for no extender F' on the M-sequence
do we have crit(F) < 6 < [h(F'). For the definition of iteration trees see [42,
section 3.1]; for normal iteration trees see [47, section 4.2]. An iteration tree 7
on an X-premouse M is said to live on M| if all extenders in 7 have length

less than «.

Definition 2.22. Let k < w and 0 € Ord and suppose X is swo. An X -premouse
M is called (k, 6)-iterable if player 2 has a winning strategy in the iteration game
Gr(M,0) described in [42, section 3.1]. M is called normally (k,0)-iterable if
it is (k, 0)-iterable with respect to normal iteration trees. It is (normally) (k,0)-
iterable above § if it is (normally) (k, 0)-iterable with respect to (normal) iteration
trees all of whose extenders have critical points above §. It is (normally) 0-iterable

if it is (normally) (w, 0)-iterable.

We need the next two lemmas from [42, theorem 3.11] and [42, corollary 3.12].
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Lemma 2.23. (Comparison lemma) Let M and N be countable X -premice,
where X is swo. Let § be a cutpoint of both M and N and suppose M and
N are normally wy + 1-iterable above § and w-sound above § with M|§ = N|9.

Then there are countable iteration trees S on M and T on N with last models

M3 and M7 so that

1) [0,a]s does not drop in model or degree and MS I M7Z | or
( g o

(2) 10, Bl7 does not drop in model or degree and MG < M3.

Lemma 2.24. Let M and N be countable X -premice where X is swo. Let 0 be
a cutpoint of both M and N and suppose M and N are normally wy + 1-iterable
above § and w-sound above § with p,(M), puo(N) < 0 and M|§ = N16. Then
M<AN or N < M.

Proof. Neither M nor N are moved in the coiteration, since they are w-sound

above ¢ and p,(M), p,(N) <9 . 0O
Let’s recall the definition of Woodin cardinals:

Definition 2.25. Suppose A C V5. An ordinal k < § is A-reflecting in o if for

all a« < § there is an extender F' in Vs with crit(F) = Kk, jr(k) > «, and
Jr(A)NV,=ANV,,

where jp V. — ult(V, F) is the ultrapower embedding.

Definition 2.26. A cardinal § is a Woodin cardinal if for every A C Vs there is

some k < 0 which is A-reflecting in ¢.

Now M# can be defined:

Definition 2.27. Let X be swo and n < w. An X-premouse M is n-small above
d if there is no extender F' on the M-sequence so that in M|crit(F') there are n

Woodin cardinals above §.
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Definition 2.28. Let M be an active wy-iterable X -premouse, where X is swo,
such that M is w-sound above ht(X) and p1(M) < ht(X). Let F be the top
extender of M and n < w. M is called M#(X) if M|crit(F) is n-small and in
M there are n Woodin cardinals below crit(F). Moreover M7 := M#(().

Note that usually M7 is defined as an w; + l-iterable premouse with the same
first-order properties; thus M7 is unique by the comparison lemma. The M#(X)
defined here is also unique in the relevant case that M#(z) exists for every z € R.
Suppose we have two canditates for M#(X) where X is swo. Let’s consider the
preimages of the candidates in the transitive collapse of a countable substructure
of some large V). Since these are wy-iterable, they can be compared in M7 (x)

for some x € R by the argument in lemma 2.38 below.

The standard definition of M# (X)) just states that it is countably iterable, i.e. all
countable substructures are w, + 1-iterable, instead of being w; + 1-iterable itself.
Everything would work if in the definition of M, (X) we only ask that countable
substructures are wy-iterable.

Note that modulo Godel numbers for first-order formulas, any z-premouse M
with 2 € R and pj41(M) = w comes with a code z € R from the canonical X{"-

definable surjection from w onto M, see [47, section 1.6] for the definition of ng)

formulas. Hence there is no need to distinguish between M# (M) and M#(z).

Definition 2.29. Let M be an active wq-iterable X -premouse, where X is swo,
such that M is w-sound above ht(X) and py(M) < ht(X). Let F be the top
extender of M and suppose the topmost extender G below F' s total. M 1is called
MI(X) if M|crit(G) is n-small and in M there are n Woodin cardinals below
crit(G). Moreover M) := M} ().

Again M[(X) is unique in the relevant situation that M7 (z) exists for every

x € R. Since we would like to prove the main theorem from PD, we will use
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Theorem 2.30. (Harrington, Martin, Steel, Woodin, Neeman) The following are

equivalent for n < w:

(1) Det(II,,,,)
(2) there is an M7 (x) for every x € R

(3) there is a unique M (z) for every x € R.

Proof. See 34, theorem 5.3|. Harrington [7] proved the implication from 1 to 3
for n = 0. For arbitrary n see Koellner and Woodin [23]. Martin |25] proved that
2 implies 1 for n = 0, Neeman [31] has a proof for arbitrary n. The original proof
for odd n is due to Woodin. Note that lemma 2.38 below can be used to show

that 2 implies 3. O

2.2.2. Genericity iteration. We will use a theorem of Woodin to iterate an wy + 1-
iterable premouse with a Woodin cardinal so that a given real is generic over the

iterate for Woodin’s extender algebra.

The extender algebra is built from a set of infinitary formulas. Let’s state the
necessary definitions. We let § be an inaccessible cardinal and £ a language which
contains at least € and constants ¢ for a real and n for each n < w. Let N be the
set of atomic formulas n € ¢ for n < w. Now let L;0 n be the closure of N under
negations and infinitary disjunctions and conjunctions of length less than 0. Note
that one can equivalently work with the infinitary logic built over a language with

propositional formulas p, for n < w.

The infinitary proof calculus for this logic has the infinitary rule

Va<f Fy, = l—/\gpa

a<f
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in addition to the rules of first-order logic; for details see Barwise [3, chapter 11,

definition 5.1]. Let x be the L5, y-sentence

/\(Vmeh\/x:m)/\(/\meh)/\cgw,

n<w m<n m<n

which we add as an axiom. Hence in every model, ¢ is interpreted as a subset of w

and each n is interpreted as n. Moreover, the infinitary disjunction of a sequence

-

@ = (pa : a < ) of Lsg n-formulas is denoted by \/,_;pa or V/ ¢.

The following is Steel’s version [42, section 7.2] of Woodin’s extender algebra for

fine structural mice.

Definition 2.31. Let M be an X -premouse with Woodin cardinal §, where X is

swo. Let S be the set of all Lso n-formulas
\/ &< \ie(@) I A
in M, where

= (o 1 @ < K) € M is a sequence of Lso n-formulas with k < 6,

@
F is an extender on the M-sequence with crit(F) =k < A < 6,

-
—
E
N—
.
»
=}
(@)
S
ISH
~.
3
g,
~.
3
=}
3
oW

Here v(F) is the natural length of F, see [42, definition 2.2|. Working in M, the
extender algebra Wy over § is defined as the Lindenbaum algebra over Lso n for

provability from S; let

o] =={Y € Lson:SFp =}

for v € Lson and define

Ws = {[p] : p € Lson}
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with partial ordering

[l <[] Sk =1

The extender algebra Wy has size § and the d-c.c. in M by [42, theorem 7.14].

We will heavily use the next theorem of Woodin following Steel [42]:

Lemma 2.32. (Genericity iteration) Let M be a countable X -premouse, where
X is swo. Suppose M s normally wy + 1-iterable above v < o and ¢ is Woodin
in M. Then for each v € R, there is a countable iteration tree T on M with
iteration map 7 and last model MZ such that [0, a7 does not drop in model and

T 18 WM"T— eneric over ML
NORA o

Proof. See [42, theorem 7.14]|. The idea is to iterate away the least extender
which induces an axiom false for z. A reflection argument as in the proof of the
comparison lemma shows that after countably many steps z is a model of 7(S5),

T
where 7 is the iteration map. It follows that z is W%g) -generic. U

2.2.3. The Q-structure iteration strategy. In this section we describe a partial
iteration strategy based on so-called Q-structures. In the relevant cases this is

the unique iteration strategy.

Definition 2.33. Suppose 7 1is an iteration tree of limit length 0 with models
(M, ra < 0) and extenders (F, : a < 0). Define

0(7T) :=suplh(F,)

a<f

and

M(T) := | Mallh(F,),

a<f

where lh(F,) denotes the length of F,. The model M(T) is called the common

part model of T .

O-structures for iteration trees are defined as follows.
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Definition 2.34. Let T be an iteration tree of limit length on an X-premouse

M, where X is swo. A Q-structure for T is an X -premouse Q with

(1) M(T) < Q such that 6(T) is a cutpoint of Q,
(2) Q is wy-iterable above 0(T), and
(3) the Woodin property of §(T) is destroyed definably over Q, i.e. there is a
k < w such that
(a) Q is k+ 1-sound and
(b) either pr1(Q) < 0(T), or k is minimal such that there is a map f :
5T) — 6(T) which is Egk)—deﬁnable over Q so that for no extender
F on the Q-sequence do we have ip(f)(crit(F)) > v(F).

If in the previous definition Q = (JE(X), e X, F | B, F3) is a proper initial
segment of a premouse, then condition 3 simplifies to the statement that ( is
minimal with Jﬁﬁ 1(X) E 70(7) is not Woodin”. Based on Q-structures, one

builds a partial iteration strategy:

Definition 2.35. Let 7 be a normal iteration tree on an X -premouse M, where
X is swo. Let 3X(7T) be the unique cofinal branch b C T such that M, is well-
founded and carries a Q-structure Q < ./\/le, if such a branch exists. Let (7))
be undefined if there is no such branch, or if there is one but it is not unique.
This partial iteration strategy for normal iteration trees is called the Q-structure

iteration strategy.

We have

Lemma 2.36. If ¥ is a 0-iteration strategy for normal iteration trees on an X -
premouse N, where X is swo, then X is a O-iteration strateqy for normal iteration

trees on every initial segment M <IN
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Let’s consider the situation that M and A are X-premice which are 6-iterable
via 3, where X is swo. Suppose M|§ = N|d and ¢ is a cutpoint of both M and
N. Then every iteration tree 7 according to ¥ on M living on M|d gives rise to

an iteration tree on N. In this case we say that 7 acts on V.

In the relevant situation the O-structure iteration strategy ¥ is the unique ws-

iteration strategy for normal iteration trees:

Lemma 2.37. Suppose M¥(z) exists for every x € R. Then ¥ is the unique

wy -iteration strategy for normal iteration trees on M7 (z).

We prove a more general fact:

Lemma 2.38. Suppose M (z) exists for every x € R. Let N be a countable
X -premouse with n Woodin cardinals above 0 and an extender above, where X 1is
swo. Suppose N is normally w-iterable above §. Let M € N be a Y -premouse
which is countable in N* and normally wi-iterable above & via an iteration strateqy
Y/, where Y is swo. Further suppose M and N are (n + 1)-small above § and
w-sound above § with p,(M) < § and p,(N) < 6. Then M is normally wy + 1-
iterable above & via X in N'. Moreover, ¥ is the unique wi-iteration strategy for

normal iteration trees on M in V.

Proof. The proof is organized as an induction on n. We will show that
SN(T) =SN(T) = %(T)

for all normal iteration trees 7 € N on M above § of limit length < wiV.

Suppose this has been proved for all k < n and let 7 € A be a normal iteration
tree on M above § of limit length < w}¥ according to ¥'. Let b := ¥/(7). Then
M;;r carries a O-structure Q < /\/le7 since 7 is a normal iteration tree and

p(M) <6 < 6(7T). We can inductively assume that 7 is according to ¥, ¥, and
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YN, Tt has to be shown that Q € A. Tt can be assumed that M(T) < Q, so
0(7) is Woodin in Q.

For n = 0 there are no extenders above §(7) on the Q-sequence, since Q is 1-
small; in this case Q@ € N since ht(Q) < ht(N). Now suppose n > 0. Let s be
the critical point of an extender on the NV -sequence such that in A there are n

—.

Woodin cardinals between ¢ and k. We do an L[E]-construction over M(7) in
Nlk. LIE, M(T)M inherits Woodin cardinals and iterability from N, see |29,
chapter 11].

We first prove Q € N in the special case M = M#(z). Otherwise it is not clear

how to find a premouse P as in case 3 of the next claim.
Claim 2.39. If M = M#(x) for some z € R, then Q € N.
Proof. We distinguish three cases.

Case 1. 6(T) is not Woodin in L|E, M(T)Nx.

Let o < & be minimal such that §(7) is not Woodin in J,ii[E, M(T)V5. Let
P = J [E, M(T)]V. Then P and Q are n-small above §(T) and w-sound above
(7T) with P]o(T) = QJ6(T) and p,(P),p.(Q) < 6(7). So P and Q can be
coiterated in Mf_l(x) by the induction hypothesis, where x € R codes P and Q.

Now P cannot be a proper initial segment of Q because Q is a Q-structure. Thus

Q < P and hence Q € V.

Case 2. 0(T) is Woodin in LIE, M(T)N® and there is some P in the L[E)-

construction with p,(P) < 6(7T).

Again P and Q can be compared in M7#(z), where z € R codes P and Q.

Case 3. §(T) is Woodin in LIE, M(T)N® and the last projectum never falls

—,

below §(T) in the L|E]-construction.
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—.

Let P be the first model in the L[E]-construction with n — 1 Woodin cardinals
above 0(7) and two extenders above. Then p;(P) = §(7). P and Q can be
coiterated in M7 (z) by the induction hypothesis, where x € R codes P and Q.

But Q cannot win the coiteration, since P has more large cardinals. So Q < P.

In fact, this case does not occur by the proof of the following claims. OJ
Claim 2.40. If N' = M#(z) for some x € R, then Q € N.

Proof. 1t suffices to show that case 3 cannot occur. Let P be the premouse
obtained by adding the extender with critical point & on top of L[E, M(T)V.
Now P and Q can be compared, since N” and hence P is w; + l-iterable in M7 (x)
by the previous claim, where z € R codes N'. But neither can iterate to an initial

segment of the other. 0

We finally conclude:
Claim 2.41. Q € N.

Proof. Again it is sufficient that case 3 does not occur. This holds because N is

wy + l-iterable in M7 (x) by the previous claim, where € R codes N O

It remains to be shown that b = 3'(7) € N. Let g be Col(w, ht(7T))-generic over
N. Note that one can rearrange N[g] as a boldface premouse, see [36, lemma
1.4] and [41, section 3]. We can form a tree in N[g] searching for cofinal branches
bC 7 with @ < ./\/le. The nodes consist of initial segments of b and partial finite
€-isomorphisms between Q and the corresponding model. Since wellfoundedness
is absolute between N[g] and V', Mg] knows that there is a branch in this tree.
But there is at most one cofinal branch in 7 with the required property by the
argument in the proof of [42, corollary 6.14]. Hence b € N by homogeneity of
Col(w, ht(T)). Thus (7)) = ¥N(T) =b.
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To see that X is unique, consider a countable normal iteration tree 7 above ¢ on
M of limit length according to an ws-iteration strategy . Let x € R code 7.
Then ¥/(T) = SMY@)(T) = £(T). 0

2.2.4. Tools for wi-iterable premice. In this section we adapt the tools for wy + 1-

iterable premice from the previous sections to wi-iterable premice.

Lemma 2.42. (Comparison lemma) Assume M7 (z) exists for every x € R. Let
M and N be countable X -premice, where X is swo. Let d be a cutpoint of M and
N such that both are wy-iterable above § and M|6 = N|5. Further suppose M
and N are (n + 1)-small above § and w-sound above & with p,(M), p,(N) < 6.
Then there are countable iteration trees S on M and T on N with last models

MS and M7 so that

1) [0, als does not drop in model or degree and MS <1 M2 or
(1) 0,als i g S AIMj,

(2) [0, 8]z does not drop in model or degree and M7 < M3,

Proof. M and N are w; + l-iterable in M (z) by lemma 2.38 where z € R codes

M and N. So we can coiterate them in M7 (x) by lemma 2.23. O
A consequence is

Lemma 2.43. Suppose M¥ () exists for every x € R. Let M and N be countable
X -premice, where X is swo. Suppose ¢ is a cutpoint of M and N such that both
are wy-iterable above 6 and M6 = N|5. Further suppose that both M and N
are (n + 1)-small above 6 and w-sound above § with p,(M), po,(N) < 8. Then
MAN or N < M.

We get a version of the genericity iteration for wi-iterable premice:

Lemma 2.44. (Genericity iteration) Assume M7 (x) exists for every x € R. Let

M be a countable X -premouse, where X is swo, such that § is Woodin in M and
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M is wy-iterable above some v < §. Further suppose M is (n + 1)-small above
and w-sound above v with p,(M) < . Then for each x € R, there is a countable
iteration tree T on M with iteration map 7 and last model MZ such that [0, o]

T
does not drop in model and x s W%;’) -generic over MZ.

Proof. Apply lemma 2.32 inside M#(z) where z € R codes M and . d

While forcing is usually applied to models of ZF, we would like to use the forcing
theorem for small forcing over relativized premice in the next lemma. Let M be a
relativized premouse and k the critical point of an extender on the M-sequence.
Note that the forcing relation for any partial order P € M|k is defined in M|k
and the forcing theorem holds for M|k, since this is a model of ZF. We are only
interested in formulas whose quantifiers range over a bounded subset of M|k,
especially projective formulas. The forcing theorem holds for such formulas since

the relevant names are in M|k.

A key property of M is that it determines which X, statements about reals

in M7 are true in V:

Lemma 2.45. Let n < k < w and assume M (z) exists for every x € R. Let
M be a countable (k+1)-small X -premouse with p,(M) <~ which is w; -iterable
above v, where X s swo. Suppose that in M there are n Woodin cardinals above
~v and an extender above. Let ¢ be the least Woodin cardinal above v in M if

n > 1.

(1) If nis even then M <sn 'V, and
(2) if n is odd then

VE @) e ME"Ip e Ws(plFw, o(2))”

for all ¥}, formulas ¢ and all x € RN M.
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Proof. The proof is organized as an induction on n. For n = 0 we iterate M
by an extender on the M-sequence to a model of height > w;. The conclusion

follows from Shoenfield absoluteness, since this model has the same reals as M.

Case 1. n is odd.

Suppose ¢ is a 11}, formula, € R, and y € RN M so that ¢(x,y) holds. Do a
genericity iteration on M for x and let ™ : M — N be the iteration map so that
z is Wrs)-generic over N'. We get N'[z] E p(z) from the induction hypothesis.
Hence

NE"3Ipe We (p ”‘@vfﬂ(é) Jzp(z,9))”

and the claim follows from elementarity of .

For the other direction suppose there is a condition p € Wi which forces Iwp(z, 1)
over M. Let x be Wy | p-generic over M in V. Then ¢(x,y) holds by the in-

duction hypothesis.

Case 2. n > 2 is even.

Suppose ¢ is a 11}, formula and y € RN M so that Jxp(x,y) holds. The
assumptions imply I1}, | uniformization via lemma 2.30. Let 1 be a 11}, formula

and © € R so that ¢(x,y) holds and x is unique with (x,y). We have to show
that x € M.

Let m: M — N be an iteration map so that x is W (5)-generic over N. Letn be
the least Woodin cardinal above 6 in M. We have

Nz ..
Ip € Weiy (p IF57 (1))

by the induction hypothesis. So there is a condition g € W) which forces

Nir .
Ip € Wayy (0 Iy (7, 9)
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such that x is Wqs) | g-generic over N, where T is a name for the W5 -generic
real. Let z be Wﬁ{é) I g-generic over N'|x] in V. Then ¢ (z,y) holds and hence
z = x. This implies that W5 [ q is atomic and x € N'. Then x € M since the

iteration does not add reals.

For the other direction suppose ¢ is a 1L}, ., formula and y a real in M with
ME73p € Ws(p lbw, Jzp(z,9))”.

Then o(z,y) holds by the induction hypothesis for any real x which witnesses this

i a Ws | p-generic extension of M.

O

The previous lemma is also true if M is uncountable. To show this one simply
applies the lemma to a countable elementary substructure of M. Note that the
lemma also works for the forcing Col(w,d). In fact this version of the lemma
uses a weaker notion of iterability called n-iterability, see [31, definition 1.1] for

a definition of n-iterability and [32, theorem 7.16]| for the result.

If in the situation of the previous lemma there is an extra extender on top in M,

then M =51, V holds for odd n as well:

Lemma 2.46. Suppose n < k and M,f(x) exists for every x € R. Suppose M
is a countable w-sound (k + 1)-small X -premouse which is wy-iterable above §
with p,(M) < §, where X is swo. Suppose there are n Woodin cardinals above
§ in M and at least two total extenders above. Then M (z) is unique for every

r € RNM and is calculated correctly by M.

Proof. Do an L[E]-construction over x in M. Then the M#(z) of both M and
V occurs in the construction when one forms the core of an z-premouse with an

extender above n Woodin cardinals for the first time. O
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Lemma 2.47. Suppose n < k and M,fé(x) exists for every x € R. Suppose M is
a countable w-sound (k + 1)-small X -premouse which is wy-iterable above § with
pu(M) < 0, where X is swo. Suppose there are n Woodin cardinals above § in

M and at least two total extenders above. Then M I V.

Proof. For n even this is true by lemma 2.45. Suppose n is odd and ¢ is a 2711+2
formula. Let z € R and let 6 be the least Woodin cardinal in M#(x). We know
that M computes M# () correctly by the previous lemma. So ¢(x) holds if and
only if
M (z) M} (x)
PpeW; ™ (plhw; ™ e(z))

holds if and only if M E ¢(z) by lemma 2.45. O

The next two lemmas show that statements about M7, (z) and MJ (z) are pro-

jective.

Lemma 2.48. Suppose M7 (z) exists for every x € R. Let M and N countable
(n + 1)-small X -premice with the same first order properties which are w-sound
above 0 with p,(M) < 6 and p,(N) < §, where X is swo. Suppose M is w;-
iterable above & and N is 11, -iterable. Then M = N .

Proof. The proof is organized as an induction. We sketch the proof for odd n
following the proof of [40, lemma 2.2]. This proof has to be slightly modified
since we don’t have large cardinals in V. The case for even n can be similarly
derived from the proof of [40, lemma 2.2]. The difference between the odd and

even cases lies in the weak iteration game from [40].

Let P := M#(z) where € R codes M and N. Let further g be a Col(w,w?)-
generic filter over N and define R := P[g]. Then M is w; + l-iterable in P and
in R by lemma 2.38. Note that II,,;-iterability is IT} , in the codes. Since there
are n. Woodin cardinals in P and in R, it follows from lemma 2.47 that N is

I, -iterable in N and in P.



THIN EQUIVALENCE RELATIONS AND INNER MODELS 29

We define coiterations of M and A in both P and R. For iteration trees on M
of limit length choose the unique branch with a Q-structure. For iteration trees
7 on N of limit length choose a cofinal branch with a wellfounded II,-iterable
model. The winning position for player 2 in the weak iteration game Z(N, 0, n+1)
produces such a branch. A coiteration argument shows that the branch is unique.

Note that the coiteration is possible by the induction hypothesis.

One can show that the same branches are chosen in the coiterations in P and
R since the forcing Col(w,w?) is small. So the coiteration in P is an initial
segment of the coiteration in R. Hence there is at least one cofinal branch in the
coiteration in P. This is an element of P by homogeneity of Col(w,w]). Now
the argument from the proof of the comparison lemma shows that the coiteration

terminates after countably many steps. It follows that M = N. O

Lemma 2.49. Suppose M7 (x) exists for every x € R. Then M7 (x) and M (x)

are coded by I1}, () singletons for each x € R.

Proof. Let f:w — M¥(x) be the canonical 3;-definable surjection over M (z).
Let
(k,m) € z 1 f(k) € f(m)

for k,m < w, so that (w, 2) is isomorphic to (M7#(x), €). Hence z C w x w is the
unique set which codes M#(x) and which computes itself via the canonical ;-
definable surjection computed in its transitive collapse. Now the set of (z,y) € R?

so that x codes M (y) is a T}, ,(z,y) set by the previous lemma, since for sets of

1

ITHC is equivalent to I}, ,. Thus z is a II} ,(z) singleton. The same works

reals 11,7

for M. O



THIN EQUIVALENCE RELATIONS AND INNER MODELS 30
3. LIFTING THIN EQUIVALENCE RELATIONS TO FORCING EXTENSIONS

In the situation where E is a provably A, ; equivalence relation and the forcing
P preserves ! truth, we ask whether forcing with P introduces any new equiv-
alence classes of E. In the first section we show generic X}, absoluteness for
reasonable forcing P of size x and that P does not add equivalence classes to
thin provably Al . equivalence relations, assuming that M7 (X) exists for every
self-wellordered set X € H,+, based on an idea of Foreman and Magidor [4, sec-
tion 3|. In the second section we derive analogous results for 3! c.c.c. forcing
from projective determinacy. We further show that generic ¥, ; Cohen absolute-
ness implies that Cohen forcing does not add equivalence classes to < w — IT}

prewellorders. We work in ZF + DC.

3.1. Reasonable forcing. We work with a weaker version of the notion of proper

forcing called reasonable forcing, introduced by Foreman and Magidor [4].

Definition 3.1. Let P be a partial order and p € P.

(1) Suppose N is a set with p € N. Then p is called (N,P)-generic if for
every maximal antichain A C P with A € N the set AN N 1is predense
below p.

(2) P is called reasonable if for all ¢ € P and for some (for all) reqular A >
(22§)+ there exist a countable elementary substructure N < Hy with ¢,P €

N and an (N,P)-generic condition r < q.

Here H) can equivalently be replaced by Vy. Let P,(A) :={X C X\: X < k} for

Kk, A € Ord. By standard proper forcing arguments we have

Lemma 3.2. (Foreman and Magidor [4]) A forcing P is reasonable if and only

; 14 ; : : VP .
if Py, (a) is stationary in P, (o) for every ordinal a.
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3.1.1. Absoluteness of M. We will use

Lemma 3.3. Suppose M#(X) exists for all swo X € H,, where k is an uncount-

able cardinal. Then M (X) is r-iterable for each swo X € H,.

Proof. We can assume that H, is closed under the relevant O-structures by
the induction hypothesis. A reflection argument then shows that M#(X) is k-

iterable. 0

The results in this section are based on the absoluteness of M7 (X):

Lemma 3.4. (Folklore) Let P be a forcing of size k, where k is an infinite car-
dinal. Suppose M (X) exists for every swo X € H,+. Then for every P-generic
filter G over V.

(1) M#(X) is normally k™ -iterable in V[G] via X for every swo X € H,+,
(2) VIG] E "M#(X) exists for every swo X € H,+ and is normally k-
iterable” , and
(3) suppose
(a) H <V, is a countable substructure with P € H where n is a large
limit ordinal,
(b) H is the transitive collapse of H with uncollapsing map m: H — H
and 7(P) = P, n(k) = K, and
(c) g is a P-generic filter over H in V,
then M#(X) exists in H|g] for each swo X € Hg[g] and is normally
x*t-iterable via X in both H|g] and V.

Proof. The proof works by induction on n. We get uniqueness of M#(X) for

X € H,+ by the argument in lemma 2.38.

1. In the case n = 0 the claim holds since all iterations are linear. Let n > 1
and suppose X € H,+ is swo. Let M := M#(X). We have to show that M is

normally xT-iterable in V[G] via X.
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Suppose not. Then in V[G] there is a normal iteration tree 7 on M of length < ™
which witnesses that M is not normally x*-iterable via . I.e. 7 is according to

%> and Myyr) is ill-founded or ¥(7') is undefined. Let 7 be a P-name and p € P

a condition with

pIF 7T witnesses that M is not x*-iterable via X7.

Now let H < V;, be a countable substructure with p, P, M, T € H for some large
limit ordinal 7. Let H be the transitive collapse of H with uncollapsing map
7:H — Hand n(p) = p, 7(P) =P, n(T) = T, 7(M) = M. Then M is

x*-iterable in V since 7 | M : M — M is an elementary embedding.

Let ¢ be a P-generic filter over H in V with p € g. Then

H{g] E "TY witnesses that M is not k" -iterable via 7.

Let o < [h(T9). M? (M(TY | o)) exists in in H[g] and is xT-iterable via ¥ in
both H|[g] and V by the induction hypothesis 3.

Let Q(79 | a) denote the Q-structure for 79 | « in H[g]. We can compare
Q(T9 | &) and M¥ (M(T9 | @)) in H[g] by lemma 2.38. Hence

QT [ a) A MF [(M(T | ).

So 79 is according to 3 in both Hl[g] and V.

Let b := XV(79). We have to show that b € Hlg]. Let ¢’ be Col(w,lh(T7))-
generic over H|[g] where [h(77) is the length of 79. Now Q(79) € H|g] since

Q(T?) S M7, (M(T?)).

One can build a tree in H|[g][g'] searching for a cofinal branch &' C 79 with
Q(’Tg) < MZ,Q. Since b is such a branch in V, there is a cofinal branch & C T
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in Hlg[¢'] with Q(7¢) < M} by absoluteness of wellfoundedness. But there can
be only one such branch by the argument in [42, corollary 6.14|. So b = ' and
V' € H[g] by homogeneity of Col(w,79). Hence

SV(T9) = b= £79(T9),
contradicting the assumption on 79.

2. Suppose X € HXJG] is swo. Let’s code X by a subset of k and choose a nice
P-name for this set. So there is a P-name 7 € H,.+ with 7¢ = X. We can assume
that (P, 7) is swo; otherwise we work with a swo set in H.+ coding P and 7.
Now G’ := GN M#(P, 1) is P-generic over M# (PP, 1), since G is P-generic over V.
Moreover

z=71% e M*P,7)[G"].

Then M7#(P,7) is normally xT-iterable via ¥ in V[G] by 1. Since P is small
compared to the critical points of the extenders on the M#(P,7) sequence,
M# (P, 7)[G'] is normally k*-iterable via 3 in V[G] as well. Let F' be the top
extender of M#(P,7)[G’] and k := crit(F). Do an L[E] construction over X in
M# (P, 7)[G]|k. Tt follows from the argument of the commutativity lemma |5,
lemma 3.2| that the premouse obtained by extending the L[E] model with the
restriction of F'is normally x*-iterable via X. Hence this is M#(X) in V[G].

3. Suppose X € Hg[g] is swo. Let 7 € Hgz+ be a P-name for X and let 7 := 7(7).

Let’s assume that (P, 7) is swo. Then M7 (P,7)# and M#(P,7) exist and are

normally x*-iterable via ¥ in H and V respectively and

(MF (P, 7)) = M¥ (P, 7).

Then M#(P, 7)™ is normally «*-iterable via ¥ in H[g] by 1.
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Let ¢ := g N M#(P,7)”. Then ¢ is a P-generic filter over M#(P,7)" and
x =79 € M#P,7)[¢]. Now M#(P,7)"[g] is normally x*-iterable via ¥ in
H[g], since P is small compared to the critical points of the extenders on the

M#(P, 7)7 sequence. Moreover M#(P,7) is normally x*-iterable via ¥ in V|

© | MFP, DT MEP, )T — MFE(P,7)
is elementary. Hence M#(P,7)"[¢'] is normally s*-iterable via ¥ in V as well.

As in part 2 we can build a model in M# (P, 7) via an L[E]-construction over X

which is the M#(X) of both Hl[g] and V. O
Note that the lemma works for M| with the same proof.

3.1.2. Absoluteness of equivalence classes. We will need a direct consequence of

lemma 2.45:

Lemma 3.5. Suppose M is a transitive model of ZF which computes M (x)

correctly for every x € RN M. Then M =5, V.

Proof. Note that in this situation M#(z) is unique by lemma 2.38. M# () com-

putes the truth value of X, , statements by lemma 2.45. O

Definition 3.6. X, -absoluteness holds for a partial order P if V. <51 V[G] for

any P-generic filter G over V.

Lemma 3.7. (Martin, Solovay, Schindler) Suppose M (X) exists for every swo
X € H,+, where k is an infinite cardinal. Then X}, ;-absoluteness holds for every

forcing of size k.

Proof. We follow the proof of |35, theorem 1]|. Suppose Jzp(z,y) holds in some
P-generic extension of V, where ¢ is a II} |, formula and y € R. Let 7 be a nice
P-name for a real and p € P a condition with p IFp ¢(7,7). We can assume that

(P, 7) is swo. Then M# (P, 7) exists since P, 7 € H,+.
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Consider the tree T in V searching for a 5-tuple (M, 7, P, g, 7) such that

(1) M is a countable premouse with y € M,
(2) ™: M — M#(P,7) is elementary with 7(P) = P,
(3) g is P-generic over M, and
(4)

|_M[9]

4) z is a real in M(g] such that M(g] & ¢(z,y) if n is even, and I-¢ 0 5

(2, 7) if n is odd, where § is the least Woodin cardinal in M[g].

A branch in this tree defines a complete theory so that every existential statement
in the theory is witnessed by a constant, giving rise to a model M|g|, as well as a
set of finite partial €-isomorphisms whose union is an elementary map ©: M —

M# (P, 7), witnessing that M is wellfounded.

Now let G' be P | p-generic over V. Then g := G N M#(P, 1) is P-generic over
M#(P,7) and we have x := 79 € M#(P,7)[g]. Since M#(P,7)[g] is kT-iterable
in V]G] by lemma 3.4, the collapse of a countable elementary substructure of
M# (P, 7)[g] witnesses that T has a branch in V|[G] by lemma 2.45. Then T is
also ill-founded in V' and hence V' E Jzp(z,y). O

For any set E with a fixed definition we always write E for the corresponding set
in any forcing extension. If further IP is a forcing and 7 is a P-name, then in any
P x P-generic extension 7 defines two objects via the two P-generic filters. We

write 7 and 7' for P x P-names for these objects.

The idea for the next lemma and the next theorem comes from [4, theorem 3.4].

Lemma 3.8. Let E be a thin I1;, 4 equivalence relation. Suppose P is a forcing of
size k and M (X) exists for every swo X € H,+, where k is an infinite cardinal.

Let 7 be a P-name for a real. Then the set

D:={peP:(pp) lFpxp TET'}

1s dense.
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Proof. Let a € R so that E is II;  5(a). Suppose D is not dense. Then there is a

condition p € P so that for every g < p there are r, s < g with
(’I“, S) H‘]}»X]p _|’7'E7',.

Let A be a large limit ordinal and H < V) a countable elementary substructure
with a,P,p, 7,7 € H. Let H be the transitive collapse with uncollapsing map
7:H — H and n(P) =P, n(p) = p, 7(7) = 7, and 7(7) = 7.

Let (D, : n € w) enumerate the open dense subsets in H of P x P. We construct

a family of conditions (ps : s € 2<) in P such that

1) py

=7,
2) py <prift Cs,

p
p
4

(1)
(2)
(3) (Ps~0:Ps~1) IFpyp "TET,
(4)
(5)

ps decides 7 | [h(s), and
(

sPt) EDoNDiN...ND;ifs,t € 2and s#t

for all s,t € 2<“. When p, is defined we choose as candidates for p,~o and ps;
conditions r, s < p, with (r,s) IFpxp =7ET'. Then one enumerates the pairs of
these conditions for all s of fixed length and extends the conditions to satisfy

properties 4 and 5.

Now let

g ={q€P:In€wpy, <q}

for each # € 2<“. Then g, and g, are mutually P-generic over H for x,y € 2<*
with x # y, so

Hlgy, g, E ~T9ET%

by property 3. Since H|[g,, g,] computes M#(z) correctly for each z € RNH (g, g,]

by 3 of lemma 3.4 we have H|g,, g,] =1, V' by the previous lemma. Since FE is
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I1} . 5(a) this implies
V E 79 BT

for © # y. Since 79 depends continuously on x, we get a perfect set of pairwise

inequivalent reals in V. This would contradict that £ is thin. ([l

A set is called provably Al (a) for a € R if there are ¥} and 1T, formulas ¢ and
such that both ¢(.,a) and (., a) define the set, and ZFC proves Vz,y(p(z,y) <
Y(z,y)). For our purposes it will be sufficient to know that Va(p(z,a) < ¥ (z,a))
holds in all generic extensions of sufficiently elementary substructures of V' con-

taining a.

Theorem 3.9. Let P be a reasonable forcing of size k, where k is an infinite
cardinal. Suppose M#(X) exists for every X € H.+. Then P does not add

equivalence classes to thin provably A} ., equivalence relations.

Proof. Suppose E is a thin provably A}, ;(a) equivalence relation where a € R.
We use E to denote the set given by the same X} ;(a) and I} 5(a) formulas in

any P-generic extension. This is an equivalence relation by lemma 3.7.

Suppose 7 is a P-name for a real and p € P is a condition such that for every

x € R we have p IFp =2 E7. Let ¢ < p be a condition with

(q,q) Fpxp TET

by the previous lemma. Since P is reasonable there is a large regular A and a
countable substructure H < V,, with a,P, ¢, 7, 7" € H such that there is an (H, P)-
generic condition r < ¢q. Let H be the transitive collapse of H with uncollapsing

map 7 : H — H and 7(P) =P, n(q) = ¢, n(7) = 7, and 7(¥') = 7.

Let gy be P | g-generic over H in V. Further let G be P-generic over V with
r € G and define g; := 7~ ”G. Then ¢ € g;. As in the proof of lemma 3.7 g is

P-generic over H.
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Now let h be P | g-generic over both H[gy] and H|[g;] in V. Let zy := 7%,

z1 =79, and y := 7". Then x; = 7¢. Since (g, q) Il—gxp TET we have

Hlgo, h] F zoEy

and

Hlg1, h] E 21 Ey.

As in the proof of lemma 3.7 H|g;, h] computes M7 (z) correctly for every = €
R N H|g;, h]. Hence H|g;, h] <1, V by lemma 3.5.

Since E is provably A} (a), this shows that x¢, z1, and y are equivalent with
respect to E. But zyp € V and on the other hand we assumed that x; is in a new

equivalence class in V[G], which is contradictory. O

3.2. Projective c.c.c. forcing. In this section we present versions of the results

in the previous section for 3} c.c.c. forcing.

3.2.1. Absoluteness of equivalence classes. We use the notion of projective forcing

from [1].

Definition 3.10. Let a € R. A partially ordered set P C R is called a X} (a)
forcing if the partial order < and the incompatibility relation L are X! (a) subsets

of R?.

For example Cohen forcing, random forcing, and Amoeba forcing are 3 c.c.c.

forcings.

Lemma 3.11. Let P be a Xi(a) c.c.c. forcing where a € R. Suppose M7 (x)

exists for every x € R. Then for every P-generic filter G over V.

(1) M#(z) is normally w;-iterable in V|G| via 3 for every x € R,
(2) V[G] E”M#(z) exists for every x € R”, and
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(3) suppose
(a) H <V, is a countable substructure with a € H where 1 is a large
limit ordinal,
(b) H is the transitive collapse of H with uncollapsing map 7= : H — H,
and
(¢c) gisa P -generic filter over H in 'V,
then M#(x) exists in Hg] for each x € R and is normally w, -iterable

via Y in both H[g] and V.

Proof. The proof works by induction on n as in lemma 3.4. We get uniqueness

of M#(z) for x € R by lemma 2.38.

1. This works just as in the proof of lemma 3.4.

2. Let x € RV and let 7 be a nice P-name with 7¢ = 2. Since P C Ris c.c.c. T
can be coded by a real, so M# (7, a) exists. We can avoid working with M# (P, 1)
since M7 (7,a) has its own version of the forcing P and this is absolute between

M#(7,a) and V. We get
Vy,y €P(y Ly & -3z € P(z <y,¢))

in M#(r,a) by II} downwards absoluteness, where P, <, | are given by their

¥3(a) definition. Now for y € R the statement
"y codes a countable subset of P’
is ¥1(a). Since
"y codes a countable predense subset of P”

holds if and only if y codes a subset {y, : n < w} of y and Vz € P3In(y, L 2),

this is a combination of a ¥:3(a) and a I1}(a) statement. So it is absolute between
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M#(7,a) and V. Hence
G' =GN M*(t,a)

is P-generic over M7 (7,a). Moreover

z=71% e M#(r,a)[G"].

Now M#(7,a) is normally wi-iterable via ¥ in V[G] by 1. Since P is small com-
pared to the critical points of the extenders on the M ¥ (7, a) sequence, M (7, a)[G’]
is wy-iterable via ¥ in V|[G] as well. We can construct M#(z) in M#(7,a)[G'] via

-

an L[E]-construction as in lemma 3.4.

3. Let z € Rl Let 7 be a nice PP¥-name with 79 = z and 7 := 7(7). Then
M#(7,a)7 and M#(7,a) exist and are normally w;-iterable via ¥ in H and V

respectively and

So M#(7,a)" is normally w;-iterable via ¥ in H|[g] by 1.

Let ¢ := g N M#(7,a)". Since the statement
7y codes a countable predense subset of P”

is absolute between M7 (7, a) and V, we can conclude that ¢’ is P-generic over
M#(7,a)". Moreover z = 79 € M#(7,a)"[¢']. Now M#(7,a)"[¢] is normally
wi-iterable via ¥ in H[g], since P is small compared to the critical points of

the extenders on the M#(7,a) sequence. Moreover M#(7,a)™ is normally w;-

iterable via ¥ in V since
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is elementary. Hence M#(7,a)"[¢'] is normally w;-iterable via ¥ in V as well.
Finally we can construct the M#(z) of H[g] and V in M#(7,a)"[¢] as in lemma
3.4. 0

Note that the existence of M#(z) for every = € R is equivalent to Det(II}.,) by

theorem 2.30. The previous lemma can be applied to generalize

Lemma 3.12. (Woodin [45]) Det(IL},) implies X}, Cohen (random) absolute-

ness. In fact for odd n it is sufficient to assume

(1) I 4s scaled and

n

(2) all A}, sets have the Baire property (are Lebesque measurable).
Proof. See [45, lemma 2]. O

Lemma 3.13. Let P be a X3 c.c.c. forcing and suppose M7 (z) exists for every

x € R. Then X, ;-absoluteness holds for P.

Proof. We follow the proof of lemma 3.7. Let P be a Xi(a) forcing. Suppose
Jzp(z,y) holds in some P-generic extension of V', where ¢ is a II}, |, formula and
y € R. Let 7 be a nice name and p € P a condition with p IFp ¢(7, 7). Let further
M := M#(a,y,T).

Consider the tree T in V' searching for g and x such that

(1) g is PM-generic over M and
(2) x is a real in M|g| such that M|g] F ¢(z,y) if n is even, and Il—ggﬂ)ﬁ)

©(Z,7) if n is odd, where § is the least Woodin cardinal in M.

Now let G be P | p-generic over V. Then g := G N M is PM-generic over M
since P is ¥3(a). Since M|g] is normally wi-iterable in V[G] by lemma 3.11, T
has a branch in V[G]. Then 7" has a branch in V' and hence V' £ Jzp(z,y). O

Note that one cannot prove this from n Woodin cardinals:
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Lemma 3.14. X}, Cohen absoluteness does not hold in M for even n < w.

Proof. The set of reals RN M# is X1, for even n by [40, theorem 3.4]. So the
statement that there is a Cohen real over M7 is X! .. Since M and the Cohen
generic extension M#[g] are ¥} ,-correct in V by lemma 2.45, this statement

holds true in M7 [g] but not in M#. O
We get analogues of lemma 3.8 and theorem 3.9:

Lemma 3.15. Let E be a thin H}H3 equivalence relation. Suppose P is a X}
c.c.c. forcing and M (z) exists for every x € R. Let T be a P-name for a real.
Then the set

D:={peP:(pp)ltpxp TET'}

1s dense.

Theorem 3.16. Let P be a 33 c.c.c. forcing and suppose M¥ (x) exists for every
x € R. ThenP does not add equivalence classes to thin provably A, 5 equivalence

relations.

3.2.2. Prewellorders and generic absoluteness. Let Np denote the set of nice
names 7 = {(p,n) : p € A,} for reals, where each A, is an antichain in a

forcing P. In case P C R has the c.c.c. every nice name can be coded by a real.

Lemma 3.17. (Bagaria, Bosch |1|) Suppose P is a c.c.c. ¥L(x) forcing and o is
a 3i (11}) formula where n > 1 and k > 2. Then

R:={(p,7): 7€ Np AplFp (7))}

is a S,y (2) (I, (2) set.

Proof. The set Np of nice P-names for reals is a II! subset of R by [1, fact 2.6].

We sketch the proof of the lemma from [1] for X} formulas. For k = 2 and a IT}
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formula ¢ one can express

plre ¥(o, 7)

by the Al statement that for every (for some) countable transitive model M
containing p, o, 7 of a fixed finite fragment of ZFC such that the inclusion P — P

is a complete embedding, we have that p H—]{P‘QIM (o, 7). Now by the forcing theorem

plbe Jyd(o,y) < 37 € Np(plhe Y(0,7)),
so Ris ¥}, (x). The rest is a straightforward induction on k. The proof for II}

formulas is analogous. O

We use the previous lemma to show

Lemma 3.18. ¥, Cohen absoluteness implies that Cohen forcing does not add

any equivalence classes to < w — II. prewellorders.

Proof. Suppose < is a < w — IT! prewellorder. Let P denote Cohen forcing
and suppose G is P-generic over V. We denote the relation given by the same
definition in V[G] by < as well. This is a prewellorder in V[G] since the statement

that < is a prewellorder is II}, ;. Moreover
1IFp” < is a prewellorder”
is IT}, .| by lemma 3.17. Hence this holds in V[G] by X, | ;-absoluteness, so we get
1 IFpp 7 < is a prewellorder”.

Since the two-step iteration P x P of Cohen forcing is equal to the product, the

same is forced by P x P.

Suppose p € P and 7 € Np such that plrp 7 £ 2V i £ 7 for all z € R.
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Case 1. There is a real x € R and a condition q < p with ¢ \Fp 7 < &. In this

case choose x € R which is <-minimal with this property. Then

Vy < .T(p H_]P T ﬁ g)a
which is a 11}, | statement by lemma 3.17, since the map y — § is Borel.

Let G and H be mutually P | p-generic filters over V.. Then Yy < z(plFp 7 £ 9)

holds in V|G] by X, -absoluteness. In particular we have
D ||—¥[G] T £ 7.

So V|G x H| E 1 £ 79 and by the same argument V|G x H| E 7% £ 78 This

is contradictory, since < is linear in V|G x H|.

Case 2. There is a condition q < p such that for every x € R we have qlFp & < T.
Then
Ve e R(qlFp & < 7).

Let G and H be mutually P | q-generic over V. Again we getVr € R(qlFp & < 7)
in V|G]. In particular

q II—K[G] Y <r

so that V|G x H| F ¢ < 7H. By the same argument V|G x H] E 785 < 7Y which

15 1mpossible.

We conclude that

Corollary 3.19. Cohen forcing does not add equivalence classes to < w — IT}

prewellorders if and only if ¥, Cohen absoluteness holds, for n > 1.
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Proof. One direction is the previous lemma. For the other direction suppose we
have proved E}C Cohen absoluteness for some k£ < n. Let G be Cohen generic over

V. Suppose V[G] E Jzp(x, @) where ¢ € 11} and @ € R<¥.

We define a prewellorder < by letting x < y if and only if ¢(x,d) V —p(y, d).

Then one of the equivalence classes of the prewellorder is

{r €R: p(z,a)}.

Since Cohen forcing does not add any equivalence classes, there is a real x € RNV

with V' E p(z,d). O

4. THE NUMBER OF EQUIVALENCE CLASSES

We give a proof of the Harrington-Shelah theorem [9] for counting the number of
equivalence classes of thin co-x-Suslin equivalence relations in the first section.
This is applied to compute the number of equivalence classes of thin IT! and
3,11 equivalence relations, assuming the existence of IT},  ,-scales and the Baire
property of projective sets. It is finally shown that thin ¥} equivalence relations

are I3, in any real coding Mj;_l for n > 1. The base theory is ZF + DC.

4.1. Co-k-Suslin equivalence relations. We present a proof of the Harrington-

Shelah theorem. Most of this section is due to Harrington and Shelah.

4.1.1. A few lemmas.

Definition 4.1. Suppose k € Ord. A set A CR" is called k-Suslin if A = p|[T|

for some tree T on W" X k. It is co-k-Suslin if R" — A is k-Suslin.

Note that if AD holds in L(R), then the sets of reals which are x-Suslin in L(R)
for some ordinal x are exactly the (32)F®) gets of reals, as shown by Martin and

Steel [26].
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In this section, E denotes an equivalence relation which is co-x-Suslin via T'. Note
that R? —p[T] is not necessarily an equivalence relation in generic extensions. For

example, if R is wellorderable and

T :={(s,(x,..,7)) € (WxR)“:sCaxAzxecR*—FE},

then p[T] = R? — E is the same set in every generic extension, so whenever P

adds reals R? — p[T] is not an equivalence relation in VF.

For the application to projective equivalence relations we note the following con-

sequence of the second periodicity theorem [17, see 30.12]:

Lemma 4.2. Assume ZF+DC and Det(A},). Then every IT, , set is co-03,., -

o 1
Suslin via the tree from a 35, ,-scale.

The existence of a perfect set of pairwise inequivalent reals for £ = R? — p[T]
is not absolute between V' and generic extensions. We work with a stronger and

absolute version, which is called strongly thick in [9].

Definition 4.3. Suppose T is a tree and E = R? —p[T is an equivalence relation
and S CT. We say S witnesses that E is not thin if there is a perfect set P C R

such that (x,y) € p[S] for all z,y € P with x # y.

For a tree T" and a node r € T one says that r splits in 7" if there are s,t € T

with » C s,t and s1t.

Lemma 4.4. The existence of a countable set S C T which witnesses that £ =

R? — p[T] is not thin is absolute between transitive models of ZF.

Proof. We define a partial order (X, <) such that a countable set S with this
property exists if and only if (X, <) is ill-founded. Let X be the set of all triples
(r,s, F') such that
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1) r is a finite tree on w,

(1)
(2) s C T is finite,

(3) F is a finite set of finite functions,
(4)

4) for any two u, v € r with u # v there is a function f € F with (u,v, f) € s
and let (r,s, F) < (p,q, Q) if

(1) p
(2) ¢
(3)
(4)

| ﬂ

| ﬂ

3) every node in p splits in r, and
4) for any u,v € p with u # v and any g € G with (w,z,g) € ¢ there are

y,z € r and a function f € F withu Cy, v C 2z, g C f, and (y, 2, f) € s.

If a countable set S C T and a perfect set P C R witness that E is not thin, one
can define (r,, s,, F,,) € X such that (r,, s,, F,) < (rx, Sg, Fy) for all k <n < w
and for any two distinct u,v € r,, of the same length there are reals x,y € P and

a function f :w — Ord with

1

| ﬂ

(1) u
(2) v
3) (u, [h(u)) € s, and
4) (z,y, f) [5].

| ﬁ

If on the other hand (X, <) is illfounded, let ((ry, Sn, Fr) : n < w) be a strictly
decreasing sequence in (X, <). Wecanset S:={f [k:In<w(f € F,Ak <w)}
and P := [U] where U :=

nEw

This works without choice since X can be wellordered. O

We will work with the infinitary logic L., over a language L |3, chapter III,
definition 1.5]. L -formulas are distinguished from finitary formulas by the
fact that disjunctions and conjunctions of arbitrary ordinal length are possible.

Let £ be a language which contains at least € and the following constants: ¢, d
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for reals, f for a function f : w — &, and § for each s € te({T'}). Let N be the set
of atomic formulas n € ¢ with n € w. We build L oy by starting with N and
closing under negations and wellordered infinitary disjunctions and conjunctions.
We will also write ¢4 for the formula obtained from a formula ¢ € Lo o n by
replacing ¢ with d. Note that instead of L o n one can equivalently work with
the infinitary logic L o built over a language with a set of propositional formulas

{pn : n < w}, as is done in 9] and [13].

Whether a statement ¢ € Lo n is true depends only on the truth value of each

individual atomic statement n € c.

Definition 4.5. Suppose ¢ € Loy and v € R. Define the truth value of n € ¢
as true if and only if n € x. This induces a truth value for ¢ by induction on the

formula complexity. If this value is true we say that p(z) holds and x is a model

of v.

We refer to the infinitary proof calculus from [3] which has the rule

Va< ke, = I—/\g)a

a<fB

in addition to the rules of first-order logic [3, chapter III, definition 5.1|. In the

following let x be the L ,-formula

cCwNANdCwA /\ (Vxef\/x:S)A(/\éei).

tete({T}) s€t s€t

Then ¢, d are interpreted as reals and $ takes the value s for each s € tc({T'}) in
any transitive model of y. Note that for any admissible set A with T" € A we have
X € A by Ag-replacement, since we can assume that s and s are Ay-definable
from each other for each s € tc({T'}). We write F, for the provability relation

when Y is used as an axiom.
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A theory in L, is consistent if it is not contradictory in terms of infinitary
proofs. Note that for hereditarily countable theories, this definition coincides

with several other definitions of consistency:

Lemma 4.6. The following are equivalent for any hereditarily countable theory

2 g Eoo,O,N"

1) X s consistent

2) X is consistent in any admissible set A with 3 € A

4) there is a model of ¥ in some generic extension

(1)
(2)
(3)  has a model
(4)
(5)

5) player 1 wins the closed game Gy, from |13, section 2.2|.

Proof. We sketch the relevant part that > has a model if it is consistent. Suppose
. is consistent. We can assume that negations occur only at the atomic level in
formulas in 3, since every L. o n-formula is equivalent to a formula of this form.

Suppose two players play a game Gy, with the rules:

(1) if player 1 plays V/,_5 Xa, then player 2 has to play x, for some a < §,
and
(2) both players can only play formulas which are consistent with 3 and the

previously played moves,

where player 2 wins if the game does not stop after finitely many moves. Then
player 2 has a winning strategy in Gy, since Y is consistent. By letting player 1
play each disjunction in tc(X) consistent with ¥ and the previous moves at some
point in the game, the play determines a real x so that n € x if and only if the
formula n € ¢ was played during this run of the game. One shows by induction

on the formula complexity that x models X.

The equivalence of 1 and 2 follows from the Barwise completeness theorem |3,

part III, theorem 5.5]. O
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Lemma 4.7. A Cohen real adds a perfect set of mutually generic Cohen reals

Proof. Let Q be the forcing which consists of finite trees on w, where s < t if
and only if ¢ C s and every node of ¢ splits in s. Then Q is equivalent to Cohen
forcing [P since it is countable and has no atoms. Also any two branches of the
tree added by QQ are mutually P-generic, since for every dense open set D C P x P

the set
D :={teP:Vrsetlr#s=I",sdectlrrAsCsNGs)eD))}
is dense in Q. O

4.1.2. The theorem of Harrington and Shelah. In this section we give a proof of

Theorem 4.8. (Harrington-Shelah [9]) Assume ZF. Suppose k is an infinite
cardinal and T is a tree on w X w X k. Let A be an admissible set with T € A.

Suppose E = R? — p[T] is a thin equivalence relation such that

(1) WHD 2R2 — p[T] is transitive’ or

(2) there is a Cohen real over L|T] in V.

Then for every x € R there is a formula ¢ € Lo on N A with

Proof. If there is a Cohen real x over L[T] in V, then R? — p[T] is an equivalence
relation in L[T, x] by absoluteness of p[T], since E = R? — p[T] is an equivalence
relation in V. So we assume the first condition holds. Note that this condition is

also true if R? — p[T] is transitive in a Cohen generic extension of V.

We work in L[T]. If the theory

Yi={p:rpe€LoonNA:F, (pApq) — (c,d) ¢ p[T]}
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is inconsistent, then no real can satisfy every statement in . Here I, can be
equivalently replaced by l—ﬁ by the Barwise completeness theorem |3, chapter 11,
theorem 5.5]. Then for every x € R there is a formula ¢ satisfying the conditions

and we are done.

Assume ¥ is consistent and let A < A be a countable substructure with 3,7 € A
and A its transitive collapse with uncollapsing map 7 : A — A, «n(T) = T,
(%) = x, 7(R) = &, and 7(p) = X. Further suppose T,n € A, n(T) = T,
7(f) = f, and (1) = 7 for all n € w. Also assume that s and § are Ag-definable
from each other for each s € te({T'}) to ensure that T is interpreted as T in every

model of y. We will refer to provability and consistency as provability from y

and consistency with x and denote 5 simply by .

Claim 4.9. Suppose p C q¢ C Looon N A, q is consistent, q is X1 over A. Then

qUqqU {(c,d) € p[T7} is consistent.

Proof. Assume the theory is inconsistent, so it does not have a model. Now
Barwise compactness |3, chapter III, theorem 5.6] implies that there is a theory
s € Awith ¢ — s such that sUsqU{(c,d) € p[T]} does not have a model. Hence
this theory is inconsistent by lemma 4.6. We can replace s by a the conjunction
@ € Looon N A of all formulas in s and get - (o A @q) — (c,d) ¢ p[T]. Then
—p € p C ¢ by definition of 3. But this cannot happen, since - ¢ — ¢ and q is

consistent. O

Using the claim, one would like to build a perfect tree of consistent theories
starting with p such that every branch defines a complete theory. Then every
branch defines a unique real. At the same time one would have to ensure that
(x,y) € p[T] for reals z,y from distinct branches and this would contradict that
E is thin.
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However, this cannot work directly, since the assumption on Cohen forcing is
necessary by remark 4.14. Instead one can construct a countable set S C T and
a perfect set in a Cohen generic extension witnessing that R? — p[T] is not thin

and then apply lemma 4.4.

Claim 4.10. Every consistent Lo o n-theory ¢ with p C q which is X1 over A s

imcomplete.

Proof. Suppose ¢ is complete and consistent. Then the theory ¢ U g; U {(c¢,d) €

p[T]} is consistent by claim 4.6. So

qudU{(C,d,f) € [T]}

is consistent as well. This theory has a model (z,y, f) € L[T] since one can also
apply lemma 4.6 if N is replaced by the set N’ which additionally contains each
formula f(n) = & for « < & and n < w. Then z = y since x and y are both
models of ¢ and ¢ is complete. Hence (x,z, f) € [T]. Note that p[T] C p[T] since
7T is obtained from 7 by omitting all ordinals not in A. But this would imply

(z,z) € p[T] and hence (z,z) ¢ E. O

Let (¢, : n < w) enumerate the formulas in Lo,y N A. We can assume that

negations only occur on the atomic level in all formulas.

We build a tree C in L[T| whose nodes are consistent Lo, o y-theories ¢ O p which
are Y1 over A, ordered by inclusion. The root of the tree is p. We can construct

the tree level by level and ensure that C is isomorphic to 2<“ and

(1) ¢y, € q or =, ¢ q for all g on level n and
(2) if ¥ = Ve Xas ¥n € ¢, and ¢ is on level (n, k) for some k < w, then for

every r O g on level (n, k) + 1 there is some o < 8 with x,, € r.

Then every branch in C defines a consistent theory and a real which is a model

of the theory. Note that there are no end nodes in C by claim 4.10. We will force
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with (C, <), where < denotes reverse inclusion. If G is C-generic, then |JG is
a complete theory and defines a real . The generic filter can also be recovered

from the real z as

G={qeC:Vpecqp(x)}

Let N’ be the set of atomic statements about ¢, d, and f Let P be a tree of
consistent L., o yv-theories containing pUp,U{c, d, f) e [T]} which are ¥; over A.
We build PP in the same way as C such that additionally the value of (c|n, d|n, f|n)
is decided on the n'* level and P is isomorphic to 2<“. Then every branch in P
defines a consistent theory containing pUpysU{(c, d, f) € [T]} and a triple (z, v, f)
which is a model if this theory. We will force with (P, <) where < denotes reverse

inclusion.

Claim 4.11. Suppose G is P-generic and (x,y, f) is a model of the corresponding

theory. Then both x and y are C-generic.

Proof. Suppose D C C is open dense. It suffices to find » € D such that x models

r. For g € P let

qlc) ={p € LooonNA:qt ¢}
be the set of statements about ¢ which are provable from q.

We claim that
D":={qeP:qc) € D}

is dense in P. So suppose ¢ € P. There is a condition r € D with ¢(¢) C r since
D is dense. If ¢’ := q Ur was inconsistent, then by Barwise compactness and
lemma 4.6 there would be a set s C r with s € A such that ¢ - — /\'s. Hence
- As € q(c). But A s is consistent with ¢(c) since s C r. So ¢ is consistent.

Since r C ¢/(¢) we have ¢/(¢) € D and hence ¢’ € D'.

Choose a condition ¢ € GN D’ and let r := ¢(¢) € D. Then x models r, since
q € G and (z,y, f) models |JG. O
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Claim 4.12. If (z,y) is C x C-generic over L[T], then (z,y) € p[T].

Proof. Suppose there are conditions q,¢ € C with (q,¢') IFexe (20, 41) ¢ p[T],

where #y and &; are names for the left and right generic reals. Then

s:=qUqqU{(c,d) € p[T]}
is consistent by claim 4.9. Let s’ € P be a condition with s’ D s. Suppose G
is Cohen-generic over L[T]. There is a C | ¢’ x P | s-generic filter over L[T] in
L|T,G] by lemma 4.7. Let x be the C-generic real and y and z the reals from the
P-generic filter as in claim 4.11. Then both y and z are C [ g-generic over L[T].

Since p[T] is absolute, we have

LIT, Gl F (x,2) ¢ p[T]
and

LIT, Gl F (y,2) & p[T]

since this is forced by (g, ¢’) and

LIT, G F (x,y) € p[T].

But this cannot happen, since p[T] C p[T] and R? — p[T] is transitive in any

Cohen generic extension of L[T]. O

Hence Cohen forcing adds a perfect set of pairwise inequivalent reals by lemma

4.7 and claim 4.12.

Let 7 be a C-name for a sequence of ordinals with IFeyxe (o, 41,7) € [T] by
the forcing theorem, where #y, and &; are names for the left and right generic
reals. Since C is proper, there is in fact a countable set S C T such that IFcyxc

(0,41, 7) € [S]. But then there would also be a countable subset of T’ witnessing
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that R? — p[T] is not thin in L[T] by the absoluteness proved in lemma 4.4. This

would imply that E is not thin in V. O

It is not clear whether the previous proof can be generalized to Sacks forcing, or

other forcings whose conditions are trees on w, instead of Cohen forcing.

Note that if ¢ satisfies the conditions in the previous theorem, then the set
{y € R: ¢(y)} is contained in the equivalence class of . The aim of the theorem

was to show

Corollary 4.13. (Harrington-Shelah [9]) Assume ZF. Suppose T is a tree on

wXw X Kk and E =R? —p[T)] is a thin equivalence relation such that

(1) FET "R2 — p[T] is transitive’ or

(2) there is a Cohen real over L[T] in V.

Then the equivalence classes of E can be wellordered with order type < k.

Proof. Let A be the least admissible set with 7" € A. Then A = L,[T] for some
ordinal a. Then A = & since A = L, [T] = h*(x U{T}) by minimality of A. Let
® be the set of Lo n-formulas ¢ € A satisfying the conditions in theorem 4.8
and let (¢ : < ) enumerate ® for some v < k. Then every equivalence class

is the union of sets of the form {z € R : p3(z)} with § < ~. Hence

flz]p) = min{B <~ : 3y € [z]z s(zy)}
is a rank function for the equivalence classes. O

Remark 4.14. (Shelah [38]) The assumption that R? — p[T)] is transitive in a

Cohen generic extension cannot be eliminated from the previous corollary.

Proof. Shelah [38] defines a finite support iteration of c.c.c. forcings of length w;
assuming 2% = Ny, so that in the generic extension there is a thin co-R;-Suslin

equivalence relation with 2% equivalence classes. [l
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Note that if x is a successor cardinal and 7" a tree on w X w X k, then L[T] is
not a counterexample to the conclusion of corollary 4.13, since L[T] has at most

k many reals by a standard argument.

The Harrington-Shelah theorem has an interesting consequence together with a

result of Neeman and Zapletal:

Theorem 4.15. (Neeman and Zapletal [33]) Suppose k is an infinite cardinal

and there are a class inner model M and a countable ordinal \ with

(2) M ="\ is the supremum of w Woodin cardinals’, and

(3) M is uniquely k* + 1-iterable.

If P is a proper forcing of size < k and G is a P-generic filter over V', then there

is an elementary embedding j : L(R)Y — L(R)VIE which fizes the ordinals.

Corollary 4.16. Suppose there is an inner model as in the previous theorem.
Then proper forcing of size < k does not add equivalence classes to thin (IT12)*®)

equivalence relations.

Proof. The assumption implies AD*® by [42, lemma 7.15] and Woodin’s theorem
[31, theorem 3.1]: AD*®") holds if X is a limit of Woodin cardinals and R* is the
set of reals of a symmetric collapse below A. Now suppose E is a thin (IT?)®)
equivalence relation, so E is co-(92)*®)-Suslin for via the tree T from a (X2)L(®)
scale on the complement of E. Let G be generic over V for a proper forcing of

size < k. Then there is an elementary embedding
j: L(R) — L(R)VIC

which fixes the ordinals by the previous theorem, in particular R* — p[T] is an

equivalence relation in every Cohen generic extension of V. Hence there is a
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wellorder of the equivalence classes of E in L(R) by corollary 4.13. Since j fixes

the ordinals, there are no new equivalence classes in V[G]. U

4.2. Projective equivalence relations. In this section we use the theorem of
Harrington and Shelah to determine the number of equivalence classes of thin

projective equivalence relations relative to the projective ordinals, assuming PD.

4.2.1. I}, and X3, equivalence relations. Silver [39] proved

Lemma 4.17. Assume ZF. Then every thin I1} equivalence relation has count-

ably many equivalence classes.

Harrington’s simpler proof of this result can be found in Jech [16, theorem 32.1].
The lemma follows from corollary 4.13, since 3 sets are Rg-Suslin and the state-
ment that a [T formula defines an equivalence relation is I1} and hence absolute.

Burgess proved

Lemma 4.18. Assume ZF. Then every thin X} equivalence relation has at most

Ny many equivalence classes.

For a proof see Jech [16, theorem 32.9|. This result is a consequence of corollary
4.13, since X1 sets are N;-Suslin and the Shoenfield tree projects to the complete

Y1 set in any Cohen generic extension. For the same reason one has
Lemma 4.19. Assume ZF and

(1) there is a Cohen real over L[x| or

(2) there is an inner model which satisfies generic 33 Cohen absoluteness.

Then any thin 113 (x) equivalence relation has at most Ry many equivalence classes.

The conclusion from condition 1 is shown in in Harrington and Shelah [9]. Note
that 2 implies 1 by Bartoszynski and Judah [2, theorems 9.2.12 and 9.2.1|. The

previous facts generalize through the projective hierarchy:
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Theorem 4.20. Assume ZF and

(1) I}, is scaled and

(2) all A3, sets have the Baire property.

Then the equivalence classes of any thin I1}, ., equivalence relation can be well-
ordered with order type < §3,.,. Moreover, there is a thin X}, ., equivalence

relation whose equivalence classes can be wellordered with order type 5, ;.

Proof. Let E be a thin IT}, , equivalence relation and fix some 33, ,-scale (<y:
k < w) of length 4}, ., on R*— E. In fact [30, 4C.14] and |21, theorem 38.4] imply
that there is a scale of this length. We further have ¥j,, ; Cohen absoluteness by

lemma 3.12. Then in every Cohen generic extension

(1) E is an equivalence relation and

(2) (<p: k <w) is a scale on R? — F,

since both are II}, , ; statements. Here E and (<j: k < w) are understood as
the corresponding sets in the generic extension with the same definition as in
the ground model. Now Cohen forcing does not change the tree 17" from the scale
since no new equivalence classes are added to the relevant prewellorders by lemma
3.18. Hence R? — p[T] is an equivalence relation in any Cohen generic extension.
Thus the equivalence classes of E can be wellordered with order type < 4¢3, ., by

corollary 4.13.

Let < be a IT},,; norm on the complete IT} . | set A C R, so < has length §3, .
The norm induces a X}, ., equivalence relation E defined by (z,y) € E if and
only if (xt <yAy <z)Vz,y¢ A. Moreover, E is thin by the argument in lemma
2.14. 0

The previous theorem implies that there is no difference in the possible number of
equivalence classes of thin 33, | equivalence relations and of thin IT}, _, equiv-

alence relations. On the other hand, we will see in theorem 5.26 that there are



THIN EQUIVALENCE RELATIONS AND INNER MODELS 59

inner models which have representatives in every equivalence class of every thin
3,41 equivalence relation defined from a parameter in the inner model, but do
not fulfill the same condition for thin IT}, ,, equivalence relations. For the odd

levels we have

Theorem 4.21. Assume ZF and

(1) I}, is scaled and

(2) all A}, ,, sets have the Baire property.

Then the equivalence classes of any thin I1;, .| equivalence relation can be well-
ordered with order type < 35,.,. Moreover, for every a < g3, ., there is a thin
A}, .1 equivalence relation whose equivalence classes can be wellordered with order

type at least a.

Proof. Let E be a thin II},,, equivalence relation. Let further A C R® be a
IT}, set with R* — E = p[A] and fix a ITj,, ;-scale (<4 k < w) on A. Then
the prewellorders are actually Aj, ., since A is ITj,. Since ¢f(d3,,,) > w, this
implies that the length « of the scale is less than 4§3,,,. Now X} .. Cohen

absoluteness holds by lemma 3.12. So the II},, , statements

(1) E is an equivalence relation,
(2) R? — E = p[A], and

(3) (<n:in <w) is ascale on A,

hold in every Cohen generic extension. Cohen forcing does not change the tree
T from the scale, since no new equivalence classes are added to the relevant
prewellorders by lemma 3.18. Hence R? — p[T] is an equivalence relation in any
Cohen generic extension. Thus the equivalence classes of E can be wellordered

with order type at most « by corollary 4.13.

Clearly for every a < 43, there is a A}, | prewellorder with order type at least

a, by the definition of 3, ;. O
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The extra assumptions in the previous theorems cannot be eliminated:

Lemma 4.22. Let n < w and assume there are 2n Woodin cardinals and a
measurable above if n > 0. Then under ZFC + Det(I13,)) there is no upper bound

for the number of equivalence classes of thin X3, ,, equivalence relations.

Proof. Ms, denotes the inner class model defined by iterating the top extender of
M} out of the universe. In particular My = L. Then M, E Det(I1},) by lemma
2.30.

Let k be an uncountable cardinal in M,,, and G a generic filter over M,,, for the
finite support product of (x*)2» many Cohen forcings. Working in M,,[G], fix a
set A C R of size k. We claim that there is a c.c.c. forcing P in M,,[G] such that
Ais I3, , in any P-generic extension of Ma,[G]. For n = 0 this is Harrington’s
forcing from [6, §1]. The forcing has to be adapted if n > 0; in this case we have
to find a sequence (dn, : o < wy,n < w) of distinct reals in My,[G] which is

AT over My, [G].

As for the case n = 0 we work with the sequence of all reals of Ms,, in the order
of constructibility. The canonical wellorder is shown to be A¥S, over M,, in
[40, theorem 4.5] by comparing reals in Ily,-iterable, 2n-small, w-sound premice.
The point is that M < M7, for such premice M by [40, lemma 3.3]. Since
[Ty, -iterability is II3, ; in the codes, it is absolute between M, and Ms,[G]. It
follows that the sequence of reals of Ms,, in the order of constructibility is Agﬁl

over My, [G]. O

The number of equivalence classes of thin IT} and X3, equivalence relations can
be calculated under PD by the two theorems above. The next example defines a
Al equivalence relation with exactly Clard(d}) many equivalence classes from a
prewellorder. Hence it is consistent that there is a A} equivalence relation with

N, many equivalence classes by lemma 2.18.
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Example 4.23. Assume z¥ exists for every x € R. Let (12 : a € Ord) enumerate

the x-indiscernibles and define uz = (f, .| for v € R. The prewellorder given by
<y uy <uf
is A} and its length is §}.

Proof. Note that the class of z-indiscernibles and the theory of L[z]| are definable

from x# since
o {"e(vo, ..., vn) Vs Llz] E @(x,w}/, ,w,‘{)}
Thus v} < u$ holds if and only if
# o7 T
L[x Y ] F Lw}’—&—l < LZY-H'

But this can be calculated from (z#, y#)# since w) is an (2%, y#)-indiscernible.

Now sharps for reals are defined by a IT} formula. Hence u§ < uj is Al in x,y.

The length of the prewellorder is ) since §) = uy = sup{u$ : * € R} in the

presence of sharps for reals. O

A similar example for A} is not known. It could be possible to realize this by
comparing the heights of the transitive direct limit of iterates of Mf (x) and

M2# (y) via iteration trees living below the respective least Woodin cardinal.

4.2.2. 3} equivalence relations. Hjorth [12, lemma 2.5] showed that every thin
»1(z) equivalence relation is II} in any real coding M7, assuming M7 (z) exists
and is wy + 1l-iterable. This also works assuming M1# (x) exists for every z € R
via lemma 2.38. In this section this result and its proof are extended to the even
levels of the projective hierarchy. The main ingredient is the next lemma, based

on [12, lemma 2.2|.
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If P is a forcing and 7 is a P-name for a real, then in any P x P-generic extension
there are two corresponding reals from the P-generic filters. We will denote the
P x P-names derived from 7 for these reals by 7 and 7’ throughout the rest of

this paper.

Lemma 4.24. Let n be even and k > n, Suppose M,f(x) exists for every x € R.
Let E C R? be a thin 1T}, 4(z) equivalence relation where x € R. Let M be a
countable (k + 1)-small X-premouse which is wy-iterable above § and w-sound
above § with p,(M) < 9§, where X is swo. Suppose there are n Woodin cardinals
above § and an extender above them in M. Let further P be a forcing of size < &
in M. Then for every P-name 7 € M for a real the set D of conditions p € P
with
(p,p) IFpke TET

1s dense in P.

Proof. Suppose D is not dense. In this case let py € P be a condition such that

for every q < pp there are conditions r,u < ¢ with
(r,u) Fplp =T ET.

Let (D; : i < w) enumerate the dense open subsets of P x P in M. One can
inductively define a family (ps : s € 2<¥) of conditions in P such that for all

s, t e 2%

(1) Ds Pt lft g S,

(2) (Ps~0:Ps~1) IFplp 2TET,
(3) ps decides 7 | lh(s), and
(4) (

4) (ps,pi) € DgN..N D; if s,t € 2 and s # t.

Moreover let

gy :={p€P:3In <w(ppym <p}
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for each y € R. Then g, X g, is P x P-generic over M for any y, z € R with y # =
by condition 4. Then
Mgy, g:] £ =T ET%

by condition 2. We have Mgy, g.] <51, V by lemma 2.45. Hence —7% ET% as
R? — E is X!, 5(z). On the other hand the set P := {79 : y € R} is perfect since
79 depends continuously on y by condition 2. This is a contradiction, since F is

thin. O
We will need

Lemma 4.25. Let n < k with k > 1 and suppose M,f(:z:) exists for every x € R.
Let N be a countable active w-sound wy-iterable (k + 1)-small X -premouse with
po(N) < B, where X is swo. Let k be the critical point of the top extender of
N and M = N|k. Let 6 > [ be the least Woodin cardinal in N'. Let m < w be
sufficiently large. Then there is a club C C § which is uniformly definable in M,

so that for every v € C'" we have for

Y, = i (V)

v
and X, its transitive collapse that

(1) X, E 7y is the least Woodin cardinal’ and
(2) Xg <X, <M forall € CnNr.

Proof. We define a sequence (v, : @ < ) by induction and then set
C:={ya:a<d}.

Note that EY’“” coincides with X, over M since M is w-sound and is a model

of ZF. To define vy let Y := h/EV(‘m,l)(@) via the canonical Skolem functions. Let
1

i+l . M M
Y= hzgmfl)(‘/sup(Yiﬂd)—l-l)
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for i < w and define

Yo = sup(U Yiny).

<w
We have 7y < ¢ since 9§ is inaccessible in M and further

Yy = ¥ = ko (V).

<w

To define 7,4, in the successor step start with Y := hg’(lm,l) (V. . Let
1

o )

sup(Ys,Nd)+1
i+l . g M M

Y T hzgm—l)(‘/sup(Yiﬁ(S)—i-l)

for i < w and let

Yot1 = SUP(U Y'no).
i<w

Again we have
_ M M
Y’YOH—I - h/zgn’L—l) (V'Ya+1).

For limits 1 < ¢ define v, := sup,., Va, so that Y, = h’z\/(‘m,l) (VW/;’I) as well. Since
1

0 in inaccessible in M, we have 7, < ¢ for each o < 9.

Let X, be the transitive collapse of Y, for o < ¢ and let o, : X, — Y, be the
uncollapsing map. Then 7, is the least Woodin cardinal in X, , since m,(7,) = 6.

The construction ensures that J,i = Vv/:t for each o < & where F = FM,

Moreover X, is m-sound above 7,, since Y, is the Egm_l)—hull of 7o in M. It
is clear that crit(c,) = 7o and p,(X,,) = 7.. Hence the condensation lemma
can be applied, see [47, theorem 5.5.1| and [29, theorem 8.2]. We have Fj;" =
since 7, is a cardinal. So the case that X, is an ultrapower of an initial segment
of M by F,, can be ruled out. Hence X, < M. One can now conclude that

Xy, <X, A Mforalla < <. O
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The previous lemma will also be used in the proof of the main lemma in section
4.1. For the next theorem we actually only need a single element of the club in

the lemma. Hjorth [12, lemma 2.5| proved the next theorem for n = 1:

Theorem 4.26. Let n > 1 and suppose MZ._|(x) exists for every x € R. Then
every thin X3 (r) equivalence relation is 113, in any real coding M3, (r), for

r € R.

Proof. Let E be a thin 31 (r) equivalence relation. Define M := M _,(r) and
let & be the least Woodin cardinal in M. Let n and 7 be Ws-names in M such
that H—W& T =n & 7, where & is a name for the Ws-generic real. Then the set D

of conditions p € WM with

(p,p) |I—<\W46Xw6 nEn AN TET

is dense in W by lemma 4.24. Let  be the critical point of the top extender
of M. Let’s choose some v € C' where C' C § is the club from the previous

lemma. Let X, be the corresponding initial segment of M with uncollapsing

map o : X, — Y, and (D) = D.
We claim that any two reals z and y are E-inequivalent if and only if there are
(1) reals a and b and

(2) an iteration tree on M living on M|y according to ¥ with iteration map

T M—=N
such that

(1) a ® b is Wy(,)-generic over N,
(2) Na,b] E —aFEb, and
(3) aEx and bEYy.
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Condition 2 is equivalent to —=aEb since Na, b] <y V by lemma 2.47. So these

conditions imply that -z Ey.

On the other hand, suppose —zFEy. Let 7 be a countable iteration tree on
MZ | (z) living below ~ with iteration map 7 : M — N such that z & y is
W (y)-generic over 7(X) by lemma 2.44. Since D is dense in Wf 7, there is a

condition p € 7(D) such that x @y is Wr(,) [ p-generic over 7(X). Now let a® b

be W(,) I p-generic over both 7(X)[z,y] and over N. We have
7(X)[a,z] F aEx

m(X)[b,y] F bEY,

since this is forced by (p,p). Then lemma 2.45 shows that aFz and bEy hold,
since there are 2n — 2 Woodin cardinals in 7(X)[a,z] and in 7(X)[b,y]. Thus

—aFb and hence a, b, ™ satisfy the conditions.

It remains to show that the existence of a,b, 7 satisfying these conditions is a
! statement in any real coding M. It suffices to check that the statement “7°
is an iteration tree living on M|y according to ¥” is 33 in M. Since X, is
(2n — 1)-small, the O-structures for X, are (2n — 2)-small and hence II3, ; by

lemma 2.48, so the statement is X3, in M. O

Note that Harrington and Sami [8, theorem 5| proved that every thin 33 equiv-
alence relation is A}, and every thin IT} , equivalence relation is A} ., from

PD, without identifying the parameters.

5. INNER MODELS FOR THIN EQUIVALENCE RELATIONS

We consider transitive models M with the property that there are representatives
in M for all equivalence classes of all thin II} (z) equivalence relations defined

from a real parameter z in M. We prove the main lemma in the first section and
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use this to characterize the inner models with this property in the main theorem
in the next section. The base theory is ZF + DC. In the last section, we will
construct a transitive model satisfying the properties in the main theorem 5.15
with a similar method assuming the corresponding projective ordinal is below ws

in the base theory ZFC.

A first observation is that the set of reals of such a model has at least the size of
83,1 if II} | determinacy holds by theorem 4.20 and computes d3, ; correctly.
Hjorth [10, theorem 3.1] characterized the inner models with this property for

thin I} equivalence relations:

Theorem 5.1. (Hjorth [10]) Assume ¥ exists for every x € R. The following

are equivalent for an inner model M :

(1) M has a representative in every equivalence class of every thin TIi(z)
equivalence relation for any x € RN M,
(2) (a) M <x1 V and

(b) wi’ =wy'.

The suggestion how to extend this theorem to II}, is due to Greg Hjorth. We
ask that the tree from the canonical I3, | scale is computed correctly instead of
wy. However, the argument is more involved than the proof of theorem 5.1. The
main lemma 5.14 shows that T5,,; can be computed in an iterate of M;Z To
prove this, we find a sequence of local Woodin cardinals below the least Woodin
of Mgi using lemma 4.25 and build an iteration tree to make reals generic at the
local Woodins. A density argument will show that T5,.; can be defined in the
last model of the iteration tree. To apply the main lemma 5.14 in the proof of the
main theorem, we assign an infinitary formula to a given real by the Harrington-
Shelah theorem and express the existence of a real satisfying this formula in a

projective way.
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5.1. The main lemma. In this section we prove

Main Lemma 5.2. Let n > 1 and assume M. (x) exists for every © € R.
Suppose M is a transitive model of a sufficiently large finite fragment of ZF.
Suppose RNM is countable and M calculates M;i(:c) correctly for each x € RNM.
Let ¥ € RN M and let § be the least Woodin cardinal in M, (r). There is a
countable iteration tree on Mj;(r) with iteration map T : Mﬁ(r) — N so that

T%H is definable in N uniformly in the parameter r € R.

We will build an iteration tree on M (r) with last model A" and reconstruct
Tyl ina Col(w, < wiw)—generic extension of N'. Let M, r, §, and n be as in the

main lemma for the rest of this section.
Claim 5.3. M =<sl, V.

Proof. Since every & € RN M is generic over some iterate of M (r) for the
extender algebra at the least Woodin cardinal by lemma 2.44, one can construct
L[E ,x] in this generic extension up to the critical point of the top extender. We
then construct the M. (z) of both M and V by attaching the top extender of
the iterate of M (r) on top of this model. Now the claim follows from lemma

3.5. UJ

Let C' C § be the club from lemma 4.25 applied to M (r). Now the set
S:={yeC: M} (r)E~is inaccessible}

is stationary in d, since 0 is Mahlo in M7, (r). Let S be the set of limit points of
S and

Ay i=min(SNS).
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Let (7 : k < w) be a sequence in M of ordinals in S with supremum A.. We
define X, := X, for &k < w. Note that each X}, is wy-iterable via the Q-structure

iteration strategy ..

Now let (zj, : k < w) enumerate R N M and set Ny := M (r). We construct
premice N}, for kK > 1 and countable iteration trees 7 on N} in M for k < w such

that

(1) the composition 7y ~ .. ~ 7} is an iteration tree according to X with map
Tht1 = Mo Jot1 = Thjet1 © .. © Mo 1 2 No — N,

e (vesr)-generic over mp 1 (Xpq1), and

(3) 7y lives on Ni|mgp(7ks1) and all extenders in 7, have critical points above

T (Vk)-

Suppose N and 7; have been defined for i < k. Note that 7, (Xpy1) < N
and 7 ( Xy 1)|me(Ver1) = Ne|mk(Yx41). There is a countable iteration tree 7 on
N, according to ¥ with map 7y 41 so that xp is We, o (40,0)-generic over
Tk k+1(Xg+1) by the genericity iteration. Here 7 lives on Ny|mk(yk+1) and all
extenders have critical points above 71 (7). We define N1 as the last model of

Ty

One can easily check that the composition 7y ~ .. ~ 7} is an iteration tree on
M (r), since it follows from condition 3 and the rules of the iteration game that
N is the only model in 7y ~ .. ~ 7T;_; to which an extender in 7 can be applied.
Since the composition 7 of (7 : k < w) is according to X, the direct limit N
along the unique cofinal branch is wellfounded. Let 7, : N — N denote the

direct limit maps.

Note that it follows from condition 3 that (k) = 7o (%) and

Tow | VM L —id.

g (V) +w
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This implies that Wﬁr\i’“( = WW’“(X’“ = W) and the forcing has the same

7 (Yk) 70,0 (vg)
70,00 (Xk41)

subsets in m(X}) and 7, (Xy). Hence xy, is W A

-generic over o g, (Xjt1).
Claim 5.4. sup,_, 7 (%) = wi’.

Proof. Since initial segments of 7 are countable in M, we have () < wi for
every k < w. Thus sup,_, m(v) < wil.

To show that sup,_, m(ve) > wM, suppose a < wi is given. Let z; code a

where k£ < w. Then x; is W generic over 7Ty 1(Xpi1). Now mhy1(Yea2)

Tk+1 ’Yk+1)
is inaccessible in 741 (Xgi2) and hence in 741 (Xki1) € Trr1(Xpao). Thus it is

still inaccessible in 741 (Xg11)[zg]. This implies

T 1 (Xp41) [Tk]

o <w < a1 (Ver2) < Thra(Vet2)-

U

If P is a forcing and 7 is a P-name for a real, then in any P x P-generic extension
7 defines two reals via the P-generic filters. Let 7 and 7/ be P x P-names for these
reals. Let <; denote the II3, . ; prewellorders from the canonical II3, ; scale on
the complete I3, ; set A for i < w. We write =; for the induced thin X3,
equivalence relations, i.e. x =; y if and only if (x <, y Ay <; z) Vx,y ¢ A.

Claim 5.5. Let 7 be a name for the Wy, (,,)-generic real. Then the set Djy of

conditions p € W'* (f’“)) with

(1) p decides T | j and

(2) (p,p) |F7Tk(Xk))XW 7= 7 for everyi < j

Wk (v 7 (Vk)
1s dense for all j, k < w.
Proof. Let j, k < w and let o be a name for the Ws-generic real. Then the set of

#
conditions p € W(JSWQ"(T) with

A
(p,p) H—Wi*;({;gé o=; 0
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is dense for every ¢ < j by lemma 4.24. Since these sets are dense open and the
set of conditions which decide o | j is dense open, we have that their intersection

is dense open. The claim follows by elementarity. 0]

We use the notation
[, 8) ={y<r:a<y<p}

and
Col(w, [a, B)) :=={f :w x [, 8) : Vn <wVy € [o, ) f(n,7) <7}
ordered by reverse inclusion. Then
Col(w, < B) = Col(w, < a) x Col(w, o, 3))
for all ordinals o < (3.
Claim 5.6. There is a Col(w, < w}!)-generic filter g over N in V with
RNl C A,

Proof. Let gy be a Col(w,< ~)-generic filter over N in M. Then my(7ys) is
inaccessible in N[go] and hence P (1 (v1))V1%! is countable in M. Now let g; be

a Col(w, < m1(71))-generic filter over N in M with
g1 N Col(w, < ) = go.
Similarly we choose Col(w, < 7 (7x))-generic filters g, over N with

Gk+1 N COl(u), < Wk(/yk))

for each k < w. Finally let g := J,_,, -

To see that g is Col(w, < wi¥)-generic over N, note that the forcing Col(w, < wM)

has the w-c.c. in A since wi? is regular in /. So for any maximal antichain
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A C Col(w, < wM) there is some k < w with A C Col(w, < m(13)). Hence

By considering only the nice names for reals we get RV = J,_ RNN[gy]. O

We fix a Col(w, < wi!)-generic filter g over N as in the previous claim and let

R* := RN,

Claim 5.7. For all z € RN M and j < w there is a real y € R* such that

xlj=yljand M| x=;y for everyi < j.

Proof. Let x €¢ RN M and find k£ < w with x = ;. Let

P.— W”k+1(Xk+1)
T e (k1)

Then x is P-generic over myy1(Xg41). Let Djjryq be the dense set from claim
5.5 and choose a condition p € D; ;11 in the generic filter for x. Since the set
P (i1 (Yre1)) ™+ Zr+1) is countable in Ng], there is a P | p-generic real y over

Ty 1(Xeq1) in Mg]. We directly get 2 [ 7 =y | j by choice of p.

We claim that x =; y for every ¢ < j. To see this, choose another real z € RN M

which is P [ p-generic over both 741 (Xg11)[x] and mpp1(Xkt1)[y]. Since

(p,p) s ) 7 = 7,
we have

7T]<;+1(Xk+]_)[$, Z] |: r =; 2
and

T (X)) [y, 2] F y =i 2

for each i < j. Now i1 (Xpy1)[, 2] and 741 (Xg41)[y, 2] are 2n-small boldface

premice with 2n — 1 Woodin cardinals above 7y 1(7k+1) which are wq-iterable
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above 711 (vk+1) in M and project to 741 (7x41) or below. Hence both are X1 -

correct in M by lemma 2.45. We can conclude that

MEx= 2=y
by ¥3,.,, upwards absoluteness. 0
Claim 5.8. T3, is definable from r in Ng].

Proof. We have M =51, V by claim 5.3. Now N[g| is a countable w-sound 2n-
small boldface premouse with 2n —1 Woodin cardinals above w and p,(N[g]) <
wi! which is ws-iterable above wi’ in V. Moreover N[g] computes 3, truth
in V by lemma 2.45. So for any z,y € RN AN[g] and k < w we can calculate in
Ng] whether V F @ <j y holds. Using the previous claim, we can define 5,

in Mg] in the parameter 7, (\,), which was defined from r. O

By homogeneity of Col(w, < w') we get that Ty, is definable from r in A" and

hence an element of .

Remark 5.9. Ng] As1 V.

2n+43

Proof. M. (r) is a 115, ,,(r) singleton by 2.49. Supposing Ag] <51, V we
would have M (r) € Ng]. But this implies M (r) € N by homogeneity of

Col(w, < wM) and hence M. (r) € M (r), a contradiction. O

Remark 5.10. If M} (X) exists for every X € Hoxoy+, then the iterability of
Mj; is not affected by forcing with Col(w,R) by lemma 3.4. In this case one
can construct the iteration tree in the proof of the main lemma for M =V in

VOUwR) - The construction produces a forcing estension Ng| of an iterate of

Mj, in VOUE),

We get a simpler version of the main lemma for n = 0 based on
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Lemma 5.11. let M be a transitive model of ZF. Then TM =TV if and only if

wM = wY.

Proof. Since ht(T}) = w; we know that T = T} implies w = w}. On the other
hand the Shoenfield tree is absolute relative to w;. Moreover, the tree T} from

the canonical II} scale is absolute relative to the Shoenfield tree by the proof of

[21, theorem 36.12]. O

Lemma 5.12. Let M be a transitive model of ZF. Suppose r € RN M and

r# exists in M. Let k be the critical point of the top extender of M#(r) and

T Mf(r) — N the map from iterating the top extender in wM many steps.
Then

(k) = wM
and

TV =
for every Col(w, < wM)-generic filter g over N.

Proof. Since w''” = wM we have TV¥ = TM by the previous lemma. O
One can derive a different version of the main lemma for Mgn(r) with essentially

the same proof, based on the following version of lemma 4.24:

Lemma 5.13. Suppose m < k and M,f(x) exists for every x € R. Let £ C
R? be a thin 11}, 4(x) equivalence relation with x € R. Let M be a countable
(k + 1)-small X -premouse which is wy-iterable above § and w-sound above 6 with
pu(M) <6, where X is swo. Suppose there are m Woodin cardinals above § and
at least two extenders above them in M. Let P be a forcing of size < § in M.

Then for every P-name T in M for a real the set D of conditions p € P with

(p.p) Flp TET
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is dense in P.

Proof. The proof is the same as for lemma 4.24. We need the extra extender
on top to make sure that Mgy, g.] <x,,,, V by lemma 2.47, where g, x g. is

P x P-generic over M. O

Lemma 5.14. Letn > 1 and assume Mi(x) exists for every v € R. Suppose M
is a transitive model of ZF such that RN M s countable and M calculates M;i(x)
correctly for each x € RN M. Moreover suppose r € RN M and M;rn(r) exists
in M and is calculated correctly. Let & be the least Woodin cardinal in M (r).

There are

(1) a countable iteration tree on MJ (r) with iteration map © : M} (r) — N
and

(2) an ordinal A, < 8 definable in MJ (r) uniformly in the parameter r € R

such that
7r(>‘7’) = w{\/[
and
N
TQnﬂ = T%—i—l?

where g is any Col(w, < wM)-generic filter over N.

5.2. The main theorem. In this section we show

Main Theorem 5.15. Suppose n > 1 and M;Z_Q(x) exists for every r € R.
Let (<y: k < w) denote the canonical scale on the complete 113, | set and let =y
denote the induced thin X3 | equivalence relations. The following are equivalent

for any transitive model M of ZF:

(1) every equivalence class of every thin 11} (r) equivalence relation has a

representative in M for allm € RN M
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M.

Note that theorem 5.1 is the special case of the equivalence of conditions 1 and 2

for n = 0 since TM =T} if and only if w} = w} by lemma 5.11.

The first part of the proof of the main theorem is purely descriptive. Note that

the assumptions of the main theorem imply Det(II3, ;) by theorem 2.30.

Claim 5.16. Under the assumptions of the main theorem, condition 1 implies

conditions 2 and 3.

Proof. 2 (a). Tt suffices to show that ANM = () for every nonempty II3, (r) set A
with r € RN M. Let < be the I}, (r) prewellorder from a X} () norm on R — A.

We have [z]< = A for every « € A, where
[z« i ={yeR:z<yAy <z}

Then AN M # (), since the induced I1}, (r) equivalence relation is thin by lemma
2.15.

2 (b). Condition 1 implies
ranky! (z) = rank) (z)

for all z € RN M and k < w since each norm in the II} _,-scale induces a
thin X1 | equivalence relation. Hence Tyl | C Ty, ;. We have to show that

n—1

Ton 1 CTM .
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Suppose (s, f) € To,—1 and m = [h(s) = lh(f). Let A be the canonical complete

I13,_, set. Choose zy € A with

(s, f) = (zo | m, (ranko(zy), .., rank,,_1(xo))-

We inductively define reals z, € AN M for 1 < k < m with

(s Tk, fTk)=(zx |k, (ranko(xg), .., rankx_1(xg)))

SO T, witnesses that (s, f) € Tii . Let <; denote the k" X} _; prewellorder
2n—1
from the canonical I13, ;-scale on A and =; the induced equivalence relation.

Moreover let

U :={xeR:z[Ilh(t) =t}

for t € w<v.

Case 1. k = 1. Define xFE 1y if and only if

z,y ¢ Up V (z,y € Un N =0 y).

Then Ey is a ¥}, | equivalence relation which is thin by lemma 2.13, since it is
induced by a X3 | prewellorder. There is a real 1 € RN M with x1(0) = s(0)

and r1 =g xg by condition 1 applied to F.

Case 2. 2 < k <m . Suppose x; € RN M 1is defined for 1 < i < k. Then the set
U={zeR:Vi<k—1l(r= xr1)}

is A (xp_1) since 7,1 € A. Now define xEyy if and only if

a:,ygéUSrkﬂU V (m,yEUsrkﬂU N T =p_q y)

Then Ey, is a X3, (zr_1) equivalence relation. It is thin since it is induced by a

Y21 (zx_1) prewellorder. Moreover we have xo € Uy, NU. Hence there is a real
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rr € ROM with x, | k=s [k and xp =; xo for all 1 < i < k by condition 1 for

Ey.

3 (b). Since =y, is a thin X} _, equivalence relation for each k < w. O

Remark 5.17. In condition 1 one can equivalently replace thin TI3 =~ equivalence

relations by T13 = prewellorders, thin I3, linear preorders, or X3 norms.

For the other implications will use

Lemma 5.18. Suppose T is the tree from a scale on a set containing xr € R and
A is strongly admissible with x,T € A. Then ranky(x) is definable from x and T

in A for every k < w.
Proof. Recall the definition 5.18 strongly admissible. Let o < 43, ; be least with

AE3fE @) (@ f) € [T A F(k) = ).
We show that rank(x) = a.

For ranky(r) < « suppose f € “(3) ;) and (z, f) € [T]. Let (z; : i < w) be a

sequence of reals with

(x:]i, (ranko(x;), ..., rank; _1(x;))) = (z|i, (f(0), ..., f(i — 1))) € [T]

for every i < w. Hence x; — = and the sequence (rankg(z;) : i < w) is eventually
constant with value f(k) for each k < w. The semicontinuity of the scale implies

rankg(x) < f(k).

For a < ranky,(z) we have to find a function f € “(d83. ) in A with (z, f) € [T

and f(k) = a. Such functions are exactly the branches of the tree

S:={s€ (8, 1) : (z|lh(s),s) € T As(k) = a}.



THIN EQUIVALENCE RELATIONS AND INNER MODELS 79

In V the sequence (ranky(z) : k < w) is the pointwise minimal branch of S by
the semicontinuity of the scale. Now the wellfoundedness is expressible by a A;

predicate. Hence S has a branch f in A as well by A; absoluteness. O

The previous lemma shows that condition 2 in the main theorem implies condition
3. We shall now prove condition 1 from condition 3. Let » € RN M and let £
be a thin I} (r) equivalence relation. We fix a real € R. The goal is to find a

real z € RN M with 2 EZ%.

The idea of the proof is as follows. Let A be the least strongly admissible set
containing 75,1 as an element and choose a formula ¢ € Lo n N A with ¢(z)
as in theorem 4.8. One can find a real ¢t € RN M so that ¢ can be defined from ¢
and T5,,_1. One can now use the main lemma to reconstruct 75,_; in an iterate of
M. ,(t ® u) for arbitrary reals u € R. This allows you to express the existence
of a real z with ¢(Z) by a X3, ,(z,r) statement. Since M is sufficiently correct,

there is such a real in M. Finally the choice of ¢ implies that zEZz.

Let T be a tree defined from T, ; and r as in lemma 2.11 with F = R? — p[T.

In order to apply the theorem of Harrington and Shelah we need to know that

Claim 5.19. R? — p[T] is an equivalence relation in any Cohen generic extension

of V.

Proof. Let G be Cohen generic over V. We get 33, . ; Cohen forcing absoluteness
from Det(I13, ;) by lemma 3.12. Then Ty, | = 2‘;@ since Cohen forcing does
not add equivalence classes to the relevant prewellorders by lemma 3.18. So
R?—p|T] is defined by the same I3, formula in V[G]. Hence this is an equivalence

relation in V|G| by X3, ., Cohen absoluteness. O

Suppose z € R and A is the least admissible set with T5, 1 € A. Let ¢ €

Looo,n NA be a formula with

(1) ¢(x) and
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(2) ¢(y) = xEy for every y € R
by theorem 4.8.

Claim 5.20. There is a real t € RN M and a formula b which defines ¢ from

Ts,_1 and t in every strongly admissible set A with T5,_1,t € A.

Proof. Let A be a minimal strongly admissible set containing 75, ; and t as
elements. Then A is the ¥y Skolem hull of 83, ; U{T5,_1} in itself by minimality
of A, since the defining axioms for strongly admissible sets (KP with Axiom Beta)
are II,. Now there is a >y Skolem function for A which is uniformly 35 over A by
[37, theorem 1.15] and the following paragraph. So ¢ is ¥3-definable in A from
Ton—1 and some @ = (ay, .., ;) € (83,_1)=. Since the length of each II}, ; norm
in the scale is 3, ;, we can choose reals t; € R N M with rankg(t;) = «; for
i < j by condition 3 (b). Then the join ¢ := t, & .. & t; works by the previous

lemma. [l

Let t € RN M and 9 be as in the previous claim. Let ¢, ¢ denote the formula
defined by 1 from a real s and a tree S. Let T}, be the term from the main lemma
5.14 which defines Ty,_; from u € R in an iterate of M. ,(u). Note that T, does

not depend on the model M in the main lemma.

Claim 5.21. For every realu € R we have that p(u) holds if and only if M, ,(t@®

w) F i, (u).

Proof. Let N < V,, be countable and contain all relevant parameters, where 7
is a large limit ordinal. Let N be its transitive collapse with uncollapsing map

7: N — N and 7(¢) = ¢. There is an iteration M7, ,(t & u) — N with

N __ N
Tu _T2n71
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by the main lemma 5.14 applied to N. Since claim 5.20 is true in N we have

A Y
Hence
p(u) & p(u) & N E g, (u) & M, 5t © u) E ey, (u).
The last equivalence holds by elementarity of the iteration map. O

Now the previous claim expresses the existence of a real z with ¢(z) by a X3,
formula, since M. ,(t ® u) is a II}, (t @ u) singleton uniformly in ¢ and u by

lemma 2.49. Since M <5y V, there is a real 7 € RN M with ¢(z).

Note that Harrington’s proof |16, theorem 32.1] of Silver’s theorem shows

Lemma 5.22. (Harrington) For every equivalence class [x] of every thin 11}

equivalence relation, there is a A} set X # O with X C [x].

The technique from the proof of the main theorem can be used to show a similar

fact. Let rank; denote the k™ rank in the canonical I3, -scale for k < w.

Lemma 5.23. Let n > 1 and suppose Det(I1}, ) holds. Let A C R be closed
under finite join @. Suppose that for every a < §% | there are r € A and
k < w with ranky(r) = a. Then for every thin 11} equivalence relation E and

every real x, there exist a real v € A and a nonempty A}, () set X such that

reX Clx]g.

Proof. Given a formula ¢ with ¢(z) as in the proof of the main theorem, we can
choose a real t € A satisfying claim 5.20. It follows from claim 5.21 that the set
{fueR:p(u)}is A}, 4 (t). 0O

We conclude this section with two remarks about the proof of the main theorem.
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Remark 5.24. It is unclear whether condition 2 (b) in the main theorem can be

replaced by 85, , = (83, )"

Note that if there is model satisfying the assumptions of the main theorem for
which forcing with Col(w,w;) does not change 3 and at the same time V/ sl
Y Cellwwi) holds, then the condition T4 = T3 cannot be replaced by (§3)M = ¢}
in the main theorem for n = 2. However, it is not clear how one could obtain

such a model.

Remark 5.25. Claim 5.21 can be used to prove from PD that every thin projective

equivalence relation is induced by a projective prewellorder.

Note that this fact is proved from in [8, theorem 5| from a determinacy assumption
which is locally weaker than in this case. Suppose F is a thin equivalence relation
and T is a tree as in the main theorem. Let x and y be reals. A prewellorder
which induces E can be defined by comparing infinitary formulas ¢ with ¢(z)
and ¢ with ¢(y) as above in the constructibility order of the least admissible set

containing 7.

5.3. An inner model. In this section we construct an inner model which ful-
fills similar conditions as in the main theorem 5.15, assuming the corresponding

projective ordinal is below ws.

Theorem 5.26. Suppose n > 2 is even and II}, | determinacy holds. Suppose
8L.1 <ws. There is a forcing extension N'lg] in V' of an iterate N of M¥ of size
wy such that N'lg] has representatives in all equivalence classes of all thin ¥, (2)

equivalence relations with 2 € RNN|g]. Moreover, M =51, V and M 7421&3 V.

To prove the theorem, we build a stack of w; many iteration trees on an iterate
of M# with direct limit model A/ such that every real is generic over an initial

segment of A/. We then form a Col(w, < wy’)-generic extension of A" in V. The
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difference to the proof of the main lemma 5.14 is that the initial segments of the
generic filter have to be defined in the course of the construction to ensure the

required property for N|g].

As the first model in the stack of iteration trees we construct an iterate of M7
which contains a sequence of local Woodin cardinals of order type w;. Let d be
the least Woodin cardinal in M# and let C be the set of limit points < § of the
club C C ¢ from lemma 4.25. Note that the set of critical points of extenders on
the M#-sequence below § is stationary in §, since § is Woodin in M#. Choose
such a critical point v € C. We define N as the iterate of M7? obtained by
iterating the extender with critical point v on the M#-sequence with least index

wp many times.

Then N is wi-iterable with respect to iteration trees living on Nj|wy, since the
relevant iteration maps commute by the argument in the commutativity lemma
[5, lemma 3.2]. Moreover the image D of C'N~ is a club in w;. We enumerate D
by (Ve 1 @ < wq) and let (X, : @ < wy) be the corresponding initial segments of

Ny from lemma 4.25 such that v, is Woodin in X, for all @ < w;.

As a bookkeeping device we fix a bijective map f : w; — wy; X wy with n < « if

f(a) =((,n). Let’s inductively construct

1) a premouse N,

(
(
(3) a filter g,, and
(

)
2) a countable iteration tree 7, on N,
)
4) aset Ry ={zya:n<wi}CR

for each a < wy, such that for all § < w;

(1) the composition of (7, : @ < 3) is an iteration tree on Nj according to X
with map 75 = mo 5 : N — N,

(2) gp is Col(w, < m5(7s))-generic over N,
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(3) go = g5 N Col(w, < mo(7a)) for a < g,

(4) zp(p is W -generic over w41 (X

ma41(V8+1) ’YB+1)’

(5) 75 lives on N3|ms(ys+1) and all extenders in 75 have critical points above
m(7s), and
(6) there is a representative in Rj for every equivalence class of every thin

¥ 1(2) equivalence relation with z € R N Nj[gg].

In each successor step 3+ 1 < w; there is a set Rg C R which fulfills condi-
tion 6, since every thin X, (even provably A; ,) equivalence relation has at
most Card(J; ;) < wy many equivalence classes by theorem 4.20. Let (244 :
a < wi) enumerate Rz. There is a countable iteration tree 75 on Nj living on

Ns|ma(ys11) with iteration map 75541 so that zyg is W -generic over

7T6+1(’Y,6+1)
75,84+1(m3(X,,,)) by lemma 2.44. Let N,y be the last model of 73. We further

choose a Col(w, < mg41(Ys+1))-generic filter gz over Ngiq[gs] in V.

In each limit step 3 < w; let Nz be the direct limit of the unique cofinal branch
in the composition of (7, : a < ). We define g5 := U,.39.. Then gg is
Col(w, < mz(75))-generic over Ng. The reason is that mz(v5) is inaccessible in
N3, so Col(w, m5(75)) has the m5(y5)-c.c. in Njs. Finally let N := N, g := gu,,
and

R* :=RNN]g].

Claim 5.27. Let r € R* and suppose E is a thin X}, ,,(r) equivalence relation.

Then for every x € R there is some y € R* with zEy.

Proof. Let o < wy be an ordinal with » € RN ANg,]. We have

Rﬂ./\/[ga] == RﬂNaJrl[ga]a

since the set of nice Col(w, < 7,(7,))-names for reals in A is contained in N, 1.

We can assume that € R,. Now let 3,1 < w; be ordinals with z = z, , and
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f(B) = (n, ). Note that this implies 5 > a. Then z is P-generic over 7341 (X341)

for

s+ (Xp41)
P= WWBH('WJ‘H) :

Let 7 be a name for the P-generic real. Then there is a condition p in the generic

filter for x with
(p’ p) ||_;L>~}<4IID1(X5+1) TET/
by lemma 4.24.

Let y € R* be IP | p-generic over mg;1(X,,, ). Let further z € R be P [ p-generic

over both mg41(Xs11)[x] and ms41(Xs11)[y]. Then
To41(Xgi1)[z, 2] F 2Bz

and
o1 (Xpr)[y, 2] F y Bz
hold, since this is forced by (p,p). Now ms1(Xpi1)[x, 2] and 7g41(Xp11)[y, 2]

are both X! -correct in V' by lemma 2.47. Hence x, y, and z are E-equivalent in

V. 0J
Claim 5.28. Ng] <5, V.

Proof. Let’s assume k < n+1 and N[g] <51 V. Suppose Jzp(z, a) holds, where ¢
is a IT} formula and a € RNAg]. Let E denote the thin X}, | equivalence relation
induced by a II; ; norm on {z : ¢(z,a)}. Then there is a real € RNN[g] with

N|g] E ¢(x,a) by the previous claim. O
Claim 5.29. N[g] Ast V.

Proof. Suppose N[g] <5 V. Since M7 is a II}, , singleton by lemma 2.49, this
implies M# € Ng]. Thus M# € N by homogeneity. But A is an iterate of M7,

so this is impossible. O
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N|g] can be cut off at the critical point of its top extender to get a model of
ZFC with the properties of theorem 5.26. With the same proof, but with an

application of lemma 5.13 instead of lemma 4.24, we have

Theorem 5.30. Let n > 1 and suppose Hi+1 determinacy holds. Suppose M}
exists and 9y, < wa. There is a forcing extension N'g] in V of an iterate N
of M of size wy such that N'[g] has representatives in all equivalence classes of
all thin provably A} ,(z) equivalence relations with z € R N Ng]. Moreover,
M =1, V and M 7423L+3 V.

Note that every model constructed in this way has exactly N; many reals, hence

the method cannot work without a condition on the projective ordinals.
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