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A Didactical Challenge: The Pure Empiricist 

Consider the following task: Show that the graph of a quadratic function is a curve whose points are 

at equal distance from a fixed point and a fixed line. 

“How to accomplish this task? I know. I open my dynamic geometry software program and let it 

plot the graph of some quadratic function. Fortunately, there is also a button that creates, by 

specifying a point and a line, the curve whose points are at equal distance from them. So, I have a 

second curve on my screen; and, by dragging the specified point and line, I can manage to put that 

new curve right on top of the old one. Thus, indeed, both curves are exactly the same. QED.” 

If someone actually solved the above task in the described way, he or she would be convinced that 

both constructions yield the same curve. Thus, it would be needless to tell them that they don’t 

know the result for sure. In terms of mathematical awareness (Kaenders, Kvasz, & Weiss-

Pidstrygach, 2011), the person acquired experimental awareness of the result - no more, no less. 

But what is the ontological status of the curves in this solution? Once the curves have been created, 

they are treated like physical objects that can be dragged around and put on top of each other. In 

particular, they are compared visually, not mentally. Therefore, this solution serves as a typical 

example of what has been called naïve empiricism (Schoenfeld, 1985). The pure empiricist 

discovers his results mostly by induction that is by pattern recognition. If asked for the measure, for 

instance of an angle, he would go and measure it, for instance with a protractor, and come back with 

an approximate answer. Several studies (i.e., Balacheff, 1988; Chazan, 1993; Schoenfeld, 1985) 

have shown that empiricism is a common mathematical behaviour among high school students. 
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Of course, induction is not something that one should unlearn. The mature mathematician still uses 

it as a common strategy in his search for new results. De Villiers (2010), for instance, describes 

geometrical results he found by using empirical strategies and facilitated by employing dynamic 

geometry software. Pölya (1954) also gathered a whole collection of elementary, but not only 

geometrical, examples that show the power of inductive reasoning. Leuders and Phillip (2014) 

highlight inductive reasoning very strongly in order to advocate its dominant role in high school 

mathematics. De Villiers (2010) holds a similar view, but unlike Leuders and Phillip (2014), he 

does not abandon the deductive methods from the context of mathematical discovery. Indeed, 

Pölya’s (1954) examples show that inductive reasoning is especially strong when combined with 

deductive reasoning and also with reasoning by analogy. In order to display and develop these other 

modes of reasoning in their own right, we looked for a context where inductive reasoning is less 

effective. An initiation to four-dimensional objects appears to be a good choice in this regard.  

A Theoretical Solution 

Identifying a cognitive conflict  

When introducing regular 4-polytopes on three different occasions to high school students, the 

students greeted the fourth dimension subject with a curiosity not seen with other mathematical 

subjects. Thinking of the students, somewhat simplistically, as pure empiricists can lead to the 

following explanation of this observation: What is the fourth dimension? For the pure empiricist, 

space has only three dimensions. The fourth dimension, therefore, must be of a different nature than 

the other three. Typically, the pure empiricist would say that the fourth dimension is the dimension 

of time. If the pure empiricist was informed the conversation was going to be about a space that has 

four (identical) spatial dimensions and also about 4-dimensional geometrical objects living within 

that space, he would, consciously or not, have the following cognitive conflict which raises his 

interest about the topic:  

A 4-dimensional object, whatever it may be, cannot be treated as a physical object, or can it? 

I cannot see it and I cannot measure it with straightedge and protractor, or can I? Therefore, 

my usual (empirical) strategies seem to be quite useless, when it comes to the fourth 

dimension. But then, how is it possible to determine the properties of a 4-dimensional 

object? 

Resolving the conflict – Analogy takes over 

In contrast to the 2- and 3-dimensional setting where every student can effortlessly generate many 

different object types, the 4-dimensional world seems unoccupied to the beginner. Therefore, 

conflict starts at the creation of 4-dimensional objects. A plane or solid mathematical object may be 

the result of an abstraction from some physical reference object. However, 4-dimensional objects 

cannot be abstracted due to the lack of a reference object. They require construction. Naturally, the 

beginner does not know how to construct a 4-dimensional object since there seems to be no suitable 

paradigm at hand. That moment is when the beginner is introduced to the paradigm of the transition 

from plane to solid objects. Having identified a general construction scheme that turns plane figures 

into solids, the beginner can try to apply this scheme (at least verbally) to a solid object in order to 

get an inhabitant of the 4-dimensional world. 
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A prism, for instance, can be constructed from a plane figure’s trace moving in a direction 

perpendicular to itself. If the plane figure is a square and if the square is moved through a distance 

equal to the length of its sides, the construction yields a cube (Figure 1). However, if the moving 

figure is a cube instead of a square, a totally new object is obtained. Since it is a 4-dimensional 

analogue of the cube, hypercube1 will be the working definition for this concept. The pure 

empiricist will object that it is not possible to move a cube perpendicular to itself. This construction, 

therefore, results not in a physical, but just a linguistic object. It is an object created by means of 

language. Nevertheless, the linguistic construction in combination with analogy enables the 

opportunity to identify the properties of this linguistic object. For instance, while a moving square 

traces a cube, the four edges of the moving square trace four of the square faces of the resulting 

cube. Together with the starting position and the end position of the moving square those four 

squares form the boundary of the resulting cube. Analogously, while a moving cube traces a 

hypercube, the six faces of the moving cube trace six cubical boundaries of the resulting hypercube. 

Together with the starting position and the end position of the moving cube, those six cubes form 

the boundary of the resulting hypercube. Thus, apparently, eight cubes bound a hypercube. The 

given argument, which is typical for our constructive approach to regular 4-polytopes, is an 

example of a type of reasoning which is in the literature also referred to as operative proof 

(Wittmann, 2014) or transformational reasoning (Chazan, 1993). 

 

Figure 1: Two different constructions of a cube. 

On the one hand, a cube can be created mentally by a moving square; yet on the other hand, it can 

be created physically out of six congruent squares. Starting with a single square, four more squares 

are placed around the first one’s edges. When folding these four outer squares into the third 

dimension, the result is an open cube which can be closed by the sixth square (Figure 1). 

Analogously, it can start with a cube and put six other cubes on the faces of the first cube. 

Reflection on this alternative construction of a cube results in a new 4-dimensional analogue of the 

cube. Like the hypercube, it is built from eight cubes. Would it be possible that the new object is 

actually nothing but the hypercube? Contrary to the situation sketched in the beginning that 

compared two different ways of generating a parabola, the objects cannot be viewed from outside to 

determine if they are the same. Instead, the basis of their properties will be the deciding factor. At 

some point, the connections between the two constructions are realized and are seen in the same 

picture. This achievement indicates that the hypercube conception has developed. The mere 

                                           
1 From now on, we refer by the prefix hyper always to the fourth dimension. 
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linguistic construction has turned into a mental object (Freudenthal, 1991) or figural concept 

(Fischbein, 1993).  

Summarizing the information so far, there is a cognitive conflict about the fourth dimension that 

stems from the view of the dominant role of empirical methods in plane and solid high school 

geometry. They are useless in higher-dimensional geometry. The conflict is resolved by displaying 

the strength of two alternative epistemological tools, analogy and operative proving (Wittmann, 

2014). Of course, students might be acquainted with non-inductive methods; but usually, students 

are accustomed to use these methods to explain results. Here, they need them to find the results. 

Thus, exploring 4-dimensional objects is epistemologically quite a different activity than exploring 

plane or solid objects. An accessible and moderate introduction to the fourth dimension might 

contribute to challenge students’ empirical belief systems about mathematics (Schoenfeld, 1985). In 

view of the long and rich history of the Platonic solids, the Platonic hypersolids are an obvious 

choice for such an introduction. One way to define these objects is by means of coordinates. There 

are two challenges when using coordinates to define the Platonic hypersolids. First, this approach 

demands great familiarity from the learners in working with linear equations. Secondly, neglecting 

the geometric character of the subject is a risk. Therefore, this study utilizes an approach that 

establishes the polytopes by means of mental constructions. 

The Implementation (Part I): Overcoming Empiricism 

Below is a sketch of the beginning of a workshop on the Platonic hypersolids held at the 

International Mathematical Kangaroo Camp at Werbellinsee, Germany, in August of 20152. The 

sketch will include reflections on the choices made, observations of the difficulties students 

encountered, and potential ways to improve the workshop. 

Episode 1: Starting predicatively3 

Edwin Abbott’s satirical novella, Flatland: A romance of many dimensions, is probably still the 

most popular early introduction to higher dimensional space. Abbott sketches a society of polygons 

which live inside a plane. At some point one of the Flatlanders is visited by a three-dimensional 

being, a sphere. The Flatlander, however, can only see the intersection of the sphere with the plane 

and thus perceives the sphere as a circle (Figure 2). While the sphere moves upwards and 

downwards, the Flatlander sees a circle that is growing and shrinking. Thus, the Flatlanders 

conceive a sphere as a family of circles of different size. 

                                           
2 The International Mathematical Kangaroo Camp is an annual event that takes place at the European Youth and 

Recreation Meeting place (EJB) at the Werbellinsee in Brandenburg, Germany. It is the prize for the best participants of 

the Kangaroo Competition (grade 9/10) from Austria, Czech Republic, Germany, Hungary, Netherlands, Poland, 

Slovakia, and Switzerland. Each country sends about 10 students to the camp. The program includes various sports 

competitions, chess and game evenings, a problem-solving competition, and a trip to Berlin. However, different 

mathematical workshops, which take place every morning, form the camp’s core activity. The workshops usually cover 

a broad spectrum of topics and try to offer a glimpse into the vast world of elementary mathematics that lies beyond the 

school mathematics curricula. The focus is more on sharing with the students one’s enjoyment in the doing and talking 

about mathematics than on producing any specific output. The workshop presented here was given to four different 

groups of 15 students each.  
3 Schwank (1993) distinguishes two cognitive structures of thinking: “Predicative thinking emphasizes the preference 

for thinking in terms of relations and judgments; functional thinking emphasizes the preference for thinking in terms of 

courses and modes of actions” (p. 249). 
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Figure 2: Intersection of a sphere with a plane 

Transferring this situation from Flatland to Spaceland leads to the following claim: “As the Sphere, 

superior to all Flatland forms, combines many Circles in One, so doubtless there is One above us 

who combines many Spheres in One Supreme Existence, surpassing even the Solids of our 

Spaceland,” (Abbott, 1994, p. 102). Letting our students try to define this One Supreme Existence, 

alias hypersphere, after recapitulating the definitions of circle and sphere seemed to us a suitable 

first exercise to become acquainted with analogy: 

• What is a circle? Give a definition. 

• What is a sphere? Give a definition. 

• What is a hypersphere? Guess a definition. 

The idea behind the three-part nature of this exercise is to strongly suggest that copy and paste will 

yield a correct definition of the hypersphere. However, two slightly different answers occurred to 

the first question (and similarly to the second one): A circle is the set of points… 

• …having equal distance to one particular point.  

• …satisfying the equation 𝑥2 + 𝑦2 = 𝑟2. 

Of course, both conditions express the same property of the circle, but while the coordinate-free 

formulation can be used for the sphere and the hypersphere without alteration, one slightly has to 

adapt the equation in the Cartesian version. As a result of the exercise, the students created a four-

dimensional object as a linguistic object, but they needed to check that its intersection with ordinary 

space is a sphere. To prevent the students from getting stuck by the lack of basic knowledge about 

analytical geometry, we decided to go with the coordinate-free definition. Again, the two-part 

nature of the exercise intended to suggest that copy and paste would also yield a proof of the 

definition’s correctness. 

• Prove that the intersection of a sphere and a plane is indeed a circle. 

• Prove that the intersection of your four-dimensional object and a space (or hyperplane) is 

indeed a sphere. 
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Figure 3: The intersection is a circle. 

In the first part of the exercise, one has to find a candidate for the center of the resulting circle: The 

intersection of the plane and the perpendicular to the plane which goes through the center of the 

sphere is such a candidate. The Pythagorean theorem then concludes the argument (Figure 3). 

Note that we introduced the hypersphere by means of a definition, not a construction. Obviously, 

the symmetry of all points with respect to the center was crucial in our proof, but in retrospect, this 

predicative start breaches the strictly constructive approach of the remaining workshop. 

Episode 2: Introducing trace constructions 

The workshop proceeded with the following question: “You have learned that, if a hypersphere 

visits us in Spaceland, we will only see an ordinary sphere. How about the other direction? If we 

encounter a four-dimensional visitor and perceive him as an ordinary sphere, must he necessarily be 

a hypersphere?” 

We intended and hoped for the following answer: The analogous question in a dimension lower has 

to be denied. The sphere is not the only three-dimensional object that has a circle as a plane 

intersection. Cylinders (and cones) have circles as plane intersections, too. This is because a 

cylinder can be generated as the trace of a circle moving perpendicular to itself. Therefore, if we 

move a sphere perpendicular to itself, this will produce as a trace a four-dimensional object, which 

consists of spheres, although it is a different object than the hypersphere. Let us call it a 

hypercylinder. 

Were the students in a good position to give this answer? Not at all. Due to the predicative start of 

the workshop, the students naturally looked for a definition, not a construction, of the cylinder, 

which they could lift to the fourth dimension. For instance: A cylinder is the set of points in space 

having the same distance to a given line. The students might have come up with the intended 

answer but only if they have been introduced to trace constructions before. The workshop could 

have provided them with the following construction of the hypersphere in addition to the definition: 

• A circle is the trace of a point rotating in a plane around another point. 

• A sphere is the trace of a semicircle rotating in space around its diameter. 

• A hypersphere is the trace of hemisphere rotating in four-dimensional space around its 

equatorial plane. 
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In any case, having seen the trace construction of the hypercylinder, the students were well-

prepared to do the next exercise: Construct a four-dimensional object that, when intersected with a 

suitable hyperplane, will yield an ordinary cube. Applying the trace construction to a cube instead 

of a sphere, that is moving a cube perpendicular to itself, will produce such an object. Note that the 

predicative approach to this exercise would ask for a cube’s definition, which could be lifted to the 

fourth dimension. Finding a suitable definition for the cube, however, appears to be more difficult 

than the sphere or the cylinder. The constructional approach, on the other hand, produces a suitable 

object rather easily.  

Having solved this exercise, the students then saw Figure 4, which shows the beginning of an 

infinite sequence of objects. Each object is generated as its predecessor’s trace moves perpendicular 

to itself through a distance equal to the line segment’s length, the starting object of the sequence. 

The sequence’s second object is a square, and the third object is a cube. The fourth object, the 

cube’s successor, is called hypercube. More generally, the nth object of the sequence is called n-

cube. Therefore, the sequence’s objects are higher-dimensional analogues of the cube. 

 

Figure 4: Genesis of the hypercube 

How about the other Platonic solids? Do they have higher dimensional analogues, too? Consider the 

tetrahedron. We are looking for a construction, which yields a plane figure, when applied to a line 

segment and, which, when applied to the plane figure, gives the tetrahedron. Modifying the 

previous trace construction does the job: Move the object perpendicular to itself, but shrink it at a 

suitable pace (to a point) simultaneously. Figure 5 shows the sequence’s beginning that belongs to 

this construction. The second object of the sequence is an equilateral triangle; the fourth object is 

called pentachoron. The nth object of this sequence is called n-simplex. 

 

Figure 5: Genesis of the pentachoron 
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Another modification of the previous trace construction leads to the higher dimensional analogues 

of the octahedron: Move the object in a direction perpendicular to itself, while shrinking it at the 

same time, but move it also in the opposite direction, shrinking it simultaneously. Figure 6 shows 

the beginning of the corresponding sequence of objects. The two-dimensional analogue of the 

octahedron is a square. The four-dimensional analogue is called hexadecachoron. The n-

dimensional analogue is called n-orthoplex. 

 

Figure 6: Genesis of the hexadecachoron 

At this point, the students should have recognized trace constructions as an effective means to 

create higher-dimensional objects4.  

 

Reviewing this introduction: Definitions and constructions 

In the following paragraph we integrate the previous introduction into a theoretical framework, 

which this study refers to as the epistemological scheme (Figure 7). 

The predicative approach, depicted on the left-hand side of Figure 7, focused primarily on the 

definitions of the circle and sphere and the relationships between these definitions. It enables the 

students to guess and subsequently define higher analogues of the circle in an easy and uniform 

way. Although this way of action can be seen as dull, mindless, or even misleading, the workshop 

chose it intentionally to let the students come to play with 4-polytopes. The method of copy and 

paste can be seen as a door opener to engage the students quickly in their own mathematical 

activity. It should be mentioned that despite the transition to higher dimensions is performed, it can 

be doubted that geometric ideas and intuitions have been fostered since they are both not needed. 

Furthermore, from such a condensed definition it is rather tedious for the students to unravel the 

definition in order to deduce properties of the given geometric object, and, thereby, to create a 

mental object eventually.  

                                           
4 In (algebraic) topology, these three well-known basic operations on spaces are called cylinder, cone and suspension of 

a given topological space (Hatcher, 2001). 
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Figure 7: Epistemological Scheme 

The second episode focuses on the constructive aspect. This approach can be found on the right-

hand side of Figure 7. The idea is that the transition from the plane to the space can serve as a 

prototype in the construction of higher dimensional analogues of well-known geometric objects. 

Careful examination of the construction of spatial objects out of planar objects can hint to certain 

analogy pairs that are crucial for a successful reasoning via analogy. An important point to 

remember is that readily accessible objects, such as the line, the triangle, and the square are used as 

building blocks for the construction of new objects. Hence, the geometric notions are more strongly 

interconnected, and the transition to a higher dimension is perceived as an extension of existing 

notions. Therefore, the new objects are not produced all alone, but instead they come along with 

their own individual genesis highlighting certain properties; and thus, constituting much more 

profound mental objects. These properties can subsequently be ordered locally by the learner in 

order to learn which properties are defining and can make for a definition eventually. 

Episode 3: Beating the empiricist 

The students next realize that these trace constructions also provide the opportunity to investigate 

the resulting objects they created. To this end, the workshop asked students to calculate the number 

of k-faces, i.e. the number of vertices, edges, faces…, of the n-cube, the n-simplex and the n-

orthoplex. This section shares the experiences in this exercise. 

Consider Table 1. The students spotted easily two distinct number sequences occurring in the table, 

namely the following: 

• The column Vertices: 2, 4, 8, 16, … 

• The diagonal under the 1’s: 2, 4, 6, 8, … 

In Table 2, it is just the other way around. The column Vertices consists of the even numbers, and 

the diagonal under the 1’s appears to consist of the powers of two. In Table 3, both the column 

Vertices and the diagonal under the 1’s apparently show the sequence of the natural numbers, 

starting with two (2, 3, 4, 5, …). 
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Dimension Object Vertices Edges Faces 3-faces 4-faces 

1 Segment 2 1 - - - 

2 Square 4 4 1 - - 

3 Cube 8 12 6 1 - 

4 Hypercube 16 32 24 8 1 

5 “5-Cube” ? ? ? ? ? 

Table 1: Combinatorial Data of n-cubes 

When students filled in the numbers of the last rows of Table 1, Table 2, and Table 3, to determine 

the number of k-faces of the 5-cube, the 5-orthoplex and the 5-simplex, some students were only 

able to determine the number of vertices and the number of 4-cells of each object, while the others 

found all the numbers.  

Dimension Object Vertices Edges Faces 3-faces 4-faces 

1 Segment 2 1 - - - 

2 Square 4 4 1 - - 

3 Octahedron 6 12 8 1 - 

4 Hexadecachoron 8 24 32 16 1 

5 “5-Orthoplex” ? ? ? ? ? 

Table 2: Combinatorial Data of n-orthoplices 

 

Dimension Object Vertices Edges Faces 3-faces 4-faces 

1 Segment 2 1 - - - 

2 Triangle 3 3 1 - - 

3 Tetrhedron 4 6 4 1 - 

4 Pentachoron 5 10 10 5 1 

5 “5-Simplex” ? ? ? ? ? 

Table 3: Combinatorial Data of n-simplices 

Obviously, the first group noticed and used the prominent patterns described above. However, their 

pattern recognition abilities were not strong enough to guess the other numbers. Thus, their 

inductive approach failed. The second group, on the other hand, stuck to the construction and was 

thereby able to deduce the numbers of the five-dimensional objects from the numbers of their four-

dimensional analogues: Let Bk be the number of k-dimensional faces of the five-dimensional object 

under consideration and let bk be the number of k-dimensional faces of its four-dimensional 

analogue. Then, the trace constructions entail the following recurrence relations: 
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- 5-Cube:  B0=2·b0, Bk+1=2·bk+1+bk   for k from 0 to 3. 

- 5-Orthoplex: B0=b0+2, Bk+1=bk+1+2·bk   for k from 0 to 2,  B4=2·b3.  

- 5-Simplex: B0=b0+1, Bk+1=bk+1+bk      for k from 0 to 3. 

As mentioned previously, the inductive approach should not be discarded. Gathering the 

combinatorial data and displaying them together properly in a table can be a fruitful activity. The 

tables may call attention to a phenomenon that would otherwise stay unnoticed. In this case one 

may, for instance, observe a curious connection between the data of the n-cubes and the data of the 

n-orthoplices. Apart from the last 1 in each row, the numbers appear in reverse order in each row. 

This symmetry, which is rather prominently displayed by the tables, can also be discovered by 

looking at the recurrence relations of the n-cubes and n-orthoplices, but there it might have been 

overlooked. 

The Implementation (Part II): Enriching the Students’ Views of Mathematics 

The following sections are three different episodes experienced in the different workshops, and 

reflection is done on each of them individually.5 These episodes will show that our subject offers 

good opportunities to challenge some of the typical students’ beliefs about mathematics, beyond the 

empiricism already discussed. 

Episode 4: Choosing the wrong candidate 

Back to the first exercise: A sphere is the set of all points in space having equal distance to a 

particular point. What is a hypersphere? Is it the set of points in four-dimensional space having 

equal distance to a particular point or to a particular line? The exercise, taking the circle into 

account, suggests that one should choose the first alternative: since circle and sphere both have a 

center, the hypersphere should have a center, too. The trichotomy of the exercise, therefore, was 

important in order to avoid ambiguity. However, at some point, the learner should definitely get the 

chance to experience this kind of ambiguity, so that he may improve his intuition in choosing the 

suitable analogue. We decided that lifting Euclid’s proof (Heath, 1908) for the fact that there are 

only five Platonic solids to the next dimension would be a good first exercise which offers this 

experience. 

The construction of the Platonic solids’ is uniquely determined by two combinatorial aspects: the 

type of regular 2-polygon used, and how many of them are adjacent to one vertex. Thus, the 

question about the number of Platonic solids boils down to the number of vertex configurations 

with a positive angular defect. For instance, at most five equilateral triangles may fit around a 

vertex (angular defect: 360° − 5 ∙ 60 = 60°). By asking the students for a strategy to lift Euclid’s 

argument, it appeared natural to stick to the vertices: “We have to find out how many tetrahedra 

may fit around a vertex,” the students said. However, this strategy failed since “we do not know 

how to determine the measure of a solid angle.” Comparing the cube’s second construction (Figure 

1) with the corresponding construction of the hypercube suggests an alternative strategy. In the 

                                           
5 Episodes 4 (partially) and 6 were observed by both authors, whereas episode 5 was only observed by the first author. 

However, the reflection is the result of the discussion between both authors. 
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construction of the cube, three squares met at each vertex of the first square.6 In the analogous 

construction of the hypercube, three cubes met at each edge of the first cube. Apparently, there 

needs to be a consideration of the angular defect at one edge than at one vertex. Indeed, this strategy 

succeeds if one knows how to determine the dihedral angles of the Platonic solids (Table 4), which 

is a nice exercise in solid geometry. It can be concluded that only three, four, or five tetrahedra, 

three cubes, three octahedra, and three dodecahedra may fit around an edge. Thus, there should be 

at most six (combinatorically) different Platonic hypersolids. 

 

Solid Dihedral Angle 

Tetrahedron 70.53° 

Cube 90° 

Octahedron 109.47° 

Dodecahedron 116.57° 

Icosahedron 138.19° 

 Table 4: Dihedral angles of the Platonic Solids 

 

Episode 5: Struggling with duality 

Can all six edge configurations be realized by a Platonic hypersolid? The hypercube (8-cell) 

realizes the configuration with three cubes around each edge. How about three tetrahedra around 

each edge? That is easy: Start with one tetrahedron and put another tetrahedron on each face of the 

first one. Glue the neighboring faces together, and the result is a pentachoron. In a similar way, one 

can construct the other four Platonic hypersolids (Banchoff, 1990). However, the construction of 

the polytope with 4 tetrahedra at each edge is much harder to imagine than the construction of the 

pentachoron since more layers of tetrahedra are needed (Figure 8). 

 

Figure 8: Second genesis of the hexadecachoron 

We thought that asking the students to carry out the construction mentally would be an excessive 

demand, but showing a visualization of the construction process would not be appropriate either, 

                                           
6 If Euclid’s proof is the analysis, this construction can be seen as the corresponding synthesis. 
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since it would appear like a deus ex machina. So, we decided to introduce7 this polytope in a 

different way, namely as the dual of the hypercube (hexadecachoron). That way, it is also generated 

naturally, since dualizing is a general method, not just a trick. Moreover, since dualizing 

interchanges the roles of the vertices and 3-faces and the roles of the edges and faces, the 

combinatorial properties of the cross polytope can easily be derived from those of the hypercube, by 

means of a word replacement game:  

The hypercube has four vertices at each face and four edges at each vertex. 

Thus:   The hexadecachoron has four 3-faces at each edge and four faces at each 3-faces. 

Although they were able to play this game, the students were suspicious about the resulting insights. 

They did not trust the method. A potential explanation: The students were required to use duality in 

the fourth dimension as a tool for gaining new insights. In the third dimension, duality was merely 

presented as an observable phenomenon to them. The situation might be improved by inserting 

some additional exercises, like “Dualize the soccer ball,” which show duality already in the third 

dimension as a constructive method to generate new objects and a means to derive their properties.  

Episode 6: Seeking for uniformity 

“Does Euler’s polyhedron formula also hold in dimension four?” asked a student after the 

hypercube and some other platonic hypersolids had been constructed. Another student (who already 

calculated 16 − 32 + 24 − 8 = 0 ) answered quickly with a definite “No, it is zero!” This short 

response led to more confusion since many other students calculated 8. It should be noted that the 

second student adapted Euler’s formula to dimension four by taking the eight cubes belonging to a 

hypercube into account whereas the other students did not feel the urge to adjust the formula and 

thus obtained 8. After some discussion, the students agreed on the extended formula, but there were 

still doubts about the result being 0. Shouldn’t the correct answer be 2? At that point, the group 

divided itself into two parts: One group extended the formula to dimension five and announced 

happily that the result would be 2 again (at least for the 5-cube). The other group checked the 

formula for triangles and squares, where the result was 0 again. One student summarised the results 

as follows: Euler’s formula yields 2 in odd dimensions and 0 in even dimensions. But there was still 

an unspoken urge among the students for one unified formula without a case distinction. One 

student proposed that one could simply add 1, when the result is 2 and subtract 1, when the result is 

0. He argued completely on an arithmetic level. Moreover, the student was not able to translate this 

adjustment geometrically. Another student (rather quick in the construction of hypersolids via 

analogy) argued that in each dimension the object itself is missing, and thus giving the former 

reasoning a geometric meaning. 

Reviewing the Episodes 

The first two episodes present and contrast two different ways to generate 4-polytopes, a predicative 

and a constructive one. In both approaches analogy is the prominent mode of reasoning. In the third 

episode we meet a situation where inductive reasoning is possible, but clearly much less effective 

than reasoning by analogy.  The fourth episode broaches ambiguity in mathematics and 

                                           
7 Note that we did not consider the trace constructions of the n-orthoplices in the workshop in which this episode took 

place. 
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demonstrates that analogizing is not a mechanical activity. It requires intuition and experience 

instead of recipes and algorithms. The fifth episode illustrates that symmetry or more precisely 

duality can be used not only for structuring and classification. It is also a useful problem-solving 

tool when it is used constructively. The final episode deals with the activity of extending 

mathematical theories and emphasising unification as a motive and driving force of a mathematical 

investigation. 

Taking the episodes together, they offer a broad and rich perspective on the activity of doing 

mathematics. They address fundamental aspects of mathematics that seem rather neglected in 

teaching. However, the students might think of these aspects as special features of the fourth 

dimension or the world of polytopes. They might connect these general phenomena to the 

mathematical context in which they experienced them. In order to challenge this belief, workshops 

on other mathematical context on the above aspects and similar aspects are needed. 

Finally, it should be noted that this workshop, though it clearly focused on the way mathematics is 

created, consisted mostly of closed tasks, guided discussions, and guided discoveries. There was not 

much room for creativity. It could be fruitful and challenging to design a more open version of this 

workshop without changing its aims and spirit altogether. 
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