ARITHMETIC DIAGONAL CYCLES ON UNITARY SHIMURA VARIETIES
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ABSTRACT. We define variants of PEL type of the Shimura varieties that appear in the con-
text of the Arithmetic Gan—Gross—Prasad conjecture. We formulate for them a version of
the AGGP conjecture. We also construct (global and semi-global) integral models of these
Shimura varieties and formulate for them conjectures on arithmetic intersection numbers. We
prove some of these conjectures in low dimension.
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1. INTRODUCTION

The theorem of Gross and Zagier [16] relates the Néron—Tate heights of Heegner points on
modular curves to special values of derivatives of certain L-functions. Ever since the appearance
of [I6], the problem of generalizing this fundamental result to higher dimension has attracted
considerable attention. The generalization that is most relevant to the present paper is the
Arithmetic Gan—Gross—Prasad conjecture (AGGP conjecture) [I2] §27]. This conjectural gener-
alization concerns Shimura varieties attached to orthogonal groups of signature (2,n—2), and to
unitary groups of signature (1,n — 1) (note that modular curves are closely related to Shimura
varieties associated to orthogonal groups of signature (2,1) and to unitary groups of signature
(1,1)). In [I2] §27], algebraic cycles of codimension one on such Shimura varieties are defined by
exploiting embeddings of Shimura varieties attached to orthogonal groups of signature (2,n — 3),
resp. to unitary groups of signature (1,n — 2). By taking the graphs of these embeddings, one
obtains cycles in codimension just above half the (odd) dimension of the ambient variety.

For any algebraic variety X smooth and proper of odd dimension over a number field, Beilinson
and Bloch have defined a height pairing on the rational Chow group Ch(X)g, o of cohomologically
trivial cycles of codimension just above half the dimension. Their definition makes use of some
widely open unsolved conjectures on algebraic cycles and the existence of regular proper integral
models of X. By suitably replacing in the case at hand the graph cycle by a cohomologically
trivial avatar, one obtains a linear form on Ch(X)q,o, where now X is the product of the two
Shimura varieties in question. The AGGP conjecture relates a special value of the derivative of
an L-function to the non-triviality of the restriction of this linear form to a Hecke eigenspace
in Ch(X)g,0. It is stated in a very succinct way in [12], for orthogonal groups and for unitary
groups. In the present paper, we restrict ourselves to unitary groups, and one of our aims is
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to give in this case more details on (a variant of) this conjecture. Our version here is also an
improvement of the version of the conjecture in [55, 56]. One new feature of our version is that
we use that in the case of unitary groups the standard sign conjecture is satisfied (more precisely,
we use Ramakrishnan’s Chebotarev theorem [41] to improve on the theorem of Morel-Suh [3§]
in this case). This allows us to construct “Hecke—Kunneth” projectors that project the total
cohomology of our Shimura variety to the even-degree part.

As indicated above, the AGGP conjecture is based on conjectures of Beilinson and Bloch which
seem out of reach at present. As a consequence, the conjecture in [I2] has not been proved in
a single case of higher dimensionﬂ A variant of the AGGP conjecture, inspired by the relative
trace formula of Jacquet-Rallis, has been proposed by the third author [55]. More precisely, this
variant relates the height pairing with distributions that appear in the relative trace formula.
This variant leads to local conjectures (on intersection numbers on Rapoport-Zink spaces),
namely the Arithmetic Fundamental Lemma conjecture and the Arithmetic Transfer conjecture,
cf. [65 [44]—and these have been proved in various cases [55], [43] [44] 35], B36], [46]. The second
aim of the present paper is to formulate a global conjecture whose proof in various cases is a
realistic goal. In the present paper, basing ourselves on our local papers [55] [44], we prove this
conjecture for unitary groups of size n < 3.

To formulate this conjecture, we define variants of the Shimura varieties appearing in [12]
and [55] which are of PEL type, i.e. are related to moduli problems of abelian varieties with
polarizations, endomorphisms, and level structures. In fact, we even define integral models of
these Shimura varieties, in a global version and a semi-global version. The construction of such
models is the third aim of the present paper. Once these models are defined, we replace the
Bloch—Beilinson pairing on the cohomologically trivial Chow group by the Gillet—Soulé pairing
on the arithmetic Chow group of the (global or semi-global) integral model.

Now that we formulated the three main goals of this paper, let us be more specific.

Let F' be a CM number field, with maximal totally real subfield F,. We fix a CM type ®
of F and a distinguished element ¢y € ®. Let n > 2 and let r: Hom(F,C) — {0,1,n — 1,n},
© — Ty, be the function defined by

L, © = ¢o;
Ty =<0, ped~{po};
n—rg ¢¢o.

Associated to these data, there is the field E C Q which is the composite of the reflex field of r
and the reflex field of ®. Then E contains F via ¢y. We denote by Z2 the torus

7% := {2 € Respg(Gn,) | Nmp/p, (2) € G, }-
We also fix an F'/Fy-hermitian vector space W of dimension n with signature
sig(Wy) = (14,15), ¢ € ®.

Let G be the unitary group of W, considered as an algebraic group over QH Associated to (G, 1)
is the Shimura variety of [I2]. In the present paper, we instead consider the Shimura variety
associated to G := Z2 x G. We are able to formulate a PEL moduli problem M, (é) of abelian
varieties with additional structure (endomorphisms and polarization) which defines a model over
E of the Shimura variety

Shg,(G) = Mk (G) ®g C. (1.1)
(In fact, we demand that Kz = K70 X Kg, where K o is the unique maximal compact subgroup
of Z%(Ay) and where K¢ is an open compact subgroup of G(Ay).) The group differs from the
group of unitary similitudes GU(W) by a central isogeny. The Shimura variety corresponding
to the latter group is considered by Kottwitz [28], and he formulates a PEL moduli problem
over the reflex field of » which almost defines a model for it—but not quite, because of the
possible failure of the Hasse principle for GU(W). This Shimura variety is also considered by

1However, we point out that [52] proves certain variants of this conjecture in a higher-dimensional case for
orthogonal groups of type SO(3) x SO(4).
2This notation differs from the main body of the paper, where G denotes the unitary group of W over Fy.
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Harris—Taylor [I7]. In the setup of [I7], we have E = F and both their Shimura variety and
ours are defined over F'; however, ours offers a number of technical advantages over theirsﬂ
The definition of our moduli problem is based on a sign invariant invy (Ag, A) € {£1} for every
non-archimedean place v of Fy which is non-split in F. Here (Ay, to, Ao) is a polarized abelian
variety of dimension d = [F} : Q] with complex multiplication of CM type ® of F and (A, , \) is
a polarized abelian variety of dimension nd with complex multiplication of generalized CM type
r of F. This sign invariant is similar to the one in [31], 32], but much simpler. This simplicity is
another reflection of the advantage of our Shimura varieties over those considered by Kottwitz
[28].

This sign invariant also allows us to define global integral models of Mk (é) over Spec Og (at
least when F/Fy is not everywhere unramified) and semi-global integral models over Spec O, (.,
where v is a fixed non-archimedean place of F, of residue characteristic p. These integral models
generalize those in [7] when Fy = Q and when K¢ is the stabilizer of a self-dual lattice in W.
Here we allow K¢ to be the stabilizer of certain vertex lattices. To achieve flatness, we sometimes
have to impose conditions on the Lie algebras of the abelian varieties in play that are known
in a similar context from our earlier local papers [43| [44] (the Pappas wedge condition, the spin
condition and its refinement, the Fisenstein conditions). However, in contrast to Kottwitz, we
do not need any unramifiedness conditions.

Once the model Mk (é) and its global or semi-global model are defined, we can also create
a restriction situation in analogy with [I2]. Namely, fixing a totally negative vector u € W
(satisfying additional integrality conditions for the global, resp. semi-global integral situation),
we define W’ to be the orthogonal complement of u. Then W satisfies the same conditions as
W, with n replaced by n — 1. We obtain a finite unramified morphism

My (H) — Mg, (G), (1.2)
resp. their global, resp. semi-global integral versions. Here H=270xH , where H = U(Wb)7

considered as an algebraic group over Q. Using the graph of the above morphism, we obtain an
element in the rational Chow group,

2K e S Chnil (MKH‘G (ﬁé))(@

Here My, (HNG) is the model defined as above for the Shimura variety for the group Z9 x H x G.
Using the Hecke-Kunneth projector, we construct a cohomologically trivial variant zx o0 €

Ch" (M Ko (ﬁé))o,c of this element, which, via the Beilinson—Bloch pairing, in turn defines a
linear form -
Uk - O (M (HG)) ) — C.

Our variant of the AGGP conjecture is expressed in terms of this linear form.

We similarly define, under certain hypotheses, elements in the rational Chow group, resp.
rational arithmetic Chow group, of the (global, or semi-global) integral model Mg (HG). Let
us consider/@e Gillet—Soulé intersection product pairing on the rational arithmetic Chow group
of Mk (HG). We have a conjecture on the value of the intersection product of z__ and its
image under a Hecke correspondence. Let us state the semi-global version, since this is the one
for which we can produce concrete evidence. We also have a global version.

Conjecture 1.1 (Semi-global conjecture). Fiz a non-split place vy of Fy over the place p < 0o
of Q. Let f = ®¢fo € HE (%KH\C;‘ if p is archimedean) be a completely decomposed element of

HG
the finite Hecke algebra of HNG, and let f' = ®,f] € (G (AF,)) be a Gaussian test function in
the Hecke algebra of G’ = Resp)p, (GLn—1 X GL,,) such that ®@y<oo f;, is a smooth transfer of f.
Assume that for some place A prime to p, the function f has regular support at X\ in the sense
of Definition[8.] and that f' has regular support at X in the sense of Definition [7.4}

(i) Assume that vy is non-archimedean of hyperspecial type, cf. Section and that f, =
1GI(OFo,vo)' Then

Intvo (f) = _a']vo (fl)

SKottwitz [28] does not need any assumptions on the signature of W; neither do we.
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(i) Assume that vo is archimedean, or non-archimedean of AT type, cf. Section . Then
Intvo (f) = _a‘]vo (f/) - J(fc/orr[vo])?
where f!

corr V0] = @y feorrws With flow , = fi, for v # wvo, is a correction function. Furthermore,

" may be chosen such that f!_. [vo] is zero.

We refer to the body of the text for an explanation of the terms used (cf. Conjecture |8.13]).
Here it suffices to remark that Int,,(f) is the normalized sum of the local contributions of all
places v of E over vy to the Gillet—Soulé intersection product of the diagonal subscheme Mg (H)

of Mg . (I‘I\é) and its translate by the Hecke correspondence R(f) associated to f. By J, resp.
0J,,, we denote the distributions that arise in the twisted trace formula approach to the AGGP
conjecture, cf. [55]. The regularity assumption on f guarantees that for non-archimedean vg the
intersection of the two cycles has support in characteristic p, and the regularity assumption on
f' guarantees that the distributions J and 9.J,, localize.

In the global context, when the Hecke correspondence R(f) satisfies a suitable regularity
assumption, the intersection product localizes, i.e., is a finite sum of contributions, one from
each place v of E. We group together the local contributions from all places v which induce a
given place vy of Fy. From this point of view, Conjecture i) predicts the contribution of the
good places, and Conjecture (ii) the contributions from the archimedean places and certain
bad places.

The conjecture is accessible in certain cases. We prove the following theorem.

Theorem 1.2. Let vy be a non-archimedean place of Fy that is non-split in F'. Then Conjecture
above holds true for n < 3.

The main input is our work in the local case (intersection product on Rapoport—Zink spaces):
the proof of the AFL conjecture in the hyperspecial case for n < 3 by one of us [55] and the proof
of the AT conjecture for n < 3 in [43] [44]. The passage from the local statement to a global
statement is modeled on the similar passage in [30] (which also inspired the similar passage in
[55]). In fact, this similarity is not only formal. Indeed, the definition of Kudla—Rapoport divisors
uses in an essential way that the Shimura variety for GU(W) is replaced by the Shimura variety
for G (in fact, in [30], one uses Z2 x GU(W); as remarked in [7], the definition can be realized
on the Shimura variety for C:') In this way, there is a direct connection between the intersection
problem occurring in Conjecture and the intersection problem in [30].

We also have a theorem for split places (hence non-archimedean), cf. Proposition

Theorem 1.3. Let vy be a place of Fy that is split in F. Let f and f' be as in Conjecture [8.8
Then

Int,, (f) = aJUo(f/) =0.

The significance of this theorem is that in the global context, again under a regularity as-
sumption on the Hecke correspondence R(f), the contribution of the places vy which split in F'
is trivial.

Let us now put the results of this paper in perspective. The construction of integral models
of the Shimura varieties for G answers a question of B. Gross; however, only partially. Indeed,
we have to pay a price by having to replace the field F', over which Gross’s Shimura varieties
have a model, by the field F, over which our Shimura varieties have a model; and E may be
strictly larger than F. This also causes us to modify our adaptation of the AGGP conjecture.
It would be interesting to understand whether the Kisin—Pappas construction of integral models
of Shimura varieties of abelian type [25] yields a solution of Gross’s question which can be used
to give a variant of the AGGP conjecture which avoids having to replace F' by a bigger field.

Our current knowledge of AT conjectures forces on us to be very specific when imposing level
structures in our moduli problems. It seems realistic to hope that more cases of AT conjectures
than in [43] [44] can be formulated, and this would allow more flexibility for the level structures.
We hope to return to this point.

How realistic is it to hope that the conjectures on the arithmetic intersection pairing can be
proved, in cases that go beyond those treated in this paper? The stumbling block seems to be
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that in higher dimension it is difficult to avoid degenerate intersections—and degenerate inter-
sections seem to be a challenge to currently available techniques, already in the local situation
(intersection on Rapoport—Zink spaces). It might be fruitful to search for intersection problems
derived from those considered here which avoid these apparently very difficult problems, in the
spirit of B. Howard’s papers concerning the Kudla—Rapoport divisor intersection problem, cf.
[18, [19].

As is apparent, automorphic L-functions do not appear explicitly in the statements above,
contrary to what happens in the AGGP conjecture. L-functions are involved implicitly because
the distributions J and 0.J,, are related to them (cf. Section . However, more analytic work
is involved to make this relation more explicit. One of us (W.Z.) hopes to return to this point
and explain this issue in more detail.

We finally give an overview of the layout of the paper. In Section [2] we introduce the groups
in play and define the concept of matching in this context. In Section [3] we introduce the
various Shimura varieties mentioned above, and the corresponding moduli interpretation over
E, and the relation between the moduli variety for W’ and for W. In Section 4 we define
the semi-global integral models of these moduli schemes and the morphisms between them. We
do this in several contexts: for hyperspecial level, for split level, for Drinfeld level, and for AT
parahoric level. These levels reflect the possibility of applying the AFL conjecture, resp. the AT
conjecture, resp. the vanishing theorem Theorem [I.3]in the split level. The AT parahoric level
is complicated by the fact that the morphisms between the semi-global integral models are in
some cases not defined in the naive way. In Section [5| we give the global integral models, first
without level structure and then with Drinfeld level structure. Section [0] is devoted to giving
our version of the AGGP conjecture. Section [7] is preparatory for the last section. Here we
explain the distributions arising in the context of the relative trace formula and their relation to
L-functions. In Section |§] everything comes finally together. First, we formulate our conjecture
on the arithmetic intersection numbers. We do this in the global case without level structure,
in the global case with Drinfeld level structure, and in the semi-global case. Second, we give the
proofs of the semi-global versions in cases of small dimension, cf. Theorem There are two
appendices. In Appendix A we define the sign invariant that is used in the formulation of the
moduli schemes. In Appendix B we check that in the case of banal signature the relevant local
models are trivial in a precise sense.
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Notation. Except in Section [2] F' denotes a CM number field and Fj denotes its (maximal)
totally real subfield of index 2 (in Section [2| F'/Fy can be any quadratic extension of number
fields). We denote by a — @ the nontrivial automorphism of F/F,. We fix a presentation
F = Fy(v/A) for some totally negative element A € Fy, and we let ® be the CM type for F
determined by VA,

o:={p: F=C|p(VA)eRso-V-1}. (1.3)
Note that by weak approximation, every CM type for F' arises in this way for some F'/Fy-traceless
element VA € F*.

We use the symbols v and vy to denote places of Fp, and w and wy to denote places of F. We
write Fp, for the v-adic completion of Fy, and we set F, := F' ®p, Fp,.; thus F, is isomorphic
to Fo» % Fy» or to a quadratic field extension of Fp, according as v is split or non-split in F.
We often identify the CM type ® (or more precisely, the restrictions of its elements to F) with
the archimedean places of F. When v is a finite place, we write p, for the maximal ideal in Op,
at v, we write w, for a uniformizer in Fy,, and we write m, for a uniformizer in F, (when v
splits in F' this means an ordered pair of uniformizers on the right-hand side of the isomorphism
F, = Fy, x Fy,). We write OFo,(v) for the localization of O, at the maximal ideal p,, and
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Opyv C Fo, for its p,-adic completion. We use analogous notation for other fields in place of Fy
and other finite places in place of v. In particular, we will often consider the v-adic completion
OFv = OF ®0y, OFyw of Op.

We write A, Ag,, and A for the adele rings of Q, Fy, and F', respectively. We systematically
use a subscript f for the ring of finite adeles, and a superscript p for the adeles away from the
prime number p.

We take all hermitian forms to be linear in the first variable and conjugate-linear in the
second, and we assume that they are nondegenerate unless we say otherwise. For k any field, A
an étale k-algebra of degree 2, and W a finite free A-module equipped with an A/k-hermitian
form, we write det W € £*/Nm,,, A* for the class of det J, where J is any hermitian matrix
(relative to the choice of an A-basis for W) representing the form. Note that this value group
is trivial when A ~ k x k. We also write —W for the same A-module as W, but with the
hermitian form multiplied by —1. Of course W and —W have the same unitary groups. When
W is an F'/ Fy-hermitian space of dimension n and v is a place of Fy, we write W, for the induced
F,/Fy »,-hermitian space W ®p, Fp ., and we define

inv, (W,) = (=1)"""D/2det W, € Fy,/NmF). (1.4)

We say that W, is split at a finite place v if inv,(W,) = 1; under our normalization, the
antidiagonal unit matrix always defines a split hermitian form. When v is an archimedean place,
the form on W, is isometric to diag(1("), (—1)(*)) for some 7 + s = n, and we write sig, (W,,) :=
(r,s) (the signature). In the local setting, isometry classes of n-dimensional F,/Fp ,-hermitian
spaces are classified by inv, when v is a finite place, and by sig, when v is an archimedean
place. By the Hasse principle, two global hermitian spaces are isometric if and only if they are
isometric at every place v, i.e. they have the same invariants at each finite place and the same
signatures at each archimedean place. Given a global space W as above, the product formula
for the norm residue symbol for the extension F'/F gives

[Tinv. (W) =1, (1.5)

where v ranges through the places of F{y, and where we identify FOXW /Nm F} C {£1}. Conversely,
Landherr’s theorem asserts that a collection (W), of F,/Fj ,-hermitian spaces arises as the set
of local completions of a (unique, by the Hasse principle) global F'/Fy-hermitian space exactly
when inv, (W,) = 1 for all but finitely many v and the product formula holds. Given an
embedding ¢: I — C, we write W, := W ®p,, C for the induced hermitian space over C.

For an abelian scheme A over a locally noetherian scheme S on which the prime number p
is invertible, we write T),(A) for the p-adic Tate module of A and V,(A) := T,(A4) ® Q for the
rational p-adic Tate module. When S is a Z,)-scheme, we write Ve (A) for the rational prime-
to-p Tate module of A. When § is a scheme in characteristic zero, we write V(A) for the full
rational Tate module of A.

We use a superscript o to denote the operation —®zQ on groups of homomorphisms of abelian
schemes, so that for example Hom°(A, A’) := Hom(A, A") ®z Q.

Given modules M and N over a ring R, we write M C" N to indicate that M is an R-
submodule of N of finite colength . Typically R will be O, for v a finite place of Fy. When
A is an Op-lattice in an F/Fp-hermitian space, we denote the dual lattice with respect to the
hermitian form by AY. We use the same notation when A is an Op,-lattice in an F,/Fp -
hermitian space, and we call A a vertex lattice of type r if A C” AV C m,'A. Note that this
terminology differs slightly from e.g. [29, [45]. A wvertex lattice is a vertex lattice of type r for
some 7. Let us single out the following special cases. A self-dual lattice is, of course, a vertex
lattice of type 0. An almost self-dual lattice is a vertex lattice of type 1. At the other extreme,
a vertex lattice A is m,-modular if AV = 7 tA, and almost 7,-modular if A C AV C! 7, 1A.

Given a discretely valued field L, we denote the completion of a maximal unramified extension
of it by L.

We write 1,, for the n x n identity matrix. We use a subscript S to denote base change to a
scheme (or other object) S, and when S = Spec A, we often use a subscript A instead.
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2. GROUP-THEORETIC SETUP

In this section we introduce the groups and linear-algebraic objects which will be in play
throughout the paper. Let F//Fy be a quadratic extension of number fields.
2.1. Similitude groups and variants. We begin by introducing algebraic groups over Fy,
G’ :=Resp/p, (GLp—1 x GL,),
Hj := Resp/p, GLp_1,
H} = GL,_1 x GL,,
Hj ,:= Hj x Hy.
Next let W be an F/Fy-hermitian space of dimension n > 2. We fix a non-isotropic vector

u € W, which we call the special vector. We denote by W’ the orthogonal complement of « in
W. We define another four algebraic groups over Fy,

G :=U(W),
H:=UW"),
Gw = H x G,
Hy = H x H.

We further define the following algebraic groups over Q. We systematically use the symbol ¢ to
denote the similitude factor of a point on a unitary similitude group.

79 .= {z € Resp g Gy ‘ Nmp, g, (2) € Gy, }7
HY:= {h € Resp, g GUW’) | ¢(h) € Gy, },
G® = { g € Resp, ;o GUW) | clg) € G, },
H:=2%xg, H®={(2,h) € Z® x H® | Nmp/g,(2) = c(h) },
G :=7%x%g,, G¥={(2,9) € Z9x G% | Nmp/p,(z) = c(g) },
HG :=H x5 G =2%xg, H? xg, G©

= { (z,h,9) € 79 x H? x GQ Nmp, g, (2) = c(h) = c(g) }

Note that Z9 is naturally a central subgroup of H? and G©, and these inclusions give rise to
product decompositions

H—"— 7% x Resp, /o H G —"— Z% x Resp, o G
(2,h) —— (2,27 th) ’ (2,9) ——— (2,27 1g)
HG —=— Z2 x Resp, jo(H x G)
(2,h,9) ——— (2,27 h, 27 1g)

We also record that the decomposition W = W" @ Fu gives rise to natural closed embeddings
of algebraic groups,

H—— @ . HC—— 5 HG 22)
(2, h) —— (z,diag(h, z)) (z,h) —— (z, h, diag(h, z)) . .

2.2. Orbit matching. The following lemma is obvious.

Lemma 2.1. The natural projections in induce isomorphisms
G/H % Resg, /o G/ Resg, ;o H

and

fl\f{\é/flL>ReSFO/QH\ReSFO/QGW/ReSFO/QH. O
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The homogeneous version of the matching relation is a natural injection of orbit spaces of
reqular semisimple elements,

H(FO,U)\GW(FO,v)rS/H(FO,v) — H{ (FO,U)\G/(FO,v)rS/Hé(FO,U)

for any place v of Fj. In the case when v is a non-archimedean place not split in F', this is
explained in [43, §2]. The definition extends to the archimedean places. If v is split in F, we
define matching as in [57, §2]. Briefly speaking, we identify H(Fp,) with GL,_1(Fp,) and
G(Fy,») with GL,,(Fo ). This gives a natural way of matching regular semisimple elements.
Using the above lemma, we obtain an injection for every prime number p,

ﬁ((@p)\ﬁ\é(@p)m/ﬁ(@p) - H H{ (F07v)\G/(FO,v)rs/Hé(FO,v)- (2.3)

vlp

3. THE SHIMURA VARIETIES

For the rest of the paper we take F' to be a CM field over Q and Fj to be its totally real
subfield of index 2. We recall from the Introduction that we fix a totally imaginary element
VA € F*, and we denote by @ the induced CM type for F' given in 1'

3.1. The Shimura data. In this subsection we define Shimura data for some of the groups
introduced in Section [2] We assume that the hermitian space W has the following signatures
at the archimedean places of Fy: for a distinguished element ¢¢ € ®, the signature of W, is
(1,n—1), and for all other ¢ € ® the signature of W, is (0,n). We also assume that the special
vector u is totally negative, i.e. that (u,u), < 0 for all ¢.

We first define Shimura data (G9,{hge}) and (H@,{hgo}); comp. [39, §1.1]. Using the
canonical inclusions G C [I,ce GUW,) and HY C [Toca GU(W;), it suffices to define the
components hgo , of hge and hye , of hye. We define matrices

;o Jdiag(L(=DTY) =g
© = g
diag(—1,-1,...,-1), o€ ®~{vo},

and we define the matrix Ji, by removing a —1 from J,. We may then choose bases W, ~ C"
and Wf; ~ C" ! such that u ® 1 € W, identifies with a multiple of (0"~1 1), such that the
inclusion Wﬁ, C W,, is compatible with the inclusion C"~! € C"~! @ C = C", and such that the
hermitian forms on W, and Wf, have respective normal forms

(2,9)p = @Iy and (2,y’), = "2’ 127
We then define the component maps

hge,: C* — GU(W,)(R) and  hpe,: C — GU(W.)(R)
to be induced by the respective R-algebra homomorphisms
C —— End(W,) q C—— End(Wg)
an .
VI ——V/—1J, V-l—— /=17,

By definition of ®, the form x,y — trc/r @(\/E)*l(hc@’@(\/—l)w, Y), is symmetric and positive

definite on W, for each ¢ € ®, and similarly for W:,.

We next define Shimura data (H, {hgh), (@G, {h&}), and (HG, {h#g})- For this, note that ®
induces an identification

ZOR) = { (zp) € (c*)® ’ |24| = |2| for all p, ¢’ € ® }

In this way, we define hzo: C* — Z2(R) to be the diagonal embedding, pre-composed with
complez conjugation. We then obtain the desired Shimura data by defining the Shimura homo-
morphisms

.ok ~ hogh ~ hghy0heg) ——
hg:cx Lzt gy s ox Leeled) Gy g ox Letteeled), a ),
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It is easy to see that (H, {hz}), (G, {hg}), and (HG, {h#&}) have common reflex field £ C C
characterized by

Aut(C/E)={o € Aut(C) |co® =P and g 0@y = ¢ }. (3.1)

Note F is a subfield of E via ¢q (possibly proper when F/Q is not Galois). We therefore obtain
canonical models over E of the Shimura varieties

Shx, (H,{hz}), Shk.(G,{hg}), Shx. (HG,{hzs}),

where K, resp. K G Tesp. Kﬁé varies through the open compact subgroups of H (A f), resp.
G(Ay), resp. HG(Ay).

The morphisms are obviously compatible with the Shimura data {hz} and {hg}, resp.
{hg} and {hz5}. We therefore obtain injective morphisms of Shimura varieties, i.e. injective
morphisms of pro-varieties, in the sense of [9, Prop. 1.15],

Sh(H,{h5}) < Sh(G,{hg}) and Sh(H,{hz}) < Sh(HG,{hzz}). (3.2)

Remark 3.1. The above Shimura varieties are related to other Shimura varieties, as follows.

(i) The pair (Z2,{hzo}) is a Shimura datum, and there are morphisms of Shimura data

(H.{hg}) — (2% {hze}), (G.{hg)) — (2% {hze}),  (HG,{hgg}) — (2% {hz2})
induced by the natural projections to Z2. These induce morphisms of Shimura varieties
Sh(H,{hg}) — Sh(Z9, {hz}),
Sh(G, {hg}) — Sh(Z2 {h}), (3.3)
Sh(HG, {hz5}) — Sh(Z2%, {h}),
which identify

Sh(HG, {hzg}) = Sh(H,{hz}) Xsu(ze.(n 0} Sh(G. {ha})-

The reflex field of (Z9,{hzo}) is the reflex field of the CM type @, i.e. the fixed field of the
group {o € Aut(C) | o o ® = &}, which is manifestly contained in E.

(ii) There are morphisms of Shimura data
(H,{hgz}) — (H® {hye}) and (G, {hg}) — (G {hae}),
both induced by the natural projections, which induce morphisms of Shimura varieties
Sh(H,{hz}) — Sh(H®, {hse}) and Sh(G,{hg}) — Sh(GZ {hge}).
(iii) One may also introduce Shimura data

(ResFO/Q H, {hH}), (ResFO/Q G, {hc}), (ResFD/Q(H X G),{thc}),

where hp, resp. hg, resp. hHXg is deﬁned by composing hg, resp. hg, resp. hye with the
projection to the second factor in . Note that the restrlctlons of hy, hg, and hyxg to the
subgroup R* of C* are trivial. In particular, the corresponding Shimura varieties are not of
PEL type. These are the Shimura varieties that appear in Gan—Gross—Prasad [12], §27]. The
product decompositions in induce product decompositions of Shimura data,

(H,{h}) = (2% {hze}) x (Resp/m, H, {hu}),
(G, {hg}) = (2% {hze}) x (Respyr, G, {ha}), (3.4)
(HG, {hsz}) = (2°,{hze}) x (Resp,jo(H x G), {huxa}).

In [12} §27], the Shimura variety Sh(Resg, o G, {hg}) is considered over its reflex field, which is
F', embedded into C via ¢g. By contrast, in the present paper, we consider the Shimura variety
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Sh(@G, {hg}) over E, which is visibly the join of the reflex fields of the two factors in the product
decomposition (3.4). The natural projections then induce morphisms of Shimura varieties,

Sh(H,{h5}) — Sh(Resp, /o H, {hu}),
Sh(G, {hg}) — Sh(Resg, /0 G, {ha}), (3.5)
Sh(HG, {hs5}) — Sh(Resp, jo(H x G), {hxa})-

Remark 3.2. Let us finally make our Shimura varieties more concrete. We consider the case of
Sh(G, {h&}); the other Shimura varieties are analogous. In terms of the product decomposition
Gr = 72 x [I,ce U(W,) induced by by , the conjugacy class {hg} is the product of {hzo}
with the U(W,)(R)-conjugacy class {hq,,} for each ¢ € ®, where h¢,, denotes the p-component
of the cocharacter hg defined in Remark . The conjugacy class {hzqe} consists of a single
element; so does {hq,, } for ¢ # g, since in this case hg , is the trivial cocharacter. For ¢ = ¢q,
in terms of the basis for W, chosen above, hg,,, is the cocharacter
ha,py: 2 — diag(z/z,1,...,1).

The conjugacy class {hq,,, } then identifies with the open subset D, C P(W,,,)(C) of positive-
definite lines for the hermitian form (send h € {hg,,,} to the —1-eigenspace of h(v/—1); we
remark that Dy, is also isomorphic to the open unit ball in C*~'). Thus for Kz C G(A £) an
open compact subgroup, we obtain the presentation

Shre, (é’ {hé})(c) = é(Q)\[Dwo x é(Af)/Ké]a
where the action of G(Q) is diagonal by the translation action on G(A ¢) and by the action on
D,, given via
é(@) — éad(R) — PU(WWO)(R)'

3.2. The moduli problem over FE. In this subsection we define moduli problems on the
category of schemes over Spec I for the three Shimura varieties above. Since this is almost
identical in each case, let us do this for Sh(G, {hs}), and only indicate briefly the modifications
needed for the other two (mostly for Sh(f{\é, {h55})). We will only consider open compact
subgroups Kz C é(A ) which, with respect to the product decomposition , are of the form

Ké = KZ@ X Kg, (36)

where K¢ C G(Ap,, ;) is an open compact subgroup and where Ko C Z%(Ay) is the unique
maximal compact subgroup

Kyo:=2%Z) = {2 € (Or ®Z)* | Nmpp,(2) € Z* }. (3.7)

(Note that Z© is defined over SpecZ in an obvious way.)

Before doing this, let us first introduce an auxiliary moduli problem M, over E. In fact, for
use in the construction of integral models later, we will define a moduli problem Mg over Op
whose generic fiber will be My. For a locally noetherian Og-scheme S, we define M (S) to be
the groupoid of triples (Ao, to, Ap), where
e Ap is an abelian variety over S with an Op-action tg: O — End(Ap), which satisfies the
Kottwitz condition of signature ((0,1),ca), i-e.,

char(c(a) | Lie Ag) = H (T —9(a)) forall acOp; (3.8)
ped
and

e )\ is a principal polarization of Ay whose Rosati involution induces on O, via ¢y, the nontrivial
Galois automorphism of F/Fy .

A morphism between two objects (Ao, o, Ao) and (A, ey, Ay) is an Op-linear isomorphism
po: Ag — Af under which Aj pulls back to A\g. Then M, is a Deligne-Mumford stack, finite
and étale over Spec O, cf. [I8, Prop. 3.1.2]E| (In fact My is defined over the ring of integers in

4Strictly speaking loc. cit. is stated only for CM algebras and CM types ® which are of a rather special sort,
but the proof relies only on the very general Th. 2.2.1 in [I8] and applies equally well to our situation.



ARITHMETIC DIAGONAL CYCLES ON UNITARY SHIMURA VARIETIES 11

the reflex field of ®, which is contained in Og, cf. Remark ) We let M, denote the generic
fiber of Mo. Then Mo ®g C is isomorphic to Shx (Z%, {hza}), provided M is non-empty.

In order to circumvent the problem of non-emptiness of M, we also introduce the following
variant of Mo, cf. [I8, Def. 3.1.1]. Fix a non-zero ideal a of Op,. Then we introduce the Deligne—
Mumford stack M§ of triples (Ao, o, Ag) as before, except that we replace the condition that
Ao is principal by the condition that ker A\g = Ag[a]. Then, again, M§ is finite and étale over
Spec Op and Mg ®g C is isomorphic to Shk _, (Z2, {hza}), provided that M§ is non-empty, cf.
[18, Prop. 3.1.2].

Remark 3.3. (i) Given finitely many prime numbers p1, ..., p,, there always exists a relatively
prime to p1,...,p, such that M§ is non-empty.

(ii) If F/Fy is ramified at some finite place, then M§ is non-empty for any a, cf. [I8, proof of
Prop. 3.1.6]. A special case of this is when F' = FyK, where K is an imaginary quadratic field
and the discriminants of K/Q and Fy/Q are relatively prime. We further remark that in the
context of the global integral models we define in Section [5| below, we will eventually impose

conditions on the hermitian spaces W and W? that force F/Fy to be ramified at some finite
place, cf. Remark

In the following, we fix an ideal a such that Mg is non-empty. We denote its generic fiber by

Mg. We now define a groupoid Mg, (G) fibered over the category of locally noetherian schemes
over E. Here, to lighten notation, we have suppressed the ideal a. For such a scheme S, the

objects of Mk (G)(S) are collections (Ag, to, Ao, A, t, A, 7)), where
e (Ag, o, Ao) is an object of M§(S);
e A is an abelian scheme over S, up to isogeny, with an F-action ¢: F' — End°(A) satisfying
the Kottwitz condition of signature ((1,n — 1), (0, n)¢e¢\{¢0})7 ie.,
char(u(a) | Lie A) = (T — po(a)) (T — cpg(d))nfl H (T —¢(a))" forall acOp; (3.9)
ped~{wo}

e ) is a polarization of A, in the sense of [30} fn. p. 111], whose Rosati involution induces on F,
via ¢, the nontrivial Galois automorphism of F/Fy; and

e 7 is a Kz-level structure, by which we mean a Kg-orbit (equivalently, a Kz-orbit, where Kz
acts through its projection K5 — K¢g) of Ap j-linear isometries

n: V(Ag, A) ~ =W @p Apf;
comp. [30, Rem. 4.2]. Here
V (A, A) := Homp (V(4g), V(A)),

endowed with its natural hermitian form h, taking values in Ap ;. Recall [30, §2.3] that this
form is defined by the formula

ha(z,y) = Ay oy’ oXox € Endy,,, (V(Ao)) =Apy. (3.10)

A morphism between two objects (Ag, o, Ao, 4, ¢, A, 7), and (A, 1y, Ay, A', ¢/, N, 7') is given by
an isomorphism pg: (Ao, 0, o) — (Ap, th, N\p) in MZ(S) and an F-linear isogeny p: A — A’
pulling A\’ back to A and 7’ back to 7.

Remark 3.4. Let r: Hom(F,C) — {0,1,n — 1,n}, ¢ — r,, be the function defined by

L, $ = ¥o;
Ty =40, p €\ {po}; (3.11)
n—rg ¢¢o.
Then the Kottwitz condition (3.9)) is
char(¢(a) | Lie A) = H (T —¢(a))” forall a€ O,

peHom(F,C)

comp. [48] (8.4)].
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The following proposition is a special case of Deligne’s description of Shimura varieties of PEL
type.

Proposition 3.5. Mg (é) is a Deligne—-Mumford stack smooth of relative dimension n — 1
over Spec E. The coarse moduli scheme of M, (é) i a quasi-projective scheme over Spec E,
naturally isomorphic to the canonical model of Shy (G, {hg}). For Kg sufficiently small, the

forgetful morphism MKé(G) — M§ is relatively representable.
Proof. We will content ourselves with exhibiting a map, which turns out to be an isomorphism,
M (G) ®p C — Shi_ (G, {hg}).
By Remark , the target is the product of Shimura varieties
Shi o (Z%,{hze}) x Shi, (Respp, G, {ha}).

For the map into the first factor, we simply compose the forgetful map Mk (G)®pC — M{erC
with the isomorphism M§ ®p C ~ Shy_, (Z2, {hya}).

To explain the map into the second factor, let (Ao, o, Ao, 4,¢, A, 7) be a C-valued point of
Mk, (é) Let H := H1(A,Q) and Ho := Hi(Ap,Q). The polarization A endows H with a
Q@-valued alternating form ( , ) satisfying (v(a)z,y) = (z,c(a)y) for all a € F, and such that
the induced form z,y — (v/—1-z,y) on H ®g R is symmetric and positive definite, where
multiplication by +/—1 is defined in terms of the right-hand side of the canonical isomorphism
Hr = Lie A. Similarly, Ay endows Ho with a Riemann form (, )o.

Let V(Ag, A) := Homp(Ho, H). Then V(Ap, A) is an F-vector space of the same dimension
as W, and we make it into an F/Fp-hermitian space by defining the pairing (o, 3) to be the
composite

Ho—2 s H 1Yy Ho,

x—— (z,—)

where the checks denote Q-linear duals and the last arrow is the inverse of y — (y, —)o; this
composite is an F-linear endomorphism of the one-dimensional F-vector space Hg, and hence
identifies with an element in F'. Clearly V (Ao, A) Qr Ap j = ‘A/(Ao, A) as hermitian spaces, and
hence, by the existence of a level structure, V(Ag, A) @r Ap ; ~ —W ®@p Ap s. Furthermore, it is
easy to see that the Kottwitz condition implies that V' (Ag, A),, has signature (n—1,1) if ¢ =
o and (n,0) if ¢ € &~ {@o}. Hence, by the Hasse principle for hermitian spaces, V (Ao, A) and
—W are isomorphic. Choose an isometry j: V(Ag, A) = —W. Using the complex structures on
Hor and Hg, let z € C* act on V(Ay, A) by sending the F-linear map « to zaz~ 1. This defines
a homomorphism C* — U(V (A, A))(R), and composing this with j.: U(V(4p, 4))(R) =
U(-W)(R) = UW)(R) gives an element in {hg}. The level structure 7 corresponds to an
element of (Resg, /g G)(Af)/Kg, and eliminating the choice of j corresponds to dividing out by
the action of (Resp, o G)(Q). O

An analogous description holds for the model M (H) of the Shimura variety Sh Kﬁ(fl Ahgt)
(replace n by n — 1, and W by W”).

There is also an analog for the Shimura variety Shr (HG, {h#g})- In this case we take the
level subgroup to be of the form

Kﬁé = KZ@ X KH X .KG7 (3.12)

where as always K 7o is the subgroup (3.7), and Ky C H(Ap, r) and K¢ C G(Ap, ) are open

compact subgroups. The value of the corresponding moduli functor M Kﬁé(HG) on a locally
noetherian scheme S over F is the set of isomorphism classes of tuples

(A()7 Lo, )\07 Ab? va >\b7 Av Ly >\a (nbv n))a
where the last entry is a pair of Ap s-linear isometries

0 V(Ag, A) ~ W’ ®@p Ap; and n: V(Ag, A) ~ —W ®p Ap,
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modulo the action of Kg x Kg. In other words, the moduli functor MK%(ff\é) is simply the
fibered product MKﬁ(fI) X Mg MKé(é)

In terms of these moduli problems, the injective morphisms ([3.2) can be described as follows.
Assume that Ky C H(Apg,, r) N K. Then the first morphism of Shimura varieties in (3.2)) arises
by base change from E to C from the functor morphism

Mg (H) Mg (G) (3.13)
(A05L07)\0aAbaLb7>\baﬁb) — (‘407L0a)‘07"4b X AOaLb X [’07>\b X /\O(u)7ﬁ)

Here Ag(u) = —(u,u)Ng, and the isomorphism 7: 17(A0,Ab x Ap) ~ —W ®F Ap r mod K¢ is
given, with respect to the decomposition

Homp (V(Ag), V(A* x Ag)) = Homp (V(Ag), V(A®) @ V(Ag)) = V (A, A) @ Ap,,

by the trivialization
0 V(Ag, A) ~ =W’ @p Ap; mod Ky
in the first summand, and by identifying the basis element 1 in the second summand with

u®1le -W ®p Aps. The morphism (3.13) is finite and unramified.
The second morphism in (3.2)) then arises from the graph morphism of (3.13)),

MKﬁ(ﬁ) —>MKI-TG(HG) :MKﬁ(ﬁ) ><]\/[5I MKé(é) (314)
The morphism (3.14]) is a closed embedding.

Remark 3.6. For Fy # Q, the Shimura varieties above are compact. For Fy = Q, it may
happen that the Shimura variety Mg (HG) is non-compact. In fact, this will be automatic
when n > 3. In this case, we will need to use its canonical toroidal compactification, cf. [I9] §2].

4. SEMI-GLOBAL INTEGRAL MODELS

Fix a prime number p and an embedding 7: Q — @p This determines a p-adic place v of E
and, via g, places vy of F and wy of F. In this section we are going to define “semi-global”
integral models over Op, (,) of the moduli spaces introduced in Section |3} in the case of various
level structures at p. We denote by S, the set of places v of F{y over p. Throughout this section,
we assume that the ideal a occurring in the definition of M is prime to p, cf. Remark .

4.1. Hyperspecial level at vy. In this case we assume that the place vy is unramified over p,
and that vy either splits in I or is inert in F' and the hermitian space W,,, is split. We also
assume p # 2 if there is any v € S, which is non-split in . We are going to define smooth
models over Op, ().

For each v € S, choose a vertex lattice A, in the F,/Fj ,-hermitian space W,. By our case
assumptions, we may and will take A,, to be self-dual. Recalling the subgroup Kz = Kze X K¢g
from , we take K¢g to be of the form

KG = Kg X KG,p,

where K7, C G(AY Fo f) is arbitrary, and where the level subgroup at p is the product

Kg,p = H Ka,., C G Fo ®@p H G Foy (4.1)
vES, vES),

with K¢, the stabilizer of A, in G(Fp.,).

We formulate a moduli problem over SpecOg () as follows. To each locally noetherian
Og,()-scheme S, we associate the set of isomorphism classes of tuples (Ao, 0, Ao, 4,2, A, ),
where (Ao, to, Ao) is an object of M§(S). Furthermore:

e (A,1) is an abelian scheme over S up to isogeny prime to p, with an O ® Z(,)-action ¢,
satisfying the Kottwitz condition (3.9)) of signature ((1,1 — 1)y, (0,7)pca~feo})-
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e ) is a polarization on A whose Rosati involution induces on Or ® Z,) the non-trivial Galois
automorphism of F'/Fy, subject to the following condition. First note that the action of the ring
Or, @ Zyp = 1],e s, OFy v on the p-divisible group A[p>] induces a decomposition of p-divisible
groups,

Ap> = [ A (4.2)

vES)

Since Ros) is trivial on Op,, A induces a polarization A, : A[v™>] — AY[v>°] = A[v>]" for each
v. The condition we impose is that ker A, is contained in A[c(m,)] of rank # (A} /A,) for each
v E S

e 77 is a Kg-orbit of Al ;-linear isometries
WP VP (Ao, A) = —W ®p AY, . (4.3)
where
Vp(Ao, A) = HOHIF (VP(A()), VP(A)),
and the hermitian form on V?(Ag, A) is the obvious prime-to-p analog of (3.10).

We also impose for each v # vy over p the sign condition and the Fisenstein condition. Let us
explain these conditions.

The sign condition at v is only non-empty when v does not split in F', in which case it demands
that at every point s of S,

invy (Ao s, L0,5, A0,ss As, Ls, As) = inv, (—=Wy). (4.4)

Here the left-hand side is the sign factor defined in and in Appendix [A] (in the
definition of , one may use the embedding 7 fixed at the beginning of this section). The
right-hand side is the Hasse invariant of the hermitian space —W,, defined above in . Note
that by Proposition the left-hand side of is a locally constant function in s.

The Eisenstein condition is only non-empty when the base scheme S has non-empty special
fiber. In this case, we may even base change via v: Og () — Z, (the ring of integers in @p) and
pass to completions and assume that S is a scheme over Spf Zp. Similarly to , there is a
decomposition of the p-divisible group A[p],

Ap™] = [ A, (4.5)
lp

where the indices range over the places w of F lying over p. Since we assume that p is locally
nilpotent on .S, there is a natural isomorphism
Lie A = Lie A[p™] = @) Lie A[w™].
wlp

For each place w, by the Kottwitz condition (3.9), the p-divisible group A[w*] is of height
n - [Fy : Qp] and dimension

dim A[w™] = > (4.6)

goEHom(Fw,@p)

Here r,, is as in (3.11]), and we have used the embedding 7: Q — Q, to identify

Homg(F, Q) ~ Homg(F, @p),
which in turn identifies

{(p € Homg(F, Q) ’ Wy = w} ~ Homg, (Fw,@p), (4.7)

where w,, denotes the p-adic place in F' induced by v o ¢.

Now suppose that w lies over a place v different from vg. Then the action of F' on A[w™] is of
a banal signature type, in the sense that each integer r, occurring in is equal to 0 or n, cf.
Appendix [B| Let 7 = 7, be a uniformizer in F,,, and let F! C F,, be the maximal unramified
subextension of Q,. For each 1 € Homg, (F},,Q,), let

Ay = { ¢ € Homg, (F,y,,Q,) | ¢|pr =t and r, =n }.
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Set

Qa, (1) = ] (T - o(m) €Z,ITI.
pEAy
The Eisenstein condition at v demands the identity of endomorphisms of Lie A[w®?], for each of
the one or two places w over v,

Qa, (u(m) | LieA[w™®]) =0 for all ¢ € Homg, (F},,Q,). (4.8)

This condition is the analog in our context of the condition with the same name in [48]. The
Kottwitz condition implies that the Eisenstein condition at v is automatically satisfied when the
place(s) w over v are unramified over p, cf. Lemma[B.3]

A morphism between two objects (Ag, to, Mo, 4, ¢, A, TP) and (Af, th, Ay, A’y ¢/, X, 7'P) is given
by an isomorphism (Ao, g, \o) — (Ay,th, Ny) in MZ(S) and a quasi-isogeny A — A’ which
induces an isomorphism

Alp>] = A'[p™],
compatible with ¢ and ¢/, with A and )/, and with 7* and 7%’.

Theorem 4.1. The moduli problem just formulated is representable by a Deligne-Mumford stack
Mk (G) smooth over Spec O, (). For K?, small enough, Mk (G) is relatively representable
over M. Furthermore, the generic fiber Mg XSpecOy (,, SPC E is canonically isomorphic to

Mg (G).
Proof. Representability and relative representability are standard, cf. [27, p. 391]. Smoothness
follows as usual from the theory of local models, cf. [40]. More precisely, the local model for

Mk (G) decomposes into a product of local models, one for each of the abelian schemes Ay and
A in the moduli problem. The local model corresponding to A is étale because M is. Now,

under (4.7) we have
Homg(F,Q) ~ | | Homg, (F,, Q). (4.9)
vES)
In this way the completion F, identifies with the join of the local reflex fields Fg, and E,| in
h,

and where 7|,: Homg, (F,,Q,) — Z denotes the restriction of the function r to the v-summand
on the right-hand side of (4.9). The local model M corresponding to A then decomposes as

M= 1] M, Xspecop,, SpecOp, . (4.10)
vES)
Here for v # vy, by the Kottwitz condition (3.9), M, = M(F,/Fou, 7|y, Ay) is a banal local
model, i.e. of the form defined in Appendixlﬂ Hence M, = SpecOg,, by Lemmas and
(The same is true for the local model corresponding to Ag at every v € S, by these lemmas and
Remark [B-2]) The local model M,, is smooth by [I5].
It remains to prove the last assertion. Let S be a scheme over E, and let (Ao, to, Ao, 4, ¢, A, 77)
be a point of Mg (S). We want to associate to this a point of Mk_(5), i.e., we want to add
the p-component of 77. The product of hermitian spaces W ®q Q, = [[, ¢ s, W, contains the

@p as v varies through S, where ®, := ® N Homg, (F,,,@p) in terms of the identification (|

lattice [T, s, A,, where A, is a vertex lattice in W,,. By assumption on the polarization A, the

product of hermitian spaces XA/p(Ao,A) = Homp(V(4o), Vp(A)) = Il,es, V,(Ag, A) contains
Homo,. (T,,(Ao), Tp(A)) as a product of vertex lattices, where the factor at each v is of the same
type as A,. Since p # 2 when there are non-split places in .S, it follows that, if there exists

~

an isometry n,: Vp(Ao, A) ~ —W ®g Q) at all, then there also exists one that maps these two
vertex lattices of identical type into one another, and the class modulo K¢, of such an isometry
is then uniquely determined.

Hence we are reduced to showing that there exists an isometry 7, i.e., the equality of Hasse

invariants invv(‘/}v (Ao, A)) = inv,(=W,) for all v € S,. By the Hasse principle and the product
formula for hermitian spaces, it suffices to prove that for any C-valued point (Ag, to, Ao, A, ¢, A\, 77P)
of Mgk,

G

inv, (V(Ag, A)y) = inv,(=W,) for all v # vy,
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where v runs through all places of Fj, including the archimedean ones. Here, as in the proof of
Proposition V(Ap, A) = Homp(Ho, H), where Ho = H1(Ao,Q) and H = H;(A, Q). For the
non-archimedean places not lying over p, this follows from the existence of the level structure;
for the places v € S, \ {vo}, this follows from the sign condition at v; and finally, for the
archimedean places, this follows from the fact that the signatures of V(4p, A) and —W at all
archimedean places are identical, cf. the proof of Proposition O

We analogously define the DM stacks My (H H) and M (HG) over Spec O, (., comp. the

end of Section @ Both are again smooth over Spec Og,(,).

Let us now assume that the special vector u € W has norm (u,u) € O;ﬁo . Then we obtain

a finite unramified morphism, resp. a closed embedding, in analogy with lb resp. ((3.14]),
My (H) — M (G) and My (H) = Mg, (HG). (4.11)

For this we assume that K C H(AL )N Kg. Furthermore, we assume for each v € S, the

lattices in W, and W? satisfy the relation
Ay = A @ Op,u. (4.12)

For the lattice in W? @ W, we take the direct sum A” @ A,,.
We end this subsectlon by defining Hecke correspondences attached to adelic elements prime
to p. We first consider the case of Mk, (G (). Fix g € G(Ap). Let Kp = Z9(ZP) x K?, and

Kg, = 7Z9(Z,) x Kg.p, and set
. P P ,—1 ) _
Kz :=K;NgKgg and Kgz:=KIxKg .

Then we obtain in the standard way a diagram of finite étale morphisms,

M, (G)

y \ (4.13)

Mg (é) Mo (6)7
which we view as a correspondence from Mg (é) to itself. Note that for a central element
9=2z¢€ Z(G)(AL, ;) ={z € (A, ;)* | Nmp/g,(z) = 1}, the diagram (4.13) collapses to a map
M, (G) = Mk (G), (4.14)

and this induces an action of Z(G)(AY, f) on Mg (G ).
The cases of M K~( ) and Mg . (HG) are completely analogous, simply replacing G every-

where by H and HG respectively. For later use, we record the diagram of finite étale morphisms
we obtain for HG:

MK;TG(ECJ;)

y x (4.15)

My, (HG) Mu,, (HG).

Remark 4.2. It is possible to extend the above definitions to open compact subgroups K& =
K7 x K¢, of Kg = K7 x Kg,p which are smaller away from vg. More precisely, under the
product decomposition (4.1)), let K¢ , be of the form

K&, = K& % Kau, (4.16)

where K Zf’;’) is a subgroup of finite index of [[, 4vo G- In this case, we add a level structure
7,0 to the data (Ao, to, Ao, 4, ¢, A, ") above. Let us explain what is meant by this, concentrating
on the most interesting case when the base scheme S is a scheme over Spf Zp, comp. [32 §8].
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Let (Ao, to, Ao, A, A, TP) € MKé(é). For a place v € S, \ {vo}, consider the lisse local
system V(Ag[v>°], A[v*°]) in F,,-modules on S given at a geometric point § — S by the Frobenius

invariants,

V(Ao[v™®], A[™])s = Homp, (M(Ao[v™]s), M (A[]5)) ™",

comp. Remark Here M (Ap[v™]3s) and M (A[v™°]5) denote the rational Dieudonné modules
of Ao[v™]s and A[v™]s. By the Kottwitz condition (3.9), the p-divisible groups Ao[v>] and
Alv™>], with their actions by Op, and their polarizations Ao, and A,, are banal in the sense of
Appendix [B] Therefore, when n is even, the sign condition at v implies that the typical fiber
of this local system is isomorphic to —W,,, cf. Remark The same holds trivially when v is
split in F. If n is odd, and the typical fiber is not isomorphic to —W,,, then we choose once and
for all a non-norm unit in Op, and use it to modify the hermitian form of the local system. In
all cases, we have now obtained a local system on S with typical fiber —W,,, which we denote

Vp(Ao[v™], A[v>°]). Then a level structure 7,° is a Kz’-orbit of [, F,-linear isometries

TT Vo(Aolo™), A™]) = T (~Wo): (4.17)

v#£vg v#vg
This defines the moduli problem M Kz where K % = Kzo x K, which is obviously relatively
representable over M .. Furthermore, the level structure 7, is redundant when K¢, | = K¢ p,

so that our new definition of M Kt coincides in this case w1th our old definition. Indeed this
follows since any two vertex lattices of identical type in —W, are conjugate, comp. the argument
in the proof of Theorem for proving the isomorphism Mg _ Xspecoy () Spec E ~ MKé(G).
We still have to see that the generic fiber MKé XSpec O (,, SPeC B is canonically isomorphic to
Mg . By Lemmas and for every geometric point 5 of S, Ap[v™]s and A[v™°]s have

canonical liftings Ao[v™°]5 and A[v™]5 to the Witt vectors W (k(5)). Taking into account our
modification of V(Ag[v>], A[v°°]) when n is odd and v non-split, the Fontaine functor induces a
bijection

Isomp, (Vp (go [v™°]5, g[vw]g), —WU) ~ Isomp, (V},(AO[UOO], Alv™))s, —Wv),

where V,(Ag[v™]s, A[v™]5) is formed from the rational Tate modules of the generic fibers of
Ao[v™®]s and A[v™]s, cf. Proposition (this uses banality to recover the filtrations on the

rational Dieudonné modules). Therefore a level structure in the usual sense on the rational
Tate modules in the generic fiber corresponds uniquely to a level structure in the special fiber as
defined above and this constructs the desired canonical isomorphism. We conclude that Theorem
4.1 holds with K, in place of Kg.

We analogously define subgroups K% and K7, and moduli stacks M K (H) and M K (HG)
In order to construct a finite unramlﬁed morphlsm resp. a closed embeddlng, coverlng the
corresponding maps in , we have to assume in addition to the conditions spelled out there
that K7 C H(Fg,) N KZ. Under these conditions, we obtain

M (H) — M= (G) and My (H )%MK* (HG). (4.18)

Also, we obtain additional Hecke correspondences for elements g € G(FOUE)), where

G(F) ::{(zmgwe [ (F = GU(r) NmFU/FO,JzU):c(gU)}.

veSp~{vo}

4.2. Split level at vy. We continue with the setup and assumptions of the previous subsection,
except we now allow vy to be ramified over p. In addition, we assume that vy splits in F, say
into wy and another place wy. We are again going to define smooth integral models over O (,).

We define the moduli functor Mg (G ) as follows. To each locally noetherian O, (,)-scheme
S, we associate the set of 1som0rphlsm classes of tuples (Ag, to, Ao, 4, ¢, A, P) as in the previous
subsection, except that we impose the further condition corresponding to wqy that when p is
locally nilpotent on S, the p-divisible group A[wg®] is a Lubin-Tate group of type r|y,, in the
sense of [48], §8] (note that this involves the Eisenstein condition of loc. cit.). Here 7|y, is the
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restriction of the function 7 on Homg(F, Q) to Homg, (Fi,, Q,), in the sense of the identification
(4.7). We note that if vg is unramified over p, then this further Eisenstein condition is redundant,
and the moduli functor M (G) is the same as the one defined in the previous subsection, cf.
[48].

Theorem 4.3. The moduli problem just formulated is representable by a Deligne—Mumford stack
Mk (G) smooth over Spec O, ). For K?, small enough, Mk (G) is relatively representable
over M. Furthermore, the generic fiber Mg XSpecOy (,, SPeC E is canonically isomorphic to

Mg (G).
Proof. Same as the proof of Theorem [£.1] using in addition that the factor at wq for the local
model for A for the newly introduced Eisenstein condition is smooth, cf. [48] §8]. O

We analogously define the DM stacks ./\/lKﬁ(ﬁ) and Mg (EI\G/) over Spec O, (., comp. the
end of Section Both are again smooth over Spec O (). We then obtain a finite unramified
morphism, resp. a closed embedding,

M (H) — Mg (G) and Mg, (H) = Mg,_(HG), (4.19)
and Hecke correspondences exactly as in the previous subsection.

Remark 4.4. The definitions of the above moduli spaces can be extended to compact open
subgroups KX, KI*? and K’*HE which are smaller at p-adic places away from vy, just as in
Remark .2

4.3. Drinfeld level at vy. We continue with the setup and assumptions of Section with
vg split in F' and possibly ramified over p. In this subsection we are going to define integral
models over O () where we impose a Drinfeld level structure at vo. To do this, we require that
the matching condition between the CM type ® and the chosen place v of E is satisfied, which
demands that

{(p € Hom(F,Q) ’ Wy = Wo } C @, (4.20)
where w,, is the place of F' induced by v o ¢, as in . We note that this condition only
depends on the place v of E induced by v. When condition is satisfied, we also say that
the CM type ® and the place v of E are matched. Here are some examples in which the matching
condition is guaranteed to hold.

Lemma 4.5. The matching condition for ® and v is satisfied in each of the following two
situations.

(i) F is of the form KFy for an imaginary quadratic field K/Q, ® is the unique CM type induced
from K containing po, and p splits in K.

(i) The place vy is of degree 1 over Q.

Proof. The matching condition is obvious in , and in it holds because the left-hand side
of (4.20)) is the singleton set {¢o}. O

Remark 4.6. We call the case ({i) the Harris—Taylor case, cf. [17T].

Now let m be a nonnegative integer. We define the level subgroup K@ C G(Ap,,f) in exactly
the same way as K¢ in Section (subject to the choice of certain vertex lattices A, for v € Sp),
except in the vo-factor, we take K¢, to be the principal congruence subgroup modulo p7? inside
Kg,v,- In particular, K¢ coincides with K@ for m = 0. We define Kc’l; = Kzo x K@ as in
D). i i

We now define the moduli functor MKg(G) over Mg (G). Let (Ag,to, Ao, 4,0, A7) €
M, (G)(S). Consider the factors occurring in the decomposition 1' of the p-divisible group
Ap), -

Alvg®] = Alwg®] x A[we). (4.21)
When p is locally nilpotent on S, the p-divisible group A[wg®] satisfies the Kottwitz condition

of type 7]y, for the action of Op,, on its Lie algebra, in the sense of the previous subsection.
In fact, in this case the matching condition (4.20) and the Kottwitz condition (3.9)) imply that
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A[wge] is a one-dimensional formal O ,,,-module of (absolute) height n - [F,,, : Q,], whereas the
second factor in (4.21)) is identified via the polarization A with the (absolute) dual of the first
factor (and has dimension n - [F,, : Q,] — 1). Analogously,

Ao[vg"] = Ao[wg”] x Ao[wp”],

where, by (4.20) and the Kottwitz condition on Ay, the p-divisible group Ao[w§®] with Op y,-
action is étale of height [F,,, : Q,], whereas Ay[wy®] is identified with the dual of Ap[wg®].
In analogy with the prime-to-p theory, we introduce the finite flat group scheme over S,

T (Ao, A)[wg'] := Homo, , (Ao[wg'], Awg'])-

Note that as m varies, the right-hand side is naturally an inverse system under restriction of
homomorphisms, and to make it into a directed system depends on the choice of uniformizer m,,
of Iy - The colimit Ty, (Ao, A) := lim Ty, (Ao, A)[wy'] is a 1-dimensional formal O ,,,-module
since A[wg] is.

For the moduli problem MKg (é), we equip the object (Ao, to, Ao, 4,1, A, ") € Mk (C?') with
the following additional datum. Let A,, = Ay, @ Aw, denote the natural decomposition of the
lattice A,, attached to the split place vg. The additional datum is

e an Op ., -linear homomorphism of finite flat group schemes,
@1 T Ny — Home, . (Agfuf], Aluf?), (4.22)
which is a Drinfeld w{-structure on the target, cf. [I7] §II.2].

Theorem 4.7. The moduli problem MKgL (C:') is relatively representable by a finite flat mor-

phism to Mg, (é) It is regular and flat over SpecOg, (). Furthermore, the generic fiber
MKva XSpec O (1) Spec E is canonically isomorphic to MKén(é)

Proof. After an étale base change, the subgroup Ag[wj’] of the universal abelian scheme A4 over
M§ becomes constant, and then the proof of [I7, Lem. IT1.4.1(4)(5)] applies. O

We analogously define the DM stack M K (H) over Spec O B,(v), and obtain for it the analog

of Theorem We also define MKH\G (HG) := Mg (H) X Mg MKé(é), but we note that this
stack is not regular for m > 0. We then obtain a finite unramified morphism, resp. a closed
embedding,

Mgm(H) — Mgm(G) and Mgm(H) = Mgm (HG),
H G H HG
provided that K7, C H(A% ;)N K¢ and that the lattices A, and A° are as in (£.12)). Indeed,

the Drinfeld level structure ¢”: m; ™A%, /A%, — Hom,, g (Ao[wg'], AP[w]) induces a Drinfeld
level structure

@ T /Ay — Homo,  (Aofwi), (4° x Ag)[wg'])
by taking the direct sum of ” and the O F,wo-linear homomorphism

$0: g OFwot/OFweu —— Homg ., (Ao[wg'], Aowg™]) (4.23)

—m .
Tapg U id,

with respect to the natural decompositions in the source and target of .

In the present situation there are more Hecke correspondences than those defined for adelic
elements prime to p in the previous two subsections, cf. [I7, §I111.4]. We again first treat the case
for G. With respect to the decomposition obtained from [2.1),

G(Q) = Z2%Q,) x [] G(Fv.),

vES)y
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let g € G(Fo,v,), considered as an element in the left-hand side. In the special case that g €
K¢, since K7, is a normal subgroup of K¢, we get a diagram of finite flat morphisms

Mg (@)

y nats

analogously to (4.13). For general g € G(Fp,q,), choose m’ and p large enough that
Auy D@ ghyy D @™ gAyy D wh Ay

Then Kg’vo C K&, N gngog_l. Hence we obtain a diagram of finite flat morphisms

M (G)

V & (4.24)

Mg (G) Mg (G)

as before. In terms of the moduli descriptions above, these morphisms are given as follows.

Consider a point (Ao, Lo, Ao, A, t, \, P, ¢) of Mgr (G). Then naty sends this point to the point
HG
represented by (Ag, to, Ao, 4, ¢, )\7ﬁp7ap|( —m wo/Awo))' To describe natg, let C C Awf] be the

Two

unique closed subgroup scheme for which the set of p(z), = € wmjm/*“ 9Ny /Ny, is @ complete
set of sections, cf. [24], Cor. 1.10.3] (note that Homy,. , (Ao [wh], A[wh]) is étale-locally isomorphic
to A[wl]). Let C+ C A[w°] be the annihilator of C' under the Weil pairing, and let A’ be the
quotient of A by the finite subgroup scheme C' x C+. Let a: A — A’ be the corresponding
Op-linear isogeny. Then A = @, *a*()\'), where \" is a principal polarization of A’. Furthermore
A’ comes with a level structure 7P, and the quadruple (A’, ./, X', 7’?) is an object of M, (é)
We obtain a Drinfeld level w{’-structure ¢’ on Hom,,. (Ao[wi'], A'[wg']) via the following
commutative diagram:

71—4;(:nAwo/Awo
ﬂggm,_“glw \
T 1GN o /T 1 GA e — — + Hom(Ag[wd'], A'[wf])
M
Topl Dy /T =1 g Ay — = = + Hom(Ao[wh], A[wh]/C)
oot Ny [ Ay ————— Hom(Ao[wy], Alwh]).

Here the dashed arrows are induced by . Then the image of (Ag, o, Ao, 4,¢, A\, ¥, ¢) under
nat, is (Ao, to, Ao, A/, N, P, ¢’). We remark that the above construction is independent of
the auxiliary choices of m’ and p. N

Again, as in (4.14)), this defines an action of the center of G(Fp,) on Mg (G).

The above construction carries over in the obvious way With~ﬁ in place of G. Taking the
product over M§ of the diagram 1' with the one attached to H and an element h € H(Fp ),
we obtain, for p sufficiently large, an analogous diagram of finite flat morphisms for HG. We
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record this as the following diagram, where g € (H x G)(Fp v, ):

Myen_(HG)

y naty (4.25)

M (HG) M (HG).

Remark 4.8. As before, the above definitions and results extend readily to the case of subgroups
K%, K, and K= which are smaller at p-adic places away from vo, cf. Remark @

4.4. AT parahoric level at vy. In this subsection, p # 2 and we assume that the place vy is
of relative degree one over Q. We again choose a vertex lattice A, C W, for each v € S, as in
Section We require that the pair (v, Ay,) is of one of the following four types, which we
call AT types.

(1) v is inert in F' and A, is almost self-dual as an O, -lattice.
(2) vo ramifies in F, n is even, and A, is m,,-modular.
(3) vo ramifies in F', n is odd, and A, is almost m,,-modular.
(4) v ramifies in F, n =2, and A,, is self-dual.
We refer to the end of the Introduction for the terminology on lattice types.

Again recalling the decomposition Kz = Kzo x K¢ from , we take the subgroup K¢g to
be of the form

KG = Kg X KGJ),

where K¢, C G(AR, ;) is arbitrary, and where K¢, C G(Fp ® Q) is given by

KG,;D = H KG,U C H G(FO,v)a

vES), vES)
with Kg , the stabilizer of A, in G(Fp.y).

We define the moduli functor M (é) over Spec Op, (,) in exactly the same way as in Section
More precisely, to each O (,)-scheme S, we associate the set of isomorphism classes of tuples
(Ao, Lo, Aoy A, 1, A, TP), where (Ao, o, Ag) is an object of M§(S), where A is an abelian scheme
over S up to isogeny prime to p, where ¢ is an O ® Zy)-action on A satisfying the Kottwitz
condition of signature ((1,n — 1)40, (0,7)pco{po}), and where A is a polarization on A
whose Rosati involution induces on O ® Z,) the non-trivial Galois automorphism of F/Fy,
subject to the condition that under the decomposition of the p-divisible group A[p*],
ker \, is contained in A[i(7,)] of rank #(Ay /A,) for all v € S,,. Finally, 7 is a K{-equivalence
class of A% ;-linear isometries [@3).

We also impose for each v # vy over p the sign condition (4.4)) at v and the Eisenstein condition
(4.8) at v. In addition, when the pair (vg, A,,) is of AT ty or , we impose the following
additional conditions. As with the Eisenstein condition, it suffices to impose the condition when
the base scheme S lies over Spf Zp, where it takes the following form.

o If (v, Ay,) is of type , then we impose the wedge condition

2
/\ (4(m,) + my, | Lie A[vg°]) =0 (4.26)

and the spin condition

the endomorphism 1(my,) | Lie A[vg°] is nonvanishing at each point of S, (4.27)
of. [@4 §6).
e If (vg, Ay,) is of type (3)), then we impose the refined spin condition (7.9) of [44] on Lie A[vg®].
Remark 4.9. We note that the triple (A[v§°], t[vg°], A[vg®]) arising from our moduli problem
is of the type occurring in the moduli problem for one of the RZ spaces in [44], §5-8] (since we
require that vy has relative degree one, the relative dual of A[v§°] that is used in [44] is the

Serre dual). One may ask whether one can replace the condition that vy has relative degree
one by the condition that vy be unramified. This may be possible in view of [32] in the case of
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AT type (1). However, loc. cit. shows for type (4) that even when v, is unramified, one needs
to impose further conditions (the Eisenstein conditions in this context) to force flatness of the
corresponding moduli schemes.

Theorem 4.10. The moduli problem just formulated is representable by a Deligne-Mumford
stack M. (G) flat over Spec O, (,y. For KY, small enough, Mk (G) is relatively representable

over M§. The generic fiber M (G) Xspec 05, SPec E is canonically isomorphic to MKé(é)
Furthermore:
(i) MK@(é) is smooth over Spec Op, (,y provided that (vo, Ay, ) is of AT type or .

(i) Mk (G) has semi-stable reduction over Spec O, (,y provided that (vo,Ay,) is of AT type
(1) and E, is unramified over Q,.

same way as in Theorem The assertions concerning the local structure of Mg (G) all
reduce to statements about the local model. As in the proof of Theorem the factor of the
local model corresponding to Ay is trivial, and the factor corresponding to A decomposes as in
(4.10) into a further product of local models, one for each v € S, with the factor at each v # v
trivial. The local model M,, is smooth over Spec OEmO in types (2) [43, Prop. 3.10] and
[49] Th. 1.4], and has semi-stable reduction Spec Og,,, intypes (1) |44, pf. of Th. 5.1] and

[44, §8]. The last assertion in follows because semi-stable reduction is preserved under an
unramified base extension. ]

Proof. The representabiliti assertion and the assertion for the generic fiber are proved in the

Remark 4.11. The unramifiedness condition on FE, in part of Theorem is always
satisfied in the Harris-Taylor case (cf. Remark , and in fact F, = F,; = Q,2 in this case.

Remark 4.12. In the case of AT type (4), we have E,,, = Qp and the local model M,,
has semi-stable reduction, comp. [44]. However, the extension E, /Q, is always ramified, and
therefore M Ké(é) is not regular over the place v in this case. For this reason, we will exclude
AT type when considering arithmetic intersections.

We analogously define the DM stack M _(H) over Spec O, (,) when the pair (vo, A?JO) is of
AT type. To define My (HG), we take as before the lattice A @A, in W2 @ W for each v,
but the relation between A’ and A, that we allow can be more complicated. Furthermore, the
definition of the analog of the morphisms requires more care.

Let us first suppose that (vg, Ay,) is not of AT type . In this case, we assume that the
lattices A, and Az satisfy A, = AE, ® Opu for all v. We also assume that (u,u) € OIX,ﬂO’U for all
v, with the single exception of v = vy when (vg, Ay, ) is of AT type (1), in which case we impose
that ordy, (u,u) = 1. Provided that K}, C H(AL, ;)N K¢, we then obtain a finite unramified
morphism, resp. a closed embedding,

My (H) — Mg (G) and My (H) = My, (HG), (4.28)
as in .

Remark 4.13. The unit (u,u) was chosen very carefully in [44] because in loc. cit. we made a

definite choice between the two isomorphic RZ spaces Nr(LO) and N,S” in the odd ramified case
(more precisely, a definite choice of the framing object). Here we make no such choice, and
therefore (u,u) can be an arbitrary unit at ramified places.

Now suppose that (v, Ay, ) is of AT type . Then we cannot define such simple embeddings,
and it is necessary to consider more complicated diagrams involving additional spaces, cf. [44,

§12]. In fact we will consider two variants. For both variants, we assume that (u,u) € O;O ()’

and that A’ and A,, are related by a chain of inclusions

oo (A2, ® Opuou)’ Ct Ay CH A ® Opyou. (4.29)

()

Note that (4.29)) is equivalent to the condition that AZO is almost 7,,-modular in W,

o> and that
Ay, is one of the two m,,-modular lattices contained in AZO @ OF v, u.
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Variant 1: In the first variant, we continue to assume that for all v # vy, we have A, =
AZ @ OFyu. We define Pz to be the moduli stack defined in the same way as MKé(é), except
that at the place vy,
e ker )\, has rank p"~2; and
e when p is locally nilpotent on the base scheme, Lie A[v§°] satisfies the condition (9.2) of [44].
Now let £ denote the self-dual multichain of Op ® Zy-lattices in W ® Q, = @ues,, W,
generated by A,, and AE,D ® Op y,u (and its dual), and by A, for all v # vy. We define 735 to be
the moduli stack of tuples (Ag, o, Ao, A, A, 77”), where (A, Lo, o) is an object of M§, A = {Ax}
is an L-set of abelian varieties, A is a Q-homogeneous principal polarization of A, and 7” is a
K{-equivalence class of AY, ;-linear isometries 77 : VP(Ag,A) ~ —-W @p AL 4, cf. [AT, Def. 6.9].
We require that A, satisfies the Kottwitz condition for all A. We further require that over
a base on which p is locally nilpotent, when the vo-summand of A is A,,, Lie Ax[v§°] satisfies
the wedge condition and the spin condition above; and when the vg-component of
Ais A @® Op,y,u, Lie Ax[v§°] satisfies the condition (9.2) of [44]. We obtain a diagram

G
7 \ (4.30)

MKH,(H)*)'Pé MKé(é)

Here the lower left morphism is defined in the usual way, i.e. analogously to (3.13), provided
that Kj; C H(AL, ;)NKE. Tt is again finite and unramified. The arrows 7 and 7 are induced
by A +— A(AZO ©Or W) ED, ., A and A — AAUOGB@#UO A, Tespectively.

Lemma 4.14. The morphism m is finite étale of degree 2.

Proof. The morphism is obviously proper. It is also finite because each geometric fiber has
precisely two points. This last assertion follows over the complex numbers by looking at the
homology of the abelian varieties in play, and in positive characteristic by looking at their
Dieudonné modules. The question of étaleness reduces to the local models, which are isomorphic
by [44, Prop. 9.12(ii)]. O

The morphism 75 is proper, and it is finite étale over the generic fiber of degree (p"—1)/(p—1).
However, 7o is not finite when n > 4, cf. [44, Rem. 9.5].
Now define

'Pﬁ’ = MK;;(H) XMS Pé and 'Plﬁé = MK;;(H) XMS Pl@
Applying the functor Mk (ﬁ ) X mg — to the rightmost three spaces in (4.30), we obtain a
/
Piic

diagram
\ (4.31)

M (ﬁ)C—”Dﬁé M (ﬁé)

Here the lower left embedding is the graph of the one in (4.30), again provided that K%, C
H (A’I’%’ f) N K7Z. Of course, the oblique arrows inherit the properties of the corresponding ones
above under base change. Set

MK%I (ﬁ) = MKﬁ(fI) XPae P

Note that the generic fiber of ./\/lKiﬁ (f[) is equal to MKiﬁ(ﬁ), where K’g = Kzo x K% x Ky

with Ky, = Ku at all places v # vg, and Kj; , the simultaneous stabilizer of AP and A,,.

’__
HG®

Lemma 4.15. The morphism
Mics () — My, (7T0)
induced by (4.31)) is a closed embedding.
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Proof. The proof of [44, Prop. 12.1] applies. O

Variant 2: For the second variant, in addition to the place vy, we allow there to be places
Vi,...,Um—1 € Sp for which the lattice A,, is m,,-modular. For each ¢ =0,...,m — 1, we then
assume that the relation holds with v; in place of vg. For all v # vy, ..., v;m_1, We again
assume that A, = Ai @ Oppu. We then define the stack Pz exactly as above. We also define
77’@ exactly as above, except we now take £ to be the self-dual multichain of O ® Z,-lattices in
W®Q,= @Uesp W, generated by the lattices A,, and AZ ® Op, uforeachi=0,...,m—1,
and by A, for all v # vy, ..., v;,—1. (To be clear, the conditions above on the Lie algebra of the
p-divisible group when p is locally nilpotent on the base still only involve the place vy.)
In complete analogy with , there is a diagram

7

7 X (4.32)

My, (H) — Pg Mg (G),

where the lower left morphism is defined provided that K7, C H(A%, ;) N K¢, and where the
arrows 71 and 7o are induced by

A— AAi»l@'”@A@m@@ Ay and A +—— AAvl@"'@AUm®@v;ﬁv1

VAV, Um

respectively. The proof of Lemma transposes to yield the following.
Lemma 4.16. The morphism w1 is finite étale of degree 2. (]

In analogy with Variant [I} the morphism o is proper, and finite étale over the generic fiber
of degree [(p™ —1)/(p — 1)]™. However, it is again not finite when n > 4.
Finally, we again define
Pﬁé = MKI; (H) XMS Pé and 'Plﬁé = MKI;(H) XMS Pl@?
and we apply the functor MKﬁ (ﬁ) X pmg — to obtain

!
Pa

\ (4.33)
M, (H)— Py My, (HG).
Here for the lower left embedding we assume, as always, that Kp; C H(A%, N K?. Set
Mg (H) == Mg, (H) *Poe Prige

Note that the generic fiber of Mg/ (f[) is equal to Micr. (H), where K% = Kzo X Ki x Ki o,
H

with K}J,,U = Ky, at all places v 7£ vo, ey Um_1, and KH v, the sunultaneous stabilizer of Ab
and A,, at all places v; for ¢ = 0,.. — 1. As in the case of Lemma [£.15, we obtain the
following.

Lemma 4.17. The morphism
MK/ ( ) —)MK~ (HG)
induced by (4.33)) is a closed embedding. O

We note that if (vg, Ay, ) is of type or , then the spaces M ( ~) and Mg (HG) are

smooth. If (v, Ay, ) is of type , then My (f[) is smooth, and M (HG) has semi-stable
reduction provided that E, is unramified over Q.
In these cases, one can define Hecke correspondences prime to p, as at the end of Subsection

ZT
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Remark 4.18. In analogy with the above cases in which (vg, Ay, ) is of AT type (2) and (vg, A),)
is of AT type one may also consider a situation in which (vg, A,,,) is hyperspecial and (vg, A%, ))
is of AT type (1). One obtains a closed embedding analogous to the one in Lemma where
the source is a finite covering of /\/lKg(fNI)

Remark 4.19. As before, the above definitions and results extend readily to the case of sub-
groups K%, K7, and K% which are smaller at p-adic places away from vo, cf. Remark@

5. GLOBAL INTEGRAL MODELS

In this section, we define integral models of the above moduli spaces over Spec Og. We will

take a = Op,, i.e., we will assume that My = MOOFO is non-empty. Recall from Remark 1D
that this hypothesis is satisfied whenever F'/Fj is ramified at some finite place, a condition which
we will eventually impose below in the context of arithmetic intersections, cf. Remark

5.1. Trivial level structure. In this subsection, we are going to define integral models over
Spec Og of the previously defined moduli spaces in the case that the open compact subgroup is
the stabilizer of a lattice of a certain form. Let us start with the case of G. We consider the
following finite set of finite places of Fj,

Sir :={v | v is either inert in F' and W, is non-split, or v ramifies in F'}.

Let

OK{[‘ = H qu C OF,

veSY.

where ¢, denotes the (unique) prime in Op determined by v € SKfF. We fix an Op-lattice A in
W with

AcCAY C @) A (5.1)
We assume that the triple (F'/Fy, W, A) satisfies the following conditions.
(1) All finite places v of Fy of residue characteristic p such that F ,/Q), is ramified, or such that
p = 2, are split in F'.
(2) All places v € SK% are of degree one over Q, and the pair (v, A,) is isomorphic to one of the
AT types (I)-{) in Section
As a consequence, for any finite place v of E, denoting by vy the place of Fy induced by v via

©o, the pair (vg, Ay,) is of the type considered in one of the four subsections Section 4.4
Associated to these data is the open compact subgroup

K¢ ={g€G(An.s) | 9(A @0, OF) = A®o, Or },
and as usual we define Koé = Kzo x Kg.

We formulate a moduli problem over Spec O as follows. To each Og-scheme S, we associate
the category of tuples (Ag,to, Ao, A, ¢, A), where (Ag, o, \o) is an object of Mq(S). Further-
more,

e (A,.) is an abelian scheme over S, with Op-action ¢ satisfying the Kottwitz condition of
signature ((1,n — 1)y, (0,7)pea{4po}); and
e )\ is a polarization whose Rosati involution induces on O the non-trivial Galois automorphism
of F/Fy.
We impose the sign condition that at every point s of S,

invy (Ao.s, Lo,ss A0,s5 Asy s, As) = inv, (—=W,,), (5.2)

for every finite prime v of Fyy which is non-split in F'. Furthermore, we impose that for any finite
place v of E, denoting by p its residue characteristic, the triple up to isogeny prime to p over
S XSpecOp Spec OE,(V)7
(A® Zp), L @ Lip), A @ L)),
satisfies the conditions in the semi-global moduli problem for v defined in Section [
The morphisms in this category are the isomorphisms.
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Theorem 5.1. The moduli problem just formulated is representable by a Deligne—Mumford stack
MKo (G ) flat over Spec Og. For every place v of E, the base change ./\/lKo Xspec0p Spec O (,

is canomcally isomorphic to the semi-global moduli space defined in one of Sections [{1] @ or
14.4] above. Hence:

(i) MKo (G) is smooth, of relative dimension n—1 over the open subscheme of Spec Og obtained

by removing all places v for which the induced pair (vo, Ay, ) is of AT type (] . or in Section
144}

(i) MKo (G) has semi-stable reduction over the open subscheme of Spec Op obtamed by remov-

ing all places v for which either (vo, Ay,) is of AT type ), or is of AT type (1) and for which
E, is ramified over Q. O

Replacing W' by W’ and choosing a lattice A> € W analogously to above, we define the DM
stack Mo (H), where K% = Kzo x Ky with K3 C H(Ap,s) the stabilizer of A’ @0, Op.

Similarly, we define MKo (HG) where Kﬁ(; = Kzo x K5 x K¢, and where we impose the

following additional condltlons on A” and A. We first require that A’ is self-dual for all v which
are split or inert in F' (i.e. we require that SXVT" consists of exactly the finite places of Fj which
ramify in F'), and that Ai and A, are m,-modular or almost m,-modular for all v which ramify

in F (ie. S% and S¥ contain no v for which (v, A) or (v,A,) is of AT type (d)).

Remark 5.2. The conditions that we have just imposed on A place non-trivial constraints on
the extension F'/Fy and on the hermitian space W°. Let d := [Fp : Q).

First consider the case when n = 2m + 1 is odd. Then our assumptions on A’ imply that W°
is split at all finite places of Fy. On the other hand, at each archimedean place ¢, the Hasse
invariant iIlV@(WLZ) is equal to (—1)™71 if ¢ = g, and to (—1)™ if p # ¢o. Hence the product
formula imposes the congruence

dm =1 mod 2. (5.3)

In particular, since this requires d to be odd, the extension F/Fy is forced to be ramified at at
least one finite place (otherwise the product formula for the norm residue symbol (-1, F/Fp)
would fail). On the other hand, if the congruence is satisfied, then the hermitian space W°
will exist and admit a lattice A” as above.

Now consider the case when n = 2m is even. If F//F} is ramified at some finite place, then a
hermitian space W’ admitting a lattice A® as above will exist for any d and m. On the other
hand, we claim that that F//F, being everywhere unramified is again disallowed. Indeed, the
same argument applies: our assumptions on A” would again imply that W is split at all finite
places of Fy, and the Hasse invariants at the infinite places are again given by (—1)"~! at ¢q
and by (—1)™ at each ¢ # ¢o. Hence we again obtain the congruence dm = 1 mod 2, forcing d
to be odd.

In work in preparation, we plan to handle more cases of an AT conjecture which will allow
us to weaken the constraints on the extension F//Fy and on the lattices A and A®; this will then
also remove these constraints on the hermitian spaces W and W”. More precisely, we will allow
places v which are inert in F and of relative degree one over Q such that A, is self-dual and A’
is almost self-dual, cf. Remark In light of [32], it may be possible to allow here v to be
unramified over Q.

Let us continue with the conditions we impose on A” and A. When n is odd, we require that
A=A @ Opu,

and that (u,w) is a unit at each finite place v unless v is inert in F' and W, is non-split, in
which case ord, (u,u) = 1 (and hence (v,A,) is of AT type (1)). In this case, we have closed
embeddings

Mps (H) = Mo (G) and Mg (H) = Mye_(HG) (5.4)
completely analogous to those we have considered before, e.g. (|4.11|)7 (]4.19|), and (4.28).
Now suppo&e that n is even, and let vy,...,v,, be the places of Fy which ramify in F', cf.

Remark [5.2) By our assumptions, each (v;, A ) is of AT type (3. For each i, we further require
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that (u,w) is a unit at v;, and that A,, is one of the two lattices for which the relation
holds with v; in place of vg. Then (v;, A,,) is indeed of AT type . At the split and inert
places v, we again require that A, = AZ @ Opyu, where (u,u) is a unit at v unless v is inert in
F and W, is non-split, in which case ord,(u,u) = 1. Then we obtain natural global analogs of

the diagrams (4.32) and (4.33)),

MKO (H)(—>Ré MKQ (é)
and
Rie \

Here the global analogs of the auxiliary spaces appearing in (4.32)) and (4.33) are defined in the
obvious way. Similarly, we obtain a closed embedding

Mice: (H) i= Mica (H) i, R — Mico (HG). (5.5)

We note that MKﬁ (f[) and MKH‘G' (ﬁé) are smooth over the open subscheme of Spec Og
obtained by removing all places v for which the induced pair (vg, Ay,) is of AT type (1. Fur-
thermore, M Ko (HG) has semi-stable reduction over the open subscheme of Spec Og obtained

by removing all places v for which E, is ramified over Q.

5.2. Drinfeld level structure. We continue with the setup of the previous subsection. In
particular, we have the lattice A C W satisfying the relation (5.1) and the assumptions that
follow it. Let

»sPL = { places v of Fy | v splits in F'},

Lo - (5.6)
¥Ph® = {v € ¥°' | every place v of E above v matches ® },
cf. (4.20). In addition, we fix a function
m: 2% 7 (5.7)

with finite support contained in 2%Ph®.
Associated to these data is the open compact subgroup

K& :={g€GAp,y) | 9(A®o, Or) = A ®o, Op and g = id mod N(m) },

where

N(m) = T] pr@.

vgspl
As usual, we define Kg‘ = Kzo x K& as in (3.6). Note that if m = 0, then K& = K¢ and
K2 =K2.
€ G ~
The subgroup K é“ defines a moduli stack M Km (@) as in Section which maps via a finite
flat morphism to MK%(é). We then define MKCQ; (G) to be the normalization of MK% (G) in

MKg(G)-
Theorem 5.3. ./\/lKg(é) is a reqular Deligne-Mumford stack finite and flat over ./\/lKoé(é) For

N(m) big enough, MKg (é) is relatively representable over Mg. For every finite place v of F,
the base change Mpm Xspec 0y Spec Op () is canonically isomorphic to the semi-global moduli

G
space defined in one of Sections[{.1} [{.3, or[{.4] above.
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Note that in the last assertion of this theorem, in the case that m is not identically zero, we
are implicitly appealing to the definitions in Remarks and We analogously define
the DM stacks MK? (H) and MK}?G (HG) over Spec Op.

To define embeddings between the stacks we have introduced, we make the same assumptions
on the lattices and on (u,u) as in Section When n is odd, we analogously obtain closed
embeddings

Miem(H) = Myem(G) and - Mgem (H) = Mem (HG). (5.8)
When n is even, we analogously obtain a closed embedding

Also, in all cases we obtain Hecke correspondences for elements g € [] Cyme (H x G)(Fp,,)
(restricted direct product),

My (HG)

Mpm (HG) Mm (HG).

6. THE ARITHMETIC GAN—GROSS—PRASAD CONJECTURE

In this section, we state a version of the Arithmetic Gan—Gross—Prasad conjecture [12]. It is
based on some widely open standard conjectures about algebraic cycles.

6.1. Standard conjectures on height pairing. Consider the category ¥ of smooth proper
varieties over a number field E, and let H*: ¥ — grVecy be a Weil cohomology theory with
coefficients in a field K of characteristic zero. Let X be an object in #, and let Ch’(X) be the
group of codimension-i algebraic cycles in X modulo rational equivalence. We have a cycle class
map
cli: ChY(X)g — H*(X).

Its kernel is the group of cohomologically trivial cycles, denoted by Chi(X )o.0- We take the
Weil cohomology theory H* as either the Betti cohomology H* (X (©), (@), or, for a prime ¢, the
¢-adic cohomology H*(X @ E,Qy), endowed with its continuous Gal(E/E)-action. Comparison
theorems between Betti cohomology and étale cohomology show that the subspace Chi(X )g,0 is
independent of the choice of these two.

We are going to base ourselves on the following conjectures of Beilinson and Bloch, cf. [21,

§2].
Conjecture 6.1. There exists a regular proper flat model X of X over Spec Op.

Let X be such a model, and consider its ith Chow group Chi(X)@. Restriction to the generic
fiber defines a map

Ch*(X)g — Ch'(X)q.
Let Chf, (X)g be the kernel of this map (cycles supported on “finite fibers”), and let Ch’(X)g,0

be the pre-image of Chi(X ),0- We are going to use the Arakelov pairing defined in Gillet—Soulé
[14, §4.2.10],

(,)as: Ch'(X)go x Ch™™ " (X)go — R, d:=dimX. (6.1)
Let Chg;{l*i(z’\’)@ C Ch¥(X)q,0 be the orthogonal complement of Ché = (X)g under the pairing

B0,
Conjecture 6.2. The natural map Chg:l_i(X)fQ; — Ch'(X)q,o is surjective.
Assuming Conjecture and above, the height pairing of Beilinson and Bloch
(,)BB: Ch'(X)g,0 x Ch*™ ¥ (X)g0 — R (6.2)
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can be defined as follows. Lift the elements ¢; € Chi(X)Q,O and co € ChdH*i(X)@’o toc €
Chgjlﬂ(é\,’)é and ¢ € Chy, (X)g, respectively. Define
(c1,c2)BB = (C1,¢2)as- (6.3)

It is easy to see that this is independent of the choices of the liftings.

Remark 6.3. Assuming Conjectures and the pairing (6.2 is independent of the choice
of the (regular proper flat) integral model X, cf. [34, Lem. 1.5].

Remark 6.4. Assume that there exists a smooth proper model X' of X over Og. Then by [33]
Th. 6.11], Conjecture holds for X and therefore the intersection product (6.2)) is defined;
again, by [34] Lem. 1.5], the intersection product is independent of the choice of X' (assumed to
be smooth and proper).

6.2. Cohomology and Hecke—Kunneth projectors. We apply these considerations to the
Shimura varieties defined in Section In order to simplify notation, we write K for K5 in
Shk . (HG) throughout the rest of this section.

e

Denote by 7% the Hecke algebra of bi- K-invariant Q-valued functions with compact support,
with multiplication given by the convolution product,

Hic = O (HG(Ag) | K. Q). (6.4)

The variety Sh K(I/{E‘) is equipped with a collection of algebraic correspondences (Q-linear com-
binations of algebraic cycles on the self-product of Sh(f-[é) Kk with itself), the Hecke correspon-
dences associated to f € .

We also introduce some subalgebras. Let S be a finite set of non-archimedean places of Q
containing all bad places and such that K = Hp K,; thus for all p ¢ S the group HG ®q Qp is
quasi-split and K, is hyperspecial. We define

e C A (6.5)

as the subspace spanned by pure tensors f = ®,f, € #% such that f, = 1, for all p € S. This
clearly defines a subalgebra, and we have

’
%I'(S ~ ® f%ﬂKp
p¢sS

(restricted tensor product).
Recall from (2.1)) the product decomposition

HG(Q,) = 2%(Qy) x [] Gw(Fo.). (6.6)
v|p
For p ¢ S, we have a hyperspecial subgroup K, = Z%(Z,) x Kug,, of E(/?(Qp) and
KHG,p = HKHG,IM
vlp
where Kpe , is a hyperspecial compact open subgroup of (H x G)(Fp ). We define
AP A
as the subspace spanned by all f = ®,f, € 52 such that f, = ¢p®®v\p fv, where ¢, = 1Kz@.p
for all p, and f, = 1, , unless v is split in F. This defines a subalgebra of %ﬂfg , and we have

%I?Spl ~ ® %HG,KHG,N (6.7)
veEXS 8Pl
where 56, ke, = C°((H x G)(Fow) | Kue,v, Q), and where X55P! is the set of places in X!
that do not lie over S. Here ¥%! is as in (15.6)).

5Note that these spaces can in fact be (and in particular cases of interest to us, are) DM stacks, but we will
suppress this point in our discussion throughout the rest of the paper. The extension of the usual intersection
theory to DM stacks is supplied by Gillet’s paper [13].
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We introduce a subalgebra, of %”If’Spl by further demanding in the definition of f%f[? SPL that
fo = 1Ky, unless v is of degree one over Q. We denote this subalgebra by 291 and we
have

%g’deg:l ~ ® <9%5{6*7}(1{,3:”. (6.8)
vEXS deg=1
Here
nodea=l .= Ly e 59 | deggv =1}. (6.9)

The last two subalgebras f%f[g Pl and %If dee=1 are introduced in order to apply the automorphic
Chebotarev density theorem of Ramakrishnan [41, Cor. B] and [42] Th. A]. It is clear that the
two subalgebras are in the center of the full Hecke algebra 7% . -

The Hodge conjecture implies that the Kunneth projector from @,., H'(Shx (HG),Q) to

each summand H'(Sh K(lf'{\é), Q), or to the primitive cohomology, is induced by algebraic cycles
(with Q-linear combinations). Morel and Suh [38] prove a partial result on the algebraicity of
Kunneth projectors for Shimura varieties (the so-called “standard sign conjecture”), conditional
on Arthur’s conjecture. Here we improve on their result in our setting of unitary groups with
the help of the density theorem of Ramakrishnan.

Remark 6.5. The hypotheses on which [38] is based are in fact known in our setting: 1) The
stabilization of the twisted trace formula is known by the work of Waldspurger. 2) The Arthur
conjecture on the expression of the discrete spectrum in terms of discrete Arthur parameters is
known (cf. Mok [37] for quasi-split unitary groups, and Kaletha-Minguez—Shin-White [23] (and
its sequels) for inner forms of unitary groups). Here we note that our group HG is a product
of a unitary group and a torus by (2.1). 3) The comparison between the Adams-Johnson
classification and the Arthur classification of cohomological Arthur parameters of real groups is
known by Arancibia-Moeglin—Renard [IJ.

Theorem 6.6. Let S be a finite set of non-archimedean places of Q containing all bad places.
Let ¢ € Z/2Z. Then there exists f€ in j‘flf"qpl such that the associated Hecke correspondence
induces the projector to the even, resp. odd, degree cohomology,

P H (Shi(HG),Q) — P H(Shx(HG),Q).

€L i=e mod 2
Definition 6.7. We set f* = f* and f~ = f!, and call them the even, resp. odd, Hecke-
Kunneth projectors.

Remark 6.8. We are informed by Ramakrishnan that a slightly stronger result than [42, Th.
A] holds (namely, one may replace the set ©(K/F) of primes of K of degree one over F in loc.
cit. by the subset of primes of K that are of degree one over Q). This will allow us to replace
A2 by its subalgebra #5296~ in Theorem In fact, if F/Q is Galois, then this follows
directly from [42] Th. A].

Proof of Theorem[6.6L The argument follows that of [38], with the density theorem of Rama-
krishnan [41] and [42, Th. A] as new ingredient. To indicate the modifications, we outline the
proof in loc. cit. It suffices to prove the assertions after tensoring with C. We henceforth consider
H'(Shg (HG),C) with the action by k¢ = #i ® C.

By Matsushima’s formula [6l VII], we have a decomposition of the Betti cohomologyﬂ into a
finite direct sum, equivariant for the action of J#%

H*(ShK(ﬁé),C) ~ @ mdisc(ﬂ)(ﬂff{ ®H*(,h\§v Koo;’froo))a (610)
T=Tf QMoo

where the Hecke algebra acts on the right hand side through the space 7715 . Here

SWhen the Shimura variety ShK(fIVG) is non-compact, one has to replace H*(Shg (]"-IVG)7 C) by the image of
the Betti cohomology of the toroidal compactification in the Betti cohomology of Shy (HG). This also coincides
with the intersection cohomology of the Baily—Borel compactification of Shg (HG).
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e m runs through the set Hdisc(ff\é) of irreducible representations of I/LI\C:’(A) in the discrete
automorphic spectrum L2, (Z%(R)HG(Q)\HG(A)), and maisc(r) is the multiplicity of 7r

. f)g is the complex Lie algebra of E/G(R);
e K is the centralizer of h in fH\é(R) and

° F;{ denotes the invariants of 7y under K.

We have a decomposition of the discrete spectrum as ]'A{C/J(A)—modules (ct. [2], [26] §8]),

LdlsC(ZQ( ) ( \HG @ @

P welly

Here the sum is taken over all equivalence classes of global Arthur parameters v, with trivial
associated quasi-character of Z2(R). Furthermore, I, denotes the Arthur packet attached to
¥, and m(, ) denotes the Arthur multiplicity. Hence we may rewrite the decomposition
according to global Arthur parameters as

H*(Shg (HG), @VM, (6.11)

where we set .
Vo K = @ m(qﬁ,w)(ﬂ}{@H*(hg,Koo;woo)).
T=T Qoo €11y
The isomorphism is Jc-equivariant. Moreover, there is a canonical Lefschetz class (com-
ing from the cup product with the Killing form) which induces an SLs(C)-action on the graded
vector space H*(Shg (ﬁé), C). Correspondingly there is an SLy(C)-action on the graded vector

space H*(hg, Koo; Too). The decomposition respects the SLy(C)-action and the grading on both
sides of (6.11)). We refer to [2, Prop. 9.1] for details.

In general the definition of Arthur parameter involves the hypothetical automorphic Langlands
group. In the case of classical groups, Arthur avoids the Langlands group by using cuspidal (or
isobaric) automorphic representations of general linear groups as substitute parameters [3]. In

our setting, our group is a product HG = 79 x HG, where
HG := Resp, o(H x G), (6.12)

cf. (2.1). Accordingly, we will write an Arthur parameter ¢ as a pair (i, %1) where ¥y and 1
are Arthur parameters for the two factors Z¢ and HG and those are defined in terms of cuspidal
(or isobaric) automorphic representations of general linear groups.

By the product decomposition we have

Shy (HG)c =~ Shg o (Z%)c Xspecc Shi o (HG)c
and an induced isomorphism (note that the first factor above is zero-dimensional)
H*(Shg (HG),C) ~ H°(Sh ,(2%),C) ® H*(Shk . (HG),C). (6.13)
We may therefore replace Shg (ﬁé) by Shk,,, (HG) in the conclusion of Theorem m We record
the decomposition similar to ,
H*(Shge,, (HG), @ Vi K- (6.14)

We will prove the following proposition after the end of the proof of Theorem

Proposition 6.9. Let msssm be an irreducible admissible representation of (H X G)(Axs.sp).
Then there is at most one (global) Arthur parameter 11 such that mss,se1 can be completed to an
irreducible constituent m of Iy, .

y [38, §4], this proposition implies the following statement.

"When the group HG is anisotropic modulo its center, the quotient is compact and then L2, = LZ2.

8In particular, Z2(R) is contained in Koo.

disc
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Corollary 6.10. With the same notation as in Proposition[6.9, let
Mo (mys,ep1) 1= {7roo c H(HG ) | there exists my such that 5 @ Moo € Igise (HG) }

Here II(HG(R)) denotes the set of equivalence classes of irreducible admissible representations of
HG(R), and 7¢ runs through all irreducible admissible representations of HG(Ay) which complete

T S,spl -
Then the degree i modulo 2 such that H (hg, Koo; Too) # 0 is constant (in Z./27.) as o, varies
through Il (mss,s01) and i varies through Z. O

We denote the constant ¢ mod 2 above by e(¢1) € Z/2Z, where 1, is the unique Arthur
parameter from Proposition [6.9]

Now we return to the decomposition (6.14)). The (finitely many) nonzero direct summands
Vi Kne are distinct %”I?’Epl—modules. Therefore, for each 1y, there exists fy, € %”Ii’épl that
induces the projector to Vy, r. Now set

S fun oand =) fy

1 1
e(t1)=0 e(y1)=1
This completes the proof of Theorem O

Proof of Proposition[6.9 In our case of the product of unitary groups HG, the global Arthur
parameter 1)1 = ®,1,, is defined in terms of isobaric automorphic representations on general
linear groups (GL,_1 x GL,)(Ar) [3]. By the automorphic Chebotarev density theorem of
Ramakrishnan [41], [42], an isobaric automorphic representation II = ®,,I1,, of GL,(AF) is de-
termined by the collection IT,, for all places w of F of relative degree one over Fy, away from
any finite set of places. U

6.3. Arithmetic diagonal cycles. We now apply the considerations of Sectlons @ and [6.2]
to the canonical model MK(HG) of Shg (HG) over E. When K = K5 is as in (3.12), we have

given in Section a moduli interpretation of Mg (HG)
We consider the cycle class map in degree n — 1 (for the Betti cohomology),

clp—1: Ch" ! (Mg (HG)) , — H*" V) (Shi (HG), Q).

Note that dim M, K(ﬁé)) = 2n — 3 is odd. In particular the above cohomology group is not in
the middle degree, but just above. N B

Let K5 be a compact open subgroup of H(Ay) contained in K N H(Ay). We have a finite
and unramified morphism

The proper push-forward defines a cycle class [MKﬁ(ff)} € Ch" (Mg (ﬁé))(@ We now fix a
Haar measure on H(A) such that the volume vol(K 77) € Q. We then define the normalized class
2 = vol(K ) [Mc, (H)| € Ch" ™! (M (HG)) (6.15)

which is independent of the choice of the group K. We call zx the arithmetic diagonal cycle
since it lies in the arithmetic middle dimension, i.e., 2dim zx = dim Mg (HG) 4+ 1. Let Zx be
the cyclic Hecke submodule of Ch"™ 1(MK(HG)) generated by zk.

Let f~ € 22" be an odd Hecke Kunneth projector, cf. Definition We obtain a map
to the Chow group of cohomologically trivial cycles,

R(f7): Ch" ! (M (HG)) , — Ch" (M (HG))

The map respects the action of the Hecke algebra 7% since f~ lies in the center of J¢%. We
obtain a cohomologically trivial cycle in the Chow group,

20 = R(f7)(2k) € C0" ™} (M (HG)) o (6.16)

Accordingly we call zx o the cohomologically trivial arithmetic diagonal cycle.
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Remark 6.11. (i) Conjecturally, for any smooth projective variety X over a number field, it
should be true that, given i, if a correspondence induces the zero endomorphism on H*~1(X),
then the induced endomorphism on Ch'(X)q,o is zero, cf. [22] Conj. 2.1(d)] and [4, Conj. 5.2]. If

this were true for X = My (ﬁé) and ¢ = n — 1, then the element zx o would be independent of
the choice of f~ € k. In particular, the endomorphism R(f~) would define a projector, and
induce a decomposition of . -modules

Chn_l(MK(ﬁé))Q = Chn_l(MK(fAfé))Q,o ® Im(cly-1). (6.17)

One expects that the summands in the decomposition (6.17)) have finite dimension. The action of
the Hecke algebra s#% on both summands on the right-hand side of (6.17]) should be semisimple
and have the form

Ch" ™ (M (HG))c.0 = €D Ch™ ! (M (HG) ) o7 [,

(6.18)
Im(cl,—1)c = @ Im(cly_1)c[of].

Here 7 runs through all automorphic representations contributing to H 2"’3(ShK(ﬁé), C), and
o runs through all automorphic representations contributing to H?"~2(Shx(HG),C). Also,
Chnil(MK(HG))C,o[TF;{] denotes the ﬂf—isotypic component of the #%-module, i.e., the image
under the evaluation map, which is injective,

7 © Hom g, (1§, Ch"’l(MK(ﬁé))C’O) — Ch" ! (MK(ﬁé))C’O.

Then
Ch" ™ (M (HG)) ¢ o[mf] = 7 @ Hom g (wf, Ch™ (M (HG)) ¢ ) (6.19)

Similar definitions apply to Im(cln_l)c[af ]

(ii) In [54] the Chow-Kunneth decomposition was used to modify the arithmetic diagonal cy-
cle to make its cohomology class trivial. However, it is difficult to show the existence of a
Chow—Kunneth decomposition except in some special cases. Therefore, the procedure above is
preferable.

6.4. The Arithmetic Gan—Gross—Prasad conjecture, for a fixed level K C ﬁé(Af). Let

Zk o denote the cyclic Hecke submodule of Ch"il(MK(]f'{\C/J))@,O generated by zg o or, equiva-
lently, the image of Zx under the map R(f~). We would like to decompose as F%-modules,

Zgo C Ch™ ! (MK(HNG))C’O.

In the conjectural decomposition 7 we only consider the tempered part of the spectrum.
The non-tempered part is also interesting but will be postponed to the future.

Let m be an automorphic representation of HG(A) with trivial restriction to the central
subgroup Z2(A). By we may consider 7 as an automorphic representation of (H x G)(Ag,).
Let R be the tensor product representation of the L-group of H x G defined in [I2], §22]. The
L-function L(s,m, R) depends only on the Arthur parameter ¢ of 7.

To explain this L-function, we write a tempered Arthur parameter 1) = ¢~ K™ formally
as

P = EB%@A)’ ) = EB@M, (6.20)
i J

where ¢§n—1) correspond to distinct cuspidal automorphic representations of GL \;(n-1) such that
> Ni(”_l) =n — 1, and similarly for /(™). Then the L-function in question equals
L(s,m R) = [[ L(s,0{" Y ®u{™), (6.21)
0,J

where each factor is a Rankin—Selberg convolution.
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We assume that 7 lies in the packet IL; of a cohomological tempered packet ). Here “coho-
mological” is a condition on the archimedean component ¢, and refers to the trivial coefficient
system.

The first version of the Arithmetic Gan—Gross—Prasad conjecture can now be stated as follows.

Conjecture 6.12. Let K C IET\(/?(AJ») be an open compact subgroup. Let m be as above, i.e., with
trivial restriction to the central subgroup Z2(A) and lying in a cohomological tempered Arthur
packet. Consider the following conditions on .

(a) dim Hom s (f, Zic0) = 1]]

(b) The order of vanishing ord,_, o L(s, 7, R) equals one, the space HomH(Af)(ﬂf,(C) s one-
dimensional, and its generator does not vanish on the subspace ﬂ'}( Cmy.

(¢) Hom s, (w, Ch" ! (M (HG))c,0) # 0.

Then (@) and @ are equivalent and imply @) If E=F, then (@, (@) and are equivalent,
where

(¢) dim Hom sz, (75, Ch"_l(MK(ﬁCJJ))QO) =1, the space Homﬁ(Af)(Wf7(C) is one-dimensional,
and 1ts generator does not vanish on the subspace ch{ Cmy.

Remark 6.13. If £ = F', the equivalence between (]ED and is part of the Beilinson—Bloch
conjecture [4, B] that generalizes the Birch-Swinnerton-Dyer conjecture.

We would like to test the conjecture quantitatively through height pairings. Now we assume
that Conjecturesandhold for MK(}?C:‘) For instance, they can be verified when MK(I?é)
has everywhere good reductionm cf. Remark In particular, we have the Beilinson-Bloch
height pairing between cohomologically trivial cycles for i = n — 1. We extend it to

a hermitian form on Ch" (M K(f{\é))cﬁo. Pairing against the distinguished element zx o €
Ch" ' (Mg (HG))qg,o then defines a linear functional

li: Ch" (Mg (HG)). ,———C
P e — (Z, ZK,O)BB-

By Remark the functional £ should be independent of the choice of f~.
Let Zg o[m ] be the mf-isotypic component of Zx o as an Hf-module, so that

ZK,O[T(;{] ~ 71';( ® Hom (W?,ZKQ).

The second version of the Arithmetic Gan—Gross—Prasad conjecture in terms of the height pairing
can be stated as follows.

Conjecture 6.14. Let K C f/IE(Af) be an open compact subgroup. Let m be as above. Then
the following conditions on 7 are equivalent.

(0) |z o) 7 O-

(b) The order of vanishing ord,_ o L(s, 7, R) equals one, the space Homﬁ(Af)(ﬂf,(C) s one-
dimensional, and its generator does not vanish on the subspace ﬂ'}( Cmy.

(C) £K|Ch"_1(MK(f‘I\é))c,o[7va(] 7é 0.

Remark 6.15. Our formulation differs in several aspects from [12, Conj. 27.1]. First, in [12], the
Shimura varieties are associated to unitary groups, whereas here we consider Shimura varieties
associated to groups which differ from those in loc. cit. by a central subgroup, cf. Remark
. Correspondingly, the varieties in loc. cit. are defined over F', whereas our varieties
are defined over the extension E of F. As a consequence, we cannot predict the dimension of
Hom g, (W]If, Ch" Y (Mg (HG))c,) in Conjecture when F' # E (in the version of loc. cit.,
this space is one-dimensional if it is non-zero). Note, however, that if F' = Fy K for an imaginary
quadratic field K and the CM type is induced from K (as in [I7]), then F = E. Second, we

9Note that we always have dim Hom sz, (TI'J{{, ZKk,0) < 1, because Zk g is a cyclic S -module.

OInstances of everywhere good reduction can in fact be constructed, cf. Remark |6.19|
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exploit that the standard sign conjecture is known in our case, and we use it to construct the
cohomologically trivial diagonal cycle zx o and the corresponding linear functional £ that occur
in our version of the conjecture. Third, we work with a fixed level K and specify the compact
open subgroup K over which the linear functional g should be nonzero. Finally, we note that,
in the terminology of [12], we are only considering the case of a trivial local system F.

Remark 6.16. The space Hom A Af)(ﬂ'f, C) is at most one-dimensional. It is one-dimensional
if and only if the member 7 in the packet IL; is as prescribed by the local Gan—-Gross—Prasad
conjecture [I2] Conj. 17.3]. The local Gan—Gross—Prasad conjecture [I2, Conj. 17.1] predicts
that there is a unique 7 in the packet Iy such that Homg Af)(Trf,(C) # 0 (in which case

dim Homﬁ(Af)(wf,(C) =1).

Remark 6.17. Let us restrict our attention to the tempered part in the decomposition in the

first line of ,
Ch"—l(MK(Eé))C7O7temp = P Ch"—l(MK(Eé))QO[w}f ).

7 tempered

Let Zk 0temp be the Hecke submodule of Ch"il(MK(ﬁC:’))QO, temp generated by zxo. Then
Conjecture (together with the expectations in Remark [6.11}(i})) implies that when F = F,

ZK,O,temp = @ Chn_l (MK(ECE))(C7O[7T;(]’

where the sum runs over all tempered automorphic representations 7 such that
ordg—q /9 L(m,s,R) =1

and such that the space Homg Af)(ﬂ'f, C) is one-dimensional, with generator not vanishing on
the subspace wjff Cmy.

Remark 6.18. A parallel question is to investigate the structure of the J#%-submodule in
H?>("=2) (M (HG),C) generated by the cohomology class cl,,_1(zx). However, since every au-
tomorphic representation contributing to the cohomology in off-middle degree must be non-
tempered, the answer to such a question must involve the non-tempered version of the Gan—
Gross—Prasad conjecture. We hope to return to this in the future.

Remark 6.19. As remarked above, the height pairing is defined unconditionally if Mg (I/{E)
has everywhere good reduction. To construct such cases, let us assume now that K = K5 =
Kzo x Ky x K¢, where K zo is the usual maximal compact subgroup (3.7)), K¢ is the stabilizer
of a lattice A in W, and Ky is the stabilizer of a lattice A” in W”. We make the following
assumptions on the field extensions F/F/Q:

e Each finite place v of Fyy which is ramified over Q or of residue characteristic 2 is split in F'.
e Each finite place v of Fy which ramifies in F' is of degree one over Q.

We also make the following assumptions on the hermitian spaces W and W”. We distinguish
the case when n is odd from the case when n is even, cf. Remark
When n = 2m + 1 is odd, we impose that

e W is split at all finite places of Fy which are inert in F'; and
e W’ is split at all finite places, which forces m and [Fy : Q] to be odd, cf. Remark

Then we choose A, to be self-dual when v is split or inert in F', and almost m,-modular when v
is ramified in F. Furthermore, we choose A’ to be self-dual when v is inert in ' and 7,-modular
when v is ramified in F. Such lattices exist, even when we impose that A = A* ® Opu with
(u,u) € O, . With these definitions, M (HG) has everywhere good reduction.

When n = 2m is even, we impose that

e W is split at all finite places of Fy, which again forces m and [Fj : Q] to be odd, cf. Remark
and
e W’ is split at all finite places of Fy which are inert in F.
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Now we choose A, to be self-dual when v is split or inert in F', and m,-modular when v is ramified
in F. Furthermore, we choose A’ to be self-dual when v is inert in F' and almost 7,-modular
when v is ramified in F'. Such lattices exist, even when we impose that there exists u € W with
(u,u) € O;O such that, for all inert finite places A, = A? @ O ,u, and such that, for all ramified

places, A?J and A, are related by a chain of inclusions
7o(A @ Opyu)Y A, P A ® Opu,

cf. . With these definitions, M K(f{\é) has everywhere good reduction.

One may ask in this connection whether Conjecture @ is non-empty for M K(ﬁé) (with
everywhere good reduction). By our expectations in Remark m7 this comes down to asking
whether there are representations 7 € Hdisc(ﬁé) with W]If # 0 which contribute to the coho-
mology H?"~3(Sh (HG),C). Chenevier [§] has indicated to us a method of producing such
for low values of n, when F/Fj is everywhere unramified. The method should also apply when
F/F} is ramified once one has a better understanding of the local Langlands correspondence for
unitary groups in ramified cases.

Remark 6.20. Even though we can define the height pairing unconditionally in the everywhere
good reduction case, we are only able to calculate the height pairing in terms of the arithmetic
intersection pairing. This leads to Conjecture below, where we can only allow a certain
smaller Hecke algebra jf;pl’q) which, however, is not too small, in the sense that it contains
22951 This is the reason we insist on having a Hecke Kunneth projector in .72 4°¢=" and
the stronger Chebotarev density result of Ramakrishnan, cf. Remark

Remark 6.21. Assume n = 2. In this case, the Beilinson—Bloch pairing is defined uncondi-
tionally and coincides with the Néron-Tate height. Conjecture [6.14] is closely related to the
Gross—Zagier formula in [51]. It would be interesting to clarify this relation.

7. L-FUNCTIONS AND THE RELATIVE TRACE FORMULA

In this section, we recall certain distributions on G’ that appear in the context of the relative
trace formula. For test functions with some local hypotheses, we follow [55], §3.1] and [57, §2.1-
§2.4]. In general, our definition relies on the truncation of relative trace formulas of Zydor
[59].

On one hand, these distributions are related to L-functions via the Rankin—Selberg theory
(for GL,,—1 x GL,,) of Jacquet, Piatetski-Shapiro, and Shalika [20]. On the other hand, they will
serve as the analytic side in our conjectures on arithmetic intersection numbers formulated in
the next section.

7.1. The L-function. Let IT = IT; K IIs be a cuspidal automorphic representation of G'(Ap,),
where Iy, II5 are automorphic representations of GL,_1(Ar) and GL, (AFr) respectively. Let
L (s,1I; ®1II2) be the Rankin—Selberg convolution L-function. This is an entire function in s € C
and it satisfies a functional equation of the form

L(s, T, B1I,) = e(s, 1T, R TI,)L (1 — s, T1Y ®IIY)

cf. [20]. Here IIY denotes the contragredient representation of II;.
The L-function L (s,II; K II5) is represented by an integral. Let ¢ = ®,¢, € II = ®,I1, be
a decomposable vector. Consider the integral

A, 8) == w(h)|det(h)|ydh, seC. (7.1)

/H{(Fo)\H{ (Ary)

Then by [20] we have a decomposition
1
Mg, s)=C- L(s + 5L Hg) E[AU(%,S).

Here the left-hand side is an entire function in s € C, and the local factors A(¢y,s) have the
following properties.



ARITHMETIC DIAGONAL CYCLES ON UNITARY SHIMURA VARIETIES 37

(1) For every ¢, € IL,, the function s — A,(py,s) is entire, and there exists ¢ such that

Ao(S,8) = 1.

(2) For any decomposable p = ®,¢, € II = ®,I1,, we have \,(p,,s) = 1 for all but finitely

many v.

(3) C is a non-zero constant depending only on the choices of Haar measures.

It follows that if L (%,Hl X HQ) =0 (e.g., II; and II, are self-dual, and €(1/2,1I; XIIy) = —1),

then we have
d
ds

etaesfidn =231 01 ) [A0

v

5=0 /H{(Fo)\Hi(AFO)
We note that, if IT; and II5 are the substitute Arthur parameters in (6.20)), then we may write

the L-function in (6.21)) as
L(S,W,R) = L(S,Hl |X|H2) .

7.2. The global distribution on G’. We briefly recall the global distribution on G’ from [55,
§3.1], [57, §2] (the notation in loc. cit. is slightly different). We denote by Ag: and Ap; the
maximal Fy-split tori in the centers of G’ and HJ, respectively. We have (via the embedding
H) — G') an equality Ag: = Ay and both are isomorphic to G, my X G, Fy -

Let f' = ®,f) € #(G'(AR,)) = C*(G'(AR,)) be a pure tensor. We consider the associated
automorphic kernel function

Ky (z,y) :=/ > flaTlew)dz, iy € G'(AR). (7.2)
Acr (Fo\Acr(Ary) yeqr(Fy)

We define

(s = | / Koy, he)n(ha) det () 5 dhy dha,  (7.3)
H{(Fo)\H{(Ary) /Ay (Arg) H; (Fo)\H5 (Ary)

where the quadratic character n: Hj(Ap,) — {£1} is defined as follows: for he = (zp_1,2,) €
Hé(AFO), with x; € GL?,(AFO),

n(h2) = 1r/k, (det(azn_l)” det(xn)”fl)).
Here nr/p, : A;O — {1} is the idele class character associated to the extension of global fields
F/Fy.
The kernel function (7.2]) has a spectral decomposition. The contribution of a cuspidal auto-
morphic representation I to the kernel function is given by

Kuyp(zy) = Y (I(f)e) (@) o),
eOB(II)

where the sum runs over an orthonormal basis OB(II) of II. Correspondingly, a cuspidal auto-
morphic representation IT contributes to the global distribution J(f, s)

Tu(fs) =Y AMI(f)e,s) B®),

©€EOB(II)

where 3 is the Flicker—Rallis period integral with respect to the subgroup Hj, cf. [58] §3.2]. It
is expected from the endoscopic classification for unitary groups (cf. [37) 23]) that the period 3
does not vanish identically if and only if II is in the image of base change from unitary groups
associated to the quadratic extension F'/Fy.

Proposition 7.1. Let II = II; K II, be cuspidal, and assume that it is the base change of an
automorphic representation m on the unitary group H x G. If L(1/2,11; K 1I3) = 0, then

d ;o (1/2 11, ®1I,)
ds o 10" 9) = LO* =T 20 HJH

where Ji, (fl) is the local distribution defined in [58] §3, (3.31)], and L(1,7,Ad) is the adjoint
L-function (cf. [53, §3.4], [37], [23]).
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Proof. Tt follows from [58, Prop. 3.6] that

) = £t H 2 R T (s (7.4

Here the local distribution Ji, (f/, s) is defined in an analogous way to that of its value at s =0
given by [58, §3, (3.31)],

o= 3 A7) ) F o)

(1
ne )= 2 T g )

: (7.5)

where the linear functional ¢, + Ai(@,,s) on II, is defined by [58, §3, (3.24)], using the
Whittaker model. We refer to [58| §3] for the precise normalization of measures and the linear
functionals 4% and 9. In particular, if L(1/2,1I; K IIy) = 0, then we have

d ;o (1/2 I, K II,)
% s:OJH(f 75) _L(lan) 1 T Ad HJH fvv

Since Ji, (f7,0) = Jm, (f}) by definition, the proof is complete. O

Proposition 7.2. Let f' = ®,f] € (G (AR,)) = C(G'(AR,)) be a pure tensor. Suppose
that for a split place v the function f] is essentially the matriz coefficient of a supercuspidal rep-
resentation (i.e., the function g — fo <, fi(zg) dz is a matriz coefficient of a supercuspidal

representation). Then the integral (7.3) converges absolutely and it decomposes as
= Ju(f', s) = L(1 J;
g n(f',s) ; (1,m) (l,ﬂ',Ad H I,

where the sum runs through the set of cuspidal automorphic representations 11 = II; K Iy of
G'(AF,) coming by base change from automorphic representations  of unitary groups. Here the

distribution Ju, (fl,s) is defined by (7.5)).

Proof. The spectral decomposition, i.e., the first equality, follows from the simple version of the
relative trace formula in [57, Th. 2.3]. Note that in loc. cit., the test function f is required to
be “nice.” However, the spectral decomposition only requires the existence of a place v where
the function f is essentially the matrix coefficient of a supercuspidal representation. Moreover,
though only the case s = 0 is stated in loc. cit., the same proof works for all s € C. The second
equality follows from Proposition O

It follows that for f’ as in Proposition we have an expansion for the first derivative

i wwzgjmw“mmwbﬂhmo

dsls=0 - L(1, 7, Ad)
e(Il)=-1
(7.6)
L(1/2,11; K 1I,)
L(1 2— .
+ Z L, Ad) (H T, (£1:9)) Y
e(l'[)fl

Here €(II) = €(1/2,11; X 1I5) is the global root number for the Rankin—Selberg convolution.

Remark 7.3. We note that the contribution to the spectral decomposition from non-cuspidal
automorphic representations is more complicated and we will not touch on this topic in this
paper. A full spectral decomposition to remove the local restriction on f/ in the last proposition
is the work in progress by Zydor, and a coarse spectral decomposition has been obtained in [59].

Definition 7.4. Let A be a place of Fy. A function f{ € C°(G'(Fo,n)) has regular support if
supp(f) C G'(Fo)rs- A pure tensor ' = ®,f, € (G (AR,)) has regular support at X if f}
has regular support.
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Let us assume that f’ has regular support at A. Later we will assume that A\ is non-
archimedean. Then, by [55, Lem. 3.2] the integral (7.3)) is absolutely convergent for all s € C,
and admits a decomposition

J(f',s) = Z Orb(v, f',s), (7.7)

YEG'(Fo)rs/H{ 5(Fo)

where each term is a product of local orbital integrals,

Orb(y, f',s) = [[ Orb(v, £, 9), (7.8)
where in turn
Oy flvs)i= [ filhy yha)ldethyn(ha) i dha
H{,2(FU,U)
We set
J(f") = J(f,0). (7.9)

Then the decomposition specializes to
J(f) = > Orb(v, '),
VEG! (Fo)rs/ HY o (Fo)
where
Orb(y, ') := Orb(v, f/,0).
We introduce

Jv(f/as) = Z Orb(’yvlens) ! H Ofb(%fi),

YEG' (Fo)rs/H1 5 (Fo) uFv

so that, with J,(f") := J,(f’,0), we have

I =S ). (7.10)

We set
A i /
011 = | (),
! d !
= — 7.11
Jy(f") ds s=0Jv(f ;8), ( )
00t (3, ) = | Orbiy, 11.9)
Note that
0J.(f") = > 901b(v, f1) - [ ] Orb(v. £.)- (7.12)
YEG' (Fo)rs/H{ 5 (Fo) uFv
Then we may decompose
0J(f') =) 04u(f). (7.13)

Without the regularity assumption on f’, the integral may diverge in general. For
all /' € J(G'(AF,)), the truncation process of Zydor [59] allows us to define a meromorphic
distribution J(-,s) ([59, Th. 0.1]) which is holomorphic away from s = +1. This allows us
to define and . We will use these distributions to formulate our conjectures in the
next section. Zydor also obtains a coarse decomposition of J(, s) into a sum of global orbital
integrals, although for a non-regular-semisimple orbit there is no natural decomposition into a
product of local orbital integrals.
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7.3. Smooth transfer. The notion of smooth transfer between functions on unitary groups
and on linear groups or their symmetric spaces is based on the concept of matching, cf. [44] §2]
and [55] [57]. Using the results of Section we can transpose this concept to our situation at
hand.

Our definitions below depend on the choice of the transfer factor w and on the choices of Haar
measures. For definiteness, we will always take the transfer factor from [44] §2.4] (this is a slight
variant of [57, §2.4]), which works for all places v,

w(y) = Hv wo(w)s 7= (1) € G'(AR,). (7.14)
The transfer factor has the properties
(1) (n-invariance) For hy € H}(Ar,) and hy € H5(AR,), we have w(hy  vhs) = n(ha)w(7).
(2) (product formula) For v € G'(F,) we have

Hv wy(y) = 1. (7.15)
Now let p be a rational prime. We fix a Haar measure on Z%(Q,,), and we define the orbital
integral for f, € C*°(HG(Qp)) and g € H(Qp)\HG(Qp)rs/H(Qp),

Orb(g, f,) :== fo(hy ghsa) dhy dhs. (7.16)

[ﬁ(@p)xﬁ(@p))m(z@(@p))
Definition 7.5. A function f, € C*(HG(Q,)) and a collection (f}) € [],, C2(G'(Fo.)) of
functions are transfers of each other if for any element v = (v) € [, G'(Fo,v)rs, the following
identity holds:

Orb(g, fp), whenever g matches ;

w(7) HOrb(%a fo) = {07 no g € f{\é((@p) matches .

vlp
We make the same definition for a function fo, € C2° (ffé(R)) and a collection of functions

(£2) € [y C2 (G (Fo))-

Recall from the product decomposition PTC:'(QP) = Z%(Q,) x [, Gw (Fo0). We will
always choose the Haar measures compatible with this product decomposition.

Let us explain the relation to smooth transfer between functions in C2°(G’(Fp,,)) and func-
tions in C°(Gw (Fo,)), as W varies through the isomorphism classes of hermitian spaces of
dimension n over F,. This definition is based on the concept of matching between elements of
G'(Fyv)rs and elements of Gy (Fo.v)rs (see [43], §2] for non-archimedean places v of Fyy that are
non-split in F'; the definition extends in an obvious way to the archimedean places and to the
split non-archimedean places).

Definition 7.6. A function f, € Cé’o(]/i:C/?(Qp)) is completely decomposed if it is of the form
fo=0p @ Q) fo, (7.17)

v|p

where ¢, € C°(Z9(Q,)) and f, € C=°(Gw (Fo.)). A pure tensor f = &, fr € %(E@(Af)) is
completely decomposed if f, is completely decomposed for all p.

Note that an arbitrary element in J# (ﬁé (Ay)) is a linear combination of completely decom-
posed pure tensors.

Remark 7.7. Let f, = ¢, ® ®U|p fv be completely decomposed. Set

c(op) ::/ op(2) dz.
Z%(Qyp)
By Lemma we have, for g € ﬁé((@p) corresponding to the collection g, € (H x G)(Fpy),

Orb(g, f») = e(¢p) [T Orblgu, £2),

vlp
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where
Orb(gy, fo) = / fo(h ' guha) dhy dhs
H(Fo,v)xH(Fo,v)
is the orbital integral in [44] §2]. If the orbital integrals of f, do not vanish identically, then
fp and (f;)y)p are transfers of each other in the sense of Definition if and only if for some
non-zero constants ¢, such that c(¢,) = HU‘ » Cv, the functions f,, and ¢, f1 are transfers of each
other for each v in the sense of 44 §2].

Definition 7.8. Let v be an archimedean place of Fy. A function f] € CX(G'(Fpp)) is a
Gaussian test function if it transfers to the constant function 1 on Gy, (Fo.,), where Wy denotes
the negative-definite hermitian space, and transfers to the zero function on Gw (Fp,) for any
other hermitian space W (i.e., in the terminologyﬂ of [55] Def. 3.5], f! is pure of type Wy and
a transfer of 1y, (r,,))-

A pure tensor ' = ®,f, € H(G'(AR,)) is a Gaussian test function if the archimedean
components f, for v | oo are all (up to scalar factor) Gaussian test functions.

Implicitly we have fixed a Haar measure on each (compact) Hyy, (Fo,). We will assume that
the volume of Hy,(Fy,,) is one. Then f] is a Gaussian test function if and only if for all
e G/(Fo,v)rsa

1, there exists g € Gw, (Fo,) matching ~;

wy(7) Orb(7, f}) = { (7.18)

0, mno g € Gw,(Fo,») matches ~.

The existence of Gaussian test functions is still conjectural. A Gaussian test function does
not have regular support, in the sense of Definition [7.4}

Definition 7.9. A pure tensor f = ®,f, € %(ﬁé(Af)) and a pure tensor f' = ®,f, €
H(G'(AR,.5)) are smooth transfers of each other if they are expressible in a way that f, and
(fo)ulp are transfers of each other for each prime p. Here we choose a product measure on
HG(Ay), resp. G'(AR,,f); also, the adelic transfer factor (7.14)) is simply the product of the local
transfer factors.

Remark 7.10. The existence of local smooth transfer is known for non-archimedean places [57];

hence for any f € %(ﬁ\é(Af)) as above, there exists a smooth transfer f' € J€(G'(Ap, 5)) as
above, and conversely.

Lemma 7.11. Let f' = ®,f) € #(G'(AR,)) be a Gaussian test function. Assume that f’ has
reqular support at some place A of Fy. Then for any place vy of Fy split in F,

0Jy, (f) =0.

Proof. This is [55, Prop. 3.6(ii)]. Note that implicitly our test function f’ is pure of an incoherent
type [59, §3.1], so that for every regular semisimple v, the local orbital integral Orb(y, f/,s)
vanishes at s = 0 for at least one non-split place v. O

8. THE CONJECTURES FOR THE ARITHMETIC INTERSECTION PAIRING

In this section we formulate a conjectural formula for the Gillet—Soulé arithmetic intersection
pairing for cycles on the integral models of Mg (HG) we introduced earlier. This formula uses
the distributions introduced in Section [7

8.1. The global conjecture, trivial level structure. Let A”> C W’ and A C W be a pair of
Op-lattices related as in Section and recall the models ./\/IK% (I;T), MK% (é), and MK;IG (Ir{\é)
over Spec O defined in loc. cit. for the Shimura varieties of Section [3| In the case Fy = Q and
M Ko (f’fé) is non-compact, we are implicitly replacing M Ko (f—fé) by its toroidal compactifi-
cation. Then the model M Ko (rH\é) is proper and flat over Spec Og. Furthermore, it is regular
provided that there are no places v of E for which E, is ramified over Q, and (vo, Ay, ) is of AT
type , where vy denotes the place of Fy induced by v via ¢g. Throughout this section, we

HBut note that here Gw is the product of two unitary groups.
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assume that there are no places vg for which (vg, A,,) is of AT type (4]) (the justification for this
assumption is given by Remark |4.12)).
The compact open subgroup K2 C H (Ay) contains K nH (Ay), with equality when there

are no places v of Fy for which (v, A,) is of AT type . In this case, there is a closed embedding
MKg(ﬁ) — Mo ([‘Té)
H HG

Like in (6.15]), we obtain a cycle (with Q-coefficients) ZKe. = vol(K%) [MK% (H)] on M (HG).
We denote by the same symbol its class in the rational Chow group,
n—1 T
ZK;TG € Ch (MK;TG(HG))@ (8.1)
In general, let vy, ...,v, € S\ be the places for which (v;, A,,) is of AT type . We use the
closed embedding (5.5 to define the cycle ZKe = Vol(K%’)[MK% (H)] and its class in the Chow
group.

Remark 8.1. When defining the cycle class (8.1)), we use a Haar measure on H (Ay). We will
always choose the product of the measures used to define the local orbital integrals (|7.16|).

We denote by éﬁ"‘l(/\/l Ko (I‘I\é)) the arithmetic Chow group. Elements are represented by

pairs (Z, gz), where Z is a cycle and gz is a Green’s current (cf. [I4] §3.3]). We are going to use
the Gillet—Soulé arithmetic intersection pairing, cf. [14],
. ~rn—1 o T ~rn—1 o T
We extend this from a symmetric pairing to a hermitian pairing on the corresponding C-vector

space (C-linear combinations of (Z,¢gz)),

(,)as: Ch" (Mg (HG)). x Ch"~'(Mg=_(HG)), — C. (8:2)

o
HG

~ to get an element

We choose a Green’s current g. , of the cycle (with Q-coefficients) ZKe.
HG

in the rational arithmetic Chow group,

) € Ch" ! (Mee_(HG)) . (8.3)

2 o = (ZKo
KITG ( KEE7gZK§_7C;

The Green’s current is not unique. We shall work in the following with an arbitrary but fixed
choice.
Let
spl,® o T o
%K%E; C %K;I‘G = %”(HG(A;‘),K%) (8.4)

be the partial Hecke algebra spanned by completely decomposed pure tensors of the form f =

®pfp € %K%‘c’ where f, = ¢p ® ®v|p fv, as in Deﬁnitionwith Op = 1Kz@,p for all p and
(0-6)

where f, = 1K%xc , unless v € £Pb® Here 35PL? i ag in . We have

spl,® ®
%K%é ~ %HG7K?{G,U'

vEXSPL®
By Lemma [4.5(iil), we have ¥5PL® 5 y9dee=1 apd
pl, & S,deg=1
%Izp‘;‘ ) %Kl,eg )
HG HG
for any finite set S of places. Here #5:°=" is as in (6.8).
HG
For f € %”;Iciiq: we introduce via (5.10) a Hecke correspondence, hence an induced endo-
HG
morphism R(f) on the arithmetic Chow group Ch”fl(MK;TG, (HG))c, cf. [14, 5.2.1]. Using the
arithmetic intersection pairing ({8.2)), we define
h = R z ) Z o
Int (f) = (R(f)ZKgE’ZKﬁé)GS’

Tnt(f) = W Tnt(f).

(8.5)

Here
7(Z9) = vol(Z%(Ay)/Z%(Q)).
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Conjecture 8.2 (Global conjecture, trivial level structure). Let f = ®,f, € j‘f;@ké, and let
HG

fr=@uf] € (G (AR,)) be a Gaussian test function such that @y« fi, is a smooth transfer of
f. Then
Int(f) = _8J(f/) - J(fc/orr)7
where fl .. € C(G'(AR,)) is a correction function. Furthermore, we may choose f' such that
! = 0.

corr

Remark 8.3. The notion of smooth transfer at each individual place v depends on the choice of
transfer factors, and of Haar measures on various groups. However, the validity of the conjecture
does not depend on these choices (use the product formula (7.15))).

This conjecture has the following drawback. Since we cannot impose any regular support

assumptions on functions in 2 S%EI), the left-hand side of the asserted equality may involve self-

intersection numbers, and theseH;re difficult to calculate explicitly. Analogously, on the right-
hand side, the terms in Zydor’s truncation that are not regular-semisimple orbital integrals are
more delicate. Nevertheless, assuming a spectral decomposition of J(f’, s) that generalizes the
case of special test functions in Proposition and (7.6), Conjecture relates the intersec-
tion number Int(f) to the first derivative of L-functions in the Arithmetic Gan—Gross—Prasad

conjecture and

8.2. The global conjecture, non-trivial level structure. In this subsection, we use the
integral models of the Shimura varieties with deeper leveljgructures depending on the choice of
a function m as in (5.7). Note that the models M xm (HG) are not regular in the fibers over
places lying above the support of m. Therefore, the Gillet-Soulé pairing is not defined for
them. However, under certain hypotheses that assure that our physical cycle zx and its physical
transform under a Hecke correspondence do not intersect in the generic fiber, we can define a
naive intersection number for them.

Similarly to the case with trivial level structure, we obtain a cycle (with Q-coefficients) 2R =

vol(Kg’) [MK%,/ (H)] on MKZ% (ﬁé), cf. (8.1)) and, again, we denote by the same symbol its class
in the Chow group. We choose a Green’s current g,,... of the cycle (with Q-coefficients) ZKm.
HG

to get an element in the arithmetic Chow group,

o ALY — 0 (HG(Ag), K2 )7 (8.7)
= P HG

be the partial Hecke algebra spanned by completely decomposed pure tensors of the form f =
Qpfp € %Kgé, where f, = ¢, ® ®U|p fv, as in Definition with ¢, = le@,p for all p, and
where f, = 1xe_ . unless v € »spL®  We have
spl,®
%K?TG - ® %HGJ(?G,U'

’UGESPL(I)

By Lemma [4.5(fiil), we have
Km Km,
for any finite set S of places of Q such that the places of Fy above S contain the support of m.
To any f € %;1;1;} we associate via ((5.10) a Hecke correspondence on M Km (HG).
HG

Definition 8.4. Let A\ be a non-archimedean place of Fy, of residue characteristic £. Let f, €
Cgo(ﬁé(@g)) be completely decomposed, i.e., fr = ¢y ® ®v\f fu, cf. Deﬁnition Then f; has
regular support at A if supp fx C Gw (Foa)s- If f=Qpfp € L%”;%’f is a completely decomposed
pure tensor, then f has reqular support at X\ if f, has regular support at A.

Theorem 8.5. Let f = ®,fp € jf;?ﬁ%@ be a completely decomposed pure tensor. Assume that f

has regular support at some place A of Fy. Then the following statements on the support of the
intersection of the cycles ZKm and R(f)ZK;%c of MK:%G (HG) hold.
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(i) The support does not meet the generic fiber.
(i) Let v be a place of E lying over a place of Fy which splits in F. Then the support does not
meet the special fiber MK;% (HG) ®0 kKu-

(iii) Let v be a place of E lying over a place of Fy which does not split in F. Then the support
meets the special fiber MK}':% (HG) ®0, kv only in its basic locus

Remark 8.6. Let Fy = QQ and assume that M le%(ff\é) is non-compact. Then the closure in

the toroidal compactification [I9] §2] of M Km (If{\G/) of the support of the intersection of the
cycles ZKm. and R( f)ZK}r{gG does not meet the boundary. Indeed, this follows from Theorem

1} because the basic locus of MK;%(f{\é) ®0y kv does not meet the boundary.
The proof of Theorem will be based on the following lemma.

Lemma 8.7. Let k be an algebraically closed field which is an Og-algebra, with corresponding
place v of E. Let (Ao, o) be an abelian variety with Op-action with Kottwitz condition of
signature ((0,1)pca), of. (B.8), and let (A, 1) be an abelian variety with Op-action with Kottwitz
condition of type v as in Remark[3.] Assume there exists an F-linear isogeny

A — A

Then k is of positive characteristic p, where p is the residue characteristic of v. Furthermore, the
place v of Fy induced by v is non-split in F', and the isogeny classes of Ag and A only depend
on the CM type ®. If vy is the only place of Fy above p, then Ay and A are supersingular.

Proof. We prove the first statement by contradiction. Assume that k is of characteristic zero.
Then an isogeny as above induces an F' ® k-linear isomorphism

Lie(Ag)" = Lie A.

Such an isomorphism cannot exist due to the different Kottwitz conditions on Af and A.
Now let the place vg of Fy induced by v be split. Then there is a splitting of the p-divisible
group of A, resp. A, according to the two places of F' above Fjp,

Az = X x X Ap>®] = XD x X@,
An F-linear isogeny as above induces isogenies of p-divisible groups,
xV—x® x5 x®,

However, by the Kottwitz conditions, the dimension of X(gl), resp. X(gQ), is divisible by n, whereas
the dimension of X, resp. X, is = +1 mod n. Hence such an isogeny cannot exist.

Now assume that vg is non-split in F'. The rational Dieudonné module My of Ay[p™] is a free
F @ W (k)-module of rank one. Consider its decomposition according to the places w of F above

p7
Moy = Mo,

Then each summand is isoclinic. More precisely, if w lies above a non-split place of Fy (such as
the place wg induced by v), then My, is isoclinic of slope 1/2; and if W # w, then the slope of
Mo . is equal to Gy /dy,, where

aw =H#{o el |w,=w}, dy:=[F,:Qpl

Here we chose an embedding of Q into @p so that any ¢ € ® induces a place w,, of F. ([l

1211 this special case, the basic locus is characterized as follows. Let (Ao, 10, Ao, A%, 0, )\b,ﬁ", <pb, A, N\, t,p)

correspond to a point of Mygm (ﬁé) with values in an algebraically closed extension of k(v). Consider the
HG

decomposition A[p*>] = [[,,, A[w*], resp. Ab[p>®] = ITop Ab[w™], of the p-divisible group of A, resp. A°,

under the action of O ® Zyp; then all factors A[w], resp. AP[w®], are isoclinic.
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Proof of Theorem[8:3 ()): Suppose that
(AOa Lo, )‘Oa Aba l’b7 )‘b7ﬁba @ba A7 Ly A)ﬁ’ 80) € MKI% (j{?;)(k)

is a point in the support, where k is an algebraically closed field of characteristic zero. Then
(A, 1, A) = (A° x Ag,t” X 19, \> x Ag(u)), and there exists g € (H x G)(Ag,, f)rs such that there
is an isogeny

b A=A"x A4y — A
which makes the diagram

V(Ag, A) —— —W ®p Ap s

% Jg (8.8)

V(Ag, A) —— —W ®p Apy
commute. From the splitting A = A” x Ay, we also have
u: Ag — A,
which makes the diagram

‘7(140,140) L} AFJ

l J (3.9)

V(Ag, A) —— —W ®p Ap ¢
commute, where 7 is defined in the the obvious way. We consider the homomorphism
(¢'u)o<icn—1: Af — A

whose ith component is ¢’u : Ay — A. We claim that this is an isogeny. It suffices to show that its
induced map on any rational Tate module is an isomorphism. This follows by the commutativity
of the diagram ({8.8]) from the regular semi-simplicity of g. This conclusion contradicts Lemma

B7

, : Now let (Ag, 10, Ao, A%, 12, N0, 0", A1, M, T, ) € MK%(HG)(k) be a point in the
support, where k is an algebraically closed field of positive characteristic p. When there exists
g € (H x G)(A% f)rs such that there exists a commutative diagram (with an upper index
P added everywhere), the argument is as before, by reduction to Lemma

Now assume that the place vy of Fy induced by v is split in F' and that there exists g €
G(Fo,u )rs such that there is an isogeny

b A=A"x Ay — A

which makes a diagram analogous to (8.8) commute. To explain this diagram, we use a compat-
ible system of Drinfeld level structures,

{5: Awo [W;ol]/Awo — Two (AOv A)’
which induces for every m a Drinfeld level w{*-structure on the w{’-torsion subgroup,
®: ﬂ—l;;nAwo /Awo — Two (A07 A) [w[v)n]
Then the analog of (8.8) is the commutative diagram for sufficiently large m/,

Awo [Wz_u[]l]/Awo L) Two (Ao, A)
WZS’(; gl Jﬂggqb (8 10)
Ao [T ]/ Ay —— Ty (Ao, A).

From the splitting A = A” x Ay, we also have

u: Ag — A,
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which makes the diagram

OF,w, [W;(}]/OF,UJO L) T, (Ao, Ao)

J J (8.11)

Awo [ijjol]/Awo # Two (AO, A)

commute, where @g is the limit over m of the homomorphisms . We consider the homo-
morphism

(qﬁlu)ogign_l : Ag — A
whose ith component is ¢'u : Ag — A. We again claim that this is an isogeny, which would
contradict Lemma It suffices to show that its induced map on the p-divisible group is an
isogeny. This follows by the commutativity of diagram from the regular semi-simplicity
of g. O

Let us assume that f € f%ﬂl?.?rli"q) is a completely decomposed pure tensor which has regular

HG
support at some place A of Fy. Then by Theorem H the generic fibers of the cycles ZKm
and R( f)szr}% do not intersect, and we may define

Int?(f) = <§(f)3kgc, Zxm ), logay,

Tnt(f) := m >t (1)

Here the first quantity is defined for a non-archimedean place v through the Euler—Poincaré
characteristic of a derived tensor product on MK% (I‘I\C/v') ®05 Op,(v), comp. [14, 4.3.8(iv)].
Note that the intersection numbers are indeed defined for a non-archimedean place because
the intersection of the cycles zxm and R(f )zK;n?G avoids all fibers of Mycm. (HG) over places

(8.12)

v lying over the support of m, as follows from Theorem [8.5|(il). Therefore the intersection
of these cycles takes place in the regular locus of M Km (HG), cf. Theorem and hence
the Euler—Poincaré characteristic is finite. For an archimedean place v, the last quantity is

defined by the archimedean component of the arithmetic intersection theory and we have set
logq, :=[E, : R] =2, cf. [14].

Conjecture 8.8 (Global conjecture, nontrivial level structure). Let f = Q,f, € jﬁ?ﬁé{@ be a
HG

completely decomposed pure tensor and let f' = ®,f] € A (G'(A)) be a Gaussian test function
such that ®y<ocofi is a smooth transfer of f. Assume that f has regular support at some place
A of Fy. Then

Il’lt(f) = _aJ(f/) - J(féorr)’
where fl .. € C(G'(A)) is a correction function. Furthermore, f' = ®,f, may be chosen such
that ' has regular support at A and that f.... = 0.

Remark 8.9. Part of the conjecture asserts that a change of the Green’s current is compensated
by a change of the correction function f/ ...

Remark 8.10. Similar to the case of trivial level structure, when there exists a split place v
such that f/ is essentially the matrix coefficient of a supercuspidal representation (cf. Proposition
, by , Conjecture relates the intersection number Int(f) to the first derivative of L-
functions in the Arithmetic Gan-Gross-Prasad conjecture and The hypothesis on the
existence of such a split place v could be dropped once a full spectral decomposition of J(f’,s)
for all test functions is available.

Note that here the right-hand side is well-defined (cf. Section . We also point out that if
f # 0 has regular support at some place A of Fp, then A must be in suppm (in particular X is
split in F'). Since we will not need this statement, we omit the proof.

Lemma 8.11. (i) Let u € suppm be a place above p (in particular u is split in F). There exists
a non-zero function f, € %K}’}ic,p that has regular support at u.
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(i) For any f, € %”K%

(fo)vlp such that f,, has regular support at u.

p with regular support at the place u above p, there exists a transfer

Proof. Let m be a positive integer. At a place u split in F', by choosing a basis of a self-dual lattice
in Wb®F0,u, resp. W® Fy ,,, we may identify H (Fp ) = GLy,—1(Fo,,) and G(Fo) = GL, (Fou),
and K7, resp. K¢, with the principal congruence subgroups of level m. We may choose the
basis of the lattice in W ® Fy,, by adding the special vector u to the basis of the lattice in
W’ @ Fp.,. Therefore we may further assume that the embedding H(Fy,) < G(Fy,,) has the
property that Ky, = K&, N H(Fo.). Moreover, the stabilizers of the lattices are identified
with GL,,—1(Op, ) and GL,,(Og, .,) respectively, and GL,_1 < GL,, sends h to diag(h,1).
Now let f, = ¢, ® ®U|p fv be completely decomposed. It suffices to show that there exists
a non-zero fy = fn-1u @ fou € H((H x G)(Fou), Kif, x K¢ ,) with regular support. We
construct such a function by first setting fr,—1., =1 Ky .- Note that the pair of functions

(frn—1,us fn,u) defines the function fu € H(G(Fou), K&,,) by “contraction” under the map

HxG——G

(h,g) — h~lg, (8.13)

namely,

ﬁt(g) = / fn—l,u(h)fn,u(hg) dh.
H(Fo,u)

We then have fu = vol(K3} ) fa,u- Then the function f, = fn—1,4 ® fn.u has regular support

(with respect to the H x H-action) if (and only if) fu or, equivalently, f, ., has regular support
(with respect to the conjugation action of H). This holds because the inverse image of G(Fo 4 )rs
under the contraction map is exactly (H x G)(Fpu)rs-

We now choose f,, ., supported in GL,,(Op, ). Recall that G(Fp ,,)ys is defined by the equation
A # 0 where A is a polynomial in the entries of GL,, with coeflicients in Z, and it is easy to exhibit
an element g € GL,,(Op, ) such that A(g) € Z* = {£1}. Then the function f, ., = lkp gk,
has regular support. Indeed, consider the reduction map GL,,(Op, ») = GL,(OF, /@) where
w, is a uniformizer. It is easy to see that for k,k' € 1 + @w]"M,,(Op,,,) we have A(kgk') =
A(g) = £1 mod wy". In particular we have K, gK¢ , C GL,(OF, u)rs. This completes the
proof of the first part.

To show the second part, by a reduction process similar to the first part (cf. [57, Prop. 2.5]),
it suffices to work with the inhomogeneous version, i.e., to show there exists a smooth transfer
fl with support in S, (Fo 4 )rs- We may identify S, (Fo.) = GL,,(Fo,) and then the notions of
regular semi-simplicity on S,,(Fp ) and on G(Fp ) coincide. This completes the proof. O

The left-hand side of (8.12)) can be localized, i.e., we can write it as a sum over all non-
archimedean places,

Int(f) = > Inty(f), (8.14)

where

1

Int,(f) i = —————+— Int? (f). 8.15

() =~y g Do ) (5.15)
By Lemma |8.11] the smooth transfer f’ of f can be chosen such that f’ has regular support

at A, which we assume from now on. Then also the right-hand side of Conjecture [8.8| can be

written as a sum of local contributions of each place of Fy, cf. (7.13)) for dJ(f’) and (7.9) for
J( éorr)'
Proposition 8.12. In the situation of Conjecture[8.8, let vy be a place of Fy that is split in F.
Then

Int,, (f) = 8JU0(f/) =0.
Proof. In Lemma we have proved 9.J,,(f") = 0. Now Int,,(f) = 0 follows from Theorem
18-5](ii).- 0
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In the next subsection, we are going to formulate a semi-global conjecture for each non-split
place v (including archimedean ones) which refines Conjecture

8.3. The semi-global conjecture. Let vy be a place of Fy above the place p < oo of Q. By
Proposition 812} from now on we may and do assume that vy is non-split in F.

Now assume that vy is non-archimedean. We assume that vg is either of hyperspecial level
type or of AT ahoric level type, in the sense of Section We also take up the notation

of Subsections [4.1| and Evand denote, for any place v of E lying over vy, by Mk (@),

M, (H)(v), and Mk (HG) () the corresponding semi-global moduli stacks over Spec O ().
Let Kgg = K%E x Kz, C ﬁé(Af) be as in Section resp. Section Let

A, © Hiyy = H(HG (M), Kz (8.16)

be the partial Hecke algebra spanned by completely decomposed pure tensors of the form f =
Qefe € H ., where fr = ¢y ® ®v|£ fv, as in Definition with ¢y = 1k g, for all ¢, and

HG
where

f p — 1x Bop"
We note that this defines a bigger Hecke algebra than (8.7) when Kz = K;{%,
spl, P
%}gﬁ@ D %K%lc' . (8.17)

Let f = ®¢fe € 7 _ be completely decomposed with regular support at some place A. We
define as before in ([8.15))

~

It} (f) = (R(f)Zk 1, Bk 1), 108 Qo

Inty, (f) := m > mtd(f), (8.18)

v|vg

where again the contribution of the place v is defined through the Euler—Poincaré characteristic
of a derived tensor product on Mg (I?C/?)(U). This extends the definition to the bigger
Hecke algebra J#7 -

We proceed similarly for an archimedean place vg € Hom(Fp,R). Denote, for any place v of
E lying over vg, by M (é)(,,), MK;I.(I})(,,), and Mk (I/{E)(V) the corresponding complex
analytic spaces (in fact, orbifolds). Note that the Green’s current ox is the multi-set Gorc v
indexed by v € Hom(E, C). We define

~

It} (f) == (R(f)ZK 1 2K ), 108 Qs

Intvo (f) = m Z Il’lti(f),

v|vg

(8.19)

where the first quantity is defined before Conjecture [8.8
A refinement of Conjecture [8.8]is now given by the following statement.

Conjecture 8.13 (Semi-global conjecture). Fiz a place vy of Fy above a place p < oo of
Q. Let f = ®ufe € %ﬁﬁﬁ (%Kﬁrc' if p is archimedean) be completely decomposed, and let

f'=®uf, € H(G'(AR,)) be a Gaussian test function such that Q<o fl, is a smooth transfer
of f. Assume that for some { prime to vy and some place A above £, the function f has reqular
support at A in the sense of Definition [8.4] and that f' has regular support at \ in the sense of

Definition[7}
(i) Assume that vy is non-archimedean of hyperspecial type, cf. Section and that f, =
1G’(OF0,1;0)' Then

Inty, (f) = —0Jy, (f)-
(i) Assume that vo is archimedean, or non-archimedean of AT type, cf. Section . Then

Intvo (f) - 78(]1)0 (f/) - J(f(iorr[”d)’
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where flo (Vo] = @u feorws With flow ., = fi, for v # vo, is a correction function. Furthermore,

f' may be chosen such that f! [vo] is zero.

Theorem 8.14. The semi-global conjecture Conjecture[8.13 for all places vy implies the global
conjecture Conjecture [8.8

Proof. By (7.10)), (7.13)), and (8.14)), it follows from Proposition for split places vy of Fy and

the semi-global conjecture Conjecture [8:I3] for non-split places vg that
Int(f) = _aJ(f/) - Z J(fc/orr[vo])v
vo bad

where the sum runs over a finite set of places vg in Conjecture . Here we note that by
(8.17) we may apply the semi-global conjecture Conjecture 8.131 for the given test function f in
the global conjecture Conjecture [8.8] This proves Conjecture [8.8 by taking

féorr = Z fc/orr [UO]' 0

vo bad

In the direction towards the semi-global conjecture, there are the following results.
Theorem 8.15. Conjecture @) holds when n < 3.

Proof. Let p denote the residue characteristic of v, and as previously in the paper, let .S, denote
the set of places of Fy lying above p. It suffices to show that the result holds if we assume the
Arithmetic Fundamental Lemma (AFL) conjecture, which is known under these circumstances;
see [55, Th. 5.5], comp. also [35].

We imitate the proof of [55, Th. 3.11]. More precisely, we consider the non-archimedean
uniformization along the basic locus,

(M) @0y, 05,)" = HG'(@)\ [N x HG(AR)/K2]. (8.20)

Here the hat on the left-hand side denotes the completion along the basic locus in the special
fiber of M(,) = Mg (ﬁé)(u). The group HG' is an inner twist of HG. More precisely,
the group HG' is associated to the pair of hermitian spaces (W, W), where W” and W’ are
negative definite at all archimedean places, and isomorphic to W, resp. W, locally at all non-

archimedean places except at vg. Furthermore, N’ is the RZ space relevant in this situation.
Using Lemma below, can write

N' = (Z2%Qp)/Kze,) xNo, x [ (HxG)(Fow)/(Kuw x Ka.)- (8.21)
veSp~{vo}
Here J\foéu =N ®Oﬁwo Oy, , where N' = N4 X0, N, is the relative RZ space of [55].
More precisely, the formal scheme in the uniformization theorem is the RZ space of polarized
p-divisible groups with action by Op,,, satisfying the Kottwitz condition of signature
(1,n = 1)gg, (0,1)pea, ~{po}). That this coincides with the relative RZ space of [55, §2.2]
follows from [36, Th. 4.1], where in the notation of loc. cit. we take Ey = Fpy 4y, E = Fuyy,
(r,s)=(1,n—1), and K = Q,.
Therefore we may rewrite as
(M) ®0p 0, O ) = HG’(Q)\[/\/OEV x HG(A;O)/KPH%] (8.22)

Here we denote for simplicity (even though HG is not an algebraic group over Fp)

HG(AY) R = HG(A") KD % (Z2%Qy) /K 70,) % H{ }(H X G)(Fo)/ (Ko x Ka.u)-
vESp~{vo

There is also a similar uniformization of the basic locus of Mk (H )(v) involving the twisted
form H' of H.
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By Theorem [8.5((iii]), the intersection of the cycles is supported in the basic locus, and hence
we can imitate the proof of [55, Th. 3.9]. The difference is that here we have an extra central
subgroup Z@. By the same procedure as in loc. cit., we see that (8.19) can be written as a sum

Intm(f)=[ET =D Orb<g,fp>-(c<¢>p> 11 Orb<g,fv))-1ntio(g>, (8.23)

g€O(HG(Q))ss vES,~{vo}

cf. Remark Here the volume factor 7(Z9) = vol(Z9(A;)/Z%(Q)) is canceled with the one
in the definition of Int,,(f), and

Orb(g, fP) = HOrb(g, fe)-

p
Also, we have set
O(HG(Q))ss = H'(Q)\HG'(Q)rs/H'(Q),
and, for g € (H x G)(Fo,u,), in analogy with (8.18)),

Int} (g) := Y Int}(g),
vlvo (8.24)
It} (g) = (ANa-10,, ), 9AN- 10, ) p, 1080

v

Now note that
ZInt?/(g) = Z<A(Nn71,OE~U)79A(Nn71,OEV)>N’OV log ¢,

v

v|vo v|vg
=[E: FI{ANm-1), 9AWN-1)) 108 Gusy - (8.25)

Here we use the equality ZU‘WO ey jwo fvjwo = Zv|w0 dy/w, = [E : F]. By the AFL identity (cf.
[44, §4]), we have

2<A(Nn—1)7 QA(Nn—l»N log qu, = —wa, () 90rb(vy, f{;o% (8.26)
for any v € G'(Fo v, )rs matching g. Since vy is inert in F', we have log ¢,,, = 21og g,,, and hence
Int}, (9) = —[E : Flwy, (v) 90rb(y, f},)- (8.27)

Since f and f’ are smooth transfers of each other, we have for v € G'(Fy) matching g €
O(HG(Q))ss,

Orb(g, f?) =[] wu(¥)Orb(y, £)). (8:28)

v<oo, vip
By Remark since the orbital integrals of f,, and f; do not vanish identically, one of the
following holds.
(1) c(¢p) =0 or one of f,, for v € S, \ {vo}, has identically vanishing orbital integrals.
(2) the orbital integrals of f,, do not vanish identically.

In the first case, one of f, for v € S, \ {vo}, has identically vanishing orbital integrals, and we
have

Inty, (f) = 0= 0Jy, (),
where the second equality follows from ((7.12)).

Therefore we only need to consider the second case. By Remark there are non-zero
constants ¢, such that Hvesp ¢y = ¢(¢p), and for every v € S, ¢, f, is a transfer of f,. By

computing orbital integrals at some special g and v (e.g., [53]) we conclude that ¢,, = 1 (this
follows in any case if the FL conjecture holds, which is known when the residue characteristic is
big enough). It follows that

cep) ] Oblg.fo)= JI we(r)Orb(v, £)). (8.29)

veSp~{vo} veSp~{vo}
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Note that for v archimedean, f! is a Gaussian test function so that we have for regular
semisimple v € G'(Fp,y)vs (cf. (7.18)])

1, there exists g € (H x G)(Fp,,) matching ~;

v O b ’ 'l/} =
wy(7) Orb(y, f,) {07 no g € (H x G)(Fp.,) matches 7.

By the last equality for archimedean v, by (8.28]) for non-archimedean v with v  p, by (8.29)) for
v e Sy, ~{vo}, and by (8.27) for v = vy, we have (cf. (8.23))

Inty, (f) = — > way (1) 00rb(v, £1,) - T wo(¥) Orb(, £)).

YEG' (Fo)rs/H{ 5(Fo) vF#vo

Here the sum runs a priori only over those v which match some g € Gy (Fp). However, those
~ which do not match any g € Gy (Fj) have vanishing orbital integrals away from vy, cf. [55]
Prop. 3.6, eq. (3.4)].

By the product formula for transfer factors (7.15)), we have [T, w,(7) = 1, and hence

Inty, (f) = — > o0rb(v, f1,) - [] Orb(y. 1)
YEG'(Fo)rs/H] 5(Fo) v#V0
By (7.12)), the right-hand side equals —8J,,(f’), and this completes the proof. O

In the preceding proof, we used the following lemma.

Lemma 8.16. Let Ly/Q, be a finite extension and L/Lo an étale Lo-algebra of rank 2. As-
sume p # 2 if L is a field. Let ®;, C Homg,(L,Q,) be a local CM type for L/Lo, and let
r: Homg, (L,Q,) — {0,n} be a banal generalized CM type of rank n. Let E' be the join of
the reflex fields of ®1 and ri. Let k be an algebraic closure of the residue field of Op:. Let
(Xo, txx0, Axy) be a local CM triple of type ®1, over k, where \x, is principal. Let (X, ix, \x) be
a local CM triple of type r over k which satisfies the Eisenstein condition, cf. - Assume
that ker \x C X[n], where 7 denotes a uniformizeit| of L. Let N ., be the formal scheme
over Spf Oy, that represents the functor which associates to S € Nllpo the set of isomorphism
classes of tuples (Xo, to, Mo, X, L, A, 00, 0), where (Xo,to, o) 18 a local C’M triple of type ®1, and
(X, 1, N), is a local CM triple of type r1,, over S, and where

Po: (Xo,l,o,)\o) X5§—>X0 XSpecEg’ p: (X,L,)\) XS§—>X XSpe E?

C
are quasi-isogenies respecting the O -actions and the polarizations. Here (X, 1, \) is supposed to
satisfy the Fisenstein condition. Then

NEL,TL = G(LO)/K’

where G is the unitary group of an L/Lg-hermitian vector space of invariant inv'* (Xg, X), and
where K s the stabilizer of a vertex lattice of type t .= log, |ker Ax|, q := #0 /7Oy,
Here the invariant inv"* (X, X) is defined in Remark

Proof. By Lemmas and@, N, ., is formally étale over Spf Op,. Soit remains o determine
the point set N . (k) or, equivalently, the point set J\/ 8 . (E"), where ./\%lg . denotes the
L>TL

generic fiber. Con81der the crystalline period map m: NV rig oy F@p E', cf. [47]. However, by

the banality of rz, the Grassmannian F consists of a Smgle point. Furthermore the fiber over

this point is identified with G(Lg)/K, since Ngg . corresponds in the RZ tower to the level
L>TL

K. O

Remark 8.17. We have considered local CM triples of type ®; in the lemma because these
are what naturally arise from the Kottwitz condition in the moduli problem for M. Of
course, one could just as well consider the moduli space Ng ..r.; then one replaces ®7, with P
in the definition of inv"* (X, X), cf. Remark

Brr= Lo & Lo, this means, as elsewhere in the paper, an ordered pair of uniformizers in the usual sense.
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Remark 8.18. Consider the J-group in the sense of Kottwitz [47] associated to the situation
of Lemma when L is a field. Let M(Xy), resp. M (X), be the rational Dieudonné module
of Xp, resp. X. Let M = Homp (M (Xy), M(X)). Then M is a rational Dieudonné module free
of rank n over L ®z, W (k) which, by our assumption, is isoclinic of slope 0. It is equipped with
a hermitian form h: M x M — L ®z, W (k). Let C be the space of Frobenius invariants in M.
Then the restriction of h makes C into an L/Lg-hermitian vector space of dimension n. The
J-group is the unitary group J = U(C). We claim that J ~ G. Indeed, the difference between
inv"™ (Xp, X) and inv(C) is equal to sgn(rr), where

sgn(rp) = (_1)2%% (TL)<p7

cf. (A.7), (A.11)). Since rr is banal, the exponent is a multiple of n. Therefore the assertion
follows in the case when n is even. When n is odd, any two unitary groups of L/Lg-hermitian
vector spaces of dimension n are isomorphic.

Theorem 8.19. Conjecture holds when n < 3 and vg is non-archimedean.

Proof. This follows in the same way as in the proof of the previous Theorem from the AT
conjecture proved for n < 3 in [43] and [44].

We indicate where we need to modify the proof. To simplify, we only prove the “Furthermore”
part of Conjecture . We first consider the ramified case in Section In , we have
NOEV = N®Oﬁwo Oy, , where N = N, X0, N, is the relative RZ space in [43] [44]. Then
we replace the AFL identity by the AT identity (cf. [43, §5] when n is odd, and [44] §12)

when n is even),

<A(Nn—1)a QA(Nn—1)>N log qu, = —wa, (7) 901b(7, fql;o)a (8.30)

where f; is a function in the AT conjecture. Now since vy is ramified in F', we have log q.,, =

log ¢y, and hence the equation (8.27) remains true by (8.25).
In the case of unramified AT type, we replace the corresponding space N after (8.21]) by the

RZ space in [44].
In both cases, the rest of the proof is the same. O

Remark 8.20. The proof in the ramified case explains the discrepancy of the factor 2 in the
ramified ATC [43, [44] and the AFL. In these identities, it would be most natural to normalize
the intersection number by the factor log g, -

APPENDIX A. SIGN INVARIANTS

In this appendix we adapt the sign invariants of [31] to the setting of the moduli problems
introduced in Sections [4] and [5} see also [32]. We continue with the notation in the main body
of the paper, with F//Q a CM field, Fj its maximal totally real subfield of index 2, and ® a CM
type for F. However, we will allow for more general functions r than in . Set d := [Fy : Q),
and let v be a finite place of Fy which is non-split in F. (In the case v splits in F, the analog of
the theory in this appendix is trivial, insofar as the value group Fofv /Nm EX is trivial.) Let k
be an arbitrary field. We are first going to define an invariant

inv, (Ao, to, Ao, A, 1, A)* € i,/ Nm F¢ (A.1)
attached to the following objects over k:
e abelian varieties Ag and A over k of respective dimensions d and nd;
e rational actions ¢p: F' — End°(4y) and ¢: F — End°(A); and
e quasi-polarizations Ay € Hom’(Ap, Ay) and A € Hom®(A4, AY) whose corresponding Rosati
involutions induce the non-trivial automorphism on F'/Fj.
We will then write

inv, (Ao, Lo, Ao, A, 1, A) € {£1} (A.2)

for the image of inv, (Ao, to, Ao, A4, ¢, A)? under the identification FOXW/ Nm F* = {£+1}. We note
in advance that this invariant will depend on Ay and A only up to isogeny. We give the definition
separately in the cases that the place v does not and does divide the characteristic of k.
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(a) v does not divide chark. Let ¢ denote the residue characteristic of v, and let V;(Ap) and
V2(A) denote the respective rational ¢-adic Tate modules of Ay and A. Set

Vi(Ao, A) := Homp (Ve(Ao), Ve(A)).

Then 175(1407 A) is a free F ®g Qe-module of rank n. The polarizations Ay and A endow ‘A/g(Ao, A)
with a nondegenerate hermitian form h, defined by

h(¢1,¢2) = )\al e} ¢§/ oMo ¢1 S EndF®Q£ (‘7@(140,14)) =3 ®Qg.

The decomposition Fo® Qp = ]_[U,| ¢ Fo,, where v’ runs through the places of Fyy over /, induces
a decomposition

Ve(Ao, A) = D Vir (40, A),
|

and each ‘71,/ (Ag, A) is a free F,,-module of rank n. By assumption F, is a field, and we define
the invariant at v as for any n-dimensional F,/Fp ,-hermitian space in the main body of the

paper (1.4)),
invy (Ao, L0, Ao, A, 1, ) i= (=1)""D/2 det V,, (A, A) € Fy',/Nm F)Y,

where det V,,(4y, A) is the class mod Nm F* of any hermitian matrix representing the component
h,. We note that inv, (Ao, to, Ao, A, ¢, A\)? is unchanged after any base change k — k’.

(b) v divides chark = p. Let k be an algebraic closure of k. Let W = W(k) denote the
ring of Witt vectors of k, and let o denote the Frobenius operator on W. The decomposition
Or, ® Z¢ = 1)y Or,,o induces decompositions of p-divisible groups Ao[p™] = [T,/ , Ao[v"*]
and A[p>] = [,/ , A[v"*], and we denote by M(Ag)g,, and M(A)g,, the respective rational
Dieudonné modules of Ag[v>°] and A[v*>°] over Wy. Let F; and F denote the respective Frobenius
operators of M(Ap)g,w and M(A)g,,. Then M(Ay)g,, and M(A)g,, carry actions of F, which
commute with the Frobenius operators and make M (Ap)g,, and M (A)q,. into free F, ®q, Wo-
modules of respective ranks 1 and n. Furthermore M (Ag)q,s is isoclinic of slope 1/2. We consider
the internal Hom in the category of isocrystals with F-action,

Mg, = Homp,gw, (M (Ao)g,0. M(A)g,w),
which is a free F, @g, Wg-module of rank n. Here, as for any internal Hom object, the Frobenius
operator F'y; —on Mg,, sends ¢ — Fo¢o Ey'. The polarizations \g and A endow Mg, with
an F, ®q, Wo/Fo, ®q, Wo-hermitian form A, defined by
h(¢1,¢2) == Ay 0 ¢y 0 Ao ¢1 € Endp,ew, (M(Ao)g,w) = F, ®g, Wo.
Let

n
Nog = /\FU®W@ Mg,y.
Then Ng,, is isoclinic of slope zero, and h induces a hermitian form ( , ) on it satisfying
(EN@,,U'I7EN@7U:U) = (‘ray)ga z,y S NQ,U-

For any element zo € Ng,, fixed by Fy, ., the class (zo,z0) € Fy',/Nm F* is independent of
the choice of xg, and we define

inv, (Ao, o, Mo, A, 1, A)F := (=) 1/2 (54, 20) € Fy,/Nm EF)
for such zg.
Now let r: Homg(F,Q) — Z>o be a generalized CM type for F of rank n, i.e., a function

¢ > 1y, satisfying r, + 5 = n for all ¢ € Homg(F,Q), cf. [31, Def. 2.1]. Also, let o be the
opposite of the canonical generalized CM type for F' of rank one attached to the CM type @,

0, ped; =
To,p = {1’ ry ¢ € Homg(F, Q). (A.3)
Let E be the subfield of Q characterized by

Gal(Q/E) = {0 € Gal(Q/Q) | o ® =P and ro, =1, for all p € @ }. (A.4)
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Thus FE is the join of the reflex fields of r and of rg, in the sense of [31] §2]. Note that, in the
situation of the main body of the paper, this definition of E agrees with ; but in constrast
to the main body of the paper, in general F' need not admit an embedding into E.

Recall from loc. cit. that a triple of CM type r over an Opg-scheme S is a triple (A4,¢, \)
consisting of an abelian scheme A over S, an action ¢: Op — Endg(A) satisfying the Kottwitz
condition of type r, and a polarization A\: A — AV such that Ros, induces on O, via ¢, the
nontrivial Galois automorphism of F/F,. We denote by M, , the stack over Spec Og of tuples
(Ao, Lo, Mo, A, 1, A), where (Ao, Lo, Ag) is a CM triple of type rg and (A, ¢, A) is a CM triple of type
r.

Let k be a field which is an Og-algebra, and let (Ao, to, Ao, 4,1, A) € My (k). Again let v
be a finite place of Fy which is non-split in F'. We are going to define the r-adjusted invariant
inv} (Ao, Lo, Ao, 4, ¢, A) (it depends on both rg and 7). If the residue characteristic of v is different
from the characteristic of k, then we set

invy (Ao, Lo, Ao, 4, L, A) 1= inv, (Ao, Lo, Ao, 4, L, ). (A.5)
Now suppose that the residue characteristic of v is equal to the characteristic p of k. Let v be
the place of E' determined by the structure map O — k, and let v: Q — @Q,, be an embedding
which induces v. Let
¢, , = {go o | v o ¢|p, induces v }
Then the set ®, , is independent of the choice of ¥ inducing v, and using 7 we may identify
Homg, (Fy, Q) =~ @yy U Py 0. (A.6)
Let
Ty 1= r|q>m|_,5u,v.
Then we define
sgn(ry,) i= (—1)>eeten 0 (A7)
and
invy (Ao, to, Ao, A, L, A) == sgn(ry ) - invy, (Ao, Lo, Ao, 4, ¢, A). (A.8)
The analog of [32], App.] (which corrects [3I, Prop. 3.2]) is now as follows.

Proposition A.1. Let (Ao, o, o, A0, A) € My, »(S), where S is a connected scheme over
Spec Og. Then for every non-archimedean place v of Fy which is non-split in F', the function

s T
S ? anU(AO,s; L0,87A0,87AS7L87A8)
is constant on S.

Proof. The proof is easy when the residue characteristic of v is invertible in Og, in which case
Vi(Ag, A) is a lisse étale sheaf on S, comp. the proof of [31, Prop. 3.2]. A similar argument works
when S is a scheme over F,,, where p is the residue characteristic of v, cf. loc. cit. The remaining
cases are reduced to the case S = Spec Oy, where L is the completion of a subfield of @p which
contains F and such that its ring of integers Oy, is a discrete valuation ring with residue field
k= Fp. To compare the invariants at the generic and closed points of S, as in loc. cit. we are
going to use p-adic Hodge theory. Let Ay, and Ay 1, denote the respective generic fibers of A and
Ay, and let A, and Ag ; denote the respective special fibers. Let v denote the induced place of
E.

We decompose the homomorphism module of the rational p-adic Tate modules of Ag ; and
Ap, resp. the homomorphism module of the rational Dieudonné modules of Ag ; and Ay, with

respect to the actions of F' ®g Q, = lep F,,

I/}p = HOHlF®Q)p (‘//\;;(AO,L)v %(AL)) = ®w|p

Mg = HomF®@p (M(Ao,k)(@a M(Ak)Q) = @

~

wo

Mg -
wlp

Here w runs through the places of F', and we recall the notation @p = W(k)g. Furthermore, for
each place w | p, V,, is a free I,-vector space of rank n, and Mg, is a free Fy, ®q, @p—module
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of rank n. At our distinguished place v, we set
n ~
Sy = /\Fv Vi, and Ng, = /\

Then S, and N&gb:l are one-dimensional F,-vector spaces (the latter because Ng,, is isoclinic
of slope zero) equipped with natural F),/Fy ,-hermitian forms. Our problem is to compare these
hermitian spaces, which we will do via [47, Prop. 1.20].

To explain the group-theoretic setup in our application of loc. cit., let T" be the torus over Q,
which is the kernel in the exact sequence

n

Mo,
R0, Y

N
1—T — Rest/Qp Gm,Fv _>m ReSFo,v/Qp Gm,Fg7,, — 1.

Then H'(Q,,T) = Fy',/ Nm F). The spaces S, and N§'o"=" are natural Q,-rational represen-
tations of T', and we may regard the isomorphisms of hermitian vector spaces Isom (N, Ff;jbzl, Sy)
as an étale sheaf on SpecQ,,. This is a T-torsor. To calculate its class CI(Nngbzl, Sy) via loc.
cit., we seek to express the filtered isocrystal Ng , in the form 7 (N(gff;b:l) for an admissible pair
(1, b) in T, in the notation of [47, 1.17].

Since Ng,, is isoclinic of slope zero, we take b € T(@p) to be the identity. To determine

the cocharacter 1, we need to identify the filtration on Ng, ®g, Qp. Choose any embedding
Q, — Q,, and identify Homg, (F,,@,) ~ ®,,, %, as in (A.6). By the Kottwitz condition,

the filtration on M (Ax)g,0 ®g, (@p ~ P M (Ag)q,, is given by, for each ¢,

p€d, L UD,
M (Ag)g,e D" Fil, D0,

where the displayed terms are in respective degrees 0, 1, and 2, and the upper index on the first

V]
~

containment means that the cokernel is of dimension r,. The filtration on M (Ao.x)g,v ®g, Q, =
@weéu B, M (Ao.i)0,, is similarly given by, for each ¢,

M(Ao,lc)f@,qa Bl Fﬂ(l),go o0,

where 7, is given in (A.3). The unique jump in this filtration occurs in degree 1 — rg . The
filtration on the dual space M (A()’k)(\é’ ., therefore has unique jump in degree rq, — 1. Therefore
in the filtration on the one-dimensional space

Now = g Mo = (M(40)§ )" & N5 M(A)g,

the unique jump occurs in degree n — 7, + n(ro,, — 1) = nro, — re.
Now consider the natural identification

~ F, Fo,v Fo,v
X.(T) = ker [IndFO,U (Insz Z) — Insz Z).
The corresponding filtration on Ng,, is then given by the cocharacter p € X.(T) with
Mo =NT0.p — Ty, ®EP,,U Eu,v-

Then Ng, = I(N&szl) for the above choices of p and b.
Now, by p-adic Hodge theory, in the case of the abelian scheme A, there is a canonical
isomorphism

Vo(AL) ®q, Berys = M(Ax)g @, Berys (A.9)
compatible with all structures on both sides (e.g. the Frobenii, the F-actions, and the polarization
forms), cf. [10, 50]. Here Beyys is the crystalline period ring of Fontaine [II]. Moreover, after
extension of scalars under the inclusion Berys C Bggr, this isomorphism is compatible with the
filtrations on both sides. Furthermore, there is an analogous isomorphism with Ay in place of
A. Taking homomorphism modules on both sides between the v-components of and its
analog for A, and then passing to top exterior powers, we obtain an isomorphism between free
F, ®q, Berys-modules of rank one,

Sq) ®Qp Bcrys = NQ,U ®Qp Bcrysa
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again compatible with all structures on both sides, and in particular with the hermitian forms.
Taking Frobenius-fixed elements in the zeroth filtration modules, we obtain an isometry of
F,/Fo »,-hermitian spaces,

So = F(Z(NG"H),

where F denotes Fontaine’s functor from admissible filtered isocrystals to Galois representations.

We conclude that the class cl(Ngffjbzl, S,) is computed by the formula (b) — u* in [47, Prop.
1.20]. Here pf denotes the image of y in the coinvariants X, (T)r, where I' := Gal(Q,/Q,).
Since b is trivial, under the identification X, (T)r & H(Q,,T) = Z/27Z, we obtain

NG, 8,) = pf = Y g (A.10)

YEE,

where =, is any half-system, i.e., 2, U=, = Homyg, (FU,@p). In the formula for sgn(r, ), we
took 2, = @, ,. O

Remark A.2. In the definition of the r-adjusted invariant above, we took the function rq in
to be the opposite of the canonical rank one function for ® because this is what occurs
in the moduli problem for M§ in the main body of the paper, cf. . Of course, we could
have instead worked with respect to the canonical function (sending ¢ +— 1 for ¢ € ® and
@ +— 0 for ¢ ¢ ®), which is tantamount to replacing ® by ®. In this case one defines the
r-adjusted invariant at a place v dividing char k to be (_1)2%@, "¢ -inv, (Ao, Lo, Mo, 4, ¢, A), and
the statement and proof of Proposition for this version go through virtually without change.

Remark A.3. There is an obvious variant for p-divisible groups. More precisely, let Ly be a finite
extension of Q,, and let L /L be a quadratic extension. Fix alocal CM type ®;, C Homg, (L, @p)
for L/ Lo, and let rz,: Homg, (L,Q,) — Z>¢ be a local generalized CM type of rank n for L/Lq,
cf. [31, §5]. Let k be a field of characteristic p which is an Op,, ., -algebra, where Eg, ,, C Q,
denotes the join of the reflex fields for ®;, and for ry,. Let (Xo, to, Ao) and (X, ¢, A) be p-divisible
groups over k with actions by Oy and quasi-polarizations whose associated Rosati involutions
induce on F' the Galois conjugation over Ly. Assume that (Xo, o) is of CM type @1 and that
(X, 1) is of generalized CM type rr,, cf. [31} §5]. Then there is associated a sign invariant

inv"™ (Xo, to, Ao, X, t, A) :=sgn(ry) - inv(Xo, to, Ao, X, £, A), (A.11)

with properties analogous to the case of abelian varieties. In fact, returning to all of our notation
from the global setting, suppose that & is an Og-algebra, and let (Ao, to, Ao, 4, ¢, A) € My (k).
Consider the decomposition of the corresponding p-divisible groups induced by the decomposition
Or, ® Ly = H OF(MH

Aolp™] = [ Ao[v™] and Ap™] =[] Ap>].
v|p vlp

vlp

Let v denote the place of E determined by k, and for a place v | p which is non-split in
F, take L := F,, ®, := ®,,, and r;, := 7,, (where we implicitly choose an identification
HOme (FU7 Qp) ~ (I)V,'u (W (wa as abOVe). Then

invy (Ao, to, Ao, 4, ¢, A) = inv'™® (Ao [v°°], Lo [V°°], Ao[v™°], A[v™°], t[v™°], /\[UOO]).

APPENDIX B. LOCAL MODELS IN THE CASE OF BANAL SIGNATURE

In this appendix, we prove that local models attached to Weil restrictions of GL,, and GU,,
defined using an analog of the Eisenstein condition of [48], are trivial in the case of banal signa-
ture. Let L/ K be a finite separable extension of discretely valued henselian fields, with respective
valuation rings Oy, and Og. Let 7 be a uniformizer for L, and fix an algebraic closure K of K.
The material in this appendix applies to the main body of the paper in the case K = Q, and
L = F, for w a p-adic place of the number field F.
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B.1. The GL, case. Let n be a positive integer, and fix a function

r: Homg (L, K)——{0,n}
7.

(B.1)

The reflex field attached to r is the fixed field E, C K of the subgroup of the Galois group,
{0 € Gal(K/K) | 750, =1, for all ¢ € Homg (L, K) }.

Then E, is a finite extension of K, contained in the normal closure of L in K. Note that in
contrast to the analogous global situation considered in the main body of the paper (with the
particular choice of r in ), L need not admit an embedding into E,.. Let £ be a periodic
O -lattice chain in L™.

The local model attached to the group Resy,x GLy,, the function r, and the lattice chain £ is
the scheme M = MRges, /i GL, 1, OVEr Spec Og,. representing the following functor. To each Og, -
scheme S, the functor associates the set of isomorphism classes of families (A®o, Os — Pa)acc
such that
e foreach A, Py is an O ®¢, Og-linear quotient of A®p, Og, locally free on S as an Og-module;

e for each inclusion A C A’ in £, the arrow A®p,. Os — A'®p,. Og induces an arrow Py — Py/;

e for each A, the isomorphism A ®¢, Og %8)1> (7A) ®0, Og identifies Py = Pya; and

e for each A, Pj satisfies the Kottwitz condition
charps(a® 1| Pp) = H (T - go(a))r“" for all a € Op. (B.2)

p€Hom i (L,K)
We further require that the family (A®o, Og — Pp)acc satisfies the (analog of the) Fisenstein

condition of [48], §8], which in our case takes the following form. Let L! denote the maximal
unramified extension of K in L. We first formulate the condition when S is an O, 7,-scheme,

where E, Lt is the compositum in K of E, and the normal closure Lt of L!; by Lemma below,
the condition will descend over Op, (and yield M = SpecOp, ). For each ¢ € Homg (L?, K),
set

Ay = {¢ € Homg(L,
By = { ¢ € Homg (L,

K)‘gp\pt:wandm:n},
K)|¢lpr =t and r, =0}.

Further set
Qa,(T):= H (T — gp(w)) and Qp,(T) := H (T — gp(w)).
pEAy pEBy

Then Qa, and @p, are polynomials with coefficients in O, 7,. Since we assume that S is an
Oy 7.-scheme, there is a natural isomorphism

OLt ®o, O — H Os, (B.3)
weHomg (Lt K)
whose 1-component is ¥ ® id. This induces a decomposition, for each A,
Py = B (Paw (B.4)
eHomk (Lt K)
The Eisenstein condition is that, for each A,
Qa,(m®1)|(p,), =0 forall ¢ € Homg(L" K). (B.5)

To complete the definition of the moduli problem, an isomorphism from (A®o, Os — Pa)rer
to (A ®o, Os — Ph)aecc consists of an isomorphism Py —s P} for each A, compatible with the
given epimorphisms in the obvious way. Note that such an isomorphism is unique if it exists.

The main result is that the moduli scheme M we have defined is trivial, in the following sense.

Lemma B.1. Let S be an Oy, 7.-scheme. Then M(S) consists of a single point.
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Proof. Tt suffices to consider the case that £ consists of the homothety class of a single lattice
A; the general case then follows immediately. Let A ®o, Os = @ comy(rt,7) (A @ox Os)
denote the decomposition induced by (B.3|). Then the Eisenstein condition forces

(Pa)y = (A®0o, Os)y/Qa,(m®1) - (A®0, Os)y, (B.6)
which completes the proof. O

As we have already noted, it follows by descent that M = Spec O, . This also shows that
the Eisenstein condition is independent of the choice of uniformizer .

Remark B.2. In the special case n = 1, we may take A = O, in the proof of Lemma [B.1] and
then the Kottwitz condition already implies . Thus the Eisenstein condition is redundant
in this case.

We also note that the Eisenstein condition is redundant in the unramified case, comp. [48]
Prop. 2.2].

Lemma B.3. Suppose that L/ K is unramified. Then the Kottwitz condition (B.2)) on Py implies
the Eisenstein condition (B.D)).

Proof. When L = L' is unramified over K, then all sets A, have at most one element. If Ay, is
empty, then (Py)y = 0 and the condition (B.5)) is empty. If A, is non-empty, then the condition
(B.5)) is equivalent to the definition of the vy-eigenspace in the decomposition (B.4)). O

B.2. The unitary case. In this subsection we assume that the residue characteristic of K is
not 2. We retain the setup of the previous subsection, and we assume in addition that L is a
quadratic extension of a field Lo /K. Let a — @ denote the nontrivial automorphism of L/ Ly,
and for each ¢ € Homg (L, K), define p(a) := ¢(a). We assume that the function r in (B.I)
satisfies 7, + 1z = n for all ¢ € Homg (L, K). Furthermore, we endow L™ with a nondegenerate
L/Lo-hermitian form h, and we assume that the lattice chain £ is self-dual for h. We define
the alternating K-bilinear form ( , ): L™ x L™ — K as follows. Let 19201/K be a generator of the
inverse different 0;01 /K If L/Ly is unramified, then choose an element ¢ € Of such that (=~
(since p # 2, such a ¢ always exists), and set
<xay> = trL/K(ﬂz()l/KCh(xay))v T,y € L".

If L/Lg is ramified, then choose the uniformizer 7 to satisfy 72
always exists), and set

€ Ly (since p # 2, such a 7

(@) = trpy (07 om 'hly)), oy e L™

Then in both cases, the dual AV of an Op-lattice A in L™ is the same with respect h as it is with
respect to (, ).

The local model attached to the group Resz,,x GU(h), the function r, and the lattice chain
L is by definition the closed subscheme MReSLO/K GU(h)rc Of MResy,,, GL,,,r,c defined by the

additional condition

e for each A, the perfect pairing (A ®¢, Og) x (AY @, Os) {,)80s, Og identifies ker[A ®o,

Og —» 'PA]l with ker[Av ®oyx Os — ,PAV}-
It is a trivial consequence of Lemma[B.I] that this additional condition is redundant, and that
we again have the following.

Lemma B.4. MRCSLO/K QU(h),rc = SpecOg, . O
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