APPENDIX

Weak Square and special Aronszajn Trees

Introduction

In this chapter we will give a proof of a useful statement, Jensen has
originally proved although he has never published it. In fact, he men-
tioned the equivalence we are going to prove now in his well-known
paper [Jen72]. In Chapter 5 we were using this theorem to prove the

main Theorem 59. The statement says the following

Theorem 81 (Jensen). There is a special k*-Aronszajn tree if and
only if [} holds.

To fix notation, given a tree (T, <7 ), let T,, be the set of all elements
of T with tree level a. Call T' |  the (sub-)tree of all elements of T
with a tree height strictly less than . Moreover, denote with rky(z)

the tree level of an element x of the tree T.

We already defined in Chapter 2 what we mean with the combinator-
ical principle weak square, [¥, and with a special k*-Aronszajn tree.
However, because we will extend the definitions, let us repeat the fol-

lowing

Definition 82 (Aronszajn Tree). We call (T, <t ) a k-Aronszajn tree
if the following hold:

e T is a tree of height k,
e for a < kK, all levels T, have cardinality strictly less than k,
e all branches in T have cardinality strictly less than k,
e T is normal, that s

— T has exactly one root,

— for each x € T, and all level ' > ~ there is y € T,

such that x <r vy,
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— every element of T has at least two distinct successors
i the next tree level,

— above each branch in T' | X there is exactly one element
at limit hewght A in T.

The property of being a normal tree is sometimes useful. However, the
existence of a tree yielding just the first three conditions is equivalent

to the existence of a tree given by the definition above.

We are interested in special Aronszajn trees given by the following

Definition 83. A k™ -Aronszajn tree is called special, if there is a func-
tion o : T —> Kk such that for all tree elements x and y we have: if

x <ry, then o(x) # o(y).

Trivially, a x-Aronszajn tree has cardinality x. And a x™-Aronszajn
tree is special if and only if it is union of k-many antichains: on the one
hand take A, := 0~ '"{a} and on the other hand let o(x) be defined as
the smallest o < x such that z € A, for T' = ,,_, Aa-

Moreover, special k*-Aronszajn trees have antichains of cardinality 7.

In particular, such trees are not Souslin trees.

N;-Aronszajn Trees

Constructing an N;-Aronszajn tree is an easy exercise. To make clear
where the problems occur when we try to construct Aronszajn trees
for larger cardinals, we will remind the reader of the proof idea in case

of the first uncountable cardinal.

By induction on countable ordinals we construct the tree levels T,
we are looking for such that its elements will be strictly monotone

functions f:a — Q.

Here, with Q we denote the well-known linear order of the rational
numbers. Moreover, we will have a function sup : T, — Q such that

sup(f) := suprng(f) and whenever z <7 y, then sup(z) <g sup(y).
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The induction is very easy. To start with, we take Ty := {@} and

sup(@) := 0. For the successor step set
Tae1:={f"ql feTs sup(f) <¢, qeQ},

and sup(f~q) := (f"q)(8) = q where f7q:= fu{(q,3)} for f € Tj.

Now, in case where « is a countable limit ordinal and for f € T | «
and g € Q such that sup(f) < ¢, we are going to define an extended
function ¢ : @« — Q such that f < ¢ and sup(g) = ¢ as follows:

Let f € T for a 8 < a. Choose an unbounded C' < a above (3 of length
w. Then C'is trivially a club subset of a. Moreover, choose (¢; |i < w)
such that ¢; < ¢; for i < j < w, qo :=sup(f) and ¢, = ¢q. Both can be

done easily.

Now, along the (club) set C' = (¢; | i < w) starting from f let us look
at a branch of the so far defined tree given by tree elements on levels
indexed by elements of C': For each ¢; € C choose an f; € T, such that
sup(f;) = ¢;. By the successor step, this is trivially possible because
there are no limit stages within the enumeration of C'. Then let g, be

such that f; < gf4, dom(gys,) = o and sup(gs,) = ¢. Finally define

T, = {gra| €T 1a, sup(f) <q, g Q}.

It is an easy exercise to show that 7" := [ J T, is an Ny-Aronszajn

Ot<N1
tree. In fact, it is even a special one, considering the map o : T" —> N,
defined by o := (f osup) where f is an arbitrary but fixed bijection

between Q and V.

The combinatorical Principle [}

Combinatorical Principles, as small fragments of the constructible uni-
verse extracted in a useful assertion, have applications in many areas

of mathematics.
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We will in fact look at sequences with relatively weak properties of co-
herency. To start with, let us consider the next lemma speaking about

equivalent statements, each asserting suitable weak square-sequences.

Lemma 84. For an infinite cardinal and arbitrary closed and un-
bounded subsets I' and I of limit ordinals below k™, the following state-

ments are equivalent:

(a) There is a sequence {Cy | € KT N Lim ) such that
(i) Yae kt nLim (C, € « club),
(i) Voert nLim([{Canf : a< B} <k),
(iii) Va e k™ nLim (otp(C,) < k).

(b) There is a sequence { Co | @ € K™ n Lim ) such that
(i) YVaert nLim (Cy S P(a), |Cal < k),
) YC eC, (C is closed in a),
) 3C e C, (C is unbounded in o),
(iv) Ya,feLlimVCels(a<f <kt — anCeCl,),
) YC eC, (otp(C) < k).

(¢) There is a sequence {Cy | v € ') such that
(i) Vael'(C, < a club),
(i) VBel ({Can B : a< B} <k),
(iii) VaeT (otp(Cy) < k).

(d) There is a sequence { C, | v € I such that

(i) YaeI’"(Co € P(a), |Cal < k),
(i) YC eC, (C is closed in a),
(iii) 3C € Cy (C is unbounded in o),
Va,Bel"VCels(a<f <kt — anCel,),
VC e C, (otp(C) < k).

)
)
(iv)
(v)
Proof. Considering C, := {Cs na| f = a}, we can conclude the

implication from (a) to (b). Similarly, we show that (c) implies (d).

The other implication, to get (a) from (b) and (c) from (d), respectively,
we simply choose as the desired C,, a closed and unbounded subset of

the given C,.
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Take the restriction to I' of the sequence given by (a) and we get a

sequence asserted by (c).

Now, let ( C%|a € I') be a sequence in the sense of (¢). Let (3|8 < k™)
be a monotone enumeration of I'. Define I'* := (k% n Lim)\I'. If I'**
is empty, we would be done. Otherwise choose for oo € I'* a set C, as

follows:

Let 8 < k% be such that 74 < @ < y341. Then choose C, as a closed
and unbounded subset of « such that min C, > 73 and otp(C,) < k.
This can be done easily. For a € I' just take C, := C% and we have

constructed a sequence in the sense of (a).

Finally, the lemma is proved. Xl(Lemma 84)

In [Jen72], Jensen called the equivalent assertions of the last lemma
weak square, [T:. The described sequence is called (in any of the four

cases) a []i-sequence.

As we already have seen in Chapter 2, the following hold:
(a) If K=" = K, then [J.
(b) If (., then [%.

A special k*-Aronszajn Tree implies [}

Let (T, <7 ) be a special k*-Aronszajn tree and o : T —> & such that
whenever <7 y, then o(z) # o(y). We can assume, without loss of

generality, that 7" is just k.

We are going to construct a weak square sequence (C, | @« € T') in
a sense of (c¢). For, consider the function f : k¥ — k™, defined by
f(a) := max{ | JT,,rkr() }. Then, using Lemma 8, we know that the

set A:={a <k | f'a < a} is a club subset of k.

Now, take an element o of A. Then we have @ = T | o, because, for
the first inclusion, let 3 < o and «y be the tree rank of 5. Then 3 € T},
and so v < f(B) € f"a < a. Hence, 5T, =T a.
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For the second inclusion let # be in T, for its tree level v < a. Then

we conclude 5 < f(v) € f"a < a.

Therefore, setting I'* := {a < k™ : T a = a}, we know that the club
set A is a subset of ['* and because it is obviously closed, I'* is a closed

and unbounded subset of k* as well.

Now, let I' be the set of all limit points of I'*. Then by Lemma 8, this

set ' is still a closed and unbounded subset of k™.

Furthermore, choose for each a € I" an element x, with tree level a and
define branches b, := {z € T'| z <r x,} below each chosen z,. Then

we can conclude that
(6) bo € « is an unbounded subset.

This is easy to check: Obviously, b, € T a = a. So, let § < a. We
will show that b, € 3. Because of a € I' we have an a* such that

0 < a* < a and a* € I'*. Therefore, there is a y € T« N b, and so
bo € T a* = a*.

We now can fix an arbitrary o < k™ and define C, as a cofinal subset
in b, of order type at most k by choosing increasing elements 9 of the
branch b, minimal with respect to the given function ¢ by induction

as follows:

Let i € b, be such that o(t{”)) = mino”b, and let 57 € b, be
such that a(tga)) = min{ o(2) | (Vy < 6)(15(7“) <r z <r x4) }. This is

well-defined because of the one-to-one property of o on the branch b,.

We go on with the construction till it breaks down. Let 7, be minimal
such that ¢, does not exist. Then 7, is a limit ordinal because other-
wise, the set {z | t(ﬁa) <r z <7 x4} would be non-empty for 7, =+ 1

and so the definition would not break.

Moreover, the set C!, := {t(ﬁa) | B < 7} is cofinal in b,. Otherwise we
would have that the set {z | (V3 < v)(ts <r 2z <r x4)} is non-empty
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and so t,, would be defined again. Therefore, we also have by (6) that
(7) C!, is cofinal in «.

Trivially, by definition, the sequence <O‘(t£;a)) |3 < 7a ) is strictly mono-
tone in k. And so, we conclude that the order type of C!, is at most s

and hence 7, < k.

Finally, let C, be the closure of C? by taking all limit points below «
such that C, is a closed and unbounded subset of « of order type at

most .

The important property of a (weak) square sequence is its coherency

we still have to prove with the next
Lemma 85. For all « < k™ we have |{Conf : a=p}| < k.

Proof.  Define for every x € T¢ where { is a limit ordinal, the
branch b, := {z | z <7 z} and the sequence t*) := {tgc) | B < 7.} as we

did for the z,’s above as follows:

Let £ be such that o(t”) = min o”b, and again tg) € b, satifying
®)  o(ty)) =min{o(2) | (V7 < B)(t <r 2 <r 2) }.

Then for each limit ordinal o < st we have t(®) = ¢(#») and moreover,
as above, that t(*) is cofinal in b,. Further, ¢®*) is strictly monotone

with respect to the tree relation <7 and the order type of t®) is v, < .

Consider now the sequence t®*) A b, for
a fixed tree element y at limit height
and let z := sup;t® nb,. Then we

obviously have
(9) t@) ~ b, = +()

by the definition given in (8) using the

map o that is one-to-one on a fixed

branch.
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Therefore, for each limit ordinal 3 < k™ we then have that the inter-
esting set {t(*) N 3| a = 3} is a subset of all small branches of the set
{t?) | z e T 1 (B + 1)}. However, the cardinality of the initial segment
T 1 (B8 + 1) of the tree is at most k. And hence, the cardinality of the
set {Cy NP @ =} is at most k for all 5 < k™ and so the lemma is
proved. X)(Lemma 85)

Therefore, with the sequence (C, | @ € I') we finally have found the

desired [f-sequence.

Construction of the partial Order

We now try to imitate the desired behavior of the structure of the
rational numbers with a new partial order of cardinality x. Therefore

let us prove the following

Lemma 86. There is a partial order (P, <p ) and a subset S of the set
of all sequences with elements of P such that:

(a) P is partial order, 'P <= S, |S| < |P| = &,

(b) 0,1 € P such that for every p e P we have 0 <p p <p 1,

(c) for all p,q € P there is an element ¢’ € P such that whenever
p<eq, thenp <p ¢ <pq,

(d) for every s € S there is a limit ordinal & € k+1 or a = 0 such
that dom(s) = o+ 1 and s is strictly monotone with respect
to the relation <p,

(e) for every s € S and for all limit ordinals o € dom(s) we have
st(a+1)eS,

(f) for every limit ordinal « € k + 1 and all p,q € P, p < q, there
is an s € S such that dom(s) = a + 1, s(0) = p and s(a) = q.

Proof. Consider an elementary submodel H of H,+ of cardinality
k such that kK € H. Then H is transitive because for each element x of
H there is a surjection from x onto z within the elementary submodel
H of H,+ and therefore, with the domain also the whole range = is a
subset of H.
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Let P:={X<ck|X=kvVv (XeH A |c\X|=r)} and define the

following relation on P as follows
XV '« XcYck A [Y\X|=x&.

We still have to work to define the set of sequences S. Therefore, let
© be a function such that for all a such that 0 < o <k and XY € &
where X = Y we have O(«o, X,Y) := (Z, |y < o) € H such that

o Io=X,7Z,=Y;

o for every v < < o we have Z, © Z;

o for every limit ordinal A € a + 1 we have Z) =, _, Z,.

For, let @ and X, Y be given and fix a bijection f : @ x K — Y\ X
in H. Let Z, be X U f"(y x k) for v < a. Then Z, and Z, have the
desired properties and because of f"(A x r) = |, f"(v x k) we have
the property for Z, where A is a limit ordinal. Moreover, the missing

property is given by the following

1ZA\Zy] = 1" (7" < e\ (v x R)[ = [(7'\7) x K| = k.

Finally, let
S = {O(y,p,q) 1 (7 + 1) | limit ordinals ' < v < &;

ory =0;p, qeP;p<gq}.

Moreover, for given p and ¢, elements of P, such that p <p ¢ we have

for ¢' := ©(2,p,¢)(1) that p <p ¢’ <p ¢.

Then the partial order ([P, = ) and the set S have the desired properties

and so the lemma is proved. X)(Lemma 86)

(% implies a special xk*-Aronszajn Tree

Having the partial order (PP, <p) we constructed in the last section,
we will now build up a k"-Aronszajn tree using a suitable coherent
sequence. For, let (C, | @ € k™ n Lim ) be a [J¢-sequence in the sense
of (b) of the defining Lemma 84.
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By induction on a < k*, we are going to define the following objects

(a) the tree levels T, consisting of suitable strictly monotone func-
tions f:a— P,
(b) a function sup : 7T, —> P such that the following hold:
 sup(2) = 0,
e if o is a limit ordinal, then sup(f) is a supremum of the
range of f in the partial order PP,
o if = 3+ 1, then sup(f) is just f(5),
(c) a partial function Ex, : T, x P — T, such that Ex,(f,q) is
defined if and only if sup(f) < ¢, and Ex,(f,q) = g where

f € g, sup(g) = ¢ and dom(g) = a,

We simply can start the induction, letting Ty := {@}. Even in the
successor step a = 3+ 1 we will extend the so far defined tree T' | «

maximally possible in the following sense:

T, = {fTq|feTs sup(f) <q, qeP};
sup(f7q) = (fT9)(B) =g
fq Hif f € Tp, sup(f) < g;
E , =
ol { Exs(f.q,) g cif fe T 10, sup(f) <q.

Here, we let q},q arbitrary be chosen such that sup(f) < ¢’ < ¢. The

existence of such a ¢}, follows from the properties of P.

And finally, for limit ordinals A < ™, let a club set C' € C,, a tree
element f € T where § < A, and a ¢ € P where sup(f) < ¢ < 1p be
given. Furthermore, define X := {5} v C\B U {A}. Then let ¢ be
the order type of X and ¢t : 6 — X be the monotone enumeration of
X. Last but not least, choose an s € S be such that s(0) = sup(f),
s(0 —1) = ¢ and dom(s) = 9.

Define then a branch through the segment 7' [ A of the tree as follows:
set fo := f, fy+1 1= Exy1)(f5,8(y + 1)), and fy =, _\ f,- Here
we use the coherency of the [Jf-sequence that C' n ¢(\') is an element
of Cyxy, and moreover, that s [ (X + 1) is an element of S. Hence, we
indeed used fy for the definition of the tree level T).
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Further, let g(f,q,C,s) be fs_1. Note, t(6 — 1) = X\. Then define
Ty:={g(f,q,C,s) | feTtA sup(f)<qelP, CeC,,
0 defined as above,

s€ S, s(0) =sup(f), s(0 —1) =q}

And finally, Ex,(f,q) := g(f,q,C,s) for arbitrary choosen C' € Cy and
s € § such that s(0) = sup(f) and s(6 — 1) = ¢ where ¢ is defined as

above.

The exact choice of the club set C' and the sequence s is not necessary
to determine. What we need here is that we extend f to the level A and
the supremum ¢. Which way we exactly choose through the already
defined tree T | X is not important because of the coherency of the

[If-sequence and S.

Last but not least, let sup,( g(f,q,C,s)) := q and the tree relation is
then given by

f<rg ifand onlyif g¢ldom(f)= fand f # g.

Then the set T' defined as the union of the defined levels T, for o < k™
is obviously a k*-Aronszajn tree. Moreover, the function sup : 7' — P
yields the property that for f <; g we have sup(f) <p sup(g). That
means, together with a fixed bijection between P and k we easily can

find a map witnessing that T is even special.

Finally, the theorem is completely proved. XI(Theorem 81)



