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Introduction Kurepa Tree Coding Generic Fσ -Covers Projective Well-Orderings of κκ Some Questions

Motivation

Let κ be an uncountable regular cardinal with κ = κ<κ. The space
of all functions f : κ −→ κ is called generalized Baire Space for κ.
We want to study the definable subsets of this space and their
regularity properties.
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Notation

◮ If X is a non-empty set, n < ω and A ⊆ Xn+1, then we define
∃xA = {〈x0, . . . , xn−1〉 ∈ Xn | (∃xn) 〈x0, . . . , xn〉 ∈ A}.

◮ If λ ∈ On, then we let λX denote the set of all functions f
with dom(f) = λ and ran(f) ⊆ X. Set <λX =

⋃

α<λ
αX.

◮ If λ is closed under Gödel-Pairing ≺·, ·≻, f ∈ λX and α < λ,
then we define (f)α to be the unique function g ∈ λX with
g(β) = f(≺α, β≻) for all β < λ.
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Notation (cont.)

◮ Given a non-empty set X, we call a set T a tree on Xn if
T ⊆ (<γX)n for some γ ∈ On and the following statements
hold.

◮ For all 〈s0, . . . , sn−1〉 ∈ T , lh(s0) = · · · = lh(sn−1).
◮ If 〈s0, . . . , sn−1〉 ∈ T and α < lh(s0), then

〈s0 ↾ α, . . . , sn−1 ↾ α〉 ∈ T .

◮ We call |T | = sup{dom(t) + 1 | t ∈ T} the height of T .

◮ A tuple 〈x0, . . . , xn−1〉 ∈
(

|T |X
)n

is a cofinal branch through
T if 〈x0 ↾ α, . . . , xn−1 ↾ α〉 ∈ T for all α < |T |.

◮ We let [T ] denote the set of all cofinal branches through T .

◮ If T is a tree on Xn+1 of height λ, then we define

ρ[T ] = ∃x[T ] ⊆ (λX)n.
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Projective subsets of κ
κ

Definition
Let κ be an infinite cardinal.

◮ A subset A of (κκ)n is a Σ
1
1-subset if there is a tree T on

κn+1 of height κ with A = ρ[T ].

◮ A subset A of (κκ)n is a Π
1
k-subset if (κκ)n \ A is a

Σ
1
k-subset.

◮ A subset A of (κκ)n is a Σ
1
k+1-subset if there is a Π

1
k-subset

B of (κκ)n+1 with A = ∃xB.

◮ A subset A of (κκ)n is a ∆
1
k-subset if it is both a Σ

1
k-subset

and a Π
1
k-subset.
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Proposition

Let κ be an uncountable regular cardinal with κ = κ<κ and
A ⊆ κκ. The following statements are equivalent.

◮ A is a Σ
1
1-subset of κκ.

◮ A is Σ1(Hκ+ , {x}) for some x ∈ κκ.
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Harrington’s Theorem

The motivation of this work is to find a version of the following
result for uncountable regular cardinals κ with κ<κ = κ.

Theorem (Harrington, 1977)

Assume ω1 = ωL
1 . For every subset A of ωω, there is a partial order

P with the following properties.

◮ P satisfies the countable chain condition.

◮ If G then is P-generic over V, then A is a Π
1
2-subset of ωω in

V[G].

It turns out that assumptions like “ω1 = ωL
1 ” are not needed in the

uncountable version. We state the main result.
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Main Result

Theorem
Let κ be a regular uncountable cardinal with κ = κ<κ. If A is a
subset of κκ, then there is a partial order P with the following
properties.

◮ P is < κ-closed, satisfies the κ+-chain condition and has
cardinality at most 2κ.

◮ If G is P-generic over V, then A is a ∆
1
1-subset of κκ in V[G].
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Absoluteness

The proof of this result shows that this coding has certain
absoluteness properties in V[G]: There are trees T0, T1 ∈ V[G] on
κ × κ of height κ and a non-trivial class Γ of < κ-closed forcings
that satisfy the κ+-chain condition such that ρ[T0]

V[G][G′] = A and
ρ[T1]

V[G][G′] = (κκ)V[G][G′] \ A holds whenever G′ is Q-generic
over V[G] with Q ∈ Γ.

The Cohen-Forcing Fn(κ, 2, κ) is contained in this class Γ and this
allows us to analyze certain regularity properties of A in V[G].

Moreover, this absoluteness allows us to prove the following result.

9 / 40



Introduction Kurepa Tree Coding Generic Fσ -Covers Projective Well-Orderings of κκ Some Questions

∆
1
2-well-orderings of κ

κ

Theorem
If κ is a regular uncountable cardinal with κ = κ<κ, then there is a
partial order P with the following properties.

◮ P is < κ-closed, satisfies the κ+-chain condition and has
cardinality at most 2κ.

◮ If G is P-generic over V, then there is a well-ordering of
(κκ)V[G] whose graph is a ∆

1
2-subset of κκ × κκ in V[G].
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∆
1
1-well-orderings of κ

κ

It is natural to ask whether the above result is optimal. If 2κ = κ+

holds, then it is possible to modify the proof of the last result to
force a ∆

1
1-well-ordering of κκ.

Theorem
If κ is a regular uncountable cardinal with κ = κ<κ and 2κ = κ+,
then there is a partial order P with the following properties.

◮ P is < κ-closed, satisfies the κ+-chain condition and has
cardinality at most 2κ.

◮ If G is P-generic over V, then there is a well-ordering of
(κκ)V[G] whose graph is a ∆

1
1-subset of κκ × κκ in V[G].
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In this talk, I would like to present . . .

◮ . . . a forcing that codes subsets of κκ into the cofinal branches
of a κ-tree and the strong absoluteness properties of this
forcing. This absoluteness will replace assumptions like
“ω1 = ωL

1 ”.

◮ . . . the idea behind the construction of the forcing that
produces a ∆

1
2-well-ordering of κκ. Using the above forcing, I

will outline the proof of a baby-version of the well-ordering
result that forces a ∆

1
3-well-ordering of κκ.
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Kurepa Tree Coding

Theorem
Let κ be a regular uncountable cardinal with κ<κ = κ. For every
subset A of κκ, there is a partial order P with the following
properties.

◮ P is < κ-closed, satisfies the κ+-chain condition and has
cardinality at most 2κ.

◮ If G is P-generic over V, then there is a tree T ∈ V[G] on
κ × κ of height κ such that

V[G] |=
[

1lQ  Ǎ = ρ[Ť ]
]

holds for all < κ-closed partial orders Q ∈ V[G].
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The forcing P(A)

Remember that a tree T on Xn of height κ is a κ-tree if the α-th
level Tα = {t ∈ T | lh(t) = α} has cardinality less than κ for all
α < κ. A κ-Kurepa tree is a κ-tree that has at least κ+-many
distinct cofinal branches. Given A ⊆ κκ, we will construct a forcing
P(A) that adds a binary κ-tree whose cofinal branches code the
individual elements of A. This forcing is a modification of the
standard forcing that adds a κ-Kurepa tree.

From now on, we fix a regular uncountable cardinal κ with
κ = κ<κ and an enumeration 〈sα | α < κ〉 of <κκ with lh(sα) ≤ α
for all α < κ and {α < κ | s = sα} unbounded in κ for all s ∈ <κκ.
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Given A ⊆ κκ, we define P(A) to be the partial order consisting of
conditions p = 〈Tp, fp, hp〉 with the following properties.

◮ Tp is a subtree of <κ2 that satisfies the following statements.

◮ Tp has cardinality less than κ.
◮ Each t ∈ Tp with dom(t) + 1 < |Tp| has two immediate

successors in Tp.
◮ Each t ∈ Tp is contained in a cofinal branch through Tp.

◮ fp : A
part

−−→ [Tp] is a partial function such that dom(fp) has
cardinality less than κ.

◮ hp : A
part

−−→ κ is a partial function with the following properties.

◮ dom(hp) = dom(fp).
◮ For all x ∈ dom(hp) and α, β < |Tp| with α = ≺hp(x), β≻, we

have
sβ ⊆ x ⇐⇒ fp(x)(α) = 1.
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We define p ≤P(A) q to hold if the following statements are
satisfied.

◮ Tp is an end-extension of Tq.

◮ For all x ∈ dom(fq), x ∈ dom(fp) and fq(x) is an initial
segment of fp(x).

◮ hq = hp ↾ dom(hq).

Lemma
P(A) is < κ-closed, satisfies the κ+-chain condition and has
cardinality at most 2κ.
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The next lemma will allow us to show that various subset of P(A) are
dense.

Lemma
Fix a condition p ∈ P(A) and sequences ~c and ~t as follows.

◮ ~c = 〈cx ∈ κ2 | x ∈ dom(fp)〉.

◮ ~t = 〈tλ ∈ λ2 | λ ∈ Lim, |Tp| ≤ λ < κ〉.

There is a ≤P(A)-descending sequence 〈pµ ∈ P(A) | |Tp| ≤ µ < κ〉 such
that p = p|Tp| and the following statements hold for all |Tp| ≤ µ < κ.

◮ dom(fpµ
) = dom(fp) and |Tpµ

| = µ.

◮ If x ∈ dom(fp) and µ 6= ≺hp(x), β≻ for all β < κ, then
fpµ+1

(x)(µ) = cx(µ).

◮ If µ ∈ Lim and tµ ∈ Tpµ+1
, then tµ ∈ ran(fpµ

).
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Proof.
We construct the sequences inductively. If µ ∈ Lim, then we define
Tpµ

=
⋃

{Tpµ̄
| |Tp| ≤ µ̄ < µ}. Given x ∈ dom(fp), we define

fpµ
(x) =

⋃

{fpµ̄
(x) | |Tp| ≤ µ̄ < µ}.

If µ = µ̄+1 with µ̄ /∈ Lim, then Tpµ̄
has a maximal level and there is only

one suitable tree Tpµ
of height µ end-extending it. For all x ∈ dom(fp),

we define fpµ
(x) to be the unique element s of µ2 with fpµ̄

(x) ⊆ s and

s(µ̄) =







1, if µ̄ = ≺hp(x), β≻ and sβ ⊆ x,
0, if µ̄ = ≺hp(x), β≻ and sβ * x,
cx(µ̄), otherwise.

Finally, if µ = µ̄ + 1 with µ̄ ∈ Lim, then we define B to be the set of all
branches through Tpµ̄

. By the definition of P(A), for each t ∈ Tpµ̄
there

is a bt ∈ B with t ⊆ bt and bt 6= tµ̄. We define

Tpµ
= Tpµ̄

∪ {fpµ̄
(x) | x ∈ dom(fp)} ∪ {bt | t ∈ Tpµ̄

}.

The partial function fpµ
is defined as in the first successor case.
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Now it is easy to check that the following subsets are dense in
P(A).

◮ Cµ = {p ∈ P(A) | |Tp| > µ} for all µ < κ.

◮ Dx = {p ∈ P(A) | x ∈ dom(fp)} for all x ∈ A.

◮ Ex,y = {p ∈ P(A) | x, y ∈ dom(fp), fp(x) 6= fp(y)} for all
x, y ∈ A.

◮ Fz = {p ∈ P(A) | |Tp| = µ + 1, z ↾ µ /∈ Tp} for all z ∈ κ2.

20 / 40



Introduction Kurepa Tree Coding Generic Fσ -Covers Projective Well-Orderings of κκ Some Questions

Corollary

Let G be P(A)-generic over V. The following statements hold in
V[G].

◮ TG =
⋃

p∈G Tp is a binary κ-tree with [TG] ∩ V = ∅.

◮ If we define FG(x) =
⋃

{fp(x) | p ∈ G, x ∈ dom(fp)} for all
x ∈ A, then FG : A −→ [TG] is an injection.

◮ Let HG =
⋃

p∈G hg. Then HG : A −→ κ and

sβ ⊆ x ⇐⇒ FG(x)(≺HG(x), β≻) = 1

for all x ∈ A and β < κ.
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Next, we show that the branches of TG correspond to elements of
A in an absolute way.

Lemma
Let G0 be P(A)-generic over V, Q ∈ V[G0] be a < κ-closed
forcing and G1 be Q-generic over V[G0]. Then

V[G0][G1] |= “ FG0
: A −→ [TG0

]V[G0][G1] is surjective”.
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Proof.
There is Q̇ ∈ VP(A) with 1lP(A)  “ Q̇ is a < κ̌-closed forcing” and

Q = Q̇G0 . Let Ṫ ∈ VP∗Q̇ be the canonical name for TG0
and Ḟ ∈ VP∗Q̇

be the canonical name for FG0
. Assume, toward a contradiction, that

there is an x ∈ [TG0
]V[G0][G1] \ ran(FG0

). Let τ ∈ VP∗Q̇ be a name for x.
By the above corollary, x /∈ V and there is a 〈p0, q̇0〉 ∈ G0 ∗ G1 with

〈p0, q̇0〉  [τ ∈ [Ṫ ] ∧ τ /∈ V̌ ∧ τ /∈ ran(Ḟ )].

Since P ∗ Q̇ is < κ-closed, we can apply the above assumptions to
construct a 〈p, q̇〉 ≤P∗Q̇ 〈p0, q̇0〉 and t ∈ [Tp] with |Tp| ∈ Lim, t /∈ ran(fp)

and 〈p, q̇〉  ť ⊆ τ . In particular, 〈p, q̇〉  ť ∈ Ṫ .
Using the Extension-Lemma, we can find a p∗ ≤P(A) p with

|Tp∗
| = |Tp| + 1 and t /∈ Tp∗

. But this means 〈p∗, q̇〉  ť /∈ Ṫ , a
contradiction.
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Corollary
Let G0 be P(A)-generic over V, Q ∈ V[G0] be a < κ-closed forcing and
G1 be Q-generic over V[G0]. The following statements are equivalent for
y ∈ (κκ)V[G0][G1].

◮ y ∈ A.

◮ There is z ∈ [TG0
]V[G0][G1] and γ < κ such that

sβ ⊆ y ⇐⇒ z(≺γ, β≻) = 1 (1)

holds for all β < κ

Proof.
We prove the non-trivial implication. Let z ∈ [TG0

]V[G0][G1] and γ < κ
witness that (1) holds for y ∈ (κκ)V[G0][G1]. By the above lemma, we
have z = FG0

(x) ∈ V[G0] for some x ∈ A. Pick p ∈ G0 with
x ∈ dom(fp).
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Proof (cont.).
Assume, toward a contradiction, that γ 6= hp(x) = HG0

(x). By the
Extension-Lemma, this implies that the set

Ds = {q ≤P(A) p | |Tq| = µ + 1, µ = ≺γ, β≻, fq(x)(µ) = 0, sβ = s}

is dense below p for all s ⊆ y. Hence z(≺γ, β≻) = FG0
(x)(≺γ, β≻) = 0

for some β < κ with sβ = s ⊆ y and this means s * y, a contradiction.
Therefore γ = HG0

(x) and we can conclude that

sβ ⊆ y ⇐⇒ z(≺γ, β≻) = 1

⇐⇒ FG0
(x)(≺HG0

(x), β≻) = 1 ⇐⇒ sβ ⊆ x

holds for all β < κ. This proves y = x ∈ A.
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Proof of the Σ
1
1-Coding Theorem.

Let G0 be P(A)-generic over V. In V[G0], we define T to be the tree on
κ× κ consisting of elements 〈s, t〉 ∈ <κκ× <κκ such there are γ < κ and
t0 ∈ TG with the following properties.

◮ lh(s) = lh(t) = lh(t0) and t(α) = ≺t0(α), γ≻ for all α ∈ dom(s).

◮ For all α ∈ dom(s) and β < κ with α = ≺γ, β≻, we have

sβ ⊆ s ⇐⇒ t0(α) = 1.

Fix x ∈ A and define z ∈ κκ by z(α) = ≺FG0
(x)(α),HG0

(x)≻ for all
α < κ. Given α < µ < κ with α = ≺HG0

(x), β≻, we have

sβ ⊆ x ↾ µ ⇐⇒ sβ ⊆ x ⇐⇒ (FG0
(x) ↾ µ)(α) = 1.

This shows that FG0
(x) ↾ µ and HG0

(x) witness that 〈x ↾ µ, z ↾ µ〉 ∈ T
for all µ < κ and therefore x ∈ ρ[T ].
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Proof (cont.).
Next, let Q ∈ V[G0] be a < κ-closed forcing and G1 be Q-generic over
V[G0]. For all 〈y, z〉 ∈ [T ]V[G0][G1], there is γ < κ and
z0 ∈ [TG0

]V[G0][G1] with z(α) = ≺z0(α), γ≻ for all α < κ. Let
α, β, µ < κ with α = ≺γ, β≻ and α < µ. We have

sβ ⊆ y ⇐⇒ sβ ⊆ y ↾ µ ⇐⇒ z0(α) = 1

and, by the above Corollary, this implies y ∈ A. This shows

A = ρ[T ]V[G0][G1].
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Generic Fσ-Covers

Given A ⊆ κκ, we define Q(A) to be the partial order consisting of
conditions p = 〈tp, ap〉 with tp ∈ <κ2 and ap ∈ [A]<κ.
The ordering p ≤Q(A) q is defined by the following clauses.

◮ tq ⊆ tp and aq ⊆ ap.

◮ (∀x ∈ aq)(∀α ∈ dom(tp) \ dom(tq)) [sα ⊆ x → tp(α) = 0].

It is easy to check that this is in fact a partial order. In addition, it is easy
to see that two conditions p and q are compatible if and only if tp and tq
are compatible as elements of <κ2 and 〈tp ∪ tq, ap ∪ aq〉 ≤Q(A) p, q.

Lemma
Q(A) is < κ-closed, satisfies the κ+-chain condition and has cardinality
at most 2κ.
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Theorem
Let G be Q(A)-generic over V. If we define tG =

⋃

{tp | p ∈ G},
then tG ∈ κ2 and

x ∈ A ⇐⇒ (∃β < κ)(∀β ≤ α < κ) [sα ⊆ x → tG(α) = 0]

for all x ∈ (κκ)V. Moreover,

G = {p ∈ Q(A) | tp ⊆ tG ∧ (∀α ∈ κ \ dom(tp))(∀x ∈ ap)

[sα ⊆ x → tG(α) = 0]}.
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∆1
2-well-orderings of κ

κ

In this section, we will construct a partial order that forces the existence
of a well-ordering of κκ whose graph is a ∆

1
3-subset of κκ × κκ.

We sketch the idea behind this construction.

◮ Use the above result to find partial order P that makes a
well-ordering <V of (κκ)V Σ

1
1-definable in any further forcing

extension by a < κ-closed partial order. Since P has cardinality at
most 2κ, we may assume P ⊆ κκ. Let G0 be P-generic over V.

◮ In V[G0], find a partial order Q = Q̇G0 = Q(ȦG0) that makes
G0 ⊆ (κκ)V definable. Let G1 be Q-generic over V[G0].

◮ In V[G0 ∗ G1], there is a definable function

η∗ : (κκ)V[G0∗G1] −→ (κκ)V

that sends each x ∈ (κκ)V[G0∗G1] to the <V-least x0 ∈ (κκ)V that
codes a (P ∗ Q̇)-nice name for x. This function induces a definable
well-ordering of (κκ)V[G0∗G1].
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Let <V be a well-ordering of κκ and P be the partial order that
codes the set

W = {x ∈ κκ | (x)0 <V (x)1, (x)α = idκ for all 1 < α < κ}

as a Σ
1
1-subset using the above result. Since P has cardinality at

most 2κ and satisfies the κ+-chain condition, there is a surjection

ξ : κκ −→ {A ⊆ P | A is an anti-chain in P}.
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There are canonical names Ȧ, Q̇ ∈ VP with

ȦG0 = {x ∈ (κκ)V | ξ(x) ∩ G0 6= ∅},

and Q̇G0 = Q(ȦG0) whenever G0 is P-generic over V.

Let G = G0 ∗ G1 be (P ∗ Q̇)-generic over V. From now on, we
work in V[G].

Claim.
(κκ)V and ȦG0 are Σ

1
1-subsets of κκ and <V is a Σ

1
1-subset of

κκ × κκ in V[G].
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Given x ∈ (κκ)V, we define

σx = {〈α̌, p〉 ∈ VP × P | α < κ, p ∈ ξ((x)α)} ∈ VP.

σx is clearly a P-nice name for a subset of κ and for every nice
name σ ∈ VP for a subset of κ there is an x ∈ (κκ)V with σ = σx.

We define EG0 to be the set of all pairs 〈x, y〉 with the following
properties.

◮ x ∈ (κκ)V[G] and y ∈ (κκ)V.

◮ For all α, β < κ, σG0
y = {≺β, α≻ | x(α) = β}.

Claim.
EG0 is a ∆

1
2-subset of κκ × κκ and (κκ)V[G0] = ∃xEG0 . In

particular, (κκ)V[G0] is a Σ
1
2-subset of κκ in V[G].
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Given x ∈ κκ, we define a condition px ∈ Q(κκ) by setting

spx = (x)1 ↾ ((x)0(0))

and
apx = {(x)α ∈ κκ | 1 < α ≤ (x)0(1)}.

Clearly, for every p ∈ Q(κκ), there is an x ∈ κκ with p = px.

Claim.
The set Ḡ1 = {x ∈ (κκ)V[G] | px ∈ G1} is a ∆

1
2-subset of κκ in

V[G].
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Next, we define N to be the set consisting of all x ∈ κκ such that

{p(x)≺α,β≻
∈ Q(κκ) | β < κ}

is an anti-chain in Q(κκ) for all α < κ.

Claim.
N is a ∆

1
1-subset of κκ.

Given x ∈ N , we define

τx = {〈α̌, p(x)≺α,β≻
〉 ∈ VQ(κκ) × Q(κκ) | α, β < κ}.

τx is a Q(κκ)-nice name for a subset of κ and for every Q(κκ)-nice
name τ for a subset of κ there is an x ∈ κκ with τ = τx.
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We define EG1 to be the set of all pairs 〈x, y〉 with the following
properties.

◮ x ∈ (κκ)V[G], y ∈ N ∩ V[G0] and τy ∈ V[G0]
Q̇G0 .

◮ For all α, β < κ, τG1
y = {≺β, α≻ | x(α) = β}.

Claim.
EG1 is a Σ

1
2-subset of κκ× κκ in V[G] and (κκ)V[G] = ∃xEG1 .
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Define a function η : κκ −→ P
(

(κκ)V
)

by setting

η(x) = {x0 ∈ (κκ)V | (∃x1 ∈ (κκ)V[G0]) [EG0(x1, x0) ∧ EG1(x, x1)]}.

The above claims show that η(x) 6= ∅ and η(x) ∩ η(y) = ∅ for all
x, y ∈ (κκ)V[G] with x 6= y. This shows that the induced function

η∗ : κκ −→ (κκ)V; x 7−→ min <V
(η(x))

is injective. Define a binary relation <∗ on κκ by setting

x <∗ y ⇐⇒ η∗(x) <V η∗(y)

for all x, y ∈ κκ.

Claim.
The relation <∗ is a well-ordering of κκ and the graph of <∗ is a
∆

1
3-subset of κκ in V[G].
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Some Questions

Definition

◮ A subset U ⊆ κκ is open if, for every x ∈ U , there is an
α < κ with {y ∈ κκ | x ↾ α ⊆ y} ⊆ U .

◮ A subset B ⊆ κκ is κ+-Borel if it is an element of the smallest
κ+-algebra on κκ containing all open subsets of κκ.

Remark
Every κ+-Borel subset is a ∆

1
1-subset. There are ∆

1
1-subsets that

are not κ+-Borel.
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Some Questions

Question
Given A ⊆ κκ, is there a < κ-closed partial order P that satisfies
the κ+-chain condition and forces A to be a κ+-Borel subset in
every P-generic extension of V?

Remark
To obtain a positive answer, it suffices to constructed a partial
order P with the above properties that forces (κκ)V to be a
κ+-Borel subset without a perfect subset in every P-generic
extension of V.
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Some Questions

Question
Does 2κ > κ+ imply that there is no well-ordering of κκ whose
graph is ∆

1
1-subset of κκ × κκ?

If the answer to this question is no, then it is natural to ask the
following question.

Question
Can we always find a < κ-closed partial order that satisfies the
κ+-chain condition and forces the existence of a well-ordering of
κκ whose graph is a ∆

1
1-subset of κκ × κκ?

Thank you for listening!
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