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Introduction E%—subsets of generalized Baire spaces

Assume that « is an uncountable regular cardinal.

The generalized Baire space of k is the set "k of all functions from x
to k equipped with the topology whose basic open sets are of the form

Ny = {z €| sCux}

for some s contained in the set <%k of all functions ¢ : @« — & with
a < K.

A subset of "k is a X}-set if it is equal to the projection of a closed
subset of "k x “k.

A subset X of "k is a Ai-set if both X and *x \ X are X}-sets.



Introduction E%—subsets of generalized Baire spaces

The following folklore result shows that the class of 31-sets contains
many interesting objects.

Proposition

As subset of " is a X1-set if and only if it is definable over the
structure (H(k™), €) by a ¥1-formula with parameters.

This observation can also be used to show that many basic questions
about the class of X{-subsets of "k are not settled by the axioms of
ZFC together with large cardinal axioms.

In the following, we discuss two important examples of such questions.
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Separating the club filter from the nonstationary ideal

Define
CLUB; = {z €"k | 3C Ck clubVa € C z(a) > 0}

and

NS, = {x €"k | 3C Ck clubVa € C z(a) = 0}.
Then the club filter CLUB,; on k and the non-stationary ideal NS, on k are
disjoint 31-subsets of k.

In the light of the Lusin Separation Theorem theorem it is natural to ask
the following question.

s there a Al-subset A of " that separates CLUB, from NS,, in the sense
that CLUB, C A C *k \ NS, holds?

For a large class of cardinals it is known that the above question is not
settled by the axioms of ZFC together with large cardinal axioms.
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With the help of results of Mekler-Shelah and Hyttinen-Rautila, the
following theorem produces positive answers to the above question.

Theorem (Friedman-Hyttinen-Kulikov)

Assume that the GCH holds and « is not the successor of a singular
cardinal. In a cofinality preserving forcing extension of the ground model,
there is a Al-subset of *r that separates CLUB, from NS,.

In contrast, it is possible to combine results of Halko-Shelah and
Friedman-Hyttinen-Kulikov (or L.-Schlicht) to show that a negative answer
to the above question is also consistent.

Theorem

If k = k< and G is Add(k, k™)-generic over V, then there is no
Al-subset A of ®r that separates CLUB(x) from NS(k) in V[G].
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Existence of 3{-definable well-orders

Given  C w, a classical theorem of Mansfield shows that there is a
well-ordering of the reals that is definable over (H(wy), €) by a 3;-formula
with parameter x if and only if all reals are contained in L[z].

In particular, the existence of large cardinals implies that no well-ordering
of the reals is definable in this way.

Since X{-definable well-orderings of “x exist in models of the form L[z]
with z C k, Mansfield's result motivates the following questions.

Question

What are the provable consequences of the existence of a X1-definable
well-ordering of "x7

Question

Does the existence of X1-definable well-orderings of *x imply the
non-existence of certain large cardinals above 7
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It turns out that the existence of 3{-definable well-orderings of *r is
independent from ZFC together with large cardinal axioms.

Theorem
If K = k=" and G is Add(k, k™ )-generic over V, then no well-ordering of
(vk)VIC] is definable over the structure (H(kT)VICl, €) by a formula with
parameters.

Theorem (Holy-L.)

Assume that k = k=" holds and 2% is regular. Then there is a partial order
P with the following properties.
m P is <k-closed and forcing with P preserves cofinalities less than or
equal to 2% and the value of 2".
m /f G is P-generic over the ground model V, then there is a
well-ordering of H(k)VIC] that is definable over the structure
H (kT €) by a ©y-formula with parameters.



Introduction Two ways to proceed

The results presented above show that there are many interesting questions
about 31-subsets that are not settled by the axioms of ZFC together with
large cardinal axioms. In particular, these axioms do not provide a nice
structure theory for the class of Xi-sets.

If we do not want to restrict ourselves to consistency proofs of individual
structural statements, then there are two obvious ways to proceed:

m Consider other canonical extensions of ZFC that provide a rich
structure theory for X1-sets (Example: Closed maximality principles).

m Consider smaller classes of sets that still contain many interesting
subsets and have the property that the axioms of ZFC together with
large cardinal axioms prove a nice structure theory for these classes.

We will discuss examples of the second approach.
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Definition

Let x be an uncountable regular cardinal and A be a subset of “x.

m We say that A is a Xi-set if A is definable over the structure
(H(k™), €) by a ¥1-formula with parameter «.

m We say that A is a Al-setif both A and #k \ A are ¥1-sets.

This class contains many interesting and important subsets of “x. For
example, it contains the club filter, the nonstationary ideal and the
isomorphism relations for structures of cardinality .

We present results that suggest that this class is suitable for the second
approch outlined above in the case where either k = wy or & itself is a large
cardinal.
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Theorem

Assume that there is a Woodin cardinal with a measurable cardinal above
it. Then there is no ¥:1-definable well-ordering of “'wj .

Using results of Woodin on the IIs-maximality of the Py,..-extension of
L(R), it is easy to derive the conclusion of this theorem from the existence
of infinitely many Woodin cardinals with a measurable cardinal above them.

Theorem

Assume that there is a Woodin cardinal with a measurable cardinal above
it. Then there is no Al-subset of “w; that separates CLUB,, from NS,,,.

Friedman and Wu used Woodin's P,,,,.-results to show that the existence
of infinitely many Woodin cardinals with a measurable cardinal above them
implies that the club filter CLUB,,, is not definable over (H(ws), €) by a
IT;-formula with parameter w;.
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We start by discussing the proof of the second theorem.

The statement of the theorem follows from the following result.

Theorem

Assume Ml# (X) exists for every X C wy. Then the following statements
hold for every ¥:1-subset A of “lwy.

m A\ NS, is contained in the closure of AN CLUB,, in “'w;.

m A\ CLUB,, is contained in the closure of ANNS,,, in“ w;.

We sketch how the second theorem can be derived from this theorem.
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Theorem

If M (X) exists for every X C w, then the following statements hold for every
Yl-subset A of “lw;.

m A\ NS, is contained in the closure of AN CLUB,,, in “‘w;.

m A\ CLUB,, is contained in the closure of ANNS,, in “‘w;.

Theorem

Assume that there is a Woodin cardinal with a measurable cardinal above it.
Then there is no Al-subset of “'w; that separates CLUB,,, from NS, .

Proof.

Assume that there is a Woodin cardinal with a measurable cardinal above it.
Then Mf(X) exists for every X C wy. Let A and B be X1-subsets of “1w; with
AN B =1, CLUB,, € A and NS, C B.

By the above theorem, we know that A \ CLUB,, is contained in the closure of
ANNS,, =0 and hence A = CLUB,,. Another application of the above
theorem shows that B \ NS,,, is contained in the closure of B N CLUB,, = ) and
hence B = NS, . This shows that AU B # “'w;. O
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To motivate the proof of the last theorem, we discuss the proof of an analogous
result for large cardinals.

Theorem

Let x be a regular uncountable cardinal with the property that the set
E = {0 <k | isa measurable cardinal}
is stationary in k. Then there is
x € "2\ (CLUB, U NS)

with the property that x is a limit point of AN CLUB,, for every ¥1-subset A of
"k withx € A.

Corollary
If K satisfies the above assumptions, then the set "k \ CLUB, is not a X1 -subset
of " k. O]

Note that Friedman and Wu showed that %« \ CLUB, is not a X1-subset of "«
whenever k is weakly compact.
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Proof of the Theorem.

Set S = k \ E, where E is the stationary set of measurable cardinals less than k.
Then our assumptions imply that E is a bistationary subset of k.

Let x € "2\ (CLUB, UNS,) denote the characteristic function of S.

Pick 8 < k and a Yo-formula p(vg,v1,v2) such that o(x,y, k) holds for some
y € H(k™).

Pick a strictly increasing continuous chain (M, | a < k) of elementary submodels
of H(k™) of cardinality less than r such that S U {x,y} C My and
Ka = kNM, €k forall o < k.

Then C = {kq | @ € kN Lim} is a club in k.

Let § denote the minimal element of k N Lim with ks € E. Since ks is a
measurable cardinal and therefore regular, we know that § = ks > f3.

Let w: Ms — M denote the transitive collapse of Ms. Then m(k) = 0,
m(x) = | & and Xg-absoluteness implies that p(x | 6,7 (y),d) holds in V.

Moreover, C N6 is a club in &, the minimality of 6 implies that CNé C SNd and
therefore z:(y) =1 for all v € C'Né.
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Proof (cont.).

In the above computations, we found < 6 < k measurable, D C ¢ club
and z € H(6") such that (x| 8, 2,8) holds in V and D witnesses that
x | ¢ is an element of CLUB;.

Pick a normal ultrafilter U on § and let
((No | @ € On), (jaa:Ng — Ny | @ <aecOn))

denote the corresponding iteration of V. by U. Set j = jo, : V — Ny.

Then j(0) = k and j(D) is a club in k that witnesses that j(z [ §) is an
element of CLUB,.

In this situation, Y.g-absoluteness and elementarity imply that

0(j(x [ 6),5(2), k) holds in V and j(z [ §) € Ngs. N

In order to derive the above conclusion, it suffices to assume that & is
regular and a stationary limit of wy-iterable cardinals.
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Next, we discuss the proof of the related result for kK = wy.

Theorem

If M 1# (X) exists for every X C wy, then the following statements hold for every
Y1-subset A of “1w;.

m A\ NS, is contained in the closure of AN CLUB,, in “‘w;.

m A\ CLUB,, is contained in the closure of ANNS,,, in “‘w;.

Proof of the Theorem.

Fix x € "k \ NS,, B < w1 and a Xy-formula ¢(vg, v1,v2) such that o(x,y,w)
holds for some y € H(wsz). Then the set

S = {a<w | z(a) >0}

is stationary. Fix A C wy such that w; = w?[A] and x,y € L[A].

Pick a countable elementary submodel N ofMl#(A) with z,y € M, § € M and
let w : N — M denote the corresponding transitive collapse.

Then p(nt(x), 7(y), w) holds.
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. ________________________________________________________________|
Let P = (C(S)Ml#(A) denote the canonical partial order in M (A) that shoots a
club through the stationary set S using countable conditions and let g be
m(IP)-generic over M.

Then there is a club C C wM with C € M|g] and w(z)(a) > 0 for all a € C.
Let 6 denote the unique Woodin cardinal of M. Since M|g] is countable and
transitive, § is a Woodin cardinal in M|g] and there is a measure on M|g] above
0, the model M|g] is iterable with respect to the countable stationary tower

@Igé[g] and its images. Let
(Mo | @ <wi1), (Jaa:Msg— a]a<a<w))

denote such a generic iteration of M[g] and set j = jo ., : M[g] — M,,.
Then wy = j (w{w[g]> and p((jom)(x),(jom)(y),wr) holds in V.

Moreover, we have (j o m)(x) € Ny, j(C) is a club in wy and (j o m)(z)(a) >0
for all a € j(C).

The above computations show that, whenever A is a E%—subset of “twy, then
A\ NS, is contained in the closure of AN CLUB,,. The second statement of
the theorem can be shown in the same way. O
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In the following, we sketch the proof of the well-order result.

Theorem

Assume that M (A) exists for every A C wy. Then there is no X}-definable
well-ordering of “1w.

Proof of the Theorem.
Given x € “w, let T denote the unique element of “*w, with T [ w = x and
Z(a) =0 for all w < a < wy.

Assume that there is a Yo-formula p(vo, ..., vs) such that
< = {(z,y) € “'wr X “'wy | Iz € H(ws) ¢(w,y,u,w1)}

is a well-ordering of “*w;.

Define 4 to be the set of all pairs (x,y) € “w x “w with the property that there
is a countable transitive model M of ZFC™ and 6 € M such that z,y € M, § is
a Woodin cardinal in M, ¢(%,7, z,wM) for some z € H(ws)M and M is

w1 -iterable with respect to the countable stationary tower (@% and its images.
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Proof (cont.).

Claim

The relation <« is a Xi-subset of “w x “w.

Claim

Given z,y € “w, then x 4y if and only if Z < 3.

Our assumptions imply that 31-determinacy holds and therefore every
X1-set of reals has the Baire property. This yields a contradiction, because
the above claims show that < is a X3-well-ordering of “w. O



Lightface E%-subsets of “lw; The large cardinal assumptions

These results naturally lead to the question whether the above large cardinal
assumptions are necessary.

The following theorem shows that the assumptions of the well-order result are
close to optimal by showing that the existence of a Y1-definable well-ordering of
“1, is compatible with the existence of a Woodin cardinal.

Theorem

Assume M exists. In My, the canonical well-ordering of “1w; is ¥.1-definable.

The proof of this result can also be combined with techniques developed by
Holy-L. to show that the existence of a Y{-definable well-ordering of “1w; is
compatible with a Woodin cardinal and a failure of the GCH at wjs.

A result of Friedman-Wu-Zdomskyy shows that the set “*w; \ CLUB,,, is
Y1-definable in a cardinal preserving forcing extension of L.

It is plausible that the same statement holds for M;. This would show that the
large cardinal assumption of our second theorem is also close to optimal.



Open questions

Open questions



Open questions

Question

Is it possible to derive non-trivial structural statements about X}-definable
equivalence relations on “w; from the axioms of ZFC together with large
cardinal axioms?

Question

Given a regular uncountable cardinal k, does the existence of a %.}-definable
well-order of #x imply that there are no supercompact cardinals above x?

Question

Is the existence of X{-definable well-orders of " consistent for
supercompact cardinals 7



Open questions

Thank you for listening]!
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