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Introduction

Productivity of chain conditions

The work presented in this talk is motivated by classical questions on the
productivity of chain conditions in partial orders.

Given an uncountable regular cardinal x, we let C; denote the statement
that the product of two partial orders satisfying the k-chain condition
again satisfies the k-chain condition

Ci. implies the non-existence of k-Souslin trees and MA implies Cy; .
In particular, the statement Cy, is independent from the axioms of ZFC.

A folklore argument shows that C,; holds if x is weakly compact.
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If k is a weakly compact cardinal, then C,, holds.

Proof.

Assume that Py and IP; are partial orders satisfying the x-chain condition
and ((p§,pY) | a < k) is a bijective enumeration of an antichain in Py x P;.

Given « < 3 < K, there is ¢(a, 8) < 2 such that pg(a 5) and pf(a 5) are
incompatible in P;.

Using the weak compactness of k, we can find a set H € [k]" that is
homogenous for the resulting coloring ¢ : [k]? — 2.

If ¢ } [H]? is constant with color i, then (p$ | ae H) is a bijective
enumeration of an antichain in IP;, a contradiction. ]
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Recall that, given an uncountable regular cardinal x, a partial order is
k-Knaster if every k-sized collection of conditions can be refined to a
k-sized set of pairwise compatible conditions.

A small modification of the above proof yields the following statement.

Proposition

If k is weakly compact and v < &, then v-support products of partial orders
satisfying the k-chain condition are k-Knaster.
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A series of results of Todor&evi¢, Shelah, Rinot and others shows that, for
regular cardinals k¥ > R, many consequences of weak compactness can be
derived from the assumption C.. For example:

K is weakly inaccessible.
K # cof(3441) for every a € On.

[
[
m Every stationary subset of & reflects.

m 0O(k) fails and & is weakly compact in L.

These results suggest an affirmative answer to the following question.

Question (Todor&evi¢)

Are the following statements equivalent for every regular cardinal k> &7
m x is weakly compact.
m C; holds.
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Motivated by this question, we want to consider properties of partial
orders that ...

m ...imply the k-chain condition,

m ...are preserved by forming products, and

m ...are equivalent to the x-chain condition if k is weakly compact.

It is now interesting to consider the question whether the k-chain
condition can be equivalent to such a property at non-weakly compact
cardinals, because both possible answers yield interesting statements:

m A positive answer to this question would answer Todoréevié's question
in the negative.

m A negative answer leads to new characterizations of weak
compactness using chain conditions.
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We will now present examples of properties of partial orders that satisfy
the above requirements.

Remember that, given a partial order P, we say that Q € P is a regular
suborder if the inclusion map preserves incompatibility and maximal
antichains in Q are maximal in P.

Proposition

Given a partial order P, a suborder Q of P is regular if and only if the
inclusion map preserves incompatibility and for every p € P, there is ¢ € Q
such that for all r <g q, the conditions p and r are compatible in P.

In the setting of the proposition, the condition ¢ is called a reduct of p
into Q.
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Definition
Given a cardinal k and a partial order P, we let Reg, (IP) denote the
collection of all regular suborders of P of cardinality less than «.

We consider properties of partial orders that imply that Reg, (P) is large
in a certain sense. The following definition uses Jech's definition of
stationarity in P,;(A) to express largeness.

Definition
Given an uncountable regular cardinal k, a partial order P is called
k-stationarily layered if Reg, (P) is stationary in P, (P).
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Lemma (Cox)

If k is an uncountable regular cardinal and P is a k-stationarily layered
partial order, then P is k-Knaster.

To prove this lemma, we need the following observation that follows
directly from a standard lifting argument.

Proposition

The following statements are equivalent for every uncountable regular
cardinal x and every partial order IP:

m P js x-stationarily layered.

m For every regular cardinal 6 > k with P € H(0), the collection of all
elementary substructures M of H(0) with |M| <k, kN M € k and
Pn M € Reg, (P) is stationary in P, (H(9)).
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Proof of the Lemma.

Let p = (pa | @ < k) be a sequence of conditions in P and let 6 > k be a
regular cardinal with P e H(0).

Then there is a stationary subset S of P, (H(#)) consisting of elementary
substructures M of H(6) with pe M, kn M € k and Pn M € Reg, (P).

Given M € S, there is a reduct 7(M) of pxrps into Pn M. This defines a
regressive function 7 : S — H(6) and we can find ge P and S’ c S
stationary in P, H(0) such that (M) =g € M for all M € S".

Pick M,N € S" with k n M < xn N. Then the conditions p.ys and ¢ are
compatible in P and, since p.nar,q € IV, there is ¢’ e Pn N extending
penm and g. Then the conditions p.~n and ¢’ are compatible in P and
hence the conditions p,~3s and p.~n are compatible in P.

This shows that the sequence (punr | M € S’) consists of pairwise
compatible conditions. ]
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In the spirit of the approach outlined above, we are interested in classes of
stationarily layered partial orders that are closed under products. We
present classes with the property that any two members are layered on a
common stationary set.

Definition
Let x be an uncountable regular cardinal, let A > k be a cardinal and let F
be a normal filter on P, ().

m A partial order P is F-layered, if it has cardinality at most A and
{aePy(N) | s[a] € Reg,.(P)} e F

holds for every surjection s: A — P.

m A partial order P is completely F-layered if every subset of P of
cardinality at most A\ is contained in a regular suborder of P of
cardinality at most A and every regular suborder of IP of size at most
A is F-layered.
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Let k be an uncountable regular cardinal, let A > k be a cardinal and let F
be a filter on P, ().

Lemma

If A = X*% holds, then every completely F-layered partial order is
k-stationarily layered and therefore k-Knaster.

Lemma

The class of completely F-layered partial order is closed under products.

Moreover, for many interesting filters F, the class of completely F-layered
partial orders is also closed under products with larger supports.
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Let k be a weakly compact cardinal. The weakly compact filter on k is the
filter generated by sets of the form

Ry aq = {a<k|VaEP®(ANVy,a)},

where @ is a H%—formula, AcV,, aeV,and Vi, = D(A,a).

This filter is normal and contains the collection of all inaccessible cardinals
less than x as an element.

We let F,,. denote the filter on P,;(x) induced by the weakly compact
filter. This filter is again normal.

Theorem

If k is weakly compact, then every partial order of cardinality at most k
that satisfies the k-chain condition is JF,.-layered.
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The above theorem directly implies the following result.

Theorem

Given a weakly compact cardinal k, the following statements are
equivalent for every partial order IP:

m P satisfies the k-chain condition.
m P js k-Knaster.

m P js x-stationarily layered.

m P is completely F,,.-layered.

Moreover, it can be shown that the class of completely F,.-layered partial
orders is closed under v-support products for every v < k.

These results show that complete F,,.-layeredness satisfies the demands
listed above and it is interesting to ask whether the existence of a normal
filter F on P,.(\) with the property that the x-chain condition is
equivalent to complete F-layeredness implies the weak compactness of «.
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It turns out that the weak compactness of x already follows from the
weaker assumption that the k-chain condition is equivalent to stationary
layeredness.

This leads to the following new characterization of weakly compact
cardinals.

Theorem

The following statements are equivalent for every uncountable regular
cardinal k:

® K Is weakly compact.

m Every partial order satisfying the k-chain condition is k-stationarily
layered.

This equivalence is established by showing that the second statement
implies that  is inaccessible and has the tree property.

In the following, we outline the proof of this implication.
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Given an uncountable regular cardinal x and a tree T of height x, we let
P(T) denote the partial order whose conditions are finite partial functions
s: T — w that are injective on chains in T and whose ordering is given by
reversed inclusion.

Lemma (Baumgartner)

If k is an uncountable regular cardinal and T is a k-Aronszajn tree, then
the partial order P(T) satisfies the k-chain condition.

Lemma

If k is an uncountable regular cardinal and T is a k-Aronszajn tree, then
the partial order P(T) is not k-stationarily layered.
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Assume toward a contradiction that P(T) is x-stationarily layered.

Then there is an elementary submodel M of H(x") such that |[M| < &,
kNM ek, PeM and P(T) n M € Reg, (P(T)).

Pick t e T(kn M) and set p = {(¢,0)}. Then p is a condition in P(T) and
there is a reduct ¢ of p into P(T) n M. Since the conditions p and ¢ are
compatible in P(T), we have ¢(s) # 0 for all s € dom(q) with s <t ¢.

Let 5 < k be minimal with dom(q) € T<g. Then f<xn M and
elementarity implies that T(3) € M, because T is a k-Aronszajn tree.

Let u denote the unique element of T(3) with u < ¢. Set r = qu {(u,0)}.

By the above remarks, r is a condition in P(T) n M below g. This implies
that the conditions p and r are compatible in P(T), a contradiction. []



Layering at weakly compact cardinals

The second part of the above implication is a consequence of the following
characterization of inaccessible cardinals using stationary layeredness.

Definition

Given an uncountable cardinal k, a partial order P is <k-linked if there is
A< k and a function ¢: P — X that is injective on antichains in IP.

Lemma

The following statements are equivalent for every uncountable regular
cardinal k:

m x Is strongly inaccessible.

m Every <k-linked partial order is r-stationarily layered.
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Since <k-linked partial orders are k-Knaster, the above characterization of
inaccessible cardinals naturally leads to the question if there is a large
cardinal property that corresponds to the statement that every x-Knaster
partial order is k-stationarily layered.

The following results show that the question whether this equality
characterizes weak compactness is independent from the axioms of ZFC.

Theorem

Let k be an uncountable regular cardinal with the property that every
k-Knaster partial order is k-stationarily layered. Then k is a Mahlo
cardinal and every stationary subset of k reflects.

The proof of this result uses Todorevi¢'s technique of walks on ordinals
and a result of Todorlevi¢ that characterizes Mahlo cardinals by the
non-existence of special Aronszajn trees.



Stationarily layered partial orders and the Knaster property

In contrast, it it also consistent that there is an inaccessible cardinal
such that every k-Knaster partial order is k-stationarily layered and & is
not weakly compact. The proof of the following theorem shows that such
cardinals exist in a model constructed by Kunen.

Theorem

If k is a weakly compact cardinal, then there is a partial order P such that
the following statements hold in V[G] whenever G is P-generic over V.

B x Is inaccessible and not weakly compact.

m Every k-Knaster partial order is k-stationarily layered.

In Kunen's model, there is an inaccessible cardinal x and a normal
k-Souslin tree T such that forcing with T makes x weakly compact. Define

F = {FePy(k) | I7i- “F e Fue"

Then F is a normal filter on P, (k) and every x-Knaster partial order is
completely F-layered. In particular, every k-Knaster partial order is
k-stationarily layered.
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Question

Assume that & is an inaccessible cardinal with the property that every
k-Knaster partial order is k-stationarily layered. Is x weakly compact in L?

Question

Are there other natural instances of pairs (®,I") with
m &(k) is a large cardinal property weaker than weak compactness of «.
m ['(k) is a class of partial orders satisfying the x-chain condition.

so that ZFC proves that for every inaccessible cardinal k, the statement
® (k) is equivalent to the statement that every partial order in I'(k) is
k-stationarily layered.

In particular, is there a class of partial orders satisfying the k-chain
condition that corresponds to Mahlo cardinals in this way?
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Thank you for listening!
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