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Introduction

The work presented in this talk is motivated by questions of the
following form.

Let G be an abstract group and k be an infinite cardinal. Is there a
field K of cardinality v such that G is isomorphic to the group
Aut(K) of all automorphisms of K7

We start by presenting some known results related to this kind of
problem.



Introduction Related results

Given an infinite cardinal x, we say that a group G is the automorphism
group of a k-structure if there is a first-order language £ and an
L-structure M such that the cardinality of the signature of £ and the
cardinality of the domain of M are at most « and the group Aut(M) is
isomorphic to G.

Lemma

Let k be an infinite cardinal and G be a group. If G is the automorphism
group of a k-structure, then there is a connected graph T' of cardinality x
such that G is isomorphic to Aut(I).

Theorem (Fried & Kollar, 1982)

Let T" be an infinite graph of cardinality k. Then there is a field K of
cardinality r such that the groups Aut(K) and Aut(T") are isomorphic.



Introduction Related results

A simple argument shows every infinite group is isomorphic to the
automorphism group of a field of the same cardinality.

Proposition

If G is an infinite group of cardinality k, then G is the automorphism group
of a Kk-structure.

Proof.

Define L to be the language with a binary relation symbol Rg for every g € G
and let M denote the Lg-structure with domain G and

Ry'S = {(h,h-g) | h€G}
for every g € G. Fix 7 € Aut(M) and define g, = 7(llg). Given h € H, we
have (g, m(h)) € R{LVIG and 7(h) = g, - h. Moreover, if g € G, then there is a
g € Aut(Mg) with m,(h) = g - h for all h € G. This shows that the function
O Aut(Mg) — G; m+— gr

is an isomorphism of groups. []



Introduction Related results

If G is the automorphism group of a k-structure, then G is ismorphic to a
subgroup of the group Sym(k) of all permutations of x and therefore has
cardinality at most 2”. In particular, a simple cardinality argument shows
that there is a group of cardinality 2% that is not an automorphism group
of a k-structure.

The following theorem shows that we can also find such groups of
cardinality ™.

Theorem (De Bruijn, 1957)

If  is an infinite cardinal, then the group Fin(x™) consisting of all finite
permutations of k't cannot be embedded into the group Sym(k).

Next, we discuss results that show that there always is a subgroup of
Sym(k) that is not an automorphism group of a k-structure.



Introduction Related results

Let U/ be an ultrafilter on an infinite set A. The stabilizer of U is the group
Sy = {meSym(A) |[VX CA[X elU +— 7[X] e U]}.

Lemma

Let Uy and Uy be non-principal ultrafilters on an infinite cardinal k. Then
the groups Sy, and Sy, are isomorphic if and only if there is a o € Sym(k)
with

Sy, = {comoo | me Sy}

Corollary

If K is an infinite cardinal, then there is a collection of 22" -many pairwise
non-isomorphic subgroups of Sym(k).

Corollary

If k is an infinite cardinal, then there is a subgroup of Sym(k) that is not
an automorphism group of a k-structure.



Introduction Related results

The following result shows that, for certain cardinals x, we can force a
subgroup of Sym(x) to be the automorphism group of a k-structure in a
generic extension of the ground model.

Theorem (Just, Shelah & Thomas, 1999)

Let k be an uncountable cardinal with k = k=". If G is a subgroup of
Sym(k), then there is a partial order P with the following properties.

m Forcing with P preserves all cofinalities and the value of 2.

m /f F is P-generic over V, then G is the automorphism group of a
k-structure in V[F).



Introduction Free groups

Remember that, given a set A, the free group with basis A is the group
F(A) consisting of the set of all reduced words in the alphabet

{x! |a€ A, i==1}
equipped with the operation that sends two words to the unique reduced

word that is equivalent to their concatenation.

Given a cardinal x, we say say that a group G is a free group of rank k if G
is isomorphic to F(k).

In the remainder of this talk, we focus on free groups and the following
question.

Question

Given an infinite cardinal &, is there a free group of rank greater than x
that is the automorphism group of a k-structure?



Introduction Free groups

Shelah showed that the above question has a negative answer for k = X.
This answered a question of David Evans.

Theorem (Shelah, 2003)

A free group of uncountable rank is not the automorphism group of an
No-structure.

The method developed in the proof of this result can also be used to
answers the question in the negative for singular strong limit cardinals of
countable cofinality.

Theorem (Shelah, 2003)

Let (K, | n < w) be a sequence of infinite cardinals with 2"~ < 2"n+1 for all
n <w. Definex =3 _ knand =73 _ 2" . Then every free group
of rank greater than y is not the automorphism group of a k-structure.



Introduction Free groups

In contrast, it is possible to use the above forcing constriction to show that
consistently the question has a positive answer for regular uncountable
cardinals.

Lemma

If Kk is an infinite cardinal, then F(2") is isomorphic to a subgroup of
Sym(k).

Theorem (Just, Shelah & Thomas, 1999)

If k is an uncountable cardinal with kK = k<%, then there is a partial order
IP such that forcing with P preserves of cofinalities and the value of 2% and
the free group of rank 2° is the automorphism group of a k-structure in
every P-generic extension of the ground model.



Introduction Free groups

We will show that the axioms of set theory already imply a positive answer
to the above question for a larger class of cardinals of uncountable
cofinality by proving the following theorem.

Theorem (L. & Shelah, 2014)

Let k be a cardinal with k= k0. Then the free group of rank 2" is the
automorphism group of a k-structure.

Corollary

‘

The free group of rank 22°° is the automorphism group of a 280-structure.

The techniques developed in the proof of this result allow us to show that
analogues of this statement hold for free objects in various varieties of
groups. For example, the free abelian group of rank 2% is the automorphism
group of a k-structure whenever & is a cardinal with k = £~

This contrasts a result of Solecki who showed that a free abelian group of
uncountable rank is not the automorphism group of an Rg-structure.



Introduction Free groups

A combination of the above results allows us to simultaneously answer our
question for all infinite cardinals under certain cardinal arithmetic
assumptions.

Corollary

Assume that the Continuum Hypothesis and the Singular Cardinal
Hypothesis hold. Then the following statements are equivalent for every
infinite cardinal k.

m There is a free group of rank greater than k that is the automorphism
group of a k-structure.

m Either cof(k) > w or there is a cardinal v < k with 2V > k.



The methods developed in the proof of the above theorem also allow us to
show that the cardinal arithmetic assumption x = k™0 is consistently not
necessary for the existence of a free group of rank 2° that is the
automorphism group of a k-structure.

This is a consequence of the following result.

Theorem (L. & Shelah, 2014)

Let k be a cardinal of uncountable cofinality and v > k be a cardinal.

If there is a tree of cardinality and height x with v-many cofinal branches,
then there is a free group of rank v that is the automorphism group of a
K-Structure.

Corollary

Let k be a cardinal with cof(k) > w and kK = 2<" and let G be

Add(w, v)-generic over the ground model V for some cardinal v.

In V[G], there is a free group of rank greater than or equal to (2%)V that is
the automorphism group of a k-structure.



The above theorem also shows that the existence of a cardinal x of
uncountable cofinality with the property that no free group of rank greater
than k is the automorphism group of a k-structure implies the existence of
large cardinals in inner models.

Corollary

Let k be a regular uncountable cardinal such that there is no free group of
rank greater than k that is the automorphism group of a k-structure.
Then k™ is an inaccessible cardinal in L[z] for every x C k.

Proof.

Assume that k™ is not an inaccessible cardinal in L[z] for some = C &.
Then there is a subset y C x with kT = (k7)L¥). Define T to be the tree
((<F2)L¥] C). Then |T| = & and |[T]| > (25)“¥ = k7. In this situation,
the above theorem yields a contradiction. Ol

Note that Mitchell used an inaccessible cardinal to construct a model of
ZFC in which every tree of cardinality 8y and height w; has at most
Ni-many cofinal branches.



Introduction Free groups

In the case of singular cardinals of uncountable cofinality, it is possible to
use results from core model theory to obtain inner models containing much
larger large cardinals from the above assumption.

Corollary

Let k be a singular cardinal of uncountable cofinality such that there is no
free group of rank greater than k that is the automorphism group of a
k-structure. Then there is an inner model with a Woodin cardinal.

Proof.

Assume, towards a contradiction, that there is no inner model with a
Woodin cardinal. Then we can construct the core model K below one
Woodin cardinal. It satisfies the Generalized Continuum Hypothesis and
has the covering property. In particular, we have x* = (k)X = (2%)K and
(2<7)K = k. This allows us to repeat the above argument and derive a
contradiction. O



Realizing inverse limits as
automorphism groups



Realizing inverse limits as automorphism groups Inverse systems of sets

A directed set is a partial order D = (D, <p) with the property that D # ()
and for all p,q € D there is an r € D with p <p r and ¢ <p r.

Given a directed set D = (D, <p), we call a pair

I={Ap[pe D) (foglpaeD p<paq)

an inverse system of sets over D if the following statements hold for all
p,q,r € D with p <p q <pr.

m A, is a non-empty set and f,,: A, — A, is a function.
B fpp =1da, and fp 40 for = for
Given such an inverse system I, we call the set

Ar = {(ap)pep | fpqlaq) = ay, for all p,q € D with p <p q}

the inverse limit of L.



Realizing inverse limits as automorphism groups Inverse systems of sets

SEE

Let  be an infinite cardinal and let [x]"0 denote the set of all countable
subsets of k. Then ([k]¥°, C) is a directed set.

Given u,v € [K]N° with u C v, define
Jup:2—%2; s— s [ u.

Let
I(r) = {(“2] u€ [£]°), (fup | w,0 €[], uC0v))

denote the resulting inverse system of sets over ([x]¥0, C).

Then it is easy to see that
b: %2 — Ayys T (& [ W)yepuro

is a well-defined bijection between the sets *2 and Ay,).



Realizing inverse limits as automorphism groups Inverse systems of sets

Example
Let T = (T, <t) be a tree of height .

Given v < 8 < «, we let T(/3) denote the -th level of T and we define
fv,8: T(8) — T(7) to be the map that sends ¢ € T(3) to the unique
element s of T(v) with s < ¢.

Let

I(T) = {(T(B) | B<a),{fyplr<B<a))
denote the resulting inverse system of sets over the directed set (o, <).

It is easy to see that the induced map
b: A]I(’]F) — [T}; (tﬂ)ﬂ<a — {ta | B < a}

is a bijection between the inverse limit Aycr) and the set [T] consisting of
all cofinal branches through T.



Realizing inverse limits as automorphism groups Inverse systems of groups

We now consider inverse systems in the category of groups.
Given a directed set D = (D, <p), a pair

I = {((GplpeD)(hpq|p,g€D, p<pq))

an inverse system of groups over D if the following statements hold for all
p:q;m € D withp <p g <pr

m G is a group and hy, 4 : G, — G, is a homomorphism of groups.

m hyp =idg, and hy g0 hgr = hy,
Given such an inverse system I, we call the group

G1 = {(9p)peD | hpq(gq) = gp for all p,q € D with p <p q}

the inverse limit of 1.



Realizing inverse limits as automorphism groups Inverse systems of groups

Example

Let
]I = <<AP |p€D>’<fP,q |p’q€Da PS]D) Q>>

be an inverse system of sets over some directed set D = (D, <p).

Given p,q € D with p <p ¢, then we let h,, : F(4,) — F(A,) denote
the unique homomorphism of groups with

hP’Q(Xa) - Xfp,q(a)
for all a € A;. Then

]IF = <<F(Ap) |p€ D>7<hp,q ‘p,QED, pS]D) Q>>

is an inverse system of groups over D and there is a canonical
homomorphism wuj : F(Ap) — Gy, defined by

ug (X(ap)pen) = (X“P)pGD'



Realizing inverse limits as automorphism groups Inverse systems of groups

Our strategy to prove the above theorems is to show that the following
statements hold for certain inverse system of sets I

m The group Gr,. is the automorphism group of a k-structure.

m The canonical map uj : F(A1) — Gi,. is an isomorphism.

The following result allows us to handle the first part.

Let k be an infinite cardinal and
I = <<Gq | q € D>7<hq,r | q,T S D7 q S]D) T>>

be an inverse system of groups over a directed set D = (D, <p) such that
|D| < k and |G,| < k for all p € D. Then Gy is the automorphism group
of a k-structure.



Realizing inverse limits as automorphism groups Inverse systems of groups

Define £; to be the language consisting of a binary relation symbol H,, , for all
p <p ¢ and a binary relation symbol R, , for all p € D and g € G,.
Let M = (Mj;...) denote the Ly structure with

m My = {(9,p) |[p€ D, g€G,}.

n 1) = {((9,) (hp,a(9),p)) | g € Gy} for all p <p g.

m RM = {((h,p),(h-g.p)) | h€ Gy} forallpe D and h € G,.
Fix 7 € Aut(My).

m Given p € D, there is a g7 € G}, with 7(llg,,p) = (g7,Dp)-

m Given p € D and h € G, we have 7(h,p) = (g} - h,p).

m The sequence (g;)yep is an element of Gy and there is an embedding

@ : Aut(My) — Gr; ™+ (g, )peD-

If §= (9p)pep € G, then there is a 75 € Aut(My) with 75(h, p) = (g, - h,p) for
all p € D and h € G,. This shows that @ is an isomorphism. Ol



Realizing inverse limits as automorphism groups Inverse systems of groups

Proposition

If 1 is an inverse system of sets over a directed set D = (D, <p), then the
induced homomorphism uy : F(Ay) — Gi,, is injective.

Proof.

Pick a non-trivial word w in F(Ay). Then there are dy, ..., d, € Ay and
0y -+, 0n € Z\ {0} with
w = Xi_(.) c .. -xz;"

ao an,

and @y # dgy1 for all & < n. Since D is directed, there is a p € D with
ar(p) # di+1(p) for all kK < n and we can conclude that

Xg, w 7 lop

This shows that ur(w) # lg;_. O



Realizing inverse limits as automorphism groups Inverse systems of groups

We discuss properties of inverse systems of sets that imply that the induced
homomorphism wuj : F(Ay) — Gy, is an isomorphism.

We say that a directed set D = (D, <p) is o-directed if for every
A € [D], there is a ¢ € D with p <p ¢ for all p € A.

Proposition

Let D be a directed set and n : D — w be a function with n(p) < n(q)
for all p,q € D with p <p q. If D is o-directed, then there is a p € D with
n(p) =n(q) for all ¢ € D with p <p q.

Theorem

Let I be an inverse system of sets over a directed set D = (D, <p). If D is
o-directed, then the induced homomorphism uy : F(Ay) — Gi,, is an
isomorphism.



Realizing inverse limits as automorphism groups Inverse systems of groups

Proof of the Theorem

Pick (wp)pep € Gy and let n: D — w denote the map that sends p € D
to the cardinality of the unique minimal finite subset X, of A, such that
wy € F(X,). Given p <p ¢, we have X, C f,, ,[X,] and n(p) < n(q).

By the above proposition, there is a p, € D with n(p.) = n(q) for all
g€ D with p, <pgq. fp, <pg<pr, then f,, [ X, : X, — X isa
bijection and A, | F(X,) : F(X,) — F(X,) is an isomorphism.

Then there are homomorphisms (¢, : F(X,,) — G, | p € D) such that
Vg = hgy o (hp.r TF(XT))_l

whenever p,,q <p r. This construction yields
ur((vq(wp,))gep) = (wp)peD-

Together with the above proposition, this shows that uy is an
isomorphism. O



Realizing inverse limits as automorphism groups Inverse systems of groups

We are now ready to prove our main results.

Theorem

Let k be a cardinal with k = k0. Then the free group of rank 2" is the
automorphism group of a k-structure.

Proof
Let

I(k) = ((*2 | u € [K]), (fup | w,v € [£]°, u Cv))

denote the induced inverse system of sets over the o-directed set ([x]"°, C)
and let Gy, denote the inverse limit of the corresponding inverse system
I(k)p of free groups.

By the above results, Gy,
and the canonical map

. is the automorphism group of a k-structure

ugey * F (Arg)) — Giuye

is an isomorphism. Since [Ay,)| = 2%, this yields the statement of the
theorem. ]



Realizing inverse limits as automorphism groups Inverse systems of groups

Theorem
Let k be a cardinal of uncountable cofinality, v > K be a cardinal and T be

a tree of cardinality and height  with v-many cofinal branches. Then there
is a free group of rank v that is the automorphism group of a k-structure.

Proof.

Let
I(T) = ((T(a) | @ <K),({fpa | B<a<k))

denote the resulting inverse system of sets over the o-directed set (k, <)
and let Gy(t),, denote the inverse limit of the corresponding inverse system
[(T)r of free groups. By the above results, Giyr),, is the automorphism
group of a k-structure and the canonical map

F

uyr) : F (Ayr)) — Gy

is an isomorphism. Since |Aymy| = |[T]| = v, this yields the statement of
the theorem. ]



Realizing inverse limits as automorphism groups Inverse systems of groups

The above proofs actually yield more general results.

Definition
A functor F': SET — GRP induces a free construction if the following
statements hold for every set A.
m If g € F(A), then there is a unique finite subset A(g) of A such that
g € ran(F(iy(g),.4)) and A(g) C A for every finite subset A of A with
g e ran(F(iA’A)).
m The homomorphism F'(ig 4) : F(0) — F(A) is injective.

The functor that sends a set A to the corresponding free group F(A)
satisfies the above assumptions.

Moreover, the construction of free objects in all non-trivial varieties of
groups can be realized by a functor with these properties.

For example, the above statements are satisfied by the functor that sends a
set A to the free abelian group with basis A and the functor that sends a
set A to the A-fold free product of some fixed group G.



Realizing inverse limits as automorphism groups Inverse systems of groups

Theorem
Let F' : SET — GRP be a functor that induces a free construction. If k is
a cardinal with k = k™ and |F(k)| < K, then the group F(2%) is the
automorphism group of a k-structure.

Theorem

Let F : SET — GRP be a functor that induces a free construction. If k is
a cardinal with |F (k)| < k, v > k is a cardinal and T is a tree of height
and cardinality k with v-many cofinal branches, then the group F(v) is the
automorphism group of a k-structure.



Realizing inverse limits as automorphism groups Inverse systems of groups

We close this talk with questions raised by the above results.

Question

Is it consistent with the axioms of ZFC that there is a cardinal « of
uncountable cofinality with the property that the free group of rank 2% is
not the automorphism group of a k-structure?

Question

Is it consistent with the axioms of ZFC that there is a cardinal x of
uncountable cofinality with the property that every free group of rank
greater than « is not the automorphism group of a x-structure?

Question

Is it consistent with the axioms of ZFC that there is a singular cardinal
of uncountable cofinality with the property that there is no tree of
cardinality and height x with more than x-many branches of order-type x?
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Thank you for listening!
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