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Introduction

The present thesis is a collection of the author’s work on automorphism
towers and definability in generalized Baire spaces during the last three
years. We give a brief introduction to the contents of this work. Detailed
introductions to the individual topics can be found at the beginning of the
corresponding chapters.

Automorphism towers. It is a common practice in modern mathe-
matics to study mathematical structures via their groups of automorphisms.
The idea behind this approach is summarized by the following motto: struc-
ture is whatever is preserved by automorphisms.! As a consequence of this
approach, automorphism groups are interesting objects on their own, as are
their groups of automorphisms.

If we take an mathematical structure and form its automorphism group,
then this group can have a higher cardinality than the original object and
its algebraic structure can be complicated. Moreover, if the original struc-
ture is infinite, then its automorphism group can also be complicated in a
set-theoretic sense. For example, there are infinite objects with the prop-
erty that basic algebraic properties of their automorphism groups are inde-
pendent from the standard axioms of set theory (see, for example, [SS88],
[Far1l] and [LT11]). In particular, it is necessary to use both algebraic and
set-theoretic methods to understand the algebraic structure of these groups.

The construction of automorphism towers of centreless groups illustrates
this phenomenon by iterating the process of forming automorphism groups
transfinitely often. Given a centreless group G, the automorphism group
Aut(G) of G is again centreless and we may view G as a normal subgroup
of Aut(G) by identifying elements of G with the corresponding inner auto-
morphisms. We construct the automorphism tower (G, | @ € On) of G by
setting Go = G, Gay1 = Aut(Gy) and Gy = [J,.) Ga (at successor levels,
we identify G, with the group of inner automorphisms of G, to obtain an
ascending sequence). As suggested by the above remarks, the resulting se-
quence of groups (G4, | @ € On) can be a very complex object and there are
many open questions about them. The first part of this thesis focuses on
the analysis of these towers.

LThis motto was formulated by Wilfried Hodges in [Hod93, p. 131]
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viii INTRODUCTION

In [Tho85], Simon Thomas proved his celebrated automorphism tower
theorem stating that the automorphism tower of every centreless group ter-
minates in the sense that there is an ordinal o with G, = G for all 8 > a.
Therefore it makes sense to talk about the height of automorphism towers
and we can state the automorphism tower problem: construct a model of set
theory such that for some infinite cardinal k in this model, it is possible to
compute the least upper bound of the heights of the automorphism towers of
all centreless groups of cardinality . This problem is still open.

The first two chapters of this thesis deal with the related question of
finding upper bounds for the heights of automorphism towers of infinite
centreless groups of cardinality x that are uniformly definable from the pa-
rameter k. After giving an overview on known upper bounds, we will present
a new bound that relies on admissible set theory (i.e. abstract recursion the-
ory) and improves the existing estimates. The second chapter is devoted to
the proof of this result. This proof is based on the combination of admissible
set theory with techniques developed by Itay Kaplan and Saharon Shelah in
[KS09] that allow the representation of automorphism towers as inductive
definitions.

The third chapter focuses on the non-absoluteness of the computation
of the height of automorphism towers. A result of Joel David Hamkins and
Simon Thomas in [HTO00] suggests that there is no nontrivial correlation
between the heights of the automorphism towers of a group computed in
different models of set theory that is provable for all centreless groups. This
result shows that it is consistent that for every cardinal £ and ordinal o < k
there is a group whose automorphism tower has height « and this height
can be changed to every non-zero ordinal below k by passing to a forcing
extension of the ground model.

In joint work with Gunter Fuchs, this result was extended in two ways.
First, it is shown that it is consistent to have a centreless group whose
automorphism tower height can be changed again and again by passing to
larger and larger forcing extensions of the ground model. Second, it is also
possible to drastically change the height of automorphism towers by passing
to smaller and smaller inner models. These results are published in [FLb]
and presented in the first five sections of Chapter 3.

The last section of Chapter 3 presents an example of a group whose
automorphism tower is highly non-absolute in another sense. We show that
it is consistent to have a centreless group with the property that for every
ordinal « there is a cofinality preserving partial order that forces the auto-
morphism tower of this group to be higher than «. The presented proof is
a simplification of the original proof published in [Liica].

In Chapter 4, it is shown that, in contrast to the results mentioned
above, it is possible to prove nontrivial absoluteness results for the second
stages of automorphism towers of countable groups. In particular, if G is
a countable centreless group and G; # G holds in a transitive model of
set theory that contains G' and a bijection witnessing the countability of G,
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then this inequality will hold in any bigger transitive model of set theory.
The proof of this result uses the theory of Polish groups and the existence
of unique Polish group topologies on the automorphism groups of countable
centreless groups. This result was published in [Liicc].

Chapter 5 is devoted to the notion of special pair introduced by Itay
Kaplan and Saharon Shelah in [KS09]. This notion allows us to view the
groups appearing in the automorphism tower of an infinite centreless group
of cardinality x as subsets of the power set of x and talk about their com-
plexity in this way. It plays a central role in the proofs of Chapter 2.

We will strengthen the notion of special pairs and show that the results
of [KS09], which establish a connection between automorphism towers and
special pairs, also hold for strongly special pairs. Then we will use certain ac-
tions of groups on Hausdorff spaces to produce various examples of strongly
special pairs not induced by automorphism towers. Finally, we will show
that the notions of special pairs and strongly special pairs do not coincide.
The results of this chapter are contained in [Liicc].

Definability in generalized Baire spaces. Let « be an infinite car-
dinal. The generalized Baire space for k consists of the set “x of all functions

f : kK — K equipped with the topology whose basic open sets are of the form

Us={f€"k|sC f} for some partial function s : P of cardinality

less than k. Objects in various areas of mathematics can be represented
as subsets of these spaces. We want to study the definable subsets of such
spaces and their structural properties in the case where x is an uncount-
able regular cardinal with the property that there are only x-many bounded
subsets of k.

Motivated by the work of the Helsinki school on infinitary model theory
and logic, a systematic study of these spaces was initiated by Alan Mekler
and Jouko Vadnénen (see [VA491] and [MV93]) and was extended by many
others. In addition, a number of publications revealed deep connections to
infinite combinatorics, infinitary logic and model theory (see, for example,
[NS78], [HV90], [TV99], [SV02] and [FHK]).

In the second part of the thesis, we will focus on the question whether it
is possible to produce simple definitions of arbitrary subsets of “x by forcing
with set-sized partial orders that preserve cardinalities, cofinalities and the
value of 2. In this analysis, we are particularly interested in producing long
well-orderings of subsets of “x with simple definitions.

In Chapter 6, we make precise the meaning of “simple definition” by
generalizing the notion of projective subset to the uncountable context. Then
we prove that the ground model V might not contain certain long well-
orderings of subsets of "k with simple definitions; so in such cases it is
indeed necessary to pass to a forcing extension in order to construct such
well-orderings. We generalize basic structural properties of subsets of the
classical Baire space “w to our uncountable context and show that long well-
orderings cannot satisfy all of these properties. Finally, we prove that it is
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consistent with the axioms of set theory plus large cardinal axioms that all
simply definable subsets possess these properties.

In Chapter 7, we will present the main result of [Liicb] that provides a
positive answer to the above question. This coding result states that every
subset of ®k has a simple definition in a forcing extension of the ground
model by a <k-closed partial order that satisfies the x*-chain condition and
has cardinality 2*. In particular, the existence of a simply definable well-
ordering of a subset of ®x of order type greater than 2% is consistent with
the axioms of ZFC plus large cardinal axioms. We will also use the coding
to force the existence of well-orderings of “x with simple definitions. The
work presented in these two chapters is published in [Liicb].

The last chapter considers variations of the above question that ask for
coding forcings which preserve large cardinal properties of k. In joint work,
Sy-David Friedman and the author showed that this question has a positive
answer in the case of supercompact cardinals if we allow class forcing.

In [FLal, it is shown that there is a class-sized forcing iteration P with the
property that forcing with IP preserves ZFC, the inaccessibility of inaccessible
cardinals, the supercompactness of supercompact cardinals and the value of
2% for every inaccessible cardinal a and, if « is inaccessible and A is an
arbitrary subset of “a;, then there is a P-generic extension of the ground
model in which A is simply definable. This class forcing can also be used to
force the existence of a well-ordering of H,+ that is definable in the structure
(H,+, €) for every inaccessible cardinal oe. Chapter 8 consists of a detailed
presentation of the results of [FLa].
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Notations and Conventions

We fix some notations and conventions that will be used throughout
this thesis. All other notation will be standard, as for example, in [Kun80],
[Jec03] and [Lan02].

Metatheory. Unless noted otherwise, the results of this thesis are de-
rived from the axioms of Zermelo-Fraenkel set theory with the Axiom of
Choice ZFC. If a result does not depend on the Aziom of Choice and can
be derived from the axioms of Zermelo-Fraenkel set theory ZF, then we add
a “(ZF)” to its name.

Logic. If £ is a first order language and ¢ is an L-formula, then we write

© = p(vg,...,vn—1) to denote that every free variable of ¢ is contained in
the set {vg,...,v,—1}. We use the same notation for terms. Given L-terms
t,to,...,tp—1 and variables vg,...,v,_1, we let t:&’.’_'_"’f::ll denote the term
constructed from ¢ by substituting every occurrence of v; in t by t;. If
t = t(vo,...,vp—1) is an L-term, M is an L-model with domain M and
To, ..., Tn_1 € M, then t"(zg, ..., z,_1) denotes the evaluation of ¢ in M
with respect to zg, ..., Tp_1.

We let L¢ denote the first-order language of set theory. An Lc-formula
is a Ag-formula if it is contained in the smallest class of Lc-formulae that
contains every atomic formula and is closed under negation, conjunction and
bounded existential quantification. We call an Lc-formula ¢ a 3 -formula
if there is a Ag-formula ¢g = po(ug, ..., Up+m—1) such that

w = (ng, v 7$m—1) (po(vg, ceesUn—1,20,-- - ,.%'m_l).

We let L, = (*, ~1 1) denote the first-order language of group theory
and GT denote the axioms of group theory. Finally, let L2 denote the
language of second order number theory.

Given a first order language L, a class C of L-structures and a subset X
of all domains of structures in C, we say that X is uniformly definable in C if
there is an L-formula ¢(vg,...,v,) and parameters xg,...,Z,—1 contained
in all domains of structures in C that define X in every structure in C.

Set theory. Fix a set z, a class (', a cardinal £ and an ordinal A.
We let tc(x) denote the transitive closure of x, P(z) denote the power set
of x and Pk(x) denote the set of all subsets of x of cardinality less than
k. If C is a class, then we also use [C]<" to denote the class of all sets x
of cardinality less than xk with x C C. The class of all functions f with

XV
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dom(f) = A and ran(f) C C is *C. We also define <*C' = J,,_, *C and let
x<* denote the cardinality of <*x. Given sets a sequence (x; | i € I), we let
|l;c; zi denote the corresponding disjoint union {(i,y) | i€ I, y € z;}. We
will write zg Lz instead of | | ;4 ;.

If f is a function, A is a subset of the domain of f and B is a subset of
the range of f, then f”A is the pointwise image of A under f and f~!”B
is the preimage of B under f. We denote composition of functions by f o g,

ie. (fog)(xz) = f(g(x)) for all x € dom(g) with g(z) € dom(f). A partial
function f: A P, B is a function with dom(f) € A and ran(f) C B. A

partial surjection is a partial function f: A P B with ran(f) = B.
We let <, > : On x On — On denote the Godel-Pairing function.
Given a nonempty set X and A C X"+, we define

A= {(xo,...,zn_1) € X" | (Fzp) (z0,...,Tn) € A}.

If X is a nonempty set, then we call a set T" a tree on X" if there is a
~ € On such that T C (S7X)™ and the following statements hold.
(1) If (sg,...,8p—1) € T, then lh(sg) = - - - = lh(sp—1).
(2) If (s0,...,8p—1) € T and « < lh(sp), then

(sola,...,8n—1 [a)€T.

In the above situation, we call T a subtree of <7X. Given a tuple t =
(toy...,tn—1) € T, we define 1h(t) = lh(tp) and call the ordinal ht(7T) =
lub{lh(t) | t € T'} the height of T. We say that a tree Ty on X is an end-
extension of a tree Ty on X if Ty = Ty N <P (71 X holds.

Given a tree T' on X, a tuple of functions (xg,...,zp—1) € (ht(T)X)n is
called a cofinal branch through T if the tuple (zo | «,...,zp—1 [ @) is an
element of T for every o < ht(T"). We let [T'] denote the set of all cofinal
branches through 7. If T is a tree on X™*! of height ), then we define
pIT] = F[T] € (*X)".

Given a partial order P, we also use the letter P to denote the domain
of P, <p to denote the ordering of I and 1p to denote the maximal element
of P.

Fix cardinals £ and v. We let Add(k,v) denote the partial order that
adds v-many Cohen-subsets of x by forcing with partial function of cardi-
nality less than x and Col(k, <v) denote the corresponding Levy Collapse.

Group theory. Given a group G, we will also use the letter G to denote
the domain of G and use 1¢ to denote the identity element of G. We denote
applications of the group operation by g-h if it is clear which group is meant.
Otherwise, we write g -G h. We will abbreviate the term g - h - g~! by h9.

If A is a subset of the domain of G, then we let (A) s denote the subgroup
of G generated by A and Cg(A) to denote the centralizer of A in G, i.e.
the set {g € G | (Yh € A) h9 = h}. The set Cg(G) is called the centre of G
and is also denoted by Z(G). The normal closure of a subset A of G is the
intersection of all normal subgroups of G that contain A as a subset.
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Given a homomorphism ¢ : G — H of groups, we use ker(p) to denote
the kernel of .

We let Sym(X) denote the symmetric group of a set X and Alt(X)
denote the corresponding alternating group consisting of all finite even per-
mutations of X. If a,b € X, then (a b) denotes the transposition of the
elements a and b.

Graph theory. In the following, graph will always mean undirected
graph, i.e. a pair I' = (V| E) consisting of a nonempty set V' (the vertices of
I') and an irreflexive, symmetric binary relation £ on V' (the edges of I).
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CHAPTER 1

The heights of automorphism towers

In this chapter, we give an introduction to the automorphism tower
problem and the related problem of finding upper bounds for the heights
of automorphism towers of centreless groups of a given cardinality. An
extensive account of all aspects of the automorphism tower problem can be
found in Simon Thomas’ forthcoming monograph [Tho].

We start by giving a detailed introduction to the construction of auto-
morphism towers of centreless groups and the automorphism tower problem
in the first section. Section 1.2 contains an overview on existing upper
bounds for the heights of automorphism towers of groups of a given cardi-
nality. We will also present independence results that restrict the class of
possible strengthenings of these bounds. In the last section of this chapter,
we define the notion of z-admissible ordinals to state our new upper bound.
Chapter 2 consists of the proof of this result.

1.1. Introduction

Let G be a group. Then composition of functions induces a group struc-
ture on the set Aut(G) of all automorphisms of G. If g is an element of G,
then the map

lg:G—G; h—hy=g-h-g "
is an automorphism of G and we call ¢, the inner automorphism of G' corre-
sponding to g. We let Inn(G) denote the group of all inner automorphisms
of G. The map

g G — Aut(G); g— 14

is a homomorphism of groups with ker(vg) = Z(G). Given g € G and
m € Aut(G), an easy computation shows that
l(g) = T Olg O a!
holds and this implies that Inn(G) is a normal subgroup of Aut(G).

If G is a group with trivial centre, then ¢ is an embedding of groups
and the above equality implies that

Caut(g)(Inn(G)) = {idg}

holds. In particular, this assumption causes Aut(G) to be a group with
trivial centre. By iterating this process, we construct the automorphism
tower of a centreless group G.
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DEFINITION 1.1.1. Let G be a group with trivial centre. We call a se-
quence (G4, | @ € On) of groups an automorphism tower of G if the following
statements hold.

(1) G = Gy.
(2) If @ € On, then G, is a normal subgroup of G, and the induced
homomorphism

Vot Gay1 — AUt(Ga); gy [ Ga

is an isomorphism.
(3) If & € Lim, then G, = J{Gs | B < a}.

In this definition, we replaced Aut(G) by an isomorphic copy Gq+1 that
contains G, as a normal subgroup. This allows us to take unions at limit
stages. Without this isomorphic correction, we would have to take direct
limits at limit stages. By induction, we can construct such a tower for each
centreless group and it is easy to show that each group G, in such a tower
is uniquely determined up to an isomorphism which is the identity on G.
We can therefore speak of the a-th group G in the automorphism tower of
a centreless group G.

It is natural to ask whether the automorphism tower of every centreless
group eventually terminates in the sense that there is an ordinal « with
Go = Ga41 and therefore G, = Gg for all B > a. A classical result due
to Helmut Wielandt shows that the automorphism tower of every finite
centreless group terminates.

THEOREM 1.1.2 ([Wie39]). If G is a finite group with trivial centre,
then there is an n < w with Gy, = Gpy1.

In [Tho85] and [Tho98], Simon Thomas showed that the automorphism
tower of every centreless group eventually terminates by proving the follow-
ing result. An application of Fodor’s Lemma (and hence of the Aziom of
Choice) lies at the heart of the proof of this result.

THEOREM 1.1.3 ([Tho98, Theorem 1.3]). If G is an infinite centreless
group of cardinality k, then there is an o < (2%) with Go = Gay1.

This result allows us to make the following definitions.

DEFINITION 1.1.4. Given a centreless group G, we let 7(G) denote the
least ordinal o with G, = Gq4+1. We call this ordinal the height of the
automorphism tower of G. If k is an infinite cardinal, then we define

Tx = lub{7(G) | G is a centreless group of cardinality K}.

We are interested to determine the possible values of these ordinals. The
following result of Simon Thomas implies that ™ is a lower bound for 7.

THEOREM 1.1.5 ([Tho85, Theorem 2|). If k is a an infinite cardinal and
a < kT, then there is a centreless group G of cardinality  with 7(G) = a.
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There are only 2"-many centreless groups of cardinality x and (2%)7 is
a regular cardinal. This allows us to combine the above results to conclude
that
kT <1 < (29)F
holds for every infinite cardinal «.
Next to nothing is known about the possible values of 7. The following
open questions are supposed to illustrate this lack of knowledge.

QUESTION 1.1.6. Is it consistent with the axioms of set theory that there
s an infinite cardinal Kk such that 7, is a . ..

(1) ...successor ordinal?

(2) ...limit ordinal?

(3) ...lLimit ordinal of cofinality greater than cof(k)?
(4) ...cardinal?

The automorphism tower problem asks for the computation of the actual
value of 7, in some model of set theory. This open problem motivates the
work of the first part of this thesis.

PROBLEM 1.1.7 (The automorphism tower problem). Find a model M
of ZFC and an infinite cardinal & in M such that it is possible to compute
the exact value of T, in M.

In the above statement, the phrase “compute the value of 7,” should be
interpreted as “give a set-theoretic characterizations of 7,,”. Examples of

such characterizations would be M = “7, = k™7 or M | “1,, = 267,

1.2. Upper bounds for 7,

Our aim is to find upper bounds for 7,; that are uniformly definable from
the parameter x. This means that we want to find a set-theoretic charac-
terizations of an ordinal o from the parameter s such that the estimate
T < ay follows from the axioms of set theory.

We start by presenting consistency results about the possible cardinali-
ties of 7, that restrict the class of possible bounds. By constructing partial
orders that force the existence of groups with long automorphism towers,
Winfried Just, Saharon Shelah and Simon Thomas showed that there can-
not be a uniformly definable upper bound for 7, (in the above sense) that
is always equal to a cardinal smaller than (27)*.

THEOREM 1.2.1 ([JST99, Theorem 1.4]). Assume that the GCH holds in
the ground model V. Let k be an uncountable regular cardinal with k = k<"
and v be a cardinal with k < cof(v). If « < v™, then there is a partial order
P with the following properties.

(1) P is <k-closed and satisfies the k™t -chain condition.
(2) If F is P-generic over V, then (2¥) = v and there is a centreless
group G € V[F] such that 7(G) = « holds in V[F].
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In particular, it is consistent with the axioms of ZFC that 7, is bigger
than 27 for some uncountable regular cardinal k. In contrast, it is not known
if 7, > w1 is consistent with the axioms of set theory or if the statement
Tw = wi is the consequence of some extension of ZFC by large cardinal
axioms.

In another direction, Simon Thomas showed that the cardinality of 7,
can consistently be smaller than 2~.

THEOREM 1.2.2 ([Tho98, Theorem 1.8]). It is consistent with the ax-
ioms of ZFC that 7., < 2% holds for every regular cardinal k.

A model of the above statement is produced with the help of the follow-
ing theorem and a class-sized forcing iteration with Easton support.

THEOREM 1.2.3 ([Tho98, Theorem 4.1]). Let k, A and v be regular
cardinals with k = k<%, Kk < X\, 2> = AT, v > At and v = v, If G is
Add(k,v)-generic over V, then Tx < AT+ and 2* = v hold in V[G].

In [KS09], Itay Kaplan and Saharon Shelah analyse automorphism tow-
ers in the absence of the Aziom of Choice. Their work provides two examples
of upper bounds for 7, and it motivates the work presented in the first two
chapters of this thesis.

Given a centreless group G, it is possible to construct an automorphism
tower of G without using the Axiom of Choice and this tower is still uniquely
determined up to isomorphisms that induce the identity on G. Since Simon
Thomas’ proof of Theorem 1.1.3 uses Fodor’s Lemma, it is a priori not clear
whether the axioms of ZF imply that every automorphism tower terminates.
The results of [KS09] show that this is indeed the case and they also produce
an upper bound for the heights of automorphism towers of centreless groups
with a given domain.

THEOREM 1.2.4 (ZF, [KS09, Main Theorem 3.16]). Let k be an infinite
cardinal. There is an ordinal a such that there is a surjection of P(k) onto
a and, if (G | v € On) is an automorphism tower of a centreless group with
domain kK, then there is an ordinal 8 < o with Gg = Gg1.

Hence, it already follows from the axioms of ZF that the ordinal 7, exists
for every infinite cardinal k. Moreover, this result also gives us an uniformly
definable upper bound for 7,.. Given a set A, remember that L(A) denotes
the smallest inner model of set theory that contains A (see [Jec03, page
193)).

DEFINITION 1.2.5. Define
04 =lub{a € On | (3f € L(4)) f: A — « is a surjection}.
If k is an infinite cardinal, then it is easy to see that £ < Op(,y) < (27)".

THEOREM 1.2.6 (ZF, [KS09, Theorem 3.18]). If k is an infinite cardinal,
then 1, < 97;(,{).
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This estimate is an easy consequence of Theorem 1.2.4 and the following
Absoluteness Lemma.

THEOREM 1.2.7 (ZF, [KS09, Lemma 3.17]). Let k be an infinite cardinal
and G be a centreless group with domain k. If (G, | o € On) is an auto-
morphism tower of G in L(P(k)), then (Go | a € On) is an automorphism
tower of G.

The other upper bound developed in [KS09] uses the theory of inductive
definitions on first order structures. In the following, we briefly define the
objects of interest in this theory. Extensive introductions to this topic can
be found in [Mos74] and [Mos75].

DEFINITION 1.2.8. Let £ be a finite first-order language, M be an L-
structure with domain M and n be a natural number.

o We let L7}, denote the first-order language that extends £ by a new
n-ary predicate R and a constant symbol & for every x € M.

o If X is a subset of M", then we define M(X) to be the unique £’ -
expansion N of M with RV = X and iV = z for every z € M.

e Given an L} -formula ¢ = ¢(vo,...,v,—1) With n free variables,
we let (IZ € M™ | a € On) denote the unique sequence of subsets
of M™ that satisfies the following statements for all a € On.

(1) 1§ ={& € M"™ | M(D) = o(Z)}.
(2) I2,, = I£ U{& € M | M(IE) E ¢(@)}.
(3) If @ € Lim, then I§ = Uy, 1.
It follows from the axioms of ZF that for every such L} -formula ¢ =
©(vg, ..., vp—1) there is an ordinal o with IZ = I§+1 and therefore I = Ig

for all § > «. This allows us to make the following definition.

DEFINITION 1.2.9. Let £ be a finite first-order language and M be an
L-structure with domain M.

(1) If n < wand ¢ = (v, . ..,vy—1) is an L} -formula, then we define
lpll = min{e € On | IZ = 17,4}
and [, = IlTZOH.
(2) The inductive ordinal of M is the ordinal
sup{||¢l|l | ¢ = ¢(vo,...,vn-1) is an L -formula for some n < w}.

We are now ready to present the second bound derived in [KS09].

THEOREM 1.2.10 (ZF, [KS09, Conclusion 4.4]). If A is the standard
model of second order number theory and « is the inductive ordinal of A,
then 1, < .

The arguments used in the proof of this result directly generalize to
higher cardinalities x and the corresponding structures with domain kKLIP (k).
This generalization and all results presented in this section will be a direct
consequence of the results presented in the next section.
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1.3. Admissible ordinals as upper bounds

In the next chapter, we will extend methods developed in [KS09] to find
a better upper bound for 7,; that is uniformly definable from the parameter
k. To formulate this bound, we need to introduce some notions from the
theory of admissible sets.

Richard Platek introduced admissible sets in [Pla66] as natural domains
on which abstract recursion theory can be developed. The related notion of
admissible ordinals was defined by Saul Kripke in [Kri64]. In the next
chapter, we will present some basic results from the theory of admissible
set that will be needed in our proofs. Detailed treatments of admissible set
theory can be found in [Bar75],[Jen72, Section 2.3] and [Mos74, Section
9D].

DEFINITION 1.3.1. A set M is admissible if it satisfies the following
statements.

(1) M is nonempty, transitive and closed under forming pairs and
unions.
(2) The structure (M, €) satisfies Ag-Separation, i.e. the sentence

(Vzo, ..., 2n)Fy)(V2) [z € y «— [y € mo A (0, . .., Tn, 2)]]

holds in (M, €) for every Agp-formula ¢ = @(vo, ..., Vpt1).
(3) The structure (M, €) satisfies Ag-Collection, i.e. the sentence

(Vxo, ..., 2n) [(Vy € x0)(3z) p(zo, ..., Tn, Y, 2)
- (Hw)(vy S xo)(ﬂz € w) @(an s Iy Y, Z)]
holds in (M, €) for every Ag-formula ¢ = p(vg, ..., Up13).

This means that a nonempty transitive set M is admissible if and only if
the structure (M, €) is a model of Kripke-Platek set theory KP (see [Bar75,
Chapter 1, Section 2]).

DEFINITION 1.3.2. Let  be an arbitrary set. We say that an ordinal «
is z-admissible if there is an admissible set M with x € M and o« = M NOn.

Let x be an arbitrary set and & be the cardinality of tc({z}). Then k™
is z-admissible, because = € H,_+ and H,+ is an admissible set (see [Bar75,
Theorem 3.1]). In particular, (27)* is P(x)-admissible and, by forming the
Skolem hull of P (k) in Hgx)+ and considering its transitive collapse, we see
that there is a P(k)-admissible ordinal smaller than (2%)*.

It follows directly from Definition 1.3.1 that every z-admissible ordinal
is a limit ordinal. Using admissible set theory and codes for well-orderings of
an infinite cardinal &, it is easy to show that every P(k)-admissible ordinal
is bigger than s (this will follow directly from Theorem 1.3.9 and Ag-
Separation).

We are now ready to formulate our new upper bound for 7. As above,
the Aziom of Choice is not needed in the proof of this result.
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THEOREM 1.3.3 (ZF). Let k be an infinite cardinal and o be a P(k)-
admissible ordinal. If T, # o+ 1, then 7, < .

In [Bec11], Howard Becker independently derived the upper bound for
Tw produced by the above result. His proof uses descriptive set theory and
the theory of positive inductive definitions on the reals.

Theorem 1.3.3 is proven by refining methods developed in [KS09] and
combining them with basic techniques from admissible set theory. The next
chapter contains a detailed proof of this result and starts with an outline of
the idea behind it.

In the remainder of this section, we will discuss the relation of this upper
bound and the bounds given by Theorem 1.2.6 and Theorem 1.2.10.

By analysing the fine structure of L(P(k)), it is possible to derive the fol-
lowing statement that directly implies that the first P(x)-admissible ordinal
is smaller than 0p(,) for every infinite cardinal .

THEOREM 1.3.4 (ZF). Let k be an infinite cardinal and « be the least
P(k)-admissible ordinal. If M is admissible with P(k) € M and o = MNOn,
then there is a partial surjection

s:P(m)ﬂa

that is definable in the structure (M, €) by a 31-formula with parameters.

COROLLARY 1.3.5 (ZF). If k is an infinite cardinal, then there is a
P(k)-admissible ordinal o with o < Opy). O

The first section of [Ste83] contains a proof of the statement of Theorem
1.3.4 in the case “k = w?”. The arguments used in that proof directly
generalizes to higher cardinalities.

In the following, we present the classical Barwise-Gandy-Moschovakis
theorem. This result connects the theory of inductive definitions with re-
cursion theory on admissible sets. We will use it to show that the first
P(w)-admissible ordinal is smaller than the inductive ordinal of the stan-
dard model of second order number theory. To state this result, we need to
introduce some concepts.

DEFINITION 1.3.6. Let £ be a finite first order language and M be an
L-structure with domain M.

(1) We say that an L' -formula ¢ is R-positive if it is contained in
the smallest class of L' -formulae that contains all atomic for-
mulae and all formulae in which R does not occur and is closed
under conjunction, disjunction, existential quantification and uni-
versal quantification.

(2) A subset X of M™ is inductive on M if there are yo, ..., ym—1 € M
and an R-positive E"M+m—formula © = o(vo, ..., Untm—1) such that

(0, .. Tp-1) €X “— (Toy. s Tn—1,Y05-- - Ym—1) € L.
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(3) A subset X of M™ is hyperelementary on M if both X and M™\ X
are inductive on M.

As usual, we call a function f: M™ — M™ hyperelementary on some
structure M if its graph is hyperelementary on M. It is easy to see that
every subset of M"™ that is definable in the structure M is also hyperele-
mentary on M.

The Barwise-Gandy-Moschovakis theorem applies to structures that al-
low a certain amount of coding. This property is made precise by the fol-
lowing definition.

DEFINITION 1.3.7. Let £ be a finite first order language and M be an
L-structure with domain M.

(1) A coding scheme on M is a pair (o,c) that consists of injections
0:w— M and c: <YM — M.

(2) We say that M admits a hyperelementary coding scheme if there
is a coding scheme (o, ¢) such that the following objects are hyper-
elementary on M.

e ran(c).
o l: M — M with
I(z) = { 0(0), if x ¢ ran(c),
' o(n+1), ifxz=c(s)and n =1h(s).
e q: M x M — M with
s(i), if x =c(s), y=o0(n) and i € dom(s),
o) = { S0 e “
If A is the standard model of second order number theory, then A admits
a hyperelementary coding scheme, because there is a coding scheme on A
such that the corresponding objects ran(c), | and ¢ are definable in A.
We are now ready to state the Barwise-Gandy-Moschovakis theorem.

THEOREM 1.3.8 ((BGMT1]). Let L be a first order language that extends
the language of set theory by finitely many relation symbols Ry, ..., Rn—1
and N be an L-structure with domain N. Assume that N is transitive,

eV =€| (N x N) and N admits a hyperelementary coding scheme. If we
define

NT :ﬂ{M | M is admissible and N,Ré\[,...,Rév_l e M}

and o = NTNOn, then Nt is an admissible set and the following statements
hold.
(1) A subset X C N™ is hyperelementary on N if and only if X is an
element of N .
(2) A subset X C N" is inductive on N if and only if X is definable
in the structure (N, €) by a X1-formula with parameters.
(3) Given an R-positive LY -formula ¢ = ¢(vg,...,vp-1), we have
¢l <« and I, € N7 if and only if ||¢|| < a.
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PRroOF. The above statement follows directly from the combination of
[Mos74, Theorem 2B.1] and [Mos74, Theorem 9F.2]. O

We need one more result from admissible set theory to show that the
first P(w)-admissible ordinal is smaller than the inductive ordinal of the
standard model of second order number theory. The following theorem will
also play a central role in the proof of Theorem 1.3.3 in the next chapter.
Section 2.4 contains a proof of this statement.

THEOREM 1.3.9 (ZF). Let M be an admissible set with o = M NOn and
f: M — « be a function that is definable in (M, €) by a X1-formula with
parameters. If X € M, then there is an ordinal § < « with f”X C .

COROLLARY 1.3.10. If A is the standard model of second order number
theory and « is the least P(w)-admissible ordinal, then the inductive ordinal
of A is bigger than o + 1.

PROOF. If we define AT as in Theorem 1.3.8, then we get « = A" NOn,

because every admissible set that contains P(w) also contains A. We let

s:P(w) P denote the partial surjection given by Theorem 1.3.4. Since

dom(s) is definable in (AT, €) by a ¥j-formula with parameters, Theorem
1.3.8 shows that there is an R-positive (ENTz)ZH-formula and y1,...,Yn
contained in the domain of A such that

dom(s) = {z € P(w) | (z,y1,--.,yn) € Lp}.
By Theorem 1.3.9, dom(s) is not an element of A" and another application
of the Barwise-Gandy-Moschovakis theorem yields ||¢|| = «a.

Since dom(s) ¢ AT, there is a yp € P(w) \ dom(s) such that the domain
of A is not equal to dom(s) U {yo}. Define ¢ = ¢(vp,...,v,) to be the
(Lnre) " -formula
(10(1}07 s 7Un) \4 R(ZJO? s ayn)

\/[(ng,...,xn) [p(zo, ..., xpn) — R(xg,...,:cn)] ANvg=TYo A Nvy = yn]
An easy induction shows that Ig = Ig holds for all 3 < «. Moreover, we

have I;Z’H =I5 U {{yo,-.-,yn)} and I;Z’H is equal to the domain of A. In
particular, the inductive ordinal of A is strictly bigger than o + 1. ([l






CHAPTER 2

A new upper bound for 7,

This chapter is devoted to the proof of Theorem 1.3.3: if k is an infinite
cardinal and o is P(k)-admissible, then either T, = a+ 1 or 7, < a.

Section 2.1 is supposed to illustrate the idea behind this proof. We
will formulate a theorem that shows how automorphism towers of centreless
groups with domain k can be constructed inside admissible sets which con-
tain the power set of x and how the actions of automorphism in higher stages
on elements in the lower stages can be reconstructed within the admissible
set. We will then sketch how this statement implies Theorem 1.3.3.

The next section will deal with special pairs. This notion was introduced
by Itay Kaplan and Saharon Shelah in [KS09] to analyse automorphism
towers in the absence of the Axiom of Choice. It allows us to code the
automorphisms that appear in the automorphism tower of some centreless
group G with domain k into subsets of k. In particular, this coding allows
us to view automorphism towers as increasing sequences of subsets of P(k).

In Section 2.3, we will present a strengthening of this result and show
that the sequence of subsets associated with an automorphism towers is
induced by an inductive definition on some first order structure. This rep-
resentation was developed by Itay Kaplan and Saharon Shelah in [KS09,
Section 4]. We will give a detailed presentation of their construction and ex-
tend it to show that it is possible to reconstruct the actions of automorphism
from their codes inside admissible sets.

This representation will allow us to construct automorphism towers of
groups with domain « inside admissible structures containing P(x) and prove
the theorem stated in Section 2.1. The final proof of Theorem 1.3.3 in Sec-
tion 2.4 will follow from this result, the ¥1-Recursion Principle of admissible
set theory and the Y{-Boundedness Theorem 1.3.9.

2.1. Introduction

As mentioned above, this section is supposed to illustrate the idea behind
the proof of Theorem 1.3.3 and explain its structure.

We start with a result of J. Hulse that shows that the automorphisms
appearing in the automorphism tower of a centreless group G are uniquely
determined by their interactions with elements of G. This result plays a
central role in Simon Thomas’ proof of Theorem 1.1.3 in [Tho98].

13
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THEOREM 2.1.1 ([Hul70, Lemma 8.1.1]). If (G | a € On) is the au-
tomorphism tower of a centreless group G, then Cgq,(G) = {1} holds for
every o € On.

In the next section, we will present a strengthening of this statement
using methods developed in [KS09]. The following consequence of Theorem
2.1.1 is the starting point of our approach.

PROPOSITION 2.1.2. Let (G, | o € On) be the automorphism tower of
a centreless group G, X be a limit ordinal with cof(A) > w and h € Gy4;1.
Assume that, for every a < A, there is a 3 < \ with the property that

tn(9), tn-1(9) € G
for every g € Go. Then h € G)y.

PROOF. Recursively define a strictly increasing sequence (o, | n < w)
of ordinals in A by setting ap = 0 and

apt1 = min{f € (ap, A) | (Vg € Ga,.) th(9),th-1(9) € Gg}.

By our assumptions, we have a, = sup,,., &, € ANLim. If g € G,,,
then there is an n < w with g € G,,, and

Lh(g)v thl(h) - Gan+1 c Ga*-

We can conclude ¢, | G,, € Aut(G,,) and, by the definition of auto-
morphism towers, there is a h. € Gqo,+1 with ¢y [ Go, = th, | Ga,. Since
Ga.+1 € Gyy1, we have

hil o h* S CG/\Jrl (Ga*) g CG>\+1 (G) = {1G}
and this means h = h, € G, 11 C G, O

Combined with Wielandt’s Theorem 1.1.2, this proposition has the fol-
lowing direct consequence.

COROLLARY 2.1.3. Let (G, | @ € On) be the automorphism tower of a
centreless group G and k be an infinite reqular cardinal. If |Go| < Kk holds
for every a < K, then 7(G) < k. O

The idea behind the proof of Theorem 1.3.3 is to modify the statement
of the above corollary in the following way.

e Replace the regular cardinal by the ordinal height a of some ad-
missible set M.

e Replace the cardinality assumption by the assumption that there
is an automorphism tower of G with the property that both the
function that lists the groups in this tower up to « and the actions
of the automorphisms in the («a + 1)-th groups are ;-definable in
(M, €).

e Use admissible set theory to show that these assumptions cause the
automorphism tower to terminate at the some stage less or equal
to a.
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The main consequence of admissibility used in this argument is the -
Boundedness Theorem 1.3.9: given an admissible set M with o« = M N On,
there is no cofinal map from an element of M into a that is ¥1-definable in
the structure (M, €). Since our proofs will only deal with the X1 -cofinality
of admissible ordinals, this result enables us to replace regularity by admis-
sibility.

The following theorem will allow us to run the argument sketched above
if x is an infinite cardinal, o is P(k)-admissible and G is a centreless group
of cardinality k.

THEOREM 2.1.4 (ZF). Let k be an infinite cardinal, G, be the set of all
centreless groups with domain k and M be an admissible set with P(k) € M
and o = M N On. Then there are

e X -formulae ®, = D, (wo, ..., ws3) and U, = ¥, (wy,...,ws),
e parameters y,z € M, and
e an injection ¢ : G, — M with ran(c) € M

with the property that, whenever G is an element of G, then there is a group
G isomorphic to G and an automorphism tower (G | f € On) of Gy such
that the following statements hold.

(1) For all B € On, the domain of G is a subset of M.
(2) If B < «, then the domain of Gg is an element of M and it is the
unique X € M with

<M7€> ): (I)*(ﬁ,X,C(G),y)

(3) If h € Gay1 and g € Gq, then (tp(9),tp-1(g)) is the unique pair
(90, 91) in Go x Go with

<M7 E> ): \IJ*(Q’QOaglv h, C(G)v Z)'

One way to describe the complexity of a set-theoretic construction is to
isolate fragments of ZFC (or some extension of ZFC by large cardinal ax-
ioms) with the property that transitive models of this theory containing the
necessary parameters compute the outcome of this construction correctly.
In combination with Theorem 1.3.3, the above result shows that the com-
plexity of automorphism towers of centreless groups of cardinality x can be
described by the class of admissible sets containing the power set of .

The following sections contain the proof of Theorem 2.1.4. It is based
on the representation of automorphism towers as inductive definitions devel-
oped in [KS09]. Given a centreless group G with domain k, we will use this
method to show that there is a first-order structure N, and an Ejl\/n—formula
® = ®(wo, . .., ws) such that the set I codes the group operation of G,,. We
will then show that each admissible set M with P(k) € M and a = M NOn
contains such a structure and the actions of automorphisms of G,41 are
Y1-definable in (M, €) from certain codes contained in the domains of N.

In the remainder of this section, we will sketch how Theorem 1.3.3 can
be derived from Theorem 2.1.4 using the axioms of ZFC. Note that, if the
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Countable Aziom of Choice (AC),, holds, then Theorem 1.3.4 and Theorem
1.3.9 imply that the least P(k)-admissible ordinal has uncountable cofinality.
The final proof of Theorem 1.3.3 in Section 2.4 will work without this extra
assumption.

Let k be an infinite cardinal, a be the least P(x)-admissible ordinal and
M be an admissible set with P(x) € M and a = M NOn. Given a centreless
group G with domain «, we let (Gg | 8 € On) denote the automorphism
tower produced by an application of Theorem 2.1.4. Fix h € G441 and
B < a. Let fg: M — o denote the map defined by

Falg) = min{é < o | tp(9), th-1(9) € Gs41}, if g € Gg,
s o, if g ¢ Gg.

By the properties of M and the closure properties of the class of ¥;-definable
subsets of admissible sets, the function fg is definable in (M, €) by a -
formula with parameters. Since G is an element of M, Theorem 1.3.9 gives
us an ordinal v < a with f3”Gg C «. This argument shows that, for every
B < a, there we can find a v < « such that

th(9), tn—1(9) € G,

for every g € Gg. By Proposition 2.1.2, this implies that h is an element of
G. We can conclude 7. < o + 1.

Now, assume that 7(G) < « holds for every G in G,. If G is an element
of Gy, then our assumption and Theorem 2.1.4 imply that 7(G) is equal to
the least ordinal # < a with

(M, €) = (3X) [2(8, X, ¢(G),y) A Pu(B+1, X, ¢(G), )]

Since ran(c) is an element of M and ®, is a Xi-formula, the closure
properties of admissible sets imply that the function

7(G), if z = ¢(G) € ran(c)

i M — o c(x) = { 0, otherwise.

is definable in (M, €) by a ¥;-formula with parameters. Another application
of Theorem 1.3.9 yields 7, < a.

2.2. Special pairs

We introduce the notion of special pairs defined by Itay Kaplan and
Saharon Shelah in [KS09]. This notion allows us to code automorphisms
appearing in the automorphism tower of a centreless group of cardinality &
into subsets of k. In this way, we can identify the stages of an automor-
phism tower with subsets of P (k) and talk about the complexity of these
groups. Moreover, we will represent the tower as an inductive definition on
a structure whose domain contains all such codes.

DEFINITION 2.2.1. Let A be a set and L4 be the first-order language
that expands the language of group theory £, by a constant symbols a for
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each element a of A. If G is a group whose domain contains A as a subset,
then we regard G as an £ 4-model in the obvious way.

Let (vp | n <w) be an enumeration of all variables in £4. We define
77 to be the set of all £4-terms of the form ¢ = t(vo,...,v,—1), i.e. the set
of all terms whose free variables are contained in the set {vg,...,v,—1}. If
g € G", then we define

afte,a(§) = {t(D) € T | 19(9) = 16}
and call this set the quantifier-free A-type of g.

DEFINITION 2.2.2. Given a group G and a subset A of the domain of G,
the pair (G, A) is special if the function

aftga: G — P(T4); g— afte 4(9)
is injective.

It is also possible to characterize special pairs by the non-existence of
certain local isomorphisms.

LEMMA 2.2.3 (ZF, [KS09, Remark 3.5 (1)]). If G is a group and A is a
subset of the domain of G, then the following statements are equivalent for
all go, g1 € G.

(1) aftg a(g0) = aftg a(g1)-
(2) There is a group monomorphism ¢ : (AU{g})c — G with ¢(go) =
g1 and o | A=id4.

This characterization directly shows that the computation of quantifier-
free types is local.

COROLLARY 2.2.4 (ZF). Let (H, A) be a special pair and G be a subgroup
of H that contains A. Then (G, A) is a special pair and qfte 4(9) = dfty 4(9)
forall g € G. O

The following theorem due to Itay Kaplan and Saharon Shelah estab-
lishes a connection between automorphism towers and special pairs. It may
be viewed as a strengthening of Theorem 2.1.1, in the sense that it provides
stronger characterizations of elements in the automorphism tower of a cen-
treless group G in terms of their interactions with the elements of G. It also
shows that the Axiom of Choice is not needed to derive the statement of
Theorem 2.1.1. This result lies at the heart of the proof of Theorem 1.2.4.

THEOREM 2.2.5 (ZF, [KS09, Conclusion 3.10]). Let (G, A) be a special
pair with Cq(A) = {1g} and (G4 | @ € On) be an automorphism tower of
G. If a € On, then (Gq, A) is a special pair and Cq,(A) = {1g} holds.

COROLLARY 2.2.6 (ZF). If (G | « € On) is the automorphism tower of
a centreless group G with domain A, then (Gq, A) is a special pair for every

o € On. O
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In Chapter 5, we will strengthen the notion of special pairs and prove
that the above statements about automorphism towers also hold with respect
to this stronger notion. These proofs will be almost identical to the ones
presented in [KS09].

In our representation of the automorphism tower of a centreless group
G with domain A as an inductive definition, the set 77 U P(72) will form
the domain of the structure in which the inductive definition takes place
and we will identify the automorphisms that appear in this tower with their
quantifier-free A-type.

In the remainder of this section, we will introduce relations and func-
tions on the above domain that will allow us to translate group-theoretic
statements into the language of quantifier-free types. Then we will prove
some basic facts about these objects. All statements will be derived
from the axioms of ZF.

Remember that we let ¢}, denote the term produced by substituting all
occurrences of a variable v in a term ¢ by a term #,.

1. We define
E4:P(TF) x T3 — P(T}); (z,t.) — {t € T} | t° € z}.
PROPOSITION 2.2.7. Let (G, A) be a special pair and g,h € G.
(1) If k€ (AU{g,h})g and t. € T2, then k =t (g, h) if and only if
aftg a(k) = Eal(aftg 4(g, h), ts).
(2) If k € (AU{g})c and t. € T}, then k = t%(g) if and only if
aftg a(k) = Ea(aftg a(9), t«)-
PROOF. (1) Assume k = t%(g,h). If t € 7}, then
t €aftg a(k) & t9(k) = 1g & (£°)(g,h) = lc & t}° € aftg a(g, h).
This implies qft; 4(k) = Ea(aftg 4(g,h),t«). In the other direction, a simi-
lar argument shows E4(aftg 4(g, h), t) = aftg 4(t$(g, h)) and we can con-
clude k = t&(g, h), because (G, A) is a special pair.
(2) Since ti}f € TAla t*G(g) = tf(ga h) and qftG,A(g) = qftG,A(ga h) N TAla

we have Ea(aftg 4(9),ts) = Ea(aftg a(g,h),t«) and the statement follows
directly from this first part of the proposition. O

2. Let a4 be the equivalence relation on 73 defined by
tomaty < GTF (Va,y) to(z,y) = t1(z,y).
3. Given i < 2, we define N’y to be the set of all z € P(T}) with the
following properties.
(1) 1€ =

(2) If to,t1 € z and t € T}, then ¢y, to*t1, txtoxt7! € 2.
(3) zis closed under ~4 in 7}.
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PrROPOSITION 2.2.8. If G is a group, A is a subset of the domain of G
and g,h € G, then qftg 4(g) € N} and qftg 4(g,h) € N3. O

PROPOSITION 2.2.9. Let z € NZA and to,t € Tg. If tal xt1 € z, then
EA(Z, to) = EA(Z, tl).

In particular, Ex(z,t) = Ea(z,1) for all t € z and, if tg ~4 ti, then
Ea(z,t0) = Ea(z,t1).

PRrROOF. An easy induction shows that
(ti) Ty, (10) Tty € 2
holds for every t € 74. Hence, we have
teEa(z,to) @0 €zt * (40 xt’ €z & 4} € 2 & t € Ealz, )

for every t € 7. O

4. We define N4 to be the intersection of all z € N?4 with v1 € z and
a € z for all a € A.

5. We define
Ig: P(Tj) — P(TAI); z— {t € Tj | t°°, € 2}.
Yo
PROPOSITION 2.2.10. If z € P(T}) and t. € T}, then
Ea(z,t;1) = 4 0EQ) (2,t,).
PROOF. If t € T, then

teEa(z,t;1) & ((tzz,l)ff) €z& tzgl €Ea(z,t) &t e (IaoEa) (2,t).

O
PROPOSITION 2.2.11. If (G, A) is a special pair and g € G, then
afte alg™") = La(aftg a(9)).
PRrROOF. If t € T}, then
teqftgalg) & (tzgl) € qftg a(g) &t € La(aftg a(g))
O

We close this section with an argument that shows that the set of all
quantifier-free types of identity elements of centreless groups with domain
A has an easy definition.
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6. Let G4 denote the set of all x € P(7}) that satisfy the following
statements.
(1) z € N4 and 2 = E4(x, 1).
(2) If t € T, then there is a unique a € A with E4(z,t) = Ea(z, ).
(3) If to,t1 € T}, then Ea(x,t0) = Ea(z,t1) if and only if t;! % ¢ € z.
(4) If ag € A, then E4(x, a0 * a1) # Ea(x, a1 % ag) for some a; € A.

PROPOSITION 2.2.12. Let x be an element of P(T}). Then z is an
element of G4 if and only if x = qftg(x)A(lg(x)) for some centreless group
G(z) with domain A.

PROOF. Let x € G4. Ift € Tj, then we let a; denote the unique element
a of A witht 'xa € z. Then ag = ay, and a; = a for all @ € A.

We define an £ 4-structure M with domain A by setting 1™ = ay,
aM = a, a7 = a4-1 and ag -\ a; = Qagxa, for all a,ap,a; € A. Given
to,t1 € ’Z}, the closure properties of x imply

(ato*atl)_l * Aoty
~4 (at_ll * 1) * (tl_1 * (a;}1 xto) * t1) * ((to * tl)_l * Qpgaty) € T

and therefore a; s+, = ay, *m at; . This allows us to run an easy induction to
show that tM(aq) = a; holds for every t € T4.
Let tg,t1 € TX with GT F tg = t1. Then tal xt1 € x and

Ea(z,at,) = Ea(z,tg) = Ea(z,t1) = Ea(z,ay,).

This means ay, = a;, and t}"* = t{!. We can conclude M |= GT.

If G(z) denotes the Lgr-reduct of M, then G(z) is a group and the
centre of G(x) is trivial by the definition of the group operation and the last
clause in the definition of G4. If t € T}, then

tG(w)(lg($)) =lg) € at = a1 & Ea(z,t) = Ea(z,1) & t € 2.

The opposite implication follows directly from Proposition 2.2.7, Propo-
sition 2.2.8 and the assumption Z(G(z)) = {1g @) }- O

2.3. Representing automorphism towers as inductive definitions

In this section, we give a detailed outline of the representation of au-
tomorphism towers as inductive definitions on certain structures developed
in [KS09, Section 4]. Then we show how the actions of automorphisms
can be reconstructed from certain codes contained in the domains of these
structures. We start by defining the language of this inductive definition
and constructing the underlying model. Then we will define the formula
used in the inductive definition in several steps. Throughout this section
we derive our result from the axioms of ZF.

We let Lo denote the first order language that extends the language
Le of set theory by a ternary relation symbol C. From now on, we assume
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that A is a set of ordinals that contains w as a subset and is closed
under Goédel Pairing <-,->.

To keep our constructions simple, we will equip our model with a coding
relation. This coding is based on the following assignment of ordinals a; € A
to L a-terms t.
a1 =0and ay, = <1,n> for all n < w.

g = <2,a> for all a € A.
-1 = <3, ay >~ for every L 4-term t.
Qpost; = =<4, <oy, ap, > for all L4-terms tg and ¢;.

The constructions in the proof of Theorem 2.1.4 in Section 2.4 will ex-
plain this particular choice of coding.

DEFINITION 2.3.1. We define M 4 to be the unique Lo-model with the
following properties.
(1) The domain of My is the set 77 U P(T3).
(2) eMa=e| (T2 x P(73)).
(3) CMA = {<t0,t1,t2> S (Tj)g ‘ (Ela S A) [to =aNa= %atl,atQH}.
We let £4 denote the extended language (Lo -

By iterating applications of the coding relations and using subsets of 73
as parameters, the following statements follow directly.

PROPOSITION 2.3.2. (1) Every function and every relation on T3
is uniformly definable in the class of all LA-models of the form
Ma(C) with C C P(TH)™

(2) The functions Ea and 14 and the relations P(T}), P(73), NY, N%
and G 4 are uniformly definable in the class of all LA-models of the
form M4 (C) with C C P(T})*. O

Since we will only work with models of the form M, (C) with C C
P(7})*, this proposition allows us to include all functions and relations
introduced in the last section into our vocabulary by identifying their names
with their uniform definitions.

The following definition and the subsequent theorem clarify what we
mean by representing automorphism towers as inductive definitions.

DEFINITION 2.3.3. Let (G, A) be a special pair and C' be a set. Then
(G, A) is coded by C if C C P(T})* and

{<$aya Z> ’ <x7yazaqftG,A(1G)> € C}
= {{aftg a(9),aftg a(h),aftg a(g-c h)) | g,h € G}.

THEOREM 2.3.4. If A is a set of ordinals that contains w as a subset
and is closed under Gédel Pairing <-,->, then there are LA-formulae ® =
O (wy,...,w3) and ¥V = V(wg,...,wy) such that the following statements
hold whenever (G4, | o € On) is an automorphism tower of a centreless group
G with domain A.
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(1) If a € On, then the special pair (Gu, A) is coded by I2 for all
o € On.

(2) Let A € Lim, h € Gy41 and g € Gy with the property there is
an o < X\ such that t%+1(h,g) € Gy for every t € Nuy. Then
(th(g),tp-1(g)) is the unique pair (go,g1) in Gx X Gy such that the
statement

U(afte, 4(9).aftq, a(90). aftq, al(g1), dfte, , a(h),aftg a(1c))
holds in the structure Ma(I2) for some o < \.

By translating the above statement into the language of admissible sets,
we will derive Theorem 2.1.4 from this result. To prove Theorem 2.3.4, we
construct the formula ® in seven steps with the help of six auxiliary formulae
®r,...,Pyr. Let (w, | n < w) list the free variables in £4.

1. Define ®; = ®p(wp, w;) to be the LA-formula
wWp, W1 € ’P(Tj) A R(wo, w1, Wo, wl).

PROPOSITION 2.3.5. If C codes the special pair (G, A) and x is an ele-

ment of the domain of M 4(C), then the following statements are equivalent.
(1) z = aftg a(g) for some g € G.

(2) Ma(C) | O1(z, qftg a(1a))- O

2. Define 11 = ®(wp, w1) to be the conjunction of the following L 4-
statements.
wy € N% and E4(wp, 1) = w;.
If a € A, then a* vy € Ea(wo, a).
If to,t1 € TAQ with EA(’LUo,to) = EA(’LUo,tl), then tal * {1 € wo.
If ty,t1 € Ny, then R(EA(wo,to),EA(wo,tl),EA(wo,to * tl),wl).

PROPOSITION 2.3.6. Let (H, A) be a special pair, G be a subgroup of H
that contains A, g € G and h € H with the property that t™ (h,g) € G for
every t € N 4. If the special pair (G, A) is coded by C, then

Ma(C) E Pulafty a(h, g),aftg a(1c)).

PROOF. Proposition 2.2.8 implies qfty 4(h,g) € N% and we can use
Proposition 2.2.7 to get Ea(afty 4(h,9), 1) = aftg 4(1g). Given a € A,
the same proposition implies qftg 4(a) = Ea(qfty 4(h,g),a) and, by the
definition of quantifier-free types, we have a * v, le aftg a(a). If

EA(qftH,A(ha g)a tO) = EA(qftH,A(h’ g)7 tl)

for some to,t; € T2, then tlf(h,g) = ti(h, g) by Proposition 2.2.7 and this
means that ¢, Lyt e qft m,4(h, g). Another application of Proposition 2.2.7
and our assumptions imply that

Ea(afty a(h, ), toxt1) = aftg a((toxt1)" (h, 9)) = aftg a(tg (h, 9) -t (R, ).



2.3. REPRESENTING AUTOMORPHISM TOWERS AS INDUCTIVE DEFINITIONS 23

for all £y, t; € N4. This equality implies that the last clause in the definition
of ®yy is also satisfied by qft; 4(h, g) and qftg 4(1c). O

3. Define ®yyp = Pppp(wo, . . ., w3) to be the £LA-formula
wy € NY A ®p(wy, w3) A Brp(ws, ws) AEA(ws,v0) = wo A Ea(ws,v1) = wi.

LEMMA 2.3.7. Let (G, A) be a special pair coded by C, x,z € P(T3) and
g € G with

M4 (C) | Pz, aftg 4(9), 2, aftg a(1a))-
Then
G.={ke G| (3t € Na) dftg 4(k) = Ea(z,1)}
is a subgroup of G containing AU {g} and there is a unique automorphism
7w, of G, with
aftg,a(ma(k)) = Ea(z,v0 % t % v ")

for allk € G, and t € Ny with qftg 4(k) = Ea(z,1).

PROOF. Let ko, k1 € G, and tg,t; € Ny with qftG,A(ki) =FEu(z,t;). By
the definition of ®11, we have

(aftg a(ko), aftg a(k1), Ea(z,to * t1), aftg 4(1c)) € C.

This means qft; 4 (ko - k1) = Ea(z,to*t1) and ko- k1 € G, because (G, A) is
coded by C and ty*t; € N4. By Proposition 2.2.10 and Proposition 2.2.11,
we have

qftg.a(ky ') = La(aftg a(ko)) = (La 0o Ea)(z,t0) = Ea(z,t, ")

and, since tal € N4, this shows ko_l € G,. We can use the definition of &y
to see that qft; 4(1g) = Ea(z,1) and therefore 15 € G.. This shows that
G, is a subgroup of G.

Given t € N4, we have

(21) <EA(Z?t)aqftG’,A(lG)aEA(zvt * ]l)aqftG,A(lG» eC

and there is a unique k¥ € G, with qftg 4(k) = Ea(z,t). In particular, if
a € A, then dftg 4(a) = Ea(z,a), because @ € Ny and a * vyt € Ealz,a)
by the definition of ®y;. Since v1 € Na and gftg 4(9) = Ea(z,v1), we can
conclude that AU {g} is contained in G.,.

Pick k € G, and tg,t1 € Na with Ea(z,t0) = dftg 4(k) = Ea(z,t1).
Then t, Vst € z, because z € Ni. By the definition of N%, this implies
(vo*to*vg ) "hx (v ktyx vy ') € z and we can use Proposition 2.2.9 to show

Ea(z,vg * to * Uo_l) = Ea(z,vp x t1 *vo_l).

In combination with (2.1), this argument shows that for each k € G,
there is a unique 7,(k) in G, with the property that, whenever ¢ € N4 with
aftg a(k) = Ea(z,t), then qftg 4(m.(k)) = Ea(z,vo * t * val).
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Pick ko, k1 € G and to,t1 € Na with qftg 4(ki) = Ea(2,%;). The above

argument shows that qftg 4(ko - k1) = Ea(z,to * t1) and this implies
aftg a(m=(ko - k1)) = Ea(z,vo * to * t1 * vo_l)
=Ea(z, (voxtox vy ") * (vo *t1 x vy 1))

by Proposition 2.2.9. The definition of @11 implies that

(aftg,a(m=(ko)), afte a(m=(k1)), Ba(z, (vo * to * tr +v51)), dftg a (1))
is an element of C and therefore

7o (ko - k1) = mo(ko) - o (k1).

The first part of the definition of ®1; and Proposition 2.2.9 imply 7. (1g) =
1. We have shown that 7, is a homomorphism.

Let k € G, and t € Ny with gft; 4(k) = Ea(z,t) and 7,(k) = 1g. Then

Ea(z,vo*txvyt) = aftg a(le) = Ea(z,1)

and this implies ¢ € z by the definition of &1 and Ni. An application of
Proposition 2.2.9 yields E4(z,t) = qftg 4(lg) and k = 1¢.
Finally, fix k € G, with qftg 4(k) = Ea(z,t) for some ¢ € N4. By (2.1)
and the closure properties of N 4, there is a k, € GG, with
qftG7A(k:*) = EA(z,vo_l ¢ % vp)
and hence 7, (k) = k by Proposition 2.2.9. O

PROPOSITION 2.3.8. Let (H, A) be a special pair, G be a subgroup of
H that contains A, g € G and h € H with the property that t¥(h,g) € G
for every t € N 4. If the special pair (G, A) is coded by C, then following
statements hold.

(1) Ma(C) = uilafty 4(h),aftg a(g), afty a(h, 9),aftg a(1a))-
(2) ﬂ-qftH,A(hvg)(k) = Lh(k) for all k € GqftH,A(h,g)'

PRrROOF. The first part of the propositions follow directly from the Propo-
sitions 2.2.7, 2.2.8, 2.3.5 and 2.3.6.
If k € Gyfe,, ,(ng) and t € Ny with qftg 4(k) = Ea(afty 4(h, g),t), then
afta a(Tafey, 4 (hg)(F)) = Ealafty a(h, g), vo x t * v ) = afty (e (k)
by Proposition 2.2.7 and Lemma 2.3.7. O
4. Define @y = Oy (wo, . . ., ws) to be the £LA-formula
(V2) [®mi(wi, wa, 2,w3) — Ba(z,vp *vi % vy ") = wo] -

PROPOSITION 2.3.9. Let (G, A) be a special pair coded by C, g € G and
z € P(T3). If

(2.2) M4 (C) = @iz, afte a(9), 20, aftg a(1c))
holds for some 2o € P(T3), then w4, (g) is the unique element k of G with
(2.3) M4 (C) E Prv(aftg a(k), 7, qftg 4(9), aftg a(1a))-
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PROOF. Assume z; € P(73) satisfies

M4 (C) = Pmi(z, aftg a(9), 21, aftg a(1a))-
By the definition of ®11, we have
Zo N Tj =FE4(z0,v0) =2 =Es(z1,v0) =21 N Tj.

This directly implies E4(z0,t) = Ea(21,t) for all t € 7}. By the definition
of 7.,, we can conclude that 72! (a) = 7' (a) for all a € A. Therefore

77;01 7 <A U {7720 (9)}>G - GZ1 = dom(ﬂm)
and the map
g (AU (9N — G; kv sy (1) (K))

is a monomorphism with ¢ [ A =id4 and ¢(7,,(9)) = 7, (g). By Lemma
2.2.3, this implies 7,,(g) = 7., (¢9) and we can conclude

Ea(z0,v0%v1%v5") = dft 472 (9)) = aftg a(7m2, (9)) = Balzr, voxvixvg ).
This equality implies that (2.3) holds if k = 7,,(g). If follows from (2.2) and

the definitions of ®ry and 7., that m,,(g) is the unique element of G with
this property. O

5. Define &y = v (wp,w;) to be the conjunction of the following £ 4-
statements.
e If ®1(y, w;) holds for some y, then there is a z with ®r1(wo, y, 2, w1).
® <I>Iv(w1,w0,w1,w1). .
e For all yg,...,ys With'R(yo, Y1, Y2, w1) and Py (Y344, wo, yi, w1) for
every i < 3, we have R(y3, Y4, Y5, w1).

LEMMA 2.3.10. Let (G, A) be a special pair coded by C' and v € P(T3)
with
Ma(C) | Oy (z,dftg 4(1g))-
Then there is an endomorphism oc, : G — G such that the following
properties are equivalent for all g,k € G.

(1) ocz(g) = k.
(2) M4(C) | Prv(aftg a(k), z,aftg 4(9), aftg a(1a))-

PROOF. Let g € G. Then there is a 29 € P(73) with (2.2) and there
is a unique k € G with (2.3). If we denote this unique element by ¢ »(9),
then the second and the third clause in the definition of ®y ensure that the
the resulting map o¢, is an endomorphism. O

PROPOSITION 2.3.11. Let (H, A) be a special pair, G be a normal sub-
group of H that contains A and h € H. If the special pair (G, A) is coded
by C, then

Ma(C) | Pv(afty a(h), qftg a(1a))

and OC,aftyy a(h) = th IG.
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ProOOF. Pick g € G and define
z={teTi|th(hg) G}

Then z € N4, v1 € zand a € z for alla € A. Hence Ny C z and t# (h,g) € G
for all t € Ny4.
Proposition 2.3.8 implies

Ma(C) = mi(afty 4(h), afte a(9), afty a(h, 9),afte a(1c))-
A combination of Proposition 2.3.8 and Proposition 2.3.9 yields
Ma(C) | Prv(daftg a(tn(9)), aftg a(h), aftg a(9), dftg 4(1a))-
The above conclusions directly imply the statement of the proposition. [

6. Define @y = Py (wp, w1) to be the conjunction of the following L 4-
statements.

e wy € NY and Oy (E4(wo,t), wr) for all t € T}.
e If t € T}, then
tcwy «— (Vo€ P(T})) [®1(z,w1) — Prv(z, Ealwo,t), z,w)]
o If tg,t1 € T} and mg, 21,29 € P(T}) with ®q(x;,wy) for all i < 3
and Py (zit1, Ea(wo, t;), z;, wy) for all i < 2, then
Oy (2, Ea(w,, t1 * to), xo, w1).
o If a € A, then
Orv(Ea(z,axvg*at),Eax(wo,a), z,w)
holds for all x with ®1(z, w).

PROPOSITION 2.3.12. Let (H, A) be a special pair with Cy(A) = {1u}
and G be a normal subgroup of H that contains A. If the special pair (G, A)
s coded by C, then the following statements hold.

(1) If h € H, then
Ma(C) = Dvi(afty 4(h), aftg 4(1a))-
(2) If 2 € P(T4) with Ma(C) |= ®vi(x,qftg 4(1a)), then
Ma(C) | Pv(z,9ftg a(la))
and oc, € Aut(G). Moreover, if ocz =t | G for some h € H,
then x = qfty 4(h).

PROOF. (1) Pick h € H. By Proposition 2.2.8, we have qfty 4(h) € NY;.
If t € T}, then Ea(aft,(h),t) = afty 4(t"(h)) by Proposition 2.2.7 and
Proposition 2.3.11 implies
Ma(C) = v (Ea(afty a(h), 1), dftg a(1c))

and OcE ,(afty 4(h)t) = Urny | G- In particular, if ¢t € qfty 4(h), then
OCEa(afer a(h)) = idG and

(24)  Ma(CO) E Prv(aftg alg), Ealafty 4(h), 1), aftg 4(9), aftg a(1a))
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for all g € G. In the other direction, assume that (2.4) holds for all g € G.
Then

idG = 00EA(dfty 4(h)0) = teirn) [ G
and this implies
t"(h) € Cu(G) € Cu(A) = {1u}
and t € qfty 4(h).
Next, fix to,t1 € T} and go, g1, g2 € G with
M4 (C) | Prv(aftg a(giv1), Ealafty 4(h), i), aftg 4(9:), aftg a(1a))
for all ¢ < 2. Then

OCEalafty a(h)t:) (91) = bt 1y (9i) = gita
for all i < 2 and therefore
TCEA(aftr, a(h) t1+t0) (90) = TC qftyy o (217 (0187 (1)) (90)
= (vt 1y © b1 (1)) (90) = 92
and we can conclude
Ma(C) | Prv(aftg a(g2), Ealafty a(h), t1 = to), aftg 4(90), aftq a(1a))-
Finally, if a € A and g € G, then

afte, A(TC B A(afty 4(m).a)(9)) = dftg a(ta(9)) = Ealaftg a(g), ax vy xa™ )

and this shows that the last clause in the definition of ®yy also holds in this
case.

(2) Fix € P(T3) with Ma(C) E ®vi(z,qftg a(lg)). Since z =
Ea(z,v0) and T4(x) = Ea(x, vy '), the first part of the definition of ®y;
ensures that the functions o¢ 2, 0¢1,(2) and oo, (2,1) are defined. By the
third clause in the definition of ®vy; and Proposition 2.2.9, we know that

OCzC0CIs(x) = 9CEA(x1) = 9CI4s(x) ©9Ca-
Since 1 € z, the second clause in the definition of ®vy implies o g, (1) =
idg and we can conclude oc, € Aut(G).

Now assume that h € H satisfies

th | G =002 = 00E,(xw0)
The last clause in the definition of ®yy implies that o¢ g, (5,4) = ta [ G holds
for all a € A and a trivial modification of the above argument shows that
OCEA(et-1) = oalEA(x " holds for all ¢t € 7. This allows us to use the third
clause in the definition of ®y1 to see that
OCEs(wt) = in) | G

holds for all ¢ € 7}. We can conclude that

tEX S 00p, @y =ide & uugy | G =idg &t (h) =1y © t € qfty 4(h)
holds for all t € 7. O
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7. Define ® = ®(wy, ..., ws) to be the conjunction of the following L 4-
statements.
o If —|R(w3, ...,ws), then there are ag,a;,as € A with the property
that ag * a1 * dz_l € wy and z; = E4(ws, a;) for all i < 3.
o If R(wg, ..., ws), then the following statements hold.
— Oyy(w;, ws) for all ¢ < 3.
- If Yo, Y1,Y2 € P(Tj) with @Iv(yg_i,wi,yl_i,w;},) for all 7 < 2
and P1(y;, ws) for all i < 3, then Prv(y2, we, yo, ws).

PROOF OF THEOREM 2.3.4. (1) We prove that the special pair (G4, A)
is coded by I2 by induction on .
Let o« =0 and go, g1, 92 € G with go - g1 = g2. Then

Go*G1kgyt € aftg a(lc)
and qft; 4(9:) = Eaaftg a(1c), g:) for all i < 3. This implies

Ma(0) | @(afte a(90), aftg alg1), aftg a(g2), afte a(1a))-
In the other direction assume that M4 (0) = ®(xo,x1, 22, qftg 4(1c)).
Then there are ag,a1,as € A such that ag * aq * c'LQ_I € gqftg a(1g) and

r; = Ea(aftg a(la), i) = aftg a(ai)
for all ¢ < 3. In particular, ag -g a1 = as.
Now, let a = F+1 and assume that the special pair (Gg, A) is coded by
the set Ig’. Then (qftg 4(1g),---,aftg a(la)) € Ig’.
Let ho, h1,ha € Ggy1 with ho -G,,, h1 = ha. By Corollary 2.2.6 and
Proposition 2.3.12, we have /\/lA(.Ig) = ‘I)VI(CIftGBJrhA(hi),qftG,A(lG)) and
O-Iquftcﬁ+1,A(hi) =1, | Gg for all i < 3. In particular,

oo =0re 00 .
13.afta,,  a(h2) I3.aftg gy alho) = TI5 aftg, ) a(h)

Since (qftg 4(1c),---,dftg a(la)) € Ig’, we can use Lemma 2.3.10 to get

Mu(IF) E ®(aftg,, , a(ho) afta,,, a(h),aftg,,, a(he),qftg A(1c)).

Pick xg, x1, 9 € P(T3) with (zg, x1, 22, aftg a(lc)) € I§)+1' If the tuple
is an element of Ig, then the induction hypothesis gives us go, g1, 92 € Gg C
Gpr1 with ; = aftg, 4(9i) = dftg,,, a(gi) for all i < 3. We may therefore
assume

Ma(IF) | @(z0, 21, 22, qftg 4(1)).

By Proposition 2.3.12, the maps 012, are well-defined and elements of
Aut(Gg). The construction of automorphism towers gives us hg, hi, ha €
Gpy1 with O1% @, = thi I G for all i < 3. By combining Corollary 2.2.6 and
Proposition 2.3.12 we can conclude that z; = qftg,, , 4(hs) holds for i < 3.
The last clause in the definition of ® ensures that o 12.20°012 01 = 1% 2 and,
by the definition of the successor stage in the definition of automorphism
towers, we can conclude hg “Gp hi1 = hso.
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Finally, if « is a limit ordinal and the special pair (Gg, A) is coded by
Ig’ for all § < «, then the statement follows directly from the induction
hypothesis and Corollary 2.2.4.

(2) Define ¥ = W(wy, ...,wy) to be the £LA-formula

(32) [<I>1H(wg, wo, 2, Wy) N wy = EA(z,vo*vl*vo_l) Nwy = E4(z, vg_l*vl*vg)].

Let A € Lim, h € Gy, and g € G) such that there is an o < A
with tS+1(h, g) € G, for every t € Ny. Then g,4(9), th-1(9) € Go. By
Proposition 2.3.8, we have

Ma(I3) E Pmldft, ,, a(h),aft, a(9).aft, , a(h,9),aftg a(1c))
and Proposition 2.2.7 implies
Ea(aftg, ,, a(h,g),v0 *v1xvg ") = aftg, a(tn(9))
and
EA(qftG)\+1,A(h7 g)? U()_l * Ul * ’UO) = qftG)\,A([’h71 (g))
The combination of these statements shows that
U(aftg, a(9), afta, altn(9)), aftg, alen-1(9)), aftg, , a(h),aftg a(1c))

holds in M4 (I2).
Assume that go, g1 € Gy, @ < X and 2z € P(73) with

Ma(I3) E ®mlaft, ,, a(h),aftg, (9), 2 aftg 4 (1)),

EA(z, vo*xv1 *val) = qftg, 4(g0) and EA(z,val*vl *v9) = qftg, 4(g1). Then
g € G5 by the definition of ®1;1 and

2NT4 =Ea(z,0) = aftg, ., .4(h) = dftg,,  a(h,g) N T

The subgroup G, and the map 7., as defined in Lemma 2.3.7, exist and
there is a monomorphism

w0 (AU{r; (9)Nas — Ga
with @o(2*(g)) = g and
qfta, a(wo(a)) =Ea(z,vo axvyt)
={teT} LA €z2nT4}
U *a*vo
={teTi|ty,, 1 €aft, alhg) NTi}
= EA(qftGHl,A(h,g), Vg * G * 1)0_1)
= qftg, a(tn(a))
for all a € A. If we define
@ : (AU{r; (9 ey — Ga; k— (-1 0 00)(k),
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then (7, 1(g9)) = 1;-1(g9) and ¢ | A =id4. Since (G, A) is a special pair,
we can apply Lemma 2.2.3 to see that 7, (g) = 1,-1(g9) and Lemma 2.3.7
yields

qfta, a(tn-1(9)) = aftg, (7' (9)) = Ea(z,v5 " * v1 * v0) = aftg, algr)-

We can conclude g1 = ¢,-1(g). The equality go = t;(g) can be derived in
the same way. O

2.4. Admissible set theory and automorphism towers

In this section, we will apply admissible set theory to the results of the
last section to prove Theorem 1.3.3. As above, all results in this section
can be derived from the axioms of ZF.

In the following, we present three basic results from admissible set the-
ory. The proofs of these results can be found in [Jen72, Section 2.3] or
[Mos74, Section 9D]. The first result lists the closure properties of the class
of Y1-definable subsets of an admissible set.

ProproSITION 2.4.1. Let M be an admissible set.
(1) If o = (v, ..., vp+2) is a Ag-formula, then
(VZL‘(), SRR xn) [(Vxn+1 € $0)(3$n+2) (P(-TO, s 7$n+2)
> (Fy)(VTnt1 € 20)(Fzni2 € y) (20, - - ~al‘n+2)]
holds in (M, €).

(2) The class of subsets of finite products of M that are definable in the
structure (M, €) by a X1-formula with parameters is closed under
intersections, unions, restricted universal quantification and exis-
tential quantification over (M, €).

(3) If X is a subset of M™ that is definable in (M, €) by a X1-formula
with parameters, then X is definable in (M, €) by a X1 -formula and
a single parameter y € M.

By collecting witnesses for the validity of ¥1-statements, it is easy to see
that >1-Collection holds in admissible sets.

PROPOSITION 2.4.2 (¥1-Collection). If M is an admissible set, then ¥ -
Collection holds in (M, €), i.e. the sentence

(Vxo, ..., Tn) [(Vy € x0)(3z) p(xo, ..., Tn,Y,2)
— (Fw)(Yy € 20)(32 € w) ¢(w0, ..., 0y, 2)]
holds in (M, €) for every Xi-formula ¢ = @(vo, ..., Vn+2).

The following Recursion Theorem may be viewed as the motivation be-
hind the definition of admissible sets and the axioms of KP.

THEOREM 2.4.3 (Xi-Recursion Principle). Let M be an admissible set
with « = M N On and < be a well-founded relation on M such that the set
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prec_(z) ={ye M | y < x} is an element of M for every x € M and the
function

r: M — M; x+— prec_(z)
is definable in (M, €) by a Xi-formula with parameters.

If f: M x M — M s a function that is definable in (M, €) by a -
formula with parameters, then there is a function F : M — M such that
the following statements hold.

(1) If x € M, then F | prec_(xz) € M and F(z) = f(F | prec_(x),x).
(2) F is definable in the structure (M, €) by a ¥1-formula with param-
eters.

We derive some consequences from the above results that are important
in our context. First, we we show that Theorem 1.3.9 directly follows from
Proposition 2.4.2.

PrOOF OF THEOREM 1.3.9. Let f : M — «a be a function that is
defined in (M, €) by the Xi-formula ¢ = ¢(vo,v1,wo, ..., wn—1) and pa-
rameters zg,...,zm—1 € M. Given X € M, Proposition 2.4.2 shows that
there is a Y € M with

(M,e) E(Vze X)(FyeY) o(x,y,20, -y Zm—1)-

By Ao-Separation, the set Y = Y NOn is an element of M. Since M is closed
under unions, we have §=JY € M NOn =« and 8+ 1 < « contains the
image of X under f. O

As a corollary of the ¥1-Recursion Principle 2.4.3, we can conclude that
z-admissible ordinals are closed under the Gédel-Pairing function.

COROLLARY 2.4.4. Let M be an admissible set and o = M N On. Then
a is closed under Gddel-Pairing and the function <-,->= [ (A x A) is an
element of M for every A € M NP(«). O

In the following, we use the ¥;-Recursion Principle to show that the
stages of an inductive definition on a structures contained in an admissible
set can be computed inside this set up to its ordinal height.

The statement of the following proposition follows from an easy induc-
tion and the iterated application of Proposition 2.4.1.

PROPOSITION 2.4.5. Let L be a finite first-order language, N be an L-
structure with domain N and ¢ = (vg,...,va—1) be an LR,-formula. If
M is an admissible set with N € M, then there is a Ag-formula o, =
ox(vo, ..., vn) and a parameter y € M such that the following statements
are equivalent for all xg,...,xp—1 € N and X € M NP(N"™).

(1) N(X) = o(zo, - - -, Tn-1)-
(2) <M7€> ):‘10*('%07"'71%—173/7)()' U

LEMMA 2.4.6. Let L be a finite-first order language, N be an L-structure
with domain N and ¢ = @(vo,...,vp—1) be an L3,-formula. If M is an
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admissible set with N € M and o = M N On, then Ig €M forall p < «
and the function

F:a— M; +— Ig
is definable in the structure (M, €) by a X1-formula with parameters.

PROOF. Let ¢, = pu(vo,...,v,) and y € M be the objects produced by
Proposition 2.4.5 with respect to ¢ and M. Let f : M x a — V be the
function defined by the following clauses

{116 NT ’ <M7€> ):tp*(f,y,@)}, _ ifﬁ:@
fog) e IPULTENT (M) e g(B)), iEB=5+1
T Uran(f), if § € Lim,
0, otherwise.

We have f(g,3) € M for every pair (g, 3) € M X «, because M is closed
under taking unions and satisfies Ag-Separation. Moreover, f is definable in
the structure (M, €) by a Ap-formula with parameters. If F': o — M is the

corresponding function produced by Theorem 2.4.3, then an easy induction
shows that F(8) = I§ holds for all 8 < a. O

We are now ready to translate the statement of Theorem 2.3.4 to the
language of admissible sets and prove Theorem 2.1.4.

PRrROOF OF THEOREM 2.1.4. Fix an infinite cardinal x and let G, denote
the set of all centreless groups with domain x. We let ® = ®(wo,...,ws)
and ¥ = ¥(wo, ..., ws) be the L-formulae produced by Theorem 2.3.4.

Given t € 7,2, we define the ordinal oy < k as in Section 2.3. Set

B={a <k|tcT?}
and define a bijection b : 7,2 U P(7,2) — B UP(B) by

b(x) (0, o), if v € 7.2,
T = (1,{ay < K |t €x}), ifxeP(T2).

We let NV,; denote the unique Lo-structure with domain BUP(B) and the
property that b is an isomorphism of M, and N,;. Let ®y = ®g(wy, ..., ws)
be the (E,i)jl\[ﬁ—formula corresponding to ® with respect to b and ¥y =
Uo(wp, .. .,ws) be the formula corresponding to W. Finally, define

¢: Gx — BUP(B); G— b(qftg,.(1a)).

Let M be an admissible set with P(k) € M and « = M N On. Then the
structure N is an element of M, because B U P(B) € M,

(o) €M (jy) & [i=0Aj=1Az €y
for all (i,x), (j,y) € BUP(B) and
CNe = {((0,a0), (0, 1), (0, a2)) € BUP(B) | ag = <2, <y, ag>=>}.

Moreover, we have ran(c) € M, because this set is definable in the structure
N, by Proposition 2.2.12.
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Let 7 denote the set of all (5, X,z) € o x M x ran(c) with
X ={ye BUPB) | (y.z,y,2) € I},
By Lemma 2.4.6 and Proposition 2.4.1, the set 7 is definable in the structure
(M, €) by a Xj-formula @, = &, (wy,...,ws) and a parameter y € M.

Let A denote the set of all tuples (zq,...,x3,x) € M® such that x €
ran(c), zo,...,x3 € BUP(B) and

Na(I5°) = Wo(ao, ..., 3, 2)

holds for some 8 < a. By Proposition 2.4.1, Proposition 2.4.5 and Lemma
2.4.6, there is a ¥j-formula ¥, = V. (wy,...,ws) and a parameter z € M
that define the set A in (M, €).

Let G be an element of G, and (Gg | 3 € On) be an automorphism
tower of G. By Theorem 2.2.5, the special pair (Gg, k) is coded by Ig’ for
all 3 € On. Given 3 € On, there is a unique group Gz with domain

{b(aftc, (9) € BUP(B) | g € Gg}
and the property that the function
ba, : Gg — Gpg; §g— bafta, (7))

is an isomorphism of groups. In particular, G is isomorphic to Gg, the
sequence (Gg | f € On) is an automorphism tower of Gy and Corollary 2.2.4
shows that bg., | Gs = bi, holds for all g < .

Pick 8 < a. Then Lemma 2.4.6 implies that the set

X ={z € kUPK) | (z,¢(G),,¢(G)) € I}°}

is an element of M and X is the unique set in M such that ®.(5, X, ¢(G))
holds in (M, €). Given an arbitrary x € M, we have
v € Gy & (3g € Gp) x = b(aftg, (7))
& @reP(TH) [ = b(E) A (T, aftg . (16), T, aftg (1)) € 1)
& (z,¢(G),z,¢(Q)) € IEU
& e X.
This shows that the set X is equal to thf domain of Gg.

Fix h_e Ga+1 and g € G. Define h = ba;l(h), g= bai(g) and z =
qft@a%&(h,g). Let Z9 = E(vo, v1,v2) be the (E,{);lvﬂ—formula corresponding
to the Lf-formula Z(vg, v1,v2) = Pr(Ex (v, v1), v2).

If we define )

n={teT?|t%(h,g) € Ga},
then v1 € n, a € n for every a € Kk and n € Ni. This shows N, C n and

tGa+1(h, g) € G4 for every t € N,. In particular, for every 2 € b(N,), there
is an ordinal § < a such that Z¢(b(2), z, ¢(G)) holds in NH(IE’O).
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Let f : M — « be the function with
Fa) = { min{8 < a | Nu(I5°) = Z0(b(2), 7, ¢(G))}, if 2 € b(N,),

0, otherwise.
Proposition 2.4.1, Proposition 2.4.5 and Lemma 2.4.6 show that f is defin-
able in the structure (M, €) by a ¥j-formula with parameters and Theo-
rem 1.3.9 gives us an a, < a with f"b(N,) C a,. We can conclude that
tGet1(h,g) € Gy, for every t € N,. By Theorem 2.3.4, this implies that
(17(9), t5-1(g)) is the unique pair (go,g1) in G X G4 such that there is a
8 < « with

Mi(IF) E Y(afte, .(9),qfta, (90),afta, «(G1), afta, . «(h), aftg . (1a))

But this means that (t,(g),t,-1) is the unique pair (go, g1) € G4 X G4 such
that ¥.(g, g0, 91, h, ¢(G), z) holds in (M, €). g

We end this chapter with the proof of Theorem 1.3.3. This proof strongly
resembles the argument sketched at the end of Section 2.1. We replace the
application of the Countable Axiom of Choice in that argument by another
application of the ¥1-Recursion Principle 2.4.3 to derive the statement of
the theorem from the axioms of ZF.

PrROOF OF THEOREM 1.3.3. Let k be an infinite cardinal, G, be the set
of all centreless groups with domain x and M be an admissible set with
P(k) € M and « = M N On. We let ®,, V., y, z and ¢ denote the objects
produced by an application of Theorem 2.1.4.

Let G be an element of G, and (G | f € On) denote the automorphism
tower produced by Theorem 2.1.4 with respect to G. Fix an h € Gg41
and define A, to be the set of all pairs (g, 5) € G, x a with the property
that ¢4 (9), tp-1(9) € G. By Theorem 2.1.4, A, is definable in (M, €) by a
Y1-formula with parameters.

For all 8 < «, we define

f3:Gg — a; g— min{y <« | (9,7) € An}.

By the above remarks, every function of the form fg is definable in (M, €)
by a ¥;-formula with parameters and Theorem 1.3.9 implies that for every
B < « there is a v < « with the property that (g,7) € Aj, holds for every
g € Gg. This shows that there is a unique function f}, : w — «a with
frn(0) =0 and

fo(n+1) = min{y € (fn(n),a) | (Vg € Gy, (n)) (9,7) € An}-

By the above computations and the ¥;-Recursion Principle 2.4.3, the func-
tion f, is definable in (M, €) by a ¥;-formula with parameters and Theorem
1.3.9 implies

ay = sup fp(n) € aN Lim.

n<w
If g € Ga,, then there is an n < w with g € Gy, () and t,(g),p-1(g) €
G, (n+1) © Ga,. This shows that ¢, [ Ga, € Aut(Ga,) and there is an
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he € Go,+1 With ¢, | Ga, = th | Gq,. By Theorem 2.2.5, this implies
h=h,e€ Ga*—i-l C Gy,

The above argument shows that 7, < a + 1.

Now, assume that 7(G) < « holds for every G in G,. If G € G, then
this assumption and Theorem 2.1.4 imply that 7(G) is the minimal ordinal
0 < a with

(M, €) = (3X) [2(8,X,¢(G),y) NO(B+1,X,¢(G),y)].-
This shows that the function
c:ran(c) — «; ¢(G) — 7(Q)

is definable in (M, €) by a ¥j-formula with parameters. A final application
of Theorem 1.3.9 yields 7, < a. O






CHAPTER 3

Changing the heights of automorphism towers

One of the reasons why it is so difficult to compute the exact value
of the ordinal 7,; for some infinite cardinal x is that, although the defini-
tion of automorphism towers is purely algebraic, there can be groups whose
automorphism tower heights depend on the model of set theory in which
they are computed. Therefore, you always have to take into account the
set-theoretic background in which the computation of 7, takes place. We
may therefore conclude that the automorphism tower construction contains
a set-theoretic essence.! This phenomenon is illustrated by a result due to
Joel David Hamkins and Simon Thomas in [HTO00] stating that the exis-
tence of centreless groups whose automorphism towers are highly malleable
by forcing is consistent.

In [FLb], Gunter Fuchs and the author extended this result by showing
that any reasonable sequence of ordinals can be realized as the automor-
phism tower heights of a certain group in consecutive forcing extensions or
ground models. For example, it is possible to increase the height of the au-
tomorphism tower by passing to a forcing extension, then increase it further
by passing to a ground model, and then decrease it by passing to a further
forcing extension, and so on. In the first five sections of this chapter, we will
give a detailed presentation of the results of [FLb].

In another direction, it is also possible to construct models of set theory
that contain a group with unbounded potential automorphism tower height
in the sense that for every ordinal we can find a partial order that preserves
cofinalities and forces the automorphism tower of the given group to be taller
than this ordinal. The last section of this chapter contains an argument that
derives this result from Theorem 1.2.1 and simplifies the original proof in
[Liica].

3.1. Introduction

In [Tho98], Simon Thomas showed that the height of the automorphism
tower of an infinite centreless group is not absolute between models of set
theory by proving the following theorems.

THEOREM 3.1.1 ([Tho98, Theorem 2.1]). There is a partial order P sat-
isfying the countable chain condition and a centreless group G with 7(G) = 0

and Ip IF “7(G) > 17.

IThis formulation is due to Joel David Hamkins, see [Ham02].

37
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THEOREM 3.1.2 ([Tho98, Theorem 2.4]). There is a centreless group H

with T(H) = 2 and lg I+ “7(H) =17 for every notion of forcing Q that
adds a new real.

Let M, N be transitive models of ZFC with M C N and G € M be a
centreless group. By the above, the height of the automorphism tower of G
computed in M, 7(G)M, can be higher or smaller than the height computed
in N, 7(G)". This leads to the natural question whether the value of 7(G)™
places any constraints on the value of 7(G)Y, and vice versa. Obviously,
7(G)N = 0 implies 7(G)M = 0. The following result by Joel David Hamkins
and Simon Thomas suggests that this is the only provable implication that
holds for all centreless groups in the above situation. In short, the theorem
states that the existence of centreless groups whose automorphism towers
are highly malleable by forcing is consistent with the axioms of set theory.

THEOREM 3.1.3 ([HTO00, Theorem 1.4]). It is consistent with the axioms
of ZFC that for every infinite cardinal k and every ordinal o < kK, there exists
a centreless group G with the following properties.

(1) 7(G) = a.

(2) If B is any ordinal such that 0 < 8 < K, then there exists a notion
of forcing Pg, which preserves cofinalities and cardinalities, such
that Ip, IF “7(G) = 3.

The proof of this theorem splits into an algebraic and a set-theoretic
part. The following definition features the key concept of both parts of the
proof. The terminology is taken from [FHOS8|.

DEFINITION 3.1.4. Let & be a cardinal, T = (I'y | a < k) be a sequence
of rigid graphs and F be an equivalence relation on x. We say that a forcing
notion PP is able to realize E on f, if P forces that all I, are rigid and, that
for all 8,y <k, I'g =T, & BEY.

The following theorem sums up the results of the set-theoretic part of
the proof.

THEOREM 3.1.5 ([HTOO)]). It is consistent that for every infinite reg-
ular cardinal, there exists a sequence [ = (To | a < k™) of pairwise non-
isomorphic connected rigid graphs with the following property: Whenever E
is an equivalence relation on k™, there exists a notion of forcing Pg that
satisfies the following statements.

(1) Py preserves cofinalities and adds no new k-sequences.
(2) Pg is able to realize E on T.

The algebraic part of the proof then shows that the conclusions of Theo-
rem 3.1.3 are a consequence of this theorem. Since we are going to adopt the
techniques developed in these proofs, the next section contains an overview
of the construction of the groups in the algebraic part of the proof.
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The consistency result of the former theorem is obtained by a class-sized
forcing over a model of ZFC + GCH. In [FHO8], Gunter Fuchs and Joel
David Hamkins showed that the conclusions of this theorem also hold in the
constructible universe L. They deduce these conclusions from combinatorial
principles that hold in L and that we will introduce presently.

DEFINITION 3.1.6. Let x be an infinite cardinal and let Cof, denote
the set {a < k™ | cof(a) = k}. Then o,+(Cof,) is the assertion that there
is a sequence D = (D, | a € Cof,) such that for any A C k* the set
{a € Cof,, | ANa = D,} is stationary in x7.

In L, the hypotheses that K = k< and ¢,+(Cof,) are known to hold
for every infinite regular cardinal x. Note that ¢+ (Cof,) implies that & is
regular, for otherwise Cofy, is empty.

In the first five sections of this chapter, we fix a cardinal x that
satisfies the following assumption.

ASSUMPTION 3.1.7. k is an infinite reqular cardinal such that kK = k<"
and ¢,.+(Cof) holds.

DEFINITION 3.1.8. Let E be an equivalence relation on k. If v < k, then
we let [y]g denote the E-equivalence class of v. We call E bounded, if there
is some K < k such that [y|g = {7} for all v € [R, k).

Now we are ready to formulate a modified version of the result mentioned
above. This modification follows from the results of [FHO8] by coding trees
into connected graphs as in [Tho, Theorem 4.1.8]. If I'(T") denotes the
graph coding a tree T, then the following statements hold and are upwards-
absolute.

(1) Aut(7T) is isomorphic to Aut(I'(T")) for every tree T'.
(2) Given trees T and 717, T is isomorphic to T3 if and only if I'(7p)
is isomorphic to I'(77).
These absolute properties of the coding allow us to directly conclude the
following result from [FHOS8, Theorem 3.1].

THEOREM 3.1.9 ([FHOS8|, under Assumption 3.1.7). There is a sequence
[= (Ty | a < k) of rigid, pairwise non-isomorphic connected graphs and a
sequence C = (Cap | @ < B < k) of KT-Souslin trees with the following prop-
erty: Whenever E is a bounded equivalence relation on k, the full support
product forcing

Cp = H Crninjy] 5.y

Y<K
y#min[y] g

has the following properties.

(1) Cg preserves cofinalities and adds no new k-sequences.
(2) Cg is able to realize E on T.
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The aim of the first part of this chapter is to show that this theorem
already implies the existence of groups whose automorphism tower is even
more malleable by forcing than those of the groups mentioned in Theorem
3.1.3. It gives rise to groups whose automorphism tower heights can be
changed multiple times to any non-zero height by passing from one model
of set-theory to another, either by always going to a forcing extension, by
always passing to a ground model, or by mixing these possibilities. In fact,
for the given cardinal x, we will use Assumption 3.1.7 to construct a single
group & = &, with 7(68) = 0 and the property that the height of the
automorphism tower of & can be changed in each of these ways, repeatedly.

Let us now formulate precisely the three ways in which the height of the
automorphism tower of & can be changed repeatedly. The first main result
addresses the possibility of passing from models to larger and larger forcing
extensions in each step.

THEOREM 3.1.10 ([FLb, Theorem 3.10], under Assumption 3.1.7). For

every function s : Kk — (k\{0}), there is a sequence of partial orders
(P5 ] 0 < v < k), such that the following statements hold for each 0 < o < k.

(1) P2, preserves cofinalities and adds no new k-sequences.
2) ]I]Pi-ﬁ-l I+ “T(@) == é(@) 7, 5

) If o is a limit ordinal, then lps I “7(&) =17
) If B < «, then P2 extends P (in the sense that PS, = P x Q for

some partial order Q).

(
(3
(4

Moreover, if t : k — (k\ {0}), and s | v =t [ v for some 0 < v < K, then
P =Pt.
v Tty

The next main theorem addresses the possibility of producing a model
with the property that the height of the automorphism tower of & can be
changed by passing to smaller and smaller ground models.

THEOREM 3.1.11 ([FLb, Theorem 4.1], under Assumption 3.1.7). For
every ordinal A\ < K, there is a notion of forcing Qy with the following
properties.

(1) Qx preserves cofinalities and adds no new k-sequences.

(2) 1, IF “r(&) =1".

(3) In every Qx-generic extension of the ground model the following
holds: For every sequence s : A — (A\ {0}) there exists a de-
creasing sequence of ground models (M | 0 < a < \) such that for
all 0 < o < X the following statements hold.

(a) Miy, = “r(8) = s(a) "
(b) If « is a limit ordinal, then MJ = “T(®) =1".
Moreover, if t : X — (A\ {0}), then s(a) = t(«) implies M3 | =

Mg, for all o < X and MS = M}, for all limit ordinals v < \.

Section 3.4 contains the proof of this theorem.
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Next, the possibilities of passing to a ground model or to a forcing ex-
tension can be mixed. In order to make sense of models that are reached
by unboundedly often passing to a forcing extension and unboundedly often
passing to a ground model, we need a suitable notion of limit. We make this
precise and prove in Theorem 3.5.2, vaguely speaking, that all patterns can
be realized, provided that the set of & < x at which one passes to a forcing
extension contains a club.

In the last section of this chapter, we will construct groups whose auto-
morphism tower is highly malleable by forcing in another way: these groups
have unbounded potential automorphism tower height.

THEOREM 3.1.12 ([Liica, Theorem 1.8]). It is consistent with the azioms
of ZFC that there is a centreless group G of cardinality Ny with the property
that for every ordinal o there is a o-distributive partial order P that satisfies
the No-chain condition and 1p IF “7(G) > 7.

The proof of this statement presented in Section 3.5 is a simplification of
the proof presented in [Liica]. Both proofs rely on the statement of Theorem
1.2.1.

3.2. Preliminaries

In general, it is very difficult to compute the automorphism tower of
a given group. We will use a technique developed by Simon Thomas that
makes the construction of groups with a certain automorphism tower height
easier. The Normalizer Tower Technique was developed in [Tho85].

DEFINITION 3.2.1. If H is a subgroup of the group G, then the normalizer
tower (NG (H) | « € On) of H in G is defined inductively as follows.
(1) N%, (H) = H.
(2) N (H) = Ng (N (H)) = {g € G | (g Ng (H) = Ng (H)}.
(3) N} (H) = U{N& (H) | a < A}, if X € Lim.

An easy cardinality argument shows that for each group G of cardinality
k and each subgroup H of G there is an a@ < k™ such that N& (H) =
N&H (H). The normalizer length 70/9(H) of H in G is the least such a.

The following theorem reduces the problem of manipulating automor-
phism towers to the problem of manipulating normalizer towers in automor-
phism groups of first-order structures. It is implicitly proved in [Tho85]. A
detailed explanation of this result and the absoluteness of the corresponding
construction can be found in [HTO0O0, Section 2].

THEOREM 3.2.2 ([Tho85]). Let L be a first-order language, M be an
L-structure and H be a subgroup of Aut(M). Then there exists a centreless
group G such that the statement

7(G) = Tzigt(M)(H)

holds and is upwards-absolute between transitive models of ZFC.
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We will now summarize the results that we need in order to construct
structures whose automorphism groups can be changed by forcing. In the
following, we adopt notations from [HTO0O].

We call a pair (G, Q) a permutation group, if G is a subgroup of Sym(€).
Given a family ((G;, ;) | € I) of permutation groups, the direct product of
the family is defined to be the permutation group

[1(G: ) (HG“UQ>
i€l il el
where the direct product of groups acts on the disjoint union of sets in the
obvious manner. We say that two permutation groups (G,§2) and (H, A)
are isomorphic, if there is a bijection f : Q@ — A such that the induced
isomorphism
f*: Sym(Q) — Sym(A); g +— fooo f7

maps G onto H. We write (Ho, Qo) x (Hy,1) instead of [], _, (H;,€;) and
79 (H, Q) instead of Tglg (H).

ym(2)

For each ordinal «, we inductively define permutation groups (Hy, Ay)
and (Fy,Ay) in the following way.
(1) Ao = {@} and Ho = FO == {idAO}.
(2) If a > 0, then we define

(Ho, Aa) = (Ho, Ao) x [ (F5. Ap)
[B<a
and
F, Ng‘ym( o) (H,) -
Note that the second clause directly implies
(HaaAa) = (HB7A6) X H (FvaA’Y)
B<y<a
for all 8 < «. In order to keep our calculation clear, we also define
(H:;’ AZ) = (Ha’AOt) X (Fla Al) X (FlvAl)

for a > 1.

An easy induction shows max({w, |a|}) is an upper bound for the cardi-
nality of A, and this means that the definitions of (H,, A,) and (Fy, Ay)
are absolute between models with the same a-sequences of ordinals, because
the symmetric group of Ag is the same in those models for all 5 < a.

These permutation groups are the first ingredient in our construction.
The following theorem summarizes their important properties deduced in
the algebraic part of [HTO00].

THEOREM 3.2.3 ([HTO00]). For each ordinal «, the following statements
hold.

(1) ™9 (Hy, Ay) = «
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(2) 779 (F,, Ay) = 0.
(3) If a > 1, then T™9 (H}, AY) = 1.

PROOF. The first statement is [HTO00, Lemma 2.10] and the second
statement follows directly from the first, together with the definition of Fj,.
The third statement is [HT00, Lemma 2.14] in the case § = 1. O

The sequence T' = (I'y | o < ) of rigid, pairwise non-isomorphic con-
nected graphs and the sequence (C,, | @ < k) of k1-Souslin trees constructed
in Theorem 3.1.9 are the second ingredient in our construction.

If F and F are equivalence relations on , then we define

E<F <« ECFANa<k)(ag #{a} — min[a]p = min[a]p).

Note that, as the notation suggests, < is a reflexive, transitive relation.
Moreover, by checking the definition of the forcing C'y in Theorem 3.1.9, we
arrive at the following observation.

OBSERVATION 3.2.4 (Under Assumption 3.1.7). If E < F are bounded
equivalence relations on k, then the forcing Cr extends Cg, in the strong
sense that there is a partial order Q such that Cr = Cg x Q. O

The following construction allows us to combine the two ingredients.
If (I = (X;, E;) | ¢ € I) is a family of graphs, then we define the direct
sum of the family to be the graph

®r- (1x.Ls)
icl iel el

obtained by taking the disjoint unions of the sets of vertices and edges,
respectively.

We call a pair (G,I) a graph permutation group, if I is a graph and G
is a subgroup of Aut(I'). As above, if a ((G;,I;) | ¢ € I) is a family of graph
permutation groups, then we define the direct product of the family to be
the graph permutation group

[[(GTi) = (H G, @n) :

el el el

where the product of groups acts on the direct sum of graphs in the obvious
way. We say that two graph permutation groups are isomorphic, if there
is an isomorphism of the underlying graphs such that the induced isomor-
phism of automorphism groups maps the subgroups correctly. Again, we
write (Go,T9) x (G1,T1) instead of [[;_o(Gi, ;) and 7"9(G,T) instead of

nlg (G)
TAut(m)\&)-

If Q2 is a set and I' is a graph, then we define

Ga(T) :@F

€
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to be the graph obtained by replacing each element of 2 by a copy of I'. We
can embed Sym(€2) into Aut(Gq(I')) in a natural way and, if I' is connected
and rigid, then it is not hard to show that this embedding is an isomorphism.

If (G,Q) is a permutation group, then we get a new graph permuta-
tion group (G(I'),Ga(I")), where G(I') is the image of G under the above
embedding of Sym(2) into Aut(Gqa(I')).

In the following lemma, we list facts about graph permutation groups
used in the algebraic part of [HT00]. They will play an important role in
our later constructions, because they will enable us to compute normalizer
towers in products of graph permutation groups.

LEMMA 3.2.5 ([HTO00]). If T = (I; | i € I) is a sequence of connected
rigid graphs and ((G;,€;) | i € I) is a sequence of permutation groups, then
then following statements hold for all ig € I.

(1> Fnlg (Gio (Fio)v gQiO (Flo)) = Tnlg(Gim Qio)-
(2) IfT consists of pairwise non-isomorphic graphs, T™9 (Gip, i) >1
and 79 (G;,Q;) < 1 holds for all j € I\ {io}, then

" (H (Gi(T), gmri))) — 79 (G, Qi) -

i€l
(3) Iff consists of pairwise isomorphic graphs and

(G.Q) = [[(Gi, ),
el
then

(G(T4),G0(Ty)) = [ [ (Gi(T4), Go, (1))
i€l

PROOF. By the assumption, the canonical embedding of Sym(€2;) into
Aut(Gq,(I';)) is an isomorphism and maps G onto G(I';). This proves the
first statement.

The set of connected components of [[,.; (Gi(I';), Gq,(I';)) consists of a
copy of I'; for each element of ; and each ¢ € I. If all I';’s are pairwise
non-isomorphic, then each subgraph of the form Gg,(I';) is invariant under
all automorphisms and therefore each automorphism of the graph is induced
by an element of the group [[,c; Aut(Gg,(I';)) acting on the graph in the
obvious way. By the rigidity of the I';’s, this means that the automorphism
group of @, ; Go,(I';) is isomorphic to [],.; Sym(£2;) and this isomorphism
sends [[;c; Gi(I';) to [[;c; Gi- An easy induction then shows

NIL,c, sym(o <HG>NN§ym Gio) < I Négmo,) (G)

i€l jel\{io}
for all @ > 0 and, by the existence of the above isomorphism, this proves
the second statement.
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Each automorphism of &,.; Go,(I';) that fixes a connected component
setwise also fixes it pointwise by rigidity. This shows that the natural iso-
morphism between B, Go, (') and D, Go, (I'i,) induced by the isomor-
phisms between I';, and the I';’s is also an isomorphism between the graph
permutation groups (G(I';y), Ga(I'y,)) and [[;c; (Gi(I4), Ga, (I';)). O

We now introduce the group & which is the protagonist of the first five
sections of this chapter. For the remainder of this chapter, fix a sequence
((Gay Q) | a < k) of permutation groups such that each (Ga,y) is
of the form (F5,Ag), for some & < k, and such that for every f < &,
the set of § < k such that (Gs,Qs) = (Fjg, Ag) is unbounded in k. So for
example, using the Godel pairing function, we could let (G, ) = (Fu, Aa),
if v = <, B> < k. We write G,(I") instead of Go_ (I').

DEFINITION 3.2.6. If IT = (I, | @ < k) is a sequence of graphs, then we
define

g(ﬁ) = H (Ga(Ha)vga(Ha))'
a<k
As noted above, the definition of G(II) is absolute between models with
the same k-sequences of ordinals that contain II.
Under Assumption 3.1.7, we also fix a sequence I' = (I'y, | o < k) of

graphs and a sequence C = (Cap | @ < B < k) of trees as in Theorem
3.1.9.

DEFINITION 3.2.7. Let & = &, be the centreless group the existence of
which is postulated in Theorem 3.2.2, with respect to G(I').

So by definition, 7(®) = 79(G(T')) holds and is upwards-absolute.
Hence we can change the height of the automorphism tower of & by changing
the height of the normalizer tower of G(I') in the corresponding symmetric

group.
Since all ', are rigid and pairwise non-isomorphic and

TG, Qo) = T (Fg, Ag) = 0,

we may use Theorem 3.2.3 and the second part of Lemma 3.2.5 to get the
following statement.

OBSERVATION 3.2.8 (Under Assumption 3.1.7). 7(&) = 79(G(T))

o
o

3.3. Consecutive Forcing Extensions

To make the following constructions clearer, we introduce some vocab-
ulary. We would like to remind the reader that we are working under As-
sumption 3.1.7, and that we have fixed the objects mentioned at the end of
the previous section.
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DEFINITION 3.3.1. Let X be a subset of k with monotone enumeration
(ra | o < otp (X, <)).
(1) We call X active if otp (X, <) = 41 > 2 for some 3 < k and
(a) For all o < 3, (G4,,Qy,) = (Fa, Ad).
(b) (Gst 973) = (F()a AO)
(2) We call X sealed if otp (X, <) = f+3 for some 3 <k, XN (yg+1)
is active and

(G‘/BH’Q’YBH) = (G’Yﬁ+2’ Q’Yﬁ+2) = (Fla Al)-
(3) If X is a scaled subset of x with otp (X, <) =3+3and 1 <3< 3,
then {7, | a < B} U{ys} is the active segment of X of order type

B+ 1
(4) We call X trimmed, if otp (X, <) = 2 and

(G"/O7Qw> - (G'}’17Q’71) = (FOaAO)-

(5) If Y is either an active subset of x with monotone enumeration
(0q | @ < B+ 1) or a sealed subset of k£ with monotone enumeration
(0o | @ < B+ 3), then {do, 63} is the trimmed segment of Y.

So the permutation groups associated to a sealed subset X of x with
monotone enumeration (v, | @ < 8+ 3) look as follows:

(G’Yon’Yo) (G'YI7Q’YI)7 (G’szQ’Yz) s (G’Yﬁ7979) (G’Y5+1vQ’YB+1) (G7ﬁ+27QWﬂ+2)

Il Il Il Il Il Il
(F(),A()) (Fl,Al) (FQ,AQ) (F(),Ao) (Fl,Al) (F17A1)

Note that a sealed subset of k must have order type at least 5. By
definition, the following equation holds for the above set X.

[T (Gs:9%) = (Fo, 80) x | [] (Far Aa) | x (Fi, A1) x (F1, Ay)
0exX a<f

= (Hj. Ap)
If 3 < B and Y is the active segment of X of order type 3 + 1, then the

following equation holds.

(3.2) H (Gs,Qs) = (Fo, Do) X H (Fa, Aa) = (Hp, Ag) -
1% a<f

(3.1)

Finally, if Z = {&,&1} is a trimmed subset of x, then the following
equation holds.

(3.3) H (G(;,Q(;) = (Fo, Ao) X (Fo,Ao) = (Hl,Al) .
¥4
We extend the above definitions to equivalence relations on s and show
how we can use them to change the height of the automorphism tower of &.

DEFINITION 3.3.2. Let E be a non-trivial equivalence relation on k.
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(1) We call E inactive, if every non-trivial equivalence class is either a
sealed or a trimmed subset of k.

(2) We call E active, if all non-trivial E-equivalence classes are either
active, sealed or trimmed subsets of £ and there is a unique active
FE-equivalence class.

LEMMA 3.3.3 (Under Assumption 3.1.7). If E is a bounded, inactive
equivalence relation on k, then 1c, IF “7(&) =1".

ProOF. Work in a Cg-generic extension of the ground model. As noted
after Definition 3.2.6,

G(I) = [[ (Ga(Ta),Ga(la))
a<k
still holds. Let S denote the set of all sealed E-equivalence classes, and for
ce S, let (75 | a < B¢+ 3) be the monotone enumeration of ¢. Define T to
be the set of all trimmed E-equivalence classes and let d = {4, &4} for each
d € T. Finally, let N denote the union of all trivial E-equivalence classes.
Using the third part of Lemma 3.2.5 and the equations (3.1) and (3.3), we
can conclude that the following objects are isomorphic.

g(f) = (H (Ga(ra)»ga(ra»> x (H (H (Gé(rwg)agé(rvé))>>

aeN ceS \dec

<11 ((Gfg(ng%g&g(ng)) X (Gfld(rfg)’gfi‘(rfg))>

deT
= (H (Ga(Fa),Ga(Fa))> X (H(ch(rwg),g%c(r,yg)g
aEN cesS
x [T (H1(Teg), Gar (D))
deT

By assumption, all graphs appearing in this product are rigid and pair-
wise non-isomorphic. The first part of Lemma 3.2.5 and Theorem 3.2.3 now
yield the following statements.

(1) For all « € N, 79 (Go(T),Ga(Ta)) = 79 (G, Q) = 0.
(2) For all ¢ € 8, 7"9(H}e (), Gas, (Trg)) = 79 (Hpe, Afe) = 1.
(3) For all ¢ € T: Tnlg(Hl(Fgg)a gA1 (ng)) = Tnlg(Hla Al) =1L

By definition, there is at least one non-trivial equivalence class and we

can therefore apply the second part of Lemma 3.2.5 to conclude

7(8) = 7"9(G(T)) = 1.
O

LEMMA 3.3.4 (Under Assumption 3.1.7). Let E be a bounded, active
equivalence relation on k. If e is the unique active E-equivalence class, then

e, - “r(&) + 1 = otp (¢, <) ”.
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Proor. Work in a Cg-generic extension of the ground model. By the
definition of active subsets, the monotone enumeration of e is of the form
(Yo | a < B+1) for some 1 < B < k. Define N, S, T, 75 and &% as in
the proof of Lemma 3.3.3. Using the third part of Lemma 3.2.5 and the
equations (3.1)-(3.3), we get the following equalities.

G(I') = (H (Ga(Fa),Qa(Fa))> x (H (H(Ga(Fyg),ga(Fyg))»

aEN ceS \dec

X (H <(G£3(F£3)7 Gea (L)) x (Geg(Teg), gé‘f(rég)))>

deT
x [T (G5(0), Gs(T'5,))
d€e
= (gv(Ga(Fa)aga(Fa))) X (g(HEC(F’YS)ngEC (F%:))>

X (H(Hl(rgg)7gA1(Fgg))> X (Hp(I'y), Gag(Tyg))-

deT

Again, all graphs in this products are rigid and pairwise non-isomorphic and
T (Hﬁ(rw)v gA,g (FWO)) = (Hﬁ, Ag) =06>1.

By the second part of Lemma 3.2.5 and the computations made in the proof
of Lemma 3.3.3, we can conclude

(8)+1=7"9(GT)+1=08+1=otp (e <).
O

Next, we define a family of functions that allows us the construction of
special bounded equivalence relations in our proofs of the theorems. Re-
member that for each o < k the set

{B<r|(Gp, Q) = (Fa, Aa)}
is unbounded in x.

LEMMA 3.3.5. For each function s : k — (k\ {0, 1}), there ezists a
function s* : k — [k]<" with the following properties.
(1) If B < «, then s*(B) C min(s*(«)).
(2) For all a < kK, s*(a) is a sealed subset of Kk with

otp (s* (), <) = s(a) + 3.2

2Remember that a sealed subset of x must have order type at least 5. This is why we
require s(c) > 1 here.
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PROOF. Assume s* | « is already defined for some o < k. We define
s*(a) = {~§ | 6 < s(a) + 3}, where (7§ | 6 < s(a) + 3) is defined as follows:
7§ is the least v < &k such that [J{s*(8) | B <a} C v and (G,,Q,) =
(Fo,Ap). I 0 < d < s(a) and (¥ | £ <) is already defined, then 7§ is
the least v <H such that v > sup{y¢ | £ <4} and (G,, ) = (F5, Ay).
Finally, 7, is the least v < r such that v > sup{v5 | 6 < s(a)} and
(G, Q) = (Fo,Ag), v Ve(a)+1 15 the least v < Kk such that v > Vo(a) and
(G, Q) = (F1,4y), and 'ys(a)JrQ is the least v < s such that v > {4
and «;V,Qy)——(Paﬂﬁl) O

From now on, we fix an operator [s — s*] with the above properties. We
may also assume that if s,t : Kk — (k\ {0,1}) are functions with s [ v =
t | v for some v < Kk, then s* [ v =t* [ 7. For each s : Kk — (k\ {0,1})
and each a < K, we define a bounded, inactive equivalence relation ES on s
by

YE O = v=05 V (I < a),d€s"(f).
It is easy to see that a < § < implies Ef, <X Ej.

DEFINITION 3.3.6. Let E be a bounded equivalence relation on . If £
is active and e is the unique active E-equivalence class, then we define ht(E)
to be the unique ordinal « with otp (e, <) = a+ 1. If F is inactive, then we
define ht(E) = 1.

As an illustration of the concepts introduced above, note the following
observation which is a direct consequence of Lemmas 3.3.3 and 3.3.4.

OBSERVATION 3.3.7 (Under Assumption 3.1.7). If E is a bounded equiv-
alence relation on k and E s either active or inactive, then

oy, IF “7(6) = ht(F) .
O

Next, we want to analyze <-ascending and -descending chains of equiv-
alence relations.

DEFINITION 3.3.8. Let A = (4, | a < ) be a sequence of sets. We say
that A converges, if for every x there is an o < 3 such that either x € A,
foralla <y < fBoraz ¢ A, foralla <~y < fg. If A converges, then we
define the limit of A to be the set

hmAa—U ﬂ A,

a<f a<<y<p

If 8 =0o0or 8 = a+1, then A automatically converges. Namely,
lim, oAy, = 0, and limy_n41 A, = A,. Trivially, if A is increasing (in
the inclusion relation), then A converges with limit (J,. 5 Aa, and if it is
decreasing, then it converges with limit (1, 3 A,. Tt is easy to see that if
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Aisa convergent sequence of equivalence relations on a set I, then lim A is
also an equivalence relation on I.

We will apply the following facts in the proofs of the first two main
results. They follow directly from the above remarks and the transitivity of
the relation <.

OBSERVATION 3.3.9. Let (Eq | a < k) be a sequence of equivalence rela-
tions on K.

(1) If Ey, <X Eg holds for all v < f < K, then (Eg | f < a) converges

for all o < k and limg_5 Eg =< limg_., Eg holds for all @ < o < K.

(2) If Eg = E, holds for ally < 3 < k, then (Eg | B < o) converges for

all o < Kk and limg_. Eg = limg_.4 Eg holds for alla < a < k. [0

We are now ready to apply our methods and constructions to prove
Theorem 3.1.10.

PROOF OF THEOREM 3.1.10. Foragiven s: k — (k \ {0}), let s+1 be
the function with domain x defined by (s+1)(a) = s(a)+1. We construct a
sequence (E, | a < k) of equivalence relations on x by defining the nontrivial
equivalence classes of each relation. For a < k, a subset Z C k is a nontrivial
equivalence class of E,, if and only if one of the following conditions holds.

o 7 =(s+1)*(p), for some (3 < «,

e s(a)=1and Z = (s + 1)* (),

e s(a) > 1 and Z is the active segment of (s + 1)*(«) of order type
s(a) + 1.

It is easy to check that the following statements hold for all a < k.

(1) E4 is bounded and either active or inactive. Moreover, we have
ht(E,) = s(a).

(2) For all 8 < a, Eg = E,. In particular, (E3 | § < «) converges and
E}, =limg_,, E3 is a bounded equivalence relation on .

For each o < k, we define P;, = Cgx. These partial orders satisfy the
first property of the theorem by the first statement of Theorem 3.1.9. By
the first part of Observation 3.3.9, if § < a < k, then EE. < E* and we can
use Observation 3.2.4 to see that the partial orders satisfy the last property
of the theorem.

Let a < k. We have E}, | = E,, P}, | = Cg, and therefore

Tps I “7(8) = ht(E,) = 5(a)”.
If « is a limit ordinal, then it is not hard to show that
B, =lim Eg = | ] By = E3"!
B—a
[B<a
and Pg, = Cps+1. This means
Ips IF “7(8) = ht(ET!) =17,

because E3t! is an inactive bounded equivalence relation on k.
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Finally, if s [y =1t | v for s,t: Kk — (k \ {0}) and v < &, then we also
have s* | v = t* | v and it is easy to check that the above construction yields
the same equivalence relations Ej for all § < «. Since EY = lims_. Es, the
resulting E7 coincide, and therefore P3 = ]P’fy. O

3.4. Consecutive Ground Models

This section is devoted to the proof of Theorem 3.1.11.

Before proving the theorem, we would like to comment on the first order
expressibility of its statement. It is by now a well-known fact that every
ground model is uniformly definable in a parameter, see [Lav07]. Even this
fact, though, may at first not seem to be first order expressible. But here is a
simple way to state it: There is a first order formula ¢(x,y) in the language
of set theory® such that the following is provable in ZFC:

(VP)(Vz) [(P is a partial order and z = P(|P|T))
— Ap - “V = {z | gb(m,z)}”]

Vice versa, given a set z, it is a simple matter to check whether {z | ¢(z, 2)}
is a ZFC-model of which the universe is a forcing extension. So point (3) of
the theorem can be expressed by saying that for every sequence s : A —
(A\ {0}), there is a sequence (zo | 0 < a < A) of sets such that, for all
0 < a < A, the class M2 = {z | ¢(x,24)} is a ground model that satisfies
the given statements. Formulating the additional requirement in (3) does
not pose a problem either. So let us turn to the proof of Theorem 3.1.11.

PROOF OF THEOREM 3.1.11. Let ¢t : Kk — K denote the function with
constant value A 4+ 2, and let t* be the function given by Lemma 3.3.5. We
define E to be the bounded, sealed equivalence relation Eﬁ\ on K, i.e.

puEn <= p=nV (Ja<A) u,n et (a).

Set Q) = Cg. By Theorem 3.1.9 and Lemma 3.3.3, Q) satisfies the first and
the second statement of the theorem.

Let V[G] be a Qx-generic extension of the ground model V and let s :
A — (A\ {0}) be a sequence in V[G]. By the above remark, s is already
an element of V and we can make the following definitions in V.

For a < A, we define an equivalence relation FE, on k by specifying
that Z C k is a nontrivial equivalence class of F, if and only if one of the
following conditions holds.

o Z =1t*(f) for some a < B < \.

e s(a) =1and Z = t* ().

e s(a) > 1 and Z is the active segment of t*(«) of order type s(a)+1.
Again, it is easy to see that the following statements hold for all o < A.

30f course, this existential quantification can be eliminated by writing down the
formula ¢ explicitly, but the details of its definition are irrelevant for our purposes.
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(1) E4 is bounded and either active or inactive. Moreover, we have
ht(E,) = s(a).

(2) For all § < a, E, < Eg. In particular, (Eg | 3 < «) converges and
E}, =limg_,, E3 is a bounded equivalence relation on .

For each o < A, we define P}, = Cgx and M; = V[G NP;]. By the
second part of Observation 3.3.9, if < a < A, then E} < EE and we
can use Observation 3.2.4 to see that the sequence (M7 | o < A) of ground
models is decreasing.

Let o < A. We have E}, | = E, and P}, ; = Cg,. Observation 3.3.7
yields § §

Ips  IF “7(8) = ht(Eq) = 5(a)”.

If o« is a limit ordinal, then Ef, = limg .o Eg = (5., Eg, because the
sequence (Eg | f < «) is decreasing. As a result, the nontrivial equivalence
classes of EY are precisely the sets {t*(5) | o < 8 < A} and this shows that
E% is an inactive bounded equivalence relation on x. By Observation 3.3.7,
P%, = Cpx and

Ips - “7(&) = ht(E%) =17.

If s(a) = §'() for some s, : A — (A {0}) and @ < A, then the above
construction produces the same equivalence relation E, for both functions
and therefore the same model M,1; = V[G N Cg,]. Finally, by the above
analysis, the equivalence relation F; = limg_,, Eg is the same for all func-
tions s : A — (A \ {0}) and every limit ordinal v < A. O

3.5. The Mix

In this section, we are producing models of set theory, where a given
sequence of nonzero ordinals can be realized as the height of the automor-
phism tower of & in consecutive models such that the next one is a forcing
extension or a ground model of the previous one, as desired. There are
some limitations on the possible patterns, and to formalize them precisely,
we introduce the notion of a realizable prescription.

DEFINITION 3.5.1. A function s : Kk — (k \ {0}) x 2 is a prescription on
k. It is realizable if (s(0)); = 1 and the set of all @ < & such that (s(a)); =0
is not stationary in .*

The interpretation is that the first coordinate of s(a) gives the desired
height of the automorphism tower of & in the (a + 1)-th model, and the
second coordinate says whether the (a + 1)-th model should be a forcing
extension or a ground model of the a-th model.

THEOREM 3.5.2 ([FLb, Theorem 5.2], under Assumption 3.1.7). For
every realizable prescription s on k, there is a sequence (Eo | a < k) of
bounded equivalence relations on k with the following properties.

4Here, we use the following notation for components of ordered pairs: ({z,y))o = z,
(z,y))1 = v.
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(1) For every a < k, the sequence (Eg | 3 < ) of equivalence relations
converges with limit E.

(2) If @ <&, then lg, - “r(B) = (5(q))o 7.

(3) If a < K is a limit ordinal, then Ioy, IF “r(B)=1"

(4) If a < k and s(a)y =0, then E} | < E},.

(5) If a < k and s(a)y =0, then E}, X E} .

PROOF. Let a realizable prescription s be given and C C k be a club
of a with (s(a)); = 1 and 0 € C. Let fo : Kk — C be the monotone
enumeration of C. Given 8 < k, let i((3) be that ordinal less than x such
that B € [fo(i(B)), fc(i(B) + 1)). Let t be the function with domain &
defined by setting t(a) = (s(a))o + 1.

For 3 < k, we define an equivalence relation E3 on s by specifying its
nontrivial equivalence classes. Namely, X is a nontrivial equivalence class
of Eg if and only if one of the following statements holds.

e There is an a < (3 such that (s(a+1)); =1 and X = t*(«).

e There is an o < 3 such that (s(a+1)); =0 and X is the trimmed
segment of t*(a).

e There is an o € (3, fc(i(B) + 1)) such that (s(«)); = 0 and X =
t*(«).

e (s(8))o > 1 and X is the active segment of t*(3) of order type ¢(53)
(which is (s(8))o + 1), or (s(8))o =1 and X = t*(3).

This defines the sequence (Eg | f < k) of equivalence relations. Obvi-
ously, each Ejg is bounded. If Ejg is active, then its active equivalence class
is the active segment of ¢*(3) of order type (s((3))o + 1. In particular, we
have

(3.4) lo,. IF“7(8) = (3(3))o”

B+1

If E3 is not active, then (s(3))o = 1, Ej is inactive and (3.4) also holds in
this case.

We have to show the sequence has the desired properties. To this end,
we verify the following claims.

CLAIM 1. For every o < k, the sequence (Eg | f < ) converges.

PrOOF OF THE CLAIM. Fix a limit ordinal o < k. Let v,§ < K be
given. We have to find & < « such that either for all 8 € (@, o), vEgd holds,
or for all 8 € (@, ), vEg0 fails. This is trivial if v = J, and it is also trivial
if there is no p < a such that vFE,6 holds. But if there is such a p, then this
means that v,d € t*(£), for some § < fo(i(pn) + 1) — this is easily confirmed
by looking at the definition of E,, above. If £ < o, then for all 3,5 € (§, @)
we have yFEgd if and only id yEg+ (again, this is easily checked by referring
to the clauses defining the equivalence relations). Hence we can let a = &.
But if £ > «, then this means that ¢*(£) is a nontrivial equivalence class of
E,, due to the third condition in the definition of E,,, so & € (u, fo(i(p)+1).
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But then, for all 5 € [u,a), i(8) = i(u), and again, by the same condition,
t*(&) will be a nontrivial equivalence class of E3. So in this case, we can set
a = p. g

It is also easy to see that if « is a limit ordinal, then E? is inactive and

therefore g, IF “7(&) = 17.
CrLAamM 2. If a < k with (s(a))1 = 0, then E, < EX.

PROOF OF THE CLAIM. Note that if (s(a)); = 0, then

a € (fo(i(a)), fe(i(e) +1),
since o ¢ C. There are two cases to consider here.

The first case is that a is a limit ordinal. In that case, it follows that the
only disagreement between E}, and E,, is that the a-th nontrivial equivalence
class of E is t*(«), while the a-th nontrivial equivalence class of E, is the
active segment of t*(«) of order type (s(a))o + 1. So E, <X E.

The second case is that &« = @ + 1 is a successor ordinal. In this case,
E’ = E4 and we have to show that £, < Eg. Since

a € (fe(i(a), fe(i(e) + 1),
it follows that the a-th nontrivial equivalence class of Ej5 is t*(«), while
the a-th nontrivial equivalence class of FE, is the active segment of ¢*(«)
of order type (s(a))p + 1 (using the fourth clause in the definition of E,
and the third clause in the definition of E5). Moreover, the a-th nontrivial
equivalence class of Ej is the active segment of t*(@) (by the fourth clause
in the definition of E5) and the @-th nontrivial equivalence class of E, is
the trimmed segment of ¢t*(&) (by the second clause in the definition of E,).
FE, and E5 agree about the other nontrivial equivalence classes, so that it
follows that E, = FEg, as desired. O

CLAM 3. If a < k with (s(a))1 =1, then E}, < E,.

PROOF OF THE CLAIM. As in the proof of Claim 2, we distinguish two
cases.

The first case is that « is a limit ordinal. As before, E, and E}, agree
about the ~-th equivalence classes. The a-th equivalence class of F, is
the active segment of t*(«) of order type (s(«))o + 1, while for v € t*(«),
{7} = [lE:- Eo and E} agree about the other nontrivial equivalence classes,
which are of the form t*(8), for 8 € (o, fo(i(a) + 1)). So E} = E,, as
claimed.

In the second case to consider, & = &+ 1 is a successor ordinal. So E}, =
FE5 and we have to show that E5 =< E,. The a-th nontrivial equivalence class
of E, is the active segment of t*(«) of order type (s(a))p+1 (using the fourth
clause in the definition of E,) and, for v € t*(«), we have {7} = [y]g,. The
a-th nontrivial equivalence class of Fy is the active segment of t*(&) (by the
fourth clause in the definition of Fj), and the a-th nontrivial equivalence
class of E, is t*(a) (by the first clause in the definition of E,). F, and Ej5
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agree about the other nontrivial equivalence classes, so that it follows that
FE, = Eg, as desired. O

This finishes the proof of the theorem. 0

3.6. Unbounded potential automorphism tower heights

This section contains the proof of Theorem 3.1.12. This proof is based on
an application of Theorem 1.2.1 and folklore results about splitting forcings
into two-step iterations. We start by stating and proving these standard
results. Given a boolean algebra B, we let B* denote the partial order with
domain B \ {Og} ordered by the restriction of <g to this set.

LEMMA 3.6.1. Let k be an infinite cardinal, B be a complete boolean
algebra and & € VB with I |- “& C i ”. Then there is a k-generated
complete subalgebra C of B in V and names D,y € VE with the following
properties.

(1) We have l¢ I+ “D is a partial order” and there is a dense embed-
ding i : B* — C* D such that i(c) = (¢, ¢) with ¢ IF “¢=¢7 for
all ce C*.

(2) If Gy * Gy is (C* x D)-generic over V and G is the preimage of
Go * G1 under i, then ¢ = &0 € V[Gy).

PROOF. Given a < k, set
Bo={beB" |blIF“aez”

and b, = supg B,. Let C be the complete subalgebra of B generated by the
set {ba | @ < Kk} and define

g ={{d,by) € VE X C* | a < K, by # 0} € V&,

Let G be B*-generic over V. If a € &%, then there is a b € G with
bl “a e 4” and this shows by, € G and a € §°"C". The other direction
follows directly from the fact that b, € B, holds for all o < k.

There is a canonical C*-name ) with the property that, whenever Gy is
C*-generic over V, then D% is the partial order whose domain is the set

{beB* | (Vee Gy) b |

B* C}

ordered by the restriction of <g to this domain.

If b € B* and G is B*-generic over V with b € G, then b € DEC" and
there is a c € GNC* with ¢l “b € D”. This shows that the function

ig: B — C*; b—sup{ce C* | clF “be D"}
B
is well-defined. Pick a function 4; : B* — VC with ¢ I+ “iy(b) € D”

and ig(b) IF “b =iy (b)” for all b € B*. Define i : B* — C* D by setting
i(b) = (io(b), i1 (b))-
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Given ¢,¢ € C*, it is easy to see that ¢ IF “¢ € D” is equivalent to
¢ <c¢ c¢. This shows that ig(c) = ¢ holds for all ¢ € C*. We show that i is a
dense embedding.

Let by, by € B* with by <p b;. Given ¢ € C*, if ¢ IF “by € ID)”, then ¢ -
“by € D”. This shows that ig(bo) <4 t0(b1) holds and hence i(bg) <c.,p
i(b1). Next, fix ap, a1 € B* with ag Lp+ a;. Assume, toward a contradiction,
that there is a (¢,d) € C* + D with (c, d) <ceap 4(a0),i(a1). We can find a
Oc <c ¢« <c¢ ¢ and a condition d € B* with ¢, IF “d = d”. This means cy IF
“d <p Go,a1” and therefore Op <g d <p ag,a1, a contradiction. Finally,
fix (c, d) € C* «D. As above, there are O¢c <c¢ ¢ <c ¢ and d € B* with

ce IF “d=10". Since c, IF “&, Il d”, there is a condition d, € B* with
dy <p ¢y, d. By the above computations, iy(d.) <c io(cs) = ¢« <c ¢ and
io(dy) IF “ir(di) <p d”. This means i(d,) <ceap (G d) and i is a dense
embedding.

If Go*GY is (C*«D)-generic over V and G is the preimage of Go+G1 under
1, then both Gg and G N C* are C*-generic over V. Since ig [ C* = idc,
it follows that G N C* C Gg and the maximality of generic filters yields

G N C* = Gy. By the above calculations, ¢ = ¢ = G0 € V[Go]. O

If k is an infinite regular cardinal, B is a boolean algebra and C is a
subalgebra of B, then C is called <k-complete in B if infg X € C for all
X e [C]<~.

PROPOSITION 3.6.2. Let k be an infinite reqular cardinal, B be a complete
boolean algebra that satisfies the k-chain condition and C be a subalgebra of
B. If C is <k-complete in B, then C is a complete subalgebra of B.

PROOF. Assume, toward a contradiction, that C is not a complete sub-
algebra of B and let v be the least cardinal such that there is a sequence
(ca € C | a <v) with infg{c, | @« <v} ¢ C. By our assumption, v > &
and it is easy to see that v is a regular cardinal. Given a < v, we define
bo = infg{cg | B < a}. Our assumptions imply O # b, € C and bg <p b,
for all o < 8 < v. Moreover,

i%f{ba |a<v}= i%f{ca | a<v} ¢C.

If we define a, = b, — b1 for all @ < v, then the set
A={an €B | a<v,a, # Op}

is an anti-chain in B and therefore has cardinality less than . This means
that there is an o < v with ag = O for all & < 8 < v and an easy induction
shows that this implies bo41 = bg for all o« < 8 < v. We can conclude
infg{by | @ < v} = b1 € C, a contradiction. O

LEMMA 3.6.3. Let k be an infinite cardinal, B be a complete boolean
algebra that satisfies the k™ -chain condition and C be a subset of B of cardi-
nality at most k. If C is the complete subalgebra of B generated by C, then
C has cardinality at most 27.
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PROOF. It suffices to construct a complete subalgebra Ct of B that
contains C' and has cardinality at most 2. We define an ascending sequence
(Cq | @ < k) of subalgebras of B in the following way.

(1) Cy is the subalgebra of B generated by C.
(2) If @ € k™ N Lim, then C, = U{Cs | 5 < a}.
(3) Cq41 is the subalgebra of B generated by the set

{inf X | X € [Ca]™"}

for all « < k7.

An easy induction shows that the subalgebra C, has cardinality at most
2% for all @ < kT and this shows that the subalgebra C* = [J{C, | a < kT}
also has cardinality at most 2%. We show that CT is a complete subalgebra
of B. By Proposition 3.6.2, it suffices to show that C* is <x'-complete in
B. If X € [C*]<F", then there is an o < kT with X C C,. But this means
infg X € (Ca+1 - CT. O

With the help of the above results, it is easy to show that the statement
of Theorem 3.1.12 is a direct consequence of Theorem 1.2.1.

PROOF OF THEOREM 3.1.12. Assume V = L. Given an ordinal «, The-
orem 1.2.1 shows that there is a o-distributive complete boolean algebra B
that satisfies the No-chain condition, a B*-name G with

X9

g Ik “G is a centreless group with domain wi and 7(G) = &

and a B*-nice name & for a subset of w; with
g Ik “& = {<=<B,v=,0~ | B,7,0 <wy, B-57=06}".

We let (By, Ga, &) denote the <p-least triple with the above properties.
Next, let C,, Da, Yo and i, denote the <p-least objects satisfying the con-
clusion of Lemma 3.6.1 with respect to B, and &,. Since C,, is a Ni-generated
complete subalgebra of B, and B, satisfies the Na-chain condition, we can
apply Lemma 3.6.3 to see that C, has cardinality at most 281 = Ry,

Up to isomorphism, there are only set-many boolean algebras of cardi-
nality No and we can find a complete boolean algebra C¢ such that the class
{a € On | C, is isomorphic to Cc} is cofinal in On.

Given o € C, we let Z, denote the <j-least Cf-nice name for a subset
of wy such that Z, corresponds to 7, with respect to some isomorphism of
Cc and C,. Again, there are only set-many Cf.-nice names for subsets of
w1 and we can find such a name 2 such that the class D = {a € C | 2 = 2,}
is cofinal in On.

Let F' be C§-generic over the ground model V. In V[F], define an Lgr-
model G with domain w; by setting

B g =0 <= <=<B,7-,0-¢€:zl
for all 8,7, < wy.



58 3. CHANGING THE HEIGHTS OF AUTOMORPHISM TOWERS

Given o € D, fix an isomorphism 7 : Co — C, contained in V such
that Z, corresponds to 7, with respect to m and let F{y denote the filter in
C?, induced by F via m. Then Fj is C},-generic over V, V[F| = V[Fp] and
yko = 2F. Let Fy be Dgo—generic over V[F] and let F' denote the preimage
of Fy * Fy under i. Then F is BY-generic over V, V[F] = V[Fp][F], GE is
a centreless group with domain w; and 7(GE) = a in V[F] and

B ogr v=0 &= <=6,7-,0~ e it

for all 3,7, < wy. Since xf =yt = 2 we can conclude Gf =G e V[F].

In particular, G is a centreless group and
Iyr, I “7(G) = &~
holds in V[F]. O



CHAPTER 4

An absoluteness result for countable groups

All groups appearing in the non-absoluteness results of the last chapter
have uncountable cardinality. In this short chapter, we show that this is a
necessary condition for groups whose automorphism towers are highly mal-
leable by forcing by proving an absoluteness result for the first three stages
of the automorphism tower of countable centreless groups. In particular,
it is not possible to have results like Theorem 3.1.2 or Theorem 3.1.3 for
countable centreless groups. The proof of this absoluteness statement uses
results from the theory of Polish groups and heavily relies on the notion of
spectal pairs and Theorem 2.2.5.

The work presented in this chapter is published in [Liicc].

4.1. Unique Polish group topologies

We introduce techniques from the theory of Polish groups that will be
essential for the proof of the absoluteness result for the automorphism towers
of countable, centreless groups mentioned above. Remember that a topolog-
ical group is a pair (G, T) consisting of a group G and a topology 7 on the
domain of GG such that the map [(g, h)+—g- h_l] is continuous with respect
to 7. We call a topological space (X, 7) Polish if 7 is induced by a complete
metric on X and there is a countable subset of X that is dense in 7. Fi-
nally, we call a topological group (G, 7) a Polish group if the corresponding
topological space is Polish. In this case, we call 7 a Polish group topology

on G.

PROPOSITION 4.1.1. Let (G, T) be a topological group such that the cor-
responding topological space is a Hausdorff space. If t € Té, then the set
{g€ G |t%g) =1g} is closed in T.

PROOF. An easy induction shows that the map
&G — G §—t9(9)

is continuous with respect to 7 for every Lg-term t € 7%. Since 7 is a
Hausdorff space, we can conclude that the set

{9€G|t%) =1¢} =& {1}
is closed in 7 for every t € ’T(}. d

Next, we consider Polish groups whose topology is completely deter-
mined by the algebraic structure of the group.

59
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DEFINITION 4.1.2. Let G be a group. We say that G has a unique Polish
group topology if there is exactly one topology 7 on the domain of G such
that (G, ) is a Polish group.

We state a theorem of George W. Mackey that allows a nice character-
ization of groups with unique Polish group topologies. Remember that a
measurable space (X, S) is a standard Borel space if there is a Polish topol-
ogy 7 on X such that S is equal to the o-algebra B(7) of all subsets of X
that are Borel with respect to 7.

THEOREM 4.1.3 ([Mac57, Theorem 3.3]). Let (X,Sy) and (X,S1) be
standard Borel spaces. If there is a countable point-separating family' of
subsets of X whose members are elements of both Sy and Sy, then S = Sy.

COROLLARY 4.1.4. The following statements are equivalent for a Polish
group (G, T).
(1) 7 is the unique Polish group topology on G.
(2) There is a countable point-separating family of subsets of the do-
main of G whose members are Borel with respect to any Polish
group topology on G.

PrOOF. If 7 is the unique Polish group topology on G and B is a count-
able basis of 7, then B satisfies the above properties.

In the other direction, assume that F is a family of subsets with the
above properties and 7 is a Polish group topologies on G. If we define B()
and B(7) as above, then Theorem 4.1.3 and our assumptions imply B(7) =
B(7). Since Borel sets have the Baire Property (see [Kec95, Proposition
8.22]), the identity map on G is a Baire-measurable group homomorphism
with respect to 7 and 7. By [BK96, Theorem 1.2.6], it is continuous and
open with respect to 7 and 7. This shows 7 = 7. O

PROPOSITION 4.1.5. Let (G, ) be a Polish group. If there is a countable
subset A of the domain of G such that (G, A) is a special pair, then T is the
unique Polish group topology on G.

PROOF. If t = t(v) is a term in 7}, then we define
T’ ={g€G[t%9) = 1c}

and T} = G\ T;. Let F denote the family consisting of all subsets of the
domain of G of the form T or T3 for some t € 7). Then F is countable
and separates points, because (G, A) is a special pair. If 7 is a Polish group
topology on G, then all elements of F are contained in B(7) by Proposition
4.1.1. Corollary 4.1.4 implies 7 = 7. 0

REMARK 4.1.6. The converse of the above implication is not true: Bo-
jana Peji¢ and Paul Gartside showed that the group SO(3,R) has a unique

1\We call a family F of subsets of X separating if for any pair (z,y) of distinct elements
in X, thereisan FF € F withz € Fand y ¢ F.
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Polish group topology (see [GP08, Theorem 11]) and there is no countable
subset I of Tgo(sr) such that the family {T¢ | t € I, i < 2} separates points
(see [GPO8, Lemma 12]).

We close this section by introducing a consequence of the existence of
a unique Polish group topology that allows us to deduce the absoluteness
result in the next section. This consequence is called automatic continuity
of automorphisms.

PRrROPOSITION 4.1.7. Let G be a group with a unique Polish group topol-
ogy. Then every group automorphism of G is continuous with respect to the
unique Polish group topology on G.

PROOF. Let 7 be the unique Polish group topology on G and assume,
toward a contradiction, that there is an automorphism 7 of G that is not
continuous with respect to 7. Define 7 to be the collection of all subsets of
G of the form 77U, where U is open in 7. It is easy to check that 7 is a
Polish group topology that is not equal to 7, a contradiction. O

4.2. The absoluteness result

The aim of this section is to prove the following theorem.

THEOREM 4.2.1 ([Liicc, Corollary 4.2]). Let M be a transitive class®
such that (M, €) is a model of ZFC and G be a centreless group that is an
element of M. If G is countable in (M,€) and 7(G) > 1 holds in (M, €),
then 7(G) > 1.

This result is an easy consequence of the following theorem.

THEOREM 4.2.2 ([Liicc, Theorem 4.1]). Let M be a transitive class such
that (M, €) is a model of ZFC, G be a centreless group that is an element
of M, (GM | o € OnN M) be an automorphism tower of G in (M, €) and
(Go | @ € On) be an automorphism tower of G. If G is countable in M,
then there is an embedding 7 : GY — G with 7 | G = idg.

PROOF OF THE THEOREM 4.2.1 FROM THEOREM 4.2.2. Assume that
G is countable in (M, €) and GM # GY. Let 7 : G — Gy be the
embedding given by Theorem 4.2.2. It suffices to show that 7=17G; € G,

Let h € GY with n(h) € G;. Given g € G, we have tx(ny(g) € G and
therefore

T(tr(n)(9)) = tr(n)(9) = ta(n)(7(9)) = 7(tn(g))-

Since 7 is an embedding, we can conclude that ¢(g) = tr(n)(g) holds for all
g € G and hence ¢, [ G = i) | G € Aut(G)N M. By the definition of GH,
there is an h € G with 1, | G = 1}, | G and this shows h™! - h € CGé\/[(G).
An application of Theorem 2.1.1 in (M, €) yields h = h € GM. O

2Note that M can be set-sized or even countable. In addition, we only need to assume

that (M, €) is a model of a “suitable” finite fragment of ZFC which enables us to run all
the arguments of this section that take place inside of M.
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We outline how the results of Section 4.1 can be applied to analyze the
first stages of the automorphism tower of a countable, centreless group. If £
is a first-order language and M is an £-model with domain w, then Aut(M)
is a subset of Baire space “w and the corresponding subspace topology in-
duces a Polish group topology on Aut(M) (see [Kec95, Example 9.B 7]).
If B is the family of subsets of Aut(M) of the form

{o e Aut(M) |7 [ X =0 | X}

for some m € Aut(M) and a finite subset X of w, then B forms a countable
basis of this group topology.

Let G be a countable group and (G, | @ € On) be an automorphism
tower of G. Let B denote the family of all subsets of GG of the form

{h€G1|Lg[X:thX}

for some g € G; and a finite subset X of G. By the above remarks, B is a
countable basis of a Polish group topology on G1. Moreover, Corollary 2.2.6
and Proposition 4.1.5 imply that this is the unique Polish group topology on
G1 and ¢ [ G is continuous with respect to this topology for every mw € Go
by Proposition 4.1.7.

The following folklore result is the last ingredient in our proof of Theorem
4.2.2. A proof of this statement can be found in [BK96, page 6].

PROPOSITION 4.2.3. Let (G,7) be a Polish group, H be a subgroup of
G that is dense in T and ¢ : H — G be a group homomorphism that is
continuous with respect to the subspace topology induced by T on H and 7.
Then there is a unique group homomorphism ¢* : G — G that extends @
and is continuous with respect to T.

PROOF OF THEOREM 4.2.2. Assume that M is a transitive class such
that (M, €) is a model of ZFC, G is a centreless group with domain w that
is an element of M, (GM | @ € OnN M) is an automorphism tower of G
in (M, €) and (G, | @ € On) is an automorphism tower of G. Since every
automorphism of G in M is an automorphism of G, we may replace G by
an isomorphic copy and assume that G{V[ is a subgroup of G;. We fix the
following collections of sets.

(1) Let 7 denote the unique Polish group topology on Gj.

(2) Let 7™ denote the unique Polish group topology on G}/ in (M, €).

(3) Let 7 denote the subspace topology induced by 7 on G{/.
Note that 7™ is contained in 7, because every basic open set in 7 is an
element of 7.

Let U ={he€Gi |ty X =1, [ X} be a nonempty basic open set in

7 with ¢ € G and X is a finite subset of w. Then both X and ¢4 [ X
are elements of M and there is a tree T on w X w of height w in M such
that every cofinal branch through T is of the form (z,y) € “w X “w with
z,y € Aut(G), y =271 and ¢4 | X C 2. It is easy to see that this property

is absolute between transitive ZFC-models. Since U is nonempty, there is a
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cofinal branch through 7" and, by Mostowski’s Absoluteness Theorem (see
[Jec03, Theorem 25.4]), there is a branch through 7" that is an element of
M. We can conclude G} N U # ). This argument shows that G} is dense
in 7.

Fix h € GY. Let U be a basic open set in 7 defined by g € G; and X C w
as above. The above computations show that we may assume g € G}¥ and

UNGY ={keGM |1, X =u | X}
is a basic open set in 7M. The subset
(1 G710 = (0, 1 G (G )

is an element of 7Y because ¢, | G is continuous with respect to 7 in M.
By the above remarks, the subset is also an element of 7. This shows that
the map ¢, [ G : GY¥ — G is a group homomorphism that is continuous
with respect to 7 and 7. By Proposition 4.2.3, there is a unique group
homomorphism h* : G; — Gj that extends ¢, | G and is continuous
with respect to 7.

For all h € GJ!, the map (h™!)* o h* is the identity on the dense subset
G and is therefore the identity on Gi. This shows h* € Aut(Gp) with
(h*)~1 = (h71)*. We let 7(h) denote the unique element of Gy with h* =
tr(n) | G1. This means tr) | GM =15 | GM and 7 is injective. Moreover,
if g€ GM C Gy, then Ln(g) | G = tg | G and this shows g = 7(g).

Given hg,h1 € G, our definitions imply that Lr(ho-hy) 18 equal to
Lr(ho)m(hy) 00 G17 and therefore on G1. This shows 7(ho-h1) = m(ho) - m(h1)
holds for all hg, h; € GY and 7 is a group homomorphism. O






CHAPTER 5

Examples of special pairs

The notion of special pairs was introduced by Itay Kaplan and Saharon
Shelah in [KS09| to analyze automorphism towers of centreless groups.
Given a special pair (G, A), this notion allows us to measure the complexity
of the group G by interpreting it as a set of subsets of Tj. For example, if
A is countable, then we can easily identify subsets of 7 with elements of
Cantor space “2 (i.e. reals) and talk about the complexity of G in terms of
descriptive set theory (i.e. as definable sets of reals).

The aim of this chapter is to further investigate this notion and a
strengthening of it. This work will produce various examples of special
pairs that are not of the form (G, A) for some ordinal o and a centreless
group G with domain A.

In the first section, we will introduce the notion of strongly special pair
and show that the statement of Theorem 2.2.5 also holds if we replace special
pair by strongly special pair. Section 5.2 shows how strongly special pairs can
be constructed using groups of autohomeomorphisms of certain Hausdorff
spaces. This construction relies on methods and results developed by Robert
R. Kallman in [Kal86]. In the last section, we will use a result of Manfred
Droste, Michele Giraudet and Riidiger Gobel from [DGGO1] to show that
there are special pairs that are not strongly special.

The results of this chapter are contained in [Liicc].

5.1. Strongly special pairs

This section focuses on the following definition and its connection with
automorphism towers.

DEFINITION 5.1.1. Given a group G and a subset A of the domain of
G, we call the pair (G, A) strongly special if qft; 4(g) € aftg 4(h) implies
g=hforall g, heG.

We will show that the statement of Theorem 2.2.5 still holds if we replace
special pair by strongly special pair. We start by generalizing Lemma 2.2.3.

LEMMA 5.1.2. If G is a group and A is a subset of the domain of G,
then the following statements are equivalent.
(1) (G, A) is a strongly special pair.
(2) If g€ G and ¢ : (AU{g})¢ — G is a group homomorphism with
o | A=1idy, then ¢(g) = g.

65
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PROOF. Assume that (G, A) is a strongly special pair, g € G and
p: (Au{gtle — G

is a group homomorphism with ¢ [ A =id4. An easy induction shows that
t%(g) € (AU{g})c and ¢(t%(g)) = t%((g)) hold for every term t(v) € T}.
In particular, qftg 4(g9) € qftg 4(#(g)) and we can conclude g = ¢(g).
Assume that the second statement holds. Fix elements gg,g1 € G with
qftG,A(go) - qftG,A(gl). Pick tg,t1 € Tj with tg(go) = t?(go). Then

to*ty ' € aftg a(g0) C aftg a(gn)

and t§(g1) = t¥(g1). Given h € (AU{go})c, there is a term t(v) € 7} with
t%(go) = h and, if we define p(h) = t%(g;), then the above computations
show that ¢(h) does not depend on the choice of t. Moreover, these compu-
tations directly imply that ¢ : (AU {go})¢ — G is a group homomorphism
with ¢(go) = ¢1 and ¢ | A =id4. By our assumption, we have gy = ¢g;. O

This characterization allows us to prove a version of [KS09, Claim 3.8]
for strongly special pairs. Note that the proofs of the two statements are
almost identical.

LEMMA 5.1.3. Let (G, A) be a strongly special pair and H be a group
such that G is a normal subgroup of H and Cy(G) = {1g}. Then (H,A) is
a strongly special pair.

PrROOF. Let h € H and ¢ : (AU{h})y — H be a group homomor-
phism with ¢ | A = idy. Pick @ € A. Then o € G, p(a") = a¥W € G
and, if we define ¢ = ¢ | (AU {a"})g, then ¢ : (AU{a"})g — G is
a group homomorphism with ¢ [ A = id4. By our assumption, we have
a" = y(a") = a¥™. This argument shows h - p(h~1) € Cy(A).

Now fix g € G and define £ : (AU {g})ag — G by

§=thomn-1 I {AU{g})c-

By the above computations, we have £ | A = id4 and this means

g=¢E(g) = ghe.
We can conclude h - p(h™!) € Cy(G) = {1g} and h = p(h). O

We are now ready to prove the promised version of Theorem 2.2.5 for
strongly special pairs. Again, the proofs of both results are almost identical.

THEOREM 5.1.4 ([Liicc, Theorem 2.9]). Let (G, A) be a strongly special
pair with Cq(A) = {1g} and (G4 | @ € On) be an automorphism tower of
G. If a € On, then (Gy, A) is a strongly special pair.

ProOF. We prove the statement of the theorem by induction.

Assume (Gq,A) is a strongly special pair. If h € Cg,,,(Gq), then
th | Go = idg, and h = 1g. Since G4 is a normal subgroup of Gy11, we
can apply Lemma 5.1.3 to see that (Ga41, A) is also a strongly special pair.
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Let a be a limit ordinal and assume that (Gg, A) is a strongly special pair
for every 8 < a. Given go, g1 € Ga with qftg a(g90) C aftg, a(g1), there is
an ordinal 3 < a with go, g1 € G and it is easy to see that qftg 4(g:) =
qftGB’A(gi). In particular, we have gy = g;. O

5.2. Groups of autohomeomorphism

In this section, we produce a variety of examples of strongly special
pairs using certain group actions on Hausdorff spaces. Given a group G
that consists of autohomeomorphisms of a Hausdorff space and satisfies a
locally movability condition, we will construct a subset A of the domain of
G such that (G, A) is strongly special pair and the cardinality of A is equal
to the cardinality of a basis of the corresponding Hausdorff space.

DEFINITION 5.2.1. Let G be a group and (X, 7) be a Hausdorff space.
We say that G acts locally mizing on (X, ) if the following statements hold.
(1) G is a subgroup of the group H(7) of all autohomeomorphisms of
(X, 7).
(2) If U is an element of 7 that consists of more than one point, then
thereis a g € G\ {1g} with g [ (X \U) = idx\p-

This condition also appears in the study of topological spaces that can
be reconstructed from their autohomeomorphism groups (see [Rub89]).

We present some easy examples of autohomeomorphism groups acting
locally mixing on the corresponding topological space. Given a topological
space (X,7) and a subset A of X, we let A denote the closure of A with
respect to 7, 0 A denote the boundary of A with respect to 7 and 74 denote
the corresponding subspace topology on A induced by 7.

PROPOSITION 5.2.2. Let (X, 7) be a Hausdorff space. Assume that for
every subset U in T with at least two points, there is a V. C U in T such that
V CU and (V, Ti7) has a nontrivial autohomeomorphisms © with w | 6V =
idsy. Then H(T) acts locally mizing on (X, T).

PRrROOF. Let U be an element of 7 with more than one point. Pick V'
and 7 as above and define 7* = 7 Uid . We show that 7 is continuous
with respect to 7 in every z € X.

If z € X\ V, then this statement is trivial, because 7* [ (X \ V) = idx\y
and X \ V is open. Given x € §V and Wj open in 7 with z = 7*(z) € W7,
there is Wy in Ty with z € Wy and W, C 7~ (V N Wy). Pick Wy in 7 with
Wy =V NWy. Then z € Wo N Wi and Wo N Wy C #* V" W,. Finally, if
x € V and Wy is open in 7 with 7*(z) € Wy, then 7(x) = 7*(x) € VNW;
and there is Wy in 7 with z € Wy and Wy C 7~ ”(V N W;). Pick Wo in 7
with Wo =V N Wy. Then 2 € VN Wy and VN W, C 71" Wy. O

EXAMPLE 5.2.3. Let (X, 7) be an n-dimensional topological manifold.
If U is an element of 7 and x € U, then there is a W in 7 with x € W
and (W, mw) is homeomorphic to an open Euclidean n-ball. The preimage
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of UNW under this homeomorphism is nonempty and therefore contains an
open n-ball. This shows that there is a V in T such that VCUnwcCcuU
and there is an homeomorphism of (V,1y) and [~1,1]" that maps 6V onto
the boundary of [—1,1]" in R™. There are nontrivial autohomeomorphisms
of [=1,1]"™ that map its boundary in R™ onto itself and, by the above calcu-
lations, this shows that H(T) acts locally mizing on (X, T).

EXAMPLE 5.2.4. Remember that a partial order P = (P, <p) is a tree if
the set prec(p) = {q € P | q <p p} is a well-ordered by <p for every p € P.
Given a tree T = (T, <t), we call a subset of T a branch through T if it is
linearly ordered by <t and downwards-closed. We let [T| denote the set of
all mazimal branches through T. Let 77 denote the topology on [T] generated
by basic open sets of the form Uy ={be [T] |t € b} witht € T.

Let T = (T, <t) be a tree with the property that for every t € T there is
an automorphism m of T with w(t) =t and w(s) # s for some s € T with
t <t s. We show that H(rr) acts locally mizing on ([T|,rr). By Propo-
sition 5.2.2, it suffices to show that the space (U, (T1)u,) has a nontrivial
autohomeomorphism for every t € T, because

[T]\ U; = U{US | s and t are incompatible in T}

and this shows that Uy is also closed in rr. If t € T and 7 € Aut(T)
with ©(t) = t and w(s) # s for some s € T with t <t s, then we define
7*(b) = 7’b for every b € Uy. It is easy to check that ©* : Uy — Uy is
continuous with respect to (tr)y, and if s € b € Uy, then w*(b) # b, because
7(s) <t s or s <t 7(s) would contradict the well-foundedness of <t below
the element s.

In particular, if a is an ordinal, X is a set with at least two elements and
<X s the tree consisting of functions f with dom(f) € a and ran(f) C
X ordered by inclusion, then [S“X] can be identified with the set “X of
all functions from o to X and the group of autohomeomorphisms of the
corresponding topological space acts locally mixing on it.

EXAMPLE 5.2.5. Let L = (L,<y) be a linear order without end-points
that has a nontrivial automorphism and the property that every nonempty,
open interval (a,b) = {l € L | a <y 1<y, b} is order-isomorphic to L. If
71, denotes the order-topology on 1L, then Proposition 5.2.2 directly implies
that Aut(LL) acts locally mizing on (L,T1). In particular, the group of order-
preserving bijections of the rational numbers Q acts locally mizing on Q
equipped with the order topology.

We use methods and computations from Robert R. Kallman’s proof of
[Kal86, Theorem 1.1] to derive the following result.

THEOREM 5.2.6 ([Liicc, Theorem 5.6]). Let G be a group, (X,T) be a
Hausdorff space and B be a basis of 7. If G acts locally mizing on (X, T)
and (X, 7T) does not have exactly two isolated points, then there is a subset
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A of the domain of G of cardinality |B| + Xy such that (G, A) is a strongly
special pair and Cg(A) = {1g}.

For the rest of this section, we fix a Hausdorff space (X, 7), a basis B
of 7 and a group G that acts locally mixing on (X, 7). Given Y C X,
we define

Subg(Y)={U B |UCY, |U| > 1}.

and define Y to be the closure of Y with respect to 7. Finally, we fix a
sequence (g € G \ {lg} | U € Subg(X)) such that gy [ (X \U) = idx\¢
holds for all U € Subg(X).

In the following, we adopt the arguments of [Kal86, Section 2] to our
setting to prove Theorem 5.2.6.

LEMMA 5.2.7. Let U be open in T such that U contains either no points
isolated in T or more than two points isolated in 7. The following statements
are equivalent for all h € G.

(1) h U =idg.
(2) gl = gur holds for all U' € Subg(U).

PROOF. Assume h | U = idg and fix U’ € Subg(U). Then
hogyr = guroh

holds, because we have g | (X \ U) = id.

Now, assume that g[}}, = gy holds for all U’ € Subg(U). By the con-
tinuity of h, it suffices to show h [ U = idy. Let Iy denote the set of all
points in U that are isolated in 7. We start by showing h | Iy = idy,. If
U contains no isolated points, then this is trivial. We may therefore assume
|Iy| > 2.

Assume, toward a contradiction, that there is an a € Iy with h(a) # a.
We can find distinct by, b1 € Iy with a ¢ {bg,b1}. Then {a,b;} € Subp(U)
and grqp,3 = (a b;). Our first assumption yields (a b)" = (a b;) and this
implies h”{a, b;} = {a,b;}. We can conclude by = h(a) = b1, a contradiction.
This shows h | Iy = idy,.

Assume, toward a contradiction, that there is an € U with h(z) # z.
Since z is not isolated in 7 and (X, 7) is a Hausdorff space, we can find
V € Subp(U) with VN (R"V) = 0. If y € V with gy (y) # vy, then g‘h, = gy,
gv (h(y)) = h(y) and therefore

h(y) = (gv o h)(y) = (hogv)(y) # h(y),
a contradiction. 0
Set A= {gy | U € Subp(X)} and, for all U,V € Subg(X), we define
try(v) =vs*gu v b gy ko *gljl w7t *g;l €T;i.

LEMMA 5.2.8. Let U and V' be open subsets in 7. Assume that both U
and X \'V contain either no points isolated in T or more than two points
isolated in 7. Then the following statements are equivalent for all h € G.
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(1) tg,y/(h) = 1g for all U’ € Subg(U) and V' € Subg(X \ V).
(2) WU CV.

PROOF. The first statement is equivalent to gg, o gy = gy o g(’}, for all
U’ € Subp(U) and V' € Subp(X \ V). By Lemma 5.2.7, this is equivalent
to gl 1 (X\V) = idx\p for all U" € Subp(U) and we can reformulate this
to

(1)* (guroh ™) [ (X\V)=h"t [ (X\V) for all U’ € Subg(U).
By our assumptions, the set of all points which are moved by some gy with
U’ € Subg(U) is dense in U with respect to 7. This shows that (1)* is

equivalent to U N A~17(X \ V) = 0. This statement holds if and only if
h”U C V and this is equivalent to the second statement of the lemma. [

PrROOF OF THEOREM 5.2.6. We may assume that B is closed under fi-
nite unions. By our assumptions, there are not exactly two points in X
which are isolated in 7. If there is exactly one point x¢g € X which is iso-
lated in 7, then it is easy to check that there is a group isomorphic to G
that acts locally mixing on (X \ {zo}, 7*), where 7* is the subspace topology
induced by 7. We may therefore assume that there are either no points
isolated in 7 or more than two.

Pick go,g1 € G with gftg 4(90) C dftg a(g1) and assume, toward a
contradiction, that gg # g1 holds. Then U = {z € X | go(z) # g1(x)} is
nonempty and open in 7. Let Iy denote the set of all points in U that are
isolated in 7.

First, assume that there is an « € U \ Iyy. We can find disjoint subsets
Vo and V; in B such that g;(z) € V; for i < 2 and X \ Vj contains either no
points isolated in 7 or more than two. Now we can find U’ € B with x € U’,
g:"U’ C V; and U’ contains either no points isolated in 7 or more than two.
This means go”U’ C Vi and we can apply Lemma 5.2.8 to conclude

tUN’V/ S qftG,A(QO) - qftG,A(gl)

for all U” € Subg(U’) and V' € Subg(X \ Vo). Another application of
the lemma yields g;”U’ C Vy and this means gi(z) € Vo € X \ V1, a
contradiction.

This shows Iy = U # (). Pick € Iy. By the above assumptions, we
can find distinct yg,y1 € X isolated in 7 with x ¢ {yo,y1}. For all i < 2, we

have {z,yi},{90(), 90(y:)} € B, 9{zy,} = (z 3:) and
ggiyyi} = (90(z) 90(¥i)) = I{go(x),g0(y:)}-
The above equalities allow us to conclude
U Glayi) ¥V Gigo@)a0w} € Aftaa(90) € aftg algr).

In particular, g1”{z,yi} = {90(2),90(y:)} and this shows gi(z) = go(:),
because gi(x) # go(z). We can conclude go(yo) = g1(z) = go(y1) an
therefore yy = y1, a contradiction.
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If h € Cg(A), then gf = gy holds for all U € Subg(X). By our
assumptions and the above remark, we can apply Lemma 5.2.7 to conclude
h=idx =1g. O

5.3. Special pairs that are not strongly special

In this section, we construct special pairs that are not strongly spe-
cial using simple groups as building blocks. A theorem of Manfred Droste,
Michele Giraudet and Ridiger Goébel will allow us to prove the following
result.

THEOREM 5.3.1 ([Liicc, Theorem 6.1]). If k is an uncountable regular
cardinal, then there is a special pair (G, A) such that G has cardinality 2%,
A has cardinality k, Cq(A) = {1lg} and (G, A) is not strongly special.

We start with a simple statement about normal subgroups of automor-
phism groups of centreless groups.

PROPOSITION 5.3.2. Let G be a centreless group and N be a normal
subgroup of Aut(G). Then N # {idg} if and only if Inn(G) N N # {idg}.

PRrROOF. Assume Inn(G) N N = {idg}. Given 7 € N, we have

Lr(g)-g—1 = T OLgO alo L;l € Inn(G)NN

and therefore 7(g) = g for all g € G. This shows N = {idg}. O
In the proof of Theorem 5.3.1, we start by constructing a special pair

(G, A) with |G| = |A] that is not strongly special. The following proposition
will allow us to replace G by a group of higher cardinality.

PROPOSITION 5.3.3. Let G and H be groups, A be a subset of the domain
of G and A* =Ax{1g}U{lg} x HC G x H.
(1) If (G, A) is a special pair and Z(H) = {1g}, then (G x H, A*) is a
special pair.
(2) If (G, A) is not a strongly special pair, then (G x H, A*) is not a
strongly special pair.

PROOF. (1) Assume that Z(H) = {1g} holds, (g«, h«) € G x H and

o : (A" U{{gs, he) )y — G X H

is a monomorphism with ¢ [ A* = ida- and @((g«, hx)) # (gs, h«). Then

(k,1g) € dom(y) for every k € (AU {g+})c and ©({g«, 11)) # (gx, 11). Let
pr : G x H — H denote the canonical projection and define

£ (AU{g:)e — H; k— (pr o) ((k, 1m)).

Given k € (AU{g+})c and h € H, we have
(k) - h = (pa o )((k, 11)) - (pr 0 ) ((1a: 1))
= (pa o 9)({1g, 1)) - (pm © ) (K, 1h))

(P o @) ((k, )
h-&(k)



72 5. EXAMPLES OF SPECIAL PAIRS

and this shows ran(§) C Z(H) = {1g}. We get a function

P <AU {g*}>G — G
H

) for all k € (AU {g.})c. By our assumptions,

with o((k, 1x)) = (@(k), 1
I A=1id4 and @(g«) # g«. This shows that (G, A)

@ is a monomorphism, @
is not a special pair.
(2) Assume g. € G and ¢ : <AU{g}>G — G is a homomorphism

with ¢ [ A =ids and @(g«) # g« If (k,h) € (A" U{(gs,11)})Gaxn, then
k€ (AU{g+})c and we can define

@ (A" U{{ge, 1m) Hoxn — G x H; (k, h) — (@(k), h).
Then (G x H, A*) is not a strongly special pair, because ¢ is a homomorphism

with ¢ [ A* = idg» and ©((g«, 1H)) # (g«, L11). O

For the remainder of this section, we fix simple non-abelian groups
H and S and a homomorphism ¢ : Aut(S) — Aut(H) with Inn(H) C
ran(c). Define

G = H x. Aut(S)
and A = {1y} x Aut(S).
LEMMA 5.3.4. The following statements are equivalent.

(1) There is an isomorphism ¥ : H — S with ¢(7) = WL omo W for
all m € Aut(95).
(2) (G, A) is not a special pair.

PROOF. Assume (1) holds. Define
¢:G— G; (h,7) — <h71,L\p(h) o).

Clearly, ¢ is injective and ¢ [ A = id4. If (h_l,Lq,(h) om) = (h,m) holds
with h € H and 7 € Aut(S), then 1y () = idg and this means h = 1y. This
shows ¢ # idg. Given (hg, m), (h1,71) € G, we have
¢((ho, mo) - (h1,m1)) = ¢((ho - ¢(m0)(ha), 70 0 1))
= (c(m0)(h1")  hg s tw(ho-c(mo) (1)) © T0 © 1)
= (hg " - c(m0) (1), Ly (hg) © Lmgow)(hy) © T0 © T1)
= (hy ! (tpy © C(?T(]))(hl_1> L (ho) © L7\Ir/0(h1) oy o)
= (hg" - c(tw () © T0) (A1) tw (hg) © T0 © Ly (ny) © 1)
= (h517bm(ho) omo) - (hy 17L\11(h1) o)
= ¢((ho, m0)) - ¢((h1,71)),
because our assumption implies that ¢(vg(4)) = ¢ holds for all h € H. This

computation shows that ¢ is a group monomorphism and (G, A) is not a
special pair by Lemma 2.2.3.
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In the other direction, assume that (G, A) is not a special pair. By
Lemma 2.2.3, there is a g, = (hs, ) € G and a monomorphism

¢: (AU{g})e — G
with ¢ | A =id4 and ¢(g«) # g«. This implies hy, # 1g, (h«,idg) € dom(¢)

and ¢(<h*71d5>) 7& <h*71d5>
Let N = {he H | (h,idg) € dom(¢)}. If h € N and k € H, then
1, = ¢(m) for some 7 € Aut(9),

<hkaid5> = <C(7T)(h),lds> = <1H77T> ) <h71d5> ) <1H77T_1>
= (h,idg)1#™ € dom(¢)
and h* € N. This shows that N is a normal subgroup of H and therefore
N = H, because 1y # h, € N.

Let paut(s) : G — Aut(S) denote the canonical projection map and
define

U H— Aut(S); h+— (pAut(S) o ¢)((h,idg)).

Assume, toward a contradiction, that ker(¥) = H. This assumption
gives us a map & : H — H with ¢((h,idg)) = (£{(h),idg) for all h € H. By
our assumptions, £ is a monomorphism. If h,k € H and 7 € Aut(S) with
¢(m) = g, then

S((h",1ds)) = o({h,ids) 11 ™) = 6((h,ids)) ™ = (€(M)*, ids),

and £(h)*F = £(h¥) € ran(¢). This shows that ran(¢) is a normal subgroup of
H. Since ¢ is injective and H is nontrivial, we can conclude that H = ran(§)
and ¢ is a nontrivial automorphism of H. Pick h € H and 7 € Aut(S) with
¢(r) = . If k € H, then

(K0 ) = (W, ids) - (L, ) = (€71 (k)" ids)) - ((1ar, 7))
$((c(m)(€7" (K)), m))
= o((Lg,m)) - 667" (k) ids)) = (Lpr, m) - (k,ids)
(c(m)(k), m) = (K", 7)

and therefore h=1 - £(h) € Z(H) = {1y }. This shows ¢ = idy, a contradic-
tion.

By the above computations, ¥ : H — Aut(S) is a monomorphism. If
7w € Aut(S) and h, k € H with ¢((h,idg)) = (k, U(h)), then

(e(m) (k), B(R)") = (k, B (h)) 0
= 9((hid) ™) = g((c(m) (). ids))

and therefore W(h)™ = W(c(m)(h)) € ran(¥). This shows that ran(¥) is
a nontrivial normal subgroup of Aut(S). By Proposition 5.3.2, we have
Inn(S) Nran(¥) # {idg} and this implies

Inn(S) = Inn(S) Nran(¥) = ran(V),

(5.1)
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because both Inn(S) and ran(W) are simple groups. We have shown that

U : H — Inn(S) is an isomorphism.
Define ¥ : H — S to be the isomorphism (' o U. Given 7 € Aut(S)
and h € H, the equalities in (5.1) show U(c(7)(h)) = ¥(h)™ and this implies

c(m)(h) = T H@(R)) = T (i)
= (\If_l o Lgl) (L(qu,)(h)) = (‘11_1 oT O \I/)(h)

This equality shows that ¥ is an isomorphism with the desired properties.
O

COROLLARY 5.3.5. If (G, A) is not a special pair, then ¢ is injective. [
PROPOSITION 5.3.6. (G, A) is not a strongly special pair.
PROOF. Define

v:G— G; (h,m)— (1g,m).

Then ¢ is a group homomorphism with ¢ | A = id4 and ¢((h,idg)) #
(h,idg) forallh € H\{1p} # 0. By Lemma 5.1.2, this implies the statement
of the proposition. O

We finish this chapter by stating the coding result mentioned above and
proving Theorem 5.3.1.

THEOREM 5.3.7 ([DGGO1, Corollary 4.7]). Let k be an uncountable reg-
ular cardinal and G be a group of cardinality at most k. Then there exists a
simple group S of cardinality k such that G is isomorphic to Aut(S)/Inn(S).

PrROOF OF THEOREM 5.3.1. Let « be a regular uncountable cardinal.
It is well-known that the group Alt(k) is a simple, non-abelian group of
cardinality x. By Theorem 5.3.7, there is a simple group S of cardinality
k such that there is an isomorphism ¢ : Aut(S)/Inn(S) — Alt(x). If we
define
¢ : Aut(S) — Aut(Alt(k)); T+ Le(rinn(s))

then ¢ is a non-injective group homomorphism with Inn(Alt(x)) C ran(c).
We set G = Alt(k) x. Aut(S) and A = {id,} x Aut(S). Since both S and
Aut(S)/Inn(S) have cardinality &, Aut(S) has the same cardinality and G
is a group of cardinality . Corollary 5.3.5 implies that (G, A) is a special
pair and Proposition 5.3.6 shows that it is not strongly special.

Pick (h,m) € C5(A). Given o € Aut(S), we have
(hym) = (b, m) 97 = (e(o) (R), 77)

and this implies 7 € Z(Aut(S5)) = {ids}. If k € Alt(k) and o € Aut(S) with
¢(o) = tk, then

(h,ids) = (h,idg) %) = (c(0)(h),ids) = (h*,ids)
and hence h € Z(Alt(x)) = {id,}.
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Define G = G'x Alt(x) and A = Ax{id, }U{15}xAlt(x). By Proposition
5.3.3, (G, A) is a special pair that is not strongly special. Moreover, it is
easy to see that both G and A have cardinality x and

Ca(A) = Ca(A) x Z(Alt(r)) = {(1g,idx) }-

Let (G, | a € On) be an automorphism tower of G. Then G; has car-
dinality 27, because the automorphism group of Alt(k) is isomorphic to the
group Sym(x) of all permutations of £ and every automorphism of Alt(k)
induces a unique automorphism of G. By Theorem 2.2.5, (G, A) is a special
pair with Cg, (4) = {1g}. Finally, (G, A) is not a strongly special pair,
because otherwise (G, A) would be a strongly special pair. O
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CHAPTER 6

Generalized Baire spaces

In this chapter, we establish basic definitions to talk about definable sub-
sets of generalized Baire spaces and their structural properties. We introduce
two regularity properties that generalize classical notions from descriptive
set theory. Then we investigate their structural implications and prove that,
if k is a regular uncountable cardinal with k = k<", then it is consistent
that all simply definable subsets of "« possess these properties.

This analysis allows us to show that the existence of simply definable
well-orderings of subsets of "k of order-type 2% does not follow from the
axioms of set theory for such cardinals k. In combination with the results
of the next chapter, this implies that the existence of such well-orderings is
actually independent from the standard axioms of set theory.

The work presented in this chapter forms a part of [Liicb].

6.1. Introduction

If x is an infinite cardinal and n is a natural number, then we equip the
space ("k)™ with the usual topological structure induced by basic open sets
of the form

Usoron = {{z0,- . .szn-1) € ("K)" | s0 Cx0s..,Sn—-1 C Tp_1}
with sg, ..., 8,1 € <®k. The resulting topological space is called generalized
Baire space for k.
It is easy to see that a subset of "« is closed with respect to this topology
if and only if it is equal to the set [T] of all cofinal branches through some
tree T on k™ of height .

DEFINITION 6.1.1. Let  be an infinite cardinal. A subset A of ("k)" is
a k-Borel subset if it is contained in the smallest algebra of sets on (“k)"
that contains all open subsets and is closed under unions of size k.

The following definition directly generalizes the notion of a projective
subset of Baire Space to our setting.

DEFINITION 6.1.2. Let x be an infinite cardinal.
(1) A subset A of ("k)™ is a X1-subset if there is a tree T on £ ! with
A =p[T].
(2) A subset A of (k)" is a IT}-subset if (“k)™\ A is a X}-subset.
(3) A subset A of ("k)" is a X}, -subset if there is a II}-subset B of
(5#)"+1 with A = 3°B.

79
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(4) A subset A of (k)™ is a A}-subset if it is both a X}-subset and a
IT} -subset.

Fix an uncountable regular £ with kK = & In Section 6.2 we will
present a folklore result showing that the 3{-subsets are exactly the subsets
of (k)™ that are definable in the structure (H,+,€) by a ¥;-formula with
parameters. This shows that the 3}1-subsets form an interesting and rich
class of subsets. Moreover, this result can be used to show that the x-Borel
subsets of ®x form a proper subclass of the class of Al-subsets (see [FHK,
Theorem 18]).

We will now specify what we mean by simply definable well-order of a
subset of "k.

<K

DEFINITION 6.1.3. A X1-well-ordering of a subset of "k is a Xi-subset
R of "k x "k with the property that (dom(R), R) is a well-ordering, where

dom(R) = {x € " | (y) [R(z,y) V R(y, 2)]}.

In the following sections, we will generalize the perfect subset property
and the notion of X}-absoluteness to generalized Baire spaces. Then we will
prove that certain fragments of these principles are consistent and derive
some structural implications from them. We will use these results to prove
the following statements about the possible non-existence of certain X{-well-
orderings of subsets of "k.

THEOREM 6.1.4. Let k be an uncountable reqular cardinal with kK = k<"

and v > K be a cardinal. If G is Add(k,v)-generic over V and R is a 31-
well-ordering of a subset of *r in V[G], then dom(R) # (*x)VIC and the
order-type of (dom(R), R) has cardinality at most (2%)V in V[G].

To state the second theorem, we need to introduce a large cardinal prop-
erty.

DEFINITION 6.1.5. A cardinal v is Yo-reflecting if it is inaccessible and
the structure (V,, €) is a ¥s-elementary submodel of (V, €).

Note that the consistency strength of the existence of a Ys-reflecting
cardinal is bounded by the consistency strength of the existence of a Mahlo
cardinal.

THEOREM 6.1.6. Let x be an uncountable reqular cardinal with k = k<%,

v > K be an inaccessible cardinal and v be a cardinal. Assume that either
v > v orv is a Ya-reflecting cardinal. If G x H is (Col(k, <v) x Add(k,~))-
generic over V and R is 21-well-ordering of a subset of " in V|G|[H], then
the order-type of (dom(R), R) has cardinality at most k in V[G][H].

6.2. Xi-subsets of “x and H,.+

Given an uncountable regular cardinal &, it is a well-known that a subset
of #r is X1 if and only if it is definable in the structure (H,+,€) by a -
formula with parameters. In this section, we will give a proof of this folklore
result that emphasises the absoluteness properties of this correspondence.



6.2. ©1-SUBSETS OF “x AND H, 1 81

Before we start, we fix some more notation. Given an ordinal A closed
under Godel-Pairing, f € *X for some nonempty set X and o < A, we define
(f)a to be the unique function g € *X with g(8) = f(=<a, =) for all 3 < \.

By using Godel-Pairing to code k-many branches into one branch, it is
easy to prove the following proposition.

PROPOSITION 6.2.1. Let k be an infinite cardinal.

(1) If (T, | a < k) is a sequence of trees on k™1, then there are trees
Ty and Ty on k™1 such that

plTy] = | plTal and p[Ti] = () plTu]
a<k a<k
hold in every transitive ZFC-model that contains V.
(2) If T is a tree on k™12, then there is a tree Ty on k™! such that

p|Ti] = Fp[T] holds in every transitive ZFC-model that contains
V. O

Given a limit ordinal \ closed under Godel-Pairing and = € *2, we define
€, to be the unique binary relation on A such that

a€, f = z(<a,p>)=1
holds for all o, 8 < A.

PROPOSITION 6.2.2. Let k be an uncountable regular cardinal. There is
a tree T on Kk X K such that

(6.1) p[T] = {x € "2 | (K, €4) is well-founded and extensional }

holds in every transitive ZEC-model that contains V and has the same <"k
as V.

PROOF. Given A < k closed under Godel-Pairing, we define T* to be
the set of all pairs (s,t) € *2 x *k such that (\, €,) is well-founded and, if
a, (3,7 < A with a # § and t(<a, >) = 7, then s(<v,a>) # s(<vy,>).
We define T" to be the tree on k X k consisting of all (s, t) with lh(s) = lh(¢)
and (s [ A\t [ A) € T* for all A < 1h(s) closed under Gédel-Pairing. O

PROPOSITION 6.2.3. Let k be an infinite cardinal, p(vo,...,vp—1) be a
formula in the language of set theory and «g, ..., an—1 < k. There is a tree
T on k X Kk such that

(6.2) plT)={x € "2 | (K, €z) F (g, ...,an-1)}
holds in every transitive ZFC-model that contains V and has the same <"k

as V.

PrROOF. We can assume that ¢(vo,...,v,—1) is in prenex normal form.
We construct the corresponding trees inductively. If ¢ is atomic (or the
negation of an atomic formula), then 7' is simply the tree of all (s,t) €
<frx <fk with Ih(s) = 1h(¢) and either 1h(s) < <ap, a1 or s(<ap, a1 =) =1
(or s(=ag, a1>) = 0 in the case of a negated atomic formula).
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If o(vo, ...y vn—1) = (3x) wo(vo,...,vn—1,2) and a < K, then we can use
the induction hypothesis to find a tree T, on x X k such that

plTal ={z € "2 | (k, €x) E wo(ao,...,an-1,0)}

holds in every transitive ZFC-model that contains V and has the same <x
as V. By Proposition 6.2.1, there is a tree T on k X k with the property that
plT] = Uy<p PlT%] holds upwards-absolutely. This implies that 1" satisfies
(6.2) in every transitive ZFC-model that contains V and has the same <"k

as V.
The trees in the universal quantifier case, the disjunction case and the
conjunction case are constructed in the same fashion using Proposition 6.2.1.
0

Note that the sets mentioned in (6.1) and (6.2) are actually k-Borel
subsets of ®k. In particular, if K has uncountable cofinality, then the set of
codes for well-founded relations on « is closed in "k.

LEMMA 6.2.4. Let o(ug, ..., Vntm—1) be a X1-formula, k be an uncount-
able regular cardinal and xy, ..., Tnym—1 € He+. Then there is a tree T on
k" such that

(6.3) plT]={{xo,...,2n-1) € "k)" | (He+,€) E ©(x0y.. s Tntm—1)}

holds in every transitive ZEC-model that contains V and has the same <"k
as V.

PrOOF. Fix bijections b; : K — tc({zpyj} Uk) for all j < m. Let
M be a transitive ZFC-model containing V with the same <%k as V and
zo,...,2n-1 € ("k)M. Now, <HHM+,E> is a model of ¢(xg,...,Tptm—1) if
and only if there is a transitive N € H% with k,zg,...,Zn+m—1 € N and
(N, €) is a model of this statement.

If o(¥) = (Fx)po (U, x) for some Ap-formula g, then the above statement
is equivalent to the existence of x € ("2)M and v, zq, ..., 2m € (*k)™ with
the following properties.

(1) (k,€y) is well-founded and extensional and

<K‘? €$> ): (,DQ(O,,TL—F’ITL)
(2) (k,€z) = “we On”.
(3) (k,€x) E“w+j+1=tc({n+j}Uw)” for all j <m.
(4) (k,€y) E “i:w — w” for all i < n.
(5) For all o, f < K, we have
(k,Ex) E “a€B N BEW”

if and only if a = y() and = y(d) for some v < § < k.

(6) For all a, f < K and i < n, we have
(k, €e) | “ia) = B7
if and only if a = y() and = (y o z;)(y) for some v < k.
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(7) For all a, f < K and j < m, we have
(K, €x) F “a€B A PBE(W +1+7)”

if and only if o = (z; 0b;)(y) and 5 = (z; 0 b;)(9) for some v,6 < &
with b;(7) € b;(6).
Using Proposition 6.2.2 and 6.2.3, there is a tree Ty on ™" +3 with the
property that, for all M as above, (zq,...,Zn 1,9, 20, ., zm) € [T]™ if and
only if y, Z witness that (HM  €) = ¢(zo, ..., Znrm—1) holds. By Proposi-
tion 6.2.1, this completes the proof of the lemma. O

Let x be an infinite cardinal with K = k<%. Given n < w, there is a
Y1-formula o(ug, ..., u,_1,v0,v1) such that for every tree T on x"*! the
equality (6.3) holds with m = 2, pg = k and p; = T in every transitive
ZFC-model that contains V. This shows that 31-subsets of *x correspond
to X1 (H,+)-subsets in a way that is upwards-absolute between transitive
ZFC-models with the same <®x. We will often use this folklore fact to keep
constructions in our proofs simple.

There is a similar correspondence for x-Borel subsets: a subset A of
"k is k-Borel if and only if there is a transitive set M of cardinality x, a
formula ¢ = (vg,...,v,—1) in the language of set theory expanded by an
unary relation symbol and parameters zg, ..., z;—1 € M such that k € M,

(M,€) | ZF~ and
rEA — <M>671:> ): CP(ZO,--.,anl)

holds for all z € “k.

6.3. The perfect subset property

We generalize the perfect subset property of subsets of Baire Space to
subsets of arbitrary function spaces “x and establish a connection between
this property and generic absoluteness.

In the remainder of this chapter, we fix a regular uncountable car-
dinal x that satisfies Kk = K<".

DEFINITION 6.3.1. Let A be a limit ordinal.
We say that a map ¢ : <*2 — (S*\)" is a continuous order-embedding if
the following statements hold for all sg, 51 € <*2 with «(s;) = (t}, ...t} ;).
(1) If so C s1, then t) C ¢} for all k < n.
(2) If sg and s; are incompatible in <*2, then there is a k& < n such

that ¢ and ¢} are incompatible in <*\.
(3) If Ih(sg) € Lim N A and k < n, then

1) = U{u% | (3o < 1h(so)) e(so [ @) = (ug,...,uy_1)}.

DEFINITION 6.3.2. Let A be a limit ordinal and A be a subset of *\. We
say that A contains a perfect subset if there is a continuous order-embedding
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v : <22 — <A\ such that [T}] C A, where T, is the tree
T,={te | (3se<*2)tCus)}

on \.

Let C be a class of subsets of “x. We say that subsets in C have the perfect
subset property if every subset in C of cardinality bigger than x contains a
perfect subset. We present existing results related to the above definitions
following [FHK, Chapter IV].

e We call a tree T on k a weak k-Kurepa tree if ht(T) = &, [T] has
cardinality at least k' and there are stationary many « < s such
that the cardinality of T'N “k is at most the cardinality of a. The
idea of using Kurepa trees to construct closed subsets without the
perfect subset property goes back to [M'V93, Section 5].

Let ¢ : <f2 — <Fg be a continuous order-embedding and T
be a tree on k of height x with [T,] C [T]. First, assume that
there is an o < & such that 7*2 ¢ <Pk for all B < k. Let «
be minimal with this property. By the regularity of k, there is a
B < k with 0”<®2 C <Br. The set C' = {s € *2 | Ih(«(s)) > (5} has
cardinality x and «(s) [ € T for all s € C. We can conclude that
T NPk has cardinality at least & in this case. Now, assume that
for every a < k there is a 8 < k with .”*2 C T'N <Pk. Then the
set {a < Kk |92 C T N*} is closed and unbounded in . In both
cases, T' is not a weak x-Kurepa tree.

The existence of weak xk-Kurepa trees therefore provides exam-
ples for the failure of the perfect subset property for closed subsets
of k. In particular, if “V = L” holds, then the perfect subset
property for closed sets fails for all uncountable regular cardinals
(see [FHK, Section IV.2]).

e If x is successor cardinal, then we call a tree T on k a k-Kurepa
tree if ht(T) = k, [T] has cardinality at least k™ and T N ®k has
cardinality less than k for every a < k. Given a limit cardinal x, we
call a tree T on k a k-Kurepa tree if ht(T) = k, [T] has cardinality
at least kT and the cardinality of 7'N ®k is at most the cardinality
of a.

If all closed subsets of “x have the perfect subset property,
then there are no x-Kurepa trees and x* is inaccessible in L by an
argument of Robert Solovay (see [Jec71, Section 4]).

e Let v > k be an inaccessible cardinal and G be Col(k, <v)-generic
over V. An argument of Philipp Schlicht shows that Xl-subsets
of “k in V[G] have the perfect subset property. We will provide a
proof of this statement in Section 6.5 (Proposition 6.5.8).

e Large cardinal properties of x do not imply the perfect subset prop-
erty for closed subsets of k. If k is a supercompact cardinal, then
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there is a partial order that preserves the supercompactness of k
and adds a weak k-Kurepa tree (see [FHK, Section IV.2]).

To further investigate the perfect subset property for Xi-subsets of "k,
we need a well-known result saying that ZFC proves generic absoluteness for
31(%k)-formulae (i.e., formulae with parameters which define X1-subsets of
"k ) under <r-closed forcings.

PROPOSITION 6.3.3. Let T' be a tree on k" of height k and P be a <k-
closed partial order. If there is a p € P with p I+ “[T] £ 07, then [T] # 0.

PRrOOF. Let p IF “(79,...,7Tn—1) € [T] ? for some names Tg,...,Tn—1 €
VP, Given a < &, the set of conditions ¢ € P with

(3<t0, .. ,tn_1> S T) [lh(to) >aANql- “f() CToN--- Afn_l - Tn_ln]

is dense below p. Since P is <k-closed, we can define a <p-descending
sequence (p, € P | @ < k) and an ascending sequence

(g, ..., t0_ ) €T | a <K)

»‘n—1
in V such that py = p, 1h(t§) > a and p, IF “i* C 7,7 holds for all @ < k and

i < n. But this construction implies that the tuple (U, 5, -+ Uacr th—1)
is an element of [T in V.

We look at a stronger version of the perfect subset property for Xi-
subsets.

DEFINITION 6.3.4. Let T be a tree on "', An 3%-perfect embedding
into T is a continuous order-embedding ¢ : <F2 — (<fg)"*! with the
following properties.

(1) ran(z) C T.

(2) If sp, 81 € <2 are incompatible sequences with ¢(s;) = (¢}, ...,t.),
then there is a k < n such that the sequences tg and t,1€ are incom-
patible in <Fk.

The idea behind the above definition is that a 3*-perfect embedding into
T witnesses that the projection p[T] has a perfect subset.

PROPOSITION 6.3.5. Let T be a tree on k X Kk and ¢ be a F*-perfect
embedding into T. If we define 1 : <2 — <Fk to be the continuous order-
embedding such that ©(s) = to for all s € <2 with 1(s) = (to,t1), then
. witnesses that p[T] has a perfect subset in every transitive ZFC-model
containing V. O

The following lemma establishes a connection between the existence of
3%-perfect embeddings and absoluteness properties of 3i-subsets of *x.

LEMMA 6.3.6. The following statements are equivalent for every tree T
on K X k of height k.
(1) There is a 3" -perfect embedding into T'.
(2) IfP is <k-closed partial order, then lp |- “P(k) ¢ V — p[T] ¢ V ”.
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(3) Dpdageny IF “p[TT E V7. o
(4) There is a <r-closed partial order P with 1p IF “p[T] € V 7.

PROOF. Assume (i) holds, ¢ is a F*-perfect embedding into T and P is
a <k-closed partial order that adds a new subset of k. If we define

S={{to [ a,t1 [a) €T | (to,t1) € ran(e), a <1h(tp)},

then S is a subtree of T of height .
Let G be P-generic over V, zg € (%2)VI¢)\ V and define

y=|J{to | Ga < k) tlxo [ a) = (to, 1)},

Clearly, y € p[S]VI¢l C p[T]VI¢]. Assume, toward a contradiction, that
y € V holds. Then the tree S, = {t € <"k | (y [ 1h(¢),t) € S} is an element
of V and [S,]VI¢l # §. By Proposition 6.3.3, there is a z € [S,]V and
this means (y,z) € [S]V. But this means that there is an z; € (*2)V with
y=U{to | Fa < k) t(z1 | a) = (to,t1)}. Given a < k with z¢(a) # z1(«)
and ¢(z; | (a+ 1)) = (th, %), we have t) and t} incompatible and #J,t} C v,
a contradiction.
Now, assume (iv) holds. Fix 79,71 € VP with

1Ip IF “7g ¢ VA <7’0,7’1> € [T]”.

We inductively construct order-embeddings ¢ : <*2 — P and ¢ : <2 — T
with the following properties.

(1) ¢ is continuous.

(2) If s € <72 and «(s) = (to, t1), then i(s) IF “fg CTo ALy S 7 7.

(3) If sp,81 € <2 are incompatible, then ¢(sg),t(s1) € T are incom-
patible.

Assume that ¢ | <®2 and ¢ [ <“2 are already constructed for some a < x. If
a € Lim and s € *2, then there is a condition i(s) € P with p <p i(s | @)
for all @ < . Define (tg,t1) € <"k X <"k by setting

ti=|J{t | Ga<a)us | a)= (o)}

By construction, i(s) IF “Z; C 7”7 and this means (tg,t;) € T. Moreover,
given incompatible sg, s1 € *2, there is an @ < « such that sy [ @ and s [ @
are incompatible and our assumptions imply that ¢(sg) and ¢(s1) are also
incompatible.

If « = a+1and s € ®2, then there are conditions qg,q; <p i(s) and
B,70,71 < K with 8 > Th(u(s)), ¢ I+ “70(8) = 4" and 79 # 1, because
we have i(s) IF “70 ¢ V7. Given ¢ < 2, we can find i(s™(i)) € P and
W(sT(i)) = (84, ¢8) € T with i(s™(i)) < ¢, lh(t)) = B+ 1 and i(s™ (1)) IF

“t% C 1A f’l Cm”. It is easy to check that this partial embedding also
satisfies the above properties. O
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In the following, we investigate the correlation between the existence of a
perfect subset of Ai-subsets of the form p[Ty] and the existence of F*-perfect
embeddings into Tg. We need another notion of absoluteness.

DEFINITION 6.3.7. Let I' be a class of partial orders. We say that a
subset A of "k is weakly T'-persistently Al if there are trees Ty and T; on
x x & such that p[Ty] = A, p[T1] = "~ \ A and 1p I+ “p[T}] = *& \ p[Ty]”
holds for all partial orders P in IT".

PROPOSITION 6.3.8. Let P be a <k-closed partial order that adds a new
subset of k, A be a subset of "k and Ty, T1 be trees on Kk X k witnessing that
A is weakly P-persistently Al. Then A has a perfect subset if and only if
Ip ¥ “A = p[Tp] 7.

PROOF. Pick p € P with p I “A # p[Ty]”. Assume, towards a con-
tradiction, that there is a ¢ <p p with ¢ IF “p[Ty] CV”. Let G be P-
generic over V with ¢ € G and pick y € p[Tp]VI?! \ A C V. Define
T, = {t € <k | (y [ 1h(t),t) € To} € V. Then [T,]VI¢ 2 () and this means
[T,,]V # 0 by Proposition 6.3.3. But this implies y € p[Ty]V = A, a contra-
diction. Therefore p I- “p[Ty] ¢ V?” and A has a perfect subset by Lemma
6.3.6.

In the other direction, let ¢+ : "2 — <k witnesses that A has a perfect
subset and assume, toward a contradiction, that Ip IF “A = p[Tp]” holds.
Let G be P-generic over V. By construction, [T,]V(C] ZV, p[To]VIE = A C
V and p[Ty VIl = (%k)VICI\ p[Tp)VICT = (5k)VIGI\ A, Tf we define T =
{(to,t1) €Ty | to € T,} € V, then [T]VIC] £ () and therefore [T]V # 0. But
this shows that () # [T;]V Np[T1]Y C p[To)Y Np[T1]V = 0, a contradiction. [

6.4. Xl-absoluteness

In this section, we generalize the notion of Xi-absoluteness to our un-
countable context and investigate its structural implications.

DEFINITION 6.4.1. Let I" be a class of partial orders. We say that generic
absoluteness for X3 (*k)-formulae under forcings in T holds if the implication

b “_“(Ell'OV"yxn S RR)(V?JL yYm € k"%)<l’0>"'7$nay07- . aym> ¢ [T] "
- (31'07-"733% S K’{)(VyOV"aym € HH)<1’0,...,£Bn,y0,...,ym> ¢ [T]

holds true for every partial order P in I', every condition p € P and every
tree T on k™ +n+2,

In Section 6.5, we will show that the consistency of generic absoluteness
for X1(*k)-formulae under forcing with <s-closed partial orders can be es-
tablished from a relatively mild large cardinal assumption (Lemma 6.5.6).
We will also show that such generic absoluteness for Cohen forcing Add(x, 1)
holds in every Add(k, x™)-generic extension of the ground model (Corollary
6.5.3).
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The referee of [Liicb] pointed out that it is possible to establish the
consistency of Xi-absoluteness under certain classes of <k-closed partial
orders without the use of large cardinals. Let I' be a class of <k-closed
partial orders such that elements of I" satisfy the x™-chain condition and T"
is closed under forcing iterations with <k-support in the ground model and
every generic extension by a forcing in I'. If “2% = k™" holds in the ground
model, then there is a forcing iteration ((Po | o < k1), (Po | o < &) of
partial orders in I" with <k-support and a sequence (f, € VF<e | a < k)
of names such that the following statements hold whenever o < x* with
a==<=<0,v-,0~, G is @<a—generic over V and G is the corresponding filter
in ]ﬁ<g.

(1) tg is an enumeration of all subtrees of <% in V[G] of length x 7.
(2) Ifi§(y) =T and (3Q € T) lg I+ “p[T] # *&” holds in V[G], then
g IF “p[T] # "k holds in V[G].

If Gis ]1_5<,i+—generic over V, then generic absoluteness for 23 (%x)-formulae
under forcings in I" holds in V[G].

PROPOSITION 6.4.2. Let T' be a class of <k-closed partial order that
contains the trivial partial order and assume that generic absoluteness for
31 (%k)-formulae under forcings in T holds. Then every Al-subset of “k is
weakly T-persistently Al.

PROOF. Let Ty and Ty witness that p[Tp] is a Al-subset of *k. By
Proposition 6.2.1, there is a tree T such that “p[T] = p[Tp] Up[T1]” holds in
V and every generic extension of V by a forcing in I'.

Assume, toward a contradiction, that TIp ¥ “%& = p[Ty] Up[T1]” holds
for some P € I'. Then there is a p € P with

pl-“(3z € *k)(Vy € k) (z,y) ¢ [T]”.

By Xl-absoluteness, there is an = € "« with = ¢ p[T] = ", a contradiction.
In the same way, we can use Proposition 6.3.3 to see that

T I “p[To] N p[T1] = 07
holds for every partial order IP in T'. O
PROPOSITION 6.4.3. If generic absoluteness for X3 (%k)-formulae under

Add(k, 1) holds and T' is a tree on k X K of height k, then p[T'] contains a
perfect subset if and only if Nagq(e) - “p[T1 € V7.

PROOF. Let ¢ : <%2 — <Fg witness that p[T] has a perfect subset
and assume, toward a contradiction, that there is a p € Add(k,1) with
p I “p[T] C V7. By the results of Section 6.2, there is a tree T, on k X k
such that p[Ty] = p[T| U (*«k \ [T,]) holds in V and every Add(k, 1)-generic
extension of V. Since p - “[T,] € V", we get

pIF“(Cx € "R)(Yy € "k) (z,y) ¢ [1.]”
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and absoluteness gives us an x € "k with x ¢ p[T] = "k, a contradiction. [J

We apply the above results to prove statements about the length of
definable well-orders on subsets of “x in the presence of Zé—absoluteness.

Clearly, every X1-well-ordering of a subset of “x has order type less than
(27)* and for every v < k* there is such a well-ordering with order type 7.
Moreover, the results of Chapter 7 will show that it is consistent to have a
1-well-ordering of a subset of *x of order-type greater than 2~.

PROPOSITION 6.4.4. Let I' be a class of <k-closed partial orders and
assume that generic absoluteness for X1(%k)-formulae under forcings in T
holds. If T is a tree on k3 of such that p[T) is a X1-well-ordering of a subset
of "k and P € ', then

Ip IF “p[T)] is a Ei-well-ordering of a subset of *& 7.

PROOF. We prove that p[T] is a linear and well-founded relation in every
generic extension by a forcing in I'; the other properties of a well-ordering
can be deduced in the same manner.

By the results of Section 6.2, there is a tree Ty, in k X k such that

plTw] ={z €"r | (Vn <w) (€)nt1, ()n) € p[T]}

holds in V and every generic extension of V by a forcing in I'. By our
assumptions, p[Ty,] = () and Proposition 6.3.3 shows that Ip F “p[T},] = 0
holds for all P in I'. This shows that p[T]V[¢) is a well-founded relation in
every P-generic extension V[G] of V with P € T

As above, there is a tree T; on 7 such that p[T}] is equal to the set

{(z,z0,1,9,90,31) € ("K)® | (x,y) € p[T]V (y,z) € p[T]]
V (@, 20, 21) & [T] A (w0, z,21) & [T]]V [y, v0,91) & [TIA (yo, v, 91) ¢ [T1]}

in V and every generic extension of V by a forcing in I'. Assume, toward
a contradiction, that there is a P in I" and a P-generic extension V[G] of V
such that p[T]VI% is not a linear order on its domain. Then there is a p € P
with

pE “(3z, 0,21, Y, Y0, 1 € “K)(Vz € "k) (2,20, 71,9, Y0, Y1, 2) & [T1]”

and, by E%—absoluteness, p[T] is not linear on its domain in V, a contradic-
tion. O

The proof of the following lemma uses an idea of Philipp Schlicht to
show that Z1-absoluteness implies that 31-well-orders have small domains.

LEMMA 6.4.5. Assume that generic absoluteness for X1 (%k)-formulae
under Add(k,1) holds. If T is a tree on k3 such that p[T] is a Xi-well-
ordering of a subset of "k, then dom(p[T]) contains no perfect subset.
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PROOF. There is a tree T on k X x such that p[T] = dom(p[T]) holds
in V and every Add(k,1)-generic extension of V. Assume, toward a con-
tradiction, that p[T}] contains a perfect subset and let G be Add(k,1)-
generic over V. We will construct sequences (G, € V[G] | n < w) and
(xn € ("r)VIE) | n < w) such that the following statements hold true for
all n < w.

(1) There is a G € V[G] such that (G, x G) is (Add(k,1) x Add(k,1))-
generic over V[Gy,...,Gp_1] and V[G] = V[Gy,...,Gp_1][G,][G].
(2) We have z,, € V[Go, ..., Gnl, (Tni1,2n) € p[T]VIE0Gni1l and
(6.4) (V[Go,...,Gnl,€) | [Mpddw) Ik Gx) [z ¢ VA (2, &,) € p[T]]] .

There are Hy, H; € V[G] such that Hy x H; is (Add(k,1) x Add(k, 1))-
generic over V with V|G| = V[Hy|[H1]. By our assumptions and Proposition
6.4.3, there are yo,y1 € V[G] with y; € p[T]VI#il\ V. Since V[Ho]NV[H,] =
V, we have yo # y1 and there is an i, < 2 with (y1_;,,v:,) € p[T]VIC.
Define xy = y;, and Gy = H;,. The homogeneity of Add(k, 1) in V[Gy| and
yi—i. € V[G]\ V[Gp] imply (6.4).

Now assume Gy,...,G, and xg,...,z, with the above properties are
already constructed. Hence there are Hy, H; € V[G] such that (Hp x Hy) is
(Add(k,1) x Add(k, 1))-generic over V|[Gy,...,G,] and

V[G] = V[Go, ..., Gy][Ho][Hi].

By (6.4), there are yg,y1 € V[G] with y; € V[Gy,...,Gn, H;]\ V]|Go,...,Gy]
and (y;, z,) € p[T]VICorGnlil - Again, there is an 4, < 2 with (y;_i.,v:.) €
p[T]VI¢) and we can define Gpy1 = H;, and x,,1 = y;,. As above, (6.4)
holds true.

Our construction shows (41, %) € p[T]V[G] for all n < w. But p[T]V[
is a X1-well-ordering of a subset of *x in V[G] by Proposition 6.4.4, a con-
tradiction. O

al

COROLLARY 6.4.6. If generic absoluteness for X3 (%k)-formulae under
Add(k,1) holds, then there is no well-ordering of ®r whose graph is a X1-
subset of "k X "k. O

6.5. Two models with a nice structure theory for Xi-subsets

We show that certain fragments of Xi-absoluteness hold in two well-
known classes of ZFC-models and derive some consequences about the pos-
sible length of Xl-well-orders of subsets of “x in these models. We start
with a standard result about Cohen-generic extensions of a ground model.

LEMMA 6.5.1. Let v > k be a cardinal and X be a subset of v of cardi-
nality k. If G is Add(k,v)-generic over V and G = G N Add(k, X), then
there is an elementary embedding

j: L(P(r)VIE) — L(P(x)VIE)
with j | On = idon and j | P(s)VIE = idp v
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PrOOF. We define P = P()VIE and P = P(x)VICl. By the construc-
tion of L(P), there is a surjection

5:[On]<¥ x P — L(P)

definable in L(P) by a formula ¢ = ¢(u,vg,v1,w) and the parameter P.
Define

jla) =b < (3x € P)(3A € [On]¥)
[(L(P),€) F ¢(a,x, A, P) A(L(P), €) = (b, z, A, P)].

In order to show that j is a well-defined function and an elementary embed-
ding with the above properties, it suffices to show that for all o, ..., z,—1 €
P, A € [On]=¥ and every Le-formula 1) = ¥(ug, ..., Un—1,00, - -, Vm—1, W)

(L(P),€) E¥(F, A, P) < (L(P),€) Ey(7. 4, P).

holds. There exist Go, Gy € V[G] such that Gy is Add(k,1)-generic over
V and Gi is Add(k,x")-generic over V[Gy] with ¥ € V[Gy] and V[G] =
V[Go][G1]. Moreover, there is G € V[G] that is Add(k,v)-generic over
V|[Go] with V[G] = V[Go][G1].

Let F be Col(w, 2%)VI%-generic over V[G]. We show that there is a H €
VI[G][F] that is Add(k,xT)V-generic over V[Gy] and satisfies P(r)VIE] =
P(r)VICollH],

Work in V[G][F]. Let (z, | n < w) enumerate P(x)VI¢ and (o, | n < w)
be strictly increasing and cofinal in £ . Define P = Add(k,1)VIGol P, =
[Lic, P, Q = Add(k, kH)VICo and Q,, = Add(k, a,)VIC0l. Using the factor-
property of Cohen-Forcing, it is easy to define a sequence (H,, | n < w) of
filters in IP that satisfy the following properties for all n < w.

(1) H, € VIG].
(2) H, is P-generic over V[Go][Ho, ..., Hy—1] and x, is an element of
VI[Gol[Ho, . . ., Hy]. _
(3) There is a G’ € V[G] that Add(k, v)-generic over V[Gy][Ho, - . ., Hp)
and satisfies V[G] = V[Go][Ho, - . . , H,][G].
For all n < w, we let e, : P, — P, denote the natural inclusion. In
V[Go), there are isomorphisms i, : P, — Q, with i,, = i,,41 0 e, for all
n <w. Foralln <w, Hy X --- x H,_1 is P,-generic over V[Gp] and we can
define
H= ] in"(Ho % -+ x Hy_1) € P(Q)VIFF],
n<w

We have

b @n C Qn+1 c Un<w Qn = Qa

e e "(Hyx - x Hy)=Hyx - x H,_1 and

e i, ”Hyx---x H,_ 1 =HNQ, is a filter in Q,, for all n < w.
This allows us to conclude that H is a filter in Q. We show that H is also Q-
generic over V[Go]. If A € V[Go] is a maximal antichain in Q, then A C Q,
for some n < w, because the Q satisfies the x-chain condition in V[Go|. By
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the above remarks, HNQ,, = i,” (Ho x - - x H,,_1) is Q,-generic over V[Gy).
Therefore, we get AN H # (). Since Q satisfies the £ -chain condition, it is
easy to see that P(k)VICl = P(k)VICallH] holds.

The weak homogeneity of Add(x, 1) in V[Gy] yields the following equiv-
alences.

(L(P),€) = (7, A, P)
= (VIGOIG1], €) | Gp) |p="P(r) A(& A,p)")|

(VIGIH], €) = () [p=Px) A (7, A,p)0]
(L(P),€) = (&, A, P).

11

This result has two useful corollaries in our context.

COROLLARY 6.5.2. Let v > kK be a cardinal and G be Add(k,v)-generic
over V. Then the axiom of choice fails in (L(P(k)VIC]), €). In particular,
the graph of a well-order of ®r is not a XL -subset of "k x *rk in V]G].

PROOF. This follows directly from Lemma 6.5.1 and [Kan03, Proposi-
tion 5.1(b)]. O

COROLLARY 6.5.3. Let A\ and v be cardinals with v > k. If G is
Add(k,v)-generic over V, then generic absoluteness for X3 (®k)-formulae

under Add(k, \) holds in V[G].
PROOF. Let T € V[G] be a tree on x™"*! and assume

Tadage ) b “ 3o, ..., an € "B)(Vy1, ..., Ym € "F)

<x07°"5$n7y07"'7ym> ¢ [T}”

holds in V[G]. We may assume that T' € V[G] with G = G N Add(k, xT).

Let v = max{\"T,v"T} and F be Add(k,y)-generic over V with G =
F N Add(k,v). There are Hy, H; € V[F] such that Hy is Add(k, A)-generic
over V[G], H; is Add(k,7y)-generic over V[G|[Hp] and V[F| = V[G][Hy|[H1].
By the above assumption, the statement

(Fzo,....zn € ") VYY1, Ym € "K)(X0s -, Tny Y0u - - -5 Ym) E [T
holds in V[G|[Hp]. An application of Proposition 6.3.3 shows that this state-
ment also holds in V[F] = V[G][Ho][H;] and hence in L(P(x)VI¥]). By
Lemma 6.5.1, it holds in L(P(x)VI®!) and in V[G]. Since V[G] is either
equal to V[G] or an Add(k, v)-generic extension of V[G], we can use Propo-
sition 6.3.3 again to conclude that the statement holds in V[G]. O

PROPOSITION 6.5.4. Let v > Kk be a cardinal. If G is Add(k,v)-generic
over V and A is a £1-subset of ©k of cardinality bigger than (2%)V in V[G],
then A has a perfect subset in V[G].
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PROOF. Fix a tree T on & x & with A = p[T]VIC]. There are Gy, G, €
V|[G] such that Gy is Add(k, kT)-generic over V, T € V[Gy], Gy is Add(k, v)-
generic over V[Go] and V[G] = V[G][G1]. Since (2%)VIC0] = (2%)V we get
p[T]VIGo] € p[T)VIC] and there is a 3*-perfect embedding into T in V[Gy)
by Lemma 6.3.6. Proposition 6.3.5 implies that p[T] has a perfect subset in
VIG]. O

The combination of Lemma 6.4.5, Corollary 6.5.3 and Proposition 6.5.4
directly imply the statement of Theorem 6.1.4. The absoluteness properties
of the coding forcing developed in Chapter 7 will show that it is consistent
to have X1-well-orderings of subsets of “k of order-type (2%)V in Add(k, v)-
generic extensions of the ground model V. Therefore, the statement of
Theorem 6.1.4 is optimal with respect to this assumption.

Another way to produce models of set theory with a nice structure the-
ory for ¥1-subsets of *x is to use large cardinals and the Levy-Collapse and
mimic classical constructions. We will repeatedly use the following folkloris-
tic fact.

LEMMA 6.5.5. Let v be a cardinal with v = v<F and P be a <k-closed
partial order.

(1) If P has cardinality at most v, then Col(k,v) and P x Col(k,v) are
forcing equivalent.

(2) If P has cardinality less than v and \<" < v holds for all A < v,
then Col(k, <v) and P x Col(k, <v) are forcing equivalent.

PROOF. See [Fuc08, Corollary 2.3] and [Fuc08, Corollary 2.4]. O

Generic absoluteness for X} (“w)-formulae is equiconsistent with the ex-
istence of a ¥s-reflecting cardinal (see [BF01] and [FMW92]). The con-
sistency of generic absoluteness for 34 (*x)-formulae under forcing with <s-
closed partial orders follows from a direct generalization of the proof of this
result.

LEMMA 6.5.6. Let v > k be a Xo-reflecting cardinal and v be a cardinal.
If G x H is (Col(k, <v) x Add(k,~))-generic over V, then generic absolute-
ness for ¥3(%k)-formulae under <r-closed forcings holds in V[G][H].

PROOF. In V[G][H], let T be a tree on ™"+ and Q be a <k-closed
partial order such that

plF (3o, ..., 20 € *R)YVYL, s Ym € FENT0s oo, Ty Y0y - e Ym) & [T]7
holds for some p € Q.

We can find F' € V|G|[H], 7 < v and i < 2 such that F' is (Col(k, 7) X
Add(k,i))-generic over V, T € V[F] and V[G][H] is a (Col(k, v) x Add(k,7))-
generic extension of V[F] for some 5 € {0,7}. Then v is a Ya-reflecting
cardinal in V[F]. Let Q € V[F] be a (Col(s,v) x Add(x,7))-name for Q
such that Ncoi(x,)xAdd(r,y) IF “Q is a <k-closed partial order”.
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By Lemma 6.5.5, there is a cardinal A > ¥ such that the partial order
((Col(k,v) x Add(k,7)) * Q) x Col(k, <)
is forcing equivalent to Col(k, <A) in V[F]. Proposition 6.3.3 and the weak
homogeneity of Col(k, <\) imply that
(3X > v)(FP) [ is a cardinal, P = Col(k, <)) and
(6.5) Ip I “ (3o, ..., 20 € "&) (VYL .. ., Ym € *F)

(0,3 T Y0,y Ym) & [T]7]

holds in V[F]. We can apply ¥s-elementarity to see that (6.5) holds in V, [F]]
and hence there is a cardinal A, < v that witnesses that (6.5) holds in V[F.
There is Fy, € V[G][H] such that F; is Col(k, <As)-generic over V[F] and
V[G][H] is a generic extension of V[F|[F\] by a <k-closed partial order. A
final application of Proposition 6.3.3 shows that

(Bxoy. -y xn € "K) VYo, -+ Ym € "K) (Toy - TnY0, -5 Ym) & [T
holds in V[G][H]. O
Another generalization of the proof of the absoluteness result mentioned

above shows that the consistency strength of Xi-absoluteness under <s-
closed partial orders is exactly a Yo-reflecting cardinal.

LEMMA 6.5.7. Assume that generic absoluteness for Xi(®k)-formulae
under <rk-closed forcings holds. Then k™ is a Ya-reflecting cardinal in L.

PROOF. Let v = k'. First, assume, toward a contradiction, that there
is an a < k* such that v = (a*)L. By the results of Section 6.2, there is a
tree T on k X k such that p[T] is equal to the set of all x € #2 with

(He+, €) = “(k, €x) is a well-order of order-type 3 and there is a
surjection f : o — [ that is an element of L”

in V and every generic extension of V by a <k-closed forcing.

Let G be Col(k, v)-generic over V and z € (%2)VI] such that (k, €,) is
a well-order of order-type v. Then z ¢ p[T]VI¢] and there is an zg € (%x)V

with o ¢ p[T]V, a contradiction. Hence v is inaccessible in L.
Let ¢(vg,v1,v2) be a Ag-formula, z € L, and p > v such that

(L,e) = (Vy) ¢(z0,y,2)
holds for some xg € L. Assume, toward a contradiction, that
(L, €) E (Vz)(Fy) ~o(z,y,2).
This implies
(Hy,€) = (Ve eL)(Fy € L) ~p(,y,2)

and this is a IIp-statement with parameters in H,,. Let G be Col(k, u1)-generic
over V. By Zl-absoluteness and the results of Section 6.2, we have

(Hyvia, €) F (Jy € L) —p(zo,y, 2)
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and we can conclude that —¢(zg, 3o, z) holds for some yy € L, a contradic-
tion. 0

Next, we present an argument due to Philipp Schlicht showing that it
is consistent that the class of all i-subsets of s has the perfect subset

property.

PROPOSITION 6.5.8. Let v > x be an inaccessible cardinal and v be a
cardinal. If G x H is (Col(k, <v) x Add(k,~))-generic over V and A is a
Si-subset of “k of cardinality greater than k in V[G][H], then A contains a
perfect subset in V|G|[H].

PROOF. Let A = p[T]. As above, there is a ¥ < v, i < 2 and F €
V[G][H] such that F is Col(k, <) x Add(k,1)-generic over V, T € VI[F]
and V[G][H] is a generic extension of V[F] by a <x-closed forcing. The set
p[TVIF] has cardinality » in V[G][H] and this means p[T|VIF] C p[T]VICIH],
By Lemma 6.3.6, there is a 3*-perfect embedding into 7" in V[F] and the set
p[T]VICNH] contains a perfect subset in V[G][H] by Proposition 6.3.5. [

As above, we can combine Lemma 6.4.5, Proposition 6.5.4, Lemma 6.5.6
and Proposition 6.5.8 to derive the statement of Theorem 6.1.6.






CHAPTER 7

Yi-definability at uncountable regular cardinals

In this chapter, we present and prove the main result of [Liicb|: if k is
an uncountable reqular cardinal with k = k=% and A is an arbitrary subset of
Rk, then there is <k-closed partial order P of cardinality 2 that satisfies the
kT -chain condition and forces A to be a Al-subset of "k in every P-generic
extension of the ground model V. The proof of this theorem builds upon
modifications of the well-known forcing that adds a k-Kurepa trees and the
almost disjoint coding forcing developed by Robert Solovay.

One of the key features of this coding forcing is its absoluteness with
respect to further forcings: if we first force with the above coding forcing
and then with another o-closed forcing that preserves the regularity of k,
then the coded subset will still be a 31-subset in the final forcing exten-
sion. Moreover, there is a class of <x-closed forcings that also preserves the
Al-definition produced by our coding forcing. This absoluteness has many
interesting implications, e.g. it allows us to show that generic absoluteness
for 31 (%k)-formulae always fails. The first section of this chapter contains
the statements of our coding theorems and a detailed outline of their appli-
cations. The following sections contain the proofs of these results.

7.1. Introduction

The initial motivation behind the work of [Liicb| was to find generaliza-
tions of the following coding result due to Leo Harrington to uncountable
regular cardinals k.

THEOREM 7.1.1 ([Har77, Theorem 1.7]). Assume wy = w}. For every
subset A of “w, there is a partial order P with the following properties.

(1) P satisfies the countable chain condition.
(2) If G is P-generic over V, then A is a IIi-subset of “w in V[G].

We give a brief overview of related existing results. If  is an uncountable
regular cardinal and “V = L[z]” holds in the ground model for some z C x,
then we can apply Solovay’s almost disjoint coding forcing (see [JS70]) to
make an arbitrary subset of "« X1-definable in a forcing extension of L[z] and
in any further forcing extension in which s remains a cardinal. This follows
from the absoluteness properties of this coding and the fact that (%x)"* is
a X1-subset of *x in all such extensions. Section 7.3 of this chapter contains
a detailed outline of the properties of this forcing.
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Now, assume that the GCH holds at x. If A is an arbitrary subset
of #r, then results of Sy-David Friedman show that there is a <x-closed
partial order that satisfies the x-chain condition and adds a 31-definition
of A. Moreover, this coding is absolute with respect to all further forcing
extensions that preserve the regularity of x and ™. This coding technique
is called Canonical Function coding. A detailed discussion of this technique
can be found in [Fril0], [AF] and [FHa].

We will present a coding result which only requires the assumption that
the set of bounded subsets of k has cardinality x in the ground model. In
particular, the hypothesis “2% = k%7 is not needed. Before we state this
result, we need to introduce some vocabulary.

DEFINITION 7.1.2. Let sk be an infinite regular cardinal and I' be a
class of partial orders that contains the trivial partial order. We say that a
subset A of *k is ['-persistently X1 if there is a tree T on x x & such that
lIp IF “A = p[T]” holds for every P in T

We are now ready to state our first main result. See [Cum10, Definition
5.14] for the definition of a-strategically closed partial orders. As usual, we
write o-strategically closed instead of (w + 1)-strategically closed.

THEOREM 7.1.3 ([Liicb, Theorem 1.5]). Let k be a regular uncountable
cardinal with k = k<. For every subset A of "k, there is a partial order P
that satisfies the following statements.

(1) P is <r-closed, satisfies the k™ -chain condition and has cardinality
at most 2%.

(2) If G is P-generic over V, then A is I'-persistently X1 in V[G], where
I is the class of all o-strategically closed partial orders in V|G| that
preserve the reqularity of k.

By combining the above absoluteness properties with uncountable ver-
sions of results from the proof of Theorem 7.1.1 in [Har77], we are able to
prove our second main result.

THEOREM 7.1.4 ([Liicb, Theorem 1.6]). Let k be a regular uncountable
cardinal with k = k<. For every subset A of "k, there is a partial order P
that satisfies the following statements.

(1) P is <r-closed, satisfies the kT -chain condition and has cardinality
at most 2%.

(2) If G is P-generic over V, then A is a Ai-subset of “r in V[G].
This coding will also have certain absoluteness properties.

DEFINITION 7.1.5. Let k be an infinite regular cardinal and I" be a class
of partial orders that contains the trivial partial order. We say that a subset
A of ®k is T-persistently Al if there are trees Ty and T} on k x  such that T
witnesses that A is T-persistently X1 and Tp I- “p[T1] = ## \ p[To]” holds
for all P in T.
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The proof of Theorem 7.1.4 will show that there is a nontrivial class
' of <k-closed partial orders that satisfy the x*-chain condition such that
the set coded in Theorem 7.1.4 is actually I'-persistently Al in the generic
extension. Both the forcing Add(k, 1) that adds a Cohen-subset of x and
the almost disjoint coding forcings at k are contained in this class I and this
allows us to analyze certain structural properties of A in V[G].

Note that Proposition 6.3.8 implies that, given a class I' is of <x-closed
partial orders that contains both the trivial partial order and a partial order
that adds a new subset of x and a I-persistently Al-subset A of *x, A
contains no perfect subset if and only if it is [-persistently Al.

In the following, we present some applications of the above results and
the methods used in their proofs.

The Anticoding Theorem, proven by Itay Neeman and Jindfich Zapletal
(see [NZ98]), says that in the presence of large cardinals proper forcings do
not code any set of ordinals from the ground model into L(R) of the forcing
extension unless that set is already an element of L(R) of the ground model.
Given an uncountable regular cardinal x with k = k<%, an easy application
of the above results shows that it is possible to code new sets of ordinals into
L(P(k)) by forcing with a k-proper partial order (see [HRO1, Definition 3.4]
for a definition of this class of partial orders).

COROLLARY 7.1.6. If x is a regular uncountable cardinal with k = k<"
and X is an arbitrary set, then there is a partial order P with the following
properties.

(1) P is <k-closed and satisfies the k™t -chain condition.

(2) If G is P-generic over V, then lg I- “X € L(P(k)) " holds in V[G]
for every o-strategically closed partial order Q in V|G| that preserve
the regqularity of k.

Next, we consider definable well-orders of “x. In [FHa]|, Sy-David Fried-
man and Peter Holy construct a class-sized partial order preserving ZFC and
large cardinals that forces GCH and adds a well-order of “x whose graph
is a Al-subset of ®x x "k for every uncountable regular cardinal x. In an-
other direction, David Asperé and Sy-David Friedman showed in [AFO09]
that there is a class-sized partial order with the above preservation prop-
erties that forces GCH and adds a well-order "k that is definable in the
structure (H,.+, €) by a formula without parameters for every uncountable
regular cardinal k. A detailed discussion of the above results and the related
problem of obtaining lightface well-orders of low quantifier complexity can
be found in the first part of [Fril0].

We apply Theorem 7.1.3 to add a definable well-order of *x with a forcing
that preserves both cofinalities and the value of 2%.

THEOREM 7.1.7 ([Liicb, Theorem 1.9]). If k is a regular uncountable
cardinal with k = k<%, then there is a partial order P with the following
properties.
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(1) P is <r-closed, satisfies the kT -chain condition and has cardinality
2%,

(2) If G is P-generic over V, then there is a well-ordering of (%r)VIC]
whose graph is a Al-subset of "r x "k in V[G].

Our next application deals with a quasi-ordering of trees that arises
naturally in infinitary model theory (see [HV90] and [VA495]). Remember
that a structure (T, <) is a tree if <t is a well-founded strict ordering on
T and the set precp(t) = {u € T | ¢t <t u} is well-ordered by < for each
t € T. As usual, we will just write T instead of (T, <t). As above, a branch
through a tree T is a linearly ordered subset of T. Given an infinite cardinal
k, we let 7, denote the class of all trees T of cardinality at most x such that
every branch through T has length less than k.

Let Ty and Ty be elements of 7,. We say that Ty is order-preserving
embeddable into Ty (abbreviated by Ty < Ty) if there is a function f : Ty —
T4 such that

to <ty t1 — f(to) <1, f(t1)
holds for all tg,t; € Ty. Note that f need not be injective.

There is a natural correspondence between elements of 7, and countable
ordinals and the above ordering of trees is equal to the ordering of the ordi-
nals under this correspondence. We may therefore think of elements of 7,; as
analogs of ordinals. We can combine Theorem 7.1.3 with the Boundedness
Lemma for "k to get an easy and short proof of the following statement that
was proved in [M'V93, Proof of Theorem 15] in the case “k = w”.

THEOREM 7.1.8 ([Liicb, Theorem 1.10]). If k is a regular uncountable
cardinal with k = k<%, then there is a partial order P with the following
properties.

(1) P is <k-closed, satisfies the kt-chain condition and has cardinality
at most 2".

(2) If G is P-generic over V, then there is a Tg € ’Z}V[G] such that
T < Tg holds for every tree T € T,Y.

Next, we consider stronger notions of projective absoluteness. Given an
uncountable regular cardinal x with k = k<", the constructions carried out
in the proof of Theorem 7.1.7 show that we can define a Eé—subset of "k
that is empty in every Add(k,™")-generic extension of the ground model
and nonempty in a generic extension of the ground model by a certain <x-
closed forcing that satisfies the x*-chain condition. This shows that generic
absoluteness for Z%(”Fa)—formulae under forcings with the above properties
1s inconsistent with the axioms of ZFC for such cardinals x.

THEOREM 7.1.9 ([Liicb, Theorem 1.11]). Let k be an uncountable regu-
lar cardinal with k = k<" and a C k such that <"r € L[a]. Then there is a
tree T on k3 contained in Lla] and a partial order P such that the following
statements hold.
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(1) P is <k-closed and satisfies the k™t -chain condition.
(2) p I- “(Bz € *R)(Vy € *F) (z,y) € p[T]”
(3) Ladaewt) I “(Vo € *k)(3y € *R) (z,y) ¢ p[T]”.
Again, the above result was known in the case where the GCH holds

at k. The Canonical Function coding mentioned above can be applied to
construct such trees and extensions under this assumption.

7.2. Generic tree coding

This section contains the proof of Theorem 7.1.3. Our coding forcing
will be a modification of the standard forcing that adds a Kurepa tree (see
[Jec71, §3]). The main idea behind this modification is that it is possible
to code information about the elements of a subset A of *xk into the cofinal
branches of the generic tree.

For the remainder of this chapter, we fix an uncountable regular
cardinal s that satisfies Kk = k<" and an enumeration (s, | a < k) of
<fi with lh(sy) < a for all @ < k and {a < k | s = s, } unbounded in & for
all s € <Fg.

DEFINITION 7.2.1. We call a pair (A, s) a k-coding basis if the following

statements hold.

(1) A is a nonempty subset of "k and s: Kk — <Fk.

(2) ran(s) contains {x [ a | z € A, a < K} and all constant functions

in <Fg.

(3) Forall @ < k, lh(s()) < aand {f < k| s(a) = ()} is unbounded
in K.
If s : Kk — <"k is the function defined by s(8) = sg for all § < x and
A is an arbitrary nonempty subset of A, then (A, s) is a k-coding basis. In
view of applications of this coding forcing in Chapter 8, we work without
the assumption that s is surjective. In addition to the above objects, we
also fix a k-coding basis (A, s) for the remainder of this section.

DEFINITION 7.2.2. We define P5(A) to be the partial order consisting of
conditions p = (T}, fp, hp) with the following properties.

(1) T, is a subtree of <*2 that satisfies the following statements.
(a) T}, has cardinality less than k.
(b) If t € T}, with 1h(¢) + 1 < ht(T}), then ¢t has two immediate
successors in T,.

(2) fp : part, [Tp] is a partial function such that dom(f,) is a
nonempty set of cardinality less than k.

(3) hp: A Pt s a partial function with the following properties.
(a) dom(ly) = dom(f,).
(b) For all € dom(h,) and «, 5 < ht(T},) with a = <h,(x), 5>,
we have

5(8) Cx = fp(z)(a) =1.
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We define p <p_(4) ¢ to hold if the following statements are satisfied.

(a) T) is an end-extension of Tj,.

(b) For all z € dom(f;), € dom(fp,) and f,(x) is an initial segment
of fp(x).

(c) hq = hyp | dom(hg).

LEMMA 7.2.3. Ps(A) is <x-closed, satisfies the k™t -chain condition and
has cardinality at most 2".

PrOOF. If A € Lim N« and (p, | pp < A) is a strictly <p (4)-descending

sequence in Ps(A), then we define T' =, Tp,. b = U, hy and

= J{fo. (@) | 1 < Xz € dom(f,,)}

for all x € dom(h). It is easy to see that p = (T, f, h) € Ps(A) and p <p (4
py holds for all 1 < A.

Next, assume that (p, | o < k™) enumerates an antichain in Ps(A).
By our assumptions, we can assume T),, = T}, for all p,p < kT, A A-
system argument allows us to assume the existence of an r C A with r =
dom(fp,) Ndom(fp,), fp, I 7 = fp, I 7 and hy, [ 7 = hy, [ r for all
p < p < k. But this shows that (T}, fpo U fp1s hpo U hp,) is a common
extension of pg and p1, a contradiction.

Finally, the assumption x = x<% implies that there are only k-many
subtrees of <#2 of height less than x and 2*-many partial functions with the
above properties. O

The next lemma will allow us to show that various subsets of P4(A) are
dense.

LEMMA 7.2.4. Let p be a condition in Ps(A) and (c; € "2 | x € dom(fp))
be a sequence of functions. There exists a <p_(4)-descending sequence
(€ P(4) | BH(T) < < #)
such that p = pyy(t,) and the following statements hold for all ordinals in
the interval [ht(T)), k).
(1) dom(f,,) = dom(f,) and ht(Ty,) = .
(2) If x € dom(fp) and p # <hy(x), B> for all § < k, then
Spur (@) (1) = co(p).
(3) If u € Lim, then ran(f,,) = NH2.

pu+1

PrOOF. We construct the sequences inductively. If g € Lim, then we
define Ty, = U{T}p, | ht(T}) < i < p}. Given z € dom(fp), we define

Fo (@) = (H{fpn (@) | 1(T3) < i < -

If p =p+1with g gé Lim, then T}, has a maximal level and there
is only one suitable tree T, of height ;1 end-extending it. In particular,
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fpa(x) € Tp,, for all x € dom(f,). For all 2 € dom(f,), we define f,,(x) to
be the unique element ¢ of #2 with f, (z) C t and

1, if p = <hy(z), > and s(5) C z,
t(ﬂ) = 0, if o= <h“p(x)vﬂ>' and S(ﬁ) ,@ Z,
¢ (1), otherwise.
Finally, if 4 = i+ 1 with fz € Lim, then we set T, = T},, Uran(f,,) and
define f;,, as in the first successor case. O

COROLLARY 7.2.5. The following sets are dense subsets of Ps(A).
(1) Cp=A{p e Ps(A) | ht(T}) > p} for all p < k.
(2) Dy ={p € Ps(A) | x € dom(fp)} for all z € A.

(3> Efﬂay = {p € PS(A) ’ z,y € dOHl(fp),fp(J}) 7é fp(y)} fO?" allx,y € A
(4) F,={pePy(A) | ht(T,) =pn+1, z [ p¢ Ty} for all z € 2.

PRrROOF. (i) This statement follows directly from Lemma 7.2.4.
(ii) Given p € P4(A) with = ¢ dom(f,) and b € [T,] # 0, we define

q = (Tp, fy U {{z,0)}, hy U {{z, ht(T},)) }).

Then g € D, and q <p,(a) -
(iii) Given p € P5(A), we can apply the above result to find ¢ <p (4 p
with z,y € dom(f,). There is ht(7};) < p < k with

*hq(fv%ﬁ()} 7& 2 7& '<hq(y)7ﬁl>‘
for all By, /1 < k and we can use Lemma 7.2.4 to find ¢* <p (4) ¢ with

ht(Ty+) = p+ 1 and fo- () (1) # fo= (y) (1)

(iv) Fix p € P4(A) and ht(7,) < p < k with p # <hy(z), 5> for all
r € dom(fp) and B < k. Using Lemma 7.2.4, we can find ¢ <p (4) p
with ht(7T,) = p + 1, dom(f,) = dom(f,) and fy(x)(n) = 1 — z(u) for all
x € dom(fp).

In particular, z | (#+ 1) ¢ ran(f;). Another application of the above
lemma gives us conditions s <p (1) 7 <p,(4) ¢ With

ht(Ty) = ht(T}) + 1 = ht(T}) + w + 1,

dom(fs) = dom(f,) and Ty N P72 = ran(f,). Since z | ht(7T}) # f.(x) for
all z € dom(f,), we have z [ ht(T;) ¢ Ts. O

COROLLARY 7.2.6. Let G be Ps(A)-generic over V. The following state-
ments hold true in V[G].
(1) Te = Upeq Tp is subtree of <2 of height x with [Tg] NV = 0.
(2) If we define Fg(x) = U{fp(z) | p € G,z € dom(fp)} for all z € A,
then Fg : A — [Tg] is an injection.
(3) Let He = Upeq hg- Then Hg : A — k and
(7.1) s(B) S v = Fg(v)(=Hg(z),8-) =1
forallz € A and B < k. O
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We now show how the branches of Tz correspond to elements of A in an
absolute and bijective way.

LEMMA 7.2.7. Let Q be a Py(A)-name such that

(7.2) Ip, () IF “Q is a o-strategically closed partial order and
. forcing with Q preserves the regularity of k7.

If Go * Gy is (P4(A) x Q)-generic over V, then Fg, : A — [Tg,|VIColG1] s
surjective.

PRrROOF. Fix names F,T € VE(A)*Q guch that FHoxH1 — Fp, and
THo*Hr — Ty holds whenever Ho* Hj is (Ps(A)+Q)-generic over V. Assume,

(4)

toward a contradiction, that there is a name 7 € VFs(4*Q and a condition

(p, @) in Py(A) * Q with
(p, @) IF“T e [T)AT & VAT ¢ ran(F)”.

For each r <p.(A)+0 (p, 4), we define a partial function ¢, : k Pt 9 in

V by setting
tr=J{se="2|r-“sCr"}.
We have t,. € <72 for all r <py(4)x0 (p,q), because r IF “1 ¢ V. Moreover,

since (p,§) IF “(Ya < &) 7 [ @ € V”, the set
{T S]P’S(A)*Q <p> q> | « g dom(tr)}
is dense below (p, ¢) for all a < k.
Let (p',q') <p,(A)Q (p,q) and d = dom(fyy). Since
(p, ) I+ “ The cardinality of d is less than cof(k) and (Vx € d) T # F(z)”,

there is an r <p.(4)+0 (p',¢') and an o < k such that

rlF “(Ve e d)(36 < &) 7(3) # F(z)(8)”.
Then there is a condition r, = (p”,¢") S]P’S(A)*Q r such that a C dom(t,,)

and ht(7,») > . This implies that for all x € dom(f,) there is a 8 €

dom(t,, ) such that fy/(z)(8) # t..(B).
Let ¢ be a Ps(A)-name with

lIp, 4y IF “& is a winning strategy for Player Even in G,11(Q)”.

Given (po, G1) <p,(A)0 (p,q), the above remarks allow us to construct
a strictly <py( A)*Q-descending sequence ((pPn,Gon+1) | n < w) of conditions
in Py(A) * Q and a sequence {(ga, € VF*(4) | n < w) of names such that the
following statements hold for all n < w.
(1) go =g, Tp,(a) IF “don € Q7 pn Ik “dont1 <g ¢2n” and
Pn I+ “q2n+2 == fT(QO, CI) Cbn—i—l) 7.
(2) ht(7},) C dom(t< and dom(t<pmq%+l>) C ht(T},.,,)-

Pr+1,42n+3) )
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3) If x € dom(f,, ), then there is an o € dom(¢ with
Pn (

fpn+1 (7)(a) # U pnst donts) (@).
By the proof of Lemma 7.2.3, the sequence (p,, | n < w) has a greatest
lower bound p, in Ps(A). Note that T, = U, ., Tp, and dom(fp,) =

U< dom(fp, ) hold. If R € VP is the canonical name for the sequence
(Gn | n < w), then

Pn+1,ti2n+3>)

po b “R is a run of QW(Q) in which Even played according to ¢”.

Hence we can find a name ¢, € VFs(4) with Ip,a) IF “q4uw € Q” and
po IF “d, <y n ” for all n < w. This implies (py, Gu,) <Py (A)Q (Pns Gon+1)
for all n < w. We define t = ¢, 4. [ ht(Tp,) € [Tp,]. Since we have
(Do, Gu) IF “t C 7 AT € [T]”, we can conclude (p,,, q,,) IF “t € T”.

By our construction, we have ht(7},,) € Lim and ¢t ¢ ran(fp, ). We
can apply Lemma 7.2.4 to find a condition p* <p (4) p, with ht(Tp+) =
ht(7},,) + 1 and t ¢ T,-. This obviously implies (p*,q4,) IF “t ¢ T7, a
contradiction. O

COROLLARY 7.2.8. Let Q be a Py(A)-name such that (7.2) holds. If

Go * G1 is (Ps(A) x Q)-generic over V, then the following statements are

equivalent for all y € (Fk)VIGollGa],

(1) y € A.

(2) There is z € [TGO]V[GOHGll and v < & such that
(7.3) 5(0) Cy = 2(=7,0-) =1

holds for all B < K

PROOF. If y € A, then the equivalence (7.3) holds with z = Fg,(y) and
v = Hg,(y) by Corollary 7.2.6.

In the other direction, let z € [Tig,]VIC0G1]) and v < &k witness that (7.3)
holds for y € (%k)VIGllG1], By Lemma 7.2.7, we have z = Fg,(z) € V[Gy]
for some x € A. Pick p € G with z € dom(f,).

Assume, toward a contradiction, that v # h,(x) = Hg,(z). By Lemma
7.2.4, this implies that the set

Ds ={q<p,yp | ht(Ty) = p+ 1, p==v,B=, fo(z)(n) =0, s(3) = s}
is dense below p for all s € ran(s) and there is a ¢ € Gy N Dy;p with
q <p,(4) P- Then there is a § < x with ht(T;) = <v, 8= +1, 2(<v,8~) =0
and s(f) =y | 1 C y, contradicting (7.3). This shows v = Hg,(x) and we
can conclude that

s(B) Cy = z(=v,0-) =1
< Fg,(z)(XHg,(z),0-) =1 <= s(B) Cz
holds for all 5 < k. Since every initial segment of x is of the form s(3) for
some (3 < k, we can conclude y = x € A. ([l
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We are now ready to prove our first main result.

PROOF OF THEOREM 7.1.3. Let G be Ps(A)-generic over V. In V[Gy],
define T to be the set consisting of pairs (¢,u) such that t € <"k, u € <Fg
and there is an ordinal v < k and a v € T, with lh(z) = lh(u) = lh(v),
u(a) = <v,v(a)> for all a < 1h(s) and

s(B) St = v(=y,8-) =1
for all 5 < lh(s) with <, 8> < lh(s). It is easy to check that T" is a tree.

Let Q be a o-strategically closed partial order in VI[Go] and G1 be Q-
generic over V[Gp]. There is a name Q € VP:s(4) guch that Q = Q% and
(7.2) holds in V.

If (z,y) € [T]VICIG] then there is z € [Tg,]VICll%1] and v < & with
y(8) = <7, 2(8)>- and

s(f) Cx <= z(=<v,p>)=1

for all § < k. By Corollary 7.2.8, this implies x € A.
Conversely, if z € A and y € ("x)VIC with

y(a) = <Hg, (), FG’o(x)(O‘>>a
then (z,y) € [T]VICl&1] by our assumptions on s and Corollary 7.2.8. [

We close this section by showing that Theorem 7.1.3 directly implies
the statement of Corollary 7.1.6. Given functions z,y € "k, we let <z, y>
denote the unique function z € “r with x = (2)o, ¥y = ()1 and (2)q = idx
forall 1 < a < k.

PROOF OF COROLLARY 7.1.6. Let v be the cardinality of tc({X}) and
let ¢ € VAd#r™) e g name for an injection of te({X}) into "k \ {id.}.
Let A, § e vAdd(my ") be names with the property that, whenever G is
Add(k,vt)-generic over V, then (A%, 3%) is a k-coding basis in V[G] and
A9 = {=e9(1),¢% ()= | be e te({X}), bect U {<idw, e9(b)- | be X}

Pick a name P € VAdd(sr™) with Dagd(s,+) IF “P=P;(A)”. The partial
order Add(k,v") * P is <k-closed and satisfies the x1-chain condition.

Let Go * G be (Add(k,vT) * P)-generic over V, Q be a o-strategically
closed partial order in V[Go][G1] that preserve the regularity of x and H be
Q-generic over V[Go][G1]. By Theorem 7.1.3, A0 is a Xl-subset of *x in
V[Go][G1][H]. This shows that both ran(¢“°) and the relation

E = {(¢50(b),é% () | byc € te({X}), bec}

are elements of L(P(x)) in V[Go][G1][H]. Since this model can compute the
transitive collapse of the well-founded and extensional relation (ran(b&), E)

and this function is equal to the inverse of €70, we can conclude that tc({X})
is an element of L(P(k)) in V[Go][G1][H]. Finally, we have

X = {betc({X}) | <idx, e (b)= € A%}



7.3. ALMOST DISJOINT CODING 107

and we can conclude that X is also an element of L(P(k)) in V[Go][G1][H].
O

7.3. Almost disjoint coding

In [Har77, Section 1], Leo Harrington uses the method of almost disjoint
coding forcing invented by Robert Solovay (see [JS70]) to prove Theorem
7.1.1. Working towards a proof of Theorem 7.1.4, we generalize this ap-
proach to uncountable cardinalities. Note that all results of this section are
also true if k is countable.

DEFINITION 7.3.1. Given A C "k, we define Q(A) to be the partial
order consisting of conditions p = (tp,ap) with t, € <"2 and a, € [A]<".
The ordering p <g(4) ¢ is defined by the following clauses.

(1) ty €t and ag C ay.
(2) (Vz € aq)(Va € dom(t,,) \ dom(ty)) [sa € 2 — tp(a) = 0].

It is easy to check that this is in fact a partial order. In addition, it is
easy to see that two conditions p and ¢ are compatible if and only if ¢, and
tq are compatible as elements of <2 and (t, Ut,, ap U aq) <g(a) P, q-

LEMMA 7.3.2. Q(A) is <k-closed, satisfies the k™t -chain condition and
has cardinality at most 2°.

PROOF. If i < K, (pa | a@ < p) is a <ga)-descending sequence, t =
Ua<y tra and a = U, <, ap,, then (t,a) € Q(A) and (t,a) <g(a) po for all
a < p. It is easy to see that any two conditions in Q(A) with the same
first coordinate are compatible and this shows that any antichain in Q(A)
has cardinality at most k<" = k. The cardinality statement follows directly
from our assumptions on k. ]

PROPOSITION 7.3.3. The following sets are dense subsets of Q(A).
(1) Cu={pcQ(A) | p € dom(ty)} for all p < k.
(2) Dy ={p€Q(A) | z € ap} forallz € A.

(3) Eay = {p€Q(A4) | (38 € dom(tp) \ @) [tp(B) =1 Asg Cyl} for
all o < k and y € "k \ A.

PROOF. (i) Given a < k and p € Q(A) with « ¢ dom(t,), we define

[ t,(B), if B € dom(ty),
t(B) = { ()1: if B¢ (a+ 113 \ dom(sp).

Obviously, (t,a,) <ga) p and (t,ap) € Cq.

(ii) For all p € Q(A), p* = (tp,ap U {z}) <g(a) p and p* € D,.

(iii) Given p € Q(A), thereis an a < § € k\ dom(sy,) witha [ B #y [
for all z € ap. We can find 8 < v < k with s, = y [ (8 and define
t:vy+1—2by

tp(9), if 0 € dom(sp),
t(6) =% 0, if § € v\ dom(tp).
1, if 9 =~.
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Then (t,a,) <ga) p and (t,a,) € Eqy. O
The following theorem summarizes the properties of Q(A).

THEOREM 7.3.4. Let G be Q(A)-generic over V and define
te =ity Ip € G}

Then tg € *2 and
(7.4) reA= (B <) (VB <a<k) [sqa Cz—tg(a) =0]
for all z € (®k)V. Moreover,

G={peQA)|t, Cta N (Va € k)a ¢ dom(ty,)

(7.5) V (Vz € ap) [sa €z — tg(a) =O]]}.

PRrROOF. By Proposition 7.3.3, tg is a function with domain  and for
every x € A there is a p € G with = € a,.

Assume, toward a contradiction, that tg(«a) = 1 and s, C 2 holds for
some a €  \ dom(t,). There is a ¢ € G with ¢ <g(4) p and a € dom(t,).
But this means 0 = t,(a) = tg(a), a contradiction. Given <€ "k \ A and
B < K, there is p € GN Eg, and this shows that there is an § < o < x with
ta(a) =1 and sy C y.

Given p € G, the above argument shows that p is also an element of the
right set. Next, assume p € Q(A) is a member of the set on the right. There
is a ¢ € G with ap C a4 and t, C t,. If o € dom(t,) \ dom(t,) and z € a,
with s, C z, then t,(a) = tg(a) = 0. This shows ¢ <gqypandp e G. [

We close this section by introducing two forcing-theoretical properties
and investigating their relevance to Q(A).

DEFINITION 7.3.5. We call a partial order P a g-lattice (“quasi-lower-
semi-lattice ”) if the P-minimum py Ap p; exists for all compatible conditions
po,p1 € P. Let Q be a suborder of P and a g-lattice itself. We call Q a
sublattice of P if qo Ap g1 = qo Ag ¢1 holds for all qp,q1 € Q, which are
compatible in Q.

The partial order Add(k, 1) is clearly a g-lattice and the remark following
the definition of Q(A) directly implies that Q(A) is also a g-lattice with

P Ageay 4 = (tp Utg,ap Uag)
for all compatible p,q € Q(A). Moreover, if B C A, then Q(B) is a sublattice

of Q(A), every antichain in Q(B) is an antichain in Q(A) and every Q(B)-
nice name is a Q(A)-nice name.

~ DEFINITION 7.3.6. Let P be a partial order and Q be a P-name. We call
Q a P-innocuous forcing if there is a g-lattice Qp with
Ip - “Q is a sublattice of Qp”.

We give a simple example of P-innocuous forcings that will be important
later.
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PROPOSITION 7.3.7. If P is a <k-closed forcing and Q € VE with
s IF (3B) [B CANQ = Q(B)} ,
then Q is a P-innocuous forcing.

PROOF. Set Qy = Q(A). We show 1p I “Q is a sublattice of Qy”. Let
G be P-generic over V. We have Qp = Q(A)V[G}, because P is <x-closed.

An application of the above remarks in V[G] shows that QF is a sublattice
of Qo in VI[G]. O

7.4. Innocent forcings

In this section, we complete the proof of Theorem 7.1.4. As mentioned in
the Introduction, the Al-coding we construct will have certain absoluteness
properties. We are now ready to introduce the corresponding class of partial
orders.

DEFINITION 7.4.1. Let M be an inner model, v be a cardinal, P be
a partial order contained in M and G be P-generic over M. We define
'y (P, G, v) to be the class of all <v-closed partial orders Q that satisfy the
vt-chain condition and have the property that there is a P-name Qin M
with Q = Q% and
(M, €) = “Q is a P-innocuous forcing” .

If P is a partial order and G is P-generic over V, then results of Richard
Laver (see [Lav07, Theorem 3|) show that V is a class in V[G]. In particular,
I'v(P,G,v) is a class in V[G] for every cardinal v.

In the following, we continue to modify coding results from [Har77] to
our context to prove the following absoluteness version of Theorem 7.1.4.

THEOREM 7.4.2 ([Liicb, Theorem 5.2]). Let  be a regular uncountable
cardinal with k = k<". For every subset A of "k, there is a partial order P
with the following properties.

(1) P is <k-closed, satisfies the k*-chain condition and has cardinality

at most 2%.
(2) If G is P-generic over V, then A is a I'v(P,G, k)-persistently Al
in V]|G].

Following [Har77], we start by introducing another notion of forcing.

DEFINITION 7.4.3. Given A C "k, we define QT (A) = D, .+ QA) to
be the k*-product forcing of Q(A) with <s-support.

LEMMA 7.4.4. QT (A) is a <x-closed g-lattice that satisfies the k™ -chain
condition and has cardinality at most 2".

PROOF. Since Q1 (A) is the product with <x-support and Q(A) is <k-
closed, it follows directly that Q*(A) is also <x-closed.
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. . oy — _ 0 — _ 1
Given two compatible conditions ¢y = (qw)v<ﬁ L and ¢4 = (qv)»y<n s
it is easy to check that qg and q% are compatible for all v < x* and
(q?Y Ag(a) q’lv)7<n+ is the Q" (A)-minimum of gy and ;.
Assume, toward a contradiction, that (g5 | § < £T) enumerates an anti-
chain in Q*(A4) with g5 = (qg)v@e* for each 6 < k™. By the A-System
Lemma, we may assume that there is an r C x* of cardinality less than

x such that supp(gs) Nsupp(g5) = 7 holds for all § < § < k. The set

{<tqg € <fr|vyer)|d<rkt}isasubset of "(<Fk) and this set has cardi-

nality x by our assumptions. Hence there are § < § < xT with tqéf =1,

)

for all v € r. But this shows that g5 and g5 are compatible in QT (A), a
contradiction.

By our assumptions, the set S = {supp(q) | § € QT (A)} has cardinality

kT and for each s € S there are at most 2"-many conditions § € Q1 (A)

with supp(q) = s. O

Let G = @, ,+ Ga be Q7 (A)-generic over V and z € (*k)VICl. Since
Q™ (A) satisfies the xT-chain condition in V, there is an § < k1 with z €
V(Gs | v < 6)]. Now, Theorem 7.3.4 shows that
(7.6)

r€A = (Vy<rh)EB<r)(VB<a<k)[sa Cz— ta, (a)=0]
holds in V[G]. This shows that a 3{-definition of the set {t¢., € "r |y < KT}
would yield a ITj-definition of A in V[G]. In order to make the set of all
ta,’s E%—deﬁnable, we need to show that the equivalence (7.6) also holds in
certain forcing extensions of V[G]. We introduce a class of forcings with this
property.

DEFINITION 7.4.5. Let P be a g-lattice. We call Q € VF a P-innocent
forcing if 1p I+ “Q is a partial order” and there is a dense subset D C PxQ
such that

po Ap p1IF “4o and ¢ are compatible in Q7
holds for all compatible (po, Go), (p1,¢1) € D.

LEMMA 7.4.6. Let P be an Q1 (A)-innocent forcing with
Ig+(a) IF “P is <i-closed and satisfies the kT -chain condition”.
If Go % Gy is (QT(A) x P)-generic over V with Gy = Dt G., then
r€EA = (Vy<r)EB<K)(VB<a<k) [sa CT— ta (o) =0]
holds in V[Go][G1] for all x € (%x)VIGollG],

PROOF. Let D be a dense subset of Qt(A) P witnessing that P is a
Q" (A)-innocent forcing. Let 79 be a Q*(A)-name with with the property

that, whenever G is Q*(A)-generic over V and G = @D, <.+ Gy, then

B (VI g
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Let 7) denote the canonical (Q(A)  P)-name corresponding to 7jo.

(A)«P

Assume, toward a contradiction, that there is a name & € vaer and

a condition 79 € Qt(A) * P such that
rolF ¢z e (FR\A) A (Vy<&T)(3B < k)(VB < a<k)
[$a €& — n(7)(a) = 0]”
holds. Given « < K, we pick a maximal antichain A, in the set
{reD|rlk“35;Cz"}

and define A = [J{As | a@ < k}. Our assumptions imply that QT (A) * I
satisfies the xT-chain condition and therefore A has cardinality . This
shows that there is a v, < k* with the property that, whenever (¢,p) € A
and ¢ = (q7)7<n+, then q,, = lg(a)-

We can find an 1 € D and [, < k with r; §Q+(A)*P ro and

il “(VBe < a < k) [3a C & — n(%)(a) =0]".

Let 1 = (q1,p1), 1 = (q%)v@# and q%* = (t1,a1).

Now, let Go*G1 be (Q1(A)*P)-generic over V with r, € Go*G and set
x = #90*G1 Since this partial order is <k-closed and every initial segment
of z is an element of V, we can find an «, < k with B, < au, dom(t1) < a,
Sa, C 2 and so, € y for all y € a;.

Our construction ensures that there is an ro € A,, NG. Let ro = (G5, p2)
and ¢ = (q’Qy)«Kn +- The conditions r1 and rp are compatible and elements

of D. Hence, we can find an r = (¢, p) <@+ (A)p 152 With q= (q7)7<ﬂ and
¢y = q,ly Ag(a) q,2y for all v < k*. In particular, ¢,, = q%* = (t1,a1).
We define ¢, € <"k by setting
t1(0), if 0 € dom(ty),
t«(0) =4 0, if 6 € a, \ dom(¢1),
1, if § = .

By the choice of a., we have (t.,a1) <g(a) (t1,a1) = ¢y. If we define

q* — q’yu lf ,y 7é 7*7
7 (t*7a1>7 if v =7,

then r, = <(q:;)’y<n+ ,p) < r. Let H be (Qt(A) % P)-generic over V with
H = Hyx Hy, Hy = @VQ# H, and r, € H. The above construction yields
r € H, 84, C &M and ti,, (as) =1, a contradiction. O

Let P be a partial order, Q € _VP with 1p IF “Q is a partial order ” and
G be P-generic over V. Using P, Q and G as parameters, we can recursively
define a class function

tg : VP — v[@)¢°
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in V[G] that satisfies
ta(o) = {{ta(r),d) | (r,(p,d)) € o,p € G}

for all o € VE*Q. If H is Q%-generic over V[G], then an easy induction shows

that 0@ = t5 (o) holds for all ¢ € VP*Q. Given 0 € VP*Q, we let T(0)
denote the class of all 7 € VF such that 7¢ = tg (o) whenever G is P-generic
over V. )

Next, suppose R € VP*Q with IIP*Q I “R is a partial order ” and S €

VF. We write S = Q #p R if there is a 0 € T(R) with Ip - “S=Qx 0o ".
By the above remarks, there is a map
1:(PxQ)*R —PxS
such that for every ((p,q),7) € (P Q) * R there is an § € VF and p € T(7)
with ¢((p,d),7) = (p,$) and Tp IF “5 = (4, p)".
LEMMA 7.4.7. The map ¢ is a dense embedding. O

LEMMA 7.4.8. Let IP be a g-lattice, Q € VP be a P-innocuous forcing and
R e VP*Q be a (P * Q)-innocuous forcing. If S € V¥ satisfies S = Q *p R,
then S is a P-innocent forcing.

PROOF. Let Qo witness that Q is a P-innocuous forcing and Ry witness
that R is a (P * Q)-innocuous forcing. We define Dy to be the set

{{(p.4),7) € (PxQ) R | (3g € Qo)(Ir € Ry)
pIF “G=q" Ap.q) I “F =7"]}.
Pick ((po, 4o), ) € (PxQ)*R. There is a (p1, §) <p:@ (po, Go) and r € Ry
with (p1,¢) IF “7 =7”. In addition, there is a p <p p; and a ¢ € Qg with
plF “¢g=¢”. This means ((p, 4),7) € Dy and ((p, §),7) S(]P’*@)*]R {({(po,do), 7).

Let <<p07 40>7 720)7 <<p1> (h)? 7;1>> <<p27 Q2>7 7“2> € (]P) * Q) * R with
{(po, Go), 7o) < (@R ((p1,4q1),71), ((P2, G2), 72)
and ((p1,q1),71), ((p2,G2),72) € Dy. Fix conditions q1,q2 € Qo and 71,72 €
Ry with p; IF “¢; = ¢;” and (p;, ¢;) IF “7 = 77, Clearly, p1 Ap p2 exists and
there is a p € P and g € Qg such that p <p pg and p IF “§ = ¢g <o q1,q27.
But this shows that ¢ <g, ¢1,¢2 and g1 A\q, ¢2 exists. If we pick ¢ € VP with
Ip Ik “¢g € Q" and (pl Ap pz) IF“qg=dq /\@0 go”, then

(P1 AP P2,d) <p,g (P1,d1), (P2, d2)-

In the same way, we can show that r Ag, 72 exists and there is an 7 € VR
with HP*Q IF “r € R” and (p1 Ap p2,q) IF “7 =171 Mg, T2”. This means

((p1 AB P2, @), 7) < pagyur ((P1:01),71), (P2, G2), 772)-

Define D C P«S to be the image of Dy under ¢. By the above Lemma, D
is a dense subset of D C P % S. Given two compatible conditions dy,d; € D
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with d; = ¢((ps, di),7:) = (pi, 5;), we have shown that there are ¢ € V¥ and
i€ VE*@ with

((p1 AP P2,4),7) < pagyyur (P15 d1),71), ((P2, G2), 72).
This gives us an § € VF with

PxS
|:|

The techniques developed above allow us to prove the absoluteness ver-
sion of our second main result.

PROOF OF THEOREM 7.4.2. For the remainder of the proof, we fix a
subset B of ®k of cardinality x* such that

(@)a =(y)p <= [r=yNa=p]
holds for all z,y € B and «, 8 < k. In addition, we fix an injective enumer-
ation (b, | v < k™) of B.

By Theorem 7.1.3, there is a <k-closed forcing Py of cardinality at most
2% satisfying the xT-chain condition with the property that, whenever Gy is
Pyp-generic over V and Q € V[Gy] is a <k-closed partial order, then both A
and B are Xl-subsets of (%) VIGollG1] in every Q-generic extension V[Go][G1]
of V[Go] .

If Gy is Pg-generic over V, then Q(A)Y = Q(A)V[Gl and Q*(4)V =
Q+t(A)VIGol, This shows that Py x Q1 (A) is a <xk-closed forcing that satisfies
the xT-chain condition in V. In addition, there are names C , R € VFoxQF(4)
with the property that, whenever Gy x Gy is (Py x QT (A))-generic over V
with G = @v<n+ G., then

CGoxGr — {(by)<s.a- € "k | & < K,y < kT, 0= ta (@)}

and RG0xG1 — Q(C%*G1) in V[Go][G1]. Notice C¢0*CG1 C (k)Y and
RG0*G1 g a sublattice of Q(%k)Y in V[Go][G1]. We define

P = (Py x QT (A4)) * R.

This partial order is <x-closed and satisfies the x-chain condition.
In V, we define

Do = {(p.d.r) € Po x Q*(4) x Q") | (0.7} - “7 € R7}.
For each d = (p,q,7r) € Dy, there is an sy € (Py x Qt(A)) * R with 5=

({p,q),7) and (p,q) I+ “7=7". Clearly, there is a subset D of P that is
closed under descending <p-sequences of length less than k, has cardinality
at most 2% and contains the dense subset {s; | de Dy}. The partial order
(D,<p| (D x D)) satisfies the £*-chain condition and is forcing-equivalent

to P. We continue to work with P.
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Let G = (Gp x G1) * G be P-generic over V. There are trees Ty, T €
V[Go] on & x & such that A = p[Tp]VIGIE) and B = p[TE]VIElE] hold in
every generic extension V[Go][G] of V[Go] by a <r-closed forcing.

The results of Section 6.2 show that there is a tree Ts € V[G] on k X K

such that p[Ts] is the set of all x € "x with
(Jy € p[TB])(Va, & < k) [z(a) = &
(3B <r)(VB < B <K)[s5 C (¥)<aar — tau(B) = 0]
in every transitive ZFC-model that contains V[G] and has the same <"k as
VIG]. .
Fix a 7 < k*. The definition of C' and the equivalence (7.4) imply that
the function b, € B = p[Ts]VI¢] witnesses that ta, €p[T: 5]VIC] holds.

By the results of Section 6.2, there is a tree 77 € V|G| on k X k such
that p[T1] is equal to the set

(7.8) {ze"r| (Fy ep[Ts)(VB < w)(30 < a <k) [sa Sz Ayla) =1]}

in every transitive ZFC-model that contains V[G] and has the same <"k as
VIG].

~ Let S be an element of the class I'v(P, G, k). We work in V[Go]. Since
RG0%C1 is a sublattice of Q(%)VIE0), we can find a Q*(A)-innocuous forcing
Ry € V[Go]2™ W with ROGl = RG*xG1 By our assumptions, there is a
(QT(A) * Rg)-innocuous forcing § € V[Go]Q (W*Ro with § = §61#G2, Pick
T € V[Go]2™ ™ with T = Ry *Q+(A) S. This means

(7.7)

Ig+a) Ik “T is <i-closed and satisfies the kT -chain condition”

and T is a Qt(A)-innocent forcing by Lemma 7.4.8.
Let H be S-generic over V[G]. Then A = p[Tp]VICIH] B = p[Tp]VIGIH]
and {tg [v<r"}C p[Ts]VIGIH],
Suppose = € p[Ts]VIEIH] | Then z satisfies (7.7) in V[G][H] and there is
ay < kT with
r(e)=a < (FB<k)(VB <3 <k) [ss C (by)<aa- — te,(8) =0]
o (b <mn € O

for all a, & < k. We can conclude z =t and p[Ts)VIGIH] = {ta, v <r'}

We can find a H € V[G][H] that is TS -generic over V[Go][G1] with
V[G][H] = V[Go][G1][H]. The above remarks and Lemma 7.4.6 show that
z € ("k)VIGIH] is an element of A if and only if

(Vy<kD)(3FB<Kr)(VB< a<k) [sa Cx— ta (o) =0].

VIG][H]

By the above computations, z € ("k) is not an element of A if and

only if
(Fy € p[Ts])(VB < k) (I < a < K) [sqa Cx Ay(a) =1]
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holds in V[G][H]. Since the equality (7.8) still holds in V[G][H], we can
conclude
p[T]VICIH] = (%) VIGIH]\ 4

7.5. Definable well-orders of “k

This section is devoted to the proof of the following result that directly
implies the statement of Theorem 7.1.7. Moreover, we will combine this
theorem with the results of Chapter 6 to prove Theorem 7.1.9.

THEOREM 7.5.1. Let < be a well-ordering of "k, (A,s) be a k-coding
basis with
A={=<x,y~ | z,y € "k with either x =y or z Qy}
and G be Ps(A)-generic over V.
(1) There is a well-ordering of (*x)VIC! whose graph is a Al-subset of
"k in V]G].
(2) The set (*r)VIC is T, -persistently $1 in V[G], where T is the class
of all <k-closed partial orders in V[G].

The idea behind the proof of this statement is to use < in the Pg(A)-
generic extension to define a well-ordering <* of HZ+ in HZJEG} and well-order
(*%)VIE] by identifying functions in *x with the <*-least nice name in HXJF
representing this function. We introduce some vocabulary needed in the
following arguments.

DEFINITION 7.5.2. Let I' be a class of partial orders that contains the
trivial partial order. We say that a set X is I'-persistently 31 (H,.+) if there
is a ¥q-formula ¢ = ¢(u,vp,...,v,—1) and parameters yg,...,yn—1 € H o+
such that

X ={z e B | ({H, €) F ol@ 0, ya1))
holds whenever Q is a partial order in I and G is QQ-generic over V.

PROPOSITION 7.5.3. Let A be a subset of "r and G be Ps(A)-generic
over V. If Ty, denotes the class of all <k-closed partial orders in V|G|, then
the sets A, Ps(A)Y, G, Ps(A)V \ G and the relation
Ip ayv = {(p;q) € P,(A)Y x Ps(A)Y | p and q are incompatible in Py(A)V}

are T -persistently El(HZJ[FG]) in V[G].

PrOOF. We work in V[G]|. Theorem 7.1.3 directly implies that A is
I',.-persistently El(HZJ[rG}). If VIG][H] is a generic extension of V[G] by a
forcing in T'y, then (A, s) is a k-coding basis in V[G][H],

Py(A)Y =P,(A) = P,(A)VIEIH Cc H, .
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Ps(A) is ['x-persistently El(HﬂG]) by the absoluteness of the X1-definition
of A.

A pair (p,q) of conditions in P4(A) is an incompatible in P4(A) if and
only if one of the following statements holds true.

(1) T, is not an end-extension of Tj, or Tj is not an end-extension of
T,.

(2) T} is an end-extension of T, and there is an z € dom( f,) Ndom( f;)
with either fy(x) € fp(x) or hy(x) # he(z).

(3) Same as (2), but with the roles of p and ¢ exchanged.

(4) T}, is an end-extension of T}, and there is an z € dom(f;) \ dom(f,)
such that for all z € [T,] with f,(z) C z there is § < k with
<hg(z), B> < ht(T},) and either s(5) C z and z(<hy(z),B>) =0

or s(8) € x and z(<hy(z),3>) = 1.
(5) Same as (4), but with the roles of p and ¢ exchanged.

Since all of those statements are absolute between V[G] and generic exten-
sions of V|G| by forcings in T',;, we can conclude that Ip,(a)v is I';-persistent
3 (Hg+).

Given y € A and v < &, the proof of Corollary 7.2.8 shows that Hg(z) =
v holds if and only if there is a z € [T] such that (7.3) holds for all 8 < k.
By Lemma 7.2.7, [Tg] = [Tg]VICIH] holds whenever V[G][H] is a generic
extension of V[G] by a forcing in I',. This shows that the graph of Hg is
[';-persistently 31 (H,+). In combination with (7.1), this implies that the
graph of Fg is I';-persistently 31 (H,.+).

The filter G consists of all conditions p in Ps(A) such that T is an
end extension of T}, and, if z € dom(fp), then f,(x) = Fg(z) | ht(T},) and
hp(z) = Hg(z). In combination with the above computations, this allows
us to conclude that G is I';-persistently 3 (H,+).

Finally, a condition p in Ps(A) is not an element of G if there is a ¢ in
G that is incompatible with p. Using the above computations, P,(A4)V \ G
is ['x-persistently 3¢ (H,.+). O

PROOF OF THEOREM 7.5.1. (i) Work in V[G] and let Ty denote the
class of all <k-closed partial orders in V[G]. We have

reV << H.+,€) | 3z e A)(Va < k) z(a) = 2(<0,a>)

for all z € ®x. This shows that (*x)V is I'y-persistently 31 (H,.+).
Define ¢ = 9(u,v,w) to be the ¥;-formula

(3f :w — te({u} Uw) bijection)(Ve, B < w)[(v(<0, <a, B->) =1
— fla) € f(B) A (v(=1,a-) =1« f(a) € u)].

Let V[G][H] be a generic extension of V[G] by a forcing in I';. Given a
function z € (#2)VICIH] we let e, denote the relation on  defined by

(7.9)

a ey (<= x(<0,<a,B>>) = 1.
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If (k,e,) is well-founded and extensional, then we let ¢, denote image of the
corresponding collapsing map ¢, and a, = {c,(a) | z(<1,a>) = 1}.

Given a € HZJ[FGMH}, there is an z € (#2)VICIH] such that 1 (a, x, k) holds
in HZLG][H]. Moreover, if ¢(a,x,x) holds in HZJ[FGMH}, then (k,e) is well-
founded and extensional, a = a,, tc({a} Uk) = t, and ¢, is the unique
bijection witnessing that ¢ (a,x, k) holds. In particular, if a,b € HZLGHH}

VIG][H]

and z € (72)VI9IH] such that both ¢(a, z, k) and 1(b, z, £) hold in H, ;™™
then a = b. Finally, these computations show that a is an element of H,\;+ if
and only if ¥ (a, x, k) holds in HZLG] H) for some o € (%2)V. We can conclude
that HY, is I's-persistently 3 (H,+).

Let N denote the set of all functions n : K X Kk — P4(A) in V with the
property that the set A} = {n(a,5) € Ps(A) | B < k} is an anti-chain in
Ps(A) for all & < k. By Proposition 7.5.3 and the above computations, N
is T'x-persistently 3 (H,.+).

By the results of Section 6.2, there is a tree T on x® with the property
that, whenever V[G][H] is a generic extension of V|G| by a forcing in Ty,
then p[T]VIEIH] is equal to the set of all (z,y) € (“&)VICIH] x (%2)V such
that

P(n,y, k) A (Yo, < k)
(7.10) [(z(e) = B — (3y < k) n(<a, B~,7) € G)

A (z(a) # B — (Vy < k) n(=a,B-,7) & G)].

holds in (HZLG”H], €) for some n € N. For every x € "k thereis a y € ("2)V
with (z,y) € p[T], because there is an n € N such that

TnG ={=<a, 0~ | o, 0 < K, z(cx) = B},

{a}xAZ. Moreover, if (xo,y), (z1,y) €

Q

where 7, is the P5(A)-nice name | J
p[T], then z¢ = 7.
Now, define zg <* x1 by

a<k

(320, z1 € ("{2)\/) [(.%'0, Zo>, <$1, Zl> € p[T] Nzg<lz1 A (VZ(), Z1 € (HQ)V)
[(20 Q20 A 21 < z1) — ((wo, Z0) & p[T]V (1, 21) & p[T])]]-

for all zg,z1 € “k. By the above constructions and the results of Section
6.2, the graph of this relation is a 3i-subset of “k x "k. It is easy to check
that this relation is linear, strict and total. In particular, its graph is a Al-
subset of "k X “k. Assume, toward a contradiction, that there is a strictly
<*-descending sequence of elements in “x of length w. The definition gives
us a strictly <-descending sequence of elements in (%2)V of the same length.
Since P4(A) is o-closed, this sequence is an element of V, a contradiction.
(ii) By Proposition 6.2.1, there is a tree Ty on k X k such that

P[] VIO — 3 (p[]V 1)
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holds whenever V[G|[H] is a generic extension of V[G] by a forcing in I'y.
Let V[G][H] be such an extension and z be an element of p[T,]VICIH]. There
is a y € (") VG with (z,y) € p[T)VICIH], By the construction of T, y is
an element of ("2)V and there is an n € N witnessing that (7.10) holds in
HZJ[FG”H]. In V, we can construct the Pg(A)-nice name 7, and, since 75 €

V[G], we can conclude x € V[G]. This shows that p[T,]VICIH] C (%x)VIG]
and the above computations already show

(%) V1) = 32(p[1]V19)) = [T, V9) C i, VI,
O
In combination with the results of Chapter 6, the above result allows

us to show that generic absoluteness for X1(*x)-formulae under <s-closed
forcings that satisfy the x™-chain condition always fails.

PROOF OF THEOREM 7.1.9. We fix an a € P(k) with <"k € L[a] and
bijections
fir— {(to,t1) € <"k x <"k | Ih(tg) = 1h(t1)}

and g : Kk — <"2 contained in L[a]. Given x € "k, we define 1, = foxog
and T, = {f(a) | z(a) = 1}. By the results of Section 6.2, there is a tree
T € L[a] on 3 such that

plT] ={{z,y) € "k x "k | “Ty is a tree on k x K" N y € p[Ty]

-1

A “u1y is not a I°-perfect embedding into T,”}

holds in every transitive ZFC-model that contains L[a] and has the same
<fk as L[a]. This implies that in any ZFC-model with the above properties

(7.11) (Fz € "k)(Vy € "k) (x,y) € p[T]

is equivalent to the existence of a tree T, on k X k such that “p[Ty] =
holds and there is no F*-perfect embedding into T.
We show that

ﬂAdd(n,n*) I (Vac € k’%)(ay € k’%) <x,y) ¢ p[T] 7

holds in V. Assume, toward a contradiction, that G is Add(k, x™)-generic
over V and T, € V|G| witnesses that (7.11) holds in V[G]. Since T, = T,
for some z € (%2)VI there is an o < kT with T, € V[G N Add(k, )] and
V[G] is an Add(k, k) T-generic extension of V|G N Add(k,a)] with

(HH)V[GﬁAdd(n,a)] C (NH)V[G’} [ ]V[G]

K.
K

p
This means
(VI[GNAdd(k,a)], €) = [(3p € Add(k,xT)) p Ik “p[Ty] € V7]

and there is a 3%-perfect embedding into T in V[G N Add(lﬂ',, «)] by Lemma
6.3.6. But this map is also a F"-perfect embedding into T} in V[G], a con-
tradiction.
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In the other direction, define A C "k as in Theorem 7.5.1 and let G be
P(A)-generic over V. By the second part of the Theorem, there is a tree T
on £ x k in V[G] such that p[T,]VIEIH] = (%5)VIC] holds whenever V[G][H] is
a generic extension of V[G] by a <k-closed forcing in V[G]. This obviously
implies that “p[Ti] = "k” holds in V[G] and we can apply Lemma 6.3.6
to show that there are no 3%-perfect embeddings into Ty in V[G]. We can
conclude that Tpia I- “(3z € *k)(Vy € "k) (z,y) € p[T]” holds in V. O

7.6. Embeddings of trees

In this short section, we present an easy proof of Theorem 7.1.8 with the
help of our first main result. Let 7O, denote the class of all x € “k such
that T, = (k, €,) is a tree that is an element of 7.

Let T be the set of all pairs (s, ) in <"k x <"k such that lh(s) = lh(t) =
v+ 1 for some v < £ and either (\, €5}) is not a tree for some A <~ closed
under Godel-Pairing or t is injective and

(Va <8 <) [=t(a), t(B)- <7 — s(<t(a), t(8)>-) = 1].

We define T to be the tree {(s [ a,t | B) | (s,t) € T, a <1h(s)} on k x k. It
is easy to check that 70O, = "k \ p[T] holds in V and every generic extension
of V by a <k-closed forcing.

Given y € "k, we define T'(y) to be the tree {t € <Fx | (y | 1h(¢),t) € T}
on k. If y € TO, and a < &, then ({a} U precr (o), €y) is a well-order
of successor length and we let t,(a) € <"k denote the corresponding uncol-
lapsing map. Our construction yields t,(a) € T'(y) and the map [a — ty ()]
shows that T, is order-preserving embeddable into (T'(y), C).

The following result was proved in [M'V93] in the case “k = wy”, but
the proof given there directly generalizes to higher cardinalities. It is the
uncountable version of the classical Boundedness Lemma.

LEMMA 7.6.1 (Boundedness Lemma for “x, [MV93, Corollary 13]). If
Aisa Z%—subset of "k with A C T Oy, then there is a tree T in T, such that
T, <T holds for every y € A.

PROOF. Let S be a tree on k x k with A = p[S] and T be the tree on kX K
defined above. Define S, to be the tree on k3 consisting of triples (s, t,u)
with (s,t) € T and (s,u) € S. Assume towards a contradiction, that there is
a(x,y,z) € [Si]. Then x € p[S]Np[T] = AN("k\T Oy) = 0, a contradiction.
If y € A with (y,2) € [S] and t € T(y), then (y | 1h(¢),t,z [ Ih(t)) € Sy and
the map [t — (y [ Ih(¢),t, z | 1h(¢))] shows that (T'(y), <) is order-preserving
embeddable into T = (S,, <.), where <, is the natural order on S,. By the
above remarks, this shows that T, < T holds for every y € A. O

PrOOF OF THEOREM 7.1.8. Let P be the forcing produced an appli-
cation of Theorem 7.1.3 that codes the subset 7O, of “x and G be P-
generic over V. By the above remarks and Proposition 6.3.3, we have

TOY C 70V and TOY is a Tl-subset of *s in V[G]. Lemma 7.6.1
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shows that there is a Tg € ’Z;V[G} with T, < T¢ for all x € T(’)X. For every
T € 7,V there is an # € 7OY with T isomorphic to T, and this completes
the proof of the theorem. O

7.7. Open problems

We close this chapter with some questions motivated by the work of
[Liicb].

It is natural to ask whether Theorem 7.1.4 is optimal with respect to
the complexity of the coded subset in the generic extension of the ground
model.

QUESTION 7.7.1. Is there a partial order P with the following properties?

(1) P preserves cofinalities and cardinalities.
(2) If G is P-generic over V, then (k)Y is a k-Borel subset of "k
without a perfect subset in V[G].

A positive answer to this question would imply that every subset of “x
is k-Borel in a cofinality-preserving generic extension of the ground model,
because such a forcing could be combined with almost disjoint coding. In
the other direction, an answer to the following question might provide a
negative answer to Question 7.7.1.

QUESTION 7.7.2. Does ZFC (plus large cardinal axioms) prove nontrivial
statements about the possible lengths of well-orders of subsets of "k whose
graph is a k-Borel subset of "r X " ¢

A positive answer to Question 7.7.1 would also show that the absolute-
ness statement of Theorem 7.4.2 holds for other classes of partial orders.

QUESTION 7.7.3. Does the statement of Theorem 7.4.2 hold if we replace
I'v(P,G, k) by the class of all <k-closed partial orders?

If we restrict the canonical well-order of L to ", then we get a well-order
whose graph is a Al-subset of ®x x k. Results of Sy-David Friedman and
Peter Holy in [FHa| show that there is a partial order that forces “2f = k™
” and the existence of a Al-well-order of “x. We may therefore ask whether
the existence of a Al-well-order of ®x is compatible with a failure of the

GCH at k.

QUESTION 7.7.4. Does the existence of a well-order of "k whose graph
is a Al-subset of "k x "k imply that 2% = kT holds?

There are many open questions concerning the perfect subset property
and weakenings of it. We present two interesting examples.

QUESTION 7.7.5. Is it consistent that all TIi-subsets of "k have the per-
fect subset property?

QUESTION 7.7.6. Is it consistent that every subset of "r in L(P(k))
either has cardinality less than 2% or contains a perfect subset?



CHAPTER 8

Yi-definability at supercompact cardinals

Given an inaccessible cardinal x and a subset A of the corresponding
generalized Baire space "k, the results of the last chapter show that there
is a forcing that adds a Xi-definition of A and preserves the inaccessibility
of x and the value of 2%. If we consider stronger large cardinal properties
and ask whether the coding forcing constructed in the proof of Theorem
7.1.3 preserves these properties, then it is possible to construct scenarios in
which this forcing destroys large cardinal properties like measurability. It is
therefore natural to ask whether it is possible to have a coding forcing that
preserves large cardinal properties of k.

This chapter contains joint work with Sy-David Friedman that provides
a positive answer to this question in the case of supercompact cardinals us-
ing class forcing. This forcing will be a class-sized iteration of a variation of
the coding forcing Ps(A) developed in Chapter 7. By carefully defining the
support of this iteration and using structural properties of the partial order
Ps(A), we will be able to lift certain supercompact embeddings to our forc-
ing extension of the ground model (see [Cum10, Section 9] for more details
on the idea of extending elementary embeddings to generic extensions). We
then use this result to construct a class-sized partial order that preserves the
inaccessibility of inaccessible cardinals and the supercompactness of super-
compact cardinals and forces the existence of well-orders of H,+ definable
in the structure (H,+, €) for every inaccessible cardinal &.

The results of this chapter are contained in [FLa].

8.1. Introduction

Remember that an uncountable cardinal  is called y-supercompact with
~v > k if there is an elementary embedding j : V — M with crit(j) = &,
v < j(k) and "M C M. The existence of such an embedding is equivalent to
the existence of a normal ultrafilter on the set P, (y) of all subsets of v of car-
dinality less than  (see [Kan03, Theorem 22.7]). Given such an ultrafilter
U, we let My denote the transitive collapse of the corresponding ultrapower
Ulty (V) and jy : V — My denote the corresponding elementary embed-
ding. Finally, we call a cardinal k supercompact if k is y-supercompact for
all v > k.

Let k be a supercompact cardinal and A be an arbitrary subset of “x.
We want to construct an outer model W of the ground model V such that &
is still supercompact in W, (2%)V = (2)W and A is definable in the structure

121
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<HX\1, €). By extending coding methods developed in Chapter 7, this aim is
achieved in the following theorem.

THEOREM 8.1.1 ([FLa, Theorem 1.1]). There is a ZFC-preserving class
forcing P definable without parameters that satisfies the following statements.

(1) Let k be a cardinal with the property that there is no singular limit
of inaccessible cardinals v with vt < k < 2Y. Then forcing with
P does not collapse k and, if k is reqular, then P preserves the
regularity of k.

(2) P preserves the inaccessibility of inaccessible cardinals and the su-
percompactness of supercompact cardinals.

(3) If a is an inaccessible cardinal and G is P generic over V, then
(2&)\/ — (2&)\/[(}]'

(4) If k is an inaccessible cardinal and A is a subset of "k, then there
is a condition p in P with the property that A is a Xi-subset of “k
in V|G] whenever G is P-generic over V. with p € G.

In addition, if the class of inaccessible cardinals is bounded in On, then
P is forcing equivalent to a set-sized forcing.

In particular, if the Singular Cardinal Hypothesis holds in the ground
model, then forcing with P preserves cofinalities and cardinalities.

The proof of this result will actually show that certain degrees of super-
compactness are preserved after forcing with P. Let x be ~y-supercompact
such that v is a cardinal with v = y<%, 27 = 4T and 2” < v, where v is the
supremum of all inaccessible cardinals smaller or equal to v. Then s will
still be y-supercompact after forcing with P. Given a supercompact cardinal
k, we will use a classical result due to Robert Solovay to show that there is
a proper class of cardinals v that satisfy the above properties with respect
to k.

We want to use the above coding result to produce ZFC-models with
definable well-orders of H,.+ for every supercompact cardinal k. We give a
brief overview of related existing results. A detailed discussion of this topic
can be found in the first part of [Fri10]. In [FHa]|, Sy-David Friedman and
Peter Holy constructed a class forcing that adds such definable well-orders
of low quantifier complexity and preserves various large cardinals.

THEOREM 8.1.2 ([Fril0, Theorem 9]). There is a class forcing which
forces GCH, preserves all supercompact cardinals (as well as a proper class
of n-huge cardinals for each n < w) and adds a well-order of H,+ that is
definable in (H,.+, €) by a X1-formula with parameters for every uncountable
regular cardinal k.

If the GCH holds in the ground model, then results due to David Asperé
and Sy-David Friedman show that it possible to produce lightface definable
well-orders of H,.+ for every uncountable regular cardinal k.

THEOREM 8.1.3 ([AF09, Theorem 1.1] and [AF, Theorem 1.1]). As-
sume GCH. There is a formula p(z,y) without parameters and a definable
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class-sized partial order P preserving ZFC, GCH and cofinalities that satisfy
the following statements.

(1) P forces that there is a well-order < of the universe such that
{<CL, b> € Hi-&- | <Hn+v €> ): QO(CL, b)}

1s the restriction <[ H,.+ and is a well-order of H,+ whenever k is
a reqular uncountable cardinal.

(2) For all reqular cardinals k < A, if k is a A-supercompact cardinal
in V, then k remains A\-supercompact after forcing with P.

The second result of this chapter shows that it is possible to add definable
well-orders of H,.+ for every inaccessible cardinal x without assuming GCH
with a class forcing that preserves supercompact cardinals and failures of
the GCH at inaccessible cardinals.

THEOREM 8.1.4 ([FLa, Theorem 1.4]). There is a ZFC-preserving class
forcing P definable without parameters that satisfies the following statements.

(1) Let K be a cardinal with the property that there is no singular limit
of inaccessible cardinals v with v* < k < 2Y. Then forcing with
P does not collapse k and, if k is regular, then P preserves the
reqularity of k.

(2) P preserves the inaccessibility of inaccessible cardinals and the su-
percompactness of supercompact cardinals.

(3) If a is an inaccessible cardinal and G is P generic over V, then
(22)V = (24)VICE] and there is a well-order of HZLG] that is definable

VG

in the structure (H_.™, €) by a formula with parameters.

In fact, the partial order P constructed in the proof of this result satisfies
the statements listed in Theorem 8.1.1.

8.2. Coding well-orders of H, +
Given an uncountable regular cardinal x with k = k<", we show in this
section how the results of Chapter 7 can be applied to force the existence of
a definable well-order of H,.+ with a partial order that is uniformly definable

in parameter k.

DEFINITION 8.2.1. Let x be an infinite cardinal and (A, s) be a k-coding
basis. We say that (A,s) codes a well-order of "k if there is a well-order <
of #xk such that

A ={=<x,y~- | x,y € "k with either x =y or x < y}.
The following result is a direct consequence of Theorem 7.5.1.

COROLLARY 8.2.2. Let k be an uncountable regular cardinal that satisfies
<t If (A,s) is a k-coding basis that codes a well-order of *r and G

is Ps(A)-generic over V, then there is a well-order of HZLG] that is definable

in (HZJ[FG}, €) by a formula with parameters.

R =K
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PrOOF. We work in V[G]. By Theorem 7.5.1, there is a well-ordering
<* of "k that is definable in (H,+, €) by a formula with parameters.

Define R to be the set of all pairs (a,z) in H,.+ X “2 such that there is
a bijection b : Kk — tc({a} U k) with the following properties.

(1) For all o, B < K, (<0, <, B>~>) = 1 if and only if b(«) € b(3).
(2) For all a < K, x(<1,a>) =1 if and only if b(a) € a.

This relation is definable in (H,+, €). If (ag, ), (a1,z) € R, then it is easy
to see that ag = aj holds.

Define r : H,+ — ®2 to be the function that sends a € H,+ to the
<J*-least x € "2 with R(a,x). This function is definable in (H,+, €) and
injective. It therefore yields a well-order of H, + that is definable in the
structure (H,+, €) by a formula with parameters. O

Next, we introduce partial orders C, that randomly well-order “« if «
is a regular uncountable cardinal with o = o<%. This coding is random in
the sense that the generic filter chooses the well-order of “« that is coded
using a partial order of the form Ps(A).

DEFINITION 8.2.3. If o is not a regular uncountable cardinal with o =
a<%, then we define C, to be the trivial partial order. Otherwise, we define
the domain of C,, to consist of conditions (A, s, p) such that either A = s =
p = 0 or (A, s) is an a-coding basis that codes a well-ordering of *« and
p € Ps(A). We set (A, s,p) <c, (B,t,q) ifeither B=Qor A=B#0,s=t
and p <p,(4) q-

PROPOSITION 8.2.4. Let a be a reqular uncountable cardinal with o =
<a

@

(1) C, is <a-closed.

(2) A filter G is C,-generic over V if and only if there is an a-coding
basis (A, s) coding a well-order of “« in V and a filter H in Ps(A)
that is generic over V and satisfies

(8.1) G={0,0,0)} U{(A,s,p) eC, | p€ H}.

In particular, V]G] = V[H] holds in the above situation, forcing
with C,, preserves cofinalities, cardinalities and 2% and every set of
ordinals of cardinality at most o in a Cy-generic extension of the
ground model V is covered by a set that is an element of V and has
cardinality o in V.

(3) If G is Cy-generic over V, then there is a well-order of HZLG] that

is definable in <HZ£G], €) by a formula with parameters. O

Note that C, is uniformly definable in parameter a.
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8.3. Iterated coding forcing

In this section, we use the coding forcing developed above in an iterated
forcing construction. Our account of iterated forcing follows [Bau83] and
[Cum10] and we will repeatedly use results proved there.

By the results of the last section, there is a unique forcing iteration

({Cey | @ € On), (Cq | a € On))
with Easton support (see [Cum10, Definition 7.5]) satisfying the following
properties.
(1) If 8 < « and « is inaccessible, then @<5,C5 € Va.‘
(2) If v is not an inaccessible cardinal, then Iz_ - “Cq is trivial”.

(3) If a is an inaccessible cardinal, then Ig_ IF* Co=Cs”.

For all v < u, we let C[V,N) denote the canonical @@—name with

1s_ - “('C[,,,ﬁ) is a partial order with domain {p'| [V, 1) | p' € é<u}”

C<

such that there is a dense embedding e, ) : @<u — ((_f<,, * C[V’H) with
) (p) = (| v,q) and ]1@@ IF“q= ﬁ{ [7,11)” (see [Bau83, Section 5]).

PROPOSITION 8.3.1. Let aw < p and p be a reqular cardinal. Assume that
there are no inaccessible cardinals in (o, ) and C<q41 has the property that

every set of ordinals of cardinality less than p in a C.qoq1-generic extension
of the ground model is covered by a set of cardinality less than u in the
ground model. Then

1=

Ceont I+ “C[QJFL,,) is <fi-closed”

for all v > a.
PRrROOF. For all a < 8 < p, we have ]1@<@ I+ “Cg 1s trivial” by the
definition of ((_f<l, and our assumptions on u. This shows that

]IC<5 I-“Cpg is <fi-closed”

holds for all § > a. Moreover, ((_j<g is an inverse limit for every limit ordinal
B > a with cof(8) < u. We can apply [Cum10, Proposition 7.12] to deduce
the statement of the claim. g

PropPOSITION 8.3.2. If a is an inaccessible cardinal, then ((_f<a preserves
the inaccessibility of a.

PROOF. Let G be @<a—generic over V. Fix 8 < o and let Gy denote
the corresponding filter in C_gy1. If u = (|Cop|t +|6)* < a, then there

are no inaccessible cardinals in (3, 1) and C[\;[ff “;;] is <37 -closed by Propo-

sition 8.3.1. This shows (Pa)VI¢l C V[Gsy4]. Since ((_f<g+1 € V, and « is
inaccessible in V[Gg41], the statement of the claim follows directly. O
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ProposITION 8.3.3. @@ preserves the inaccessibility of all inaccessible
cardinals.

PRrOOF. By Proposition 8.3.2 and our assumptions, ((_f<l, preserves the
cofinality, cardinality and inaccessibility of all inaccessible cardinals greater
or equal to v.

Let a < v be an inaccessible cardinal. By Proposition 8.3.2, @<a pre-
serves the inaccessibility of o and ]1@@ I “Cq is not trivial”. Proposi-

tion 8.2.4 shows that (E<a+1 preserves the inaccessibility of a. If p =
(|Ccas1]™ + @)™, then there are no inaccessible cardinals in (o, u) and
Iz IF “Cay1,) is <ji-closed”.

<a+1

In particular, ((_f<,, preserves the inaccessibility of a. O

LEMMA 8.3.4. Let a < v and « be an inaccessible cardinal. If G is
C<y-generic over V, G 1s the corresponding filter in C.o and G, 1is the
corresponding filter in CS, then the following statements hold.

(1) @)V = (2)V.

(2) C& = V1 s not the trivial partial order. B

(3) If (A, s) is an a-coding basis coding a well-order of “« in V[G] with
(A, 5,1p,(4)) € Go, then A is a Si-subset of “a in V[G] and there

is a well-order of HZLG] that is definable in <HZ[+G}, €) by a formula

with parameters.

PRrROOF. It follows directly from the definition of the forcing iteration
that the partial order @<a has cardinality . This implies (20‘)V[G} =
(2%)V and we can apply Lemma 7.2.3 and Proposition 8.2.4 to conclude
(2¢)VIGlGal = (22)V. By Proposition 8.3.2, « is an inaccessible cardinal in

V[G] and there is an a-coding basis (A, s) in V[G] such that (A, s, Ip (4)) €
Ga. The proof of Theorem 7.1.3 shows that A is a Xl-subset of *a in

V[G][G.] and, by Corollary 8.2.2, there is a well-order of HZLGHG“] that

is definable in the structure (HZLGHG"], €) by a formula with parameters.

As above, it is easy to show that C[C;flay) adds no new a-sequences of or-

dinals. We can conclude (2¢)VIE = (22)V, (2q)VIE] = (2q)VIG*Ce] and

gVIG _ gVIGlGa] 0
at at )

PROPOSITION 8.3.5. Let k be an infinite cardinal with the property that
k ¢ (vt,2"] holds whenever v is a singular limit of inaccessible cardinals.

Given > K, C., preserves the cardinality of k and, if K is reqular, then
C«p preserves the regularity of k.

PrOOF. By Proposition 8.3.3, we may assume that « is not inaccessible.
Let
v =sup{a < k | a is an inaccessible cardinal}.
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If v = 0 or v is inaccessible, then v < k, @<y+1 satisfies the k-chain

condition and
I
holds by Proposition 8.3.1.
If v is singular and k = v, then & is a limit of inaccessible cardinals and
@<u preserves the cardinality of k by Proposition 8.3.3.
Let v be singular and x = v*. Assume, toward a contradiction, that
% has cardinality less or equal to v in some @<u—generic extension V[G]
of the ground model. Then there is an inaccessible cardinal « such with
cof(n)V[G] < a < v. If G is the filter in C.oy; induced by G, then

cof(m)v[é] < K, because Cﬁ-ﬁ-lvu)

@<a+1 satisfies the x-chain condition, a contradiction. This shows that @<u
preserves the cardinality and cofinality of vT.

If v is singular and x > 2, then C., 4, satisfies the s-chain condition
and ]l@<u+1 I “Clyg1,p) s <k T-closed” holds by Proposition 8.3.1. g

|- “('C[I,HM is <kt -closed”

is <a-closed by Proposition 8.3.1. But

8.4. Preserving supercompactness
This section is devoted to the proof of the following theorem.
THEOREM 8.4.1. Let v be a cardinal with 27 =~y and 2V < =, where
v =sup{a <7 | a is an inaccessible cardinal}.
If k 1is y-supercompact with v = v<", then
Il@<A IF “K is y-supercompact”

holds for all X > v.

The following structural property of the coding forcing Ps(A) will be
essential in our proof of supercompactness preservation.

LEMMA 8.4.2. Let k be an uncountable reqular cardinal with kK = k<"

and (A, s) be a k-coding basis. Assume P C Py (A) satisfies the following
properties.

(1) n =lub{ht(7T}) | p € P} € LimN k.

(2) D =U{dom(fp) | p € P} has cardinality less than k.

(3) If po,p1 € P, then there is ¢ € P with ¢ <p_(4) Po,P1-

Then there is a unique condition pp € Ps(A) with ht(Tp,) = n, dom(fp,) =
D and pp <p_ 4y p for allp € P.

PRrROOF. Set T' = (J{T}, | p € P}. Then T is a tree of height n and an
end-extension of T}, for all p € P. If we define

F:D— [T a— | J{fy() | p € P, « € dom(f,)} € [T],

then this is a well-defined function. Moreover, for all x € D there is a unique
H(z) < k with hy(z) = H(z) for all p € P with € dom(f,) and we can
define H : D — k in this way.
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If x € D and o, < n with a = <H(x), >, then there is p € P with
x € dom(f,) and a, § < ht(7},). We can conclude

5(8) Coz <= fp(z)(a) =1 <= F(z)(o) = 1.
This shows that pp = (T, F, H) is a condition in P with pp < p for all p € P.
Let ¢ € P5(A) be a condition with ht(7,) = 7, dom(f,) = D and g <pg(a)
p for all p € P. Since n € Lim, for every t € T, there is a p € P with
lh(t) < ht(7},) and therefore t € T},. This shows T, = J{T), [ p€ P} =T. In

the same way, we can show f,(z ) U{fp(z) | p€ P, x € dom(fp)} = F(x)
and hy(xz) = H(z) for all € D. This means ¢ = pp. O

PROOF OF THEOREM 8.4.1. By our assumptions, cof(y) > k and v €
[k,7y) is a strong limit cardinal.

Let U be a normal ultrafilter on P, (7). We will prove a number of claims
that will allow us to show that s is y-supercompact in every @<,,+1 generic
extension of the ground model. Given « < 8 € On, we define Q<a = (C<a ,
Q, = (Cﬁ and Q[aﬂ = C[a,ﬁ)'

Since v is either an inaccessible cardinal or a limit of inaccessible car-
dinals, we have @<a €V, C My for all @ < v and this shows ((_f<y € My,
because " My C My holds. The definition of @<a is absolute between V and
My for every a < v. Hence elementarity implies (é<l, = @<l,. In particular,
if G is @<V—generic over V, then G is @<y—generic over M.

CLam 1. If G is Cp-generic over V, then (YMy[G))VIE C My[G).

PROOF OF THE CLAIM. Let z € V[G] with 2 C v. We can find a Cew

nice name 7 = |J,_.{d} x A, with z = 7¢. By the above remarks, we have

a<y
@<,, C ¥V, and every A, has cardinality at most 2¥ < . This shows that
every A, is an element of My and we also get (4, | @ <) € My. Hence
7€ My and = = 7¢ € My[G]. We can conclude (72)VIC] C MU[G]

Let X € V[G] with X C On and |X|VIC] < ~. Since C., satisfies the
y-chain condition in V, there is an Xy € V with X C X, and | X,V < 7.
By our assumptions, Xq € My and |Xo|Mv < 5. Let (1, | @ <7) be an
enumeration of Xo in My and z = {a < 7 | 7o € X} € V[G]. By the above
argument, z € My|[G] and this shows X € My[G].

The argument shows (YOn)VI®l C M;;[G] and this implies the statement
of the claim, because My[G] is a transitive ZFC-model with On C My [G] C
VIG]. O

Cram 2. If G is @<y—genem’c over V, then (C§ = QVG

PROOF OF THE CLAIM. If v is not an inaccessible cardinal in V, then v
is not inaccessible in My and both partial orders are trivial.

Now, assume that v is inaccessible in V and My. By Lemma 8.3.4,
(2)VIE) = (2¥)V < 5 and Claim 1 implies P(” V)VIGl = p(y)MulCl. This
allows us to conclude (Cf = (C,Y[G] MU 6] _ QG O
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In particular, if G is C<,41-generic over V, then G is Q,11-generic over
My.

CLAM 3. If G is Coypy1-generic over V, then (YMy[G])VIE) C My[G].

PROOF OF THE CLAIM. Let G be the filter in @<,, corresponding to G
and G, be the filter in C& corresponding to G. By Proposition 8.2.4 and
the above claims, there is a partial order P in My[G] and H € My[G] such

that IP satisfies the v"-chain condition in V[G], H is P-generic over V[G]
and H induces G, as in (8.1). Every anti-chain in P in V[G] has cardinality
at most v in V[G] and (YMy[G])VIC! € My[G)], we can repeat the proof of

Claim 1 and deduce the statement of the claim. O

The proofs of the above claims show that every set of ordinals of car-
dinality at most v in a ((_f<l,+1—generic extension of V is covered by a set of
cardinality v in V. By our assumptions, this implies that every set of ordi-
nals of cardinality at most v in a @<,,+1—generic extension of M is covered
by a set of cardinality v in My . In particular, forcing with @<,,+1 preserves

()M = ()Y,
Cram 4. If G is @<V+1—genem'c over V, then Q[C;H ) is <yt -closed

in My[G] for all p > v and the power set of Q[(I;/—&-l,ju(u)) in My|G] has

cardinality at most v+ in V|[G].

PROOF OF THE CLAIM. In My, the interval (v,y") contains no inacces-
sible cardinals, because "My C My holds and no ordinal in this interval is
inaccessible in V. By the above remark and an application of Proposition
8.3.1 in My, we can conclude that Q[€+1,M) is <vy'-closed in My[G] for all
n>v.

By the definition of the partial order C[a’ﬁ) and elementarity, the cardi-
nality of QgJFLjU(V)) in My[G] is less or equal to the cardinality of @<jU(,,) in
Mpr. The above computations and elementarity show that the cardinality of
@<jU(,,) in My is at most j7(2¥) and this ordinal is smaller or equal to ji7(7y).
If @ < ju(y), then « is represented in My by a function f : Pe(y) — v
contained in V. By our assumptions, P, (7y) has cardinality v in V and
there are at most 27-many such functions in V. Since 27 = v holds in V
and (yH)VIGl = (y1)V, this shows that j;(7) has cardinality at most 4* in
VI[G]. O

Since ((_j<,, € My has cardinality at most v in V, we have jy | ((_j<,, € My
and there is a sequence

(Go € (VENMU | jis(k) < a < ju(v))

of names in My with the property that G¢ = {jy() | a | € G} for all
a € [ju(k),ju(v)) whenever G is Q,-generic over M.
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CLAIM 5. Let o« € [ju(k), ju(v)) be an inaccessible cardinal in My, H be
@<a—genem'c over My and G be the filter in @<V induced by H. If GS CH
and ju (p)(a)f # ]1(CMU[H] for some p € G, then the following statements
hold. i

(1) There is a unique a-coding basis (Aq, Sa) coding a well-order of “a
in My[H] such that for all p € G with jy (p)(a) # ]ICyU[H] there
is a q € P (A)MUH] with i (p) (o) = (Aa, S, q)-

(2) The set

Py ={g € P, (4a)"M | G5 € @) ju(P)(@)" = (Aas 50,9)}
satisfies the statements (i)-(iii) of Lemma 8.4.2 in My[H].
PROOF OF THE CLAIM. If p € G and 8 < v, then 11@<5 I “p(pB) € Cg 7.
By elementarity, we have 15_ Ik © Jju(P)(a) € Qy” and, by Proposition
8.3.2, this implies
Qo = {u@ ()" | e Gy CQf = v,
Given pp, p1 € G, there is a p € G with ﬁ§@<y o, p1 and hence

Pl BIF=p(B) <p, Do(B), p1(F)”

for all 8 < v. Since jy(P) | o € GS C H, this argument shows that the

elements of ), are pairwise compatible.
Pick 7, € G with jy (ps) () # ]lde[H] and define (A4,, sq) € My[H] to
be the unique a-coding basis coding a well-order of “a with ji (i) () =

(Aq, 5a,q) for some condition ¢ € P, (Ay)MUH]. By the above computa-
tions, every element of @), is either of the form 1 oMylH] Or (Aws Sas q) for

some q € P, (Aq)MuH],

Since G has cardinality at most v in My[H], v < ju(k) < a and «
is regular in My[H|, we know that n = lub{ht(7},) | ¢ € P,} < « and
(U{dom(fy) | ¢ € Pa} has cardinality less than « in My [H].

We show that 7 € LimNa. Let p € G and p € P, (Ay)"vH] with
(A, 50,0) = ju(@) () # ]I(C(JIMU[H]. Let D be the set consisting of all

conditions ¢ € (3<V with d'§@< p and

qIBIF*« (VA,S,p) [((C,ﬁ' = (CB /\ﬁ(ﬂ) = <A,S,p> # ]1(CB)
— (3p)[q(B) = (A, 5,p) AN0t(T}) < ht(Tp)]]”

for all 8 < v. An easy inductive construction using Lemma 7.2.4 shows that
D is dense below §'in V. If ¢ € D NG with jy(q) () = (Aq, 54, q), then
ht(T,) > ht(7,) holds in My [H] by elementarity. This shows that 7 is a
limit ordinal.

Finally, the conditions in P, are pairwise compatible, because the con-
ditions in (), are pairwise compatible and the first part of the claim shows
that every condition in P, belongs to a condition in Q. O
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In My, we define a sequence ¢ = (g € (V@@)MU | o < ju(v)) such
that the following statements hold in My for all a < jy(v).
(1) If & < juy(k) or «v is not an inaccessible cardinal, then
g0 7 "da = 1g, "
(2) If « is an inaccessible cardinal in [ji (&), ju(v)), then ¢, is a canon-

ical Q<a—name 7 such that the following statements hold whenever
His Q<a -generic over My and G is the filter in Q<V induced by

H. )

(a) If G C H and jy(p)(a) # Ign for some p' € G, then 71 =
(Aa, Sa, PP, ), where A,, s, and P, are defined as in Claim 5
and pp, is defined as in Lemma 8.4.2.

(b) Otherwise, 71 = gy

CLAIM 6. G € @<jU(V)'

PROOF OF THE CLAIM. Let a € [jy(k),ju(v)) be a regular cardinal in
Myp. For all 5 € C., there is an ay < o with jy(P)(8) = ]1 o for all
ay < B < a. Since jU”(C<,, is an element of My and has cardinality less
than « in My, we can find an & € (jy(k),a) with jy(p)(5) = leB for

alpeCopanda < B <a Iffe (@, @) is an inaccessible cardinal,
H is Q<q-generic over My and G is the filter in Q., induced by H, then
Ju@) (B = ]ng for all p'e G and qgf = pp; = ]ng by the uniqueness of

pps- By the definition of ¢g, this shows g3 = jl@ﬁ. Therefore g, is a sequence
with Easton support. O

Cram 7. If H s @<jU(,,)—generic over My with ¢, € H and G is the
corresponding filter in @<,,, then ju”G C H.

PROOF OF THE CLAIM. Let o € [v,jy(v)) and F be Qq-generic over
My with ¢, | o € F. Assume that F induces G in Q., and

82 Q. 1) Sge o) | ne)
holds for all 5’ € G. Pick p € G. There is a & <  such that p(3) = leﬁ for
all g € [k, k) and

o R
jmmww={§m s,
Qﬁ’ =

by the definition of ((_j@ In particular, p’ < <6. Jju(p) | v. By our assump-
tion, there is a P\, € G with P, S@@ p and

Pux (@ [ [1,@)) <G_,u,., U G0 () T @)
This implies jy(7) | @ € F and hence GS C F.
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Next, we show that (8.2) holds in My [G] for all 5 € G and « € [v, jy (V)]
by induction. The case “a = v” is trivial and the case “a € Lim” follows
directly from the induction hypothesis.

Assume o = @+ 1 with @ > v. We may assume that & is an inaccessible
cardinal in M. It suffices to show that

2@ <gr oD@
holds in My [F] whenever 5 € G and F is @<@—generic over My such that

¢« | @ € F and F induces G in @<,,. We may assume that there is a
7 € G with jy(p)(a)f # 1gr. By the induction hypothesis and the above

computations, we directly get Gg C F. The definition of ¢;(a) and Claim
5 imply
(T*(a)F = <AOM Sa,pP@> g(@g ]U(@(@)F
for all p € G.
This induction shows that (8.2) holds if & = jy(v) and p € G. This

allows us to repeat the above computation and conclude j;”G C H. ]

CLAIM 8. ]16< o IF “K is y-supercompact ”.

PROOF OF THE CLAIM. Let G be @<V+1—generic over V, G be the cor-
responding filter in ((_f<l, and GG, be the corresponding filter in (CVG Claim 4
combined with Claim 3 shows that there is a H € V[G] such that ¢, € H,
H is @<jU(,,)—generic over My and H induces G in @@H. By Claim 7, we
have jy”G C H and we can apply [Cum10, Proposition 9.1] to define an
elementary embedding j : V[G] — My[H] extending jy in V[G] that by
setting j(7C) = ju ()" for all 7 € s .

We show that there is a H, € V[G] such that H, is Qﬁj(y)—generic over
My and j°G, € H,. We may assume that v is an inaccessible cardinal.
This implies (ZV)V[G] = (2¥)V < ~. By Proposition 8.2.4, there is a v-coding
basis (A, s) € V[G] coding a well-order of “v and a filter F,, € V[G] such
that F), is Py(A)VI¢-generic over V[G] and F,, induces G, as in (8.1).

By Claim 3, we have (YOn)VI¢! C My[G] € My[H] C V[G] and this
implies that ("My[H])VI®) C My[H] holds. In particular, both P, (A)VI[C]
and j | P4(A)VIE are elements of My [H], because Py(A)VIE has cardinality
at most v in V[G]. If j((A, s)) = (A, 5) and P = j7 F,, then (A, 5) is a jy(v)-
coding basis that codes a well-order of 7V () ji; (v) in My [H], P C Pg(A)MulH]

and P € My[H], because F), is an element of My [H]. As in the proof of
Claim 5, the set P satisfies the statements (i)-(iii) of Lemma 8.4.2 in My/[H]|
and we can find a condition pp € Pg(A)Mulf] a5 in the statement of the
Lemma. )

In My [H], Ps(A)MulH] is <~*_closed and has cardinality at most ji (7).
By the proof of Claim 4, jy(vy) has cardinality at most v* in V[G] and

there is a F, € V[G] such that pp € F, and F, is Ps(A)MvH]_generic
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over My[H]. 1f H, € V[G] is the filter in C}

then H, is QJEU (V)—generic over My[H] and our construction ensures 5" G, C

corresponding to F,

H,. Another application of [Cum10, Proposition 9.1] to define an ele-
mentary embedding j. : V[G] — My[H][H,] in V[G] that extends j.
Since (YOn)VI¢ C My [H][H.] C V[G], this argument shows that & is -

supercompact in V[G]. O

CLamM 9. If A > v, then ]1@<A Ik “K is §-supercompact”.

PROOF OF THE CLAIM. Let H be (_f<,\—generic over V and G be the
corresponding filter in (_f<,,+1. There are no inaccessible cardinals in (v,y™)
and the above computations show that ((_f<y+1 has the property that every
set of ordinals of cardinality at most ~ in a @<l,+1—generic extension of the
ground model is covered by a set of cardinality v in V. By Proposition 8.3.1,
C[C;H’)\) is <yT-closed in V[G].

By Claim 8, there is a normal filter U* on P, (y) in V[G] and U* is also a
normal filter on Py (7) in V[H], because V[H] is a (Cﬁ +1,))-generic extension
of V[G] and <~*-closed forcing preserve normal filters on Py (7). O

This completes the proof of the theorem. O

The following result due to Robert Solovay shows that, given a super-
compact cardinal k, there is a proper class of cardinals v satisfying the
assumptions of Theorem 8.4.1 with respect to k. Remember that an un-
countable cardinal is strongly compact if for any set S, every x-complete
filter on S can be extended to a x-complete ultrafilter on S. Every super-
compact cardinal is strongly compact (see [Kan03, Corollary 22.18]).

THEOREM 8.4.3 ([Sol74, Theorem 1]). If k is a strongly compact cardi-

nal and vy is a singular strong limit cardinal greater than k, then 27 = yT.

Let k be a cardinal and g > k. There is a singular strong limit cardinal
7 > 7o such that cof(y) > k and there are no inaccessible cardinals in (g, 7).
If x is supercompact, then 27 = 4% by Theorem 8.4.3 and y satisfies the
assumptions of Theorem 8.4.1. This proves the following statement.

COROLLARY 8.4.4. If k is supercompact and v € On, then there is a
v € On with
]l@<A IF “K is y-supercompact

for all X > v. O

8.5. Proofs of the main results

Given ao < 8 € On, let €43 : @<a — @<g denote the canonical embed-
ding of partial orders. Let D be the class of all p’such that there is a § € On
with p € ((_f<5 and p' # €,,3(q) for all & < B and ¢ € @<a. Define P to be
the class forcing with domain D ordered by p’' <p ¢ if there are o, 3,y € On
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with o, 3 <, p € Ceq, 7€ ((_f<5 and €, () S@q €3,4(¢). This means that
P is a direct limit of the directed system

((Ce | v € On), (eqp | < B € On)).

Since ((_f<a is uniformly definable in parameter «, PP is definable without
parameters.

PROOF OF THEOREM 8.1.4. First, assume that the inaccessible cardi-
nals are bounded in On and define

v =sup{a € On | « is an inaccessible cardinal}.

We have ]1@<u+1 I+ “(C[,,JFLA) is trivial” for all A > v and this shows that P

is forcing equivalent to @<V+1. Since v is definable without parameters and
each @a is definable in parameter «, the partial order @<,,+1 is definable
without parameters. Proposition 8.3.3, Lemma 8.3.4 and Corollary 8.4.4
show that @<V+1 satisfies the statements listed in Theorem 8.1.4 under this
assumption.

Now, assume that there are unboundedly many inaccessible cardinals in
On. Let G be P-generic over V.

For each 8 € On, we define

Gs={eapd | a<B, fe GNCsy}.

Then Gpg is C<g—generic over V, V[G] is the union of all V[Gg] and G, is
the filter induced by G in C<a whenever o < 3 € On.

CrAM 1. If « is an inaccessible cardinal in V and x € V[G] is a subset
of a, then © € V[Gq41].

PROOF OF THE CLAIM. There is a § > a with € V[Gg]. Since Ceat1
satisfies the at-chain condition in V, we can apply Proposition 8.3.1 to show
that Cpay1,5) is <a't-closed in V[Gqy1] and this implies 2 € V[Gay]. O

CLAIM 2. Let x be an element of V[G]. There is an inaccessible cardinal
a such that y € V[Ga41] for all y € V[G] with y C x. In particular, V[G]
satisfies the Power Set Axiom.

PROOF OF THE CLAIM. By our assumption, we can find an inaccessible
cardinal « in V such that € V[G,41] and |£U|V[G°‘+1] <a Leti:z — a
be an injection in V[Gay1]. If y € V]G] is a subset of x, then there is
B > a with y € V[Gg]. By Claim 1, we have f”y € V[Gq41] and therefore
y € V[Gat1]. This argument shows that P(z)V[¢e+1] is the power set of z
in V[G]. O

Cram 3. V[G] is a model of ZFC.
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PROOF OF THE CLAIM. Let ¢ be a condition in P, A be an element of V
and (D, | a € A) be a V-definable sequence of dense subclasses of P. Then

there is an a € On with p' € @<a. Given a € A, define
dy={7la|(@82a) e D,NCyp} V.

Then (d, | a € A) € V and each d, is predense in P. This shows that P is
pretame with respect to V (see [Fri00, page 33]). By [Fri00, Lemma 2.19],
this implies that V]G] is a model of ZFC™. O

CLAIM 4. Let k be a cardinal in V with the property that there is no
singular limit of inaccessible cardinals v with vt < k < 2" in V. Then k is
a cardinal in V[G] and, if k is reqular in V, then k is regqular in V[G].

PROOF OF THE CLAIM. By Proposition 8.3.5, £ is a cardinal in V[G]
for every p € On and, if  is regular in V, then x is regular in every V[G].
In combination with the above remarks, this directly implies the statement
of the claim. O

CLAIM 5. If K is a supercompact cardinal in V, then k is supercompact
in V[G].

PRrROOF OF THE CLAIM. Given v € On, Corollary 8.4.4 shows that there
is a v € On such that « is y-supercompact in V[Gg] for all 5 > v. By Claim 2,
there is an inaccessible cardinal o such that P (P, (7)) VIC = P(P.(7))VICe]
and therefore P (P, (7))VIGel = P(P,(7))VI¢s! for all § > v. We can con-
clude that « is y-supercompact in V[G]. O

CLAIM 6. If a is an inaccessible cardinal in V, then « is an inaccessible
cardinal in V[G] and (2*)VIG = (2)V.

PrROOF OF THE CLAIM. By Proposition 8.3.3, « is an inaccessible car-
dinal in V[G41] and Lemma 8.3.4 shows that (2%)VIGat1] = (22)V holds.
The statement of the claim follows directly from Claim 1. U

CLAIM 7. Let o be an inaccessible cardinal in V. There is a well-order

of HZJ[rG} that is definable in (HZLG], €) by a formula with parameters.

PROOF OF THE CLAIM. By Claim 2, there is a v > « with HZLG] =

HXLG”}. The statements of the Claim follows directly from Lemma 8.3.4. [

This completes the proof of the theorem. O

ProOOF OoF THEOREM 8.1.1. Let a be an inaccessible cardinal and A be
a subset of “a. Thereis a ((_f<a—name p with the property that, whenever G is
@<a—generic over V, then there is a a-coding basis (4, 5) coding a well-order
of “a in V[G] that satisfies the following statements in V[G].
(1) pG = <A7 s, ]lng(A)V[G]> € (CocG
(2) There is a well-order <I of “a witnessing that (A, 5) codes a well-
order of ®*« such that A is an initial segment of this order and the
order-type of this initial segment is equal to the cardinality of A.
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Pick p' € @<a+1 with p(a) = p. Then p is a condition in P.
Let G be P-generic over V with p € G. For each # € On, define G as
in the proof of Theorem 8.1.4 and let

7 = (4,5, g, (qyvica)) € V[Gal.

By Claim 2 in the above proof, there is a v > «a with HZLG} = HZLG”].

Lemma 8.3.4 implies that A is a 31-subset of *a in V[G,] and therefore also
in V[G]. Let < denote the well-order of (*a)V[%) produced by the above
construction. Then < is definable in <HZ[+G}, €) and A is either equal to
the domain of < or to the set of all <-predecessors of an element of this
domain. This shows that A is definable in <HZ£G], €) by a ¥;-formula with

parameters. By the results of Section 6.2, A is a Zi-subset of “a. U

8.6. Open problems

We close this chapter with some open problems related to the above
results.

If the Singular Cardinal Hypothesis holds, then forcing with the class-
sized partial order constructed in Theorem 8.1.4 does not collapse cardinals.
It is not obvious if the converse of this implication also holds.

QUESTION 8.6.1. Is it consistent that the partial order constructed in the
proof of Theorem 8.1.4 collapses cardinals?

Given a k-coding basis (A, s), an easy argument shows that forcing with
Ps(A) adds a Cohen-subset of k. Therefore, a positive answer to the above
question would follow from the existence of certain scales (see [Jec03, Def-
inition 24.6]). The proof of [Hon10, Observation 4.3] contains the idea
behind this approach.

As mentioned in the abstract, Theorem 8.1.4 can be viewed as a boldface
version of Theorem 8.1.3 in the absence of the GCH. We may therefore ask
whether a lightface version of Theorem 8.1.4 is possible.

QUESTION 8.6.2. Let k be a reqular uncountable cardinal k with Kk = k<"
and 2% > k. Is there a cardinal preserving partial order P with the property
that, whenever V[G] is a P-generic extension of the ground model, then there
1s a well-order of HZJ[FG} that is definable in <HZJ[FG}, €) by a formula without
parameters?

In [FHDb], Sy-David Friedman and Radek Honzik use a x*+-strong car-
dinal to produce a model with a measurable x with 2¢ = %+ and the
property that there is a well-order of H,.+ that is definable in (H,+, €) by a
formula without parameters. It is natural to ask whether this statement is
optimal.

QUESTION 8.6.3. Is it consistent that there is a measurable cardinal k
such that 2% > k™ and there is a well-order of H,+ that is definable in
(He+, €) by a formula without parameters?
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The result mentioned above is used in [FHD] to establish the consistency
of a definable failure of the Singular Cardinal Hypothesis, i.e. if the existence
of a kT T-strong cardinal is consistent, then it is consistent that X, is a strong
limit cardinal, 28 = N, +2 and there is a well-order of Hy_ ., that is definable

in <H¥£i]1’ €) by a formula without parameters.

Starting from a supercompact cardinal, we can apply the Laver prepa-
ration (see [Lav78]) and Theorem 8.1.4 to produce a positive answer to
the boldface version of Question 8.6.3. We may therefore ask whether the
existence of stronger definable failure of the Singular Cardinal Hypothesis is
consistent.

w+1

QUESTION 8.6.4. Is it consistent that there is a singular strong limit
cardinal v such that 2V > v and there is a well-order of H,+ that is
definable in (H,+, €) by a formula with parameters?

Finally, we ask whether the existence of a definable well-order of Hy,,,
can be forced without applying some variation of Prikry-Forcing.

QUESTION 8.6.5. Is there a partial order P with cardinality less than

the least inaccessible cardinal and the property that, whenever V[G] is a P-
ViG]

generic extension of the ground model, then there is a well-order of HNW+1

that is definable in <HXE]1, €) by a formula with parameters?
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