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ABSTRACT. Motivated by work of Erdds, Milner and Rado, we investigate symmetric and asymmetric
partition relations for linear orders without the axiom of choice. The relations state the existence of
a subset in one of finitely many given order types that is homogeneous for a given colouring of the
finite subsets of a fixed size of a linear order. We mainly study the linear orders (%2, <j;), where «
is an infinite ordinal and <., is the lexicographical order. We first obtain the consistency of several
partition relations that are incompatible with the axiom of choice. For instance we derive partition
relations for (*2, <;;) from the property of Baire for all subsets of “2 and show that the relation
("2, <jex) — ({"2, <iex))3 is consistent for uncountable regular cardinals & with k<% = k. We then
prove a series of negative partition relations with finite exponents for the linear orders (%2, <ie).
We combine the positive and negative results to completely classify which of the partition relations
(“2, <itew) — (Ve Ko, \/V<u M,)™ for linear orders K,, M, and m < 4 and (“2, <jee) — (K, M)"
for linear orders K, M and natural numbers n are consistent.
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1. INTRODUCTION

In this paper, we study the Ramsey theory of linear orders without the axiom of choice in the
theory ZF. We work in this theory throughout the paper.

1.1. Some Ramsey theory. We begin with some definitions and facts from Ramsey theory. Struc-
tures with finitely many relations (usually linear orders) are denoted as K, L, M and a structure is
identified with its underlying set. We use greek letters to denote ordinals, i.e. a cardinal v is always
assumed to be an ordinal.

Recall that for any order type 7 we denote its reverse by 7*. 1 denotes the order type of the rational
numbers (the countable dense linear order without endpoints), A the order type of the real numbers
and—of course—w is the order type of the natural numbers. For any order types ¢ and 7 the order
type o + 7 is the order type of a copy of o to the left of a copy of 7. The order type o - 7 (which is
usually going to be written as o) consists of a copy of 7 in which every point is replaced by a copy
of 0. These conventions go back at least as far as to [914Hal, Chapter 4, §6] (cf. e.g. [962Ha] for an
English version).

Definition 1.1.1. Suppose that L, M are structures in the same signature and v is a cardinal.

(i) [L]™ denotes the set of substructures of L which are isomorphic to M.
(ii) Suppose that f: [L}™ — v is a colouring and i < v. A set H C L is (f,i)-homogeneous if
f(z) =i for all x € [HM.
(iii) Suppose that f: [L}™ — v is a colouring and i < v. A set H C L is f-homogeneous if it is
(f,1)-homogeneous for some i < v.

We will consider the following partition relations.

Definition 1.1.2. Suppose that K, L, M are structures and v is a cardinal.

(i) L — (M)XK states that for every colouring f: [L]X — v, there is some f-homogeneous H €
.
(i) L — [M]X states that for every f: [L]X — v, there is some H € [LIM with ran(f | [H]¥) # v.
(iii) L — (My,..., M, 1) states that for every f: [L] — n, there are i < n and H € [L]M: such
that H s (f,i)-homogeneous.
(iv) L — (Moo V .. vV Moggy- s Mp—10V ... v My_14, )5 states that for every f: [L]X — n,
there are i < n, k < k;, and H € [L)Mi* such that H is (f,i)-homogeneous.

If L is a linear order and each M; ; is an ordinal «; ;, then Definition is equivalent to
L — (ag,...,a,_1)% where a; g minj<y, o j for every i < n.

We consider partition relations with exponent at least 2, and Proposition below motivates the
focus on linear orders. Let us first mention the case of exponent 1.

A structure L is indivisible if it satisfies L — (L)3. If L is an indivisible structure with only one
unary relation, then the relation is trivial, i.e. either full or empty. If L is any non-scattered countable
linear order, i.e. L contains a copy of n, then L is indivisible. There are many interesting indivisible
structures, for instance some countable metric spaces, cf. [007D].

If on the other hand L is a structure with a single binary relation, L — (L)2 holds, and the domain
of L can be linearly ordered (by a linear order which may be unrelated to L), then L is necessarily
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a linear order or trivial, by the following result. We will identify a relation with its restriction to the
set of tuples with pairwise different coordinates.

Proposition 1.1.3. Suppose that L is an infinite structure with a single binary relation and L —
(L)3-
(1) If the domain of L can be linearly ordered (by a linear order which may be unrelated to L), then
L is a linear order or trivial, i.e. either full or empty.
(2) If the domain of L can be well-ordered, then L is a well-order with order type w or a weakly
compact cardinal.

Proof. Note that L — (L)3 implies L — (L)2 for all n € w. For the first claim, suppose that Ry, is
the binary relation of L and R is a linear order on the domain of L. Let

fO(xay) =0if [(:an) €ER= (az,y) € RL] and [(yvl‘) €ER= (y7$) € RL]

filz,y) =0if [(z,y) € R= (y,x) € Rr] and [(y,z) € R= (z,y) € Rr]

and choose the value 1 otherwise in each case. Let f(x,y) = 2fo(z,y) + fi(x,y). The remaining
claims follow. O

This generalises to dimensions n > 3 as follows. Let P(X) denote the power set of a set X.

Definition 1.1.4. Let P(S,,) denote the power set of the symmetric group S,.

() If L is a structure whose only relation is a linear order <p and t € P(S,), let L) denote
the structure whose only relation is the set of tuples (Ty (0, - - -, To(n—1)) With To0) <L Te1) <L
<+ <L To(n—1) and o € t.

(i1) If M is a structure whose only relation is n-ary, then M is induced by a linear order if there is
a linear order L with the same domain as M and some t C P(S,) with M = L"),

Proposition 1.1.5. (1) If N is the structure of the natural numbers with the standard order and
t € P(S,), then N® — (NOY™ for all k,m € w.
(2) Suppose that L is a structure whose only relation is n-ary relation for some n > 2, L — (L),
and the domain of L can be linearly ordered. Then L is induced by a linear order.

Proof. The first claim follows from Ramsey’s theorem. The second claim is proved as in Proposition

13 O
In this paper, we consider the following problem.

Problem 1.1.6. Suppose that n > 1. For which pairs (L, M) of linear orders is there a linear order
K with K — (L, M)"?

Since the answer depends on whether the axiom of choice holds, we consider Problem in the
following contexts.

(1) For arbitrary linear orders, assuming the the axiom of choice.

(2) For linear orders on “k, the set of functions f: kK — k, assuming that k<" = &, so in particular
Pk is well-ordered for all 4 < k, but assuming that “x is not well-ordered.

(3) For arbitrary linear orders without the axiom of choice, and more specifically for linear orders
on "k assuming that #2 is not well-ordered for some u < k.

For instance, the situation in [(2)] occurs in the model L(P(k)) after forcing with Col(k, < ), where
A > Kk is inaccessible, and is fulfilled for linear orders of size at least N; in models of the axiom of
determinacy.

The lexicographical order ("k, <) is defined by = <, y if * # y and z(a) < y(a) for the least
a < Kk with z(a) # y(«).
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Section [2] is concerned with partition relations for (72, <;,). Sections [3[ and [4] is concerned with
asymmetric negative partition relations without choice. The combined results of Chapter [2| and
Chapters 3| and 4] determine which partition relations of the form (“2, <;.;) — (L, M)"™ with n > 2
are consistent without choice.

1.2. Partition relations assuming the axiom of choice. We recall some known results on parti-
tion relations with choice. Partition relations for linear orders, in contrast to well-orders, were studied
in [956ER, [963EH, 965KT, [971F, [972EM, [974La].

Lemma 1.2.1. Suppose that ZFC holds. Then L—/~(w*,w)? for all linear orders L.

Proof. The proof is similar to the proof of w;—/+(w1)3 in [933Si]. We consider a well-order on the
domain of L and colour a pair depending on whether the well-order agrees with the natural order on
this pair. 0

This strongly limits the possibilities for positive partition relations under the axiom of choice. In
particular, in any partition relation of the form K — (L, M)?, we can assume that L, M are well-
ordered, or that M is finite. Even for well-orders K, L., M, there are many difficult open questions for
these relations (cf. [0I0HL [079Nol, [993B, [999Kol, [008J0|, [010Sc|, [014We]). Instead of considering these
relations, we focus on linear orders L such that L, L* are not well-ordered.

For partition relations with exponent at least 3, similar ideas as in Lemma/[Il.2.1]led to the following
results.

Theorem 1.2.2 ([965Kz], Theorem 8] and [971E, Theorem 5]). Suppose that ZFC holds. For any
linear order L

(1) L—/+(4, w* +w)3 and
(2) LA+ (4, w+w*)3.

The linear orders on the right side of the arrows are optimal, since w — (w)* and w* — (W*)M

n

hold by Ramsey’s theorem.

A further problem is to determine the valid partition relations which allow finitely many order
types linked by a disjunction, instead of a single order type. For example, in the context of choice, the
occurence of w* v w in a partition relation for a linear order states that there is an infinite homogeneous
set with arbitrary order type. The occurence of w* +w v w + w* in a partition relation for a linear
order states that there is an infinite homogeneous set L such that L and L* are not well-ordered.

Theorem 1.2.3 ([971E, Theorem 5]). Suppose that ZFC holds. Then L—/+(5, w* +w v w +w*)? for
all linear orders L.

Question 1.2.4 ([971E, Remark on page 202]). Suppose that ZFC holds. Is there a linear order L
with L — (W* +w v w +w*,4)32

Let us mention two negative relations for (2, <;,) with choice. The topology on "k is given by
the basic open sets Ny = {x € "k | t C z} for t € <Fk. A perfect subset of "k is a set of the form
[T) ={z € "k |Va < k(z | a € T)}, where T' C <"k is a perfect tree, i.e. a < r-closed tree whose
splitting nodes are cofinal in T'.

Theorem 1.2.5 ([908Be]). Suppose that ZFC holds and k<% = k. Then (52, <jep)—({"2, <iex))3.

Proof. The counterexample is a k-Bernstein set, i.e. a set A C "k such that A and its complement
do not have perfect subsets. The set is constructed by diagonalization along an enumeration of the
perfect subsets of “x. O

A meagre subset of “k is a union of k nowhere dense subsets of “k, and a comeagre set is such that
its complement is meagre.
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Theorem 1.2.6. Suppose that ZFC holds and k<% = k. Then ("2, <iep)~/~(("2, <iez), 3)2.

Proof. Suppose that (C, | o < 27) enumerates all perfect subsets of 2. We choose an injective
sequence (Zq,Ya)a<2s as follows. In step o, we find distinct zqo,ya € Co with zo # 28, To # Y3,
Yo # 28, and y, # xg for all 8 < . Let

I'={{za,ya) | @ <2} U{(ya,Ta) | 0 <27}

Let f: ["2]?> — 2 denote the characteristic function of T, i.e. f(x,y) =1 if (z,y) € T and f(x,y) =0
otherwise. Note that every order preserving injection f: ("2, <je;) <> ("2, <jz) is discontinuous in at
most k points for the following reason. Every point in which f is discontinuous defines a nontrivial
interval in ("k, <j,), and the intervals from two distinct such points are are disjoint. It follows that
f is continuous on a perfect set. This implies that for every isomorphism f: ("2, <je;) — (%2, <jez),
there is a perfect set C' such that f [ C' is a homeomorphism (cf. e.g. [014L, Corollary 5.3]). Hence
("2,T") contains no independent set isomorphic to ("2, <;.;) and no complete subgraph of size 3. [

1.3. Partition relations assuming k<% = k. We consider the lexicographical order (%2, <) for
cardinals s such that k<% = k, but “k is not necessarily well-ordered. The topology on "k is given
by the basic open sets N; = {z € "k | t C a} for t € <"x. The following is proved in Theorem [2.3.2]
below.

Theorem 1.3.1. Suppose that V is a model of ZFC and k is reqular. There is a symmetric extension
of V by a < k-closed kT -c.c. forcing in which ("2, <jez) — ({F2, <iez))3 holds.

Proof. See the proof of Theorem [2.3.2 U

It follows from Theorem [3.0.1] and Theorem B.1.2] that Theorem [[.3.1] cannot be extended to ex-
ponent 3. For instance, the colouring which maps a triple to its splitting type does not have a large
homogeneous set. The splitting type is defined as follows.

Definition 1.3.2. Suppose that v € Ord.
(1) For x,y € Ty let
Oy = 0(z,y) = min{a < | z(a) # y(a)}.
(2) For x,y € Ty let
Apy = Az, y) =2 [ 0(z,y).
(3) For2<n <w and & = (xg, dots,xn_1) € (My)", let

(%) = (6(xzo, 1), -, 0(Tp—2,Tn-1))-

(4) Suppose that @ = (ap,a1,...,an-1), b= (bo, . ..,bp—1) are lexicographically increasing tuples from
72. Then da, b are <lez-iSomorphic, in symbols a ~ g, if the unique order preserving function
m:{a; | i <n} = {b; | i <n} satisfies w(a;) = b; for alli < n.

(5) The branching type or splitting type of a <je-increasing tuple @ = {(ag,ai,...,an—1) is 7(@),
the representative of the isomorphism type of 6(@) obtained via the order-preserving mapping
w: {d(ap,a1),...,0(apn—2,an—1)} = [{d(ag,a1),...,5(an—2,an—1)}.

(6) (cf. [981B1]) If @ = (ag, a1, ..., an—1) i <jeg-increasing in 'y and §(a@) is injective, then @ is skew
and the (length-order) pattern of @ is the unique permutation p = p(@): (n — 1) — (n — 1) such
that §(ay(0); ap(0)+1) < (@), apyer) <o < 0apm—2); Gp(n-2)+1)-

The pattern, and similarly the branching type, describe in what order the paths a; split apart as
we proceed along the tree, cf. [981BI]. Figure below illustrates the branching types of quadruples
and their clustering in symmetric pairs.

Remark 1.3.3. (1) Note that if @ is a <je-increasing n-tuple which is a skew subset, then the
branching type T(@) of @ is a permutation of n — 1 and every permutation of n — 1 is realized as
the branching type of a skew < -increasing n-tuple.
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(2) For every skew lexicographically increasing n-tuple @, the branching type 7(&) is the inverse
7(@) = (p(@))~! of the (length-order) pattern of @.

For any ordinal v, a branch z through the tree <72 may be regarded as the characteristic function
of the set z = {a < 7 | z(a) = 1}. Let z: v — 2 be defined as z(a) = 1 — z(«). Then z is
the characteristic function of y = « \ . Thus the map ¢: 72 — 72, «(z) = Z is an order reversing
involution, i.e. u <, v if and only if v <y, u. Consequently, for any <;,-increasing n-tuple @ with
7(@) = o, we have 7(b) = 0* = 0o (n—1,...,0), the reverse of . This involution can be used to
make symmetry arguments and we write X for {z | 7 € X}.

A perfect subtree of <7 is a subtree that is closed under increasing sequences such that the splitting
nodes are cofinal. For any n > 2, any permutation of n — 1 = {0,1,...,n — 2}, and any skew perfect

tree T, one can show there is a <j,-increasing tuple ¥ € [T]" !

with p(z) = 0. So all skew types
occur in every skew perfect tree.

Every perfect subtree of “w has a perfect skew subtree [981BI1l page 273, Lemma].

Lemma 1.3.4. Suppose that AC holds and that v > w is a limit ordinal. Then every perfect subtree
of <V has a perfect skew subtree if and only if 25°fV) = cof (v).

Proof. Suppose that 2<¢f(?) = cof (7) and that T is a perfect subtree of <72. First suppose that = is
regular. Then 2<7 = v. Let (t, | @ < ) enumerate <72. It is straightforward to construct an order
preserving embedding f: <72 — T into a skew subtree of T by defining f(t,) inductively for a < 7.
For arbitrary limit ordinals -, the tree T' can be thinned out to a perfect subtree that is isomorphic

<cof(v)2, The previous case for cof(7y) implies the claim.

to

If 7 is regular and 2<7 > ~, then there is no perfect skew tree of height « for cardinality reasons.
Suppose that 7 is a limit ordinal with 2<°f(") > cof(v). Suppose that A is cofinal in  with order
type cof(y). Let T = {s € <7y | « € A = s(«) = 0}. There is no perfect skew subtree of T by the

previous case. O

To prove the existence of homogeneous sets below, we need the following results on faithful embed-
dings.

Lemma 1.3.5 (Jean Larson). For every perfect subset A of “2, there is an embedding e: “2 — A
such that e preserves order types and splitting types of finite subsets of skew subsets.

Proof. Let £ denote the length of an element of <“2. We define the length-lexicographical ordering on
<2 by s < t is and only if (¢(s) < £(t)) or £(s) = £(t) and s <y, t. Note that this is a well-ordering.

Suppose that T is a perfect tree with [T] C A. We can inductively define an embedding f: <¥2 — T
so that lexicographical order is preserved, extension L is preserved and s < t implies that £(f(s)) <

£(f(t)). We define e: “2 — A by f(t) = e, f(t | k). This is a faithful embedding, i.e. f preserves
order types and splitting types of finite subsets of skew subsets. O

There are (n — 1)! branching types for lexicographically ordered n-tuples. Since a colouring of
n-tuples can depend on the branching type, we consider sets which are separately homogeneous in
each branching type.

Definition 1.3.6. (72, <je;) —¢ (72, <iex))1* holds if for every colouring f: [72]™ — n, there is a
set isomorphic to (72, <je;) which is separately homogeneous for f in each branching type.

Partition relations —»; for the linear order (2, <;.,) were considered by Blass [981BI].

Lemma 1.3.7. Suppose that k is a reqular cardinal.

(1) The linear orders ("2, <jez) and ("k, <jey) are bi-embeddable.
(2) The linear orders (“2, <iez), (“w, <iez), and X are bi-embeddable.
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Proof. The linear order (“k,<j.,) is embeddable into (*2, <) by the map f: "k — "2, where
f({@i)icx) is the concatenation of 1(%)~0 for all i < . The linear order X is isomorphic to (“w, <je

) (Z, <). O

Since these linear orders are bi-embeddable, they satisfy the same partition relations, as long as
this does not refer to the splitting types.

Theorem 1.3.8. [981BI] (“2, <iez) —>¢ (“2, <iex)q holds for continuous colourings for all m,n.

Proof. This is proved in [981B1] using the Halpern-Léauchli theorem, cf. [966HL, Theorem 1]. To see
that this holds without choice, suppose that a real x codes the continuous colouring. We apply Blass’
theorem in L[z] and obtain a closed set coded by a tree T. The statement that [T] is homogeneous
up to the branching type for the colouring coded by z is a H% statement in x and 7', and hence this
holds in V. OJ

For uncountable cardinals x, the analogue of Blass’ theorem is connected with large cardinal prop-
erties of k.

Theorem 1.3.9. If k > w and ("2, <jey) —+ (K* v k)3, then k is weakly compact.

3 — 2 as follows. If x,y,z € "2 are distinct

Proof. If f: [k]*> — 2 is a colouring, we define g;: [*2]
and A = {z,y,2}, let B = {6(x,9),0(y,2),0(2,2)} and g¢(A) £ f(B). Suppose that H C *2
is homogeneous for gy up to the branching type and that H is isomorphic to x* or to k. Then

7L {6(x,y) | x,y € H} has order type k and is homogeneous for f. O
Note that ("2, <je;) —+ (k* v k)3 does not imply that  is weakly compact, by Theorem m

Question 1.3.10. (1) Is it consistent that k = k<" > w and ("2, <jez) —>¢ (("2, <jez))* holds for
all m,n?
(2) If k = k<F > w and ("2, <jex) —>t (("2, <i1ez))3, is k measurable?

1.4. Partition relations in models of determinacy. Partition relations for cardinals in models
of determinacy have been intensively studied. Let us recall some results.

Definition 1.4.1. (1) The strong partition property holds for a cardinal r if K — ()} for all
n<K.

(2) Following [970Mo], let @ denote the supremum of the ordinals o such that there is a surjection
f: P(w)— a.

Note that the strong partition property for w is equivalent to the statement that all subsets of [w]*
are Ramsey.

Theorem 1.4.2. (1) [976Px] The aziom of determinacy of games of reals ADg implies that w has
the strong partition property.
(2) Martin [003Kal, Theorem 18.12], [004JM, [990Jal [981K| The axiom of determinacy AD implies that
w1 has the strong partition property.
(3) [008KW, [983KW| Suppose that V- = L(R). Then AD holds if and only if there are unboundedly
many strong partition cardinals below 6.

It is both open whether the strong partition property for w follows from AD, cf. [003Ka, Question
27.18] and what its consistency strength is, cf. [003Kal, Question 11.16]. By the next result the strong
partition property for w; surpasses its analogue for w in consistency strength.

Theorem 1.4.3. (1) [977Mal 5.1 Metatheorem| It is consistent from an inaccessible cardinal that w
has the strong partition property.
(2) [970K1, 2.1 Theorem| Every uncountable cardinal with the strong partition property is measurable.
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We ask which partition relations for linear orders hold if AD holds and V' = L(R). Note that the
strong partition property for s implies that (12, <) is indivisible.

Theorem 1.4.4. Suppose that k has the strong partition property. Then ("2, <jep) — ((F2, <jez))s
holds.

Proof. The claim follows from the strong partition property by identifying elements of [k]* with their
characteristic functions in 2. O

We ask whether this generalises to exponent 2.

Question 1.4.5. Suppose that the axiom of determinacy holds in V- = L(R). Does this imply (“'2, <je;
> - (<w12, <lez>)% ?

1.5. Embedding linear orders into ("2, <je;). Every linear order of size x embeds into ("2, <j.;)
by a result of Hausdorff (cf. [949Hal Chapter 6, Section 8]). If (k, <) is a linear order, we map each
v < Kk to the characteristic function in 2 of the set of predecessors of v in <p with a < 7.

The negative partition results for suborders of ("2, <j;) in the following sections suggest the ques-
tion whether every linear order embeds into (“2, <) for some cardinal . In models such that every
linear order embeds into (%2, <j,) for some cardinal x, Theorem and Theorem hold for all
linear orders.

Let P denote the forcing P(w) ordered by inclusion up to finite error. We asked whether in a
P-generic extension of L(R), there is a linear order which does not embed into (¥2, <) for any
cardinal k, if L(R) is a model of determinacy. This was solved by Paul Larson in unpublished work

(cf. Theorem below).

The following is stated in [01ICK, Section 1.1] without a proof.

Lemma 1.5.1. Suppose that there is a measurable cardinal above w Woodin cardinals. Let (z,y) € Ey
if x(n) = y(n) for all but finitely many n, for x,y € “w. Then there is no linear order in L(R) of the
equivalence classes of Ey.

Proof. Suppose that in L(R), ¢(x,y, z, @) defines a linear order on the equivalence classes of Fy, where
z €2 and o € Ord. Let Q denote Cohen forcing. Suppose that (z,7) is Q?-generic over L(R).
There is an elementary embedding L(R) < L(R)"[#% which fixes the ordinals by [001NZ, Theorem
1] . Therefore in L(R)[z,y], ¢ defines a linear order on the equivalence classes of Ey from «. Suppose
that (p,q) H—ég H*®)(z,y, z,a). Suppose that (z,z) € Eo, (§,y) € Eo, p C 7, and ¢ € Z. Then
(p,q) II—& HL®) (y,Z,z,a). Since the definition of the linear order from « is invariant under Ejy, this
implies (p, q) H—& d*®) (y, x, 2, @), contradicting the assumption. O

If U is an ultrafilter on w, let (wy, <y) denote the ultrapower of the linear order (w, <) with U.

Theorem 1.5.2 (Paul Larson). Suppose that there is a measurable cardinal above w Woodin cardinals
and that U is P-generic over L(R). Then in L(R)[U], the linear order (wy,<u) does not embed into
("2, <jeg) for any cardinal k.

Proof. Forcing with P preserves measurable cardinals by the Levy-Solovay theorem [010Cu, Theorem
9.6] and Woodin cardinals by [000HW, Corollary]. Therefore M is absolute between V and V|G,
where G is generic over V for a forcing in Vs, where ¢ is the least Woodin cardinal. Then the supremum
of the Woodin cardinals of M, is countable. Therefore M, satisfies the assumption A, in [00INZ
Theorem 1], where x is below the least Woodin cardinal. Hence forcing with P does not add new
sequences of ordinals, and in particular (%2, <je) = ("2, <jee) V¢! for any P-generic filter G over V.

The theories of L(R) and L(R)VH] are both determined by M, by [010S%, Theorem 7.19] and
hence equal, where H is Col(w, < k)-generic over V' and « is the least inaccessible cardinal. Therefore
we can apply [003DT, Corollary 7.4] to any colouring in L(R).
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Suppose that p € P forces that f is such an embedding. Let P/p = {¢ € P | ¢ < p}. Let
g: [w]¥ x (P/p) = 2, g(x,q) = 0 if ¢ decides f(z), and g(x,q) = 1 otherwise.

There is an infinite set A C w and a sequence (¢;);cw of subsets of w of size 2 such that g is constant
on [A]¥ x []; ¢; by [003DT]. It follows from the definition of g that the value is 0. Therefore in L(R),
there is a linear order on the equivalence classes of Ej, contradicting Lemma [1.5.1 O

2. PARTITION RELATIONS FOR (K, <jey)

We consider the linear orders (", <j;) and ("2, <) for cardinals £ with k<" = k > w. These two
linear orders are bi-embeddable and hence satisfy the same partition relations. To prove partition
relations for linear orders, we will work with perfect sets.

Definition 2.0.1. (1) A perfect subtree of <"k is a < k-closed subtree of <"k whose branching nodes

are cofinal.
(2) A perfect subset of “x is a set of the form [T], where T is a perfect subtree of <"k.
We identify [2]™ with the set of injective n-tuples (zg,...,Tp—1) in "2 with 2o <jeg - .. <jeg Tr—1-

2.1. Partition relations for (“2, <j.;). We first consider the linear order (“2, <;,). The following
is a variant of a theorem of Mycielski and Taylor.

The bounded topology on “k is given by the basic open sets Ny = {z € "k | t C x} for t € <Fk.
We identify each set s in [C]™ with the strictly <j.,-increasing n-tuple § = (sg,...,Sp—1) with s =
{s0,...,Sn—1}. Therefore the bounded topology induces a topology on [C]".

Lemma 2.1.1. If f: [“2]™ — “2 is Baire measurable, then there is a perfect set C C “2 such that
f1[C]™ is continuous.

Proof. Suppose that (U, | n € w) is a sequence of open dense subsets of (¥2)" such that f is continuous
on their intersection. We construct a family (¢s | s € 2", n € w) by induction on n such that

(1) ts Cty if s Cuand

(2) Ni,, X x Ny, CUypif sg,...,8m—1 € 2" and s; # s; for all t < j <m.

Suppose that these properties hold for n. We first split each ¢s for s € 2" into r4~y = ts0 and
re~1 = ts 1. We enumerate the tuples §= (sq, ..., Sm_1) With so,...,8m—1 € 2" and s; # s; for all
i < j < m. Successively for each tuple &, we extend r;, to ts, to fulfil (2) for this tuple. This implies
the required properties. Let T' denote the downwards closure of the set of t; for s € 2<“. Then f is
continuous on the set of m-tuples of distinct elements of C' = [T], and thus on [C]™. O

Theorem 2.1.2. Suppose that all sets of reals have the property of Baire.
Then (“2, <jez) — ({“2, <1ez))? for all n.

Proof. Note that (“2, <je) — ((*2, <jez))3 implies (“2, <jp) — ((“2, <1ep))? for all n € w. Suppose
that f: (¥“2)2 — 2 is Baire measurable. There is a perfect set C' such that f [ [C]™ is continuous by
Lemma Since C'is order isomorphic with (¥2, <.}, we can assume that C' = “2. We can assume
that there is no interval NV; such that f is constant on [Nt]2 in colour 0. Using this assumption, we
construct a family (¢5)sc2n, new by induction on n such that

(1) ts Cty if s C u,

(2) ts <pex tu if 5 <jez u,

(3) f[N,gSA0 X Nts’\l] = {1} for all s € 2™
This is possible since f is continuous. Let T' denote that downwards closure of the set of ¢, for s € 2<%,
Then f | [T]? is constant with value 1. O

Note that the assumption in Theorem is consistent relative to ZF by [984Sh| 7.16 Theorem].
The consistency also follows as a special case of the result for cardinals k with k<% = k below.
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The following result is used together with the negative partition relations in Chapter [3to determine
the consistent partition relations for (“2, <j.,) with exponent 3.

Theorem 2.1.3. Suppose that all sets of reals have the property of Buaire.
Then (“2, <jez) — ((“2, <jez), 1 + w* v w + 1)3.

Proof. Suppose that f : [(“2,<;;)]®> — 2 is a colouring. We can assume that f is continuous by
Lemma, and Lemma Moreover we can assume that the colour f(Z) of a triple & depends
only on the splitting type of £ by Theorem Let X; for ¢ = 0,1 denote the set of x € “2 such
that z(n) = i for at most one n. Then Xy and X; have order types 1 + w* and w + 1, respectively
and are homogenous.

If the colour of the splitting types for triples in Xy and in X is 0, then there is a homogeneous set
of order type (“2, <) in colour 0. Otherwise one of the splitting types has colour 1. In this case,
there is a homogeneous set in colour 1 of order type 1 + w* or w + 1. (|

Corollary 2.1.4. (“2, <;;) — ((“2, <iep),n)? for all natural numbers n.

The following results are used in Chapter 4] to determine the consistent partition relations for
(“2, <jey) With exponent 4.

Theorem 2.1.5. Suppose that all sets of reals have the property of Baire. Then (“2, <je;) — (w+1)"
for all natural numbers m and n.

Proof. Suppose that there is a colouring of [“2]™ in n colours. We can assume that the colour of skew
tuples only depends on the splitting type by Lemma Lemma and Theorem The set

SLize“2||{n<wl|azn) =0} <1}.
has order type w + 1 and [S]™ contains only the splitting type (0,1,...,m — 1). O

Note that the above is also a theorem in ZFC, cf. [970Gal 986MP]. As stated before, a further
problem is to determine the relations which allow finitely many order types linked by a disjunction,
instead of a single order type. For example, assuming a fragment of choice, the occurence of w* v w in
a partition relation for a linear order states that there is an infinite homogeneous set with arbitrary
order type. The occurence of w* +w v w 4+ w* in a partition relation for a linear order states that
there is an infinite homogeneous set such that L and L* are not well-ordered.

2.2. Terminology. To run our arguments we are considering different kinds of quadruples and quin-
tuples. We call & = {xg, z1, 22,23} a bouquet if max(d(xzo,x1),(x2,23)) < é(x1,x2) and we call it a
candelabrum if 6(x1,z2) < min(d(zo,x1),d(z2,23)). The remaining quadruples are called combs (cf.
Figure .

If n is a natural number, ¢ € {0,1} and Z is a (2n + i + 1)-tuple we call & dextral if §(xo,z,) <
O(Tpti, Tonti) and sinistral otherwise. The attribute of being either dextral or sinistral is being
referred to as chirality.

Furthermore we distinguish seven different kinds of quintuples. We may define them by recurring
to the kinds of quadruples mentioned above. Suppose we are given a quintuple p. Let s, <5 A(po, pa).
We say that s divides pinto {b € p'| b 3 s7(0)} and {b € p| b T s7(1)}. Using this terminology we
may continue our definition as follows:

(a) p'is a cactus if and only if s, divides p'in a comb of the same chirality and a branch.
(b) p'is a grape if and only if s, divides p’'in a comb of the opposite chirality and a branch.
(c) p'is an olivillo if and only if s, divides p'in a bouquet of the same chirality and a branch.
(
(e
(f

)
)
d) p'is a rose if and only if s, divides p'in a bouquet of the opposite chirality and a branch.
) P'is a mistletoe if and only if s, divides p'in a candelabrum and a branch.

)

P
p'is a lilac if and only if s, divides p'in a triple of the same chirality and a pair.
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F1GURE 1. Bouquets, Candelabra and Combs

(g) p'is a guinea flower if and only if s, divides p'in a a triple of the opposite chirality and a pair.

Finally there is one type of sextuples we are considering in our arguments and which we therefore
want to name. So call 5 € [*2] an antler if A(s2,s3) T A(sq,52), A(s3,54) and A(hgiy1, haire) C
A(h4i, h4i+1) for both i € {0, 1}.

These are not the splitting types as used in [981B1]. While our definition of chirality distinguishes
between dextral and sinistral candelabra, this distinction is often irrelevant, in fact, most of the time
the arguments used only concern the mutual relationship of splitting nodes along a single branch.

While there are 24 different splitting types of quintuples in the sense of [981BI] it is, in this setting,
more appropriate to only discern 14 types. Being a cactus, rose, olivillo or grape of a specified
chirality amounts to a splitting type in the sense of [981BI] but there are two different splitting types
corresponding to being a mistletoe of a given chirality and three for being a lilac of a given chirality
or a guinea flower of a given chirality.

As was shown before the number of different splitting types of n-tuples in this reduced sense is given
by the n-th Catalan number, see e.g. [991HP|], [996CG, page 101 et seqq.], [998LW|, [999St], [005A0,
page 119 et seqq.] or [015St].

Theorem 2.2.1. Suppose that all sets of reals have the property of Baire. Then (“2,<je;) —
6, 1+ w*+w+1vm+w*vw+n)? for all natural numbers m and n.

Proof. Suppose without loss of generality that m = n and that f: [“2]* — 2 is a colouring. We can
assume that the value of f for skew tuples only depends on the splitting type by Lemma Lemma
and Theorem [1.3.8] We define the following sets.

X £ {z € 92| z(i) = 2(0) for all but at most one natural numbers i.},
X L {01570 | k < w} U{0F°1 | k < m},
Y £ {0%,0%(1)70%,0%71, (1)70, (1,0)71%,1°}.

The set X has order type 1 + w* + w + 1 and contains only combs and candelabra. The set X, has
order type w + m and contains only combs and sinistral bouquets. X,,, has order type m + w* and
contains only combs and dextral bouquets. (Recall the involution defined on page @)

If at least one of the comb-types has colour 1, then there is an infinite homogeneous set in colour
1. Hence we can assume that these types have colour 0. Now if both candelabra-types have colour
0, then X is homogeneous in colour 0. If the type of sinistral bouquets has colour 0, then X, is
homogeneous in colour 0. If the type of dextral bouquets has colour 0, then X,, is homogeneous in
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FIGURE 2. Seven Pentapetalae, cf. [009B¥, 010MY]

colour 0. So we may assume that all both bouquet-types and one candelabrum-type get colour 1. If
the latter is dextral then Y is homogeneous in colour 1, otherwise Y is. O

Note that in contrast to Theorem the previous theorem fails in ZFC by Theorem [4.4.1]

Theorem 2.2.2. Suppose that all sets of reals have the property of Baire. Then (“2,<je;) —>
(5, w+1l+w' v1+w +w+1)* holds.

Proof. Suppose that f: [“2]* — 2 is a colouring. We can assume that the colour only depends on

the splitting type by Lemma Lemma and Theorem [I.3.8] Suppose that there are no
homogeneous sets with order types w+ 14 w* or 1 +w* + w41 in colour 0, and no homogeneous sets

of size 5 in colour 1.
Let z denote the characteristic function of the odd numbers n € w. We define the sets

X ={z €“2| z(i) = 2(i) except in at most one place},
Y={ze“2|z(i) =z
F=1{0%,0"11270%,(1,1,0)°1¢,1¥},
G ={0,0°°1¥,170%, (1,0)"1%,1¢}.

0) except in at most one place},

Then z is an element of X, X has order type w + 1 + w*, and its quadruples are combs or bouquets.
The set Y has order type 1 +w* + w + 1 and its quadruples are combs or candelabra. Both F and G
are dextral guinea flowers which immediately implies that both F and G are sinistral guinea flowers.

If any comb-type would get colour 1 then there would be an infinite set homogeneous in colour
1. Hence as in the proof of Theorem [2.2.1] we may assume that all combs are of colour 0. Let us
assume that X fails to be homogeneous for colour 0. Then one of the candelabra-types has to get
colour 1. Similarly, from assuming that Y fails to be homogeneous in colour 0 we may infer that one
of the bouquet-types has to get colour 1. The guinea flower F' only contains dextral candelabra and
dextral bouquets, F' only contains sinistral candelabra and sinistral bouquets, G only contains sinistral
candelabra and dextral bouquets and G only contains dextral candelabra and sinistral bouquets.
Hence we inevitably end up with a quintuple homogeneous in colour 1. O

The Theorem above is not provable in ZFC by Theorem or Theorem The following is
analogous to Lemma for Lebesgue measurable colourings.

Lemma 2.2.3. Suppose that the Aziom of Dependent Choices DC holds. Suppose that f: [“2]™ — “2
is a colouring such that f | A is Lebesgue measurable for all closed sets A C [“2]"™. Then there is a
perfect set C C “2 such that f | [C]™ is continuous.

Proof. It T is a subtree of <“w, we denote its root by root(T) and its n-th splitting level by split,,(T).
IfseT,letT/s={tecT|sCtortCs}.

Since we work with <, in the following construction, note that <, is not total on (<“2)2. We
construct a family (Ts | s € 2", n € w) of perfect subtrees of <“2 by induction on n such that
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(1) T, € Ts and root(Ts) < root(Ty,) if s C u,
(2) root(Ts) <jep root(Ty,) if s <jey u,

(3) if s0,...,8m—1 € 2" and s; # s; for all i < j < m, then there is some v € 2" such that
fllTso] x -+ X [Ts,, 1 ]] € Ny

In the inductive construction, we will use the following result of My-cielski.

Claim. If A C [],.,, B; has positive measure where each B; is a closed subset of “2, then there are
perfect sets Co,...,Cp_1 with [],_,, C; C A.

Proof. See [967My], Theorem 1]. O

Suppose that T, is constructed for all u € 2". We choose two incompatible extensions t2, t. of
root(T,,) for each u € 2™.

Let 7= (r; | i < k) enumerate the sequences of the form . for some u; € 2" and some j; < 2. Let
Si =Ty, /ri for all i < k.

We fix an enumeration of length v of the strictly <j.-increasing tuples § = (sg,...,Sm—1) of
elements of 7. We will successively shrink S; = S? to SZ for all j < v and all ¢ < k as follows.
Suppose that j+1 < v and that Sf is defined for all ¢ < k. Suppose that the tuple §= (ri,,...,7i,, ;)
appears in this step of the enumeration. Let B;. = [Sfc] for { < m. We choose some v € 2™ such that

A= (Ilecpn Bic) N f7Y[N,] has positive measure. We shrink Sljc to Sg:rl for all ¢ < m by applying
the previous claim to A C H<<m B;.. Moreover, let SZH = Sij for all i < k such that ¢ # i¢ for all
¢ <m. Let Tuj(ji) ‘

The trees T, in this construction fusion to a perfect tree T' = |, con split<,,(T,) by conditions (1)
and (2). Let C' = [T]. It follows from condition (3) that f | [C]™ is continuous. O

=57 ~1 where r; =t} as defined above.

Theorem 2.2.4. Suppose that the Axiom of Dependent Choices DC holds and that all sets of reals
are Lebesque measurable. Then the conclusions of Theorem Theorem [2.1.5, and Theorem
hold.

Proof. The proofs are identical to those for Baire measurable colourings, using Lemma [2.2.3] instead
of Lemma 2171 O

2.3. Partition relations for (%2, <;,). We now consider the analogous questions for ("2, <je;).

Lemma 2.3.1. Suppose that k is reqular and V is a model of ZFC.

(1) Suppose that G is Add(k,1)-generic over V.. Then in V|G|, for every function f: [2]" — "2
definable from ordinals, there is a perfect set C such that f [ [C]" is continuous.

(2) Suppose that H is Add(k,\)-generic over V. and X\ > x*. Then in V[H], for every function
f:[F2]™ — "2 definable from ordinals and subsets of k, there is a perfect set C' such that f | [C]"
18 continuous.

Proof. For the first claim, note that there is a perfect set C' of Add(k,1)-generics in V[G] such that

the quotient forcing in V[G] of each n-tuple ¥ = (xo, ..., x,_1) of distinct elements of C is equivalent
to Add(k,1) by [016Sc]. Suppose that ¢(Z, a,t) holds in V[G] if and only if f(Z) | a = ¢, where ¢ is
V7]

a formula with an ordinal parameter, which we omit. Then V[G] F ¢(Z, a,t) < 1 I Add(s.1) O(Z, a,t)
for all & € [C]". Therefore f(Z) € V[Z] for all ¥ € [C]".

Let ¢(Z, a,t) denote the formula 1 II—ZE(HJ) o(Z,a,t). Let o denote an Add(k,1)"name for the
n-tuple of Add(k,1)-generic reals, so that o = & for all Z € [C]™.

Claim. f [ [C]" is continuous.

Proof. If ¥ € [C]™ and « < k, then there is a condition p € Add(k,1)" with p C & and p II—de(H 1yn
Y(o,a, f(F) | «). So f(¥) | a = f(y) | a for all ¥ € C with p C . This proves that f [ [C]" is
continuous. O
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The proof of the second claim is analogous. We force with Add(k,1)™ over an intermediate model
which contains the parameters and whose quotient forcing is equivalent to Add(k, \). O

We denote the power set of a set X by P(X).

Theorem 2.3.2. Suppose that k is reqular and V' is a model of ZFC.
(1) Suppose that G is Add(k,1)-generic over V.. Then in V]G]

<K2a <lem> — (<K2= <lex>)121

holds for all n and for all colourings f: [F2]> — 2 definable from ordinals.
(2) Suppose that H is Add(k, \)-generic over V and X\ > k*. Then in V[G]

<H2a <lez> — (<R23 <lex>)31
holds in HODp,y and therefore in L(P(k)) for all n.

Proof. Tt is sufficient to prove ("2, <;;) — ((*2, <iez))3. Suppose that f: [*2]> — 2 is a colouring
definable from ordinals in V[G]. There is a perfect set C' such that f | [C]? is continuous by Lemma
Since (C, <je;) is order isomorphic to ("2, <je;), we can assume that f is continuous.
We can assume that no interval in (¥2, <.} is homogeneous for f in colour 0. Using this assumption,
we construct a family (£)se2e, o<k by induction on a such that
(1) ts Cty if s Cwand
(2) f[NtsAo X Ntsq] = {1} for all s € 2%
The successor step is straightforward, since f is continuous. If u € 28 and f < k is a limit, let
tyu = Ugcy ts- Let T denote the downwards closure of the set of ¢ for s € 2<%. Then f | [T)? is
constant with value 1.
The proof of the second claim is analogous from the second claim in Lemma [2.3.1 g

The size of 2 is measured by the ordinal 6, in contexts without choice.

Definition 2.3.3. Let 0, denote the supremum of the ordinals o such that there is a surjection
f: P(k)—» a.

The following result shows that the partition relation (52, <j.) — ((*2, <jez))? is not linked to the
size of 0,..

Corollary 2.3.4. Suppose that k is regular and V is a model of ZFC.

(1) There is a < k-closed forcing P such that for any P-generic filter G over V, HODZ([%] and

L(P(r))VIE satisfy
(a) K =r"",
(b) 0, = k*, and
(©) ("2, <tez) — ({"2, <iex))2-
(2) For any cardinal A, there is a < k-closed forcing Q such that for any Q-generic filter H over V,
HODg([I:)} and L(P(r))VI satisfy
(a) K =r=",
(b) 0x =\, and
(©) ("2, <iew) — ({"2, <tea))7-

Moreover HODg([S)] and L(P(r))VIG satisfy dependent choice DC, for sequences of length k.

Proof. For the first claim, we force GCH at k with Add(xk™,1) and then apply Theorem for
A=~rT.

For the second claim, we force 6, > X\ with the forcing P given by [012L{, Theorem 1.5] and again
apply Theorem for A = k™. Forcing with IP followed by < k-closed forcing does not decrease 0,..
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The model H ODZ([%] in Theorem [2.3.2|is closed under k-sequences in V[G] and therefore satisfies

DC,. Every element of L(P(x))VI¢ is definable in L(P(x))" [ from an ordinal and a subset of x. To

prove DC,, in L(P(x))V[¢ for a given relation, we construct a witnessing sequence in V[G] with the

ordinals in the definitions chosen as minimal. This sequence is an element of L(P(x))"[¢]. O

3. NEGATIVE PARTITION RELATIONS FOR TRIPLES

In the next two sections, we will prove negative partition properties for linear orders of the form
(*2, <iez). We limit ourselves to the case of two colours. In this chapter we are concerned with triples,
whereas Chapter (4] deals with quadruples.

Theorem [2.1.2| cannot be improved to exponent 3 for asymmetric partition relations.

Theorem 3.0.1. (2, <;..) /> (w*,w)? for all ordinals c.

Proof. Suppose that x,y,z € *2 with © <j; y <jez 2. Let f(z,y,2) = 0if Ay, < A, . and let
f(z,y,2) = 1 otherwise. Suppose that H is homogeneous in colour 0 with order type w* and that

(x; | i < w) is the decreasing enumeration of H. Let o = A Then (a;)ie, is decreasing. The

gy L1 "
argument for colour 1 is symmetric. (|

Theorem shows that Theorem is optimal. The relation (“2, <jez) — ((“2, <jez))2 holds
for all n if all sets of reals have the property of Baire by Theorem This cannot be improved to
exponent 3 in symmetric partition relations (cf. Theorem below).

In the following proof, N& denotes the set of branches in (*2, <j,) extending a node s € <*2. Note
that we do not use the axiom of choice, as almost always in this paper.

Lemma 3.0.2. Suppose that «, v are infinite ordinals such that v embeds into (*2,<i). Then
lv] < a.

Proof. We fix an infinite ordinal o and an injective function ¥: a X @@ — « which exists by Hessen-
berg’s Theorem, cf. [906Hel, page 108 et seqq.]. We may assume without loss of generality that « is
indecomposable. Let A, denote the set of order-preserving embeddings f: v — “2 and B, the set of
injective functions ¢g: v — « for all ordinals v > «. We will define F), : A, — B, by induction for
all v > «. This implies the claim.

The definition of F,;1 from F, is straightforward. Suppose that v > « is a limit ordinal and
f € A,. We aim to define F,(f). To this end, we define a sequence (t; | ¢ < p) for some p < k by
induction.

Let to be the unique splitting node of minimal height between elements in ran(f). If ¢¢ is defined
for some £ < k, let t¢41 be the unique splitting node of minimal height between elements in ran(f)
extending t2<1>, if there is such a splitting node. For limit ordinals £, let ¢ denote the unique splitting
node between elements of ran(f) extending lim¢.¢ t¢. Let p < o denote the least ordinal such that ¢,
is not defined. First suppose that p < a. Let t = J._,t¢. Since v is a limit, Ni* Nran(f) = (. This
defines a decomposition

ran(f) = | J ran(f) N N2 "

£

&<p
of ran(f). Let v¢ < v denote the order type of ran(f) N N~ )" It is straightforward to define an
¢
injective function Gy: v — « from ¢ and F,, for § < p. Let F,(f) = G . The definition is analogous
if p=a. 4

3.1. The p-function. In the proof of the following theorem and in many proofs to come, we will use
the B-function B;. The idea for the S-function is the comparison of the order of a tuple with another
linear order. This is used in the definition of colourings as counterexamples to partition relations.
The function [, identifies the least difference of x # y in “2 with an ordinal below k.
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FiGURE 3. The functions A, 9, ¢, h, v, and B

Definition 3.1.1. Suppose that x is an initial ordinal, Kk < o < k™ and h : « — Kk is a bijection.
Then Br,: [“2)* — k is defined as B(x,y) = Br(z,y) = Bn({x,y}) = h(0sy) for & <iep y. We will also
write v, = ho£. We have the following:

(Figure |3) B, =hod=holoA =r,0A.

In the following we are going to say that a sequence stabilises if it is constant from some point

onwards.

Theorem 3.1.2. Let r be an infinite initial ordinal and o < 7. Then (2, <iep) (24 K* v w,w* v
Kk+2)"™ for allm > 3.

Proof. Suppose that m = 3. Let h: a <> k be a bijection and 3, as in Definition We consider
the following colouring f : [*2]> — 2. If 2,9,2 € 2 and & <jep ¥ <iex 2, let f({z,y,2}) = 0 if
Br(y, z) < Bn(z,y).

In the first case, suppose that X = {z, | v < k + 2} € [*2]***" and that z, < x3 whenever
B <~ < k+2 We distinguish two cases by considering the sequence S £ (A(zxy1,2,) | v < k) of
splitting nodes. Either this sequence stabilises or not. In the first subcase, suppose that S stabilises
at s € <2 from 7 < k onwards. Then Lemma implies that [{0(zy41,2,) | v € K\ 7} =
k. Since h is one-to-one, [{fBn(zy+1,2,) | v € K\ 7}| = K, so we may choose a £ € k \ v with
Br(xer1,xe) > Yn(s). Then f({xwy1,2eq1,2¢}) = 1. Now suppose that S does not stabilise. The
sequence (A(z,, o) | ¥ < k) stabilises at some s. Since S does not stabilise, Lemma implies
that [{{(A(zk+1,7,)) | ¥ < K}| = k. Since h is one-to-one we have |{By(zxt1,2,) | v < K}| = K, so
we may choose a { < k with B, (xx41,2¢) > Ya(s). Then f({xxt1,2e,20}) = 1.

In the second case, consider a set ¥ = {z; | i < w} € [*2]¥ with z,, < x, for m < n < w.
Assume towards a contradiction that Y were homogeneous in colour 0. Then for any 7 < w, we have
Br(xiy1,xive) < Br(x;, xit1), by considering the triple {x;, x;11, zi12}. Then (B (zi, xi11) | 1 < w) is
an infinite decreasing sequence of ordinals, a contradiction.

The remaining cases in the proof for m = 3 are analogous.

The proof for m > 4 works similarly by considering the following colouring f : [*2]™ — 2. If
T e [QQ]m and xg <peg - < Tm_1, let f(.’f) =0if Bh(xo,xl) < 6h(xm_2,xm_1). O

Unlike for other results in this paper, assuming the Axiom of Choice, there is a linear ordering
(even a well-ordering) that satisfies the partition relation in Theorem In fact, by the Erdés-
Rado-Theorem [956ER, Theorem 39] (22K)Jr — (k1)2 holds. We do not know whether it is consistent
with ZFC that there is a linear order L such that neither we < L nor wy < L and L — (2 4+ w* v
w,w* vw+2)3
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3.2. The classification. The following result shows that the previous theorems solve the case of
triple-colourings in the Cantor space completely, given that all sets of reals have the property of
Baire.

We will only consider partition relations such that in no disjunction there are linear orders K, L
with K < L, since in this case L can be omitted without changing the truth value of the partition
relation.

Theorem 3.2.1. Suppose that the principle of dependent choices DC holds true and all sets of reals
have the property of Baire. Suppose that K, and L, are suborders of (“2,<iez) for all p < k and
v < A. Then the partition relation

3
(“2, <je) — (\/ K, \/ MZ,>

V<K v<A

holds true if and only if one of the following cases applies.
(a) Ke <w+1and K, <1+ w* for some &, p < K,
(b) M¢ <1+ w* and M, < w+1 for some §,p < A,
(c) K¢, M, <w+1 for some & < Kk, p <A,
(d) K¢, M, <1+ w* for some { <k, p <A

Moreover, if none of these cases applies, then the relation is inconsistent with ZF.

Proof. Note that K¢ = K|, is finite if { = p in @ and similarly in @

We first consider cases in which the partition relation fails. First assume that K, £ w+ 1 for all
p < rand M, £ 1+w* for all v < X. We claim that the partition relation in question fails. Note that
by DC, for any linear order K, K < w+ 1 is equivalent to w* € K Aw + 2 £ K, and symmetrically,
K <1+ w*is equivalent to w £ K A2+ w* & K. Hence the partition relation in question implies
(“2, <jez) — (W* v w + 2,2+ w* vw)?, contradicting Theorem for k = w. Second, assume that
K, £1+w*forall p<rkand M, £w+1 for all v < A. This can be dealt with symmetrically.

The remaining cases are as follows, and in each case the partition relation holds. If there are
§,p < k such that K < w+ 1 and K, < 1+ w*, then the relation holds by Theorem The
argument is analogous if there are £, p < A such that M < w +1 and M, < 1+ w* If there are { < &
and p < A with K¢ <w+1 and M, < w+ 1, then the relation holds by Theorem An analogous
argument works if there are { < k and p < A with K <14 w* and M, <1+ w*. (|

4. NEGATIVE PARTITION RELATIONS FOR QUADRUPLES

In this section, we prove several negative partition theorems for partitions of [*2]* by providing
colourings avoiding sets of certain order types in one colour and avoiding quintuples, sextuples, septu-
ples, octuples or nonuples in the other. We first give an overview over the negative partition relations.

Summary 4.0.1. If « is an ordinal, then the following statements hold.

(Theorem {4.3.2) (%2, <pee) (5, w* 4+ w)?t,
(Theorem [4.3.4) (%2, <pee) (5, w4+ w*)4,

(Theorem [4.6.1]) (%2, <peg) (7, w* +w v w+w*)t
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Summary 4.0.2. If k is an infinite initial ordinal and o < Kk, then the following statements hold.

Theorem
Theorem [4.3.7))
Theorem
Theorem
Theorem
Theorem

( { ) 5,2+/@*vm+2v17)4,
( ( )
( ( )
( ( )
( ( )
( ( )
(Theorem ("2, <lez)
( ( )
( ( )
( ( )
( ( )
( ( )

\.Cﬂ

Wt wv 424Ky (k2)F v K2)4

Wt wvk+wyvw + Y

=2

wHwt v 2+ K YK+ 2)4

=

K 4+ kv 24K v K2 v ww®)d,

=2

K kv (K2)" v E+2Vvwiw)

WHwv 24KV E+w)d

N N

Theorem [4.6.3[(b)) w* +wvwt+ KV e+ 2)4
Theorem
Theorem
Theorem

Theorem [4.9.1))

The theorems collected it Summary are consequences of certain order types enforcing the

K 4+ rvE+2v2+r"vn)?

\

K wvw +rv2+R Vv E+2Vww' vwiw)?

e e e e e e e e
(0] D

oo

Wt wvw+w v (k2)* v K2)4

B S S T N

9, W twvwtw ve+2v2+rT)L

presence of certain kinds of quadruples. Long well-ordered (anti-well-ordered) sets, for instance,
enforce the presence of many dextral (sinistral) combs. Every copy of the integers contains numerous
candelabra. Every set of order type w + w* contains many a bouquet and so on.

These structural distinctions are, however, not yet sufficient to prove the theorems above. This can
be easily seen for theorems involving well-ordered or anti-well-ordered sets since they neither need to
contain a bouquet nor a candelabrum. Yet finite sets may contain only dextral or only sinistral combs
so without further differentiation one would be unable to prove a negative partition relation with a
well-ordered target in the first colour and a finite one in the second. By employing the functions v and
B we are able to prove the aforementioned statements. We provide figures (cf. page for colourings
employed in Summary for reasons of space we only provide figures for the colouring of one of
the theorems included in Summary for Theorem

4.1. Lemmata in finite combinatorics. The following lemma is needed in the proof of Theorem

4571

Lemma 4.1.1. For all ordinals o every sextuple within (“2, <) contains a cactus, lilac, sinistral
bouquet, dextral olivillo or dextral grape (and, by symmetry, a cactus, lilac, dextral bouquet, sinistral
olivillo or sinistral grape).

Proof. Let 5§ € [*2]% be given. Let i < 4 be such that §(s;, hiy1) is minimised. If i > 3 then
{s0, 51, 52, 83,55} is a sinistral cactus or there is a j € {1,2} such that {sg, h;, hj11,s5} is a sinistral
bouquet.

If i € {2,3} then {sq, s1, $2, S5} is a sinistral bouquet or {sg, s1, s2, S4, S5} is a sinistral lilac.

If i = 1 then {sq, s2, S3, S4, S5} is a dextral grape or there is an i € {3, 4} such that {sg, s1, s2, si, Si+1}
is a dextral lilac.

So assume that ¢ = 0 and consider P’ < {s1,...,85}. Assuming that p’is no cactus, lilac, dextral
olivillo or dextral grape and does not contain a sinistral bouquet we may conclude that it is a dextral
mistletoe or a dextral guinea flower. In the first case {so, s1, s3, 4, s5} is a dextral cactus and in the
second it is a dextral olivillo.

O

The following lemma is needed in the proof of Theorem
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Lemma 4.1.2. For all ordinals o every sextuple within (*2, <) contains a candelabrum, cactus,
rose or grape.

Proof. Let § € [#2]%. Consider 7 < {s; | i < 4}. Since mistletoes, lilacs and guinea flowers contain
candelabra we are finished unless p'is an olivillo so suppose it is. If p'is sinistral then {s1, s2, s4, S5}
is a candelabrum and if p'is dextral then {s; | 2 < i} is one. O

We leave one of the easier lemmata of this sort to the reader as an exercise. It is needed in the
proof of Theorem [4.5.2)

Exercise 4.1.3. For all ordinals o every sextuple within (*2,<ie;) contains a bouquet, cactus or
antler.

The following lemma is needed in the proof of Theorem [£.6.2]

Lemma 4.1.4. For all ordinals o every septuple within (“2, <) contains a cactus, rose, olivillo,

grape or mistletoe.

Proof. Let 5 € [*2]” be given and let i < 7 be such that &(s;, s;1) is minimised. We may suppose
without loss of generality that i < 2. Let §< {s;13<j<6}and 7Lqu {s0}. Now if ¢'is a dextral
comb then p'is a dextral cactus. If p’is a sinistral comb, then p is a dextral grape. If ¢'is a dextral
bouquet, then p'is a dextral olivillo. Furthermore, if ¢ is a sinistral bouquet, then p'is a dextral rose.

Finally, if ¢ is a candelabrum, then p'is a dextral mistletoe. O
The following lemma is needed in the proof of Theorem

Lemma 4.1.5. For all ordinals o every septuple within (2, <;.,) contains an antler, cactus, dextral
olivillo, dextral grape or sinistral bouquet (and, by symmetry, an antler, cactus, sinistral olivillo,
sinistral grape or dextral bouquet).

Proof. Let 5 € [*2]7 be given and i < 5 such that &(s;, ;1) is minimised. We consider several cases

in turn:

If i > 3 then {so, s1, s2, 86} or {so, s2, S3, ¢} is a sinistral bouquet or {so,...,ss, sg} is a sinistral
cactus.

If i = 2 then {sp,...,ss} is a sinistral bouquet or {so, s1, $2, 84, S5, S¢} or {so,..., S5} is an antler
or {sa,...,S6} is a dextral grape.

If i < 1let j be such that ¢ < j < 5 and 6(sj, sj41) is minimised. If j < 3 then {sg, s;, s4, 55, 6}
is a dextral olivillo or a dextral grape and if j > 4 then {s2,ss3, 4,56} is a sinistral bouquet or
{s0, $2, 83, S4, S¢} is a dextral grape. O

The following lemma is needed in the proof of Theorem [4.8.1
Lemma 4.1.6. For all ordinals o every octuple within (2, <) contains a cactus, grape or lilac.

Proof. Let « be an ordinal and {0y, ...,07} € (*2,<je). Let i < 8 be such that d(0;, 0;4+1) is minimal.
We may suppose without loss of generality that ¢ < 3.

If i > 1 and there is a node s 3 A(0;,0i4+1)"(1) and j such that o; 3 s7(0) and 0j41,0j42 I 57(1)
then {09, 01,0;,0j41,0j42} is a dextral lilac.

If there is no such node then {og, 04,05, 06, 07} is a dextral grape.

If i =0 let j < 8 be such that §(0;,0;41) is minimised. We distinguish two subcases:

First assume that j < 3. If {0 | j < k < j + 4} is a sinistral comb then {09, 0j41,0j42,0j4+3,0j14}
is a dextral grape. Otherwise {09, 01, 0j42,0j43,0;44} is a dextral cactus.

Now assume that j > 4. If {o; | 1 < k < 4} is dextral comb then {oj | kK < 4} is a dextral cactus.
Otherwise {0g, 01, 02, 03,07} is a dextral grape. O

The following lemma is needed in the proof of Theorem
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FIGURE 4. A candelabrum within a copy of the integers

Lemma 4.1.7. For all ordinals o every octuple within (2, <j.;) contains a cactus, rose, olivillo, grape
or an antler.

Proof. Let 0 € “2 be given and i < 6 be such that (0;,0;4+1) is minimised. We may assume without
loss of generality that ¢ < 3. Suppose that & does not contain an antler. Clearly [{op,...,0;}]* only
contains dextral triples or [{0;11,...,07}]® only contains sinistral triples.

If i« = 3 then we may suppose without loss of generality that the latter is the case which implies
that {os,...,o7} is a dextral grape.

If i < 2let j with ¢ < j < 6 be such that §(0j,0j41) is minimised. If j < 4 then {og, 05, 05, 06, 07} is a
dextral cactus or a dextral olivillo, otherwise {0, 03, 04, 05, 07} is a dextral rose or a dextral grape. O

The following lemma is needed in the proof of Theorem [4.9.1

Lemma 4.1.8. For all ordinals o every nonuple within (2, <j.;) contains a cactus, rose, olivillo or
grape.

Proof. If a is an ordinal and N € [(*2, <;¢;)]° then there is an x € N such that there are pairwise dif-
ferent xg, x1, 2, z3 € N such that A(z,x0) C A(z,21) C A(z,22) C A(z, x3). Then {x, xg, 1, z2, 23}
is a cactus, rose, olivillo or grape. Il

4.2. Lemmata in infinite combinatorics.

Lemma 4.2.1. Suppose that « is an infinite ordinal. Then for every set Z € [“2]*"T¥, there is a
4

candelabrum in {zo, z1, 22, 23} <,,, € [Z]*.
Proof. Note Figure 4l Let (x,, | n < w) be the order-reversing enumeration of the lower half of Z
and (y, | n < w) the order-preserving enumeration of its upper half such that A(z,yo) is minimised.
Then {z1,x0, Yo, y1} provides what was demanded. O

Lemma 4.2.2. Suppose that o is an infinite ordinal and h : o — |« is an injection.

(1) For every Z € [*2)*" %%, at least one of the following conditions hold.
(a) There is a candelabrum T = {xo, 71,22, 73} € [Z]* with By (w1, 22) < Bu(wo, 71).
(b) There is a sinistral comb ¥ = {xo,71,20,73} € [Z]* with Bp(x1,72) < Bu(wo,z1) <
Bn(x2, x3).
(2) For every Z € [*2]¥"*¥, at least one of the following conditions hold.
(a) There is a candelabrum T = {xo, 1, 22,73} € [Z]* with By (w1, 22) < Bu(w2, x3).
(b) There is a dextral comb & = {xg, x1, T2, 23} € [Z]* with By (21, 22) < Br(x2, x3) < Bu(xo,71).

Proof. Let Z € [*2]*" ¥ and s € <®2 be the lowest splitting node of elements of Z. So let (x, | n < w)
be the enumeration of {x € Z | + T s7(0)} which is order-reversing. Let y,z € Z be such that y,z 3
s™(1). If there is an n < w for which By, (zn+1,%n) > Br(xn,y) then the candelabrum {x,11,zy,y, 2}
provides what was demanded. If not then by finitude of decreasing sequences of ordinals there has
to be an n < w such that By (zp+2, Tnt1) > Br(Tnt1, Tn). Then the sinistral comb {zy, 12, Tpi1, Tn, y}
provides what was demanded. O
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(V) < () <n(C) Yr(e) < (C) < (V).

FIGURE 5. A dextral comb and a sinistral bouquet within sets of order type k + 2

Lemma 4.2.3. Suppose that « is an infinite ordinal and h : a — |«| is injective. Then for every
Q € [%2]" there is a bouquet § = {qo,q1,q2,q3}<,, € [Q]* such that

(1) Bn(qo,q1) < Bulge,q3) < Bulqr, q2) if ¢ is dextral and
(2) Br(q2,a3) < Brlqo, 1) < Bulqr, q2) if ¢ is sinistral.

Proof. Consider a QQ € [*2]7. Let s € <*2 be such that there are pg,ro € Q with A(pg,r9) = s and
Yr(s) is minimised. Now inductively in step n < w by density of @ there has to be a t €|p,, r,[NQ.
If A(pn,t) = s then ppy1 & P and 7,41 & t, otherwise A(t,r,) = s and we define py41 2+ and
Fos1 L 7. At most one of the sequences 7= (p, | n < w) and 7= (r, | n < w) can stabilise. Suppose
without loss of generality that § does not stabilise. Again without loss of generality suppose that
Pnt1 = pn for no n < w. Then there is an n < w such that By, (pn, prt1) < Br(Pn+isPnt2). Then
{DnsDPn+1,Pn+2, 70} is a sinistral bouquet and provides what was demanded. O

Lemma 4.2.4. Suppose that o is an infinite ordinal and h : o < |a| in an injection.

(1) For every A € [*2]>T~" | there is a dextral bouquet or sinistral comb {ag, a1, a2, as}<,, € [A]* with
Br(qo, q1) < Bnlgz, g3) < Br(qr, q2)-
(2) For every A € [*2]"F2, there is a sinistral bouquet or dextral comb {ag,a1,a2,a3}<,, € [A]* with
(

Br(q2,93) < Br(qo, q1) < Br(qi,q2).

Proof. Note Figure[5| Since the first half of the lemma is a symmetric statement, only the second half
is going to be proved.

First let & £ |o| and consider a B € [*2]"+2. Let (b, | v < k+2) be the order-preserving enumeration
of B. We distinguish two cases. First assume that the sequence § < (A(by,ber1) | v < k) stabilises,
say at s € <*2 from ( < k onwards. Since the domain and the range of h share their respective
cardinality and by lemma there has to be a p € k\ ¢ such that Sj(by,by41) > Yn(s) and
H{v < k| b, 3 A(bp,bps1)}| = k. Then choose a & € £\ p such that 5 (be, bey1) > Br(bp, bps1). Now
the sinistral bouquet {b,, b¢, bg41, be41} provides what was demanded.

So assume that § does not stabilise. Then, using lemmam pick a ¢ < & such that Sy, (b¢, be41) >
B bk, bet1) and by 3 A(be, beq1). After that again pick a p € &\ ¢ with B (bp, bpt1) > Br(be, bes1)
and b, I A(bp, bp+1). Then the dextral comb {b¢,b,, bk, bet1} provides what was demanded. O

The following lemma is only used in the proof of Theorem

Lemma 4.2.5. Suppose that « is an infinite ordinal and h : o < |a| an injection.
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(1) For every Z € [*2)""*%, there is a candelabrum {zy,z1,22,23}<,. € [Z]* with By(z1,22) <
Bn (20, 21).
(2) For every Z € [*2]“ %, there is a candelabrum {zy,z1,22,23}<,. € [Z]* with Bu(z1,22) <

Bn(z2, 23).

Proof. Since the two halves of the lemma are symmetric to one another, we are only going to prove
the second one. So let Z be as in the lemma and let s € <*2 be the minimal splitting node of elements
of Z. Since Z has no least element there are zp, 21 1 s7(0). Let (2, | v < k) be the order-preserving
enumeration of {z € Z | z J s7(1)}. Let ( < s be such that B,(z¢,2¢41) > Yn(s). Then the
candelabrum {zo, 21, z¢, 2c+1} provides what was demanded. O

Lemma 4.2.6. Suppose that « is an infinite ordinal and h : o < |« is an injection. Then for every
Z € [*2]"" % there is a candelabrum {zo, 21, 29, 23} <,.. € [Z]* with
Bhr(z1, 22) < min(Bp (20, 21), Br(22,23))-

Proof. Let Z be as in the lemma and let s € <*2 be the minimal splitting node of elements of Z. Let
(xy | ¥ < k) be an order-reversing enumeration of elements of Z extending s~(0) and let (y, | v < k)
be an order-presering enumeration of elements of Z extending s7(1). Then let ¢, p < K be such that

Br(xes1,x¢) > yu(s) and Br(Yp, Yp+1) > Yn(s). Now the candelabrum {x¢i1,2¢, yp, Yp+1} provides
what was demanded. O

The following lemma is only used in the proof of Theorem

Lemma 4.2.7. Suppose that « is an infinite ordinal and h : o — |« is an injection.
(1) For every X € [*2]*“", there is a candelabrum & = {x9,x1, 72,73} <, € [X]* with
Br(x1,2) < Br(wo, 21)-
(2) For every X € [*2]*"“, there is a candelabrum & = {xo, 71,72, 73} <, € [X]* such that
Br(z1,22) < Br(w2,73).

Proof. Note Figure [6] Since the two halves of the lemma are symmetric to each other we only need
to prove the first one. So let X € [*2]““". Let sq be the first splitting node of elements of X and for
every k < w let sp11 be the first splitting node of elements of X extending s, (0).

(1) {k<wlotyp{zr € X |z 35, (1)} > w} is infinite.

This is the case because any initial segment of X has the same order type as X itself so if fails
there is an element of X which for no k£ < w extends s, (1). Then it has to extend limy,, s; in which
case 1 + w* embeds into X which is a contradiction.

So let (k; | i < w) be an enumeration of the set in . Since there is no decreasing sequence of
ordinals there has to be an 7 < w such that v (sk, ) > Yn(sk,). So pick an a € X with a 3 S;i+1<0>,
some b € X such that b 3 s;. (1) and {c,d}<,, € [X]? satisfying ¢,d O s1.,(1). Now clearly the
candelabrum {a, b, ¢, d} provides what was demanded. O

The following lemma is only used in the proof of Theorem

Lemma 4.2.8. Suppose that o is an infinite ordinal and h : o < |a is an injection.
(1) For every X € [*2]*“", at least one of the following conditions hold.
(a) There is a candelabrum ¥ = {z¢, 1, 72,73} <, € [X]* with
Br(z1,22) < min(Bp(xo, 21), Bu(z2, 3)).
(b) There is a dextral comb T = {xo, x1, 22, T4}<,, € [X]|* with
Br(x1,22) < Br(w2,73) < Bp(wo, 1)
(2) For every X € [*2]“"%, at least one of the following conditions hold.
(a) There is a candelabrum ¥ = {x¢, 1, 72,73} <, € [X]* with
Bn(21, x2) < min(By(zo, 1), Br(z2, 3))-
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FIGURE 6. A sinistral comb and a candelabrum in a set of order type w*w

(b) There is a sinistral comb T = {xo, 21, T2, T4}<,, € [X]|* with
Br(@1,22) < Bp(wo, x1) < Ba(z2, 23).

Proof. Note Figure[6] Since the two halves of the lemma are symmetric, it suffices only to prove the
first one. Suppose that X € [*2]““". Let so be the first splitting node of elements of X and for every
k < w let sp1 be the first splitting node of elements of X extending s, (0). Note that as in the proof
of Lemmafor infinitely many k < w we have otyp{z € X |z 05, (1)} > w. Solet (k; | i <w) be
an enumeration of these k. Since there is no decreasing sequence of ordinals there has to be an i < w
such that va(s,,,) > Yn(sk,). If there are ¢,d T s (1) with By(c, d) > Yp(sy,;) then for a 3 s;iH(O)
and b O S;¢+1<1> the candelabrum {a, b, ¢, d} provides what was demanded. So suppose now that for
all ¢,d 1 s, we have ¢ = d or Bi(c,d) < Yu(sk,). Let (¢; | i < w) be an ascending enumeration of
elements of {z € X [z 1) (1)}. The finitude of decreasing sequences of ordinals implies that there
has to be an n < w such that By(cn, cny1) < Bu(Cny1, Cagz2). But then for any b 3 sg,,, the dextral
comb {b, ¢y, Ct1, Cnia} provides what was demanded. O

Lemma 4.2.9. Suppose that « is an infinite ordinal and h : o < |a| an injection.

(1) For every A € [*2]* " at least one of the following conditions hold.
(a) There is a sinistral comb {ag, a1, as,a3}<,. € [A]* with By(a1,a2) < Bu(ao,ar) < Bulaz,as).
(b) There is a dextral bouquet {ag, a1, az,a3}<,. € [A]* with By(ao,a1) < Br(az,a3) < Bn(ai,as)
and there is a candelabrum {ag, a1, az,a3}<,. € [A]* with B(a1,a2) < Bn(ag,a1).
(2) For every B € [*2]1% at least one of the following conditions hold.
(a) There is a dextral comb {bg,b1,ba,bs}<,. € [B]* with Bu(b1,bs) < Br(b2,b3) < Bu(bo,b1).
(b) There is a sinistral bouguet {by,b1,ba,bs}<,. € [B]* with By(ba,b3) < Bu(bo,b1) < Bn(b1,b2)
and there is a candelabrum {bo, b1, b2, b3}<,, € [B]* with By (b1,b2) < Bu(ba,bs).

Proof. Since both halves of the the Lemma are symmetric to each other we are only going to prove
the second one. First suppose that there is an s € <*2 such that otyp(By) > « and otyp(By) > w
where B; £ {be B | b3 s7(i)} for i < 2. Let (z, | v < k) be an ascending enumeration of elements
of By and (y, | n < w) an ascending enumeration of elements of By. Then, using Lemma one
can pick a ¢ < k such that fj(z¢, zc41) > vn(s) and {b € By | b 3 A(x¢,x¢c41)} has size k. After
that one can choose a p € s\ ¢ such that By(x,,zp+1) > Br(z¢, 2c41). Then for any y,z € By the
candelabrum {z,,z,41,y, 2} and the sinistral bouquet {z¢,z,, zp4+1,y} provide what was demanded.

Now assume that there is no such s. The nonexistence of infinite decreasing sequences of ordinals
yields m,n < w such that A(ym, Ym+1)"(1) T A(Yn, Yn+1) and Bp(Ym, Ym+1) < Br(Yn, Yn+1). Now
using Lemmaone can find a ¢ < & such that A(z¢, zc41) (1) © A(Yn, Ynt1) and Bp(x¢, Teq1) >
Bh(Yns Yn+1)- Now the dextral comb {z¢, Ym, Yn, ynt+1} provides what was demanded. O

Lemma 4.2.10. Suppose that o is an infinite ordinal and h : o < |a is an injection.
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Your preferred relation between v, (e), Yr(e) < min(y,(¢)), v (v))
Yr(€) and v (v) in a sinistral comb. in a dextral bouquet.

FIGURE 7. A sinistral comb and a candelabrum in sets of order type (x£2)*

(1) At least one of the following conditions holds.
(a) For any A € [*2]"2) ) there is some candelabrum & = {xg, 21,72, 23}<,, € [A]* such that
Br(w1, w2) < min(Bx(zo, 1), Br(z2, 73))-
(b) For each of the following By-relations, there is a sinistral comb {xo,z1,22,73}<,, € [A]*
that satisfyies it.
(i) Bu(z1,22) < Bulwo, 1) < Bp(w2, 73
(ii) Bn(w1,72) < Bp(x2, 23) < Bu(zo, 21
(iii) Bu(z2,23) < Bp(wo,z1) < Bp(z1, 22
(iv) Bu(wo, 1) < Br(w2,73) < Br(T1,T2).
(2) At least one of the following conditions holds.
(a) For any B € [*2]*2, there is a candelabrum ¥ = {xg, x1, 72, 23} € [B]* such that Bj,(z1,12) <
min(ﬂh(xg, xl) < Bh(m'g, 373))
(b) For each of the By-relations in there is a dextral comb {xo, 1,72, 73}<,. € [B]* that
satisfies it.

)

)

)

~— — —

Proof. Note Figure As the two halves of the lemma are symmetric to each other, it suffices to
prove the second one. So let B € [*2]%? and suppose that for all candelabra {to,t1,t,t3}<,, € [B]*
there is an i < 2 with By (f2;, t2ir1) < Bn(ti,t2). Via Lemma this implies that there is a
{b, | v < K2}<,, € [B]** such that A(b¢,bei1) (1) C A(by, bpt1) for every {¢, p}< € [k2]*. Now for
every fy-relation mentioned above it is easy to choose (, v, &, p such that {b¢,b,, b, b,} provides what
was demanded. O

Lemma 4.2.11. Let a be an infinite ordinal. Then for every X € [*2]“T¥", there is a bouquet
T = {xo, 1,72, 23} € [X]1. Moreover, if h : a = || is an injection then ¥ may be chosen such that

(1) Br(za,x3) < Br(x1,x2) if T is dextral and
(2) Br(zo,x1) < Br(z1,x2) if £ is sinistral.

Proof. Let X € [*2]“T%" and let s € <“2 be the splitting node of minimal height of elements of X.
Then with X; Lz e X |z3s°(j)} we have otyp(Xg) > w or otyp(X;) > w*. Suppose the former
holds and let (z, | n < w) be an ascending enumeration of elements in X¢o. There is an I € [w]*
such that A(zy, z151) 3 A(ag, 2p11) (1) for all {k, 1} € [I]?. The finitude of decreasing sequences of
ordinals implies that there is a pair {m,n}< € [I|> with By (%m, ¥m+1) < Bn(Tn, Tns1). Now for any
y € X1 the sinistral bouquet {z,, pn, Tn+1,y} provides what was demanded. O



CHOICELESS RAMSEY THEORY OF LINEAR ORDERS 25

Lemma [4.2.10
|

Lemma [4.2.6]
Lemma [4.2.90——

Lemma [4.2.3]
Lemma L2.2}H—

Lemma [4.2.4]

Lemma

Lemma [1.2.1]

FIGURE 8. How Lemmata and Theorems relate

Note that Figure shows for which theorems of the following sections the lemmata of this section
which are quoted at least twice in the proof of a theorem are used. Every ellipse corresponds to a
lemma and every numerical code within an ellipse to a theorem in which this lemma is used. Although
it somehow looks like one, it is not in the strict sense a Venn diagram (cf. [969Ba]) since whether or
not two ellipses overlap fails to have any significance on its own.

4.3. Quintuples. In this section, we prove several negative partition relations with 5 on one side of
the relation. These results are used in the classification in Section .71 We start with a lemma in the
light of which we may extend Theorems and to higher exponents.

Lemma 4.3.1. Suppose that k and X are ordinals, {o¢ | £ < A} and {7¢ | £ < v} are families of order
types and K < X and p < v are cardinals such that neither a o with § < k nor a 7¢ with £ < p has a
last element. Now if n is a natural number and p is an order type such that
n
p——> \/0’5\/ \/U&,\/’T&V \/Tg , then
E<k EEXN\K E<p fev\p
n+1

p—7~ \/agv \/ (J§+1),\/T§V \/ (te +1)

E<k EEXNR &< Eev\p

Proof. Suppose that the statement above would fail. Then there is a colouring x of [7]” which
witnesses the failure of the first partition relation. We define x by {xo,...,2zn} — x({zo0,...,Zn-1}).
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FIGURE 9. Colouring of the splitting types for the proof of Theorem [£.3.2]

\ - N vy, 8 . vy, ' . ' \
v / \ oo \ [ \ 1
vy v ’ / \
\ \ \ , \ 1 v
\ Y 4 / 4 1/ A
A / ’ ’ /
\ \ v \ | v
\ / \ / \ ’/ \, /
Y ( \ l K
LR LR LR
A A A
v v v

FIGURE 10. Colouring of the splitting types for the proof of Theorem [£.3.4]

Since the latter partition relation holds true there is a homogeneous set H for y. We may suppose
without loss of generality that H is homogeneous in colour 0. Then we may distinguish two cases:
First suppose that H has order type o¢ with & < k. Let {zo,...,2n—1} = & € [H]" be such that
x(Z) = 1. Since H has no last element we may choose an z, € H such that =, > x,-1. Then
x({zo,...,z,}) =1, a contradiction.
Second suppose that H has order type o¢ + 1 with { € A\ k. Let x,, be the last element of H. Let
{zo,...,xn—1} =& € [H\ {z}|" be such that x(Z) = 1. Then x({zo,...,2n}) = 1, a contradiction.
O

Theorem 4.3.2. If a is an ordinal, then (°2, <ip)—~/~(5, w* +w)*

Proof. Suppose that & = (g, ..., z3) is a tuple in [*2]* with 2g <jep 71 ... <jez 3. For the first claim,
let f(#) = 1if ¥ is a candelabrum and f(#) = 0 otherwise. We claim that there is no homogeneous
set for f.

By Lemma there is no set of order type w* + w homogeneous in colour 0.

Suppose that there is a quintuple homogeneous in colour 1. Suppose that H = {¢; | i < 5} with
¢i <iez qj for i < j < 5. If 04y 45 < Og1,q0, then {¢; € H | i < 5} has colour 0, contradicting the
assumption. If 0, 4, < dgs,45, then {¢; € H | i # 0} has colour 0, contradicting the assumption. O

By Lemma [£.3.T] we have the following Corollary.
Corollary 4.3.3. If a is an ordinal and m > n > 4, then (*2, <jez) —~>(m, w* 4+ w)".
Theorem 4.3.4. If « is an ordinal, then (°2, <je;)—~(5, w+w*)%.

Proof. Let g(¥) = 1 if Z is a bouquet and ¢(Z) = 0 otherwise. We claim that there is no homogeneous
set for g.

By Lemma there is no set of order type w + w* homogeneous in colour 0.

So suppose that there is a quintuple H homogeneous in colour 1. Suppose that H = {¢; | i < 5}
with ¢; <jez q; for i < j < 5. Since {g; | i # 4} has colour 1, 0gy ¢, < dg,,4o- Then {g; | i # 0} has
colour 0, contradicting the assumption. O

By observing that w + w* = w + w* + 1 and considering Lemma once more we again have a
corollary.

Corollary 4.3.5. If a is an ordinal and m > n > 4, then (*2, <jez)—7~>(m, w + w*)".

Theorem [£.3.2] implies that Theorem does not lift to higher exponents. In the following, we
weaken the requirement of an infinite homogeneous set in colour 0 to the requirement that the set has
one of two, three, four, five and, in the case of Theorem six given order types.

Theorem 4.3.6. If x is an infinite initial ordinal and o < k™, then

<o¢27 <lez>7L>(5, 24+ Kk VKE+2V 77)4.
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Proof. We write & for (zo,...,x3) with ¢ <jeg ... <jez 3. Let
f (92, <jea)]t — 2
(1 if and only if & is a dextral comb or a sinistral bouquet and

Br(z2,23) < Br(ro, 1) < Bu(x1, 22),

T — or & 1is a dextral bouquet or a sinistral comb and

Br(xo, x1) < Br(x2, x3) < Br(z1,22);

0 otherwise.

By Lemma there are no sets of order type 2+ k* or K+ 2 that are homogeneous for f in colour
0. By Lemma [4.2.3]| every copy of the rationals includes a quadruple getting colour 1.

Claim. There is no quintuple that is homogeneous for f in colour 1.

Proof. Suppose that g = {pg,...,p5} with pg <jey ... <jez P4 is homogeneous for f in colour 1. We
consider four cases. Each of the cases consist of two symmetric subcases.
In the first case, suppose that p is a cactus. We can assume that p is a dextral cactus. Then

{pj | 7 < 4} and {p; | j > 0} are dextral combs, hence Sy(p1,p2) < Bu(p2,p3) < Bun(p1,p2), a
contradiction.

In the second case, suppose that p'is an olivillo. We can assume that p is a dextral olivillo. Then
{pi | j <4} is a dextral comb and {p; | j > 0} is a dextral bouquet. Hence S (p2,p3) < Br(po,p1) <

Bu(p1,p2) and Bu(p1,p2) < Bu(ps,pa) < Br(p2,p3). Then Bi(p1,p2) < Bn(p2,p3) < Bn(p1,p2), a
contradiction.

In the third case, suppose that p'is a grape. We can assume that p'is a dextral grape. Then {p; | j <
4} is a dextral bouquet and {p; | j > 0} is a sinistral comb. Hence S}, (po, p1) < Brn(p2,p3) < Bu(p1,p2)

and Bp(p1,p2) < Br(p3,pa) < Br(p2,p3). Then By (p1,p2) < Br(p2,p3) < Bu(p1,p2), a contradiction.
In the final case, suppose that p'is a rose. We can assume that p'is a dextral rose. Then {p; | j < 4}

is a dextral comb and and {p; | j > 0} is a sinistral bouquet. Hence S5y (p2,p3) < Bn(po,p1) <

Br(p1,p2) and By(ps,pa) < Bu(p1,p2) < Bu(p2,p3). Then Bi(p1,p2) < Bu(p2,p3) < Bu(pi,p2), a
contradiction. O

This completes the proof of Theorem [4.3.6 O

Theorem 4.3.7. If k is an infinite initial ordinal and o < k™, then
(%2, <per) (5, W +wv Kk +24 K v (K2)* v k2)L

Proof. Suppose that there is an infinite initial ordinal x and an o < x* such that this partition
property holds. Suppose that h: a < k is bijective and let 5 be as in Definition If o =k, we
can choose Sy (x,y) = d(x,y) and obtain a simplified version of the following proof. We write & for
(@0, @1, T2, x3) With 20 <jep 1 <ieg T2 <iez 3.

£ 102, <pen)]t — 2

(1 if and only if Z is a dextral comb or a sinistral bouquet and
Bu(w1,v2) < B2, 73) < Br(To, 1),

or Z is a sinistral comb or a dextral bouquet and

T— Br(z1,22) < Br(wo, 1) < Bp(w2, 3),

or & is a candelabrum and

Br(z1,22) < min(By(x0, 1), Br(r2,3));

0 otherwise.

We will prove that there is no homogeneous set of the required type for f.
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To see that there are no sets which are homogeneous for f in colour 0 of order type w* + w, see
Lemma In order to see that there are no such sets of order type (k2)* or x2 use Lemma
Now consider a C' € [*2]*+2+%" We distinguish three cases. First assume that there is an s € <2
such that k < otyp({t € C | t O s7(0)}) and k* < otyp({t € C | t 1 s7(1)}). Then one proceeds
essentially as in the proof of Lemma and finds a candelabrum {qo,q1,¢2,q3}< € [C]* with
Br(x1,x2) < min(By(xo, x1), Br(z2, z3). Then, again, f(Q) = 1.

For the second case, assume that there is no such s. Let (¢, | ¥ < k+1) be an ascending enumeration
of the left half of C' and let (d, | ¥ < k 4+ 1) be a descending enumeration of its right half. Then,
using Lemma it is easy to choose {v,(} € [k]2 such that B £ {c,, cx,dy, d¢} is a bouquet and
f(B)=1.

Finally consider a p'= {po,...,pa}<,, € [*2]>. Assume towards a contradiction that f[[p]*] = {1}.
There are fourteen cases to check half of which are mirror images of the other half.

We assume in the first case that p'is a cactus. Then {p; | j < 4}, {p; | 7 > 0} are combs of the same
chirality as p’and by definition of f we have Sy (p1,p2) < Br(p2,p3) < Br(p1,p2), a contradiction.

In the second case, we assume that p'is a olivillo. Then {{p; | j < 4},{p; | 7 > 0}} consists of
a comb and a bouquet, both of the same chirality as p. Then 5,(p1,p2) < Br(p2,p3) < Br(p1,p2), a
contradiction.

In the third case, assume that p'is a grape. Then {{p; | j < 4},{p; | 7 > 0}} contains a bouquet
of the same chirality as p and a comb of the opposite one. This implies 5x(p1,p2) < Bn(p2,p3) <
Br(p1,p2), a contradiction.

In the fourth case, assume that p'is a rose. Then {{p; | j < 4},{p; | 7 > 0}} contains a comb of
the same chirality as p’and a bouquet of the opposite one. Hence 1, (p1,p2) < Br(p2, p3) < Br(p1,p2),
a contradiction.

In the fifth case, assume that p'is a lilac. Then {{p; | 7 < 4},{p; | j > 0}} consists of a comb of the
same chirality as p’ and a candelabrum. Suppose without loss of generality that p'is dextral. Then
Br(p1,p2) < min(Bp(po, 1), Br(p2,p3)) < Bu(p2,p3) < Br(p1,p2), a contradiction.

In the sixth case, assume that & is a guinea flower. Then {{p; | j > 0},{p; | j < 4}} consists of a
bouquet of the same chirality as p’and a candelabrum. Suppose without loss of generality that pis
dextral. Then B, (p1, p2) < min(B(po,p1), Bu(p2,p3)) < Bu(p2,p3) < Bu(p1,p2), a contradiction.

In the final case, assume that & is a mistletoe. This means that {{p; | j < 4},{p; | 7 > 0}} consists
of a bouquet of the same chirality as p and a candelabrum. Suppose without loss of generality that & is

dextral. Then S5 (p2,p3) < min(Bu(p1,p2), Br(ps, p1)) < Br(p1,p2) < Bu(p2,p3), a contradiction. [

4.4. Choice, after all. The following result shows that Theorem [2.2.2] fails in ZFC.
Theorem 4.4.1. Suppose that the Aziom of Choice holds and o« < wi. Then
(92, <jea) = (5, w* +wv2+w vw+2)4h

Proof. Suppose that o < w; and that g : 2 < ~ is an injective function into some ordinal ~.
Suppose that h : a < w is injective and that [, is defined according to Definition [3.1.1} For any

q= {QQ,q1,QQ,Q3}<lcz € [a2]4 let f((f) =1 if and only if
(a) qis a candelabrum, B4(q1,q2) < min(Br(qo, 1), Br(q2,g3)), 9(q1) < g9(qo) and g(g2) < g(gs) or
(b) ¢'is a sinistral bouquet, £ (q2,¢3) < Br(qo,q1) < Br(q1,q2) and g(qo0) < g(q1) < g(g2) or
(¢) ¢'is a dextral bouquet, B (qo,q2) < Br(g2,q3) < Br(q1,q2) and g(g3) < g(g2) < g(q1) or
(d) ¢'is a sinistral comb, B (q0,q1) < Br(g2,q3) < Br(q1,q2) and g(g3) < g(g2) or
(e) qis a dextral comb, B1(q2,93) < Br(q0,q1) < Br(q1,q2) and g(go) < g(q1).
Note that the definition of f is symmetric.

Claim. There is no set of order type w* + w that is homogeneous for f in colour 0.
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Proof. Suppose that Z € [*2]* . We have to find a § = {qo,q1, 92,3} <,, € [Z]* for which f(g) = 1.
To this end, let (20 | n < w) the order-reversing enumeration of the lower half of Z and let (2} | n < w)
be the order-preserving enumeration of its upper half. Suppose without loss of generality that for
both i < 2 the sequence (g(z%) | n < w) is ascending. Note that there has to be an k < w such that
for all m € w\ k and both i < 2 one has A(29,21) C A(2%,, 28, ;). Furthermore, observe that there

m’“m ms “m+1
is an m € w \ k such that for all n € w \ m and both i < 2 one has B,(q1,¢2) < Bn(qg2i, q2i+1). Let
‘Ti {ZQnJrl?Z?n?Z?lneranrl}‘ Then f(q) =1hy (a) 0

Claim. There is no set of order type 2 + w™* that is homogeneous for f in cloour 0.

Proof. Now let A € [*2]>**" and let (ay | ¥ < w + 2) be its order-reversing enumeration. We
distinguish two cases. First assume that the sequence 5 £ (A(an,aws+1) | n < w) is stabilising, say
at s € <“2 from k < w onwards. Because there is no infinite decreasing sequence of ordinals there is
an Ag € [A\ {a,+1}]*" such that g(c) < g(b) for any {b,c}~ € [Ag]>. Then there is an A; € [Ag]*”
such that A(b,c¢) 3 A(c,d)™(0) for any {b,c,d}~ € [A1]>. One can find an Ay € [A1]¥" such that
Br(b, ) > yu(s) for all {b, ¢}~ € [A2]%. Finally there is a {b, c,d}~ € [As]? such that B4 (c,d) < Bu(b,c).
Then for the sinistral bouquet §< {aw+1,b,¢c,d} we have f(q) =1 by @

Second assume that 5 does not stabilise. Then there is is an Ag € [A \ {ay+1}]*" such that
A(b,c) 3 A(e,d)~(0) for all {b,c,d}~ € [Ag]®. There is an A; € [Ag]*" such that g(c) < g(b) for
every {b,c}< € [A1]%. Since Bj(awr1,0as,) is finite there is an {b,c} € [A1)? such that By(b,c) >
B (aws1,as). Then for the sinistral comb §< {ag41, aw, b, c} we have f(7) = 1 by |(d) O

Since the definition of f is symmetric, the case of order type w + 2 is symmetric.
Claim. There is no quintuple that is homogeneous for f in colour 1.

Proof. Let = {po,p1,p2, 3, Pa}<,, € [*2]>. We distinguish seven cases.

First assume that p’ is a cactus. Applying to both {px | k < 4} and {px | k € 5\ 1} one gets
Br(p1,p2) < Br(p2,p3) < Br(p1,p2), a contradiction.

Second suppose that p'is a olivillo. We may assume that p'is sinistral. Applying@ to the sinistral
bouquet {py, | k < 4} and[(d)]to the sinistral comb {py, | k € 5\ {2}} one gets B,(p3, pa) < Br(p1,p3) =
Br(p1,p2) < Br(ps,pa), a contradiction.

Third assume that § is a rose. We may assume that p is dextral. Applying @ to the dextral
comb {py | k < 4} and to the dextral bouquet {py | & # 1} one gets By(p2,p3) < Br(po,p1) =
Br(po,p2) < Br(p2,ps3), a contradiction.

Fourth suppose p'is a grape. We may assume that ' is sinistral. Applying @ to the dextral comb
{pr | k < 4} and[(b)| to the sinistral bouquet {p | k # 1} yields By (p2,p3) < Br(po,p1) = Br(po, p2) <
Brn(p2,ps3), a contradiction.

Fifth assume that p is a mistletoe. We may assume that p’ is sinistral. Applying @ to the
candelabrum {pj | k < 4} and [(d)] to the sinistral comb {py | k # 2} yields B4 (po,p1) < Bu(p1,p3) =
Br(p1,p2) < Br(po,p1), a contradiction.

Sixth assume that 'is a lilac. We may assume that p'is sinistral. Applying@ to the sinistral comb
{pr | k < 4} and @ to the candelabrum {py | k # 2} yields Bx(po,p1) < Br(p2,p3) = Br(p1,p3) <
Br(po,p1), a contradiction.

Last assume that p’ is a guinea flower. We may assume that p’ is sinistral. Applying @ to the
sinistral bouquet {py, | k < 4} and [(a)] to the candelabrum {py | k # 2} yields g(po) < g(p1) < g(po),
a contradiction. O

This completes the proof. O

Note that since A and (“2, <j,) are mutually embeddable, Theorem is a strengthening of
[956ER, Theorem 28] which states that A (5, w + 2)*.
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F1Gure 11. Colouring for Theorem

In ZFC the statement of Theorem is also provable, but Theorems and are falsified
there by Theorem For Theorem this can also be shown using Theorem [1.2.3

4.5. Sextuples. In this section, we prove several negative partition relations with 6 on one side of
the relation. Most of these results are used in the classification in Section

Theorem 4.5.1. If k is an infinite initial ordinal and o < k™, then

(a) (2, <iez) 7~ (6, K*+KV2+K" VK2V ww*)4 and
(b) (42, i) A6, & + R v (52)" v A+ 2V wrw)h

Proof. The statements @ and @ are mirror images of each other which is why we are only going to

prove @

Suppose that k is as in the theorem and there is an ordinal « such that the first partition property
holds. Suppose that h: « <> & is bijective and let 3, be defined as in Definition If o = K, we
can choose h = id (thus 8, = 0) and obtain a simplified version of the following proof. We write &
for (zg, x1, 2, x3) With o <jer 1 <jez T2 <jey 3. Let

f (02, <peu)* — 2
1 if and only if Z is a dextral comb and By (z1,z2) < Br(z2, z3) < Br(zo, 1),
or X is a sinistral comb or a dextral bouquet
and B (z0, 71) < Br(w2,23) < Bp(z1,72),
or & is a candelabrum and

Br(z1,r2) < min(Bp(zo, 21), Bu(x2, 73));

0 otherwise.

\
We will prove that there is no homogeneous set of the required type for f.

To see that there is no set of order type x* 4+ x which is homogeneous for f in colour 0 consult
Lemma [4.2.6 To show the nonexistence of such sets of order type 2 4+ x* consider the first half of
Lemma, and for the proof that f does not admit homogeneous sets in colour 0 of order type k2
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use the second half of Lemma Finally, to see that there is no X € [*2]““" homogeneous for f
in colour 0 consider Lemma [£.2.8

We consider sets homogeneous for f in colour 1. Assume towards a contradiction that § € [*2]% is
homogeneous for f in colour 1. Since [5]* does not contain a sinistral bouquet, by Lemma there
is a quintuple {po...,ps}<,, € [5]° for which one of the following six cases applies.

First assume that p'is a cactus. Then {p; | j < 4} and {p; | j > 0} are combs of the same chirality
as p'so Br(p1,p2) < Br(p2,ps3) < Br(pi,p2), a contradiction.

Second assume that p'is a dextral olivillo. Then ¢ is a dextral comb and {p; | j # 1} is a dextral
bouquet from which we get By (p2,p3) < Br(po,p1) = Br(po,p2) < Br(p2,ps3), a contradiction.

Fourth assume that p'is a dextral grape. Then {p; | j < 4} is a dextral bouquet and ¢'is a sinistral
comb. It follows that 5, (p1,p2) < Br(p2,p3) < Br(p1,p2), a contradiction.

Fifth assume that & is a sinistral lilac. Then {p; | j # 2} is a candelabrum and {p; | j < 4} is
a sinistral comb. It follows that S4(p1,p3) < min(Bu(po,p1), Br(p3,pa)) < Br(po.p1) < Bulp2sps) =
Br(p1,p3), a contradiction.

Finally assume that & is a dextral lilac. This means that {p; | j < 4} is a candelabrum and
{p;j | 7 > 0} is a dextral comb. Then By (p1,p2) < min(Bx(po, p1), Bn(p2: p3)) < Br(p2,p3) < Bn(p1,p2),
a contradiction.

Once more the second part of the theorem follows immediately by consideration of symmetry. [
Theorem 4.5.2. If k is an infinite initial ordinal and o < k™, then
(92, <1eg) (6, w* +w v w +K*vKE+w)h

Proof. Suppose that x is as in the theorem and there is an ordinal @ < s+ such that the theorem
holds. Suppose that h: «a <> & is bijective and let 3, be defined as in Definition If o = K, we
can choose h = id (thus 85, = 0) and obtain a simplified version of the following proof. We write &
for (xg, x1, 2, v3) With o <je 1 <jeg T2 <jey 3. Let

£ 1002, <)t — 2

(1if and only if 7 is a dextral comb and Br(z1,x2) < Br(xe, x3) < Br(xo, 1),
or  is a sinistral comb and By (x1,x2) < Br(xo,x1) < PBp(x2,x3),
T — or & is a candelabrum and

Br(x1, x2) < max(Bh(xo,x1), Bn(we, x3));

0 otherwise.

We will prove that there is no homogeneous set of the required type for f.

To see that there are no homogeneous sets of order type w* + w in colour 0, consider Lemma |4.2.2
For sets of order type w* 4+ k* or k + w, apply Lemma

Finally consider a sextuple 8= {so,...,s5}<,. € [*2]% homogeneous in colour 1. Since [5]* C [*2]*
does not contain bouquets, by Exercise to consider the following cases:

First suppose that §'is an antler. Then {h; | j ¢ {4,474+ 1}} are combs for j < 2 and {so, 51, 54, 55}
is a candelabrum. Then B (haj, haj11) < Bp(se,s3) for j < 2 hence max(By(so,51), Bu(s4,s5)) <
Bn(s2,83) = Pr(s1,s4). But {sp, s1, 54, S5} is a candelabrum, a contradiction.

Now suppose that there is a cactus 7 € [5]°. Then {p; | j < 4},{p; | j > 0} are combs of the same
chirality as §so (p2,p3) < Br(p1,p2) < Br(p2,p3), a contradiction. O

Theorem 4.5.3. If k is an infinite initial ordinal and o < k™, then
(92, <peg) (6, wHw* v2+ K vk +2)%

Proof. Suppose that x is as in the theorem and there is an ordinal o < k™ such that the theorem
holds. Suppose that h: a <> & is bijective and let 5;, be defined as in Definition If a =k, we
can choose h = id (thus f;, = §) and obtain a simplified version of the following proof.
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FIGURE 12. Colouring of the splitting types for the proof of Theorem

We write Z for (zg, 21,2, x3) With 2o <jep 1 <jez T2 <iez 3. Let
fo(°2, <o)t — 2

1 if and only if Z is a dextral comb and By, (z2, z3) < Br(zo, 1) < Br(z1,22),
or T is a dextral bouquet and B (x2,x3) < Bp(x1, z2),
or Zis a sinistral bouquet and By, (zo, z1) < Bn(z1,22),
or & is a sinistral comb and
Br(wo, 1) < Br(wa, z3) < Brlw1,72));

0 otherwise.

To see that there are no sets of order type w + w* which are homogeneous for f in colour 0 consider
Lemma In order to show that there are no such sets of order type 2 + k* or k + 2, see Lemma
424

So consider a sextuple § € [*2]% and suppose towards a contradiction that it were homogeneous for
f in colour 1. Then clearly [5]* does not contain a candelabrum. Thus, by Lemma for some
quintuple {po, ...,ps}<,, € [5]° one of the following three cases holds.

First assume that p'is a cactus. Then {p; | j < 4} and {p; | j > 0} are both combs of the same
chirality as p'and hence Sy (p1,p2) < Br(p2,p3) < Bn(p1,p2), a contradiction.

Second assume that p'is a grape. Then {{p; | 7 < 4},{p; | 7 > 0}} consists of a bouquet of the
same chirality as p'and a comb of the opposite one. This implies 5y (p1, p2) < Br(p2,p3) < Br(p1,p2),
a contradiction.

Last assume that & is a rose. Then {p; | 7 < 4},{p; | 7 > 0} consists of a comb of the same
chirality as Z and a bouquet of the opposite one. This implies 55 (p1,p2) < Br(p2,p3) = Br(p1,p2), a
contradiction. O

4.6. Septuples. In this section, we prove several negative partition relations with 7 on one side of
the relation. Most of these results are used in the classification in Section .71

Theorem 4.6.1. If a is an ordinal, then (°2, <)~ (7, w* +w v w + w*)*.

Proof. Suppose that (xg,x1,2,23) is a tuple in [*2]* with 20 <jr 71 <iex T3 <iew T4. We define
g(xo, 1, x2,x3) = 1 if fo(xo, z1,29,23) = 1 or fi(xo,z1,22,23) = 1, where fp is the colouring in the
proof of Theorem and fi is the colouring in the proof of Theorem Otherwise we define
g(xo,x1,22,23) = 0. By Lemma there are no sets with order type w* 4+ w homogeneous for ¢ in
colour 0 and by Lemma there are no such sets of order type w + w*.

Suppose that H € [*2]" is homogeneous for g in colour 1. Suppose that H = {x; | i < 7} and
T <jeg vj for i < j < 7. Choose i < 5 such that oz, 4,,, is least in {5xj,xj+1 | 7 <5} We can assume
that n < 2. If 0405 < Opgq < Opgazy, then g({z; | 3 < j < 6}) = 0, contradicting the choice of H.
Otherwise, there is some j with 3 < j < 5and 0y, 2, < 6z,,1,0z,,,- Then g({xi, 7, 2511, 7j12}) = 0,
contradicting the choice of H. O

A variation of this theorem is the following.

Theorem 4.6.2. If k is an initial ordinal number and o < k™, then

(92, <pea) (T, K* + KV E+2Vv2+K*vn)t
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Proof. Suppose that there is an ordinal « such that the first partition property holds. Suppose that
h: a < k is bijective and let 5, be defined as in Definition If @« = &, we can choose h = id
(thus 8, = d) and obtain a simplified version of the following proof.

We write Z for (zg,x1, 2, x3) With 2o <jep 1 <jez T2 <iez 3. Let

Fil(°2, <ien)]* — 2
1 if and only if & is a dextral comb or a sinistral bouquet and
Br(z2,23) < Bu(wo, 1) < Br(w1,22),
or T is a sinistral comb or a dextral bouquet and
T— Br(wo, v1) < Bu(w2,73) < Bu(1, 72),
or & 1is a candelabrum and

Br(z1,r2) < min(Bp(zo, 21), Bu(x2, 73));

0 otherwise.

We will prove that there is no homogeneous set of the required type for f.

We can use Lemma [£.2.6] to show that there are no sets of order type x* 4 x which are homogeneous
for f in colour 0, Lemma to see that there are no such sets of order type 2 + k* or x + 2 and
Lemma to see that there are no such sets of order type 7.

Finally consider some S € [*2]7. Let (s; | i < 7) be the order-preserving enumeration of S. By
Lemma it contains a cactus, rose, olivillo, grape or mistletoe. We examine these cases in turn.
Let p € [3)°.

If p'is a cactus then {p; | i < 3},{p; | 1 <i < 4} are combs so S (p1,p2) < Br(p2,p3) < Br(p1,p2),
a contradiction.

If p'is a rose then {{p; | i < 3},{pi | 1 <i < 4}} consists of a comb of the same chirality as p’and
a bouquet of the opposite one. It follows that Gy (p1,p2) < Br(p2,p3) < Br(p1,p2), a contradiction.

If pis a olivillo then {{p; | i < 3},{p; | 1 < i < 4}} consists of a comb and a bouquet both of the
same chirality as p. It follows that Sy, (p1,p2) < Br(p2,p3) < Br(p1,p2), a contradiction.

If p'is a grape then {{p; | ¢ < 3},{p2 | 1 <1 < 4}} consists of a bouquet of the same chirality as p’
and a comb of the opposite one. It follows that S (p1,p2) < Br(p2,p3) < Br(p1,p2), a contradiction.

If 7' is a dextral mistletoe then {p; | 1 < ¢ < 4} is a candelabrum while {pg, p1, p3, p4} is a dextral

comb. It follows that 5y, (ps, pa) < Br(p1,p3) = Br(p2, p3) < Br(ps,ps), a contradiction.
If p is a sinistral mistletoe then {p; | i < 3} is a candelabrum while {pg, p1,ps,ps4} is a sinistral

comb. It follows that 81,(po,p1) < Br(p1,p3) = Br(p1,p2) < Br(po,p1), a contradiction.
Il

Theorem 4.6.3. If k is an initial ordinal and o < K, then

(a) <o¢2’ <leac>7L>(7, wt+twv2+rTVvEe+ w)4 and
(b) (%2, <peg) (7, w* +w v w* + K* v K+ 2)%.

Proof. Suppose that there is an ordinal « such that the first partition property holds. Suppose that
h: a < k is bijective and let (;, be defined as in Definition If @« = K, we can choose h = id
(thus B, = d) and obtain a simplified version of the following proof.
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We write & for (zg, x1, 2, 3) With 2o <jez 1 <jez T2 <iez 3. Let

fl{2, <lem>]4 — 2

(1 if and only if # is a dextral comb and Sy,(x1,x2) < Br(x2,x3) < Br(xo,x1),
or Zis a dextral bouquet or a sinistral comb
and By (zo, 21) < Ba(z2, 23) < Bu(z1, 22),
or Zis a candelabrum and

Br(z1, r2) < max(By(zo, 1), Bu(w2, 23));

0 otherwise.

We will prove that there is no homogeneous set of the required type for f.

It follows from Lemma that there are no sets of order type w* + w which are homogeneous
for f in colour 0, from Lemma that there are no such sets of order type 2+ x* and the second
half of Lemma [£.2.9] that there are no such sets of order type k + w.

Finally consider some 5 € [*2]7 and assume towards a contradiction that it were homogeneous for
f in colour 1. Note that 5 € [*2]* does not contain a sinistral bouquet. By Lemma one of the
following cases has to apply:

First suppose that there is an antler {5p,...,35}<,. € [5]®. Then {5o,...,53} is a sinistral comb,
{82,...,85} is a dextral comb and {5y, 51, 54, S5} is a candelabrum. Together this implies £ (51, 54) <
max(Sx (80, 51), Br(54, 55)) < Br(52,83) = Bn(81, 84), a contradiction.

Now consider some {po, ...,ps}<,, € [3]°.

Second suppose that p is a dextral olivillo. Then {po,p1,p2,p3} is a dextral comb while

{po,p2, p3, pa} is a dextral bouquet so By (po,p1) < Br(p2,p3) < Br(po,p1), a contradiction.
Third suppose that p" is a dextral grape. Then {po,p1,p2,p3} is a dextral bouquet while

{p1,p2,p3,pa} is a sinistral comb so By(p1,p2) < Br(p2,p3) < Bu(p1,p2), a contradiction.
Finally suppose that p'is a cactus. Then {pg, p1, p2, ps} and {p1, p2,ps,ps} are combs of the same

chirality as p'so S (p1,p2) < Br(p2,p3) < Br(p1,p2), a contradiction.
The second half of the theorem can be proved in an analogous way. (|

4.7. The classification. We will determine which partition relations of the forms
(“2, <jeg) — (K, L)"

(2, <jeg) —> <\/ K, \/ Ly>

v<A v<p

for linear orders K, L, K,, L, are consistent with ZF + DC. By Chapter [2] we have—under the
assumption that all sets of reals have the property of Baire—the following positive relations.

(Theorem [2.1.5) (42, <pea) — (w + 1)3,

(Theorem [2.2.2) (“2, <teg) — (5, 1+ w* +w+1vw+1+w*)
(Theorem [2.2.1) (“2, <peg) — (6, 1+ w* +w+1vm+w* vw+n)t

We have the following negative relations by Chapter [4| (cf. Summary |4.0.2)).
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Theorem [4.3.7)) 5, Wt wvr+2+ kv (K2)* v K2)1,

( (
(Theorem (
(Theorem (2, <iex
( (
( (

=
(5, 2+ K" v +2vn)?

(6, K*+ Kk v 2+ K VK2V ww),
ad
wad

6, K"+ kv (K2)" v E+2vww?

Theorem
Theorem

Theorem 4.7.1. Suppose that the principle of dependent choices DC holds true and all sets of reals
have the property of Baire. Suppose that K and L are suborders of (“2,<je;) and n > 4. Then the

7, Kt kVvE+F2V2HE vt

partition relation
(“2, <iez) — (K, M)"

holds true if and only if (K <n and M < (¥2,<jez)) or (M <n and K < (¥2,<jez)) or K, M <w—+1
or K, M <1+ w*. Otherwise the relation is inconsistent with ZF.

Proof. Suppose that K L w+1land L € 1+ w*. Thenw+2 < Korw* < K and 1 +w* < M or
w < M, using DC. Then the partition relation fails by Theorem FKLl+w and L L w41,
again the partition relation fails by Theorem [3.1.2

If K <w+1and L < w+ 1, then the relation holds by Theorem Similarly, if K <1+ w*
and L < 14 w*, then the relation holds by Theorem [2.1.5

In the other cases K < w+ 1 and K < 14 w*, so that K is finite, or in the remaining symmetric
case that M is finite, which we omit. Suppose that |[K| = n + 1. We can assume that none of the
previous cases applies, sow +2 < M, 2+ w* < M, or w*+w < M. If w* 4+ w < M, then the relation
fails by Theorem Ifw+2< M or 2+ w* < M, then the relation fails by Theorem 4.3.6 O

The following result shows that the previous theorems solve the case of quadruple-colourings in the
Cantor space completely, given that all sets of reals have the property of Baire. We will only consider
partition relations such that in no disjunction there are linear orders K, L with K < L, since in this
case L can be omitted without changing the truth value of the partition relation.

Theorem 4.7.2. Suppose that the principle of dependent choices DC holds true and all sets of reals
have the property of Baire. Suppose that K, and L, are suborders of (“2,<iez) for all p < k and
v < A. Then the partition relation

<WQ7<lex> — (\/ Kﬂ, \/ My>

p<K <A
holds true if and only if one of the following cases applies.
(a) K¢, M, <w+1 for some § <k, p <A,
(b) K¢, M, <1+ w* for some & < K, p <.
(c) k=1, Ko <6, A\ =3, and for some i,j,k < 3 and some m,n

M;<14+w'+w+1, Mj<w+m, M <n+uw"
(d) A=1, My <6, k=3, and for some i,j,k < 3 and some m,n
Ki<l+w'+w+1, Kj<w+m, K <n+w
(e) k=1, Ko <5, A =2, and for some i,j < 2
M <l+w'+w+1, Mj<w+1+4w".
(f) A\=1, My <5, k=2, and for some i,j < 2
K <l+w' +w+1, Kj<w+ 14w
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Moreover, if none of these cases applies, then the relation is inconsistent with ZF.

Proof. Suppose that K, £ w+ 1 and M, £ 1+ w* for all 4 < x and v < A. Then w+2 < K, or
w* < K, for all p < k, and 2+ w* < M, or w < M, for all v < A, using DC. Then the partition
relation fails by Theorem [3.1.2

K, £1+w" and M, £ w+1 for all 4 < k and v < A, again the partition relation fails by
Theorem [3.1.2]

If K, <w+1 for some u < x and M, < w+ 1 for some v < A, then the relation holds by Theorem
Similarly, if K, < 1+ w* for some p < x and M, < 1+ w* for some v < A, then the relation
holds by Theorem [2.1.5] These are the first two cases in the classification.

It follows that K, < w+ 1 and K, <1+ w* for some u,v < &, or the symmetric case for M,,, M,
and u, v < A\, which we omit. We can assume that none of the previous cases applies.

We first suppose that u # v, or that 4 = v and K, > 7. Let us consider the linear orders on
the right side of the relation. Since none of the previous cases applies, the linear orders are neither
embeddable into 1 + w* nor into w 4+ 1. Hence for each v < A\, w+2 < M,, 2 +w* < M,, or
w* +w < M,. Then the relation fails by Theorem [4.6.2

Second, we suppose that £ = 1 and Ky = 6. Again, we consider the linear orders on the right. If
every linear order contains w + 2 or 2 + w*, then the relation fails by Theorem If every linear
order contains w* + w, 2 + w* or w2 then the relation fails by Theorem If every linear order
contains w* 4+ w, w + 2 or (w2)* then the relation fails by Theorem Any linear order which
neither contains 2 + w* nor w + 2, is contained in 1 + w* +w + 1, any linear order which neither
contains w* + w nor w+ 2 nor (w2)* is contained in n 4+ w* for some natural number n and any linear
order which neither contains w* 4+ w nor 2 + w* nor w2 is contained in w + n for some natural number
n. Hence the linear orders on the right side of the relation are contained in 1 + w* +w + 1, w + n,
and n + w* for some natural number n. Then the partition relation holds by Theorem This is
the third case in the classification. The fourth case is symmetric and occurs when we exchange the
left and right sides of the relation.

Finally, we consider the case kK = 0 and Ky = 5. Again, if every linear order contains w + 2 or
2 + w*, then the relation fails by Theorem [4.3.6] If every linear order contains w* + w, w + 2 4+ w*,
w2, or (w2)*, then the relation fails by Theorem

Otherwise, there are p,v < A such that M, contains neither w* 4+ w, w + 2 + w*, w2, nor (w2)*,
and M, contains neither 2 + w* nor w + 2. Then M, is embeddable into w + 1 + w* and M, is
contained in 14+w* + w+1. If u # v, the relation holds by Theorem [2.2.2] This is the fifth case in the
classification. The sixth case occurs symmetrically when the left and right sides in the relation are
exchanged. If y = v, then M), embeds into w + 1 or 1 + w*, so the relation holds by Theorem [2.1.3]
This is one of the first two cases of the classification. O

4.8. Octuples. In the remaining sections, we prove three negative partition relations for octuples
and nonuples. These relations follow from Theorem for kK = w, but are new for k > w.

Theorem 4.8.1. if k is an initial ordinal and o < K+, then

(92, <pee) (8, w* +wvw+w* v (k2)* v K2)L

Proof. Suppose that there is an ordinal « such that the first partition property holds. Suppose that
h: a < k is bijective and let (§;, be defined as in Definition If @« = K, we can choose h = id
(thus B, = d) and obtain a simplified version of the following proof.
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We write & for (zg, x1, 2, 3) With 2o <jez 1 <jez T2 <iez 3. Let
I (92, <o)t — 2

1 if and only if  is a sinistral comb and Sy (x1, 22) < Br(z0,x1) < Br(T2, x3),
or Zis a dextral comb and S (z1,x2) < Br(x2, x3) < Br(xo, 1),
or Z is a sinistral bouquet and Sy (zo, 1) < Bp(z1,x2),

z— or Zis a dextral bouquet and S8y (x2,x3) < Bi(z1,z2),

or T is a candelabrum and

Br(z1,22) < min(Bp(zo, 21), Bu(w2, 23));

0 otherwise.

We will prove that there is no homogeneous set of the required type for f. One can use Lemma
to show that there are no sets of order type w* + w which are homogeneous for f in colour 0,
Lemma to see that there are no such sets of order type (k2)* or k2 and Lemma to see
that there are no such sets of order type w + w*.

Finally consider some & € [*2]® and assume towards a contradiction that it were homogeneous for
f in colour 1. Then by Lemma m there is a quintuple 7 = {po, ...,ps}<,, € [0]° for which one of
the following three cases obtains:

First assume that p is a cactus. Then {p; | j < 4},{p; | j > 0} are combs so Bj(p1,p2) <

Br(p2,p3) < Br(p1,p2), a contradiction.
Second assume that p is a grape. Suppose without loss of generality that p'is sinistral. Then

{p; | j # 1} is a sinistral bouquet and {p; | j < 4} is a dextral comb. We get 8}, (p2,p3) < Brn(po,p1) =

Br(po,p2) < Br(p2,ps3), a contradiction.
Last assume that p'is a lilac. Suppose without loss of generality that & is dextral. Then {p; | j < 4}

is a candelabrum and {p; | j > 0} is a dextral comb so B, (p1,p2) < min(B(po,p1), Bu(p2,p3)) <
Br(p2,p3) < Br(p1,p2), a contradiction. 0

Theorem 4.8.2. If k is an infinite initial ordinal and o < k™, then
("2, <iez) (8, K"+wvw +KkVv2+K" VvE+2vww*v w*w)4.

Proof. Let a be any ordinal. Suppose that h: a <> k is bijective and let 5;, be defined as in Definition
If « = Kk, we can choose h = id (thus 8, = §) and obtain a simplified version of the following
proof.

£ 102 <iea)]* — 2
1 if and only if ¥ 1is a dextral comb or a sinistral bouquet and
Br(z2,23) < Bu(wo, 1) < Bp(w1,72),
or £ is a sinistral comb or a dextral bouquet and
T— Br(wo, v1) < Bu(w2,v3) < Bu(r1, 72),
or £ 1is a candelabrum and

Br(x1, x2) < max(By(zo, 1), Br(w2, 23));

\ 0 otherwise.

We will prove that there is no homogeneous set of the required type for f.
In order to see that there is no homogeneous set of the required type in colour 1, consider the

Lemmata [£.2.5] [£.2.4] and [£.2.7]
Now consider an octuple O € [*2]® with order-preserving enumeration (o; | i < 8). By Lemma

the octuple O has to contain one of the following types.
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First suppose that {sq,...,s5}<,, € [0]° is an antler. Then {s; | i < 4} is a sinistral comb and
{si | i € 6\ 2} is a dextral comb. This implies G}(so,s1) < Br(s2,s3) and Bp(s4,85) < Br(s2,s3)
so max(Sr(so, 51), Bn(s4,85)) < Br(s2,s3). But {s; | i € 6\ {1,4}} is a candelabrum which is a
contradiction.

Second suppose that there is a cactus p. Then {p; | ¢ < 4},{p; | i > 0} are combs so S (p2,p3) <
Br(p1,p2) < Br(p2,ps3), a contradiction.

Third assume that there is a olivillo p. Then {{p; | ¢ < 4},{p; | ¢ > 0}} consists of a comb and a
bouquet of the same chirality as 7' so S,(p2, p3) < Br(p1,p2) < Br(p2, ps3), a contradiction.

Fourth suppose that there is a grape . Then {{p; | i < 4}, {p; | i > 0}} consists of a bouquet of the
same chirality as & and a comb of the opposite one. It follows that £, (p1,p2) < Bu(p2, p3) < Br(p1,p2),
a contradiction.

Finally assume that there is a rose p. Then {{p; | i < 4},{p; | © > 0}} consists of a comb of
the same chirality as p’and a bouquet of the opposite one, so B (p2,p3) < Br(p1,p2) < Bn(p2,ps), a
contradiction. OJ

4.9. Nonuples. In the final section of this chapter, we prove a negative partition relation for nonuples.
This relation follows from Theorem for kK = w, but is new for kK > w.

Theorem 4.9.1. If k is an infinite initial ordinal and oo < k™, then
(72, <jeg) 79, W' +rwvw+w ' vE+2v2+ /@*)4.

Proof. Suppose that x is as in the theorem and there is an ordinal o < k™ such that the Theorem
holds. Suppose that h: «a <> & is bijective and let 35 be defined as in Definition If a = K, we
can choose h = id (thus £, = §) and obtain a simplified version of the following proof.

We write Z for (zg,x1, 2, x3) With 2o <jep 1 <jez T2 <iez 3. Let

1 if and only if & is a candelabrum,

(@) or Z is a dextral comb or a sinistral bouquet and 5y (x2, z3) < Bn(zo,21) < Br(r1,22),
xTr) =

or Z is a sinistral comb or a dextral bouquet and Sy (xo, z1) < Bi(z2,x3) < Bp(z1, x2);

0 otherwise.

We will prove that there is no homogeneous set of the required type for f. By Lemmata and
there are no homogeneous sets of the order types w* + w, 2 + k*, and k + 2 in colour 0.

In the first case, suppose that there is some Y € [*2]“*“" that is homogeneous for f in colour 0.
We distinguish three cases.

First suppose that there is some s € <*2 such that there are yo; <je; y2i+1 extending s (i) for i < 2.
Then {yo,y1,Yy2,y3} is a candelabrum.

Now suppose that there is no such s. This implies that all splitting nodes lie on a single branch.
Let (42 | n < w) be the ascending enumeration of the lower half of Y and (y.} | n < w) the descending
one of the upper half. Let ~; g SUp,, <, 5(yfl,y;+1) and ¢; £ lim sup,, <., Bu (v, ny_l) for i < 2.

Second suppose that 79 < 11 < (1 < (o Let ¢ < 2 be such that v; < v1—;. Now choose m < w such
that 5(y71n_",y%;_il) > §(yh,yt) and 6h(y}n_i,y}njl) € Ci—i \ Bn(yd, yt). We choose an n € w \ m such
that £ (yL~, y}lfl) > Byl y}n:fl) Then {yg, vyt yi=t, %11121} is a dextral comb (i = 0) or sinistral
bouquet (i = 1), providing what was demanded.

Third suppose that v9 < 71 ¥ (G < {o. Let £ < w be such that 5(y11_i,y,ijril) > ;. Then choose
m < w such that B4 (Y, Yiy1) € G \ Bru(Yhs Ypyr) and finally n € w \ m such that By (v, y11) >
Br(Yrs Yins1). Then {yin,y}l,y,i*’,yiﬁ} is a sinistral comb (i = 0) or dextral bouquet (i = 1),
providing what was demanded.

In the second case, suppose that there is a nonuple N € [*2]° that is homogeneous for f in colour 1.
We consider the following four cases. By Lemma [£.1.8] these four pairs of cases exhaust all possibilities

and hence this completes the proof.
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First suppose that there is some cactus = {po,...,pa}<,, € [N]°. Now {p; | j <4}, {p; | 7 > 0}
are combs so Bn(p1,q2) < Br(q2,q3) < PBr(q1,q2), a contradiction.

Second suppose that there is an olivillo p. Then {{p; | 7 < 4},{p; | j > 0}} contains a comb
and a bouquet, both of the same chirality as p. It follows that S (p1,p2) < Br(p2,p3) < Br(p1,p2), a
contradiction.

Third suppose that there is a rose p. Then {{p; | j < 4},{p; | 7 > 0}} contains a comb of the same
chirality as Z and a bouquet of the opposite one. It follows that 8;,(p1,p2) < Br(p2,p3) < Brlq1, ),
a contradiction.

Finally suppose that there is a grape p. Then {{p; | 7 < 4},{p; | j > 0}} contains a bouquet of
the same cardinality as Z and a comb of the opposite one. It follows that 85 (p1,p2) < Br(p2,p3) <
Br(p1,p2), a contradiction. O

5. (QUESTIONS

We conclude this paper with the main open questions. The strong partition property for w; implies
(12, <jez) —> ((*12, <jer))3- This motivates the following question.

Question 5.0.1. Does the axiom of determinacy imply (“12, <jez) — ((“12, <jes))3?

The following question asks about an uncountable analogue of Blass’ theorem. This seems necessary
to generalise the positive partition results from (2, <j;) to ("2, <je;).

Question 5.0.2. Is it consistent that k = k<" > w and ("2, <jez) —>1 (("2, <iex))* for all m,n?
We ask whether the classifications in Theorems [3.2.1] and [£.7.2] generalise to exponent 5.
Question 5.0.3. Which partition relations of the form

5
<%Km%ﬁ<VK@VL»

<A v<p
hold if all subsets of (“2, <iez) have the property of Baire?

It seems harder to generalise the classification to uncountable k.
Question 5.0.4. Which partition relations of the form

(72, <jez) — (\/.K;,\/ LV>

<A v<p

forn = 3 are (jointly) consistent with ZF (+ DC, ), and which of the relations for k = wy are provable
in the theories ZF +AD +[V = L(R)] and ZF +DC+ ADg ?

Theorems [1.4.2] 2.1.2] 2.1.3] and 2.2.2] suggest that models of determinacy are good candidates
for obtaining positive partition relations. In particular L(R) is a canonical model of ZF + DC+ AD,

provided that there are infinitely many Woodin cardinals and a measurable cardinal above them all,
cf. [088MS).

The partition relations in Question [5.0.4] for which all K, for v < A are well-ordered hold for
large ordinals on the left side of the relation by the Erdés-Rado Theorem. On the other hand it
is unclear whether the existence of linear orderings K such that K — (5, 2 4+ w* +w v w + w*)4,
K— (5, w*+wvw+2+w)tor K — (6, w* +w v w+w*)* is consistent with ZF. The relations
fail in ZFC by Theorem [I.2.3] Moreover, if one of the relations holds for a linear order K of the form
K = (72, <je), then v > w; by Summary

Finally, we ask about partition relations in the context of strong failures of the Axiom of Choice. The
assumption in the following question is consistent from a proper class of strongly compact cardinals

by [980Gi].
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Question 5.0.5. Which partition relations for linear orders hold if all uncountable cardinals are
singular?

6. CLOSING REMARKS

The results in Sections [3| and [4| were proved by the last author together with the second author and
extend results from [014We2]. We would like to thank Paul Larson for letting us include his Theorem
1.5.2 'We would also like to thank Jean Larson for letting us include her Lemma on faithful
embeddings of skew subtrees and for many useful comments on a previous version. Finally we would
like to thank the referee for detailed reading and suggestions of improvements.

LisT OF FIGURES

|1 Bouquets, Candelabra and Combs| 11
[2 Seven Pentapetalae, cf. [009B%, [010M%]| 12
|3 The tfunctions A, 0,4, h, v, and 5y, | 16
4 A candelabrum within a copy of the integers| 20
5 A dextral comb and a sinistral bouquet within sets of order type x + 2| 21
|6 A sinistral comb and a candelabrum in a set of order type w*w| 23
[7 A sinistral comb and a candelabrum in sets of order type (x2)*| 24
8 How Lemmata and Theorems relatel 25
|9 Colouring of the splitting types for the proot of Theorem |4.3.2}| 26
[10 Colouring of the splitting types for the proot of Theorem [4.3.4}] 26
(L1 Colouring for Theorem [4.5.1(b)| 30
|12 Colouring of the splitting types for the proot of Theorem |4.6.1} 32
REFERENCES

[016Sc] Philipp Schlicht. Perfect subsets of generalized Baire spaces and long games. Submitted, 22
pages, 2016, http://www.math.uni-bonn.de/people/schlicht/Perfect’,20subsets’200f,20generalizedy,
20Baire/20spaces’,20and/201long}20games . pdf.

[015St]  Richard Peter Stanley. Catalan Numbers. Cambridge Univ. Press, Cambridge, 2015.

[014L) Philipp Moritz Liicke, Luca Motto Ros and Philipp Schlicht. The Hurewicz dichotomy for generalized Baire
spaces. Preprint, 2014.

[014We] Thilo Volker Weinert. Idiosynchromatic poetry. Combinatorica, 34(6):707-742, 2014, doi:10.1007/s00493-011-
2980-1, http://math.huji.ac.il/~weinert/Poetry.pdf.

[014We2] Thilo Volker Weinert. A Potpourri of Partition Properties. PhD thesis, 2014, http://hss.ulb.uni-bonn.de/
2014/3702/3702.pdf.

[012Li]  Philipp Moritz Liicke. ¥{-definability at uncountable regular cardinals. J. Symbolic Logic, 77(3):1011-10486,
2012, doii10.2178/js1/1344862172, http://dx.doi.org/10.2178/js1/1344862172.

[011CK]  Andrés Eduardo Caicedo and Richard O’Neal Ketchersid. A trichotomy theorem in natural models of AD™. In
Set theory and its applications, volume 533 of Contemp. Math., pages 227-258. Amer. Math. Soc., Providence,
RI, 2011, doij10.1090/conm/533/10510, http://dx.doi.org/10.1090/conm/533/10510.

[010Cu] James William Radford Cummings. Iterated forcing and elementary embeddings. In Handbook of set theory.
Vols. 1, 2, 3, pages T75-883. Springer, Dordrecht, 2010, doii10.1007/978-1-4020-5764-9_13| http://dx.doi.
org/10.1007/978-1-4020-5764-9_13.

[010HL] Andras Hajnal and Jean Ann Larson. Handbook of set theory. Vol. 1, chapter Partition relations, pages Vol.
1: xiv4736 pp. Springer, Dordrecht, 2010, http://www.math.rutgers.edu/%7Eahajnal/newhaj-lar.pdf.

[OlOM&] Michael J Moore, Pamela S Soltis, Charles D Bell, J Gordon Burleigh and Douglas E Soltis. Phylogenetic
analysis of 83 plastid genes further resolves the early diversification of eudicots. Proceedings of the National
Academy of Sciences, 107(10):4623-4628, 2010.


http://www.math.uni-bonn.de/people/schlicht/Perfect%20subsets%20of%20generalized%20Baire%20spaces%20and%20long%20games.pdf
http://www.math.uni-bonn.de/people/schlicht/Perfect%20subsets%20of%20generalized%20Baire%20spaces%20and%20long%20games.pdf
http://dx.doi.org/10.1007/s00493-011-2980-1
http://dx.doi.org/10.1007/s00493-011-2980-1
http://math.huji.ac.il/~weinert/Poetry.pdf
http://hss.ulb.uni-bonn.de/2014/3702/3702.pdf
http://hss.ulb.uni-bonn.de/2014/3702/3702.pdf
http://dx.doi.org/10.2178/jsl/1344862172
http://dx.doi.org/10.2178/jsl/1344862172
http://dx.doi.org/10.1090/conm/533/10510
http://dx.doi.org/10.1090/conm/533/10510
http://dx.doi.org/10.1007/978-1-4020-5764-9_13
http://dx.doi.org/10.1007/978-1-4020-5764-9_13
http://dx.doi.org/10.1007/978-1-4020-5764-9_13
http://www.math.rutgers.edu/%7Eahajnal/newhaj-lar.pdf

[010S¢]

[010st]

[009B¥]

[008J0]

[008KW]

[007D]

[005A0]

[004JM]

[003DT]

[003Ka]
[001NZ]

[000HW]

[999Ko]

[9995t]

[998LW]
[996CG]

[993B]

[0918P)
[990Ja]
[oas]
[o86HP)
[o8ash)

[983KW]

CHOICELESS RAMSEY THEORY OF LINEAR ORDERS 41

Rene Schipperus. Countable partition ordinals. Ann. Pure Appl. Logic, 161(10):1195-1215, 2010,
doi;10.1016/j.apal.2009.12.007, http://dx.doi.org/10.1016/j.apal.2009.12.007.

John Robert Steel. An outline of inner model theory. In Handbook of set theory. Vols. 1, 2, 3, pages
1595-1684. Springer, Dordrecht, 2010, doi:10.1007/978-1-4020-5764-9_20, http://dx.doi.org/10.1007/
978-1-4020-5764-9_20.

Birgitta Bremer, Kare Bremer, Mark Chase, Mike Fay, James Reveal, Douglas E Soltis, Pamela S Soltis and
Peter Stevens. An update of the angiosperm phylogeny group classification for the orders and families of
flowering plants: Apg iii. Botanical Journal of the Linnean Society, 2009.

Albin Lester Jones. Partitioning triples and partially ordered sets. Proc. Amer. Math. Soc., 136(5):1823-1830,
2008, doi:lO.1090/50002—9939—07—09170—8, http://dx.doi.org/10.1090/50002-9939-07-09170-8.

Alexander Sotirios Kechris and William Hugh Woodin. The equivalence of partition properties and de-
terminacy. In Games, scales, and Suslin cardinals. The Cabal Seminar. Vol. I, volume 31 of Lect. Notes
Log., pages 355-378. Assoc. Symbol. Logic, Chicago, IL, 2008, doi:10.1017/CB0O9780511546488.018, http:
//dx.doi.org/10.1017/CB09780511546488.018.

Christian Delhommé, Claude Laflamme, Maurice Andre Pouzet and Norbert W. Sauer. Divisibility of countable
metric spaces. European J. Combin., 28(6):1746-1769, 2007, doi:10.1016/j.ejc.2006.06.024, http://dx.doi.
org/10.1016/7.ejc.2006.06.024.

Simon Altmann and Eduardo L. Ortiz, editors. Mathematics and social utopias in France, volume 28 of History
of Mathematics. American Mathematical Society, Providence, RI; London Mathematical Society, London,
2005. Olinde Rodrigues and his times.

Stephen Craig Jackson and Russell May. The strong partition relation on w; revisited. MLQ Math. Log. Q.,
50(1):33-40, 2004, doii10.1002/malq.200310073, http://dx.doi.org/10.1002/malqg.200310073.

Carlos Augusto Di Prisco De Venanzi and Stevo Todorcevic. Souslin partitions of products of finite
sets. Adv. Math., 176(1):145-173, 2003, doi:10.1016/S0001-8708(02)00064-6, http://dx.doi.org/10.1016/
S0001-8708(02) 00064-6.

Akihiro Kanamori. The higher infinite. Springer Monographs in Mathematics. Springer-Verlag, Berlin, second
edition, 2003. Large cardinals in set theory from their beginnings.

Itay Neeman and Jindfich Zapletal. Proper forcing and L(R). J. Symbolic Logic, 66(2):801-810, 2001,
doii10.2307/2695045, http://dx.doi.org/10.2307/2695045,

Joel David Hamkins and William Hugh Woodin. Small forcing creates neither strong nor Woodin cardinals.
Proc. Amer. Math. Soc., 128(10):3025-3029, 2000, doi:10.1090/S0002-9939-00-05347-8, http://dx.doi.org/
10.1090/S0002-9939-00-05347-8!.

Péter Komjath. Some remarks on the partition calculus of ordinals. J. Symbolic Logic, 64(2):436-442, 1999,
doii10.2307/2586476, http://dx.doi.org/10.2307/2586476.

Richard Peter Stanley. Enumerative combinatorics. Vol. 2, volume 62 of Cambridge Studies in Advanced
Mathematics. Cambridge University Press, Cambridge, 1999, doi:10.1017/CB0O9780511609589, http://dx.
doi.org/10.1017/CB09780511609589. With a foreword by Gian-Carlo Rota and appendix 1 by Sergey Fomin.
Peter J. Larcombe and Paul D. C. Wilson. On the trail of the Catalan sequence. Math. Today (Southend-on-
Sea), 34(4):114-117, 1998.

John Horton Conway and Richard Kenneth Guy. The book of numbers. Copernicus, New York, 1996,
doi:10.1007/978—1—4612—4072—3, http://dx.doi.org/10.1007/978-1-4612-4072-3.

James Earl Baumgartner, Andrds Hajnal and Stevo Todorcevié¢. Extensions of the Erdés-Rado theorem. In
Finite and infinite combinatorics in sets and logic (Banff, AB, 1991), volume 411 of NATO Adv. Sci. Inst.
Ser. C Math. Phys. Sci., pages 1-17. Kluwer Acad. Publ., Dordrecht, 1993.

Peter John Hilton and Jean Pedersen. Catalan numbers, their generalization, and their uses. Math. Intelli-
gencer, 13(2):64-75, 1991, doi:10.1007/BF03024089), http://dx.doi.org/10.1007/BF03024089.

Stephen Craig Jackson. A new proof of the strong partition relation on wi. Trans. Amer. Math. Soc.,
320(2):737-745, 1990, doi:10.2307/2001700, http://dx.doi.org/10.2307/2001700.

Donald Anthony Martin and John Robert Steel. Projective determinacy. Proc. Nat. Acad. Sci. U.S.A.,
85(18):6582—6586, 1988, doi:10.1073/pnas.85.18.6582, http://dx.doi.org/10.1073/pnas.85.18.6582.

Eric Charles Milner and Karel Libor Prikry. A partition theorem for triples. Proc. Amer. Math. Soc., 97(3):488—
494, 1986, doi:10.2307/2046243, http://dx.doi.org/10.2307/2046243.

Saharon Shelah. Can you take Solovay’s inaccessible away? Israel J. Math., 48(1):1-47, 1984,
doi:10.1007/BF02760522, http://dx.doi.org/10.1007/BF02760522.

Alexander Sotirios Kechris and William Hugh Woodin. Equivalence of partition properties and determinacy.
Proc. Nat. Acad. Sci. U.S.A., 80(6 i.):1783-1786, 1983.


http://dx.doi.org/10.1016/j.apal.2009.12.007
http://dx.doi.org/10.1016/j.apal.2009.12.007
http://dx.doi.org/10.1007/978-1-4020-5764-9_20
http://dx.doi.org/10.1007/978-1-4020-5764-9_20
http://dx.doi.org/10.1007/978-1-4020-5764-9_20
http://dx.doi.org/10.1090/S0002-9939-07-09170-8
http://dx.doi.org/10.1090/S0002-9939-07-09170-8
http://dx.doi.org/10.1017/CBO9780511546488.018
http://dx.doi.org/10.1017/CBO9780511546488.018
http://dx.doi.org/10.1017/CBO9780511546488.018
http://dx.doi.org/10.1016/j.ejc.2006.06.024
http://dx.doi.org/10.1016/j.ejc.2006.06.024
http://dx.doi.org/10.1016/j.ejc.2006.06.024
http://dx.doi.org/10.1002/malq.200310073
http://dx.doi.org/10.1002/malq.200310073
http://dx.doi.org/10.1016/S0001-8708(02)00064-6
http://dx.doi.org/10.1016/S0001-8708(02)00064-6
http://dx.doi.org/10.1016/S0001-8708(02)00064-6
http://dx.doi.org/10.2307/2695045
http://dx.doi.org/10.2307/2695045
http://dx.doi.org/10.1090/S0002-9939-00-05347-8
http://dx.doi.org/10.1090/S0002-9939-00-05347-8
http://dx.doi.org/10.1090/S0002-9939-00-05347-8
http://dx.doi.org/10.2307/2586476
http://dx.doi.org/10.2307/2586476
http://dx.doi.org/10.1017/CBO9780511609589
http://dx.doi.org/10.1017/CBO9780511609589
http://dx.doi.org/10.1017/CBO9780511609589
http://dx.doi.org/10.1007/978-1-4612-4072-3
http://dx.doi.org/10.1007/978-1-4612-4072-3
http://dx.doi.org/10.1007/BF03024089
http://dx.doi.org/10.1007/BF03024089
http://dx.doi.org/10.2307/2001700
http://dx.doi.org/10.2307/2001700
http://dx.doi.org/10.1073/pnas.85.18.6582
http://dx.doi.org/10.1073/pnas.85.18.6582
http://dx.doi.org/10.2307/2046243
http://dx.doi.org/10.2307/2046243
http://dx.doi.org/10.1007/BF02760522
http://dx.doi.org/10.1007/BF02760522

42
[981B1]

[981K]

[980Gi]
[979No]

[977Ma]
[976Pr]

[974La]
[972EM]
[971E]

[970Ga]
[970K1]

[970Mo]

[969Ba]
[967My]
[966HL]
[965Kr]
[963EH]
[962Ha]
[956ER]
[949Ha]
[93351]
[914Ha]

[908Be]

[906He]

PHILIPP LUCKE, PHILIPP SCHLICHT, AND THILO WEINERT

Andreas Raphael Blass. A partition theorem for perfect sets. Proc. Amer. Math. Soc., 82(2):271-277, 1981,
doi;10.2307/2043323.

Alexander Sotirios Kechris, Eugene Meyer Kleinberg, Yiannis Nicholas Moschovakis and William Hugh
Woodin. The axiom of determinacy, strong partition properties and nonsingular measures. In Cabal Semi-
nar 77-79 (Proc. Caltech-UCLA Logic Sem., 1977-79), volume 839 of Lecture Notes in Math., pages 75-99.
Springer, Berlin, 1981, doii10.1007/BFb0090236.

Moti Gitik. All uncountable cardinals can be singular. Israel J. Math., 35(1-2):61-88, 1980,
doii10.1007/BF02760939, http://dx.doi.org/10.1007/BF02760939)

Eva Nosal. Partition relations for denumerable ordinals. J. Combin. Theory Ser. B, 27(2):190-197, 1979,
doi:10.1016/0095-8956(79)90080-7, http://dx.doi.org/10.1016/0095-8956 (79) 90080-7.

Adrian Richard David Mathias. Happy families. Ann. Math. Logic, 12(1):59-111, 1977.

Karel Libor Prikry. Determinateness and partitions. Proc. Amer. Math. Soc., 54:303-306, 1976, http://wuw.
jstor.org/stable/2040805.

Jean Ann Larson. A short proof of a partition theorem for the ordinal w®. Ann. Math. Logic, 6:129-145,
1973-1974.

Paul Erdds and Eric Charles Milner. A theorem in the partition calculus. Canad. Math. Bull., 15:501-505,
1972, http://www.renyi.hu/~p_erdos/1972-03.pdf.

Paul Erdés, Eric Charles Milner and Richard Rado. Partition relations for na-sets. J. London Math. Soc. (2),
3:193-204, 1971, http://www.renyi.hu/~p_erdos/1971-16.pdfl

Fred Galvin. A letter addressed to Paul Erdés dated Monday, 12th October. 1970.

Eugene Meyer Kleinberg. Strong partition properties for infinite cardinals. J. Symbolic Logic, 35:410-428,
1970.

Yiannis Nicholas Moschovakis. Determinacy and prewellorderings of the continuum. In Mathematical Logic
and Foundations of Set Theory (Proc. Internat. Collog., Jerusalem, 1968), pages 24-62. North-Holland, Am-
sterdam, 1970.

Margaret E. Baron. A note on the historical development of logic diagrams. Math. Gaz., 53(384):113-125,
May 1969.

Jan Mycielski. Algebraic independence and measure. Fund. Math., 61:165-169, 1967.

James Daniel Halpern and Hans Lauchli. A partition theorem. Trans. Amer. Math. Soc., 124:360-367, 1966.
Arthur H. Kruse. A note on the partition calculus of P. Erdds and R. Rado. J. London Math. Soc., 40:137-148,
1965, http://jlms.oxfordjournals.org/content/s1-40/1/137.full.pdf.

Paul Erdés and Andras Hajnal. On a classification of denumerable order types and an application to the
partition calculus. Fund. Math., 51:117-129, 1962/1963, http://www.renyi.hu/~p_erdos/1962-06.pdfl
Felix Hausdorff. Set theory. Second edition. Translated from the German by John R. Aumann et al. Chelsea
Publishing Co., New York, 1962.

Paul Erdés and Richard Rado. A partition calculus in set theory. Bull. Amer. Math. Soc., 62:427-489, 1956,
http://www.ams.org/journals/bull/1956-62-05/50002-9904-1956-10036-0/50002-9904-1956-10036-0.
pdfl

Felix Hausdorff. Grundzige der Mengenlehre. Chelsea Publishing Company, New York, N. Y., 1949.

Waclaw Franciszek Sierpinski. Sur un probléme de la théorie des relations. Ann. Scuola Norm. Sup. Pisa CI.
Sci. (2), 2(3):285-287, 1933, http://www.numdam.org/item?id=ASNSP_1933_2_2_3_285_0.

Felix Hausdorff. Grundzige der Mengenlehre. Veit and Company, Leipzig, 1914, https://archive.org/
details/grundzgedermenOOhausuoftl

Felix Bernstein. Zur Theorie der trigonometrischen Reihen. Ber. Ver. Ké. Sa. Ges. Wiss. Lei., 60:325-338,
1908.

Gerhard Hessenberg. Grundbegriffe der Mengenlehre, volume 1. Vandenhoek & Ruprecht, Gottingen, 1906,
http://reader.digitale-sammlungen.de/de/fsl/object/display/bsb11171763_00002.html.

MATHEMATISCHES INSTITUT, UNIVERSITAT BONN, ENDENICHER ALLEE 60, 53115 BONN, GERMANY
E-mail address: pluecke@math.uni-bonn.de

MATHEMATISCHES INSTITUT, UNIVERSITAT BONN, ENDENICHER ALLEE 60, 53115 BONN, GERMANY
E-mail address: schlicht@math.uni-bonn.de

EINSTEIN INSTITUTE OF MATHEMATICS, EDMOND JACOB SAFRA CAMPUS GIVAT RAM, THE HEBREW UNIVERSITY,
91904 JERUSALEM, ISRAEL
FE-mail address: weinert@mail.huji.ac.il


http://dx.doi.org/10.2307/2043323
http://dx.doi.org/10.1007/BFb0090236
http://dx.doi.org/10.1007/BF02760939
http://dx.doi.org/10.1007/BF02760939
http://dx.doi.org/10.1016/0095-8956(79)90080-7
http://dx.doi.org/10.1016/0095-8956(79)90080-7
http://www.jstor.org/stable/2040805
http://www.jstor.org/stable/2040805
http://www.renyi.hu/~p_erdos/1972-03.pdf
http://www.renyi.hu/~p_erdos/1971-16.pdf
http://jlms.oxfordjournals.org/content/s1-40/1/137.full.pdf
http://www.renyi.hu/~p_erdos/1962-06.pdf
http://www.ams.org/journals/bull/1956-62-05/S0002-9904-1956-10036-0/S0002-9904-1956-10036-0.pdf
http://www.ams.org/journals/bull/1956-62-05/S0002-9904-1956-10036-0/S0002-9904-1956-10036-0.pdf
http://www.numdam.org/item?id=ASNSP_1933_2_2_3_285_0
https://archive.org/details/grundzgedermen00hausuoft
https://archive.org/details/grundzgedermen00hausuoft
http://reader.digitale-sammlungen.de/de/fs1/object/display/bsb11171763_00002.html

	1. Introduction
	1.1. Some Ramsey theory
	1.2. Partition relations assuming the axiom of choice
	1.3. Partition relations assuming <=
	1.4. Partition relations in models of determinacy
	1.5. Embedding linear orders into "426830A -1mu2,<lex"526930B 

	2. Partition relations for "426830A -1mu,<lex"526930B 
	2.1. Partition relations for "426830A -1mu2,<lex"526930B 
	2.2. Terminology
	2.3. Partition relations for "426830A -1mu2,<lex"526930B 

	3. Negative partition relations for triples
	3.1. The -function
	3.2. The classification

	4. Negative partition relations for quadruples
	4.1. Lemmata in finite combinatorics
	4.2. Lemmata in infinite combinatorics
	4.3. Quintuples
	4.4. Choice, after all
	4.5. Sextuples
	4.6. Septuples
	4.7. The classification
	4.8. Octuples
	4.9. Nonuples

	5. Questions
	6. Closing Remarks
	List of Figures
	References

