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0 Overview

This master’s thesis focuses on definability in the natural numbers equipped
with the coprime relation ’⊥’ and a suitable function f : N → N. It contains
two main theorems. The first shows that Th(N;⊥, f) is undecidable and the
second describes the definable sets in ⟨N;⊥, f⟩. Each theorem is followed by
multiple examples of such functions f .

0.1 Undecidability using the coprime relation

In 1931 Gödel published his incompleteness theorems [Gö31]. A consequence
of the first incompleteness theorem is that there is no algorithm deciding
which sentences are true in ⟨N; =,×,+⟩, i.e. Th(N; =,×,+) is undecidable.
This was contrary to the results of Presburger [Pre29] and Skolem [Sko30],
which show that Th(N; =,+) and Th(N; =,×) are decidable.

Skolem’s result implies the decidability of Th(N;⊥). Does this change
if we add a function to ⟨N;⊥⟩? In Chapter 1 we use the undecidability of
Th(N; =,×,+) to prove that Th(N;⊥, f) is undecidable for certain functions
f : N → N. The starting point is the next theorem of Woods, who studied
the successor function S(n) := n+ 1.

Theorem 0.1. [Woo81] Th(N;⊥, S) is undecidable.

Generalizing Woods’ arguments leads to Theorem 1.2 and Corollary 1.6.
Let L be a language containing ’⊥’. Define Π to be the set of prime powers
and Supp’(n) := {p ∈ Π | p ̸⊥ n}.

Theorem 1.2. Let M be an L-structure on N. If there are subsets Π∗ ⊆ Π
and R ⊆ Π∗ ×Π, both definable in M, such that

(i) Π∗/ ∼ is infinite and Π∗, R are both closed under ∼1

(ii) for all m,n ∈ N with Supp’(m) ⊆ Supp’(n) ⊂ Π∗ there is some r ∈ Π
such that

Supp’(m) =
{
p ∈ Supp’(n) | R(p, r)

}
,

then Th(M) is undecidable.

Informally the theorem states the following. If for any m,n ∈ N with
m | n we can encode the prime divisors of m as a subset of the prime divisors
of n using a single prime r, then we get undecidability. A good choice of
Π∗ ⊆ Π allows us to consider only prime divisors that are easier to encode.

1i.e. ∀p, p′, q, q′ ∈ Π: p ∼ p′, q ∼ q′ =⇒
(
p ∈ Π∗ ⇔ p′ ∈ Π∗) ∧ (

R(p, q) ⇔ R(p′, q′)
)
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But the set of primes P and the divisibility relation may not be definable in
⟨N;⊥, f⟩. Therefore we work with prime powers and the relation Supp’(m) ⊆
Supp’(n) instead.

Using this theorem we prove in Chapter 1.2 that the following structures
have an undecidable theory.

• ⟨N;⊥, n 7→ |L(n)|⟩ for L ∈ Z[X] with at least two non-zero coefficients

• ⟨N;⊥, n 7→ φ(n)⟩ for φ the Euler phi function

• ⟨N;⊥, n 7→ 1 +
∏
p̸⊥n, p∈P p⟩

• ⟨N;⊥, n 7→ ρ(n)⟩ for ρ : N → P injective

• ⟨N;⊥, n 7→ an − 1⟩ for a > 1

• ⟨N;⊥, n 7→ ⌊anb ⌋⟩ for a, b ∈ N with a ⊥ b, b ≥ 2

Previous results used ’|’ or ’×’ instead of ’⊥’ to prove undecidability of the
theories of the following structures.

• ⟨N; | , n 7→ ρ(n)⟩ for ρ : N → P injective [CMR96]

• ⟨N; =,×, n 7→ La,b(n)⟩ for a, b ∈ N>0 and La,b(n) = an+ b [Kor01]

0.2 Definability in the coprime setting

Julia Robinson proved in [Rob49] that ⟨N; |, S⟩ and ⟨N; =,×,+⟩ are inter-
definable, where ’|’ is the divisibility relation and ’S’ is the successor function.
She wondered whether the result could be improved by replacing ’|’ with ’⊥’.
Woods showed that the question from Robinson is equivalent to a number-
theoretic problem. Define m ∼ n if m and n have the same prime divisors.

Theorem 0.2. [Woo81] The following claims are equivalent:

(i) ⟨N;⊥,S⟩ and ⟨N; =,×,+⟩ are interdefinable

(ii) there is some k ∈ N such that for all m,n ∈ N we have( k∧
i=0

Si(m) ∼ Si(n)
)

=⇒ m = n.

Claim (ii) is now called the Erdős-Woods conjecture. The conjecture,
restricted to the set of prime powers Π, is a direct consequence of a result of
Bang [Ban86]. Concretely we have for all p, q ∈ Π that( 2∧

i=0

Si(p) ∼ Si(q)
)

=⇒ p = q.
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This was a key number-theoretic argument Richard used to obtain the
following result.

Theorem 0.3. [Ric85] Let A ⊆ NN be definable in ⟨N; =,×,+⟩. Then
A ∩ΠN is definable in ⟨N;⊥, S⟩.

This leads to two questions. Does progress on the Erdős-Woods conjecture
yield new results on definability in ⟨N;⊥, S⟩? Given a function f : N → N,
when can we replace the successor function S by f and get similar results?
Both questions are answered by Theorem 2.2.

For the definitions of ω-arithmetic and ω-translation see Chapter 2.1. Let
m⃗, n⃗ ∈ NN and define m⃗ ∼k n⃗ :⇔

∧k
i=0

∧N
j=1 f

i(mj) ∼ f i(nj).

Theorem 2.2. Let f : N → N be definable in ⟨N; =,×,+⟩. If ⟨N;⊥, f⟩ has
ω-arithmetic and ω-translation, then for any A ⊆ NN the following are
equivalent:

(i) A is definable in ⟨N;⊥, f⟩

(ii) A is definable in ⟨N; =,×,+⟩ and there is some k ≥ 0 such that for all
m⃗ ∈ A, n⃗ ∈ NN we have m⃗ ∼k n⃗ ⇒ n⃗ ∈ A.

We show that ⟨N;⊥, S⟩ has ω-arithmetic and ω-translation in Lemma 2.8.
Let Def(N;⊥, f) denote the set of definable relations in ⟨N;⊥, f⟩, analogously
for ⟨N; =,×,+⟩. The next result combines Theorem 0.2 and Theorem 0.3.

Corollary 2.4. Let f : N → N be definable in ⟨N; =,×,+⟩ and let A ⊆ N be
definable in ⟨N;⊥, f⟩. If ⟨N;⊥, f⟩ has ω-arithmetic, ω-translation and there
is some k ∈ N such that for all m,n ∈ A we have

m ∼k n =⇒ m = n,

then for all B ⊆ AN we have B ∈ Def(N;⊥, f) iff B ∈ Def(N; =,×,+).

The question whether A ⊆ NN is definable in ⟨N;⊥, f⟩ splits by Theorem
2.2 into the following two questions.

(a) Is A definable in ⟨N; =,×,+⟩?

(b) When does m⃗ ∈ A and m⃗ ∼k n⃗ imply n⃗ ∈ A?

To show (a) one can use that any computably enumerable set is definable
in ⟨N; =,×,+⟩. A theorem of Matiyasevich [Mat72] shows that the comput-
ably enumerable sets are the existentially definable sets in ⟨N; =,×,+⟩.

Answering (b) is a number-theoretic problem. A proof of the Erdős-Woods
conjecture would solve it for f = S.
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But we can answer question (b) for certain functions. For A ⊆ NN define
Cl0(A) :=

{
n⃗ ∈ NN | ∃m⃗ ∈ A : m⃗ ∼ n⃗

}
. This gives the next results.

• Def(N;⊥, ω) = Cl0
(
Def(N; =,×,+)

)
for ω(n) := #

(
Supp’(n)/ ∼

)
• Def(N;⊥, !) = Def(N; =,×,+) for n! := 1 · 2 . . . n

It was previously shown that Def(N; |, !) = Def(N; =,×,+) [Kor01].

Let <Π be the order restricted to Π. Bès and Richard showed in [BR98]
that Theorem 0.3 also holds for ⟨N;⊥, <Π⟩. Let Pa be the set of primes and
a-th powers of primes. They also proved that Th(N;⊥, <P2) is undecidable.
We prove the following for a ≥ 3.

Def(N;⊥, <Pa) ⊃
{
A ∩ PNa | A ∈ Def(N; =,×,+), A ⊆ NN

}
A curious consequence of Theorem 2.2 addresses a question proposed by

Richard. Let Sq be the set of squares. Does the following equality hold?

Def(N;⊥, S, Sq) = Def(N; =,×,+)

This would imply that the Erdős-Woods conjecture is true iff there is some
k ≥ 1 such that for all m,n ∈ N we have m ∈ Sq, m ∼k n ⇒ n ∈ Sq.

Conventions

We work in first-order logic without a logical symbol for equality. This
setting is restrictive enough to obtain the definability results in Chapter 2,
yet complex enough to produce the undecidability results in Chapter 1.

We further fix the following conventions:

• 0 ∈ N

• L is a language containing ’⊥’

• m ⊥ n iff there is no prime dividing m and n

• definability is meant without parameters.
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1 Undecidability

In this chapter we will prove undecidability of Th(N;⊥, f) for certain func-
tions f : N → N.

1.1 First theorem

We first introduce the basic notation of this thesis.

Definition 1.1. Define

(i) Π :=
{
p ∈ N | p ̸⊥ p, ∀m,n : (p ̸⊥ m, p ̸⊥ n) ⇒ m ̸⊥ n

}
(ii) Supp’(n) := {p ∈ Π | p ̸⊥ n}

(iii) m ∼ n :⇔ Supp’(m) = Supp’(n).

Note that the following relations are definable in ⟨N;⊥⟩:

Π, {(p, n) ∈ Π× N | p ∈ Supp’(n)}, {(m,n) ∈ N2 | m ∼ n}.

Theorem 1.2. Let M be an L-structure on N. If there are subsets Π∗ ⊆ Π
and R ⊆ Π∗ ×Π, both definable in M, such that

(i) Π∗/ ∼ is infinite and Π∗, R are both closed under ∼2

(ii) for all m,n ∈ N with Supp’(m) ⊆ Supp’(n) ⊂ Π∗ there is some r ∈ Π
such that

Supp’(m) =
{
p ∈ Supp’(n) | R(p, r)

}
,

then Th(M) is undecidable.

Fix M, Π∗ and R as in Theorem 1.2. To prove the theorem it is enough
to show that ⟨N; =,×,+⟩ has an interpretation in M. For this define N∗ :=
{c ∈ N | Supp’(c) ⊂ Π∗} and Supp(c) := Supp’(c)/ ∼. We will prove that

ω : N∗ → N, c 7→ #Supp(c)

is an interpretation of ⟨N; =,×,+⟩ in M. Since Π∗/ ∼ is infinite, ω is
surjective. We need to show that the following relations are definable in M:{

(c, d) ∈ N∗ × N∗ | ω(c) = ω(d)
}{

(c, d, e) ∈ N∗ × N∗ × N∗ | ω(c) + ω(d) = ω(e)
}{

(c, d, e) ∈ N∗ × N∗ × N∗ | ω(c)× ω(d) = ω(e)
}
.

2i.e. ∀p, p′, q, q′ ∈ Π: p ∼ p′, q ∼ q′ =⇒
(
p ∈ Π∗ ⇔ p′ ∈ Π∗) ∧ (

R(p, q) ⇔ R(p′, q′)
)

6



If the set of prime numbers is definable in M, one could take Supp(c) to
be the set of prime divisors of c and simplify the notation in this section.
Although the primes are definable in ⟨N;⊥, S⟩ by Theorem 0.3, Richard’s
proof uses number-theoretic arguments that do not generalize. To avoid this
definability issue, we use prime powers instead and work modulo ∼.

The next definition is used to formalize the fact that ω(c) = ω(d) iff for
some ẽ ∈ N there are bijections Supp(c) → Supp(ẽ) and Supp(d) → Supp(ẽ).

Definition 1.3. Let c, d ∈ N and let Q ⊂ Π×Π be a relation definable in
M and closed under ∼.

(i) Write ∃![p] ∈ Supp(c) : Q(p, q) for the L-formula

∃p ∈ Supp’(c)∀p′ ∈ Supp’(c) : p ∼ p′ ⇔ Q(p′, q).

(ii) Say that Q defines the bijection

Supp(c) → Supp(d), [p] 7→ [q] : Q(p, q)

if the following L-formulas hold:

∀p ∈ Supp’(c)∃![q] ∈ Supp(d) : Q(p, q)

∀q ∈ Supp’(d)∃![p] ∈ Supp(c) : Q(p, q).

Lemma 1.4. The following relation is definable in M:{
(c, d) ∈ N∗ × N∗ | ω(c) = ω(d)

}
.

Proof. It is enough to prove that for c, d ∈ N∗ we have ω(c) = ω(d) iff
(

there exist c̃, d̃, e ∈ N∗ such that

Supp’(e) = Supp’(c) ∩ Supp’(d)

Supp’(c) = Supp’(c̃)∪̇ Supp’(e)

Supp’(d) = Supp’(d̃)∪̇ Supp’(e)

and there exists ẽ ∈ N such that R defines the two bijections

Supp(c̃) → Supp(ẽ), [p] 7→ [r] : R(p, r)

Supp(d̃) → Supp(ẽ), [q] 7→ [r] : R(q, r)
)
.

”⇐” Clear. ”⇒” Take c̃, d̃, e ∈ N∗ such that c ∼ c̃e, d ∼ d̃e and c̃ ⊥ d̃.
Write Supp(c̃) = {[p1], . . . [pN ]} and Supp(d̃) = {[q1], . . . [qN ]}. Then apply
(ii) of Theorem 1.2 with m = piqi and n = c̃d̃ to find some ri ∈ Π with

Supp’(piqi) =
{
s ∈ Supp’(c̃d̃) | R(s, ri)

}
.
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Lastly take ẽ =
∏N
i=1 ri. Then R defines the bijection Supp(c̃) → Supp(ẽ),

[p] 7→ [r] : R(p, r), since for all [pi] ∈ Supp(c̃), [rj ] ∈ Supp(ẽ) we have
R(pi, rj) ⇔ pi ∈ Supp’(pjqj) ⇔ i = j. Similarly for Supp(d̃) → Supp(ẽ),
[q] 7→ [r] : R(q, r).

To finish the proof of Theorem 1.2 it remains to prove the next lemma.
In (ii) we formalize the fact that ω(c)× ω(d) = ω(e) iff for some ẽ ∈ N there
are bijections Supp(c)× Supp(d) → Supp(ẽ) and Supp(e) → Supp(ẽ).

Lemma 1.5. The following two relations are definable in M:

(i)
{
(c, d, e) ∈ N∗ × N∗ × N∗ | ω(c) + ω(d) = ω(e)

}
(ii)

{
(c, d, e) ∈ N∗ × N∗ × N∗ | ω(c)× ω(d) = ω(e)

}
.

Proof. Note that the relation
{
(c, d) ∈ N∗ × N∗ | ω(c) = ω(d)

}
is definable

in M by Lemma 1.4.

”(i)” Use that for c, d, e ∈ N∗ we have ω(c) + ω(d) = ω(e) iff there exist
c̃, d̃ ∈ N∗ such that

ω(c) = ω(c̃), ω(d) = ω(d̃), c̃ ⊥ d̃, Supp’(c̃) ∪ Supp’(d̃) = Supp’(e).

”(ii)” We need to extend Definition 1.3 to products. Let Q ⊂ Π×Π×Π be
a relation definable in M, closed under ∼. Say that Q defines the bijection

Supp(c)× Supp(d) → Supp(e), ([p], [q]) 7→ [r] : Q(p, q, r)

if the following L-formulas hold:

∀p ∈ Supp’(c)∀q ∈ Supp’(d)∃![r] ∈ Supp(e) : Q(p, q, r)

∀r ∈ Supp’(e)∃![q] ∈ Supp(d)∃![p] ∈ Supp(c) : Q(p, q, r).

It is enough to show that for c, d, e ∈ N∗ we have ω(c)× ω(d) = ω(e) iff
there exists c̃, d̃ ∈ N∗, ẽ ∈ N such that the following three L-formulas hold

• ω(c) = ω(c̃), ω(d) = ω(d̃), e ⊥ c̃, c̃ ⊥ d̃, d̃ ⊥ e

• the relation R defines the bijection

Supp(e) → Supp(ẽ), [s] 7→ [r] : R(s, r)

• the relation Q =
{
(p, q, r) ∈ Π3 | R(p, r)∧R(q, r)

}
defines the bijection

Supp(c̃)× Supp(d̃) → Supp(ẽ), ([p], [q]) 7→ [r] : Q(p, q, r).
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”⇐” Clear. ”⇒” Since Π∗/ ∼ is infinite, we can take c̃, d̃ ∈ N∗ such
that the first L-formula holds. Write Supp(c̃) = {[p1], . . . [pN ]}, Supp(d̃) =
{[q1], . . . [qM ]} and Supp(e) = {[s1,1], . . . [sN,M ]}. Apply (ii) of Theorem 1.2
with m = piqjsi,j and n = c̃d̃e to find some ri,j ∈ Π with

Supp’(piqjsi,j) =
{
t ∈ Supp’(c̃d̃e) | R(t, ri,j)

}
.

Lastly take ẽ =
∏

1≤i≤N,1≤j≤M ri,j . Then Q defines the bijection, since for all

[pi] ∈ Supp(c̃), [qj ] ∈ Supp(d̃), [ri′,j′ ] ∈ Supp(ẽ) we have Q(pi, qj , ri′,j′) ⇔
pi, qj ∈ Supp’(pi′qj′si′,j′) ⇔ i = i′, j = j′. Similarly for R.

This finishes the proof of the theorem. In the proof we used (ii) only for
m ∈ N with ω(m) ∈ {2, 3}. So we can replace it by:

(ii’) for all m,n ∈ N with Supp’(m) ⊆ Supp’(n) ⊂ Π∗ and ω(m) = 3 there
is some r ∈ Π such that

Supp’(m) =
{
p ∈ Supp’(n) | R(p, r)

}
.

The following two consequences reduce (ii) of Theorem 1.2 to modular
arithmetic. For most applications we use the next corollary with M = 1.

Corollary 1.6. Let f : N → N be a function. If there is some Π∗ ⊆ Π
definable in ⟨N;⊥, f⟩ and some M ∈ N with Supp’(M) ⊆ Π \Π∗ such that

(i) Π∗/ ∼ is infinite and Π∗ is closed under ∼3

(ii) for every prime p ∈ Π∗ there is an np ∈ N with np ⊥ p and np ≡ 1
mod M , such that for all primes r we have

r ≡ 1 mod Mp =⇒ ∀r′ ∼ r : f(r′) ̸≡ 0 mod p

r ≡ np mod Mp =⇒ f(r) ≡ 0 mod p,

then Th(N;⊥, f) is undecidable.

Remark 1.7. Corollary 1.6 remains true if we replace (ii) by

(ii’) for every prime p ∈ Π∗ there is an np ∈ N with np ⊥ p and np ≡ 1
mod M , such that for all primes r we have

r ≡ 1 mod Mp =⇒ ∀r′ ∼ r : f(r′) ≡ 0 mod p

r ≡ np mod Mp =⇒ f(r) ̸≡ 0 mod p.

3i.e. ∀p, p′ ∈ Π: p ∼ p′ =⇒ (p ∈ Π∗ ⇔ p′ ∈ Π∗)
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Proof. We apply Theorem 1.2. Define for p, r ∈ Π the relation

R(p, r) :⇐⇒ ∀r′ ∼ r : f(r′) ⊥ p.

Consider m,n ∈ N with Supp’(m) ⊆ Supp’(n) ⊂ Π∗. For each prime
divisor p of n with p ⊥ m take some np ∈ N such that for primes r we have

r ≡ np mod Mp =⇒ f(r) ≡ 0 mod p.

Then use the Chinese remainder theorem and Dirichlet’s theorem to find a
prime r such that for every prime divisor p of n we have

r ≡

{
1 mod Mp if p ̸⊥ m

np mod Mp if p ⊥ m.

This finishes the proof, since

Supp’(m) =
{
p ∈ Supp’(n) | ∀r′ ∼ r : f(r′) ⊥ p

}
.

1.2 Applications

We will show that Th(N;⊥, f) is undecidable for certain functions f : N → N.

Note that the constants ’1’ and ’0’ are definable in ⟨N;⊥⟩. For any n ∈ N
we have n = 1 ⇔ ∀m : m ⊥ n and n = 0 ⇔ ∀m : m ̸= 1 ⇒ m ̸⊥ n.

Polynomials are easy to work with in modular arithmetic. The main
difficulty in applying Corollary 1.6 and Remark 1.7 is to prove that Π∗/ ∼
is infinite. For this we use Schur’s Theorem [GB71]: for any non-constant
polynomial L0 ∈ Z[X] there are infinitely many primes p such that for some
n ≥ 0 we have p | L0(n), L0(n) ̸= 0.

Proposition 1.8. Let L ∈ Z[X] be a polynomial with at least two non-zero
coefficients. Then Th(N;⊥, n 7→ |L(n)|) is undecidable.

Proof. We have two cases. First consider L with L(1) ̸= 0. To apply Corollary
1.6 take M = 1 and

Π∗ =
{
p ∈ Π | p ⊥ |L(1)|, ∃n : n ⊥ p ̸⊥ |L(n)|

}
.

For L(X) =
∑N

i=0 aiX
i define i0 := min{i ∈ N | ai ≠ 0} and L0(n) :=

L(n)
ni0

.
The following set contains infinitely many primes by Schur’s Theorem{

p ∈ Π | ∃n : n ⊥ p ̸⊥ |L(n)|
}

=
{
p ∈ Π | ∃n : n ⊥ p ̸⊥ L0(n)

}
⊇
{
p ∈ Π | ∃n : p ̸⊥ L0(n) ̸= 0

}
\ Supp’(ai0).
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So Π∗/ ∼ is infinite. Next, for each prime p ∈ Π∗ take some np ∈ N with
np ⊥ p ̸⊥ L(np). Then for all r ∈ Π we have

r ≡ 1 mod p =⇒ L(r) ≡ L(1) ̸≡ 0 mod p

r ≡ np mod p =⇒ L(r) ≡ L(np) ≡ 0 mod p.

Next consider L with L(1) = 0. To apply Remark 1.7 take M = 1 and
Π∗ =

{
p ∈ Π | ∃n : n ⊥ p ⊥ |L(n)|

}
. It is clear that Π∗/ ∼ is infinite. For

each prime p ∈ Π∗ take some np ∈ N with np ⊥ p ⊥ L(np). Then for all
r ∈ Π we have

r ≡ 1 mod p =⇒ L(r) ≡ L(1) ≡ 0 mod p

r ≡ np mod p =⇒ L(r) ≡ L(np) ̸≡ 0 mod p.

Proposition 1.9. Let H(n) := 1 +
∏
p̸⊥n, p∈P p and H(0) := 0. Then

Th(N;⊥,H) is undecidable.

Proof. To apply Corollary 1.6 take M = 1 and Π∗ =
{
p ∈ Π | p ⊥ H(1)

}
.

For each prime p ∈ Π∗ take np = p− 1. Then for any prime r we have

r ≡ 1 mod p =⇒ ∀r′ ∼ r : H(r′) ≡ 2 ̸≡ 0 mod p

r ≡ −1 mod p =⇒ H(r) ≡ 0 mod p.

To work with the Euler phi function in modular arithmetic, we will use
that for a prime p and n ≥ 1 we have φ(pn) = (p − 1)pn−1. Further note
n = 2 ⇔ φ(n) = 1 ∧ n ̸= 1.

Proposition 1.10. Let φ : N → N be the Euler phi function and φ(0) := 0.
Then Th(N;⊥, φ) is undecidable.

Proof. To apply Remark 1.7 take M = 1 and Π∗ = {p ∈ Π | p ⊥ 2}. For
each prime p ∈ Π∗ take np = p− 1. Then for any prime r we have

r ≡ 1 mod p =⇒ ∀r′ ∼ r : φ(r′) ≡ (r − 1)
r′

r
≡ 0 mod p

r ≡ −1 mod p =⇒ φ(r) ≡ −2 ̸≡ 0 mod p.

The function ρ : N → P directly encodes every number into a prime.
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Proposition 1.11. Let ρ : N → P be injective, where P is the set of primes.
Then Th(N;⊥, ρ) is undecidable.

Proof. To apply Theorem 1.2 take Π∗ = Π and

R(p, r) :⇐⇒ ∃m : p ̸⊥ m, r ̸⊥ ρ(m).

Then for all m ∈ N>0 we have Supp’(m) =
{
p ∈ Π | R(p, ρ(m))

}
.

In Chapter 3 we provide evidence for the claim that the next structure is
interdefinable with ⟨N; =,×,+⟩.

Proposition 1.12. Let a ∈ N>1. Then Th(N;⊥, n 7→ an− 1) is undecidable.

Proof. For r ∈ Π with r ⊥ a define ordr(a) to be the smallest n ≥ 1 such
that r | an − 1. Then for any n ≥ 1 we have r | an − 1 implies ordr(a) | n. A
consequence of Bang’s result [Ban86]4 is that for all n > 1 there is a prime r
such that ordr(a) = n2.

To apply Theorem 1.2 take Π∗ = Π and define R(p, r) to be true iff there
exists m′ ∈ N such that(

p ̸⊥ m′, r ̸⊥ am
′ − 1

)
∧
(
∀n′ : r ̸⊥ an

′ − 1 ⇒ Supp’(m′) ⊆ Supp’(n′)
)
.

Let m,n > 1 with Supp’(m) ⊆ Supp’(n). Take a prime r such that ordr(a) =
m2. We need to show that Supp’(m) = {p ∈ Supp’(n) | R(p, r)}.

”⊆” For p ∈ Supp’(m) take m′ = m2. Consider n′ ∈ N with r ̸⊥ an
′ − 1.

Then r | an′ − 1 and ordr(a) | n′.

”⊇” Let p ∈ Supp’(n) with R(p, r) and let m′ be given by R(p, r). Then
r | am′ − 1 gives ordr(a) | m′ and r ̸⊥ a(m

2) − 1 gives Supp’(m′) ⊆ Supp’(m).
Hence m′ ∼ m and p ̸⊥ m.

1.3 Floor function

Let a ≥ 1, b ≥ 2 and G(n) := ⌊anb ⌋ where ⌊·⌋ denotes the floor function. We
will show that Th(N;⊥, G) is undecidable. The first step is to prove that
{n ∈ N | n ∼ b} and {n ∈ N | n ∼ ab} are definable in ⟨N;⊥, G⟩. This is
done in the next three lemmas. If one is satisfied with the undecidability of
Th(N;⊥, G, b), then these may be skipped.

4Also stated as Theorem 52 in [Bès02].
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Lemma 1.13. Let a, b ≥ 2 with a ⊥ b. Then there is some k ≥ 1, dependent
on a and b, such that for all n ∈ N we have n = bk+1 iff

ω(n) = ω(b), ω(Gk+1(n)) = ω(a), n ⊥ Gk+1(n),
k∧
i=1

Gi(n) ∼ nGk+1(n).

Proof. ”⇒” Clear, since G(bk+1) = abk. ”⇐” Let ψk(n) denote the con-
junction ω(n) = ω(b), ω(Gk+1(n)) = ω(a), n ⊥ Gk+1(n),

∧k
i=1G

i(n) ∼
nGk+1(n). For i, n ∈ N define

ui(n) := aGi(n)− bGi+1(n)

such that Gi+1(n) = aGi(n)−ui(n)
b and ui(n) ∈ [0, b).

First note that for any k ≥ 1, n ∈ N with ψk(n) we have

Gl(n) ̸= Gl+1(n)

for all 0 ≤ l ≤ k. Assume not. Then Gl(n) = Gk+1(n) and Gk+1(n) ∼
nGk+1(n), which would contradict 1 ̸= n ⊥ Gk+1(n).

Claim: There is some k ≥ 1 such that for all n ∈ N we have ψk(n)
implies ui(n) = 0 for all 0 ≤ i ≤ k.

If the claim is true for some k, consider n ∈ N with ψk(n). Then
aGi(n) = bGi+1(n) for all 0 ≤ i ≤ k. This gives b | n, b ∼ n, a | Gk+1(n),

a ∼ Gk+1(n) and bk+1 | n. Therefore Gk+1(n) = ak+1n
bk+1 ∼ a, which implies

n = bk+1. This proves the lemma.

Assume the claim is false. Then at least one of two cases occurs.

Case 1: There are infinitely many k ≥ 1 such that for some n ∈ N we
have ψk(n) and 0 < ui(n) for all 0 ≤ i ≤ k.

We find a sequence k 7→ nk such that ψk(nk) holds and 0 < ui(nk) for
all 0 ≤ i ≤ k. Consider i, k ∈ N with 0 ≤ i ≤ ω(a) + ω(b) ≤ k

2 . Then

ω(G⌊ k
2
⌋+i(nk)) = ω(a) + ω(b). Using the monotonicity of G : N → N and

Gl+1(nk) ̸= Gl(nk) for 0 ≤ l ≤ k gives

G⌊ k
2
⌋+i(nk) −−−→

k→∞
∞.

Since ω
(
G⌊ k

2
⌋+i(nk)

)
= ω(a) + ω(b) we find a sequence k 7→ qi,k ∈ Π with

qi,k | G⌊ k
2
⌋+i(nk) and qi,k −−−→

k→∞
∞. Using G⌊ k

2
⌋+i(nk) ∼ G⌊ k

2
⌋(nk) we can

find for each k some i, j ∈ N, 0 ≤ i < j ≤ ω(a) + ω(b) such that qi,k ∼ qj,k.
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For such i, j we have

u⌊ k
2
⌋+i(nk) = aG⌊ k

2
⌋+i(nk)− bG⌊ k

2
⌋+i+1(nk)

= aG⌊ k
2
⌋+i(nk)−

b2

a
G⌊ k

2
⌋+i+2(nk)−

b

a
u⌊ k

2
⌋+i+1(nk)

= aG⌊ k
2
⌋+i(nk)−

bj−i

aj−i−1
G⌊ k

2
⌋+j(nk) +Ob,ω(ab)(1)

≥ 1

aj−i−1
gcd

(
G⌊ k

2
⌋+i(nk), G

⌊ k
2
⌋+j(nk)

)
+Ob,ω(ab)(1) −−−→

k→∞
∞.

This contradicts 0 ≤ u⌊ k
2
⌋+i(nk) < b.

Case 2: There are infinitely many k ≥ 1 such that there are i, j, n ∈ N,
0 ≤ i, j ≤ k with ψk(n) and ui(n) = 0 < uj(n).

Fix such i, j, n, k. Then b | Gi(n) and a | Gi+1(n). Since Gl(n) ∼
nGk+1(n) for all 1 ≤ l ≤ k we get Supp(ab) ⊆ Supp(Gl(n)). By assumption
ω(Gl(n)) = ω(a) + ω(b). Therefore ab ∼ Gl(n) ∼ nGk+1(n). The key point
is that aGj(n) is an element of

S :=
{
v ∈ N | ∃w, u ∈ N>0 : u < b, v − w = u, Supp(vw) ⊆ Supp(a · b!)

}
,

which we claim is finite.

To prove that S is finite we use Theorem 1.1 of [BS96]. It implies that if
H is a finitely generated subgroup of C∗, then the equation

x− y = 1

has only finitely many solutions in H. So take

H :=
{
r ∈ Q | ∃v, u ∈ N>0 : r =

v

u
, Supp(vu) ⊆ Supp(a · b!)

}
which is finitely generated by the prime divisors of a · b!.

Consider a > b. Again by monotonicity of G and Gl+1(n) ̸= Gl(n) we
have Gl(n) ≥ k

2 for all k ≥ l ≥ k
2 . We can assume k is large enough such

that k
2 > max(S). Further we can assume j is chosen such that for all

j < l ≤ k : ul(n) = 0. This gives bk−j | Gj+1(n). Now

• if j ≥ k
2 then Gj(n) ≥ k

2 > max(S) ≥ aGj(n)

• if j < k
2 then bk−j ≤ Gj+1(n) ≤ a

bG
j(n) ≤ max(S) < k

2 < b
k
2

both cases yield a contradiction.

Consider 1 < a < b. Similarly as above, we have Gl(n) ≥ k
2 for all l ≤ k

2 .

We can assume k is large enough such that k
2 > max(S). Further we can

assume j is chosen such that ul(n) = 0 for all 0 ≤ l < j. This gives aj | Gj(n).
Now
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• if j ≤ k
2 then Gj(n) ≥ k

2 > max(S) ≥ aGj(n)

• if j > k
2 then aj ≤ Gj(n) ≤ max(S) < k

2 < a
k
2

both cases yield a contradiction.

The previous lemma can fail when a = 1. For example consider b = 12
and n = 18 · 12k for k ≥ 1. We still have the following lemma.

Lemma 1.14. Let b ≥ 2. Then there is some k ≥ 1, dependent on b, such
that for all m ∈ N we have m ∼ b iff there is some n ∼ m such that

ω(n) = ω(b), Gk+1(n) = 1,
k∧
i=1

Gi(n) ∼ n.

Proof. The only part of the proof of Lemma 1.13 that fails when a = 1 is

the inequality k
2 < a

k
2 . So we can take k ≥ 1 large enough such that Case 1

cannot occur. This means that for all n ∈ N with ω(n) = ω(b), Gk+1(n) = 1
and

∧k
i=1G

i(n) ∼ n we find some 0 ≤ j ≤ k with uj(n) = 0.

Then b | Gj(n) and b ∼ Gj(n) ∼ n.

We summarize the last two lemmas in the next one.

Lemma 1.15. Let a ≥ 1, b ≥ 2 with a ⊥ b. Then the relations {n ∈ N | n ∼
b} and {n ∈ N | n ∼ ab} are definable in ⟨N;⊥, n 7→ ⌊anb ⌋⟩.

Proof. Consider a > 1. By Lemma 1.13 there is some k ≥ 1 such that for all
n ∈ N we have n = bk+1 iff

ω(n) = ω(b), ω(Gk+1(n)) = ω(a), n ⊥ Gk+1(n),
k∧
i=1

Gi(n) ∼ nGk+1(n).

To formulate the above as an (⊥, G)-formula, we use ω(n) = ω(b) iff

∃p1, . . . pω(b) ∈ Π: Supp’(n) =

ω(b)⋃
i=1

Supp’(pi),
∧

1≤i<j≤ω(b)

pi ⊥ pj .

Similarly for ω(Gk+1(n)) = ω(a). Further note Gi(n) ∼ nGk+1(n) ⇔
Supp’(Gi(n)) = Supp’(n)∪Supp’(Gk+1(n)). Then conclude with n ∼ ab ⇔
n ∼ G(bk+1) and n ∼ b ⇔ n ∼ bk+1.

The case a = 1 is done similarly.
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To apply Corollary 1.6 and Remark 1.7 we use that G induces the map
Z/bpZ → Z/pZ, [n] 7→ [G(n)] to get the next proposition.

Proposition 1.16. Let a ≥ 1, b ≥ 2 with a ⊥ b. Then Th(N;⊥, n 7→ ⌊anb ⌋)
is undecidable.

Proof. Consider a > b. To apply Corollary 1.6 take M = b and

Π∗ =
{
p ∈ Π | p ⊥ ab, p ⊥ ⌊a

b
⌋, ∀q ∼ p : q > b

}
.

We need to show that Π∗ is definable in ⟨N;⊥, G⟩. This follows from
G(1) = ⌊ab ⌋, Lemma 1.15 and the claim that for every prime p ⊥ b we have

p < b ⇐⇒ ∃n : n ⊥ b, p ̸⊥ G(np).

”⇐” Since p | G(np), we have p | npa− bG(np) and 0 < npa− bG(np) < b.
”⇒” Take any n ≥ 1 with n ≡ a−1 mod b. Then npa − p ≡ 0 mod b. So
using p < b gives G(np) = npa−p

b ̸⊥ p.

Let p ∈ Π∗ be prime and 0 < ã < b such that a ≡ ã mod b. Since p > b
we get p ⊥ ã. Take np such that np ≡ a−1ã mod bp. Then np ≡ 1 mod b
and for all r ∈ Π we have

r ≡ 1 mod bp =⇒ ⌊ar
b
⌋ ≡ ⌊a

b
⌋ ̸≡ 0 mod p

r ≡ np mod bp =⇒ ⌊ar
b
⌋ ≡ ⌊anp

b
⌋ ≡ ⌊ ã

b
⌋ ≡ 0 mod p.

Consider a < b. To apply Remark 1.7 take M = b and Π∗ = {p ∈ Π | p ⊥
ab, ∀q ∼ p : G(q) /∈ {0, 1}}. Lemma 1.15 implies that Π∗ is definable. Let
p ∈ Π∗ be prime, then p > 2. Take np such that np ≡ 1 mod b and np ≡ 2
mod p. Then anp ≡ a mod b, so ⌊anpb ⌋ = anp−a

b and for all r ∈ Π we have

r ≡ 1 mod bp =⇒ ⌊ar
b
⌋ ≡ ⌊a

b
⌋ ≡ 0 mod p

r ≡ np mod bp =⇒ ⌊ar
b
⌋ ≡ ⌊anp

b
⌋ ≡ anp − a

b
̸≡ 0 mod p.
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2 Definability

In this chapter we will focus on the definable subsets of ⟨N;⊥, f⟩ for certain
functions f : N → N.

2.1 Second theorem

The proof of Theorem 1.2 implies that all structures in Chapter 1.2 have

ω : N∗ → N, c 7→ #Supp(c)

as an interpretation of ⟨N; =,×,+⟩. The idea of Theorem 2.2 is to translate
definable sets in ⟨N; =,×,+⟩ via ω to definable sets in ⟨N;⊥, f⟩. For this
theorem we take N∗ = N>0.

Definition 2.1. Let M be a L-structure on N.

(i) M has ω-arithmetic if the map ω : N>0 → N is an interpretation of
⟨N; =,×,+⟩ in M.

(ii) M has ω-translation if the relation
{
(c, p) ∈ N>0 × Π | ω(c) ∼ p

}
is

definable in M.

Let Def(M) denote the set of definable relations in M. If ω−1(×) ∈
Def(M) then ω−1(=) ∈ Def(M) via ω(c) = ω(d) ⇔ ∃p ∈ Π: ω(c) ×
ω(p) = ω(d). We have by the proof of Lemma 1.5(i) also ω−1(+) ∈ Def(M).
Therefore the following are equivalent:

• M has ω-arithmetic

• for all A ∈ Def(N; =,×,+) we have ω−1(A) ∈ Def(M)

• ω−1(×) =
{
(c, d, e) ∈ (N>0)

3 | ω(c)× ω(d) = ω(e)
}
∈ Def(M).

The translation via ω needs to allow for some error described by the
following notation. For m⃗, n⃗ ∈ NN define m⃗ ∼k n⃗ :⇔ m⃗ ∼f,k n⃗ :⇔∧k
i=0

∧N
j=1 f

i(mj) ∼ f i(nj) and for A ⊆ NN define Clk(A) := Clf,k(A) :={
n⃗ ∈ NN | ∃m⃗ ∈ A : m⃗ ∼k n⃗

}
. We now state the theorem.

Theorem 2.2. Let f : N → N be definable in ⟨N; =,×,+⟩. If ⟨N;⊥, f⟩ has
ω-arithmetic and ω-translation, then

Def(N;⊥, f) =
∞⋃
k=0

Clk
(
Def(N; =,×,+)

)
.

Note that Cl0 is independent of f . The next examples motivate some
definitions from Chapter 1.1 as analogues of basic concepts in number theory.
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• Cl0(=) = ∼ • Cl0
(
{p ∈ P | p ̸⊥ n}

)
= Supp’(n)

• Cl0(P) = Π • Cl0( | ) =
{
(m,n) ∈ N2 | Supp’(m) ⊆ Supp’(n)

}
• Cl0(<) = N× N>1 ∪ {(0, 1)}

Further a relation R ⊆ NN is closed under ∼ iff Cl0(R) = R.

We show Theorem 2.2 by proving the following stronger proposition. This
allows us to study definability within ⟨N;⊥, <A⟩ in Chapter 2.4.

Proposition 2.3. Let M be an L-structure with ω-arithmetic and ω-
translation. If f : N → N is definable both in ⟨N; =,×,+⟩ and M, then

Def(N;⊥, f) ⊆
∞⋃
k=0

Clk
(
Def(N; =,×,+)

)
⊆ Def(M).

Proof. Let A ⊆ NN be definable in ⟨N;⊥, f⟩ by the (⊥, f)-formula ψ. Then
A ∈ Def(N; =,×,+), as f is definable in ⟨N; =,×,+⟩. Let kψ be maximal
such that fkψ appears in ψ. A simple induction on formulas shows that for
all m⃗, n⃗ ∈ NN with m⃗ ∼kψ n⃗ we have

⟨N;⊥, f⟩ |= ψ(m⃗) ⇐⇒ ⟨N;⊥, f⟩ |= ψ(n⃗).

Hence A = Clkψ(A) ∈ Clkψ
(
Def(N; =,×,+)

)
.

For c, d ∈ N>0 define c ≈ d :⇔ ω(c) = ω(d) and c ∼ω,k d :⇔ ω(c) ∼k ω(d).
Consider the following commutative diagram.

[c]≈ [c]∼ω,k

ω(c) [ω(c)]∼k

N>0/ ≈ N>0/ ∼ω,k

N N/ ∼k

ιω,k

ω≈ ωk

ιk

Note that ω≈ and ωk are bijective.

Let A ∈ Clk
(
Def(N; =,×,+)

)
. Then A = Clk(A) and A = ι−1

k

(
ιk(A)

)
.

Since f : N → N is definable in ⟨N; =,×,+⟩ we have that A ∈ Def(N; =,×,+).
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Using ω-arithmetic we find some C ∈ Def(M) such that ω−1(A) = C.
Therefore ω−1

≈ (A) = {[⃗c]≈ | c⃗ ∈ C} and

A = ι−1
k

(
ωk ◦ ω−1

k ◦ ιk(A)
)
= ι−1

k

(
ωk ◦ ιω,k ◦ ω−1

≈ (A)
)

=
{
n⃗ ∈ NN | ∃c⃗ ∈ C : ιk(n⃗) = ωk ◦ ιω,k([⃗c]≈)

}
.

To show that A is definable in M we need to show that the maps ιk, ωk
and ιω,k are definable. To make this precise we introduce the following
notation.

Let∼P and∼Q be two equivalence relations on N and F : N/ ∼P→ N/ ∼Q

be a map. Say an L-formula ψ(x, y) defines F if for all m,n ∈ N we have
F ([m]P ) = [n]Q ⇔ ψ(m,n).

To see that ιk is definable, view N as N/ = and use ιk([m]=) = [n]∼k ⇔
m ∼k n. Next, using that f is definable in ⟨N; =,×,+⟩ and ω-arithmetic we
see that

{
(c, d) ∈ N2

>0 | ω(c) ∼k ω(d)
}
is definable in M. This implies that

ιω,k is definable via ιω,k([c]≈) = [d]∼ω,k ⇔ ω(c) ∼k ω(d).

For the last map note that
{
(c, d) ∈ N2

>0 | ω(d) ⊥ f i(ω(c))
}
is definable

in M. Further for c ≥ 1, n ≥ 0 we have f i(n) ∼ f i(ω(c)) iff

∀p ∈ Π, d ∈ N>0 : ω(d) ∼ p ⇒
(
p ⊥ f i(n) ⇔ ω(d) ⊥ f i(ω(c))

)
.

So using ω-translation we get that ωk is definable via ωk([c]∼ω,k) = [n]∼k ⇔∧k
i=0 f

i(n) ∼ f i(ω(c)).

Lemma 2.8 implies that ⟨N;⊥, S⟩ has ω-arithmetic and ω-translation.
We get the following extension of Theorem 0.3. Taking A = N yields a
generalization of Theorem 0.2.

Corollary 2.4. Let f : N → N be definable in ⟨N; =,×,+⟩ and let A ⊆ N be
definable in ⟨N;⊥, f⟩. If ⟨N;⊥, f⟩ has ω-arithmetic, ω-translation and there
is some k ∈ N such that for all m,n ∈ A we have

m ∼k n =⇒ m = n,

then for all B ⊆ AN we have B ∈ Def(N;⊥, f) iff B ∈ Def(N; =,×,+).

Proof. ”⇒” Clear. ”⇐” We need both inclusions of Theorem 2.2. Let
k′ ∈ N be such that A ∈ Clk′

(
Def(N; =,×,+)

)
. Using Clk′ ◦Clk′ = Clk′

gives Clk′(A) = A. For B ⊆ AN with B ∈ Def(N; =,×,+) consider m⃗ ∈ B
and n ∈ N. If mi ∼max{k′,k} n then mi ∈ A and mi = n. Conclude with
B = Clmax{k′,k}(B) ∈ Clmax{k′,k}

(
Def(N; =,×,+)

)
.
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2.2 Showing ω-arithmetic and ω-translation

The next lemma shows that most structures in Chapter 1.2 have ω-arithmetic.
For Π∗ ⊆ Π recall the notation N∗ = {c ∈ N | Supp’(c) ⊂ Π∗}.

Lemma 2.5. Let M be an L-structure and Π∗ ⊆ Π definable in M. If

(i) (Π \Π∗)/ ∼ is finite

(ii) {(c, d, e) ∈ N∗ × N∗ × N∗ | ω(c)× ω(d) = ω(e)} is definable in M,

then M has ω-arithmetic.

Proof. Note that for each i ≥ 0 the relation {c ∈ N>0 | ω(c) = i} is definable
in ⟨N;⊥⟩. Let N := #(Π \Π∗)/ ∼. For c ∈ N>0, d ∈ N∗ we have ω(c) = ω(d)
iff there exists c1 ∈ N>0 and c2, d1, d2 ∈ N∗ such that

• d1 ⊥ d2, Supp’(c1) ⊆ Π \Π∗

• Supp’(c) = Supp’(c1) ∪ Supp’(c2)

• Supp’(d) = Supp’(d1) ∪ Supp’(d2)

• ω(c2) = ω(d2),
∨N
i=0 ω(c1) = i = ω(d1).

The right side of the equivalence can be expressed by an L-formula. So
ω−1(×) is definable in M via ω(c)× ω(d) = ω(e) iff ∃c̃, d̃, ẽ ∈ N∗ :

ω(c) = ω(c̃), ω(d) = ω(d̃), ω(e) = ω(ẽ), ω(c̃)× ω(d̃) = ω(ẽ).

All applications in Chapter 1.2 implicitly used Lemma 1.5. Therefore
if (Π \ Π∗)/ ∼ is finite we can apply the last lemma. This is clear for all
structures studied except in Proposition 1.8. There it may fail for non-linear
polynomials.5 In the linear case L(n) = a1n+ a0, a simple calculation shows
Π∗ =

{
p ∈ Π | p ⊥ L(1) gcd(a1, a0)

}
. We obtain the next remark.

Remark 2.6. The following structures have ω-arithmetic.

• ⟨N;⊥, n 7→ |a1n+ a0|⟩ for a1, a0 ∈ Z \ {0}

• ⟨N;⊥, n 7→ φ(n)⟩ for φ the Euler phi function

• ⟨N;⊥, n 7→ 1 +
∏
p̸⊥n, p∈P p⟩

• ⟨N;⊥, n 7→ ρ(n)⟩ for ρ : N → P injective

5If L(n) = n2 +1 and Π∗ =
{
p ∈ Π | p ⊥ 2, ∃n : n ⊥ p ̸⊥ L(n)

}
, then for a prime p > 2

we have p /∈ Π∗ iff ∄n ∈ N : n2 ≡ −1 mod p iff p ≡ 3 mod 4. So (Π \Π∗)/ ∼ is infinite.
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• ⟨N;⊥, n 7→ an − 1⟩ for a > 1

• ⟨N;⊥, n 7→ ⌊anb ⌋⟩ for a, b ∈ N with a ⊥ b, b ≥ 2

This thesis does not provide a general theorem for ω-translation. We still
have the next two lemmas.

Lemma 2.7. Let f : N → N be definable in ⟨N; =,×,+⟩. If ⟨N;⊥, f⟩ has
ω-arithmetic and there is some k ≥ 0 such that for all p, q ∈ Π we have

k∧
i=0

ω
(
f i(p)

)
= ω

(
f i(q)

)
=⇒ p ∼ q,

then ⟨N;⊥, f⟩ has ω-translation.

Proof. Note for i ≥ 0 that ω ◦ f i : N → N is definable in ⟨N; =,×,+⟩. Using
ω-arithmetic we get that

{
(c, d) ∈ N2

>0 | ω
(
f i(ω(c))

)
= ω(d)

}
is definable in

⟨N;⊥, f⟩. Conclude that ⟨N;⊥, f⟩ has ω-translation via

ω(c) ∼ p ⇐⇒ ∃d0 . . . dk :
k∧
i=0

ω
(
f i(ω(c))

)
= ω(di), di ∼ f i(p).

We can apply Theorem 0.3 to get ω-translation for the successor function.

Lemma 2.8. ⟨N;⊥,S⟩ has ω-arithmetic and ω-translation.

Proof. By Remark 2.6 we have that ⟨N;⊥, S⟩ has ω-arithmetic. By Theorem
0.3 we know that the set of primes P and the relation {(p, q) ∈ Π2 | p < q}
are definable in ⟨N;⊥, S⟩.

We use that two primes are the same iff the number of smaller primes is
the same. Conclude that ⟨N;⊥, S⟩ has ω-translation via ω(c) ∼ p iff there
exist p′, c′, d, d′ ∈ N>0 such that

• p′ ∼ p, p′ ∈ P, ω(c′) ∼ ω(c), ω(c′) ∈ P

• ∀q : q ∈ P ⇒ (q ̸⊥ d ⇔ q < p′)

• ∀e : ω(e) ∈ P ⇒
(
ω(e) ̸⊥ ω(d′) ⇔ ω(e) < ω(c′)

)
• ω(d) = ω

(
ω(d′)

)
.
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We have the following counterexample.

Lemma 2.9. There is an injective ρ : N → P such that ⟨N;⊥, ρ⟩ does not
have ω-translation.

Proof. Let ρ be the following sequence of primes: ρ(0) = 5, ρ(1) = 7,
ρ(2) = 3, ρ(3) = 2 and ρ(n) is the n-th prime for n ≥ 4. Note that ⟨N;⊥, ρ⟩
has ω-arithmetic by Remark 2.6.

Assume that ⟨N;⊥, ρ⟩ has ω-translation. Since m ∼ρ,1 n ⇒ m = n we
can apply Corollary 2.4 to get

Def(N;⊥, ρ) = Def(N; =,×,+).

But Proposition 5 in [CMR96] shows that Def(N;×, ρ) ̸= Def(N; =,×,+).

2.3 Applications

We will apply Theorem 2.2 to two functions f : N → N where we can answer
the question (b): when does m⃗ ∈ A and m⃗ ∼f,k n⃗ imply n⃗ ∈ A?

Proposition 2.10. Let ω(n) = #Supp(n) with ω(0) := 0. Then

(i) Def(N;⊥, ω) = Cl0
(
Def(N; =,×,+)

)
(ii) Def(N; =,⊥, ω) = Def(N; =,×,+).

This proposition implies Def(N;⊥, ω) ⊆ Def(N;⊥, S). Contrary to this,
Woods proved in [Woo81] that Def(N; =,⊥,S) = Def(N; =,×,+) is equivalent
to the Erdős-Woods conjecture. A similar unintuitive consequence is presented
at the end of Chapter 2.4.

To prove the proposition we need one more result of Woods [Woo81]:

Def(N; =,⊥,+) = Def(N; =,×,+).

Proof. ”(i)” We use Theorem 2.2. It is clear that ⟨N;⊥, ω⟩ has ω-translation.
For ω-arithmetic we use Woods’ result. So, if the following three relations
are definable in ⟨N;⊥, ω⟩

•
{
(c, d) ∈ N2 | ω(c) = ω(d)

}
•
{
(c, d) ∈ N2 | ω(c) ⊥ ω(d)

}
•
{
(c, d, e) ∈ N3 | ω(c) + ω(d) = ω(e)

}
,
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then we can define
{
(c, d, e) ∈ N3 | ω(c)×ω(d) = ω(e)

}
and get ω-arithmetic.

First note that
{
(l,m, n) ∈ N3 | l ∼ mn

}
is definable in ⟨N;⊥⟩ and

m ∼ n ⇒ ω(m) = ω(n). So the first relation is definable if we prove that

ω(c) = ω(d) ⇐⇒ ∀k ⊥ cd : ω(ck) ∼ ω(dk).

”⇒” Clear. ”⇐” Assume ω(c) < ω(d). Take a prime p and some k ∈ N, k ⊥ d
such that ω(dk) = ω(d) + ω(k) = p. Then this contradicts ω(ck) < ω(dk) =
p ∼ ω(ck).

The second relation is clear. For the last one use ω(c) + ω(d) = ω(e) iff

∃c̃, d̃ : c̃ ⊥ d̃, ω(c̃) = ω(c), ω(d̃) = ω(d), ω(c̃d̃) = ω(e).

”(ii)” The inclusion ”⊆” is clear. ”⊇” Note that addition is definable via
n+m = k iff ∃c, d, e : c ⊥ d, ω(cd) = ω(e), ω(c) = n, ω(d) = m, ω(e) = k.
We conclude with Woods’ results.

Proposition 2.11. Let n! :=
∏n
i=1 i with 0! := 1. Then

Def(N;⊥, !) = Def(N; =,×,+).

Proof. Note that Supp’(n!) =
⋃n
i=1 Supp’(i). Write n!! for (n!)! and let

m,n ∈ N>0. We show that the order is definable in ⟨N;⊥, !⟩ via m < n ⇔
Supp’(m!!) ⊂ Supp’(n!!).

”⇐” Clear. ”⇒” Follows from Bertrand’s Postulate, which implies that
for all m ∈ N>1 there is a prime p such that m! < p ≤ 2m! ≤ (m+ 1)! ≤ n!.

So the successor function is definable in ⟨N;⊥, !⟩. Remark 2.6 implies
that ⟨N;⊥, !⟩ has ω-arithmetic. Since m = n ⇔ ω(m!!) = ω(n!!) we can
apply Lemma 2.7 and conclude with Corollary 2.4.

2.4 Restricted order

For A ⊆ N let <A be the order restricted to A. Bès and Richard proved in
[BR98] that Theorem 0.3 also holds for ⟨N;⊥, <Π⟩. Let Pa := P∪{pa | p ∈ P}.
They also proved that Th(N;⊥, <P2) is undecidable. We extend these results
to the following proposition.

Proposition 2.12. Let a ≥ 3. Then

Def(N;⊥, <Pa) ⊇
{
A ∩ PNa | A ∈ Def(N; =,×,+), A ⊆ NN

}
.
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Bertrand’s Postulate implies that for any p ∈ P and n ∈ N>0 there is a
prime between pn and pn+1. So it is enough to prove the following stronger
proposition.

Proposition 2.13. Let A ⊆ N be definable in ⟨N; =,×,+⟩ and Pa ⊆ A for
some a ≥ 3. If for all m,n ∈ A with m < n and m ∼ n there is a prime
between m and n, then

Def(N;⊥, <A) ⊇
{
B ∩AN | B ∈ Def(N; =,×,+), B ⊆ NN

}
.

The Dressler conjecture states that for all m,n ∈ N with m < n and
m ∼ n there is a prime between m and n. See [CD99] for evidence of this
conjecture.

Let π : N → N be the prime-counting function. The following result, due
to Ingham [Ing37], is key. For a ≥ 3 there is some k ≥ 16 such that for all
n ≥ k we have

π
(
(n+ 1)a

)
− π(na) ≥ 1.

The above statement with a = 2 and k = 1 is the Legendre conjecture.

We split the proof into several lemmas. The first few show that ⟨N;⊥, <A⟩
has ω-arithmetic. They adapt the proof for undecidability of Th(N;⊥, <P2)
from [BR98].

Lemma 2.14. The following are definable in ⟨N;⊥, <A⟩:

• A via m ∈ A ⇔ ∃n : m <A n

• ≤A via p ≤A q ⇔ (p, q ∈ A, q ̸<A p)

• P via p ∈ P ⇔ (p ∈ Π, ∀q ∼ p : q ̸<A p)

• SP : A → P, n 7→ min
(
P∩(n,∞)

)
via p = SP(n) ⇔ (n ∈ A, p ∈

P, n <A p, ∄r ∈ P: n <A r <A p).

As P is definable in ⟨N;⊥, <A⟩, we take Supp(c) := {p ∈ P | p ̸⊥ c}. We
want to show that the following functions are definable:

• powa : P → Pa, p 7→ pa

• ι := SP ◦ powa : P → P.

This follows if Pa is definable. To prove this we introduce for each 1 ≤ i ≤ a
the partial function w-powi : N → A given by the graph

{
(p, q) ∈ P×A | ∃!r1 . . . ri ∈ A : p = r1,

i−1∧
j=1

rj < rj+1, rj ∼ rj+1, ri = q
}
.

6For a = 3 Dudek proved k ≤ exp ◦ exp(33.217) [Dud16].
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Lemma 2.15. Pa \P is definable in ⟨N;⊥, <A⟩.

Proof. Let p0 = minP∩(2a−1,∞). Then consider c2, . . . ca, c ∈ N with∧
i̸=j ci ⊥ cj ,

⋃a
i=2 Supp(ci) = Supp(c), ∀p ∈ P: p0 ≤ p ≤ maxSupp(c) ⇒

p ∈ Supp(c) and min Supp(c) = p0.

Then the following two points are equivalent:

•
∧
i Supp(ci) =

{
p ∈ P | w-powi(p) = pa, p0 ≤ p ≤ maxSupp(c)

}
•
∧
i,j ∀p ∈ Supp(ci) \ {maxSupp(c)}, SP(p) ∈ Supp(cj) ⇒

w-powj−1(SP(p)) < w-powi(p) < w-powj(SP(p)).

This follows by an induction on ω(c), using that by Bertrand’s Postulate we
have for p ≥ 2a−1 that

SP(p)
a−1 < pa < SP(p)

a.

Each element of A is definable as a constant in ⟨N;⊥, <A⟩ since for m ∈ A
and N := #

(
A ∩ [0,m)

)
we have

{m} =
{
n ∈ A | ∃!l1 . . . lN ∈ A :

N−1∧
i=1

li <A li+1, lN <A n
}
.

This implies that the finite set (Pa \P) ∩ (1, pa0) is definable in ⟨N;⊥, <A⟩.

So for p ∈ P, p ≥ p0, p
′ ∈ A we define p′ = pa via ∃c2 . . . ca, c ∈ N :

• ∀q ∈ P: p0 ≤ q ≤ maxSupp(c) ⇒ q ∈ Supp(c)

•
∧
i̸=j ci ⊥ cj ,

⋃a
i=2 Supp(ci) = Supp(c), min Supp(c) = p0

•
∧
i,j ∀q ∈ Supp(ci) \ {maxSupp(c)} : SP(q) ∈ Supp(cj) ⇒

w-powj−1(SP(q)) < w-powi(q) < w-powj(SP(q))

•
∨
i p ∈ Supp(ci), p

′ = w-powi(p)

To show that ω−1(=) is definable, we use the fact that for primes p1, . . . pN
and q1, . . . qM we have p1 < q1 < p2 · · · < qM ⇒ N =M . This fact is applied
using the next lemma to encode any prime by an arbitrarily larger prime.

Since SkP(2) > k we can avoid possible exceptions in Ingham’s result by
taking SkP of each prime p.
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Lemma 2.16. For p ∈ P define Tp := {ιi ◦ SP ◦ι ◦ SkP(p) | i ∈ N}. Then

(i) Tp ∩ Tq = ∅ for p ̸= q ∈ P

(ii) Tp =
{
q ∈ P | ∃c ∈ N : q ∈ Supp(c), SP ◦ι ◦ SkP(p) ∈ Supp(c), ∀r ∈

Supp(c) \ {maxSupp(c)} : ι(r) ∈ Supp(c)
}
.

The second point implies that the relation {(p, q) ∈ P×P | q ∈ Tp} is
definable in ⟨N;⊥, <A⟩.

Proof. ”(i)” Assume there are i < j with ιi ◦SP ◦ι ◦SkP(p) = ιj ◦SP ◦ι ◦SkP(q).
As ι restricted to P∩(k,∞) is injective we get for q′ = ιj−i−1 ◦ SP ◦ι ◦ SkP(q)
and p′ = SkP(p) that

S2P ◦ powa(p
′) = SP ◦ powa(q

′).

Therefore π(q′a) − π(p′a) = 1 and q′ > p′ + 1 > p′ > k, which contradicts
Ingham’s result.

”(ii)” This is clear as c ∼
∏ω(c)−1
i=0 ιi ◦ SP ◦ι ◦ SkP(p) iff

• SP ◦ι ◦ SkP(p) ∈ Supp(c)

• ∀r ∈ Supp(c) \ {maxSupp(c)} : ι(r) ∈ Supp(c).

We summarize the previous work in the next lemma.

Lemma 2.17. ω−1(=) is definable in ⟨N;⊥, <A⟩.

Proof. For this we use ω(c) = ω(d) ⇔ ∃e : e ⊥ c, e ⊥ d, ω(c) = ω(e) = ω(d)
and prove for c ⊥ d that ω(c) = ω(d) iff there exists e ∈ N such that

• ∀p ∈ Supp(c) ∪ Supp(d)∃!r ∈ Supp(e) : r ∈ Tp

• ∀r ∈ Supp(e)∃!p ∈ Supp(c) ∪ Supp(d) : r ∈ Tp

• min
(
Supp(e)

)
∈ Supp(c)

• ∀r ∈ Supp(e) \
{
maxSupp(e)

}
:

r ∈
⋃

p∈Supp(c)

Tp ⇔ min
(
Supp(e) ∩ (r,∞)

)
∈

⋃
q∈Supp(d)

Tq.
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”⇒” Write Supp(c) = {p1 . . . pN} and Supp(d) = {q1 . . . qN}. Then take
r1 = min(Tp1), r2i = min

(
Tqi ∩ (r2i−1,∞)

)
and r2i+1 = min

(
Tpi+1 ∩ (r2i,∞)

)
for i ≥ 1. Conclude with e =

∏2N
i=1 ri.

”⇐” The first two points imply that we have the bijection

χ : Supp(c) ∪ Supp(d) → Supp(e), p 7→ r : r ∈ Tp.

Thus ω(c) + ω(d) = ω(e). Write Supp(e) = {r1, . . . rN} with ri < ri+1. The
last two points imply that χ−1(ri) ∈ Supp(c) iff i is odd and that N is even.
Therefore ω(c) = N/2 = ω(d).

The proof of Lemma 1.5(i) implies that ω−1(+) is definable in ⟨N;⊥, <A⟩.
We combine this with the prime-counting function to prove the next lemma.

Lemma 2.18. ⟨N;⊥, <A⟩ has ω-arithmetic and ω-translation.

Proof. The relation
{
(c, p) ∈ N×P | ω(c) = π(p)

}
is definable in ⟨N;⊥, <A⟩

via ω(c) = π(p) iff ∃d :
(
ω(c) = ω(d), ∀q ∈ P: q ≤ p ⇔ q ∈ Supp(d)

)
.

Define ω−1(×) via ω(c)×ω(d) = ω(e) iff there exists some d̃ ∈ N such that
ω(d̃) = ω(d) and there are p, q ∈ Supp(d̃) with ω(c) = π(p), ω(e) = π(q),

∀r ∈ Supp(d̃) \ {q} : π
(
min Supp(d̃) ∩ (r,∞)

)
= π(r) + ω(c).

This gives ω-arithmetic.

This implies that the relation
{
(c, d) ∈ N2

>0 | π(ω(c)) = ω(d)
}
is definable

in ⟨N;⊥, <A⟩. Define ω-translation via ω(c) = p iff

ω(c) ∈ P, ∃d ∈ N>0 : ω(d) = π(p), π(ω(c)) = ω(d).

To conclude the proof of Proposition 2.13 we apply Proposition 2.3 with
the function

ϵ : N → N, n 7→

{
SP(n) if n ∈ A

1 else.

Lemma 2.19. We have

(i) Clϵ,1
(
Def(N; =,×,+)

)
⊇

{
B ∩AN | B ∈ Def(N; =,×,+), B ⊆ NN

}
(ii) Def(N;⊥, <A) = Clϵ,1

(
Def(N; =,×,+)

)
.
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Proof. ”(i)” The assumption on A implies that for all m,n ∈ A with m ∼ n
and SP(m) ∼ SP(n) we have m = n. Note that for m ∈ A,n ∈ N \A we have
ϵ(m) ̸∼ 1 = ϵ(n). Therefore m ∼ϵ,1 n iff (m = n ∈ A) ∨ (m,n ̸∈ A, m ∼ n).
So for B ∈ Def(N; =,×,+) we have

Clϵ,1(B) =
{
c ∈ Cl0(B) | ∃b ∈ B :

N∧
i=1

{
bi ∈ A ⇒ bi = ci

bi /∈ A ⇒ ci /∈ A

}
.

Conclude with B ∩AN ∈ Def(N; =,×,+).

”(ii)” We have by Proposition 2.3 that

Clϵ,1
(
Def(N; =,×,+)

)
⊆ Def(N;⊥, <A).

Further (i) implies that {⊥, <A} ⊂ Clϵ,1
(
Def(N; =,×,+)

)
. So for the other

inclusion note that Clϵ,1
(
Def(N; =,×,+)

)
is closed under unions, comple-

ments and projections.

The proof of Lemma 2.19 describes all definable sets in ⟨N;⊥, <A⟩. It
allows us to prove that equality is not definable in ⟨N;⊥, <Pa⟩ or ⟨N;⊥, <Π⟩.

We end this chapter with an unintuitive consequence, only possible in
first-order logic without a logical symbol for equality. Theorem 2.20 in [BR98]
gives that addition is not definable in ⟨N; =,⊥, <P3⟩. With the last lemma
and Proposition 2.10 we get the following proper inclusions:

Def(N;⊥, ω) ⊂ Def(N;⊥, <P3) ⊂ Def(N; =,⊥, <P3) ⊂ Def(N; =,⊥, ω).

This is possible as the graph of ω is not definable in ⟨N;⊥, ω⟩.
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3 Open Problems

This chapter presents some remaining questions motivated by Theorem 2.2.

The theorem describes the definable sets in ⟨N;⊥, f⟩ for any f : N → N
such that ⟨N;⊥, f⟩ has ω-arithmetic and ω-translation. We have seen in
Remark 2.6 that most structures in Chapter 1.2 have ω-arithmetic. But
there was one exception. The next problem would resolve it.

Problem. Let L ∈ Z[X] be a non-linear polynomial with at least two non-zero
coefficients. Does ⟨N;⊥, n 7→ |L(n)|⟩ have ω-arithmetic?

Then the following problem would allow us to apply Theorem 2.2.

Problem. Do the following structures have ω-translation?

• ⟨N;⊥, n 7→ |L(n)|⟩ for L ∈ Z[X] with at least two non-zero coefficients

• ⟨N;⊥, n 7→ φ(n)⟩ for φ the Euler phi function

• ⟨N;⊥, n 7→ 1 +
∏
p̸⊥n, p∈P p⟩

• ⟨N;⊥, n 7→ an − 1⟩ for a > 1

• ⟨N;⊥, n 7→ ⌊anb ⌋⟩ for a, b ∈ N with a ⊥ b, b ≥ 2

Some plausible number-theoretic claims would imply that ⟨N;⊥, Fa⟩ has
ω-translation. For example the following two:

• ∀p ∈ Π∃k ≥ 0∀q ∈ Π:
(∧k

i=0 ω(F
i
a(p)) = ω(F ia(q))

)
⇒ p = q

• ∀p ∈ Π∃k ≥ 0∀q ∈ Π:
(∧k

i=0 ω(Fa(p
i)) = ω(Fa(q

i))
)

⇒ p = q.

The next step in studying the definable subsets of ⟨N;⊥, f⟩ would be to
understand the question (b): when does m⃗ ∈ A and m⃗ ∼f,k n⃗ imply n⃗ ∈ A?

We solve this for the following two functions.

Proposition 3.1. Let H(n) = 1+
∏
p̸⊥n, p∈P p and Fa(n) = an−1 for a > 1.

(i) Assume that ⟨N;⊥, H⟩ has ω-translation. Then

Def(N;⊥, H) = Cl0
(
Def(N; =,×,+)

)
.

(ii) Assume that ⟨N;⊥, Fa⟩ has ω-translation. Then

Def(N;⊥, Fa) = Def(N; =,×,+).
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Proof. Note that ⟨N;⊥, Fa⟩ and ⟨N;⊥, H⟩ have ω-arithmetic by Remark 2.6.

”(i)” We apply Theorem 2.2. Further note that ClH,k = Cl0 for all k ∈ N,
since m ∼ n ⇒ H(m) = H(n).

”(ii)” Corollary 1.7 of [Ric85] states that for all m,n ∈ N we have

Fa(m) ∼ Fa(n) ⇐⇒ m = n ∨
(
a+ 1 ∼ 2, {m,n} = {1, 2}

)
.

Now m ∼Fa,1 n ⇔ m = n and we conclude by Corollary 2.4 with A = N.

This leaves the following problem.

Problem. Can we solve question (b) for any of the following functions?

• n 7→ |L(n)| for L ∈ Z[X] with at least two non-zero coefficients

• φ, the Euler phi function

• n 7→ ⌊anb ⌋ for a, b ∈ N with a ⊥ b, b ≥ 2

We have a partial answer to (b) for the Euler phi function. Let p ∈ Π
and k, n ∈ N. Then p ∼φ,k n ⇔ p = n∨ (p ∼ n, ∃q ∈ P: qk+1 | p, qk+1 | n).

The last problem would weaken the prime powers assumption on A in
Proposition 2.12.

Problem. Let A ⊆ N be definable in ⟨N; =,×,+⟩ such that P ⊂ A and for
each p ∈ P there exists q ∈ A with p2 < q ∼ p. If for all m,n ∈ A with
m < n and m ∼ n there is a prime between m and n, does this imply

Def(N;⊥, <A) ⊇
{
B ∩AN | B ∈ Def(N; =,×,+), B ⊆ NN

}
?
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