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(Zbx (i) )) = bx (i +1;j +1)+(q 1)Zc(i +1;j);
(Zby (i;j)) = by(i+1;j +1) (qa 1)Zc(i;j +1)
q
q 1
(bx (7)) =(a el +1;j);
(by (i) =@ ocij +1);
(Zc(i;j)) = ci+1;j +1)
q
q 2
(c(i;j))=0:
C i) b2



HHom(A; )= Hm(( ™ ;) Hm 2(( ™) ;) m
HHom 1(A; )= Hm 2(C ™ ;) Ha(C ™ Hs5 ) m 2

ker( : @ 2! 0)=cli;j) ibj 0
c(0; 0) A
2(m  1)Zc(0;0) bx(0;1)+ by(1;0) ker( o 4! @ )
Z¢c(0;0) im( m! mo)
Hm 2(C ™))
(
HH n(A) = lAn =01
im( (4
HHom 1(A) 6 |
(m 1)Zc(0;0) by (0;1) (m  1)Zc(0;0)+ by (1;0)
Zc(0;0) ( 9
T( 4) 60

j =2;3 Aj = AdX  AdY  Adz=l |
Zdz XdX YdY

8

3 R” n=0:12;

HHL(A)= _ T( f\”)=| n=3;5:::;
T T( i”): f\”: nN=4:6::::
HH,(A) n 3

HH o(A) HH 1(A) HH ,(A)

HH2(A) = |

A= | [xy;z]=(K)
K =22 x%2 y? | Q V=|X |Y |Z |U
=jYj=jzj=0;juj=1 (X)= (Y)= (2)=0; (U)=2z2 Y2 X?



V = | [X;Y;Z;U]=(U?) g 3

g 3 X'Yizkdxdy dz(du)? 3; ij:k O

P X'YIzKudxdy dz(du)® 3 X'yizkdxdy (du)d ?;
X'YIzZKdXdz (du)9 2;X'YIZzKdY dz(du)? ?; ij:k O

3 XYl zkydxdy (du)d 2;x 'yl zkudy dz(du)d 2;
XY ZKudXdz (du)? 2; XY zKdX (du)d 3 XYl zkdy (du)d 1
X'Yizkdz(@dw)d ' ijk O

d X'YIzKudX (du)® 1 x'yizkudy(du)d &

X'Yizkudz(du)d L, x'YizKdu)d; ik 0

o1 X'Yizku@u)®, ijk 0

a(i;j; k) = X'yl zKdu)e;
bx (i:j; k) := XTYIZKdX (dU)* % by ; bz ;
cxy (irjik ) == X'YIZKdXdY (du)® % Cxz ;Crz;
d(i;j;k ) == X'yl zkdXdY dz(du)d 3

(Ua(i;jik)) = a(ij;k )(Z2 Y2 X2+
2q(Ubz(i;;k +1)  Ubg(i+1;5;k)  Uby(i;j +1;K))

(a(i;jyk)) =2q(bz (i;j;k +1) b (i +1555k) by (i;j +1;k));
(Uhbx (irj;k ) = bx (irj;k )(Z2 Y2 X+
2(g 1)(Ucxz (ihj;k +1)  Ucxy (i) +1;Kk));
(Uby (ij;k )) = by (irj;k (2% Y2 X2+
2(0 1)(Ucyz(isjik +1)+ Ucxy (i +1;)k));
(Ubz (i k)) = bz (isjik )(Z2 Y2 X2+
2(q 1)(Ucxz (i +1;j;k)+ Ucyz(i;j +1;K))



1
(bx (i;;k ) =2(q 1)(cxz (ibj;k +1)  cxy (i) +1;K));
(by (k) =21 ag)exy (i +155k)  oyz(ihk +1));
(bz(i;j;k ) =2(g 1)(cxz (i +1;5k)+ eyz (i) +1;K));
(Uexy G5k ) = oxy (55 k )22 X2 Y& +2(q 2)Ud(i;j;k +1);
(Uorz(siik ) = ovz (i k (2% X2 Y2 +2(q 2)Ud(i +1;jk);
(Uoxz (k) = oxz (5 k )(Z2 X2 Y?) 2(q 2)Ud(i;j +1;Kk)
2
(exy (53 k))=2(q 2)d(i;j;k +1);
(cxz (b k) =2(aq  2)d(i;j +1;k);
(cyz(i;j;k)) =22 gd(i +1;jk);
(Ud(isj k) = dGij k )22 Y2 X3
3
(d(i;j;k ) =0:
(;H) i 3
TR T T
m 2

HHom(A; )= Hm 2(( ™) 5 ) Hm(( ™))
HHom 1(A; )=Hm(( ™ D) Hm (™) Hm 20 ™) ;)

HHo(A) =
A HH(A) = ,1”
HH »(A)
HH2(A) = T( 2”) i” = ,ZA” HHm 3(A)
Hm 2(( ™) )= 1;
cxy (0;0;1) + cxz (0;1,0) ¢vz(1;0,0) 2(m 2)Ud(0;0;0) 2 ker( @ 7 ! | 3)
im( @ @ ;)
Hn((C ™) ; )=0;
Hm(C ™ %) )=0;
Hm 1(( ™) )=0;
Hm 2(( ™) 5 )= |
dim;n;o) ker( : 1 3! 0) d(0;0;0) 2
m2' m 3
( n 0 ..... 2
HHq(A)= AL



HH >(A)
V(x? y?z) R®
A = R[x;y;z]=(P) P:=x? y%z
(X)= (Y)= (2)=0; (U)=X? Y?Z
5a 3

a(i;j k) = X'yl zKdu)e:
bx (i:; k ) := X'YIZ¥dX (du)* %, by ; bz ;
oxy (iij;k ) := XYl zKdxdy (du)® ?; Cxz ;Cyz;
d(i;j; k) = X'YIZ*dXdY dz(du)® *:

(Ua(i;j k) = a(i;j k )(X2  Y2Z)+
q(2Ubk (i +1;j;k)  2Uby(i;j +1;k+1) Ul (i;j +2;k))



q
(a(i;j;k )) = abx (i +1;j;k) 2oy (isj +1;k+1)  bz(i;j +2:K));
(Ubx (i35 k ) = bx (i;j; k )(X2  Y2Z)
(@ LU(2cxy (i +1;k+1)+ cxz (i;] +2;Kk));
(Uby (isjik ) = by (i k ) (X2 Y2Z)
(@ D@Ucxy (i +1;j;k)+ Ucyz(i;j +2;k));
(Ul (i3 k ) = bz (i k )(X2 Y2Z)+
2(1 o)(Ucxz (i +1;;k) Ucyz(i;j +1;k+1))
q
q 1l
(bx (5 k) =@  gcxy (5] +1;k+1)+ cxz (5] +2;k));
(by (k) =1  adRexy (i +1;j;k)+ cvz(i3j +2;Kk));
(bz(i;jik ))=2(1  g)(cxz (i +1;5;k)  coyz(iij +1;k+1));
(Uexy (5K ) = oxy (53 k (X2 Y2Z) (g 2)Ud(;j +2;k);
(Uokz (k) = exz (b k ) (X2 Y2Z)+2(q 2Ud(i;j +1;k+1);
(Uorz(siik ) = ovz(Gi k )(X? Y2Z)+2(q  2)Ud(i +1;j;k)
q
q 2
(exy (b k) =@  od@i;j +2;k);
(cxz (b k) =2(gq 2)d(i;j +1;k+1);
(cvz(ihj;k))=2(q 2)d(i +1;j;k);
(UdGi;jk ) = d(i;j k (X2 Y2Z)
q
q 3
(d(i;j;k )) =0:
HHo(A) = A A HH((A) = }\j|
HH »(A) HH

Hm 2(( ™) )= R%
Hn 2(( ™) )= R%
Hm 1(( m) )=0;
Hn(( ™) )=0;
Hn(( ™ %) )=0:

2cxy (0;0;1) + ¢y z(1;0;0)
cxz (0;1,0)
cxz (0;1,1)
cxz (0;;0)

cyz(1;0;0)
cyz(1;0;1)
cvz(1;1,0)

2(2 qUuUd0;0;0);

2(q  2)Ud(0;0;0);

2(q  2)Ud(0;0;1);
2(g 2)uUd(0;1;0)

m 3(A)



ker( : § 2! @3 im( © Q1! om 2
dii;jjk)  ker( : [ 3! 0)
d(0;0;0);d(0;0;1);d(0; ,0) Zim( : 7 ! 1 2)
HH 2(A) P
n | 0 f2 P|
A= P=l | =(f)

n 0 A

#n

1
#al A ! A gl"jll;adal’\:::’\danﬂ a e dry ™ oA drp A oF:

ri2P|;ai=ri+I

HH2(A) #o
#o: ijzA! A Rixyz] é[x;y;Z]jR A=R[xy;z]=(f) f=x°> y%z
HH2(A) = Zig
A R[x;y;z] é[x;y;z]jR I” A A Al dx 7!
(1;0;0);1 dy 7! (0;1;0);1 dz 7' (0;0;1) #o
forAl A A A#o(l) = G+ (F)igy+ () g+ (F) #o

8
2 Ar N=0:12
HHn(A):>R3 n=3;5:::

"R* n=4;6::::
A B (A)
B (A)
B (A)
At = A |
| u] C (A;A*)JuK
C (AJAT) A1 | [u]
C (A;M) A M A
c A:A)
A
HH 1(A)
H Y(AA)



C (AAM):= ,Hom|(( A) ;M); n O

A M f 2
C"(A;M) ifi==n

f 2 CK(A;M ):g2 C/(A;A)
ickarmM)  cla Ay Tam)

(F i Qani:jaer 1= D9 flagj:tja djolaf:rj@ier alidieri::jaer 1]

(F olawj::tjaker 1= ( Y9 f[agj:jayjolaeni:ijaeligyerien) s jaker 1]
i1

C (AJA)

f 2 CK(A;A):g2 C'(A;A)

[;1:CKA;A) Cl(A;A) 1T CK* L(AA)
[fgl:=f g ( 1)fidg f:
A m:( A) %!l A

mlagjaz] := (1) 2*la a,=( 1&g a,
f 2 Ck(A;A) : Ck(A;A) I Ck+l (A A)

f =[m;f];
(f)awj::jaer] = (1)U Diflay flagj::jag]
(DI g ey gy ijaa ]+ (DT [ag i jaw] Ak
j=1

C (AA)
A A

H"(A;A):= H'(C (AJA); ); n O
f ( Xf)=0

[m; [m;f ] =[mim f+( 1y7f m]
=m m f+( Y'm f m (Dm f m f m m
=[m;m] f =0



C (AM) A "

A M
C (AJA)
f;g 2 C (A;M)
AackaaM)  cl(aam)t clarm)
(frg Nagj:tjak]:=C (9 ) aj::irjak+]
=( 19 [agjitja] Oaaiiijacs]:
f;g2C (AA)
(frg )= frg +( Dlfrg;
x COA:A) X2 A
( ¥(@)=( DM[xal
C (AJA)
frg
f g [frg 12H (AA)
[f ] d]
H (AJA)
C (AA)
EA
c A:A)
(C YAA)LN 3D H 1(AA)
c ! C (AA)

f2C (AA)jf] =jfj 1

d;e;f 2 C (AA)

[die]=[ d;e]+( 1) [d; e];
( Y9I [d;e; f1+( 1Y% I8 [[e;f];d]+( 1)9 ¥ [[f;d];e] = 0:



fi 2 C (AJA) 1 i k foffe;:::

A X Pk e L
foffq;iiifrofalj::tjan] = (1) e=2 )P [folag)jay,

efyiinfsan ;g2 C (AA)

P L

(effyifig)fon:iiag= (1) o plielied
q;in;inik>0

efgr; i fafg+as i g ffoi i 0 ;00

(e f) g e (f g = eff,gg+( 11119 efg;fg;

C YA;A) H YAA)

H (AJA)

fGigi2z +1
G Gj! Gi+j+1;(x y) 7' xyg;
G
(G (G)! ( Gi+js x Y[ x yl:= fxyg
a;b;c2 Gfa; g (jaj +1)

fa;bg = fa;bgc+ ( 1)903*D b a; og:

A

A | A M
f:TC( A)! M TC( A) A
n O

C"(A;M) = Hom|(T"C( A);M):

C (A/M) Hom(B (| ;A;]);M)



f2C"'(A/M) n

f jfj=n
C (A;M)3
f A M f o=[m+ ;f]:
. . . . ><( 'f'+". . . . .
(f e jad =( mf[af::ja]) (YT A agjioj al@)itoja]
i=1
N X1 .
( DU Dlay flagi:jad (1) I [ jaiaiejijaxd
i=1
+( 1Y R [ag) i rja 1] A
m
( 2f)[agj:::ja] =0
[m:m] =0 2=0 2% =[m+ a;[m+ aif]]
M = A
H (AJA)
=N C (AJA)
=[m+ ;]
EA
A:M Al M 60
n n 1,fHom"(A;M)g
Y
Hom"(A;M):=  Hom|(Ap;Mp:n);
p
z

@ :Hom"(A;M)! Hom"l(A;M) @(f)= m f+( 1"*f
f = ffpjfp2 Hom"(Ap; Mpin)g @

A:M | n
f 2 Hom,(A;M) @f)=m f+( D" A @ @ (f)=0

p20,1:::  fp2 Hom|(Ap;Mp+n) (@f )p =
mo fpr( D™ fp 1 A

(@+1 @f)p=@+l (wm fp"’( 1)n+lfp1 A)
=M v fpr( D"wm fp1 Aa+( D™y fp1 A fp2 A &
:0,

2 - 2 —
AT M_O

0! M! Hom°A;M)! Homl(A;:M)!

A M



EA
A C (AA)
C (AA)
Ea ()=[m; ]
M+ A5l
(Ea: )
C (ExsEr) C (Es;Ey)
X2 C (AA)
b
C (A}A) C (AJA)
[30j :::jan 1] 2 Cn(A)
A a2 C (A;A) x 2 C (Ey;Ey)
:C (AJA) C (EysEy) ! C(AJA)
a X =a 1Xt+a 2X
X P . P P o
lao:::jan] 1(fo i fm)= (1) >old) Dt por e pUal DI

[aof ofaa] it jaytoili it jai fal@iaj i tjai wjeggli it ifml@in v iitjai v ili it j@n]

[aoj:::jan;( 2 (fo P::: fm)= o o o
(1) * (aij 1) qGail D+ jiccq Gail Difoi+ oo ipecq (@il Difpj
q n+l
[fmlagi::janjaoj i tjaig]fol@ig+a ] i jaig+ jojlidis ]
fala v irjavjrgliciifm al@in +1iiiijai, L+jfm oliiiijag 1

ba x)=(bd x+( 1)¥a (b+ )x
A
ba x)=(b+ a)a x+( 1)¥a (b+ )x

A C (ExrEr)



d f a2 Ch(AA)

:CYA;A)  Cn(AA)! Cp 4(AA);
f@=( 1ydf@ f)
tlaoj i tjan] = ( 1y2ifi[agf [agj:::jagliagr ] :janl:

d f a2 Cn(A:A)

L :CYAA) Cu(A;A)! Ch ¢(AA);
Le(@)=( 108 Difia (d f);

nXd+2 o
Lt[aoj:::jan] = ( 1Unsr "t [f [agi i rjag) Ay g 1litiijag 1]
=0
X d .
+ (e DI [agi s jaf [aer ) e el s jan];
k=1
[b;Ls]= Ly
A L+
f
L¢ : CCPE'(A) ! CCP'(A)
f2C (A

~ C(E\y;Ea) C (EysE)) ! C(EyEd)



A

A

Ay
Ay

A

Ay

Ay



A

Z
A
R |
R!' R R
|é00: R - /499 R R‘“Q R
%JJ gtt .
d 93 tttt id ’ !
R R: R RY/R R R
T:R R! R Ri(x 7'y X
T =
Ry ; )(R% %9 |
0
R% R°*—RSo Ré}} 5
| ‘ ‘ "}}}}}0
R RQ _R; RO
|
Ay
R |
R R! R R; :R! |
(C;b
C | b:C! C
b:C! C
c—Jt c
‘b ‘b id+id b
c—Jt c
TYx y)=( ¥y x)

Koalgl



\Vj 2

:V0

T(V)!

V

CT(V)! V

| Vo= 2 V
L,
T(V) = e V"
DTV g oV T VI T(V) TV
9(1
(v1 Vp) 7! (vi ::0ovi) (Vs i V).
i=1
TV)=| TMV)=| V
X
(w1 Va)= (v itovi) (Via Vn):
i=0
i=0;n 1 (1 V) = (vi i v 1 12|
:v1 0
|} TOV)
fT(V)! V
F:T(V)! T(V) f=prF pr:T(V)! V
T(V)
AVALE Y i
AVARLE Y/
~:T(V)! T(V)
e V)._(g: o
o :(=0n( :I-)jj = jvjj(Vl oo (Vi+1 Vi+n)
~:T(V) ! T(V) =pr -~ v
v (k n+1)
CT(V) ! T(V) P
fiZVi!Vgio = 0
~ ~=(id ~+~ id)
k n
K n P
(~(vi oow)=( (Y =iy (Vis1 Vien)
i=0
K nXi P
= () =iy v) (e it (Vi Vi+n)
i=0 *=0
Bn Xk Py
+ Q) A VT (Visr 10 Vien) V) (Ve
i=0 “=i+n

=(id ~+~ id) (v

Vi):

k<n

Vi), k

k:Vk

Vk))

Vk)

n,

Vk)



k =n ~= =pr ~ . -jvk:Vk!

Vv (k n+1) k >n J
~ T(V)! VI ~y A L
~m m
(~(va irow))=(~ id+id H(( vi 11 w))
. . X<
=(~ d+id 9 (vi rovi) o (Ve i W)
i=0
Xk
= (Hva ttrovi) o (Viee DD Visdt
i=0
P
(D7 =¥ v AV i Vi)
~m
(= ™vi W)= ARy V) (Vs T Vi)
i=0
P :
(7T iy v T (Vi T Viek)
_ My inow) 1
1 vy row) 12 =ToV) ~ j<m
-m"h ~
j<m 1 -™ ~ =
~m \V (m+n 1) JJ= n 1
V m
'Jnjv (m+n 1)
X1 .
My i Vmen 1) = (LY IVarEENViDy s (Vi 11D Vien) 11D Vmen 10
i=0
. X
ff i :V 'l Vg og! Coder(T(V)); f igi o7! ~:
i 0
Coder(T(V)) !'ff  ;:V "I Vg og; 7'fpr jy G oo
= id
= id
Coder(T(V)) = Hom(T(V);V)
b T(V) 1
b
x X o
by » = id ! p id ™D

i=0 j=0



BP=( b(b=(id b+b id) ) b
=(id b+b id) (id b+b id)
=id P+(b id) (d b+(id b (b id)+ B id

=id PP+ id:
(f1 q) (f2 g)=( Do, ) (@) fi;g
i) 2f1;29
XX o _ .
(&) =pr .= ther ¢ (d ) B oid @7 D)
i=0 j=0
B2
T(V)
(¥)n =0 n
by bp=0;

bp b+ (b id+id b)=0;
bi bp+b (o id+id b))+ by (p id id+id by id+id id k) =0;::::

Ay

(bz)n =0
T( A)

T( A)

[asj:::jan] 2 ( A) " bh: (A" A

1 mp:A "I A

AnL//A

n ‘ ‘

(A) "2l A

mp = 1 th n
bhlalj:::jan] = ( 1) DUaDHn 2(ai+lr w+jan 1+l m @ ciroay)
P, . B
=( 1) O Dy D2 g q):
+1 mpy
n 1 1=n 2 (1)
mn () "auj:iijan] = bofag:ijan]
ai
( 1) ‘iGai+D i Y= 1 (g +1) (n j)
il

Mn(ar i an) = bnfagj:ijan]



p A | a 2 A 1 i n "=

RCTI b T( A
Xn nxk+1 .
blagj:::jan] = ()7 agj::tja ajme(@ i @ek 1)j@i+k)iijan]:
k=0 i=1
Xn nxk+1 _ _
blagj :::jan] = (id D b oid Ok " Dyaj:jan]
k=0 i=1
X0onxk+l )
= (D)7 auj::zja 1 ‘belaij:ijaiek lidiek) ijan]
k=0 =1
X0onxk+l )
= (1) Yagj:izjay ajme(a iir 0 @sk 1)j@i+k)ciijan]:
k=0 i=1
Mmn Mn u:=mg(e)2 A »
my(u) =0;
mi(my(az)) = mo(u  a;)+ mp(ar u);

mi(ma(ar  @)) = ma(Mmi(ar) a)+( 1y%my(ar mi(a)) ma(u ar  a)
+mg(ag u a) mz(az ax u):

m; a;  lllog
ml . . .
u ada(b) :=[a;f=my@a b ( 1y3my(b a)
mi(my(a)) = ady(a) m;
u
A
u
L
A A= , A
b 1 T( A)
bh=0 u?2
A >
A 60
u
mi(mi(as)) =0;
mi(ma(ar @) = ma(mi(ar) a)+( 1)%my(ar mi(an));
X kxi+l P, .
(1) lwliairG Dk i g mi(a @&+ 1) i a)=0:



B(A) = T( A) A, A
A
A
Ay
A z A= LA
X ma:A "l An 1 2 n
( D"*"myyeer (d " ms id )=0; n
r+s+t=n
b=+ ji= 1
mn 2 n
(f a)(x y)=( D9 (x) g(y))
A Z
mp:A "1 A Ay
b T( A) =0
n 1 I:>r+s+t:n( 1)r+5th'+t+l (id ' bs id t)=0
A
A T( A)
Mn
b (d) b idHh= m ( H' (d’ me (DK id )
=D m ( HT me ¢ H o Hh
=( 1k m @(dJ me id') (H "
= j+I1+1
03 T(V)
Phn:( V)"V (K)n =0 n
=0
Ay
A1 A;B
A;B A A, F:A!
T( A)! T( B) Fn n
fni= 1 Fp n
X
( D Mrhpwr (d " mg id Y= ( 1)%m, (fy, fi );
r+s+t=n 1ron

n=iqg+ o+

T( A)! T( B)

n

B
1

1



P P .
d= 5, ,, @ iy 1y yiv A1 fi=0 i 2
A A u = mo(e) mo(u @) = my(a u)
me(ag 0 u i oa) =0 k> 2a 2 A F:A! B
folun @) = fo(a ua) fk(@  ::: ua i &) =0 k 2
A Ay
ua =0

fi m=mg f1 f4

fir my=my (fy fy)+my fo+fy (my id+id my) fy

ma
f my
A1 F:A! B;.G:B! C
X d
(g f)n:= ( Do (fiy v fi); n 1
n=%1::::n+ir
d
Ay
A1 Alg A1
A
Ay
A
A
A;B A, FG:A! BA;
f;g H:A! B +1

H=F H+H G F G=b H+H b
hn:An! B fn;gn

X
fn On= ( Dmpsea(fiy, oo fi, e g, i0ogy)
i1+:::+jin
+ ( k*Thid I mye id 1
j+k+l=n
X X X X X
c=t+ @ j)n i)+ k i+ @a i) i:
1 t 1 r 2 r <
A;B A1
Al

A1 Al B



Al Alghom Al Alg

A1 Alg
A
A
A1
A D2A ; A1
Mo = D2;m1: adp;my A m3=0
D m,; 60
basjaz] = ( 1y3ay
ap
A m3=0 mi= A mo =
A Al A A1
mj
A1 mi;i 3
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