1. THE WAVE EQUATION

The wave equation is an important tool to study the relation between spectral theory
and geometry on manifolds.

Let U C R™ be an open set and let
A= —
Z Ox?
=1 j

be the FEuclidean Laplace operator. Then the wave equation on U is the following differ-
ential equation.

82
(@ — A)u(x,t) = f(z,1),

u(xz, t) =0, xe€U, t>D0.
ou

u(z,0) =up(x), 5(3:,0) = uy(z).

Here f,up and u; are given functions.

6.1. The wave equation on R".

To understand the behavior of the solution of the wave equation we consider first the
wave equation on the real line.

On R we consider the following equation

0? 0?
(@ - @)U(%t) =0,

(e, 0) = o). 50(.0) = ho),

where g, h € C*(R).

The first equation can be factored as follows

0 o\(o 0\, _,
ot Tax )\t "o )t
v(x,t): = (% — (%)u(az,t)

9, 0
av(w,t) + a—xv(:c,t) 1— 0, zeR, ¢t>0.

Put

Then we get
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This is a transport equation with constant coefficients. To solve this equation, we apply
the Fourier transform with respect to z. Let

(& t): = / e STy (x, t)dr.
R
Then we have
d

The solution is given by

(&, 1) = e 0(&, 0).
Hence we have

v(z,t) =v(x —1t,0).
Let a(x) = v(z,0). Then we get

—u(x,t) — 2u(:zc,t) =a(z—t), zeR, t>0.

this is a non-homogeneous transport equation. It can be solved by a similar method. The
result is

u(z,t) :/ta(:c+ (t—s)—s)ds+u(x+1,0)
’ 1 [o+t
=5 /mt a(y) dy + u(z +t,0).
If we use the inatrial conditions
u(z,0) = g(z) and uy(x,0) = h(x),
we get
a(z) = v(z,0) = u(x,0) — uy(z,0)
= h(z) — g'(z)

Inserting this formula for a in the above equation, we obtain the following final form for
the solution

61 ulet) =3[+ 6)+gle— 0]+ 3

T+t
5 2/m h(y)dy , v € R, t > 0.

—t

From this expression for the solution one can derive the following theorem.

Theorem 6.1. Assume that g € C*(R), h € C'(R), and define u(z,t) by (6.1). Then the
following holds

1) u e C*R x [0,00]).
2) (aQ - a2)u(x,t):0 in R x RT

o2~ 922



lim wu(z,t) =gz
Tl U@ ) = 9(z0)
t>0

lim  w(x,t) = h(zx
T ) U D) = o)
>0

Assume that supp g,supph C (r—,r). Then it follows from (6.1) that suppu C (—r —
t,r +t). This means that the wave equation on R has finite propagation speed. Similar
formulars hold for all n > 1. Namely consider on R" the wave equation.

(% — A) u(z,t) =0, u(x,0)=g(x), u(x,0) = h(z).

Let n > 3 be odd. Let m = (n+1)/2, g € C™"(R") and h € C™(R"). Let v, =
1-3-5---(n—2). Then the unique solution of the wave equation is given by

n—3

L{of1ro\* (.,

n—3

1o\ * (... /
+ | = = t" hds | |.
(t f%) ( OB (a1 )]

This formula also shows that the wave equation satisfies finite propagation speed.

6.2. Energy methods.

Energy methods are an important tool to establish finite propagation speed for the wave
equation. We illustrate this for the Laplace operator. For xy € R", t5 > 0, let

C:{(x,t):ogtgto, | 2 — ¢ Hgto—t}.

Theorem 6.2. (Finite propagation speed).

Assume that u(x,0) = uy(x,0) =0 on B(xg,ty). Then u =0 in C.

Proof. Define the energy of the solution by

1
(6.2) e(t) = —/ (ut(az,t)2+ | Vu(z,t) ||? )daz,() <t <t
2 B(mo,to—t)
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Then we have

—e(t) = / (wpuy + (Vu, V) )dz
B(:Bo,toft)

1
——/ (u? + [Vaul?)ds
2 OB(zo,to—t)

— / ut<utt — Au)d.’f
B(Z‘o,to—t)

15} 1 1
+/ e ds——/ w2 | vu |? )ds.
8B(:c0,t07t) 81/ 2 8B(1’0,t07t) 2

ou 1, 1 9
= —u; — =u; — = || Vu ds.
AMWM”<&/t S | ||>

Now note that

du 1 1
] < el | V1< Slud? + 5 1 V|
This implies that
d
—e(t) <0.
Thus e(t) < e(0) =0 for 0 <t < t5. By (6.2) it follows that u; = 0 and Vu = 0 in C.
This implies that © = ¢ and therefore, u = 0. O

6.3. Gradient and divergence. As preparation for the study of the wave equation on
manifolds we recall some facts about the dicergence and the gradient on a Riemannian
manifold.

Let X be a Riemannian manifold. Let f € C°°(X). Then the gradient grad f € C*(TX)
of f is defined by

(grad f(p),Y,) =Y (f)(p) = df (Y)(p)
forall Y € C>(TY). Let

V: C®(TX) — C®(T*°X @ TX)

be the Levi-Civita connection associated to the Riemannian metric of X. Let Y €
C>®(TX). The divergence divY of the vector field Y is defined by

divY(p) =Tr( € T,X — AY € T,X).

In local coordinates grad f and +Y can described as follows. Let z, ..., x, be local coor-
dinates. Let

n
g= Z gijdz; @ dz;
ij=1
be the Riemannian metric in these coordinates. Furthermore, let

(g") = (g5)~", g = det(gij).



and
- 0
7j=1
Then we have
rad f = MZL )
s =3 (#150) 7
and
1 — 0
divy = — — gf:
Lemma 6.3. For all f € C*(X) and Y € C*(TX) we have (grad f,Y) = —(f,divY).

Proof. Using a partition of unity, the proof can be reduced to the case where supp f is
contained in a coordinate chart U. Then

(grad f,Y) = /ZZZ( )gk]f]\/_dx—/z - fi\/gda

j=1 k=1 I=1

/f (hﬁ»@wz—LﬂMYW@

—(f,div Y)

The Riemannian metric defines an isomorphism.
¢: TX 2T*X.
It induces an isomorphism
¢: C(TX) =2 AY(X).
Lemma 6.4. (1) For all f € C*(X) we have
o(grad f) = df.
(2) ForallY € C*(TX) we have

—div(Y) = d*(o(Y))-
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6.4. Symmetric hyperbolic systems. Let X be a Riemannian manifold and ¥ — X a
Hermitian vector bundle over X. Denote by (+,-) the inner product in C°(E) induced by
the Riemannian metric and the fibre metric in E. Let

D: C=(E) — C™(E)

be an elliptic differential operator of order 1. Assume that D is formally self-adjoint.

Example: The basic example is the Dirac operator D: C*(S) — C*°(S) on a spin
manifold.

Let m: T*X — X the cotangent bundle. Let
op: mE — 1n'E

be the principal symbol of D. We recall its definition. Let x € X, £ € T X, and e € E,.
We choose f € C*(X) with

fle)=0,  df(z)=¢
and ¢ € C*(F) with ¢(x) = e. Then

op(x,€)(e) = D(Fo)(x).
Lemma 6.5. For any f € C*(X) and ¢ € C*(E) we have
(6.3) D(fe) = op(df)(p) + fdp.

Note that
UD(:Ea g)t - _O-d(xv g)
Definition 6.6. For Q) C X let

c(§2): Zsup{ lop(x, &) I €€ T2, 111 5669}-

c(Q) is called the propagation speed of D on Q.

Now we consider the wave equation
0
(6.4) 8—;‘ = iDu, u(z,0) = u(z),

where ug € C®(E).

Proposition 6.7. Let o € X and suppose that B,.(xo) is a geodesic coordinate system.

Let c¢: = ¢(By(xg)). Let u € C([=T,T],C>*(E)) be a solution of
ou
— =1iD,.
o

Then we have

| w(t) 1B, s (o) <Il w(0) || B (o)
for0<t<r/ec.



Proof. We define a smooth vector field Y; on X by
Yi()(@) = —ilulz, 1), op(dfe, 2) (u(2, 1)))a
Let f € C°(X). Then by Lemma 6.4 we have
[ i) s = (@ivYi, ) = ~(Vigrad ) = V().
b

By definition of Y;(f) and (6.3) we get

[ Y@ f (@) = iu(t). D(Fu(t) = 1Du(t)
= i(Du(t), fu(t)) — i(u(t), fDu(t))
=i [ (e ). 0600 = (ulat), Dl ).) Fla)d.

Since this equality holds for every f € C°(X), it follows that
(6.5) divYy(z) = i(Du(z,t), u(z,t)), — i{u(z,t), Du(z,t)),.

Now
d

¥ | ute,) | do

Br_ct(z0)
_/ <<—u z, ), :c,t)> + <u(:1:,t), —u(gj’t)> )d:c
Br—ct(w0) v ot z

e / o G [ 4@
- iLT_ct(xo) <<Du(x,t),u(x,t)>x — (u(x, 1), Du(:p,t)>x> dx

e / | u(e, ) |2 dS(a).
aBT—ct(xO)

For the last equality we used that u(z,t) satisfies the wave equation (6.6). Using (6.5) and
the divergence theorem it follows that

d -
— | u(z,t) ||? do = / divYi(z) - u(zx, t)dz
B, ct(fl'O) B, ct(xO)

dt
e / | u(e, ) |2 dS(2)
aBT—ct(‘TO)

_ / (Yy(x), v(x)).dS(z)
OBy —ct(0)

e[ e | ds(a),
8B'rfct($0)
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where v(z) denotes the exterior unit normal vector field. Now observe that by the definition
of ¢ = ¢(B,(xg))

[(Ye(2), v(@))a| = [u(@, 1), op(v(@), 2)(u(z,1)))o] < ¢ || ulz,t) [I* -

This implies that
d

— |u(z, t)||32cdx < 0.
dt Br—ct(xo)

Thus we obtain
)5, @) < [[1u(0)][5.(20),
which concludes the proof. O]

Let ¢ = ¢(B,(x¢)) and let
C={(t,x):t>0, d(z,xg) <r—ct}
Corollary 6.8. Let u € C([-T,T],C>*(E)) be a solution of the equation

on C. Suppose that u(0) =0 on B,(x¢). Then u =0 on C.

Let U = B,(xy) C X be a normal coordinate chart and let
¢: Blp = U x CV
be a trivialization of E|y. Let D|y be restriction of D to C*(U, E|y). Then

0 .
oyt = iD|y(w), u(0,z) = ug(x)

is a hyperbolic system of order 1 in R™. The usual theory for such systems implies existence
of solutions with smooth initial conditions. In this way we get

Proposition 6.9. For every xg € X there exists v > 0 such that for uy € C*(B,(x¢, E))
there exists a unique solution of
% =1iD(u), u(0,2)=wug(x)
on
Co={(z,t):t >0, d(z,s9) <r—ct},
where ¢ = ¢(B(xo)).

The next proposition extends the above result to a larger region.
Proposition 6.10. Let S = Bgr(zg) be a compact ball in X. Let c: ¢(S) and
Co=A{(z,t):t >0, d(x,x9) <r—ct}

Let ug € C*(S, E). Then there is in Cy a unique smooth solution of the equation

0 :
8_7: =1iD(u), u(0)= uo.
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Proof. Since S is compact, there exists r > 0 such for all y € S the injectivity radius
i(y) > r. Thusforally € S, B,.(y) is a normal coordinate chart. It follows from Proposition
(6.9) that for all y € Br_,(x¢) and ug € C*(B,(y), E), the wave equation

ou

5 iD(u), u(0) = uo,

has a unique C*°-solution on the truncated cone
Cy={(z,t): d(z,y) <7 —ct,0 <t <7/2c}.

By uniqueness, solutions agree on C,,NC,. Therefore, we obtain a solution on the truncated
cone

{(z,t): d(x,x0) < R—ct, 0<t<r/2c}.
The solution u at time t = r/2c serves as initial condition on B(zq, R —1/2). If we repeat
the above argument, we get a solution on the truncated cone

{(z,t): d(z,x0) < R—ct, r/2c <t <r/c}
and therefore, a solution on

{(z,t): d(z,z0) < R—ct, 0 <t <r/c}.

After a finite number of steps, we obtain a smooth solution on the cone with base S. [

Let xg € X. Put
c(r): =¢(Br(xg)), 1 >0.

Theorem 6.11. Let X be a complete Riemannian manifold. Suppose that

/°° dr
— =0
o cr)
1) Uniqueness: Suppose that u € C*(X, E) is a solution of

on [0,T] x X with uw(0) = 0. Then u = 0.
2) Euxistence: Let ug € C*(X, E). Then the wave equation

(6.6) — =iDu , u(0)=um,
has a unique solution on R x X. Moreover, for fized t, u(-,t) has compact support.

Proof. We first establish uniqueness. Let R > 0. Put Sg = Bg(zo). We shall show that
u(T) vanishes on Sg. Of course, we also have that u(7") vanishes for 7" < T'. Let
tr=c(R+1)"", R> 0.
By Proposition (6.10), the wave equation (6.6) on
{(z,t): d(z,x0) < R—c¢(R+1)t,0 <t <tg}
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with initial condition uy € C*°(Sg41, £) has a unique solution. Hence u(7) on Sg is
determined by u(T — tg) on Sgy1. By the same argument u(7T — tg) is determined by
u(T—tgr—tpy1) on Sgya. Since the sets Sk are compact, this may be continued indefinitely.
Now we have

(6.7) > tpin =00,
n=0

/°° dr
— =0
poc(r)
by assumption. Hence there exists N € N such that
T =tp+ipy + - Fipin < T

because ¢(R) is monoton and

and 7" + tgyn+1 > T. From our considerations above follows that u(T")|g, is determined

by w(T —=T")|s,, - Let
e=(R+N+1)(T-T).

Then it follows as above that u(T" —T")|g,, , is determined by u(0)

T—T <tgpint1- But u(0) = 0. Hence u(T'—1")

|SR+N+5" Note that
= 0. This implies that u(7)|s, = 0.

‘SR+N

Next we establish existence. The argument is like the uniqueness proof run in reverse.
Let ug € CX(X,FE). Let R > 0 such that suppug C Sg. Since X is complete, S is
compact. By Proposition (6.10) there exists a C'*°-solution of (6.6) in

C={(z,t): 0<t <tpio,d(z,20) < R+3—c(R+3)t}

Moreover, it follows from the uniqueness part of Proposition (6.10) that the solution van-
ishes outside Sgi1. So we can extend it by 0 to a global solution on X which exists for
time 0 <t < tryo. Now we iterate this process. The solution at time ¢ = ¢z is supported
in Sgy1. By the above argument, it extends to a solution for 0 < t < tg,o + tg 3 with
support in Sgi2. Using again (6.7), we can extend the solution to any time ¢ and for fixed
t, u(t) has compact support. O

For each t define a map
Up: CP(X,E) — C*(X, E)
by
Ut(uo) = u(t),
where u is the unique solution of

0 :
6_1; =iDu, u(0) = up.

Corollary 6.12. Under the assumptions of Theorem (6.11), {U;} is a one-parameter
group. Moreover, if w € CX(X, E), we have
d

7 (Us(uo), w) = (iDU,(ug), w).
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Finally DU (ug) = Ui(Duy).

Proof. Let u(t): = U(up). Then u(t) € C*(X, E) and
ou

Since w € CX°(X, E), we can differentiate unter the integral which gives

O = () = 60U

Moreover, Ugy; = Ugs o U; and DU; = U, D follows from uniqueness. O

Note that U, is unitary. Indeed we have
L 17 = (L0, u(0) + (we). %)
_ (iDu(t), u(t)) + (u(t), z’Du(t))
— <iDu(t),u(t)) - (w(t),u(t)) ~0.

6.5. Essential self-adjointness. In this section we apply the results obtained in the
previous section to establish the essential self-adjointness of geometric operators.

We begin with an abstract result.

Lemma 6.13. Let T be a symmetric operator in a Hilbert space H with dense domain
D C H. Suppose that T(D) C D). Furthermore suppose that there is a one-parameter
group U, of unitary operators on H such that

Ut(D) Q'D, UtT:TUt on D

and

d .
p Ui(u) = iTUy(u)

for w e D. Then every power of T is essentially self-adoint.
Proof. Let n € Nand A: =T". Then

A:D—H
is symmetric. To show that A is essentially self-adjoint, it suffices to verify that

(A+ild)(D) =H
Let v € ‘H and suppose that
((A£4)(p), 1) =0, Vp € D.

Then it follows that 1) € D(A*) and

A" = Fip.
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We consider the case where A*y) = i1). For u € D define
f(t) = (Ui(u),9), t € R.
Since U, is unitary, f(t) is bounded. Furthermore we have
d" o : n .
o] (8) = (T"U(),¥) = (AU (), ¥) = ("Ui(u), A™)
= =" (Uy(u), ¥) = =" f(1).

Thus f(t) satisfies the ordinary linear differential equation.

d"f
6.8 —(t) = ="t f(2).
(63) L) = iy
Let o, 7 = 1,...,n, be the different roots of the equation
S = _,in—f—l

Then e%*, j =1,...,n, is a basis for the space of solutions of (6.8). Therefore f(t) can be

written as
n
Flt) =" cje!
j=1
for some constants ¢; € C. Now observe that Re(a;) # 0 for j = 1,...,n. Since f is

bounded this implies that f = 0. Hence we get

(u,1) = £(0) =0, u € D.

Since D C H is dense, it follows that ¢» = 0. The case A*)) = —iy) can be treated in the
same way. 0

We can now state the main result about essential self-adjointness.

Theorem 6.14. Let X be a complete Riemannian manifold and E — X a Hermitian
vector bundle over X. Let

D: C®(X,E) = C™(X,E)

be an elliptic differential operator of order 1 which is formally self-adjoint. Assume that

/°° dr
— =0
1c(r)
Let T: C*(X,E) — L*(X, E) be the operator which is defined by D. Then every power of
T is essentially self-adjoint.

Proof. Let
U: CX(X,FE)— CX(X,F)
be the 1-parameter group, defined by Corollary 6.12. For each ¢t € R we have
[U(u)|| = llull, vwe CZ(X, E).
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Indeed, for u,w € CX(X, E), we have

i(Ut(U), Ui(w)) = (DU (u), Up(w)) + (U(u), iDU(w))

dt
Hence U; extends by continuity to a one-parameter family
Uy L*(X,e) — L*(X,E)

of unitary operators. The assumptions of Lemma 6.13 are satisfied. This implies the
theorem. ]

6.6. Applications. Now we are ready to apply the results of the previous section to
geometric situations.

Let X be a complete Riemannian manifold. Let
D=d+d: AN(X) > A" (X).
Then D is formally self-adjoint. To determine its principal symbol, fix p € X, { € T X and

ve NTyX. Let f € C®°(X) and p € A*(X) be such that f(p) = 0,df, = § and p(p) = v.
Then we have

oa(p,§)v = D(fe)(p) = (d+d*)(fe)(p) = dfy A (p) — =(df N xp)(p)
=& NV —ig(v),
where i¢: A*T7 X — A*T7 X denotes interior multiplication by £. This implies that

Fon(z, &) 1=l €1

Hence we have ¢(x) = 1, i.e. D has unite propagation speed. By Theorem 6.14 it follows
that for all n € N, the operator

(d+d*)": A (X) — L*A*(X)
is essentially self-adjoint. Now recall that the laplace operator A is given by
A = (d+d)>

Thus it follows that for all n € N,

A" N(X) — LPA*(X)
is essentially self-adjoint. The Laplace operator preserves AP(X) for every p. Therefore

A" AP(X) — L*AP(X)
is essentially self-adjoint for all p =0, ..., n.

Next we consider a complex manifold equipped with a Hermitian metric, so that X,
equipped with the associated Riemannian metric is complete. Let ' — X be a holomorphic
Hermitian vector bundle over X. Then we define the space of (p, ¢)-forms with values in
E as the space of C®-sections of APT*9)(X) @ AT**)(X) ® E. The operator

0: AP(X,E) — AP7Y(X, E)
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is uniquely defined by demanding that
Ow®p) = (0w) @ ¢

for every w € AP9(X) and every holomorphic section of E. In this way we get the
Dolbeault complex

2 Ara(X B 2 APSTYX E) s
Let D = (0 + 0*). Then we have
op(#,E)(w®p) = (1(§) Aw — ix(e) (W) @ ¢

where m: T: X @ C — T, ©V X is the canonical projection. It follows that
I on(X, ) lI=] ()
and hence, ¢(x) = 1/4/2. By Theorem 6.14,
(0+0)": AP*(X,E) — L*AP*(X, E)
is essentially self-adjoint for all p and all n € N.
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