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ABSTRACT. Let G be a reductive algebraic group over Q and I' C G(Q) an arithmetic
subgroup. Let Ko, C G(R) be a maximal compact subgroup. We study the asymptotic
behavior of the counting functions of the cuspidal and residual spectrum, respectively, of
the regular representation of G(R) in L?(I'\G(R)) of a fixed K..-type o. A conjecture,
which is due to Sarnak, states that the counting function of the cuspidal spectrum of
type o satisfies Weyl’s law and the residual spectrum is of lower order growth. Using the
Arthur trace formula we reduce the conjecture to a problem about L-functions occurring
in the constant terms of Eisenstein series. If G satisfies property (L), introduced by Finis
and Lapid, we establish the conjecture. This includes classical groups over a number field.
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2 WERNER MULLER

1. INTRODUCTION

Let G be a connected semisimple algebraic group over Q and I' C G(Q) an arithmetic
subgroup, which we assume to be torsion free. A basic problem in the theory of automorphic
forms is the study of the spectral resolution of the regular representation Rp of G(R)
in L*(T\G(R)). Of particular importance is the determination of the structure of the
discrete spectrum. Let L2 (T'\G(R)) be the discrete part of L?(I'\G(R)), i.e., the closure
of the span of all irreducible subrepresentations of Rp. Denote by Rr 4 the corresponding
restriction of Rr. Denote by I, (G(R)) the set of isomorphism classes of irreducible unitary
representations of G(R), which occur in Rr. By definition we have

(1.1) Frai = @ﬂend» (G(R»mr(ﬂ)ﬁ’

where
mp(7) = dim Homg) (7, Rr) = dim Homg) (7, Rr,ais)

is the multiplicity with which 7 occurs in Rp. Apart from special cases, as for example
discrete series representations, one cannot hope to describe the multiplicity function mp
on II(G(R)) explicitly. Therefor it is feasible to study asymptotic questions such as the
limit multiplicity problem [FLM2] and the Weyl law, which is the subject of this article.

To begin with we recall that the discrete spectrum decomposes into the cuspidal and the
residual spectrum. Let K, be a maximal compact subgroup of G(R). Let Z(gc) be the
center of the universal enveloping algebra of the complexification of the Lie algebra g of
G(R). Recall that a cusp form for I is a smooth and right K.-finite function ¢: I'\G(R) —
C which is a simultaneous eigenfunction of Z(g¢) and which satisfies

(1.2) ¢(nx)dn =0

/mNP<R>\NP<R>
for all unipotent radicals Np of proper rational parabolic subgroups P of G. By Langlands’
theory of Eisenstein series [Lal], cusp forms are the building blocks of the spectral reso-
and hence square integrable. Let L2 _(I'\G(R)) be the closure of the linear span of all
2 (C\G(R)) decomposes

discretely and L? (T\G(R)) is a subspace of L% (I'\G(R)). Denote by L2

2 (M\GR)) in L2, (T\G(R)). This is the residual subspace.
Let (0, V,) be an irreducible unitary representation of K. Set
Define the subspaces L, (ING(R),0), L7, (I\G(R),0) and L (I\G(R),0) in a similar
way. Then L2
G(R)/K. be the Riemannian symmetric space associated to G(R) and X = T\ X the
corresponding locally symmetric space. Since we assume that I' is torsion free, X is a

lution. We note that each cusp form ¢ € C*(I'\G(R)) is rapidly decreasing on I'\G(R)
cusp forms. The restriction of the regular representation Ry to L2
wes ([\G(R)) the
orthogonal complement of L2
(1.3) L*T\G(R),0) := (L*(T\G(R)) ® V,)¥=.
Z(C\G(R), o) is the space of cusp forms with fixed K -type . Let X :=
manifold. Let E, — T'\X be the locally homogeneous vector bundle associated to o
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and let L?(X, E,) be the space of square integrable sections of E,. There is a canonical
isomorphism

(1.4) L*(I\G(R),0) = L*(X, E,).

Let Qgm) € Z(gc) be the Casimir element of G(R). Then —Qgr) ® Id induces a self-
adjoint operator A, in the Hilbert space L?*(T\G(R),o) which is bounded from below.
With respect to the isomorphism ((1.4) we have

(1.5) A, = (V7)*V7 = A\, 1d,

where V7 is the canonical invariant connection in £, and A\, denotes the Casimir eigenvalue
of o. In particular, if oy is the trivial representation, then L*(T\G(R), o) = L*(X) and
A,, equals the Laplacian A on X.

The restriction of A, to the subspace L% (I'\G(R), o) has pure point spectrum consisting

of eigenvalues A\o(0) < Aj(0) < --- of finite multiplicities. Let £(\;(0)) be the eigenspace
corresponding to A;(¢). Then we define the eigenvalue counting function Nt 4i.(A, o), A > 0,
by

(1.6) Nras(Ah o) = Y dimE(N(0)).

The counting functions Np ..(A, o) and Np (A, o) of the cuspidal and residual spectrum
are defined by considering the restriction of A, to the cuspidal and residual subspace,
respectively. The main goal is to determine the asymptotic behavior of the counting
functions as A — oo. If X is compact, the Weyl law holds. Recall that for a compact
Riemannian manifold X of dimension n, the Weyl law states that the number Nx(\) of
eigenvalues \; < A\, counted with multiplicity, of the Laplace operator A of X satisfies

vol(X)
(4m)"['(5 + 1)
as A\ — 0o. A standard method to prove ([1.7)) is the heat equation method. Using the
wave equation, one gets a more precise version with an estimation of the remainder term:

vol(X)
(4m)"I (5 + 1)
as A — oo. This is due to Avakumovic [Av] and Hérmander. Without further assumptions
on the Riemannian manifold, the remainder term is optimal [Av]. More generally, one
can consider the Bochner-Laplace operator Ag for a Hermitian vector bundle £ — X with
Hermitian connection. There is a similar formula (|1.7]) for the eigenvalue counting function

Nx (A, E) of Ag. The only difference is the rank of £ which appears on the right hand
side in the leading coefficient.

(17) Nx() = X2 4 o(AC2)

(1.8) Nx(\) = A2 L QA1)

For non-uniform lattices I' the self-adjoint operator A, has a large continuous spectrum
so that alomost all eigenvalues of A, will be embedded in the continuous spectrum which
makes it very difficult to study them. A number of results are known for the spherical
cuspidal spectrum. The first results concerning the growth of the cuspidal spectrum are
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due to Selberg [Sel]. He proved that for every congruence subgroup I' C SL(2,7Z), the
counting function of the cuspidal spectrum satisfies Weyl’s law, i.e., one has

vol(T'\H?)
N 4
as A — oo. This shows that for congruence subgroups eigenvalues exist in abundance. On
the other hand, based on their work on the dissolution of cusp forms under deformation
of lattices, Phillips and Sarnak [Sa2] conjectured that except for the Teichmiiller space
of the once punctured torus, the point spectrum of the Laplacian on I'\H? for a generic
non-uniform lattice I' in SL(2, R) is finite and is contained in [0,1/4). In the more general
context of manifolds with cusps Colin de Verdere [CV] has shown that under a generic
compactly supported conformal deformation of the metric of a non-compact hyperbolic
surface of finite area all eigenvalues A > 1/4 are dissolved.

(1.9) Ne() 22— 27m>\log)\+0()\),

If rank(G) > 1, the situation is very different. By the results of Margulis, we have rigidity
of irreducible lattices and irreducible lattices are arithmetic. One expects that arithmetic
groups have a large discrete spectrum. The following conjecture is due to Sarnak [Sal.

Conjecture 1.1. Let I' € G(Q) be a congruence subgroup. Then for every v € T1(K),
Nt cus(A; V) satisfies Weyl’s law and Np,o(X;v) is of lower order growth.

There are some general results concerning the conjecture. Let GG be a connected real
semisimple Lie group, K a maximal compact subgroup of G, and I' C G a torsion free
lattice. Let n = dim G/K. Donnelly [Do, Theorem 9.1] has established the following upper
bound for the cuspidal spectrum

. Nr (A v)  dim(v) vol(I\G/K)
1.1 1 :
(1.10) nAn_)s;}p NS T (@) T(E 1)

which holds for every v € TI(K'). Concerning the residual spectrum, it was proved in [Mull,
Theorem 0.1] that for a general lattice one has

(1.11) Nroes(A; ) < 1+ AP

However, this is not the optimal bound that one expects. In general, one would expect that
the residual spectrum is of order O(A\"/2) and for arithmetic groups of order O(A~1)/2) as
A — 0.

Conjecture has been verified in a number of cases. Most of the results are obtained
for the spherical spectrum. The first result in higher rank is due to S.D. Miller [Mil] who
established the Weyl law for spherical cusp forms for I' = SL(3,Z). The author [Mu3]
proved it for a principal congruence subgroup I' C SL(n,Z). The method of proof follows
Selberg’s approach and uses the trace formula. Then Lindenstrauss and Venkatesh [LV]
proved the Weyl law for spherical cusps forms in great generality, namely for congruence
subgroups I' C G(R), where G is a split adjoint semisimple group over Q. The method
is different. It uses Hecke operators to eliminate the contribution of Eisenstein series. For
congruence subgroups of SL(n, Z), E. Lapid and W. Miiller [LM] established the Weyl law
for the cuspidal spectrum with an estimation of the remainder term. The order of the
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remainder term is O(A(4=1/2(Iog \)™#*("3)) where d = dim SL(n, R)/SO(n). The method
is also based on the Arthur trace formula as in [Mu3]. However, the argument is simplified
and strengthened, which corresponds to the use of the wave equation in the derivation
of the Weyl law for a compact Riemannian manifold. Recently T. Finis and E. Lapid
[FL2] estimated the remainder term for the cuspidal spectrum of a locally symmetric
space X = I'\G(R)/K,,, where G is a simply connected, simple Chevalley group and I" a
congruence subgroup of G(Z). The method also uses Hecke operators as in [LV], but in a
slightly different way. The estimation they obtain is O(A?~?), where d = dim X and 6 > 0
some constant which is not further specified. In [FM]|, T. Finis and J. Matz included Hecke
operators. They studied the asymptotic behavior of the traces of Hecke operators for the
spherical discrete spectrum.

For the non-spherical case, the Weyl law was proved in [Mu3] for a principal congruence
subgroup of SL(n,Z). Recently, A. Maiti [Ma] has generalized the approach of Linden-
strauss and Venkatesh [LV] to establish the Weyl law for cusp forms and arbitrary K-
types. Asin [LV], the method works for a semi-simple, split, adjoint linear algebraic group
over Q. It provides no results for the residual spectrum.

Concerning the residual spectrum, there is the general upper bound (1.11]), which, how-
ever, is not the expected optimal one. For rank(G) = 1, the residual spectrum is known
to be finite. For GL(n) the residual spectrum has been determined by Moeglin and Wald-
spurger [MW]. This has been used in [Mu3], Proposition 3.6] to prove that in this case the
residual spectrum is of lower order growth.,

The main goal of the present paper is to prove Conjecture for a certain class of
reductive groups including classical groups over a number field. We use the Arthur trace
formula to reduce the proof of the conjecture to a problem about automorphic L-functions
occurring in the constant terms of Eisenstein series. This problem can be dealt with if
the reductive group G satisfies property (L), which was introduced by Finis and Lapid in
[FL1], Definition 3.4]. Let G be a reductive group over Q. As usual, let G(R)! denote the
intersection of the kernels of the homorphisms |x|: G(R) — R>?, where x ranges over the
Q-rational characters of G. Then our main result is the following theorem. vvv

Theorem 1.2. Let Gy be a connected reductive algebraic group over a number field F
which satisfies property (L). Let G = Respig(Go/F). Let Koo C G(R)! be a mazimal
compact subgroup and let n = dim G(R)' /K. Let T' C G(Q) be a torsion free congruence
subgroup. Then for every v € II(K,) we have

dim(v)vol (T\G(R)' /K..)

1.12 Npr oo\ 1) ~ A2\ .
(1.12) en(Xi) (4m)"/2T (% + 1) LT
and

(1.13) Moo\ ) < 1T+ AD200 x5 0.

Thus in order to establish the Weyl law and the estimation of the residual spectrum for
every K..-type, we are reduced to the verification that Gy satisfies property (L). For GL(n)
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the relevant L-functions are the Rankin-Selberg L-functions, which are known to satisfy
the pertinent properties. Using Arthur’s work on functoriality from classical groups to
GL(n), T. Finis and E. Lapid [FL1, Theorem 3.11] proved that quasi-split classical groups
over a number field F' satisfy property (L). Moreover, they also proved that inner forms of
GL(n) and the exceptional group Gy over a number field F' satisfy property (L). In fact,
one expects that property (L) holds for all reductive groups. Currently, we only know
[EL1, Theorem 3.11]. Together with Theorem this leads to the following corollary.

Corollary 1.3. Let F' be a number field and let Gy be one of the following groups over F':

(1) GL(n) and its inner forms.
(2) Quasi-split classical groups.
(8) The exceptional group Gs.

Let G = Resp/g(Go/F). Let I' C G(Q) be a congruence subgroup and v € II(Ky,). Then
(L12) and (L.13) hold.

Our approach to prove Theorem is a generalization of the heat equation method to
the non-compact setting. The basic tool is the Arthur trace formula. This requires to pass
to the adelic setting. We will work with reductive groups over a number field F'. However,
for the rest of the introduction we will assume that ' = Q. So let G be a connected
reductive group defined over Q. Let A be the ring of adeles of Q. Let G(A)! := N, ker ||,
where x runs over the rational characters of G. Denote by T the split component of the
center of G and let A be the component of the identity of Tz (R). Then

G(A) = Ag x G(A).

We replace I'\G(R)! by the adelic quotient AcG(Q)\G(A)/K; = G(Q)\G(A)'/K}, where
K; C G(Ay) is an open compact subgroup. Let II(G(A)) (resp. II(G(A)')) be the set
of equivalence classes of irreducible unitary representations of G(A) (resp. G(A)'). We
identify a representation of G(A)! with a representation of G(A), which is trivial on Ag.
Let L2 (AcG(Q)\G(A)) be the closure of the span of all irreducible subrepresentations of
the regular representation R of G(A) in L*(AcG(Q)\G(A)). Denote by T4 (G(A)) the
subspace of all 7 € II(G(A)) which are equivalent to a subrepresentation of the regular
representation of G(A) in L?*(AcG(Q)\G(A)). Note that this is a countable set. Denote
by Ry the restriction of R to L2 (AcG(Q)\G(A)). Then

—_—

(1.14) Ris 2D\ gy
where
(1.15) m(m) = dim Hom(r, L*(AcG(Q)\G(A))

is the multiplicity with which 7 occurs in L?(A¢G(Q)\G(A)). Any 7 € TI(G(A)) can be
written as m = mo ® 7y, where 7o, and 7y are irreducible unitary representations of G(R)
and G(Ay), respectively. Let H, and H,, denote the Hilbert space of the representation
Too and my, respectively. Let K; C G(Af) be an open compact subgroup. Denote by
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Hfff the subspace of Kj-invariant vectors in H,,. Let G(R)! = G(A)' N G(R). Given
7 € II(G(A)), denote by A, the Casimir eigenvalue of the restriction of 7, to G(R)'. Let
v € II(K). Then we define the adelic counting function of the discrete spectrum by

(1.16) Ne") = Y m(r) dim(Ha ) dim(He,, ® V)5,
”EPdis(G(A))

In the same way we define the counting functions N&w™”(A) and Nied ™ (A) of the cuspidal
and residual spectrum, respectively. The adelic version of Theorem is then

Theorem 1.4. Let Gy be a connected reductive algebraic group over a number field F.
Assume that Gy satisfies property (L). Let G = Resp/q(Go) be the group that is obtained
from G by restriction of scalars. Let Ko be a mazimal compact subgroup of G(R)'. Let
d:=dim(G(R)'/K). Let K; C G(Ay) be an open compact subgroup and let v € T(Ky).
Then we have

dim(v) vol(AcG(Q\G(A)/Ky)

(1.17) NErv()) = am) A £ 1) A2 oA, N = oo,
2

and

(1.18) NErv(O) < (14207072 x> 0.

To deduce Theorem from the adelic version, we recall that there exist finitely many
congruence subgroups I'; C G(Q), i = 1, ..., m, such that

(1.19) AcG\G(A)/Ky = [ [TAGR)'

(see sect. |3). Denote by NT,...(A,v) the counting function for the cuspidal spectrum
LA T\G(R)Y) @ V)K= Then it follows that

cus

(1.20) NEY () = Nry (A v).

This is used to derive Theorem [I.2] from Theorem [1.4]

To prove Theorem we start with the estimation of the residual counting function,
which is needed to establish the Weyl law. For this purpose we use Langlands’ description
of the residual spectrum in terms of iterated residues of Eisenstein series [Lall Ch. 7],
MW, V.3.13]. Using the Maass-Selberg relations, the problem is finally reduced to the
estimation of the number of real poles of the normalizing factors of intertwining operators,
which appear in the constant terms of Eisenstein series. To obtain the appropriate bounds,
we need that G satisfies property (L) which was introduced by Finis and Lapid [FL1
Definition 3.4]. In this way we get (L.18).

To prove the Weyl law, we use the Arthur trace formula. We will work with groups
over a number field . However, in order to explain the method we will simply assume
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that ' = Q. We proceed as in [Mu3]. We choose test functions ¢¢ € C>°(G(A)!), t > 0,
which at the infinite place are obtained from the heat kernel H} of the Bochner-Laplace

operator A, on the symmetric space X = G(R)! /K., and which at the finite places is
given by the normalized characteristic function of K (see for the precise definition).
Then we insert ¢} into the spectral side Jgpec 0f the trace formula and study the asymptotic
behavior of Jepec(¢}) as t — 0. The spectral side is a sum of distributions Jspec as associated
to conjugacy classes of Levi subgroups M of GG. For M = G we have

(1.21) Tope(0}) =Y m(m)e= dim(Hz)) dim(Hq, @ V)5,

mellgis(G(A))

which is the contribution of the discrete spectrum to the spectral side. For M # G, the main
ingredients of the distributions Jypec,ar are logarithmic derivatives of intertwining operators.
The intertwining operators can be normalized by certain meromorphic functions. Then the
logarithmic derivatives of the intertwining operators are expressed in terms of logarithmic
derivatives of the normalizing factors and logarithmic derivatives of the local normalized
intertwining operators. In fact, we only need to control integrals of logarithmic derivatives
which simplifies the problem. To deal with the integrals of logarithmic derivatives of the
normalizing factors, we use property (TWN+) [FL1, Definition 3.3]. By [FL1], Proposition
3.8], property (TWN+) is a consequence of property (L) [FL1, Definition 3.4], which we
assume to be satisfied by G. To deal with the local intertwining operators, we follow
essentially the approach used in [FLMZ2]. The final result is Theorem , which states
that if G satisfies property (L), then

(1.22) Jpec(0}) = Jpec,c(8]) + Ot~ D/2)
ast — 0.

Next we come to the geometric side Jyeom(¢}). Its asymptotic behavior as t — 0 has
been determined in [MM2], Theorem 1.1]. We will briefly recall the main steps of the proof
and determine the leading coefficient. By the trace formula we have Jopec(@)) = Jecom(¢F),
which together with (1.21]) and ((1.22)) leads to

Z m(m) dim(?—[gf) dim (Hr, @ V,)"= e

mellgis(G(A))

(1.23) _ dim(») vol(X (k)

(47)d/2
as t — 0. Applying Karamata’s theorem, we obtain the adelic Weyl law ((1.17)).

—d/2 +O( (d-1) /2)

2. PRELIMINARIES

We will mostly use the notation of [FLMI]. Let G be a reductive algebraic group defined
over a number field F'. We fix a minimal parabolic subgroup F, of G defined over F' and
a Levi decomposition Py = MyUy, both defined over F. Let Ty be the F-split component
of the center of M. Let F be the set of parabolic subgroups of G' which contain M, and
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are defined over F. Let L be the set of subgroups of G which contain M, and are Levi
components of groups in F. For any P € F we write

P = MpNp,
where Np is the unipotent radical of P and Mp belongs to L.

Let M € L. Denote by Ty, the F-split component of the center of M. Put Tp = T)y,.
With our previous notation, we have Ty = Tyy,. Let L € £ and assume that L contains
M. Then L is a reductive group defined over F' and M is a Levi subgroup of L. We shall

denote the set of Levi subgroups of L which contain M by L£¥(M). We also write F*(M)
for the set of parabolic subgroups of L, defined over F', which contain M, and PL(M) for
the set of groups in FZ(M) for which M is a Levi component. Each of these three sets is
finite. If L = G, we shall usually denote these sets by £L(M), F(M) and P(M).

Let Wy = Ner)(To)/Mo be the Weyl group of (G, Tp), where Ngpy(H) denotes the
normalizer of H in G(F'). For any s € W, we choose a representative w, € G(F'). Note
that Wy acts on £ by sM = w,Mw;*'. For M € L let W(M) = Ngr)(M)/M, which can
be identified with a subgroup of Wj.

Let X(M)F be the group of characters of M which are defined over F. Put
(2.1) ay = Hom(X (M) g, R).
This is a real vector space whose dimension equals that of T),. Its dual space is
ay=X(M)r@R.
We shall write,

(2.2) ap =ay, and ag=dyy.

For any L € £(M) we identify a} with a subspace of a},;. We denote by a4, the annihilator

of a} in ap;. Then r = dima§ is the semisimple rank of G. We set
(2.3) Li(M)={L € L(M):dima}, =1}
and

(2.4) AM)= ] PW@).

LeL(M)

Let ¥p C a} be the set of reduced roots of Tp on the Lie algebra np of Np. Let Ap
be the subset of simple roots of P, which is a basis for (a%)*. Denote by X, the set of
reduced roots of Ty, on the Lie algebra of G. For any o € X3, we denote by ¥ € a,; the
corresponding co-root. Let P, and P be parabolic subgroups with Py C P,. Then ap, is
embedded into a}, , while ap, is a natural quotient vector space of ap,. The group Mp, N P
is a parabolic subgroup of Mp,. Let A% denote the set of simple roots of (Mp, N Py, Tp,).
It is a subset of Ap,. For a parabolic subgroup P with Py C P we write Af := AL .

Let A be the ring of adeles of F', Ay the ring of finite adeles and Fi, = F'®gR. We fix a
maximal compact subgroup K = [[, K, = Ko - K of G(A) = G(Fx)-G(Af). We assume
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that the maximal compact subgroup K C G(A) is admissible with respect to M, [Ar6l §
1]. Let Hy : M(A) — ap be the homomorphism given by

(2.5) et = I (m)| = [ [Ix(ma)l,

for any x € X(M)p and denote by M(A)* C M(A) the kernel of Hyy.

Let G = Resp/g(G) be the group over Q obtained from G by restriction of scalars [We].
Similar for any M € L let M; := Resp/g(M). Let Ty, be the Q-split component of the
center of M;. For M € L let Ay denote the connected component of the identity of Ty, (R),
which is viewed as a subgroup of Ty (Ar) via the diagonal embedding of R into F,,. Note
that it follows from the properties of the restriction of scalars that M;(Ag)! = M(Afp)!.
Thus we have

M(AF) = AM X M(Ap)l
Let L2

2 (A M(F)\M(A)) be the discrete part of L*(AyM(F)\M(A)), i.e., the closure
of the sum of all irreducible subrepresentations of the regular representation of M(A).
We denote by Ilgis.(M(A)) the countable set of equivalence classes of irreducible uni-
tary representations of M(A) which occur in the decomposition of the discrete subspace
L3 . (AyM(F)\M(A)) into irreducible representations. Let L2 (AyM(F)\M(A)) be the
subspace of cusp forms. Denote by Il . (M (A)) the set of equivalence classes of irreducible
unitary representations of M(A) which occur in the decomposition of the space of cusp

forms L2 (AyM(F)\M(A)) into irreducible representations.

cus

Let g and € denote the Lie algebras of G(F ) and K, respectively. Let 6 be the Cartan
involution of G(F ) with respect to K. It induces a Cartan decomposition g = pd£. We
fix an invariant bi-linear form B on g which is positive definite on p and negative definite
on . This choice defines a Casimir operator 2 on G(F), and we denote the Casimir
eigenvalue of any 7 € II(G(F)) by Ar. Similarly, we obtain a Casimir operator Qx_ on
K. and write A, for the Casimir eigenvalue of a representation 7 € II[(K.) (cf. [BGl §
2.3]). The form B induces a Euclidean scalar product (X,Y) = —B(X,6(Y)) on g and all
its subspaces. For 7 € II(K,) we define ||7|| as in [CD| § 2.2]. Note that the restriction of
the scalar product (-, -) on g to ag gives ag the structure of a Euclidean space. In particular,
this fixes Haar measures on the spaces ak, and their duals (a%,)*. We follow Arthur in the
corresponding normalization of Haar measures on the groups M(A) ([Arll § 1]).

Let H be a topological group. We will denote by II(H) the set of equivalence classes of
irreducible unitary representations of H.

Next we introduce the space C(G(A)') of Schwartz functions. For any compact open
subgroup K; of G(A;) the space G(A)'/K/ is the countable disjoint union of copies of
G(Fy)' = G(Fy) N G(A)! and therefore, it is a differentiable manifold. Any element
X € U(gl,) of the universal enveloping algebra of the Lie algebra gl of G(F.)!' defines
a left invariant differential operator f — f* X on G(A)!/K;. Let C(G(A)'; K;) be the
space of smooth right K-invariant functions on G(A)! which belong, together with all



11

their derivatives, to L'(G(A)'). The space C(G(A)%; Ky) becomes a Fréchet space under
the seminorms

1f* Xzeayy, X €U(gl).

Denote by C(G(A)') the union of the spaces C(G(A)'; K;) as Ky varies over the compact
open subgroups of G(A;) and endow C(G(A)') with the inductive limit topology.

3. ARITHMETIC MANIFOLDS

In this section we introduce the adelic description of the locally symmetric spaces we will
work with. We also explain the relation to the usual set up.

Let G be a reductive algebraic group over a number field F. Fix a faithful F-rational
representation p: G — GL(V) and an Op-lattice A in the representation space V' such that
the stabilizer of A ;== Op @ A C Ay ® V in G(Af) is the group K;. Since the maximal
compact subgroups of GL(A; ® V') are precisely the stabilizers of lattices, it is easy to see
that such a lattice exists. For any non-zero ideal n of O, let

Kn) =Ka(n) = {g e G(Ap): p(g)v=v (mod nA), v e A}

be the principal congruence subgroup of level n. Note that K(n) is a factorizable normal
subgroup of K. Moreover, the groups K(n) form a neighborhood base of the identity
element in G(Ay), i.e., every compact open subgroup Ky C G(Ay) contains a K(n) for
some ideal n. We denote by N(n) := [0z n] the ideal norm of n.

A subgroup I' C G(F) is a congruence subgroup if it contains a a finite-index subgroup of
the form I'(n) := G(F) N K(n) for some ideal n. This definition of a congruence subgroup
is independent of the choice of a faithful representation, i.e., it is intrinsic to the F-group
G. Let Ky C G(Ay) be a compact open subgroup. Then there exists an ideal n of Op such
that K(n) C K. Let I', := G(F) N K;. Then I'(n) C 'k, is a finite index subgroup.
Thus 'k, is a congruence subgroup of G(F).

By [Boll § 5.6] the double coset space G(F)\G(A)/G(Fw) K is finite. Let z1 = 1,29,..., 2y
be a set of representatives in G(Ay) of the double cosets. Then the groups

(3.1) [y i= (G(Fx) x 2Kz ') NG(F), 1<i<l,

are arithmetic subgroups of G(F,,) and the action of G(F,,) on the space of double cosets
AcG(F)\G(A)/K; induces the following decomposition into G(F )-orbits:

~

(3.2) AcG(F\G(A)/Kp = | |(TN\G(FL)')

=1

where G(Fy)! = G(F)/Aq. Given a function f on G(A), let f; be the function on G(F,)
which is defined by g — f(x; - g), g € G(F). Then the map f — (f;)\_; yields an
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isomorphism of G(F)-modules
(3:3) L*(AcG(F)\G(A))" = @LQ(Fi\G(FOO)l)

[BJ, 4.3]. We note that, in general, [ > 1. However, if G is semisimple, simply con-
nected, and without any F-simple factors H for which H(F,,) is compact, then by strong
approximation we have

GFNG(A)/ Ky =T\G(F),
where I' = (G(Fx) X K;) NG(F). In particular this is the case for G = SL(n). Since
is an isomorphism of G(F,,)-modules, it holds also for the discrete spectrum, i.e., we have
an isomorphism of G(F )-modules

(3.4) L3 (AcG(F)\G(A))" = @ L3 (TAG(Fx)').-

Let P € £ with Levi decomposition P = M x N. Let f € L*(AcG(F)\G(A)) correspond
to (fi)lo, € & L*(T\G(Fx)') as above. As explained in [BJ, Sect. 4.4], f is a cusp
function if and only if each f;, ¢ = 1,...,[, is a cusp function. Hence induces an
isomorphism

cus

(3.5) Lin(AcGPNG(4))™ = D LE. (TG (Fx)')

of G(F4)-modules. Since L2 (-) is the orthogonal complement of L2 (-) in L?(-), it follows
from (3.4) and (3.5)), that we also have an isomorphism of G(F,)-modules

res

(3.6) Li (AcG(F)\G(A))" = EBL2 (TAG(Fx)').

Given 7 € II(G(F)), let m(7) be the multiplicity with which the representation 7 occurs
in L2, (AgG(F)\G(A))%s. Then

(3.7) m(r)= > m(r)dim(HL),

f
mellyis(G(A))

T=Toco

where m = 7o, ® 7wy, Similarly, let mp,(7) be the multiplicity with which 7 occurs in
L2 (Ti\G(Fx)'). Since (3.4) is an isomorphism of G(F)'-modules, it follows that

I
(3.8) Z m(m) dim(Hf}f) = Z mr, (7).
rellgs, (G(4) =1

Let Ko, C G(F)! be a maximal compact subgroup. Let
(3.9) X = G(Fx)" /K
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be the associated global Riemannian symmetric space. Given an open compact subgroup
K; C G(Ay), we define the arithmetic manifold X (K;) by

(3.10) X(Kp) = GIEN(X x G(Af)/K).
By we have

(3.11) X(K;) = |;| (Fi\)?) ,

where each component Fl\)? is a locally symmetric space. We will assume that K is neat.
Then X (Ky) is a locally symmetric manifold of finite volume.

Let v € II(Kw). Let E, — X be the homogeneous vector bundle associated to v. Denote
by C*(X, E,) the space of smooth sections of E,. Let
(3.12)

C¥(G(Fo)' v) == {f: G(Fx)' = Vi [ € C®, f(gk) =v(k™")[(g),
Vg € G(Fy)', Yk € Ko}
Let L*(G(Fy)!',v) be the corresponding L?-space. There is a canonical isomorphism
(3.13) A: C®(X,E,) = C=(G(Fx)',v),

(see [Mial p. 4]). A extends to an isometry of the corresponding L2-spaces.

Over each component of X (Ky), E, induces a locally homogeneous Hermitian vector

bundle E; , — I';\X. Let

l
E,:=| |Eio
=1

Then E, is a vector bundle over X (K ) which is locally homogeneous. Let L?*(X (K;), E,)
be the space of square integrable sections of F,,.

4. EISENSTEIN SERIES AND INTERTWINING OPERATORS

In this section we recall some basic facts about Eisenstein series and intertwining opera-
tors, which are the main ingredients of the spectral side of the Arthur trace formula.

Let M € £ and P € P(M) with P = M x Np. Recall that we denote by ¥p C a} the
set of reduced roots of Th; on the Lie algebra np of Np. Let Ap be the subset of simple
roots of P, which is a basis for (a$)*. Write a},, for the closure of the Weyl chamber of
P, ie.

ap, ={reay:(Na')>0forall o € Xp} ={Aeay:(\a’)>0forall aeAp}.
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Denote by §p the modulus function of P(A). Let A%(P) be the Hilbert space completion
of

{6 € C¥(M(F)Up(AN\G(A)) : 62 6(-x) € L (A M(F)\M(A)), Vo € G(A)}

with respect to the inner product

(¢17¢2) = / ¢1(9)¢2(9) dg.
AMM(F)Np(A\G(A)

Let o € ¥y, We say that two parabolic subgroups P,Q € P(M) are adjacent along
a, and write P|*Q, if ¥p N =g = {a}. Alternatively, P and @ are adjacent if the
group (P, Q) generated by P and @) belongs to F;(M) (see for its definition). Any
R € Fi(M) is of the form (P,Q), where P,(Q are the elements of P(M) contained in R.
We have P|*Q with oY € ¥}, N af,. Interchanging P and @ changes a to —a.

For any P € P(M) let Hp: G(A) — ap be the extension of Hj; to a left Np(A)-and right
K-invariant map. Denote by A?(P) the dense subspace of A?(P) consisting of its K- and
3-finite vectors, where 3 is the center of the universal enveloping algebra of g ® C. That

is, A%(P) is the space of automorphic forms ¢ on Np(A)M(F)\G(A) such that §p2¢(-k)
is a square-integrable automorphic form on Ay M (F)\M(A) for all k € K. Let p(P, \),
A € aj; ¢, be the induced representation of G(A) on A*(P) given by

(P(P, A, )9)(x) = play)e It =trt),
It is isomorphic to the induced representation
Ind(i) (Lo (Au M(F)\M(4)) @ €M)

For ¢ € A*(P) and A € a}¢, the associated Eisenstein series is defined by

(4.1) E(g,¢,)\) = Z ¢(79)6(A+PP)(HP(79)).
YEP(F)\G(F)

The series converges absolutely and locally uniformly in g and A for Re()) sufficiently
regular in the positive Weyl chamber of a}, ([MW], I1.1.5]. By Langlands [Lal] the Eisenstein
series can be continued analytically to a meromorphic function of A € ap . Its singularities
lie along hypersurfaces defined by root equations.

Let M, M, € L. Let W(ays, apy) be the set of isomorphisms from a,; onto ayy, obtained
by restricting elements in Wy, the Weyl group of (G, Tp), to ay;. Each s € W(ay, apy, ) has
a representative wy in G(F). Given s € W(aps, apy, ), P € P(M) and P, € P(M), let

(4.2) Mp,p(s,A) : A2(P) = A*(P), X € aj,
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be the standard intertwining operator [Ar9, § 1], which is the meromorphic continuation
in A of the integral

[MP1|P(5> )] ()
(4.3)

/ (w0 )P 0 ) (67 o, By ) gy
Np, (A)nwsNp(A)ws '\Np, (A)

for ¢ € A%(P), v € G(A). Let M = M,. Then for Q,P € P(M) and 1 € W(ay,) the
identity element, we put

(4.4) Mop(X) := Mgp(1, X).

Recall that L2 (AyM(F)\M(A)) decomposes as the completed direct sum of its -
isotopic components for 7 € g, (M(A)). We have a corresponding decomposition of A%(P)
as a direct sum of Hilbert spaces @ ery dis M(A))/lfr(P) and the corresponding algebraic sum
decomposition

(4.5) AP)= @ AP
mellgis(M(A))
We further decompose A2 (P) according to the action of K., into isotypic subspaces
(4.6) AP)= D AP
VGH(KOO)

Furthermore, for an open compact subgroup K; C G(A;) let A2(P)%s be the subspace of
K j-invariant functions in A%(P) and for v € II(K,) we let AZ(P)%7" be the v-isotypic
subspace of A2(P)%s.

Given 7 € I (M(A)), let (Indggig (7), Hp(m)) be the induced representation. Let H% ()
be the subspace of Hp(w), consisting of all ¢ € Hp(mw) which are right K-finite and right
Z(gc)-finite. There is a canonical isomorphism of G(Ay) x (g¢, K )-modules
(4.7) jp : Hom(m, L*(Ay M (F)\M(A))) @ Hy(m) — AZ(P).

If we fix a unitary structure on 7 and endow Hom (7, L?( Ay M (F)\M(A))) with the inner
product (A, B) = B*A (which is a scalar operator on the space of 7), the isomorphism jp
becomes an isometry. Let

(4.8) Mqp(m; A) := Mqip(N)] a2 (p)
be the restriction of Mg p(A) to the subspace AZ(P). Suppose that P|*Q. The operator
Mop(m, 2) == Mgqp(7, zw), where w € aj, is such that (w,«") = 1, admits a normal-

ization by a global factor n, (7, z) which is a meromorphic function in z € C. We may
write

(4.9) Mgp(m, 2) 0 jp = na(m, 2) - jg o (Id®Rgp(7, 2))

where Rgp(m,2) = ®,Rg|p(my, 2) is the product of the locally defined normalized in-
tertwining operators and © = ®,m, [Ar9, § 6], (cf. [Mu2, (2.17)]). In many cases, the
normalizing factors can be expressed in terms automorphic L-functions [Shi], [Sh2].
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For any P, € P(M) there exists a sequence of parabolic subgroups F, ..., P, and roots
aq, ..., € 3y such that P = By, Q@ = Py, and P,_1|* P, for : = 1,..., k. By the product
rule for intertwining operators we have

(4'10) MQ\P(W’ >‘) = MPk‘Pk—l(ﬂ_’ )‘) © Mpk—l‘Pk—2 <7T’ )‘) ©---0 MPllpo (71—7 )‘)

Thus the study of the operators Mg p(m, A) is reduced to the case where @, P € P(M) are
adjacent along some root a € ;. Let

(4.11) ngp(mA) == [ nalm AaY))

aEEPOZQ’

The product is a meromorphic function of A € aj; . Then Mgp(w, A) is normalized by
TLQ|p(7T, )\), i.e.,

(4.12) Mqip(m, A) 0 jp = ngip(m, A) - jq o (Id @Rg|p(T, A)).

Recall that 7 = ®,7,, where 7, € II(M(F),)). If Hp(m,) is the Hilbert space of the induced

representation Indgggg(m), then one has

Hp(ﬂ') = ®Hp(ﬂ'v)

and, with respect to this isomorphism, it follows that Rgp(m, A) is the product of the
corresponding local normalized intertwining operators

(4.13) Rqip(m, A) = @uRq|p(Ty, A)
(Ard), [AT9, § 6], M2 § 2.

5. NORMALIZING FACTORS

In this section we consider the global normalizing factors of intertwining operators. The
goal is to estimate the number of singular hyperplanes of normalizing factors which intersect
a given compact set. The normalizing factors can be expressed in terms of L-functions. To
begin with we recall some basic facts about L-functions. As above, we assume that G is a
reductive group over a number field F. Recall that Ag = Tg, (R)?, where Tg, is the Q-split
part of the connected component of the center of G; = Resp/g(G), viewed as a subgroup
of T, (Ag) and hence of G(Ap).

Recall that we denote by I4,(G(A)) the set of equivalence classes of automorphic repre-
sentations of G(A) which occur in the discrete spectrum of L*(A¢G(F)\G(A)). For any
T = ®,m, € g (G(A)) let S(m) be the finite set of places of F' containing all archimedean
places and such that for each finite place v € S(m) at least one of the following conditions

holds:

(1) v is archimedean.

(2) F/Q is ramified at v.

(3) G is ramified at v, i.e., either G is not quasi-split over F, or G does not split over
an unramified extension of F,.
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(4) For every hyperspecial maximal compact subgroup K, of G(F,), 7, does not have
a nonzero vector which is invariant under K,.

Let So denote the set of archimedean places of F' and let S¢(m) denote the set of non-
archimedean places in S(7). Thus S(7) = Se USf(m). For any v € Sy() let g, denote the
order of the residue field of F,. Let Sg,;(m) be the set of rational primes which lie below
the primes in Sy(m). Also set Sg(m) := {o0} U Sg ¢(7}.

Let Wr be the Weil group of F and let G be the Langlands L-group of G' [Bo2]. Let
r: LG — GL(N, C) be a continuous and Wpr-semisimple N-dimensional complex represen-
tation of “G. For any 7 € I, (G(A)) and any place v of F with v & S() let t,, €- G be
the Hecke-Frobenius parameter of m,. Then the local L-function L,(s,,r) is defined by
(5.1) Ly(s,m,r) := det (1d =r(tz,)q, )

-1

Since 7 is unitary, the |r(t,,)| are bounded by ¢¢, where ¢ depends only on G and r, [Bo2],
[La2]. Therefore, for S O S(m) the partial L-function

(5.2) (s,m,1) = HL S, T, T)
vgS

converges absolutely and uniformly on compact subsets of Re(s) > ¢+ 1. One of the goals
of the Langlands program is to show that each of these L-functions admits a meromorphic
extension to the entire complex plane and satisfies a functional equation. This is far
from being proved. In [FL1, Definition 2.1], Finis and Lapid formulated a precise version
of the expected functional equation. According to this definition, (G,r) has property
(FE), if for any 7 € Iy, (G(Ar) the partial L-function L™ (s, 7, 7) admits a meromorphic
continuation to C with a functional equation of the form

(5.3) LS (s, 7. r) = H Yo(s,m,r)) | LS (1 = s,7m,7Y),

pESy()

where for each p € Sg ¢(7), (s, 7, 7) = R,(p~®) for some rational function R, and

FR 1—s5+ oy )
5.4 o Cy
(5.4) Yools, T, 7) H To(s o)
for certain parameters ay, ..., am, @, ..., € C and a constant Cy,. By [FLI, Lemma 2.2]

the parameters o, ..., o, are determined by aq, ..., a,,,. Moreover, the integer m is uniquely
determined. The parameters o, ..., a,, are said to be reduced, if o; + o is not a negative
odd integer for any 1 < 4,7 < m. By [FLI, Lemma 2.2] one may choose the parameters
a1, ..., oy, to be reduced. Assuming that this is satisfied, Finis and Lapid introduce the
reduced L-factor at the Archimedean place by

(5.5) L (s, mm,r) = HFR s+ ).
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Now let p € S, ¢(7). Then by [ELIL (2.7)], v,(s, 7, 7) can be written in a unique way as

(5.6) (s, m,7) = eupE )™ B (579) P (p 1),

where ¢, € C*, ¢,(m,7) € Z, and P, is a polynomial with P,(0) = 1 such that no zeros «
and 3 of P, satisfy a8 = p~*. Then Finis and Lapid define the reduced L-factor at p by

(5.7) L]r;’d(s, mr):=P,(p~*) ", pe Sgs(m),

and introduce the reduced completed L-function by

(5.8) (s, mr) = ([ Ly*(s,m,r) L5 (s, 7).
pESg()

red (

There is also a corresponding reduced epsilon factor (s, 7, r), which is defined by

(5.9) (s, mr) =c |] e,pl3 o)) — (i p)2s II o

pESy, () peSg()
where
(5.10) n(m,r) = H P,
pESy, ()
Then the functional equation becomes
(5.11) L*Y(s,mr) =Y (s, m,r) L1 — s,m,1r").

In [FLI, Definition 2.4] a stronger version of property (FE) is introduced. The pair (G, 1)
is said to satisfy property (FE+), if it satisfies (FE) and in addition some uniformity
conditions for 7., and P, are fulfilled. For the precise statement see [FL1, Definition 2.4].

The normalizing factors are described in [FL1, Sect. 3]. To recall the description, we
need to introduce some notation. Let M € £ and o € ¥y,. Let M, be the Levi subgroup
of M of co-rank one, defined in [FLI, p. 254], together with the map p*°: M — M,,
which is also defined in [FL1l, p. 254]. Furthermore, let U, be the unipotent subgroup of
G corresponding to . Thus the eigenvalues of T, acting on the Lie algebra of U, are
positive integer multiples of a. The adjoint action of “M on Lie(*U,,) factors through the
composed homomorphism “M —% M,. The contragredient of the adjoint representation
of LM, on Lie(*U,) is decomposed as @2217’3' into irreducible representations r;.

By T. Finis and E. Lapid [FL1, Definition 3.4], G satisfies property (L), if for any standard
Levi subgroup M, any o € Xj, and any irreducible constituent r = r; as above, the pair
(M., r) satisfies properties (FE+) [FLI, Definition 2.4] and the conductor condition (CC)
[FL1], Definition 2.9].

Assume that G satisfies property (L). Then one can describe the normalizing factors in
terms of L-functions. Let m € Iy, (M(A)) and let n,(m, s) be the normalizing factor as in
(4.9). First note that n,(m, s) satisfies the functional equation

(5.12) Na (T, $)ng(m, —5) = 1.
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Next recall that for Re(s) > 0, n,(7, s) factorizes as
(5.13) Ne (T, s) Hnav Ty, S

By [FLI, Lemma 2.13] there exist o € ;. (M, (A)) and a character y of M, (A), which is
trivial on M, (F)p* (M), such that oy is a subrepresentation of 7|y 4. Let

red 1 Lred
m(o, s) 3:H6 ,O,T5) (]sar])'

5.14
( ) Led(js+1,0,15)

7=1
Then at the end of the proof of Proposition 3.8 in [FL1, p. 259] it has been shown that
there exists C' > 0 such that

(5.15) na(m,s) =C-m(o,s) - HH

J=1 peSy(o)

Lred (js+ 1,0, 7"]

|| Neaw (T, S).

Ll’ed S,0,7;
‘7 J veS(o)

We use this formula to estimate the number of poles of n,(m, s). First we consider the two
finite products. For this purpose we need to estimate the cardinality of S(o) and Sg(o).
Recall that the level of o is defined as level(o) = N(n), where n is the largest ideal of Op

such that o®MWNMa # 0. We obviously have
|S(0)], |S0(0)] < C(1+ loglevel(o))
for some constant C' > 0 which is independent of o. Furthermore, recall that by [FLI], Sec.
2.3], level(m; p*) is defined as level(m; p**) = N(n), where n is the largest ideal in O such
that TKM®WCGLE) £ .
By [FLI, Lemma 2.13] there exists N; € N, which depends only on p* and G, such that

for every m € Iy (M (A)) the corresponding representation o € Hdis(]\;[a(A)) is such that
level(o) divides Ny level(; p*). Thus there exists C' > 0 such that

(5.16) |So(0)], [S(0)] < C'loglevel(m; p™)
for all m and o which are related as above.

Now consider the last product on the right hand side of (5.15). Let v € S¢(o). By
[FL1, p. 255, (1)], Nau(m,s) is a rational function in X = ¢, *, whose degree is bounded in
terms of G only and which is regular and non-zero at X = 0. Hence the poles of n, (7, s)
form a finite union of arithmetic progressions with imaginary difference and the number of
progressions is bounded by a constant that depends only on G.

If v € So(0), then by [FLIl p. 255, (2)] we have
N?)

FR(jZ'S —+ Oéi)
5.17 Naw (T, 8) = ¢, - ,
( ) ’ ( ) EFR(sz—i‘OCZ—Fl)
where ¢, # 0, aq, ..., ay, € C and the integers N, > 1 and j; > 1,7 =1, ..., N, are bounded
in terms of G only. Recall that I'(z) has no zeros and the poles are simple and occur at
the negative integers. Let R > 0. It follow that the number of poles of n,, (7, s) in a fixed
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half-strip | Im(s)| < R, Re(s) > —R is bounded by a constant independent of 7. Thus by
(5.16) it follows that for every R > 0 there exists C; > 0, which is independent of 7, such
that the number of poles in the half-strip |Im(s)| < R, Re(s) > —R, counted with their
order, of the last product is bounded by C} log level(7; p*©).

Next we deal with the product over Sg(c), Let p € Sp (o). By (5.7), there exist a
polynomial P,(z;0,r;) such that Li*(s,0,7;) = Py(p~* 0,7;)"". By definition, (G,7;)
satisfies property (FE+) [FL1, Definition 2.4]. By (2) of this definition, the degree of
P,(z;0,r;) is bounded in terms of (G, ;) only. Thus the poles of L,(s,o,r;) form a finite
union of arithmetic progressions with imaginary difference and the number of progressions
is bounded by a constant that depends only on (G, ;). Hence for every R > 0 there exists
C > 0, which depends only on (G, r;), such that the number of poles of L,(s,o,r;) in the
strip | Im(s)| < R is bounded by C. For p = oo we use (.5). By [FLI, Definition 2.4,
(3)], there exists 5 € R which depends only on (G,r;) such that the reduced parameters
a; satisfy Re(a;) > —f, i = 1,...,1, and y(s,0,r;) has no zeros in Re(s) > . So it
follows as above, that the number of poles of Li(js + 1,0,7;)/Li*(js,0,7;) in the half-
strip |Im(s)| < R, Re(s) > —R, counted with their order, is bounded by a constant
independent of 7. Using it follows that for each R > 0 there exists C'y > 0 such that
the number of poles of the product over Sg(o), counted with their order, in the half-strip
| Im(s)| < R, Re(s) > —R, is bounded by C; loglevel(r; p*).

So it remains to consider m(o, s). Let r :=r; for some j and let
(5.18) A(s,0,7) == n(o,r)*2L*(s,0,7),

where n(o,r) is defined by ((5.10)) Then, using functional equation (5.11]) and the definition
of the epsilon factor by (5.9)), it follows that A(s, o, r) satisfies

(5.19) A(s,o,1) = emd(l, o,r)A(1 —3,0,r).

2
By (59) and (5.18) we get

(5.20) A(s,o,1) _ Gred(l,;}', T)Lred(s,a,r)‘
A(=5,0,7) Lred(s +1,0,7)

Thus by the definition ((5.14)) it follows that

l

A(
(5.21) = [[ =225 s, o,15)
e A(—j5,0,1;) 7’])
As explained in the proof of [FLI, Proposition 2.6], A(s,o,7) is the quotient of two holo-
morphic functions of order one. Therefore A(s, o, r) admits a Hadamard factorization

(5:22) As o) = e O TT [ = s/p)e ",
p#0

where a,b € C, the product ranges over the zeros and poles of A(s) different from 0, and
n(p) is the order of the function A(s) at s = p. In the poof of [FLI, Proposition 2.6] it
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was shown that the conditions of property (FE+), [FL1, Definition 2.4], together with the
functional equation imply that there exists A > 1, depending only on G and r, such
that all zeros and poles of A(s, o, r) lie in the strip 1 — A < Re(s) < A. Moreover, by [FL1],
(2.12)] we have for T > 0

(5.23) Z In(p)| < logn(o,r)+ Z log p +log ¢oo (0, 7) + log(1 + |T|) + 1

p: | Im(p)—T|<2 PESq, ¢ (o)
where ¢ (T, r) is the archimedean conductor defined by [FL1, (2.6)] and n(o,r) the finite
conductor (|5 . Since we assume that G satisfies property (L), (M,, r;) satisfies property

(CC). Let A(Woo;psc) be defined by [FLI1, (2.18)]. Then by [FLIl (2.14), (2.15)] and [FLI1]
Lemma 2.13] we obtain

(5.24) Z In(p)| < log(|T| + 2) + log level(m; p*°) + log A(7o0; ™).
p: | Im(p)~T|<2

We combine ([5.24)) with the results above concerning the other factors occurring in ((5.15)).
Note that by the functional equation , the poles of n,(m, s) are contained in a strip
| Re(s)| < C for some C' > 0. We can summarize our results as follows. Denote by %, (7)
the poles of n,(m,s). Given p € ¥,(m), denote by n(p) its order. Then combined with
the results above concerning the other factors occurring in , we obtain the following
proposition.

Proposition 5.1. Assume that G satisfies property (L). Let M € L, m € Il (M(A)), and
a € Xy Let $,(m) be the set of poles of ng(m,s) and for any p € X, () denote by n(p)
the order of the pole p. Then for every R > 0 there exist C' > 0 such that

(5.25) Z In(p)| < C(1 + loglevel(m; p*) + log A(7eo; p*°)).

pEa(m),| Im(p)| <R

Let m € g (M(A)). Let Wp(ms) be the set of minimal K -types of Indg% (o). Then
Wp(Ts) is @ non empty finite subset of II(K ). Let A, be the Casimir eigenvalue of 7
and for each 7 € II(Ky), let A; be the Casimir eigenvalue of 7. Put

(5.26) Ar, = min /A2 + A2
TEWP (o) o0

Then by [FLM2, (10)] one has

(5.27) A(Too; ) < 1+ A2
Let Ky be an open compact subgroup of G(Ay). Put
(5.28) II(M(A); Kj) = {m € (M (A): 7 ™8 £ 03,

Furthermore, given v € II(K,), let

(5.29) (M (A); Ky, v) = {m € I(M(A); Kp): [ndSE) (o) k. : ] > 0}
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and put

(5.30) M (M(A); K7, v) = Ty (M(A)) NTI(M(A); K, ).

Now recall the definition of level(m; p*) [FLI, Sec. 2.3]. It follows that there exists C' > 0
such that all for 7 € II(M(A); K;) we have level(m; p>**) < C. Furthermore, by (5.26)) there

exists Cy > 0 such that for all 7 € II(M(A); Ky, v) one has A2_ < Cy(1+ A7), and it
follows from ([5.27) that in this case A(m;p™) < (14 A2_). In this way we get

Corollary 5.2. Assume that G satisfies property (L). Let Ky be an open compact subgroup
of G(Ay) and v € TI(K). Let M € L and o € Xy Let the notation be as above. For
every R > 0 there exist C > 0 such that

(5.31) > In(p)] < C(1+log(l+ A2 )

pEXa (m),| Im(p)|<R

for all m € Iy (M (A); Ky, v).

6. LOGARITHMIC DERIVATIVES OF LOCAL INTERTWINING OPERATORS

In this section we prove some auxiliary results for local intertwining operators. To begin
with we recall some facts concerning local intertwining operators and normalizing factors.
Let M € L and P,QQ € P(M). Let v be a place of F. If v is finite, let K, be an open
compact subgroup of G(F,) and if v € S, let K, be a maximal compact subgroup of
G(F,). Let m, € Il(M(F,)). Given X € aj};¢, let (I§(my,, ), Hp(m,)) denote the induced
representation. Let H%(m,) C Hp(m,) be the subspace of K,-finite functions. Let

Joip (T, A): HY(7,) — H%(m)

be the local intertwining operator between the induced representations I§(m,,\) and
I§(my, A) [Shi]. It is proved in [Ard], [CLL, Lecture 15] that there exist scalar valued
meromorphic functions rqp(m,, A) of A € ap ¢ such that the normalized intertwining oper-
ators

(6.1) Rqip(my, A) = 1qip (0, )~ gip (70, A)

satisfy the conditions (R;) — (Rg) of Theorem 2.1 of [Ard]. We recall some facts about the
local normalizing factors. First assume that v is a finite valuation of F' with ¢, € N the
cardinality of the residue field of F,. Furthermore assume that dim(a;/ag) = 1 and , is
square integrable. Let P € P(M) and let a be the unique simple root of (P,Tys). Then
Langlands [CLL, Lecture 15] has shown that there exists a rational function Vp(m,, z) of
one variable such that

(62) TF|P(7TU7 )‘) = VP(/]TM qv_)\(a))ﬂ

where @ € ayy is uniquely determined by «. For the construction of Vp see also [Mu2], Sect.
3]. In this reference, only the case @, has been discussed. However, the case F, can be
dealt with in exactly the same way. We need the following lemma.
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Lemma 6.1. Let M € L be such that dim(ay /ag) = 1. There exists C' > 0 such that for
all P € P(M) and all m € II(M(F,)) the number of zeros of the rational function Vp (7, 2)
15 less than or equal to C.

For the proof see [MM2, Lemma 10.1]. Again, the proof has been carried out for Q,. It
extends to F, without any changes.

The main goal of this section is to estimate the logarithmic derivatives of the normalized
intertwining operators Rgp(m, A). For G = GL(n) such estimates were derived in [MS]
Proposition 0.2]. The proof depends on a weak version of the Ramanujan conjecture,
which is not available in general. Therefore we will establish only an integrated version of
it, which however, is sufficient for our purpose. For 7 € I, (M (A)) denote by Hp(w) the
Hilbert space of the induced representation IS (7, \). Furthermore, for an open compact
subgroup K; C G(Ay) and v € II(K,), denote by Hp(m)"s the subspace of vectors, which
are invariant under K; and let Hp(m)*#" denote the v-isotypical subspace of Hp(m)"s.
Let P, € P(M) be adjacent parabolic subgroups. Then Rg|p(m, A) depends on a single
variable s € C and we will write

d

R p(m, s0) = %RQ\P(ﬂ'v s)|

s=50
for any regular sy € C.

Proposition 6.2. Let M € L, and let P,Q € P(M) be adjacent parabolic subgroups. Let
Ky C G(Ay) be an open compact subgroup and let v € II(Ko). Then there exists C' > 0
such that

(6.3) /R HRQW@T, i)™ Rl p (. 0) i

for all 0 <t <1 and 7 € Mg (M (A)) with Hp(m)Er £ 0.

et duy < Ot 12

Proof. We may assume that K is factorisable, i.e., Ky = [[, K,. Let S be the finite set
of finite places such that K, is not hyperspecial. Since P and () are adjacent, by standard
properties of normalized intertwining operators [Ar4, Theorem 2.1] we may assume that P
is a maximal parabolic subgroup and @ = P, the opposite parabolic subgroup to P. By
[Ard, Theorem 2.1, (R8)], Rp|p(my, )" is independent of s if v is finite and v ¢ S. Thus
we have

Rﬁlp(ﬂ, 8)_1R%‘P(7T, 8) |Hp(7r)Kf’" = Rﬁ|P(7rooa 5)_1 /ﬁ|p(7roo> S) ‘Hp(ﬂ.oc)u

2 B (7o, )T R (70 )]y

vES

(6.4)

This reduces our problem to the operators at the local places. We distinguish between the
archimedean and the non-archimedean case.
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Case 1: v < co. Define 4,: C — End(Hp(7,)5") by
A(4,") = Bpip(Tos )3y, 000

This is a meromorphic function with values in the space of endomorphisms of a finite
dimensional vector space. It has the following properties. By the unitarity of Rp, p(Ty, iw),
u € R, it follows that A,(z) is holomorphic for z € S* and satisfies || A,(2)| < 1, |z| = 1.
By [Ard, Theorem 2.1], the matrix coefficients of A,(z) are rational functions. Recall that
the operators Rp p(m,,iu) are unitary. As in [FLM2, (14)] we get

(6.5)

N —1 . —tu?
/]R HREP(% i) R/ﬂp(”v’ ) ‘Hpm)f‘v ¢

Hp(mo)Kv

€tu2du:/RHR;,P(7TU,Z'U)

27

> Am?n? Tog o
<2) exp (—t—) / RS, (T, tu du
nz:% (logqv)* / Jo e, 1) Hp(m) Ko
o0 Am2? e
<2 1+/ exp | —t——— dx)/ RS, (1, tu du
( 0 P ( (log qﬂ)2) 0 P|P( ) Hp(my) Ko
2

loggqy
= (24282 [l
S1

As explained above, A, satisfies the assumptions of [FLM2l, Corollary 5.18]. Denote by
21, ey Zm € C\ ST be the poles of A,(z). Then (2 — 21) -+ (2 — 2n)Ay(2) is a polynomial
of degree n with coefficients in End(Hp(m,)"**) and by [FLM2, Corollary 5.18] we get

: |2]* — 1 1— |z |
(66) HAU(Z)” < max max(n — m,()) + | ;>1 ‘Zj——z|2’ Z W , <€ St
J:lz;

1 1 — |z
_/ ﬂ,dz! —1.
21 Jor |2 — 20|?

2o € C, |20| < 1. This follows from the fact that the integrant is the Poisson kernel and
so the integral is the unique harmonic function on the unit disc which is equal to 1 on the
boundary. This is the constant function 1. Hence by we get

J:lzil<1

Now observe that

(6.7) /51 | AL (2)|| |dz] < 27 max(m,n).

Next we estimate m and n. First consider m. Let Jp p(my, s) be the usual intertwining
operator so that
R?\P(ﬂ-vﬂ S) = 7aﬁ|P(7Tva 3)71Jﬁ|P(7Tva 5)7
where 75 p(my, s) is the normalizing factor [Ard]. By [Shl, Theorem 2.2.2] there exists a

polynomial p(z) with p(0) = 1 whose degree is bounded independently of m,, such that
p(q,*) B p(7y, 8) is holomorphic on C. To deal with the normalizing factor we use ((6.2)
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together with Lemma to count the number of poles of 75 p(my, s)~!. This leads to a
bound for m which depends only on GG. To estimate n we fix an open compact subgroup K,
of G(F,). Our goal is now to estimate the order at oo of any matrix coefficient of Rp p(my, s)
regarded as a function of z = ¢, *. Write 7, as Langlands quotient 7, = J& (4, u) where
R is a parabolic subgroup of M, §, a square integrable representation of Mg(F,) and
w € (ay/ab,)c with Re(u) in the chamber attached to R. Then by [Ardl p. 30] we have

Rpp(7o, 8) = Rp(pyp(r) (0v: s + 1)

with respect to the identifications described in [Ar4, p. 30]. Here s is identified with a
point in (a}/a%)c with respect to the canonical embedding a}, C af,. Using again the
factorization of normalized intertwining operators we reduce the problem to the case of a
square-integrable representation &,. Moreover 4, has to satisfy [I§(d,, s) 1] > 1. By

DIPE
[Si, Lemma 1] we have

(6.8) [I5 (80, 8)| e, s 1 > 16 6] 1] >1

NM(F,) "

Let IIo(M(F,)) be the space of square-integrable representations of M(F,). This space
has a manifold structure [HCI], [Si]. By [HCI, Theorem 10] the set of square-integrable
representations 1l (M(F,), K,) of M(F,) with [6, ’K AM(E) : 1] > 1 is a compact subset of

IIo(M(F,)). Under the canonical action of iayy, the set IIo(M(F),), K,) decomposes into a
finite number of orbits. For p € iay and 6, € (M (F,), Ky), let (6,), € Ha(M(F,), Ky)
be the result of the canonical action. Then it follows that

R?|P(<5v>w A) = R?\P(‘Sw At ).

In this way our problem is finally reduced to the consideration of the matrix coefficients of
Rp p(my, 5) { X, for a finite number of representations m,. This implies that n is bounded by

a constant which is independent of m,. Together with . it follows that for each finite
place v of F' and each open compact subgroup K, of G(F,) there exists C,, > 0 such that

et du < Cut~Y?

(6.9) /RHRP|P(7TU,Z'U IR;D|P(7TU,iu)‘HP(m)KU
for all 0 < ¢t < 1 and 7, € (M (F,)) with I§(m, }H i 7 0.

Case 2: v = oo. To begin with we need a modification of [FLM2|, Lemma 5.19].
Lemma 6.3. Let z; € C\ iR, j =1,....,m, and let b(z) = (z — 2z1) -+ (2 — 2mm). Suppose

that A: C\ {z1,...,z2m} — V is such that ||A(2)|| < 1 for all z € iR and b(z)A(z) is a
polynomial in z € C (necessarily of degree < m) with coefficients in V.. Then

/ A () e=" du < 27m
R

for all 0 < t.
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Proof. For any w € C, let ¢, (2) := , and set
Z ¢z] Z ) ¢<<Z> = Z ¢Zj(z)
j:Re(z;)>0 j:Re(z;)<0
Applying [BEL Theorem 4], it follows that
(6.10) |A(2)]] < max{|¢L (2)], ¢ (2)[} < |65 (2)] + 16 (2)], =z €iR.
Now observe that for w =z + iy € C\ iR, one has |¢, (z)| = ‘ZQ_EJP = ng(f'_y)z for z = iu,
u € R. So we get
- 2|z| /
/ tu?
du< | ———— d
Jitmet i [ o= 2 e
1
/l—i—( \xl) v= /1—|—u2 ™

Together with (6.10]) the lemma follows. d

As above let M € £ with dim(ay/ag) = 1 and P € P(M). Let my € II(M(FL))
and v € TI(K). As explained in [MS, Appendix|, there exist wy,...,w, € C and m € N

such that the poles of Rﬂp(wm,s)‘?{}:(w v are contained in U_{w; —k: kb =1,...,m}.

Moreover, by [MS, Proposition A.2| there exists ¢ > 0 which depends only on G, such that
(6.11) r<ec, m<c(l+]v]).

Let A: C — Hp(7s)” be defined by
A(z) == Rpp(Too, Z)|Hp(woo)”

and let b(2) = [[;_, [T}, (¢ — w; + k). Then it follows from (%) of [Ard, Theorem 2.1]
that b(2)A(z) is a polynomial function. Moreover, by unitarity of Rz p(7w, it), t € R, we
have ||A(it)|| = 1. Thus A(z) satisfies the assumptions of [FLM2, Lemma 5.19]. Thus by
Lemma and we get

/']R HRﬁIP(T(OO? iu)ilR/?UD(Troo’ ZU) |HP(W )

et gy — / A (i) |~ du
(6.12) R

< 2mr-m < 2w (14 ||v).

Combining (6.4)), and (6.12), the proposition follows.

Remark 6.4. For G = GL,, it is proved in [MS, Proposition 0.2] that the corresponding
bounds hold for the derivatives of the local intertwining operators itself. This follows from
a weak version of the Ramanujan conjecture, which implies that the poles of the local inter-
twining operators are uniformly bounded away from the imaginary axis. For the integrated
derivatives the distance of the poles from the imaginary azis does not matter.

0
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7. THE RESIDUAL SPECTRUM

The goal of this section is to estimate the growth of the counting function of the residual
spectrum. To this end we recall the construction of the residual spectrum. By Langlands
[Lall Ch. 7], MW V.3.13], L2 (G(F)\G(A)') is spanned by iterated residues of cuspidal

Eisenstein series. Let us briefly recall this construction.

Let P = M x N be a F-rational parabolic subgroup of G. If a € ¥Xp, denote by " the
co-root associated to a. Given o € Yp and ¢ € R, we set

H(a,c) :={A €al: A(a") =c}.

An affine subspace H C af is called admissible, if H is the intersection of such hyperplanes.
Suppose that H; D Hs are two admissible affine subspaces of ai. and H, is of co-dimension
one in H;. Let ®(A) be a meromorphic function on H; whose singularities lie along
hyperplanes which are admissible as subspaces of aj.. Choose a real unit vector Aq in H;
which is normal to Hs. Let § > 0 be such that ®(A + zAy) has no singularities in the
punctured disc 0 < |z] < 20. Then we can define a meromorphic function Resy, ¢ on Hs
by
5 ! . ,
Resy, P(A) := — [ ®(A + 5™ Ag)d(e*™),
2mi J,

The singularities of Resy, @ lie on the intersections with Hs of the singular hyperplanes of
® different from H,. Now consider a complete flag

ag=Hy, D Hp—1 D -+ D Hi D Ho={Ao}

of affine admissible subspaces of a and let A; € H; be a real unit vector which is normal
to Hi—1, i =1,...,p. We call F = {H,;,A;} an admissible flag. Let ® be a meromorphic
function on af whose singularities lie along admissible hyperplanes of ai.. Then we define
®; inductively by

q)p:q), (I)i:ReSHZ.(I)i+1, Z:O,,p—l

Set
Resz ® := P,.
(M(F)\M(A)Y). For
7 € He(M(A)) let A% _(P) be the subspace of functions ¢ € A?
¢ € A2 )
weC, aeXp. Let H(ay,¢),i=0,...,p—1, be a set of singular hyperplanes of E(¢, \)

This is the iterated residue of ® at A,.

Now let A2 _(P) the subspace of functions ¢ € A%(P) such that for almost all x € G(A),
the function ¢,(m) := ¢(mx) on M(F)\M(A)* lies in the space L?

- 2 <(P) such that each

of the functions ¢, lies in the subspace L2 (M (F)\M(A)') (isotypical subspace). Let

2 <(P). As shown by Langlands [Lall §7], the singularities of the Eisenstein series

E(¢, \) lie along hyperplanes of af which are defined by equations of the form A(a") = w,

with ﬂiH(OéZ’,CZ'> = {Ao} Set 7’[2 = ﬁjZiH(Oéj,Cj), 1= 0, N 1, and HP - af{;. Choose

real unit vectors A; € H; normal to H; ;. Then F := {H;, A;} is an admissible flag.
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Furthermore, let ¢ € C°(a) and let ¢(A) be its Fourier transform. It is holomorphic on
ag. Put

1 := Resr [E(¢, A)@(A)}.
Note that ¢ depends only on the derivatives of ¢ at Ag. Let C(a*) be the positive cone in
a* spanned by the simple roots of (P, A). If Ag € C(a*) then 1 is square integrable. Let

Q€ Z(me) be the Casimir element of M (F,,). Assume that Q¢ = u¢. Then it follows
that

(7.1) Q= ([[Aoll* = [lppll* + )2

[HC2, p. 29]. Moreover [[Ag]] < |lpp||. As shown by Langlands [Lall Theorem 7.2],
IMW,, V.3.13], L2 (G(F)\G(A)') is spanned by all such ), where P runs over the standard
parabolic subgroups of G, m over .. (Mp(A)") and ¢ over a basis of A2, (P). For all
details concerning the description of the discrete and residual spectrum see [MW], Theorem
V.3.13, p. 221], and [MW], Corollary, p. 224]. Moreover, the question of positivity is dealt

with by [MW,, Corollary VI.1.6 (d), p. 255].
Let K; be an open compact subgroup of G(A;). Let L% (AcG(F)\G(A))%s be the

subspace of K -invariant functions of L2 (AgG(F)\G(A)). Moreover, for v € TI(Ky)
let L2 (AcG(F)\G(A))Xs* be the v-isotypical subspace of L2 (A¢G(F )\G(A))Kf. Then

L2 (AqG(F)\G(A))Xr" is spanned by residues as above, where for a given pair (P,7), ¢
runs over a basis of A2 (P)*/7. Recall that A2 (P )Kf ' is finite dimensional. So the

estimation of the counting function of the residual spectrum is reduced to the following
problems:

(1) Estimation of dim A2, (P)*/“ in terms of m, K¢, and o.

(2) For a given cuspidal Eisenstein series £ (¢, A), ¢ € A2, -(P), we need to estimate
the number of its singular hyperplanes, counted to multlphclty, which are real and
intersect a given compact set containing the origin.

We start with (1). Let 7 € I .(M(A)), 7 = Too @ 7rf Let Hp(mso) (resp Hp(ﬂ'f)) be

the Hilbert space of the induced representation Ind )(WOO) (resp. IndP( Iy ) Denote

by Hp(7s)s the o-isotypical subspace of Hp (7o) and by Hp(mp)"r the subspace of K-
invariant vectors of Hp(ms). Let m(m) denote the multiplicity with which = € L. (M(A))
occurs in L2 _(AgM(F)\M(A)). Then by (4.7) we obtain

(7.2) dim A2(P)%77 = m(r) dim(Hp (7)) dim(Hp (7)o )-
Using Frobenius reciprocity [Kn, p. 208] we get
S e ol = S Iraclia 7 (ol s 7).
TENI(K s, 00)
For 7 € II(Kp ) let Hy (7) denote the T-isotypical subspace of H,_ . Then we obtain
(7.3) dim(Hp(Te)s) < dim(o) Z dim(Hnry (7)) - [0|ky ot T

TGH(KM’OO)
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Next we consider 7y = ®,<m,. Replacing K; by a subgroup of finite index, if necessary,
we can assume that Ky =[], __ K,. For any v < oo, denote by Hp(m,) the Hilbert space

v<o0

of the induced representation Indggg(m,). Let Hp(m,)% be the subspace of K,-invariant
vectors. Then dim Hp(7,)%* = 1 for almost all v and

Hp(mp) <t 22 Q) Hp(m)~

<00

Ind (WU)K” = <IndG(O ;(ﬂv)>

— P g p(m)
G(O)/ K,

= @

G(Oy) /Ky
Let KM’f = Kf N M(Af) For o € H(KOO) let

Fu(o) = {7 € (Knroo): [0lry s 7] > 0}
Combining (7.2) - (7.4)), it follows that there exists C' > 0, which depends on o, such that

(7.5) dim A2 (P)%+7 < Cm(7) dim(H KMf Z dim(H, (7))
TEF(0)

Ky

(7.4)

In order to deal with (2), we use the inner product formula for truncated cuspidal Eisenstein
series proved by Langlands [Lad, Sect. 9], [Ar2, Lemma 4.2]. We recall the formula. Let
T € ag be sufficiently regular. For ¢ € A2 _(P)let ATE(g, $, \) be the truncated Eisenstein

series [Ar2 Sect. 1]. Let ¢ € A2 (P) and ¢' € A% (P'). Then we have the following inner
product formula

/( - )IATE(g,sb, NATE(g, ¢/, N)dg
F

(sA+s'X)(T)

- Z Z Z VOl(ag/Z(Aé)) H ; (S)\ + 8’)_\') (a\/) (MQ|P(S7 /\)9257 MQ|P’(S/7 /\/)¢,)7
Q s s/

OLEAQ

where () runs over all standard parabolic subgroups, s € W(ap,ag), and s € W(ap:, ag),
as meromorphic functions of A\ € ap and X € ap ¢ [Ar5, Prop. 15.3], [Ar2, Lemma
4.2]. It follows from the inner product formula that in order to settle (2), it suffices to
estimate the corresponding number of singular hyperplanes of the intertwining operators
Mqp(s, M|z, . p) for m € Iy (M(A)). To deal with this problem, we reduce it to the case
of Mgip(N)|az..p) @ P € P(M), m € L., (M(A)). Let M, M; € £ and let P € P(M),
Py € P(My). Suppose that P and P, are associated and let t € W (ay, apy, ). Let w, € G(F)
be a representative of t. Then M; := w,Mw; " and tP = w,Pw; ' is a parabolic subgroup
which belongs to P(M;). The restriction of ¢ to ay; C ag defines an element in W (ayy, az).
Let
t: A2(P) — A*(tP)
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be the linear operator defined by (t¢)(z) = ¢(w; 'z), * € G(A). By [Ar3, Lemma 1.1]
there exists Ty € ag such that
Hp (w; ) =Ty, — t'Ty.
Then by [Ar9) (1.5)] one has
(7.7) Mp, p(s, \t™Y = Mp,p(st ™1, tA) e er) To=t 2 T0)

for s € W(ans, ang, ). Thus as far as the singular hyperplanes of Mp,|p(s, A) are concerned,
we can assume that P, and P have the same Levi component M, that is P, P, € P(M).
Let t € W(ay). By the functional equation [Ar9, (1.2)] we have

(7.8) Mp,p(t, \) = Mpyjep(1,tA) Mypip(t, N).
Using with s = t, we get

Mypip(t, \) = Mypup(1, tA)teHor) To=t"1To),
Since M;ppp(1,A) = Id, it follows that
(7.9) Mp,p(t, \) = Mp,up(1, tA)teXHer) To=t"1T0)

Thus we are reduced to the consideration of the singular hyperplanes of the intertwining
operators Mgip(A) = Mgp(1,)A). Given m € Il.s(Mp(A)), an open compact subgroup
K¢ C G(Ay) and 0 € II(K), we need to estimate the singular hyperplanes, counted to
multiplicity, of Mg p(m, \)®77, which are real and intersect a fixed compact set. By
the problem is reduces to the consideration of the normalizing factors ngp(m, A) and the
normalized intertwining operators Rg|p(7, A) restricted to A2 (P)%7°.

cus,m

To begin with we consider the normalized intertwining operators (4.13)). Let v be a place
of F. For 7, € TI(G(F,)) let

Joip (T, A): Hp (1) — 7‘[22(7?1,), A€ ag e
be the local intertwining operator and
(7.10) Roip(o, A) 1= ngp(mp, \) " Jgip (0, A).

the local normalized intertwining operator. The operators Rqp(7,, A) satisfy properties
(R1), ..., (Rg) of [Ardl Theorem 2.1]. Let 7 = ®,m, € Il4(G(A)). There exists a finite set
of places S(m) of F', containing the Archimedean places, such that for all v ¢ S, G/F, and
7, are unramified. For v € S(7), let K, be hyperspecial and assume that ¢, € Hp(m,)¥".
Then by (Rg) we have

RQ\P(WU, /\)va = ¢va S € S(ﬂ—)
Hence the product runs only over v € S(m) and therefore, it is well defined for
all A € aj;c. So it suffices to consider the local intertwining operators Rqp(m,, A). Let
Py,...., P, € P(M) and aq,...,ar € X such that P = Py, Q = P and Pi_1|aiPi for
i=1,...k By [Ard, (R,)] we get

(7.11) Roip(mo, A) = Rpyip,_, (1o, A) © Rpy 5y (0, A) 0 -+ 0 Rpyjpy (0, A).
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Hence we can assume that @, P € P(M) are adjacent along some root a € ¥);. Then
Rop(my, A) depends only on A(a"). First consider the case v < co. Let g, be the order of

the residue field of F,. By (Rg), Rg|p(mv, A) is a rational function of ¢, M) Furthermore,
by [Shl, Theorem 2.2.2] there exists a polynomial Q,(m,, s) with @,(m,,0) = 1, such that

Qv(ﬂ-va q'u_)\(OZV))JQ\P(ﬂ-fU» /\)

is a holomorphic and non-zero function of A € aj, . Moreover, the degree of the polynomial
@, is independent of m, € II(M(F,)) By (7.10) it follows that

nQ|P(7Tv7 )‘)Qv(ﬂ-va QJA(QV))RQ|P(7TU7 )\)

is holomorphic on aj;c. The normalizing factors ngp(m,, A) satisfy properties similar
to the corresponding properties (Ry), ..., (Rg) satisfied by the local intertwining operators
[Ard] Theorem 2.1]. In particular, there exists a rational function n,(m,, s) such that

nQ|P(7Tv’ >‘> = na(”va sz)\(av))'

Now observe that for every R > 0 and z € C the number of solutions of ¢, = z in the
disc |s| < R is bounded by 1+ (27)~*log(q,)R. Hence it suffices to estimate the number of
zeros of ny(m,, s) and Q,(m,, s), respectively. As mentioned above, the degree of Q,(m,s)
is bounded independently of m € II(M(F,)). The rational function n,(m,,s) has been
described in [Mu2l (3.6)]. It follows from [Mu2, Lemma 3.1] and [Mu2, (3.6)] that there
exists C' > 0 such that for all M € L(M) and all square integrable m € II(M(F,)) the
number of poles and zeros of n, (7, s) is less than C'. Now let 7 be tempered. It is known
that 7 is an irreducible constituent of an induced representation Ind} (¢), where Mg is an
admissible Levi subgroup of M and o € [I(Mg(F,)) is square integrable modulo Ar. Then
by [Ardl, (2.2)] we are reduced to the square integrable case. In general, 7 is a Langlands
quotient of an induced representation Ind% (o, 1), where Mp is an admissible Levi subgroup
of M, 0 € Wiemp(Mg(F,)), and p is point in the chamber of a},/a%,. Now we use [Ard]
(2.3)] to reduce to the tempered case, which proves that there exists C' > 0 such that the
number of poles and zeros of n, (7, s) is less than C for all 7 € II(M(F,)).

The case v € S, has been already treated in section @ See (6.11])) and the text above
(6.11).

Now we can summarize our results. Using (4.11]), we obtain the following proposition.

Proposition 7.1. Let M € L(M,). Let Ky C G(Ayf) be an open compact subgroup and
o € IlI(Ky). For every R > 0 there exists C > 0 such that for all Q,P € P(M) and
7 € II(M(A)) the number of singular hyperplanes of Rgp(m, A which intersects

the ball of radius R in a}; ¢, s bounded by C'.

”A%(P)Kf’”’

Next we consider the global normalizing factors. By (4.11)), ngp(m, A) is the product
of the normalizing factors n.(m, A(a")), a € ¥p N Eg. Thus our problem is reduced to
the estimation of the number of real poles, counted to multiplicity, of the meromorphic
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function n,(, s). Let %(7) be the set of real poles of n, (7, s). Let m € Iy (M (A); Ky, o).
Then it follows from Corollary [5.2] that there exists C' > 0

(7.12) > nlp) < C(1L+1log(1+ A2 ).
pEXE ()

Now we can summarize our results as follows. For arbitrary @, P € P(M), the global
normalizing factor ngp(m, A) is the product of the functions nq (7, A(a)), a € ¥p N 35
. Note that #¥p < dimnp. Let dp := dimnp. Then it follows from and
Proposition ([7.1]) that there exists C' > 0 such for every 7 € Il (M(A); K¢,0) and every
¢ € A2, -(P) the number of singular hyperplanes of the Eisenstein series E(¢, \), counted
with multiplicity, which are real and intersect the ball {Aeayc: M < llppll} is bounded
by

(7.13) C(1+log(1+ A2 )™,

Now recall from the beginning of this section that the residual spectrum is spanned by iter-
ated residues of Eisenstein series F(¢, A) with respect to complete flags of affine admissible
subspaces of @y For A > 0 let

ews(M(A); A) = {7 € Ilos(M(A)): — Ary S A}

We note that there exists C' € R such that C' < —\,__ for all 7 € II4,(M(A)). Using (7.1)
and , it follows that there exist Cy, Cy > 0 such that

Niif T(N) < O Y (1 log(1+ A7)

PDOPFy

7.14
(7.14) 3 S m(m) dim(Ha "7 ) dim(H,.__ (7).

TE€EFMp (o) m€llcus(Mp (A);A+Co)

For a given P let M = Mp. Asin (3.2)) there exist finitely many lattices I'y;; C M (FL),
1=1,...,k, such that

(7.15) AyM(F)\M(A)/ Ky = Iil (Car \M(Foo)").

Thus we get an isomorphism of M (F, )—modules :

(7.16) Lo (Au M(F)\M(A))rr = EBL (Cari\M (Fs)").

And hence for 7 € II(K /) we get

(7.17) L2 (A M(F)\M(A))" 27 = EDL (Car\(M (Fu)! @ V)t

Let Xy = A\M(Fy)/Kpnoo- Let Er; — FM,i\XM be the locally homogeneous vector
bundle associated to 7. Let Nt (X; 7) be the eigenvalues counting function for the Casimir
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(FM,i\)ZM7 E.;). It follows from (7.17) that

operator acting in L?

(7.18) > m(r)dim(Hz,") dim(H ZNgyz (A;7)
TI'Echs(M(A)§ )

Let mys := dim Xy;. Then by [Dd, Theorem 9.1] we get

Thus by ([7.18]) it follows that there exists C' > 0 such that
(7.20) > S mla) dim(HEM) dim(Ha. (7)) < C(1+ X™72),

T€Fn (0) mEILcus (M (A);A+Co)

Let n := dim X and mo(G) = max{my,: P # G}. Note that dp < r for all P. Then by
(7.14) and (7.20) we obtain

(7.21) NEr U(/\) < 0(1 +10g(1 + )\2))71(1 + )\mo(G)/Q).

res

Now observe that X = X,; x Ay, ¥ Np(Fy) [Bo3l Sect. 4.2, (3)]. Hence my < n—2, and
therefore mo(G) < n — 2. Thus we get

(7.22) NEro(\) <C(14+ 2072 X >0,

res

where C' > 0 depends on K; and 0. This completes the proof of the second statement of
Theorem [L.4]

Next we wish to extend this result to any Levi subgroup L € L(M). Recall that for any
pair of elements Q € P(L) and R € PL(M) there exists a unique P € P(M) such that
P c @Qand PNL = R. Then P is denoted by Q(R). Let R, R’ € PX(M), m € Iy, (M(A)),
and Q € P(L). Then for any k € K and ¢ € A2(Q(R)), the function ¢ on M(A), which
is defined by ¢ (m) := ¢(mk), m € M(A), belongs to A2(R), and one has

(7.23) (Moo (T, A)@)k = Mpyr(T, A)¢r)
[Ar9, (1.3)]. Furthermore, the normalizing factors satisfy
(724) nQ(R/)|Q(R) (7'{', )\) = TLR/|R(7T, )\)

[Ard, Sect. 2]. Thus the considerations above continue to hold for each standard Levi
subgroup L of G. For M € L(My) and o € II(Ky) let oy = 0|k nm(r.). Denote

by Nﬁﬂfef “M()) the counting function of the residual spectrum for M with respect to
(Karpsonm). Let mo(M) := max{my,: R € PM, R # M}. Then, summarizing our
results, we get

(7.25) NI (3) < C(1 + Tog(1 + A2))™ AmoM)/2

for A > 0. As above it follows that my(M) < dim X v — 2, and we obtain the following
proposition.
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Proposition 7.2. Assume that G satisfies condition (L). Let Ky be an open compact

subgroup of G(Ay) and o € II(K). Let M € L and my; = dim Xy;. Then there exists
C > 0 such that

(7.26) N7 (0) < O(1 4 Alma1/2)
for X > 0.

8. THE SPECTRAL SIDE OF THE TRACE FORMULA

In this section we apply the spectral side of the (non-invariant) trace formula of Arthur
[Ar1], [Ar2], to the heat kernel. The goal is to prove that the leading term of the asymptotic
expansion as t — 0 is given by the trace of the heat operator, restricted to the point
spectrum.

To begin with we briefly recall the structure of the spectral side. Let L D M be Levi
subgroups in £, P € P(M), and let m = dima¥ be the co-rank of L in G. Denote by
Bp the set of m-tuples 3 = (BY,..., ) of elements of ¥}, whose projections to ar, form
a basis for a¥. For any 8 = (8Y,...,8Y) € Bpy let vol(B) be the co-volume in af of the
lattice spanned by 8 and let B

EL(@):{(Q1a7Qm)€f1(M)m ,BVEQM,Z.:L,,,”/?’L}
= {(P,P),....(P,,P')): PP i=1,...m}

Given Q, P € P(M), let Mgp()): A*(P) = A*(Q), X € a};¢, be the intertwining operator
defined by (4.4)).

For any smooth function f on aj, and p € aj,; denote by D, f the directional derivative
of f along p € aj;. For a pair P;|*P, of adjacent parabolic subgroups in P(M) write

(8.1) 0p,|py(A) = Mpy p,(A) Do Mp, 15, (A) : A2(Pr) — A% (Py),

where @ € a}, is such that (w,a”) = 1. E| Equivalently, writing Mp, p,(A) = ®((\, o))
for a meromorphic function ® of a single complex variable, we have

O((A,a")) (A, aY)).

)=
Recall that for P,Q € P(M), (P,Q) denotes the group generated by P and Q. For any
m-tuple X = (Q1,...,Qm) € Zr(B) with Q; = (P, P!), P’ P/, denote by Ax(P,\) the
expression B

(8.2)

VOl(é) o
= Meyp(A) " 0m (N Mpyipy(A) -~ Op,

5P1 | P> (

(N Mpz_1pr (N)dp, py, (A) Mpy, 1p(A).

m—1

INote that this definition differs slightly from the definition of dp,|p, in [FLMI].
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Recall the (purely combinatorial) map Xy, : Bp, — Fi(M)™ with the property that
Xp(B) € EL(B) for all 5 € Bpy, as defined in [FLMI, pp. 179-180] f]

For any s € W(M) let Ly be the smallest Levi subgroup in £(M) containing ws. We
recall that ar,, = {H € ay | sH = H}. Set

= |det(s — 1)%5 -
For P € F(M,) and s € W(Mp) let M(P,s) : A*(P) — A?(P) be as in [Ar3, p. 1309].

M(P, s) is a unitary operator which commutes with the operators p(P, A, h) for A € iaj .
Finally, we can state the refined spectral expansion.

Theorem 8.1 ([FLMI]). For any h € C>*(G(A)') the spectral side of Arthur’s trace
formula is given by

(83) spec Z Jspec M

[M]

M ranging over the conjugacy classes of Levi subgroups of G (represented by members of
L), where

B) Joeri(h) = im0 Y / tr(A sy 3y (P A)M (P, 5)p(P A, 1)) dA

sEW(M) BeEBp L, i(

with P € P(M) arbitrary. The operators are of trace class and the integrals are absolutely
convergent with respect to the trace norm and define distributions on C(G(A)Y).

Now we apply the trace formula to the heat kernel. We recall its definition. For details
see [MMI] § 3]. Recall that the underlying symmetric space is

X = G(Fx)' /Ke,
where G(Fy)!' = G(A)! N G(F,). Note that G(F,)! is semisimple and
(8.5) G(Fx) = G(Fw)' - Ag
Given v € H(K ), let E, — X be the associated homogeneous vector bundle. Let
A, (V”) V" be the Bochner- Laplace operator acting in the space C°°(X E ,) of smooth

sections of E,. This is a G (Fy)!-invariant second order elliptic differential operator. Since
X is complete, Al,, regarded as operator in LQ(X E ) with domain the smooth compactly
supported sections, is essentially self-adjoint [LaMl, p. 155]. Its self-adjoint extension will
also be denoted by A,. Let Q € Z(gc) and Qk_. € Z(€) be the Casimir operators of g and
£, respectively, where the latter is defined with respect to the restriction of the normalized
Killing form of g to €. Then with respect to the isomorphism (3.13|) we have

(8.6) A, = —R(9) + v(9k..),

2The map X, depends in fact on the additional choice of a vector u € (a3;)™ which does not lie in an
explicit finite set of hyperplanes. For our purposes, the precise definition of Xy, is immaterial.
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where R denotes the right regular representation of G(F.) in C*(G(Fy),v) (see [Mial
Proposition 1.1]).

Let e*tz”, t > 0, be the heat semigroup generated by A,. Tt commutes with the action

of G(F)'. With respect to the isomorphism ([3.13) we may regard e~Av as a bounded
operator in L*(G(Fy)',v), which commutes with the action of G(F)'. Hence it is a
convolution operator, i.e., there exists a smooth map

(8.7) Hy: G(Foo)1 — End(V,)
such that

(B g)(g) = / HY (57 9)(6g)) dd. & € L(G(Fx)',v).
G(Foo)t

The kernel HY satisfies
(8.8) HY (k™'gk') = v(k) ™t o H!(g) ov(k), Vk, k' € Ko, Vg € G(Fy)'.

Moreover proceeding as in the proof of [BM| Proposition 2.4] it follows that H} belongs
(%Q(G( o)) @ End(V,))BexEe for all ¢ > 0, where €9(G(Fy)*') is Harish-Chandra’s
Schwartz space of Liintegrable rapidly decreasing functions on G(F,)'. Put

(8.9) hY(g) :==tr HY(g), g€ G(Fx)"

Then LY € €1(G(Fy)') for all ¢ > 0. We extend hY to a function on G(Fy,) by
hi(ag) = h{(9), g€ G(Fx)', a€ Ag.

Let 1, : G(Ay) — C be the characteristic function of K. Put

1k
(8.10) XK, = Vol(lf(f)
and
(8.11) o1 (9) = hi(goo) X1, (97)

for g = goo - g5 € G(A) = G(Fx) - G(Ay). Now observe that all derivatives of ¢} belong to
LYG(A)"). Thus ¢} belongs to C(G(A); Ky) (see section [2| for its definition). By Theorem
B.1] Jipec is a distribution on C(G(A); Kf). Thus we can insert ¢} into the trace formula
and by Theorem we get

(812) spcc ¢t Z Jspch ¢t

[M]

where the sum ranges over the conjugacy classes of Levi subgroups of G and Jypeear(¢;7)
is given by . To analyze these terms, we proceed as in [MMI] Section 13]. Recall that

the operator Ay (P, \), which appears in the formula (8.4)), is defined by (8.2)). Its defini-
tion involves the intertwining operators Mg p(X). If we replace Mgp(A) by its restriction
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Mgp(m, A) to AZ(P), we obtain the restriction Ay (P, m, A) of Ax(P,\) to AZ(P). Simi-
larly, let p.(P, ) be the induced representation in A2(P). Fix s € W(M) and 8 € Bpy,..
Then for the integral on the right of (8.4)) with h = ¢} we get

(8.13) Z / Tr AXL (PWA)M(P,ﬂ,s)p,T(P,)\,gbt”)) d\
w€ellgis(M ( )

In order to deal Wlth the 1ntegrand, we need the following result. Let m be a unitary
admissible representation of G(Fy,). Let A: H, — H, be a bounded operator which is
an intertwining operator for m|k_. Then A o m(h}) is a finite rank operator. Define an

operator A on H, @ V,, by A:= A®Id. Then by [MMI] (9.13)] we have
(8.14) Tr(Aom(hY)) = er = (Oxe)) Ty <A|(HW®VV)KOO> :

We will apply this to the induced representation p. (P, A). Let m(7) denote the multiplicity
with which 7 occurs in the regular representation of M(A) in L% (AyM(F)\M(A)). Then

(8.15) pr(PA) = o In dP(A (7, A).

Fix positive restricted roots of ap and let p,, denote the corresponding half-sum of these
roots. For £ € I[I(M(F)) and A € a}, let

mea = Indp ) (€ @ €)

be the unitary induced representation. Let £(€2)/) be the Casimir eigenvalue of . Define
a constant ¢() by

(8.16) C(f) = _<papa Pap> + f(QM)
Then for A € a} one has
(8.17) mea(Q) = —[IAl* + (&)

(see [Kn, Theorem 8.22]). Denote by AXL y(P,m, v, \) resp. M(P,7,v,s) the extensions

of KXL @ (P, v, )\) resp M(P T, U, 8) to operators on A%(P) ®V, as above. Using the

definition of ¢}, (8.15)) and ( , it follows that | is equal to
(8.18)

Z etC(Tl'oo)

mellgis(M(A))
_ 2
./(a . et Ty <(AX g (P, v, \) M (P T, U, 8) |(A%(P)Kf®VV)KOO> d.
Since M (P, r, s) is unitary, (8.18) can be estimated by
(8.19)
Y dim (AZ(P)frY) - eleltme) / e M Ax, 5 (P v N e ()< dA.

el (M(A)) iaZ,)"
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For m € TI(M(A)) denote by A,_ the Casimir eigenvalue of the restriction of w4, to M (F,.)".
Given A > 0, let

Mg (M(A); A) i= {m € Hgu(M(A)): [ A ] < A}
For the estimation of we need the following auxiliary result.

Lemma 8.2. Let dyy = dim M (F)' /K. For every open compact subgroup K; C G(Ay)
and every v € II(K,) there exists C' > 0 such that

(8.20) Y dim AP < O(1 4 A
mellgis (M (A);A)

for all X > 0.

Proof. By ([7.5) it suffices to fix 7 € II(K /) and to estimate the sum
> m(r) dim(Ha" ) dim(Ha,, (7).
Majs(M(A),A)

To estimate the sum over Il (M (A), \) we use [Mu3, Lemma 3.2], which holds for general
reductive groups. Thus we get

(8.21) > dim AP < C(14 a2,

mEeus(M(A);\)
Next observe that for any 7 € II(Kj/), by definition of the counting function we have

> m(m) dim(He) dim(He (7)) = Nyl T (M),
€ res(M(A);A)
By Proposition [7.2 the right hand side is bounded by a constant C' > 0 times 14 A(@x—1/2,
By (73) we get
Z Afr(P)Kf,l/ S O(l + A(dlw_l)/2).
mEIres (M (A);A)

Together with (8.21)) the lemma follows. O

Next we estimate the integral in (8.19). We use the notation introduced above. Let
é = (51/7757\2) and XLs(ﬁ) - (Q17"'7Qm) € EL;(/B) with QZ = <B7-Pi/>7 -Pz 'BZP/ 1=

1,...,m. Using the definition (8.2) of Ax, (5 (P, 7, v, A), it follows that we can bound the
integral by a constant multiple of

m

(8.22) dim(v) / e T
i(a§, )"

J=1

d,

dp,p1(A)

AZ(PHEPY
where §p,| P]{()\) is defined by (8.1). We introduce new coordinates s; := (X, 3/), j =
1,...,m, on (af )*. Using (4.9) and (8.1)), we can write

(823) 5131‘131'()\) = m +‘7le o (Id ®RP1\PI’(7Ta 81)_1R;32|PZ/(’/T, SZ>> O];Z,:l
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Now assume that G satisfies property (L). By [FLI, Prop. 3.8], G satisfies property
(TWN+) (tempered winding numbers, strong version). This means that for any proper
Levi subgroup M of G defined over QQ, and any root a € ¥/, and T € R the following
estimate holds

T41
(8.24) / In (7, it)|dt < log(|T| 4+ A(Teo; p™) + level(m; p™))
T

for all IT4(M(A)). In the proof of Corollary |5.2|it was proved that there exists C' > 0 such
that for all 7 € I (M(A); Ky, 0) one has

(8.25) level(m; p*) < C,  and A(7oo;p™) < C(1+A2_).
Hence we get

T+1
(8.26) / Il (. it)|dt < log(|T| + 1+ A2_)
T

For all T'€ R and 7 € Il (M (A); K¢, 0).
Lemma 8.3. There exists C' > 0 such that

e [

for all0 <t <1 and 7 € 4 (M(A); Ky, 0).

1+ |logt|

Vit

' e AN < C(1+log(1+ A2))

Proof. By (5.12)) it follows that |n,(m,iA)| = 1 for A € R. Furthermore, by ({8.26)) we have
A
(8.28) / Inl, (7, iu)|du < C|A[log(|A| + 1+ A2_)
0

for A € R and 7 € Il (M (A); K¢, 0). Hence, using integration by parts, the integral on
the left hand side of the claimed inequality equals

A
Zt// I (7, iw) | dude ™ d.
R Jo
By (B35) we gt

/ |”Ia(77i)\)|€7t)‘2d/\ < Ct/ log(JA| +1 + /\72700))\2€7M2d)\
R R

1+ |logt|
Vit
forall 0 <t <1and m e Il (M(A); Ky, 0). O

< Ci(1+1og(1+X2))

Let I, = dim(A, /Ag). Combining (8.23)), Lemma 8.3 and Proposition [6.2]it follows that
there exists C' > 0
(8.29)

N
(&
/z(ac ) 11

Ls =1

Sp, o1 () Yot/ (1 4 log(1+ A2_))"

7

<
e ‘ dA < C(1+ |logt
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for all 0 <t <1 and 7 € Iy (M (A)) with A%(P)%7¥. Now we can estimate (8.19). Note

that ¢(ms) = Ao, — ||papl|®- Using (8.29), it follows that (8.13]) can be estimated by a
constant multiple of

(8.30) (14 |logt

etz T dim AZ(P)EY (14 log(1+ A2))" et

m€llgis (M(A))

Let Xy = M(Fx)'/Knoo and m = dim X);. Using Lemma [8.2] it follows that for every
e > 0 there exists C > 0 such that the series is bounded by Ct~™/27¢ for 0 < t < 1.
Together with (8.30]) this yields the following proposition.

Proposition 8.4. Let M € L. Let m = dim Xy and | = max,ew ) dim(Ag, /Ag). For
every € > 0 there exists C' > 0 such that

|Jspec,M(¢ty)| < Ct_(m+l)/2—8
forall0 <t <1.

Now we distinguish two cases. First assume that M = G. Then Ay = Ag. Let R}, be
the restriction of the regular representation R of G(A)! in L*(G(F)\G(A)') to the discrete
subspace. Then Jyee,(¢V) = Tr(RL.(60"). Let Ry, be the regular representation of G(A)
in L*(AgG(F)\G(A)). Then the operator Ry (¢?) is isomorphic to R!(¢/"). Thus

(8.31) Jspec,G(qSItJJ) = Tr(RdIS(QS:f/))

Given 7 € 14 (G(A)), let m(7) denote the multiplicity with which 7 occurs in the regular
representation of G(A) in L?*(AgG(F)\G(A)). Then, using Corollary 2.2 in [BM], we get

(8.32) Jpeoc(@) = D m(r)dim(Hy, ) dim(Hy,, @ V,) et
mellgis(G(A),€0)
Now assume that M is a proper Levi subgroup. Let P = M x N. Let X = G(Fax)' /K.
Then
X =2 Xy X AM/AG X N(FOO)
Since | = max,ewan dim(Az, /Aq) < dim(Ay/Ag), it follows that m + [ < dim X — 1.
Thus using this together with Proposition 8.4} we get

Theorem 8.5. Suppose that G satisfies property (L). Let n = dim X. For every open
compact subgroup Ky of G(Ay) and every v € II(K) the spectral side of the trace formula,
evaluated at ¢!, satisfies

Tapee($1") = Z m(m) dim(?—lff) dim(Hr, @ V) etme
(8.33) rell (G(A))
+ Ot 12y

ast — 0t
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9. GEOMETRIC SIDE OF THE TRACE FORMULA

As before, GG is a reductive group over a number field F. In this section we consider
the geometric side of the Arthur trace formula J,., evaluated at ¢, and determine the
asymptotic behavior of Jyom(¢}) as t — 0. The geometric side Jyeom of the trace formula
was introduced in [Ar1]. See also [Ar5]. For f € C°(G(A)'), Arthur has defined J,eom(f)
as the value at a point Ty € ag, specified in [Ar3, Lemma 1.1], of a polynomial J7(f)
on ag. By [FL3, Theorem 7.1], Joeom(f) is absolutely convergent for all f € C(G(A); Ky).
Let ¢¢ € C(G(A); Ky) be the function which is defined by (8.11)). Then Jyeom(¢}) is well
defined. In [MM2, (1.5)], the regularized trace of the heat operator e~*4* was defined as

Trreg (€7%) = Jyeom ().

Then in [MM2, Theorem 1.1] an asymptotic expansion of Tre, (e‘m") as t — 0 has been
established. For our purpose we need to know the precise form of the term of order ¢="/2,
where n = dim X. To this end we briefly recall the derivation of the asymptotic expansion.
The first step is to replace ¢; by an appropriate compactly supported function <z~>t” with

support concentrated near the identity element. Such a function is constructed as follows.

Let d(-,-) : X x X — [0, 00) be the geodesic distance on X, and put 7(geo) = d(goeo, T0)
where zyp = Ko € X is the base point. Let 0 < a < b be sufficiently small real numbers
and let 5 : R — [0, 00) be a smooth function supported in [—b, b] such that f(y) = 1 for
0<ly| <a,and 0 < B(y) <1 for |y| > a. Define

(9.1) Vi (goo) = B(r(goo)) 1 (goo)-
and
(9:2) 1 (9) = ¥} (9o )Xk, (95)

for g = goo g5 € G(A) = G(F) - G(Ay). Then ¢} € C2(G(A)!) and ¢ € C2(G(Fu)b).
By [MMIL Proposition 12.1] there is some ¢ > 0 such that for every 0 < ¢ < 1 we have

(9.3) Tgeom(07) = Jyeom (07| < €%,

We note that in [MMI] Sect. 12] we made the assumption that G = GL(n) or G = SL(n).
However, the proof of the proposition holds without any restriction on GG. The next result
reduces the considerations to the unipotent contribution to the geometric side. Before we
state it, we recall the coarse geometric expansion of Arthur’s trace formula [Ar5l Sect. 10]:
Two elements 1,7, € G(F) are called coarsely equivalent if their semisimple parts (in the
Jordan decomposition) are conjugate in G(F'). Then for any f € C°(G(A)') we have

Jacom(F) =Y Jo(f),

where o runs over the coarse equivalence classes in G(F'), and the distribution J, is sup-
ported in the set of all g € G(A)' whose semisimple part is conjugate in G(A) to some
semisimple element in o. If 0 # o', the supports of J, and J, are disjoint. Note that the
set of unipotent elements in G(F') constitute a single equivalence class 0,5, and we write
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Junip = Jopn,- Assume that Ky is neat. If the support of 3 is sufficiently small then by

[IMMZ2| Prop. 3.1] we have

(94) Jgeom(&?) = Junip(étlj)'
By (9.3) and (9.4) the problem is reduced to the study of the asymptotic behavior of

Junip(@}) as £ \ 0. For this purpose we use Arthur’s fine geometric expansion of Jyuip. In
order to state it we need to introduce some notation.

Let S be a finite set of places of F', which includes the archimedean places, such that
K, =K, forv € S. Let G(Fs)! = G(Fs) N G(A)'. Let M € L. Following Arthur, we
introduce an equivalence relation on the set of unipotent elements in M (F') that depends
on the set S: Two unipotent elements u,v € M (F') are (M, S)-equivalent if and only if u
and v are conjugate in M (Fs). We denote the equivalence class of u by [u]s C M(F) and
let 44" denote the set of all such equivalence classes.

Note that two equivalent unipotent elements define the same unipotent conjugacy class in
M(Fs), so we can view UM also as the set of unipotent conjugacy classes in M (Fs) which
have at least one F-rational representative, and we denote the corresponding conjugacy
class by [u]s as well.

Remark 9.1. (i) If T C S, then we get a well-defined map UM > [u]s — [u]r € UM.
(i) If G = GL(n), the equivalence relation is independent of S and is the same as
conjugation in M(F).

For [uls € UY and fs € CX(G(Fs)'), Arthur associates a weighted orbital integral
J$ ([u]s, fs) [Ar6] which is a distribution supported on the G(Fs)-conjugacy class induced
from [u]ls € M(Fs). Let 1gs € C*(G(A®)) be the characteristic function of K*, if
fs € CX(G(Fs)Y). Put f = fslgs € C(G(A)'). By [Ar7, Corollary 8.3] there exist
unique constants a™([u]g, S) € C and conjugacy classes [u]s € UM such that for all
fs € C*(G(Fs)') we have

(9.5) Juip(F) = Y a([uls, 8)J5([uls, fs)-
MEL [u)seuM

In fact, Corollary 8.3 in [Ar7] is stated only for reductive groups over Q. However, at
the end of the article, Arthur explains that all results of the article hold equally well for
reductive groups over a number field F.

In general, there is not much known about the coefficients a™ ([u]s, S). However, for our
purpose we only need to know a“(1,.S), which by [Ar7, Corollary 8.5] is given by

(9.6) a®(1,8) = vol(G(F)\G(A)").
Write S = S, U Sy. Then K; = Kg,K®. Recall that by (9.2)
~ 1
O = —— - 1kg, - 1ks.

VOl(Kf)
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Then by (9.5) we get

(0.7) T =3 3 >JM<[ st Liey ).

MEL [u]geuM
Using , the term that corresponds to (G, 1) equals

vol(G(FNG(A)),,

(9.8) vol(K) ((1).

To deal with the weighted orbital integrals in general, we use Arthur’s splitting formula
[ArD, (18.7)], which we recall next. Let S be any finite set of places of F' which not
necessarily contains the archimedean places. Let L € L£(M) and Q € P(L). Given
fs e (F S) let

fs.o(m) = dg(m)'/? / / fs(k~'mnk)dndk, m € L.
Ks J Ng(Fs)

Suppose that S = S;US; with S;, S non-empty and disjoint and that fs is the restriction
of a product fg, fs, to G(Fs)! with fg, € C*(G(Fs,)), j = 1,2. Then the splitting formula
states that

(99) J]\G4([u]5vf5) = Z d%(LhL?)J]@([ ]Slaf& Ql) Ji? ([ ]SQ’fSZ Q2)

Ly, LoeL(M)

where the notation is as follows: The d$;(L;, L) € R are certain constants which depend
only on M, Ll,LQ,G but not on S. In fact, d§;(Ly, Ly) is non-zero only if the natural
map aM &) aM — a§; is an isomorphism. The @; are arbitrary elements in P(L;) and
[u]s, € L{Sj is the image of [u]s under the canonical map U — Zzlé‘;[ . Finally, J]\Lj([u] S55°)
denotes the Sj-adic distribution which is supported on the L;(F;)-conjugacy class which
is induced from [u]s; € M(Fs;) and is defined as in [Ar6].

We apply the splitting formula to the weighted orbital integral on the right of (9.7) with
S1 = S and Sy, = Sy;. We obtain

(9'10) JJ\G/[([U]&QMZ ’ 1KSO) = Z d]\G4(L1’ LQ)JJ\I;[l([u]OO’@Z)ZQl)J]j\:f([u]Sov 1KS'O7Q2)’
Ly, L2€L(M)
This is a finite sum with d$; (L1, Ly) and Ji2([u]s,, 1k, @) independent of . The as-

ymptotic expansion in ¢ of weighted orbital integrals of the form J ALj([u]oo, ¥{o,) has been
determined in [MMZ2, Prop. 7.2]. This Corollary has been proved for groups over Q. How-
ever, the proof can be easily extended to reductive groups over F', either by repeating the
arguments or using restriction of scalars,

We recall the proposition. Let M € £, P, = M1N; € F(M) and O C M(F) a unipotent
conjugacy class in M (Fy). Let do = dim O%F=)" be the dimension of the unipotent orbit
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in G(F.)" induced from M(F,), and let 37" = dima};'. Then there exist constants
bij =bij(M,0)eC,j>0,0<i< 7“%1, such that for 0 <t <1

My
oo Tar

(9.11) IO, (W) p,) ~ 72N N 2 (log 1),

j=0 i=0

If K; is neat, then d3 > 0 for O # 1. Combining (9.3)—(9.11) it follows that for every
v € II(K) there exist € > 0 such that

(9.12) Tgeom (1) = VOUX (K p)hy (1) + O(t™"/>*°)
for all 0 < ¢ < 1. By [Mu3l Lemma 2.3] we have

as t \( 0. Together with (9.12) we obtain the following proposition.

Proposition 9.2. Let G be a reductive group over a number field F'. Let Ky be an open
compact subgroup of G(A). Assume that Ky is neat. Then for every v € II(K) there
exists € > 0 such that we have

_ dim(v) vol(X (Ky))

Jgeom((b;/) - (47T>n/2 t*n/2 + O(tf’n/2+5)

forall 0 <t <1.

10. PROOF OF THE MAIN THEOREM

First we establish the adelic version of the Weyl law, which is Theorem Let Gy be a
reductive algebraic group over a number field F' and let G = Resp/g(Go) be the reductive
group over Q which is obtained from Gy by restriction of scalars. We shall use the (non-
invariant) Arthur trace formula for reductive groups over F' to deduce the Weyl law for
Gy. Then we use the properties of the restriction of scalars to show that this is equivalent
to the Weyl law for G.

To begin with we recall that the coarse Arthur trace formula over F is the identity

Jspec(f) - chom(f): f € C(G(AF)1>

Applied to ¢} we get the equality

Jspec(gb?) - Jgeom(qsltj)y t > 0.
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Assume that G satisfies property (L). Let Ky s be an open compact subgroup of Go(Ap f).
We assume that Ky ¢ is neat. Combining Theorem and Proposition [9.2] we obtain

(10.1)
dim(v) vol(X (Ko.f))

t—n/2
(47’(’)”/2

S m(r) dim(He ) dim (He,, ® V,) 5 e =
mellgis(Go(Ar))
+ Ot~ (=172
ast \, 0, where X (Kj ) is defined by (3.10)). Let Nfso’f’y()\) be the adelic counting function
defined by ((1.16]). Applying Karamata’s theorem [Fe, p. 446], we obtain
v dim(v) vol(X (Ko,f))
10.2 NI (N) = :
( ) dis ( ) (4#)”/2F(n/2 + 1)
as A — 0o. By Proposition [7.2] we get
dim(v) vol(X (Ko,f))
10.3 NEOrv(N) = ’
(10:3) () (4m)/2T(n/2 + 1)

This is the first part of the Weyl law for Gy. The second part is the estimation of the
counting function of the residual spectrum which follows from Proposition for M = G.

X2 4 o(A"2)

A2 (N2,

Next we show that Theorem is compatible with the restriction of scalars. To begin
with we recall some facts about the Weil restriction of scalars [We|, [Bo2|. By [We, Theorem
1.3.2] we have

(10.4) G(Q,) = [[ Go(Fo).

wlv

for all places v of Q. In particular, we get

(10.5)  G(Ag) = Go(Ar), G(R)=Go(Fx) = ][] Go(Fu). G(Q) = Go(F).

WESo

Therefore we obtain a bijection of the automorphic representations of G with those of G.
Also the regular representation of G(Ag) on L*(G(Q)\G(Ag)) is equivalent to the regular
representation of Go(Ar) on L*(Go(F)\Go(Ar)). Furthermore, by [Bo2, 5.2], the map
Py — Resp/g(Fo) induces a bijection between parabolic subgroups of Gy, defined over F,
and parabolic subgroups of GG, defined over Q, and and continue to hold for
F-parabolic subgroups of Gy. Let Py = Mp,Np, be a F-parabolic subgroup of Gy and
P = Respjg(Py). Let f € LA(G(Q)\G(Ag)") and f € L*(Go(F)\Go(Ar)") correspond to
each other. Then

f(nz)dn = / f(nox)dny.

NPO (F)\NPO (AF)

(10.6) /
Np(Q)\Np(Ag)

Hence we get

Lo (GQ\G(Ag)') = Li,. (Go(F)\Go(AF)").



46 WERNER MULLER

The same holds for the residual spectrum. It follows that the counting functions for G and
G coincide. Thus (10.2)) and (10.3) hold for the counting function of G' = Respq(Go).
This proves Theorem [1.4]

Next we deduce Theorem from Theorem [1.4] To this end we express the counting
function in a different way. Let 0 € TI(K,). Let L?*(AcT'\G(R)),0) be defined as in
(L.3). Given 7 € II(G(R)) let mr(7) be the multiplicity with which 7 occurs in the regu-
lar representation Rr in L?(AgT\G(R)). Let L2 (A¢T\G(R)) the span of all irreducible
subrepresentations. Then

(10.7) (Li(AcT\GR) @ V,)*= = 5  mr(7)(H, @ V)5,
rell(G(R))

For 7 € II(G(R)) let A; be the Casimir eigenvalue of 7, i.e., the eigenvalue of Rpr(Qqr))
on H,. Then it follows that (H, ® V,)%= is an eigenspace of A, = —Rr(Q¢mw)) with
eigenvalue —\,. It follows that

(10.8) Nrgis(A;0) = Z mr () dim(H, ® V,)¥<.

Tell(G(R))
“Ar<A

There are similar formulas for Nt (A, o) and Np (A, 0)

Now we establish the relation between the adelic and real counting functions. Let K; C
G(Ay) be an open compact subgroup. Let Iy C G(Q), i = 1,...,1, be determined by
(3.2). The relation between the classical and adelic counting functions is described by the
following lemma.

Lemma 10.1. Let 0 € [I(K,). Then

!
Nid () =Y Mryaw(A,0)
=1

for X > 0. The same equality holds for the counting functions of the cuspidal and residual
spectrum.

Proof. Given 7 € II(G(R)), let m(7) be the multiplicity with which 7 occurs in the regular
representation By (3.7]) with respect to F' = Q we have

Yo o mP)H. V)K= > S m(r) dim(He)) dim(Hn, @ V,)K>
T€ll45(G(R)) T€ll45(G(R)) mellgis(G(A))
—Ar<A —Ar<A Too=T

= Y m(r)dim(Hz/) dim(H,, © V,)5=
mellgis(G(A))

TN\ TToo

Kyr,o
= Ndisf (/\)



Combined with (3.8]) it follows that

N7 = > mn)(H, @ V,) > = Z Z mF
T€llyis(G(R)) i=1 rell(G
(10.9) “Ar<A —,\T<,\
!
- Z Nri,dis()\v V)'
i=1
Let Ky and I';, = 1, ..., be as above. By Lemma we have

(10.10) NEY () =Y Nryeus(Xiv).
Furthermore, by (3.2]) we have
(10.11) vol(X (Ky)) = vol(AcG(Q\G(A) /Ko Ky) = Zvol \X

where X = A¢\G(R)/K . Thus by (10.2) we obtain

I o >

, Nr, cus(A; V) dim(v) vol(T';\ X)
10.12 1 — N = .
(10.12) Jm ) s ; (4m)"2T(n/2 + 1)

i=1
Now we argue as in [LV] Sect. 6.3] (1.10). By (1.10) we have

lim sup Np; cus(A; 1) < dim(v) vol(I';\ X)
A—ro0 /2 (4m)*2T(n/2 + 1)

for i =1,...,]. Combined with (|10.12)) it follows that

(10.13) Npi,ws()\;u)—d(izr():)/:;;( \X)) N2 4 o(An/2)

fori=1,..,1.

47

V(H, V)K=

Now let I' C G(Q) be a congruence subgroup. By the definition of a congruence subgroup
(see sect. |3 there exists a compact open subgroup K; C G(Q) such that I' = Ky N G(Q).

Let I';, i = 1,...,1, be defined by (3.1). Then I' = I'; and the first part
follows from ({10.13)).

of Theorem

To establish the second part of Theorem [I.2] we observe that by Lemma we have

l
(1014) NKfV ) — ZNFi,res(A7V)

res
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for A > 0. Since each summand on the right hand side is > 0, and I' = I'y, ([7.22) yields

(10.15)

Nrres(M,v) <O+ AD2) x> 0.

This completes the proof of Theorem [1.2]

[Bo2]

[Bo3]
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