THE ANALYTIC TORSION AND ITS ASYMPTOTIC BEHAVIOUR
FOR SEQUENCES OF HYPERBOLIC MANIFOLDS OF FINITE
VOLUME

WERNER MULLER AND JONATHAN PFAFF

ABSTRACT. In this paper we study the regularized analytic torsion of finite volume hyper-
bolic manifolds. We consider sequences of coverings X; of a fixed hyperbolic orbifold Xj.
Our main result is that for certain sequences of coverings and strongly acyclic flat bun-
dles, the analytic torsion divided by the index of the covering, converges to the L2-torsion.
Our results apply to certain sequences of arithmetic groups, in particular to sequences of
principal congruence subgroups of SOO(d7 1)(Z) and to sequences of principal congruence
subgroups or Hecke subgroups of Bianchi groups.

1. INTRODUCTION

The aim of this paper is to extend the results of Bergeron and Venkatesh [BV] on the
asymptotic equality of analytic and L?-torsion for strongly acyclic representations from the
compact to the finite volume case.

Therefore, we shall first recall the results of Bergeron and Venkatesh about the compact
case. Let G be a semisimple Lie group of non-compact type. Let K be a maximal compact
subgroup of G and let X = G/K be the associated Riemannian symmetric space endowed
with a G-invariant metric. Let I' C G be a co-compact discrete subgroup. For simplicity
we assume that I' is torsion free. Let X :=T'\X. Then X is a compact locally symmetric
manifold of non-positive curvature. Let 7 be an irreducible finite dimensional complex
representation of G. Let E. — X be the flat vector bundle associated to the restriction
of 7 to I'. By [MtM], E, can be equipped with a canonical Hermitian fibre metric, called
admissible, which is unique up to scaling. Let Ap(7) be the Laplace operator on E.-valued
p-forms with respect to the metric on X and in E;. Let (,(s;7) be the zeta function of
A,(7) (see [Sh]). Then the analytic torsion Tx(7) € RT is defined by

(1.1) Tx(T) := exp <% Z(_l)pp%@(s;T)‘sO> .

p=1
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On the other hand there is the L?-torsion T)((2 )(T) (see [Lo]). Since the heat kernels on X
are G-invariant, one has

2 2
(1.2) log Ty (r) = vol(X)t2(7),
where tﬁ?(T) is a constant that depends only on X and 7. It is an interesting problem

to see if the L?-torsion can be approximated by the torsion of finite coverings X; — X.
This problem has been studied by Bergeron and Venkatesh [BV] under a certain non-
degeneracy condition on 7. Representations which satisfy this condition are called strongly
acyclic. One of the main results of [BV] is as follows. Let X; — X, i € N, be a sequence of
finite coverings of X. Let 7 be strongly acyclic. Let inj(X;) denote the injectivety radius
of X; and assume that inj(X;) — oo as ¢ — oo. Then by [BV, Theorem 4.5] one has

log T,
(1.3) lim 208 L (T) _ t2(r).

i—oo  vol(Xj;)

If rke(G) — rke(K) = 1, one can show that tg)(T) # 0. Using the equality of analytic
torsion and Reidemeister torsion [Mu2], Bergeron and Venkatesh [BV] used this result to
study the growth of torsion in the cohomology of cocompact arithmetic groups. Further-
more, recently P. Scholze [Sch] has shown the existence of Galois representations associated
with mod p cohomology of locally symmetric spaces for GL,, over a totally real or CM field.
This makes it desirable to extend these results in various directions. Especially, one would
like to extend (1.3) to the finite volume case. However, due to the presence of the contin-
uous spectrum of the Laplace operators in the non-compact case, one encounters serious
technical difficulties in attempting to generalize (1.3) to the finite volume case. In [Ral]
J. Raimbault has dealt with finite volume hyperbolic 3-manifolds. In [Ra2] he applied
this to study the growth of torsion in the cohomology for certain sequences of congruence
subgroups of Bianchi groups. His result generalized the exponential growth of torsion, ob-
tained in [Pf2] for local systems induced from the even symmetric powers of the standard
representation of SLy(C), to all strongly acyclic local systems and furthermore they implied
that the limit of the normalized torsion size exists. The main purpose of the present paper
is to extend (1.3) to hyperbolic manifolds of finite volume and arbitrary dimension.

So from now on we let G = Spin(d, 1), K = Spin(d) or G = SO°(d, 1) and K = SO(d) for
d > 1. Then K is a maximal compact subgroup of G. Let X=a /K. Choose an invariant
Riemannian metric on X. If the metric is suitably normalized, X is isometric to the d-
dimensional hyperbolic space H?. Let I' C G be a torsion free lattice, i.e., I' is a discrete,
torsion free subgroup with vol(I'\G) < oo. Let X = I'\X. Then X is an oriented d-
dimensional hyperbolic manifold of finite volume. Let 7 be an irreducible finite dimensional
complex representation of G and let E. — X be the flat vector bundle associated to 7 as
above, endowed with an admissible Hermitian fibre metric. The first problem is to define
the analytic torsion if X is non-compact, which is the case we are interested in. Then the
Laplace operator A, (1) has a non-empty continuous spectrum and hence, the zeta function
(p(s;7) can not be defined in the usual way. It requires an additional regularization. We
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use the method introduced in [MP2]. One uses an appropriate height function to truncate
X at sufficiently high level Y > Y to get a compact submanifold X (Y') C X with boundary
0X(Y). Let KP7(t,x,y) be the kernel of the heat operator exp(—tA,(7)). Then it follows
that there exists a(t) € R such that fX(Y) tr KP7(x,x,t)de — a(t)logY has a limit as

Y — oo. Then we put

(1.4) Tryeg (e727™) := lim </ tr K7 (t,x, x) dv — a(t) log Y) :
Y —o0 X(Y)

As pointed out in [MP2, Remark 5.4], the regularized trace is not uniquely defined. It
depends on the choice of truncation parameters on the manifold X. However, if a locally
symmetric space Xo = o\ X of finite volume is given and if truncation parameters on
Xy are fixed, then every locally symmetric manifold X which is a finite covering of X is
canonically equipped with truncation parameters: One simply pulls back the truncation on
Xp to a truncation on X via the covering map. This will be explained in detail in section
6 of the present paper.

We remark that we do not assume that the group I'y is torsion-free. In fact, the typical
example for Ty in the arithmetic case will be Ty = SO%(d, 1)(Z) or Ty = SLy(Op), where
Op is the ring of integers of an imaginary quadratic number field Q(v/—D), D € N being
square-free. Then I' will denote, for example, a principal congruence subgroup. However,
we assume that I' is not only a torsion-free lattice but also that I' satisfies the following
condition: For each I'-cuspidal parabolic subgroup P’ of G one has

(1.5) NP =TNNp,
where Np: denotes the nilpotent radical of P’. This condition holds naturally, for example,
for all principal congruence subgroups of sufficiently high level.

Let 6 be the Cartan involution of G with respect to our choice of K. Let 7y = 7060. If
T 2 Tp, it can be shown that Trye, (e*tAP(T)) is exponentially decreasing as ¢t — oo and
admits an asymptotic expansion as t — 0. Therefore, the regularized zeta function (,(s; 7)
of A,(7) can be defined as in the compact case by

(1.6) Go(si7) = % /0 ™ T (=870 1 g,

S

The integral converges absolutely and uniformly on compact subsets of the half-plane
Re(s) > d/2 and admits a meromorphic extension to the whole complex plane. The zeta
function is regular at s = 0. So in analogy with the compact case, the analytic torsion
Tx(7) € Rt can be defined by the same formula (1.1).

In even dimensions, Tx(7) is rather trivial (see [MP2]). So we assume that d = 2n + 1,
n € N. To formulate our main result, we need to introduce some notation. We let I'g be a
fixed lattice in G and we let Xy := I'o\X. We let I';, i € N be a sequence of finite index
torsion-free subgroups of I'y. Then following Raimbault [Ral], in definition 8.2 we define
the condition on the sequence I'; to be cusp-uniform. This condition is, roughly spoken,
a condition on the shape of the 2n-tori which form the cross-sections of the cusps of the
manifolds X; := I';\ X. For more details, we refer to section 8. We let ¢(I';) be the length of
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the shortest closed geodesic on X;. We assume that truncation parameters on the orbifold
Xy are fixed and for each ¢ and 7 with 7 # 7y we define the analytic torsion with respect
to the induced truncation parameters on X; as above. Then our main result can be stated
as the following theorem.

Theorem 1.1. Let 'y be a lattice in G. LetT';, i € N be a sequence of finite-index subgroups
of Ty which is cusp-uniform. Assume that fori > 1 the group I'; is torsion free and satisfies
(1.5). LetPr, ={F,;, j=1,...,k([;)} be a set of representatives of I';-conjugacy classes
of Ts-cuspidal parabolic subgroups of G and let Np, ; denote the nilpotent radical of P; ;.
Assume that lim; . £(I';) = oo and that

K(FZ)
1
1.7 lim — (x(T; E loglTo N Np, . : T; N Np. .]) =0.
(1.7) Farv [To: Ty (H< )+ — og[lo Pij Pm])

Then for X; := 1"1\)? and every T with T # T one has

. log Tx(T) 2)
lim —=———= = ¢
it [To:0] %

We remark that the condition (1.7) is independent of the choice of Pr,. Furthermore,
one immediately sees that it is satisfied, for example, if

. H(FZ) log[Fo : Fl]
For hyperbolic 3-manifolds, Theorem 1.1 was proved by J. Raimbault [Ral] under addi-
tional assumptions on the intertwining operators. We emphasize that we don’t need this
assumption.
For sequences of cusp uniform normal subgroups I'; of I'y which exhaust I'y, the as-
sumption (1.7) is easily verified and we have the following theorem for the case of normal
subgroups.

(1) vol(Xp).

= 0.

Theorem 1.2. Let I'y be a lattice in G and let T';, i € N, be a sequence of finite-index
normal subgroups which is cusp uniform and such that each T';, i > 1, is torsion-free and
satisfies (1.5). If lim; ,oo[Io : ;] = 0o and if each 7o € T'g — {1} only belongs to finitely
many Uy, then for each T with T # 1 one has

. logTx, (1) (2
In particular, if under the same assumptions I'; is a tower of normal subgroups, i.e. I';11 C
L; for each i and N;I'; = {1}, then (1.9) holds.

We shall now give applications of our main results to the case of arithmetic groups.
Firstly let Iy := SO°(d, 1)(Z). Then Iy is a lattice in SO°(d,1). For ¢ € N let I'(q) be
the principal congruence subgroup of level ¢ (see section 10). Using a result of Deitmar
and Hoffmann [DH], it follows that the family of principal congruence subgroups is cusp
uniform (see Lemma 10.1). Thus, Theorem 1.2 implies the following corollary.
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Corollary 1.3. For any finite-dimensional irreducible representation T of SO°(d, 1) with
T # 19 the principal congruence subgroups I'(q), ¢ > 3, of Ty := SO°(d, 1)(Z) satisfy

lim log T'x,(T)
a—oo [[': T(q)]

where X, :=T'(¢)\H? and X, := To\H".

= 12(7) vol(Xy),

Secondly, we give some specific applications in the 3-dimensional case. There is a natural
isomorphism Spin(3, 1) & SLy(C). If p is the standard-representation of SLy(C) on C?, then
the finite-dimensional irreducible representations of SLy(C) are given as Sym™ p ® Sym" p,
m,n € N. Here Sym" denotes the k-th symmetric power and p denotes the complex-
conjugate representation of p. One has (Sym™ p ® Sym"p)y = Sym” p ® Sym™ p. For
D € N square-free let Op be the ring of integers of the imaginary quadratic number field
Q(v—D) and let I'(D) := SLy(Op). Then I'(D) is a lattice in SLy(C). If a is a non-zero
ideal in Op, let I'(a) be the associated principal congruence subgroup of level a (see section
11). Then Theorem 1.2 implies the following corollary.

Corollary 1.4. If a; is a sequence of non-zero ideals in Op such that each N(a;) is

sufficiently large and such that lim; .., N(a;) = oo, then for any representation T =
Sym” p ® Sym™ p with m # n and for Xp := T'(D)\H? and X; := T'(a;)\H? one has
. 10g Tx. (7’) 2)
1.10 lim ——————— =t% 1(XDp).
(1.10) UL (D) - T(ag) ~ ' (Dol(Xn)

Finally, due to their arithmetic significance, in the 3-dimensional case we also want
to treat Hecke subgroups of the Bianchi groups. These groups do not fall directly in the
framework of our two main theorems, since their systole does not necessarily tend to infinity
if their index in the Bianchi groups does. However, a slight modification of the proof of our
main results will also give the corresponding statement for these groups. More precisely,
for a non-zero ideal a of Op let I'g(a) be the corresponding Hecke subgroup. Actually,
since these groups are not torsion-free, we have to take a fixed torsion-free subgroup I'" of
['(D) of finite index which satisfies assumption (1.5), for example a principal congruence
subgroup of sufficiently high level, and consider the intersections I'j(a) := I'g(a) NI". Then
we have the following theorem:

Theorem 1.5. If a; is a sequence of non-zero ideals in Op such that lim;_, ., N(a;) = oo,
then for any representation 7 = Sym” p @ Sym™ p with m # n and for Xp = T'(D)\H?,
X! :=T}(a;)\H? one has

. log Ty (7)
i [['(D) : T(a;)]

_ 42
(1.11) =t (1) vol(Xp).
We shall now outline our method to prove our main results. Let d = 2n + 1. We
assume that the representation 7 is not invariant under the Cartan involution. To indicate
the dependence of the heat operator, the regularized trace and other quantities on the
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covering X;, we use the subscript X;. Let

1 d

(1.12) Kx,(t.7) =5 D (—1)"p Truegex, (e "4%#™)
p=1

As observed above, Ky, (t,7) is exponentially decreasing as ¢ — oo and admits an as-

ymptotic expansion as ¢ — 0. Thus the analytic torsion Ty, (7) € R™ can be defined

by

(1.13) log T, () = % (% /OOO Kx, (t,7)t°! dt)

The integral converges for Re(s) > d/2 and its value at s = 0 is defined by analytic
continuation. For T' > 0 write

d 1 T 9]
1.14 logTx, (1) = — [ = | Kx,(t, 7))t dt +/ Kx (t,7)t7 ! dt.
o) et = o (g [ meenet @) s [T R

Now we study the behaviour as ¢ — oo of the terms on the right hand side. We start with
the second term. Our assumption about 7 implies that the spectrum of the Laplacians
Ax,p, ¢ € N, have a uniform positive lower bound. Using the definition (6.12) of the
regularized trace, it follows that there exist constants C;,¢ > 0 such that for ¢ > 10 we
have

s=0

‘KXi <t7 T)‘ < Cieict

The problem is to estimate C;. In Proposition 7.2, we will show that there exists a constant
C' such that for each ¢ and each ¢ > 10 one has an estimation

(1.15) | Trregx, (672%™ | < Ce™ (Tryegx; (e72%#(7) 4 vol(X;))

for each p =1,...,d. This estimate is easy to prove in the compact case and one does not
need the term vol(X;) here. More precisely, if X; is compact and if A\; (i) < Ay(7) < --- are
the eigenvalues of Ax, ,(7), counted with multiplicity, then for ¢ > 2 we have

Tr (e*tﬁxi,p(ﬂ) — i e*t)\j(i) < 6729\1(2‘)/2 i e*)\j(i) — eﬂt>\1(i)/2 Ty (e*AX,wp(T)) ’
j=1

Jj=1

and the assumption on 7 implies that there is ¢ > 0 such that A;(i) > ¢ for all ¢ € N.

In the non-compact case, the proof of equation (1.15) is more difficult since one also
has to deal with the contribution of the continuous spectrum to the regularized trace,
which is given by the logarithmic derivative of certain intertwining operators. The key
ingredient of our approach to treat the terms involving the intertwining operators is the
factorization of the determinant of the intertwining operators, which we will study carefully
under coverings in section 4. Our main result is Theorem 4.6.

To estimate Tryegy, (€7“¥#) we use that the regularized trace of the heat operator,
up to a minor term, is equal to the spectral side of the Selberg trace formula applied to
the heat operator (see [MP2]). Then we apply the Selberg trace formula to express the

regularized trace through the geometric side of the trace formula. More precisely, let E.
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be the homogeneous vector bundle over X = G/K associated to 7| and let A (7) be the
Laplacian on E -valued p-forms on X. The heat operator e~t235(7) is a convolution operator

with kernel H,” ™.q - End(APp*® V). Let h;j"(T (g) =tr Ht”( (9), g € G. Then by the

trace formula we get
(116) Trreg;Xi (e_tAXiyp(T)) = ]Xl(h?p) + HXl(h?p) + T)lfl(h?p) + SX1(hz7£—7p)v

where Iy, Hy,, Tk, and S, are distributions on G' associated to the identity, the hy-
perbolic and the parabolic conjugacy classes of I';, respectively. The distributions are
described in section 8. For example, the identity contribution is given by

Ix,(h{") = vol(X;)h;P(1).
Now we put ¢t = 1 and estimate each term on the right hand side of (1.16). In this way we
can conclude that there exist C, ¢ > 0 such that for t > 10 and all ¢ € N we have
|Kx,(t,7)] < C(vol(X;) + k(X;) + a(X;))e ™,
where a(X;) is defined in terms of the lattices associated to the cross sections of the cusps

of X; (see (8.11)). Using the assumptions of Theorem 1.1, we finally get that there exist
C,c > 0 such that

(1.17) wol(X /T Kx, (t,7)t™ dt‘ < Ce
for all 7 € N.
To deal with the first term on the right hand side of (1.14), put
14
(1.18) ki =5 > (=1)rphi?.
p=1

Then by (1.12) and (1.16) we get

(1'19) KXi (tv T) = [Xl (kz—) =+ HXI (kz—> + T)/(l (kz—) =+ SXI (kz—)

Now we take the partial Mellin transform of each term on the right hand side, take its
derivative at s = 0, and study its behaviour as ¢ — co. For the contribution of the identity
we get VOl(Xi)(tg) (1) + O(e™T)). Using the assumptions of Theorem 1.1, it follows that

the other terms, divided by [[y : I';], converge to 0. Thus we get
= vol(Xo) (17 (1) + O(e™")).

120) tim —— 4 (] /TK (t,7)e" " dt
) ligolo [FO 1—‘2] ds F(S) 0 XAn T s=0

Combining (1.20), (1.14) and (1.17), and using that 7' > 0 is arbitrary, Theorem 1.1 follows.
Theorem 1.2 is a simple consequence of Theorem 1.1. For the corollaries we only need
to verify that the assumptions of the main theorems are satisfied.

The paper is organized as follows. In section 2 we fix some notation and collect some
basic facts. In section 3 we recall some facts about Eisenstein series and intertwining
operators. Section 4 deals with the factorization of the determinant of the C-matrix.
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The main result is Theorem 4.6. In section 5 we consider Bochner-Laplace operators and
establish some properties of their spectrum. In section 6 we introduce the regularized trace
of the heat operator using the truncated heat kernel and express it in terms of spectral
data of the corresponding Laplace operator. Section 7 deals with the estimation of the
regularized trace of the heat operator for large time. The bound obtained in Proposition
7.2 involves the regularized trace of the heat operator at time ¢ = 1. In section 8 we use the
geometric side of the trace formula to study this term in detail. Of particular importance
are the constants obtained from the contribution of the parabolic conjugacy classes which
we need to estimate uniformly with respect to the covering. In section 9 we prove our main
theorems. In the final sections 10 and 11 we apply our results to derive the corollaries.

Acknowledgement. We would like to thank Tobias Finis for several very helpful expla-
nations concerning the Hecke subgroups of the Bianchi groups. In particular, Proposition
11.2 and its proof are due to Tobias Finis.

2. PRELIMINARIES

We let d = 2n+1, n € N and we let either G = SO"(d, 1), K = SO(d) or G = Spin(d, 1),
K = Spin(d). Then K is a maximal compact subgroup of G and if the quotient X =G /K
is equipped with the G-invariant metric defined by (2.3), then X is isometric to the d-
dimensional hyperbolic space. Let G = NAK be the Iwasawa decomposition of G as in
[IMP2, section 2| and let M be the centralizer of A in K. Let g, n, a, ¢, m denote the Lie
algebras of G, N, A K and M. Fix a Cartan subalgebra b of m. Then

h:=adb
is a Cartan subalgebra of g. We can identify gc = so(d + 1,C). Let e; € a* be the
positive restricted root defining n. Then we fix ey, ..., e,.1 € 1b* such that the positive

roots At (gc, he) are chosen as in [Kn2, page 684-685] for the root system D, ;. We let
A™(gc, ac) be the set of roots of AT (gc, hc) which do not vanish on ac. The positive roots
AT (mg, bc) are chosen such that they are restrictions of elements from A*(gc, he). For
7=1,....,n+1let
Then the half-sums of positive roots pg and pys, respectively, are given by

n+1 1 n+1

(2.2) PG :% Yoo a=> e pu =3 doooa=Y pe
j=1 =2

a€AY (gc,be) a€AT (mc,be)
Put
1

(2.3) (XY= 507

B(X,0(Y)), X,Y eg.

Let Z [%]J be the set of all (kq,...,k;) € Q’ such that either all k; are integers or all k; are
half integers. Let Rep(G) denote the set of finite dimensional irreducible representations



7 of G. These are parametrized by their highest weights
(24)  A(T) =ku(m)er+ -+ kna(Tensr; ku(T) 2 ka(7) 2 - = ka(7) = ks (7)1,

where (ki(7T),...,knt1(7)) belongs to Z [%}nﬂ if G = Spin(d,1) and to Z"* if G =
SO°(d,1). Moreover, the finite dimensional irreducible representations v € K of K are
parametrized by their highest weights

(2.5) A(v) =ka(v)es + -+ kny1(V)ens1; ka(v) > ks(v) > -+ > ky(v) > kpgr(v) >0,
where (k2(v), ..., kyy1(v)) belongs to Z [3]" if G = Spin(d, 1) and to Z" if G = SO°(d, 1).

Finally, the finite dimensional irreducible representations o € M of M are parametrized
by their highest weights

(2.6)  Ao) = ka(0)ea + - + kngr(0)ensy; ka(o) = ks(0) = -+ > kn(0) 2 [knia(0)],
where (ko(0), . .., knt1(0)) belongs to Z [1]", if G = Spin(d, 1), and to Z", if G = SO°(d, 1).

~

For v € K and o € M we denote by [v : o] the multiplicity of ¢ in the restriction of v to
M.

Let €2, Qg and €, be the Casimir elements of G, K and M, respectively, with respect
to the inner product (2.3). Then by a standard computation one has

(2.7) Q=H}—2nH, +Qy  mod nU(g).

Let M’ be the normalizer of A in K and let W(A) = M’/M be the restricted Weyl-group.
It has order two and it acts on the finite-dimensional representations of M as follows. Let
wy € W(A) be the non-trivial element and let my € M’ be a representative of wy. Given
o € M, the representation wyo € M is defined by

woo (m) = a(memmg '), m e M.

Let A(o) = ka(o)ea + - + kpi1(0)enq1 be the highest weight of ¢ as in (2.6). Then the
highest weight A(wyo) of wyo is given by

(2.8) A woo) = ke(o)es + + -+ ky(0)en — kny1(0)eni.

Let P:= NAM. We equip a with the norm induced from the restriction of the normal-
ized Killing form on g. Let H; € a be the unique vector which is of norm one and such that
the positive restricted root, implicit in the choice of N, is positive on H;. Let exp:a — A
be the exponential map. Every a € A can be written as a = exploga, where loga € a is
unique. For ¢t € R, we let a(t) := exp (tH;). If g € G, we define n(g) € N, H(g) € R and
r(g) € K by

g9 =n(g)a(H(g))x(g).

Now let P’ be any parabolic subgroup. Then there exists a kp € K such that P’ =
NPIAPIMP/ with Np/ = k?P/Nk?I_D,l, Ap/ = k?P/Ak];,l, Mp/ = k?P/Mk];,l We choose a set of
kp:’s, which will be fixed from now on. Let kp = 1. We let ap/(t) := kpa(t)kp'. If g € G,
we define np/(g) € Np, Hp/(g) € R and kp(g) € K by

(2.9) g =np(g)ap(Hp(g))kp(g)
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and we define an identification ¢ps of (0, 00) with Ap: by tp/(t) := ap(log(t)). For Y > 0, let
A% Y] = 1p(Y,00) and Ap: [Y] := 1p/[Y, 00). For g € G as in (2.9) we let yp(g) := eflr(9),

Let I' be a discrete subgroup of G such that vol(I'\G) < oo. We do not assume at
the moment that I' is torsion-free. Let X := F\)A(i Let pry : G — X be the projection.
A parabolic subgroup P’ of G is called a I'-cuspidal parabolic subgroup if I' N Nps is a
lattice in Npr. Let *Br = {P1,..., Pyr)} be a set of representatives of I'-conjugacy-classes
of I'-cuspidal parabolic subgroups of GG. Then for each P’ € PBr one has

(2.10) I'NP =TN(MpNp).
The number
(2.11) R(X) 1= K(T) = 4Pr
is finite and equals the number of cusps of X. More precisely, for each P; € Br there exists
a Yp, > 0 and there exists a compact connected subset C' = C(Yp,,...,Yp,,) of G such
that in the sense of a disjoint union one has
K(X)
(2.12) G=T-CU||T-NpAY [Yp] K
i=1
and such that
(2.13) v-Np A} Yp| KN Np AL Ve K #0 <y eT NP,
For each P; € Br let
(2.14) Yp(T) = inf{Yp,: Yp, € RT satisfies (2.13)}.
Moreover, we define the height-function yr p, on X by
(2.15) yr.p,(x) == sup{yp,(9): g € G, prx(g) = z}.

By (2.12) and (2.13) the supremum is finite. For Yi,..., Y, (x) € (0,00) we let
(2.16) X(Pr,.o o Paxys Y1, YY) ={z e Xoyrp(r) <Y, i=1,... k(X)) }
If Y € (0,00), we write Xo . (Y) or X(Py,..., Pyx);Y) for X(Pr,..., Pyx)Y,....,Y), ie
(2.17) Xg (V)= X(Pr,...,PuxyY) ={r e X:ypp(x) <Y, i=1,...,k(X)}.

For later purposes we now recall the interpretation of the semisimple elements in terms
of closed geodesics. For further details we refer, for example, to [Pf1, section 3]. We let T’y

denote the semisimple elements of I' which are not GG-conjugate to an element of K. By
C(I")s we denote the set of I'-conjugacy classes of elements of I's. Then for each v € T

there exists a unique geodesic ¢, in X which is stabilized by ~. If one lets
(2.18) () = inf d(,y2),
rzeX

then ¢(y) > 0 and the infimum is attained exactly by the points in X lying on ¢,. Let
C(X) denote the set of closed geodesics of X. For v € I's let ¢, be the projection of the
segment of ¢, from x to yxg, ¢ a point on ¢,, to X. Then one can show that c, depends
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only on the I'-conjugacy class of v and that the assignment v — ¢, induces a bijection
between C(I')s and C(X). For ¢ € C(X) let ¢(c) denote its length. Then there exists a
constant C'y such that for each R one can estimate

(2.19) #{cc C(X): {(c) < R} < Cxe* k.
In particular, if one sets
(2.20) (T :=4(X) :=1inf{l(c): c€ C(X)},

then ¢(T") > 0.

Measures are normalized as follows. We normalize the Haar-measure on K such that K
has volume 1. We fix an isometric identification of R?*" with n with respect to the inner
product (-,-),. We give n the measure, induced from the Lebesgue measure under this
identification. Moreover, we identify n and N by the exponential map and we will denote
by dn the Haar measure on N, induced from the measure on n under this identification.
We normalize the Haar measure on G by setting

(2.21) /G f(g)dg = /N /R /K e~ f (na(t)k)dkdtdn.

If P"is a parabolic subgroup of GG, the measures on Np/ and Ap will be the measures
induced from N and A via the conjugation with kp/.. Let f be integrable over I'\G. Then
identifying f with a measurable function on G it follows from (2.21), (2.12) and (2.13) that
for every Y > Yj one has

w(I) o0
e2) [ fa@do= [ g@dgd [ [ | e nnan@bdndian
G oY) 1 JTNNp\Np, Jlogy JK

For ¢ € M and ) € C let Ty be the principal series representation of G' parametrized
as in [MP2, section 2.7]. In particular, the representations 7, ) are unitary iff A € R. We
denote by ©, » the global character of m,,. For o € M with highest weight A(o) as in
(2.6) let 0(2xr) be the Casimir eigenvalue of o and let

(2.23) (o) == a(Qu) — n? = Z(kj(a) + ;)% — Zpg,

where the second equality follows from a standard computation.

3. EISENSTEIN SERIES

In this section we recall the definition and some basic properties of the Eisenstein series.
Let I' be a discrete subgroup of G such that vol(I"\G) is finite. Furthermore, for convenience
we assume in this section that I' is torsion-free and that for each I'-cuspidal parabolic
subgroup P’ of GG one has

(31) FﬂP/:FﬂNp/.
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Let Br be a fixed set of representatives of I'-conjugacy classes of I'-cuspidal parabolic
subgroups of G. Let P, € Pr. For o0 € M we define a representation op, of Mp, by

(32) O'pi<TTlpi) = U(k;ilmpikpi), mp, € Mpl,.

Now let v € K and op € M such that [v: o] # 0. Then we let Ep, (0, v) be the set of all
continuous functions ® on G' which are left-invariant under Np, Ap, such that for all x € ¢
the function m — ®p (mx) belongs to L*(Mp,,op,), the op-isotypical component of the
right regular representation of Mp,, and such that for all x € G the function k +— ®p, (zk)
belongs to the v-isotypical component of the right regular representation of K. The space
Ep,(o,v) is finite dimensional and in fact one has

(3.3) dim(&p, (o, v)) = dim(o) dim(v).
We define an inner product on Ep,(0,v) as follows. Any element of Ep (o,v) can be

identified canonically with a function on K. For &, ¥ € &p (0, v) put

(3.4) (@, T) := vol(T' N Np,\Np,) / O (k)T (k)dE.

Define the Hilbert space Ep, (o) by

Ep(0) = @ Ep.(o,v).

VEI%
[v:o]#0
For ®p, € Ep,(o,v) and X € C let
(3.5) Op,A(g) = ATIIREN D, (g),
Let x € I'\G, © = I'g. Then the Eisenstein series E(®p, : A : ) is defined by
(3.6) E(®p:X:x):i= > ®palvg)
ye(@NNp, \I'

On I'\G x {\ € C: Re(\) > n} the series (3.6) is absolutely and locally uniformly conver-
gent. As a function of A, it has a meromorphic continuation to C with only finitely many
poles in the strip 0 < Re(A) < n which are located on (0,n] and it has no poles on the line

Re(\) = 0. By (2.7), for 0 € M with [v: 0] # 0 and ®p, € £(0, v) one has

(37) Q(I)Pi,)\ = ()\2 + C(O’))(I)Ph)\,

where ¢(0) is as in (2.23). Since €2 is G-invariant it follows that
(3.8) QE(®p, : XA:x) = (N2 +c(0)E(Pp, : A 2).
Let

E(o,v) = @ Ep(o,v); E(o) = @ Ep,(0).
PiePr PiePr
By (3.3) one has

(3.9) dim &(o,v) = k(") dim(o) dim(v).
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Let P;, P; € Pr and let 0 € M. For Op € Ep(o,v),1=1,2,and g € G let

1
Ep (®p, :g:A) = / E(®p, :ng: A)dn
( ) vol (F N ij\ij) FONPj\NPj ( )
be the constant term of E(®p, : — : A) along P;. Then there exists a meromorphic function

Cpip,(0 v A): Ep(o,v) — Ep,(woo, V),
such that for P;, P; € Pr one has
(310) EPj ((I)Pz ‘g )‘) = 5i,jq)Pi,)\(g) + (CPHPJ' (U SV )‘)(I)Pz)—)\(g)
Now we let

CPi|Pj(UP¢7)\) = EB CPZ-\PJ-(U, v, M),

veK
[v:0]#£0

where op, is defined by (3.2). Furthermore, let
C(o, ) : E(0) = E(wpo); C(o,v,\) : E(o,v) = E(wyo, v)
be the maps built from the maps Cp,p, (o, A), resp. Cp,p,(o,v,A). Then one has
(3.11) C(woo, \)C(o,—)\) =1d;  C(o, \)* = C(wyo, A).
Let 0 € M and v € K. If 0 = wyo, let Ep,(0,v) = Ep(o,v), E(o,v) = E(0,v),

Clo:v:8) =Clo:v:s) Ifo# wpo,let Ep(o,v) = Ep(o,v) ® Ep,(woo,v)
E(o,v) = E(0,v) ® E(weo, V) and

(3.12) Clo,v,s): E(o,v) = E(o,v); Clo,v,s) = (C( 0 C(woo, v, s)) '

o, U, S) 0
Let R, (resp. Ry,») denote the right regular representation of K on £(o) (resp. €(wpo)).

Then C(o,s) is an intertwining operator between R, and R,,,. Thus if v is a finite-

dimensional representation of K on V,, we can define C(o,v,s) as the restriction of
(C(o,s) @ 1d) to a map from (E(c) ® V)X to (E(weo) ® V,)E. For later purpose we
need the following Lemma.

Lemma 3.1. In the sense of meromorphic functions one has

~ d ~ 1 d
1 _ -1
Tr (C(cr, v, s) —dSC(a, v, s)) dm@) Tr (C(a, v,s) —dSC'(a, v, s))
for each o € M, v € K with [v: o] # 0.

Proof. Let Py be the projection form £(o) to £(o,v) and let P, be the projection from
(E(0)@V,) to (E(c) @ V,)K. Then using that 7 = v we have

P = dim(y)/KXV(k)Rg(k); P, = /KR(,(IC) ® v(k)dk,
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where Y, is the character of v. Thus one has

Tr <é(cr, v, s)_ldié(o, v, s)) =Tr <C’(cr, s)_ldiC(o, s)® 1d oPg)
s s
=Tr ( C(o, s)_liC(a, s)o R, (k) ® I/(k)dk;)
K ds
Ty ( / Cl(o,5) ldicw, 5o X,,(k)Ro(k;)dk)
K
- Tr | C( s)’liC( s)oP | = ! Tr | C(o,v s)’liC( v,s)
~ dim(v) 7 s\ ') dim(v) 7Y ds 70 )
which concludes the proof of the proposition. O

4. FACTORIZATION OF THE C-MATRIX

We let T be a discrete subgroup of G satisfying (3.1) and we keep the notations of
the previous section. By the results of Miiller, in particular [Mul, equation (6.8)], the
determinant of the matrix C(o, v, \) factorizes into a product of an exponential factor and
an infinite Weierstrass product involving its zeroes and poles. For the case of a hyperbolic
surface, this factorization was first established by Selberg (see[Se, page 656]).

While the poles and zeroes of the C-matrices are easily seen to be independent of the
choice of Pr, the exponential factor depends on Pr or, equivalently, on the choice of
truncation parameters. This fact will become particularly crucial if one lets the manifold
X vary. In [Mul], the manifold X and the set Pr were fixed. Therefore, for the purposes
of the present article we have to go through the arguments of the paper [Mul] which
led to equation (6.8) in this paper and to keep track of the precise choices of truncation
parameters.

Let Rr be the right regular representation of G' on L?(I'\G). If v is a finite dimensional
representation of K, let L*(I'\@), denote the v-isotypical component of the restriction of
Rr to K. Let C>*(I'\G), := C>®(T'\G) N L?(I'\G),. Then it is easy to see that C>°(T'\G),
is dense in L?(I'\G),.

Now let A, be the differential operator in C*°(I'\G),, which is induced by —Rr(2). If we
regard it as an operator in L*(T'\G), with domain C2°(T'\G),, it is symmetric, essentially
selfadjoint and satisfies A, > —v(Qxk), where v(2x) € R is the Casimir eigenvalue of v.
This follows easily from the considerations in the next section 5. The closure of A, will be
denoted by A,. One has

(4.1) o(A,) C (—v(Qk), 00).

We fix a smooth function ¢ on R with values in [0, 1] such that ¢(t) = 0 for t < 0 and
o(t) =1for t > 1. If P, € Pr, then for Y € (0,00) we let

wPi,Y(nPiaPi(t)k:) = ¢(t - log Y)7 np, € NPi? teR.
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Now let Yp, € (0,00), @ = 1,...,&(I), such that Yp, > Y3 (T'), where Y} (I') is defined
by (2.14). For ®p, € E(op,,v) we define a function 0(Pp, : Yp, : A : x) on I'\G by

(4.2) 0(Pp, : Yp, : Ai ) = Z @/)Pi,ypi (v9)®Ppa(vg); = =Tg.

YETNNp\T

By (2.13) at most one summand in this sum can be non-zero . We let

H(®p, : Yp, : A:x) = (A, +c(op,) + N)0(Pp, : Yp, : A1 ).
Then by (3.7) one has H(®p, : Yp, : A : ) € CX(I'\G),. Moreover, the Eisenstein series
can be characterized by the following Proposition, which for dim X = 2 is due to Colin de
Verdiere [CV].
Proposition 4.1. For P; € Pr, Yp, > Y (T') and X € C with N> 4 ¢(0) ¢ (—o0, v(Qk))
and Re(A\) > 0 one has

E(®p :A:2)=0(®p : Yp : X:x)— (A, + N+ (o)) H(H(®Pp, : Yp, : A:x)).

Proof. This was proved in general in [Mul, Proposition 4.7]. For the convenience of the

reader we recall the proof. Denote the right hand side by E(®p, : A : ). By definition
it satisfies (A, + A2 + ¢(0))E(®p, : A : ) = 0. By (3.8), E(®p, : A : x) satisfies the
same differential equation. By [Mul, Lemma 4.5], E(®p, : A) — 0(Pp, : Yp, : \) is square
integrable for Re(A\) > n. Hence, u := E((®p, : \) — E(@Fi : A) is square integrable for
Re(A\) > n and satisfies (A, +A2+c(o))u = 0. Since A, is essentially self-adjoint, it follows
that E((Pp, : \) = E((I)pi : A) for Re(A) > n. The proposition follows by the uniqueness

the analytic continuation. O

Lemma 4.2. There exists a constant Cy which is independent of I' and Pr such that
for all X € C with \* + ¢(0) ¢ (—o00,v(Qk)) and Re(A) > 0, all Yp, > YR(T'), and all
(I)pi S gpi(O', 7/), P; e mr, one has

”H<(I)Pz Yp A x)HLQ(I‘\G) < CleRe(A)(logYPier H(I)Pz

gPi (0’,1/) )

Proof. There exists a unique ®p € Ep(o, v) such that ®p, \(g) = (I>p7,\(/-§1§ilg/1pi). Since A,
commutes with the right-action of G on I'\G, it follows from (2.22) that

/ |H(®p, : Yp, : \: x)|*dw
G

logYpiJrl
=vol(I' N Np,\Np,) / e (A + (o) + N)p, v, (ap, (8) Pp o (ap, (k)| didt
log YPi K
IOgYp’L-i-l
= vol(I' N Np,\Np,) / e (A + ¢(0) + A)py,, (a(t)@pa(a(t)k) | didt.
log YPi K

Now using (2.7) and (3.8) one obtains
(A, +c(o) + M) (¥pyy, (a(t)) Ppa(a(t)k))
= — D (k) (9" (t —log Yp,) + 2X¢ (t — log Yi,)).
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This proves the proposition. 0

Corollary 4.3. There exists a constant Cy which is independent of I' and *Pr such that
for all X\ € C with Re(N\*) 4+ c(0) > v(Qk) + 1 and Re(X) > 0, all Yp, > YR (I') and all
(I)P¢ S 8P¢<07 V); Pz € %F; one has

(A, + X2+ (o) H(®p, : Y, 0 At )| 2mgy < CreteMoeYr2) ¢,

Ep, (o)
Proof. By [Ka, V,§3.8] one can estimate the operator norm of the resolvent by
I < s

dist(—=A2 — ¢(0), spec(A,))

where the estimate holds without any constant. Applying the previous Lemma and (4.1),
the corollary follows. O

1A, + X% + c(0)

In the following proposition we estimate the coefficients of the C-matrix.

Proposition 4.4. There exists a constant Csy, which is independent of I' and Pr such
that for all P;, P; € Pr, all Yp,,Yp, € (0,00) with Yp, > Yp (L), Yp, > Yp(I), all ®p, €
Ep(o,v), Op, € Ep,(0,v) and all X € C with Re(A?) + ¢(0) > v(Qk) + 1 and Re(X) > 0,

one has

| (Cp,ip, (0,0, \)(®p), q)Pj>ng o] = OpeRe) los YPi+logYPj+4)||(I)Pi||gpi(o,y) |, ||ng -
Proof. By the definition (3.10) of the constant term it follows that for each ¢ € R and each
k € K one has

Co oy (0,1, ) (@) () =P~ (Copy (0,0, A) (@) rap, (1))
:e()‘_")t(Epj((I)pi cap,(t)k : X\) — 6;,;Pp,a(ap,(D)K)).
Moreover, by (2.12) and (2.13), for ¢t > log Yp, + 1 one has
0(®p, : Yp, : XA ap,(t)k) = 0;;Pp A(ap,(t)k).

Thus by Proposition 4.1 for ¢ > log Yp, + 1 one has

Ep,(®p, s ap;(t)k : X) — 6;;®p, x(ap,(t)k)

1 / _
- A, +c(o +>\2_1H<I>i:Yi:)\:n.a.tk: dnp. .
vol (FmNPj\NPj) FﬂNPj\NPj( ( ) ) ( ( P P B PJ() )) P

Combining these equations, it follows that for each ¢ > log Yp, + 1 one has
(Cripy (0,1, N)(@r), Pp e, ()

=vol(T'N NPJ\NPJ)/ ®p,(k)Cpyip, (0,1, N)(Pp,) (k)dk = —X )
K

(4.3) x / (IJ—pJ(k)/ (A, +c(o) + X)H(H(Pp, : Yp, : X: npap,(t)k)) dnp,dk.
K Fﬂij\ij
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Now we define a function fpj7 a» on G by

fpj7>\(npj ap; (t)/{?) = €(n+)\)tX[log Ve, log ij-i-l} (t)(bpj (k’),

where Xiiog Yp, log Yp, +1] (t) denotes the characteristic function of the interval [log Yp,, log Yp, +
1]. Then we define a function fp, » on I'\G by

fP)\ Z fp)\vg r=1Ig.

YELNP;\T'

By (2.13), at most one summand in this sum can be nonzero. Integrating equation (4.3)
over t in the interval [log Yp,, log Yp, + 1] and using (2.22), we obtain

’ <CP1-\PJ- (Uu v, )\)(@P), (I)Pj >Epj (o) ’

=[ (A, + (o) + X) T (H(@p = Yo : A foon) po g |-

Now observe that

< eRe(A)(log ij+1) H (I)

1 allz2 e < Pillgp, (o)

Applying Corollary 4.3, the Proposition follows. U

Summarizing our results, we obtain the following refinement of [Mul, Lemma 6.1].

Corollary 4.5. Let d(o,v) := dimEp(o,v). For each P; € Pr let Yp, > YS(T) be given.
Put
k(T) B
L= H eQ(logYpi—l—Q)d(a,V).
i=1
There ezists a constant C' > 0 which is independent of I', Pr, and Yp,, i = 1,..., k(") such
that for all A € C satisfying Re(\?) + c(0) > v(Qg) + 1 and Re(\) > 0, one has

| det(C(a, v, \))| < Cq™.

Proof. If one chooses for each ¢ = 1,...,x(I") an orthonormal base of Ep (o,v) resp.
Ep,(woo, v) and applies the preceding proposition, the corollary follows immediately from
the Leibniz formula for the determinant. 0J

Applying the previous Corollary we can restate the factorization of the C-matrix, [Mul,
equation 6.8] with an expression for the exponential factor in terms of the truncation
parameters that will be sufficient for our later considerations.

Theorem 4.6. Let o, j = 1,...,1 denote the poles of det(C(o,v, \)) in the interval (0, n]
and let m run through the poles of det(C(a, v, \)) in the half-plane Re(\) < 0, both counted
with multiplicity. Then one has

_ A A
det(C(o,v, ) = det(C(o,v,0)) ’\H +Ujl_[ JH?

)\—cr]
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Moreover, if for each P; € PBr a Yp, € (0,00) with Yp, > YJ(T') is given, then q can be
written as

r(I)
(44) q= e H e2(log Ypi+2)J(U,V)’
i=1

where a € R, a < 0.

Proof. Using the previous Corollary instead of [Mul, Lemma 6.1], one can proceed exactly
as in [Mul, section 6] to obtain the Theorem. O

5. TWISTED LAPLACE OPERATORS
Let v be a finite dimensional unitary representation of K on (V,,(-,-),). Let
El, =G x,V,
be the associated homogeneous vector bundle over X. Then (-,-) induces a G-invariant
metric B, on E,. Let
By, i=T\(G x, V)

be the associated locally homogeneous bundle over X. Since B, is G-invariant, it can be
pushed down to a fiber metric B, on E,. Let

(5.1) C®(G,v):={f:G—=V,: feC™® flgk)=v(k")f(g), Vg€ G, Vk € K}.
Let
(5.2) C*(IN\G,v) :=={f € C*(G,v): f(vg) = f(9), Vg € G, Vy €'}

Let C*(X, E,) denote the space of smooth sections of E,. Then there is a canonical
isomorphism

A:C*(X,E,) = C>™(I'\G,v)

(see [Mil, p. 4]). There is also a corresponding isometry for the space L*(X, E,) of L*-
sections of E,,.

Let 7 be an irreducible finite dimensional representation (zf G on~VT. Let E, be the flat
vector bundle associated to the restriction of 7 to I'. Let E. — X be the homogeneous
vector bundle associated to 7|x. Then by [MtM] there is canonical isomorphism

E, ~T\E,.

By [MtM], there exists an inner product (-, -) on V, such that

(1) (t(Y)u,v) = —(u, 7(Y)v) for all Y € &, u,v € V;
(2) (1(Y)u,v) = (u, 7(Y)v) forall Y € p, u,v € V.
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Such an inner product is called admissible. It is unique up to scaling. Fix an admissible
inner product. Since 7|k is unitary with respect to this inner product, it induces a fiber

metric on F,, and hence on E,. This fiber metric will also be called admissible. Let
AP(X, E;) be the space of E.-valued p-forms. This is the space of smooth sections of the
vector bundle AP(E.) := APT*X ® E.. Let

(5.3) dy(7): A°(X,E,) — AP*HX, E,)
be the exterior derivative and let
(5.4) Ap(1) = dp(7)"dp(T) + dp1(T)dp-1(7)"

be the Laplace operator on FE,-valued p-forms. This operator can be expressed in the
locally homogeneous setting as follows. Let v,(7) be the representation of K defined by

(5.5) V(1) == APAd" ®@7: K — GL(APp* @ V;).
There is a canonical isomorphism

(5.6) AP(ER) = T\(G %o, () (A7 @ V7)),
which induces an isomorphism

(5.7) NP (X, E;) = C™(I\G, vy(1)).

There is a corresponding isometry of the L2-spaces. Let 7(Q) be the Casimir eigenvalue of
7. With respect to the isomorphism (5.7) on has

(5.8) A,(1) = —=Rr(2) +7(Q) Id

(see [MtM, (6.9)]). Next we want to show that the discrete spectrum of the operators A, (7)
is greater or equal than 1/4 for each p and each 7 € Rep(G) satisfying 7 # 7y. This was
already stated in [MP2, Lemma 7.3]. However, as it was kindly brought to our attention by
Martin Olbrich, the parametrization of the complementary series used in the proof of that
Lemma was incorrect. Therefore we shall now correct the part of the argument leading
to the proof of [MP2, Lemma 7.3] which involved the complementary series. We let Gun
denote the unitary dual of G.

Lemma 5.1. Let 7 € Rep(G) such that 7 # 19. Let © € Gy belong to the complementary
series. Let p € {0,...,d}. Then if [ : v,(7)] # 0 one has —m(2) +7(2) > 1.

Proof. Let 7 be a finite-dimensional irreducible representation of GG of highest weight
A(T) = me1 + -+ + Tpyr1€ns1 as in (2.4) and assume that 7 # 75. Let p € {0,...,d}
and let 0 € M such that [v,(7) : o] # 0. Assume that 0 = weo. Let Alo) =
ko(o)es + -+ + kni1(0)ens1 be the highest weight of o as in (2.6). It was shown in the
proof of [MP2, Lemma 7.1] that 7;_, +1 > |k;(0)| for every j € {2,...,n+1}. Let c¢(o) be
as in (2.23) and let [ € {1,...,n} be minimal with the property that k;y1(c) = 0. Using
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pj—1 = pj +1 and [MP1, equation 2.20], it follows that one can estimate

! n+l n+1
=2 k(o) + 7))’ ZpﬁZn vhp) =)0
7j=2 Jj=1

n+1

(5.9) =7(Q) = > (15 + ;)"

=

We parametrize the principal series representations as above. Then if 7 belongs to the
complementary series, by [KS, Proposition 49, Proposition 53] and our parametrization
there exists a o € M, o = woo and a A € (0,n — [ + 1), where [ is minimal with the
property that k:l+1( ) = 0, such that 7, ;) is unitarizable with unitarization 7. We write
m = 7o U [m5 ¢ (7)) # 0, then by Frobenius reciprocity [Knl, page 208] one
has [v,(7) : 0] # 0. Thus, since 0 = wyo, it follows easily from the branching laws
for restrictions of representations from G to K and from K to M, [GW][Theorem 8.1.3,
Theorem 8.1.4] that all k;(7) defined as in (2.4) are integral. By [MP1, Corollary 2.4] one
has

(5.10) —7T§7Z-)\(Q) +7(Q) = =\ —¢(o) + 7(Q)
and if we apply equation (5.9) and the condition |7,,1| > 1, it follows that
n+l n+1
—78 A\ (Q >ny+m (=141 =) (r5+p) —p =1m 21
7=l
and the Lemma is proved. ([l

Corollary 5.2. Let 7 € Rep(G), 7 # 19. Forp € {0,...,d} let Ay be an eigenvalue of
Ap(7). Then one has Ao > 1.

Proof. Using the preceding Lemma, one can proceed exactly as in the proof of [MP2,
Lemma 7.3] to establish the corollary. O

6. THE REGULARIZED TRACE UNDER COVERINGS

Let X = I'\H? be a finite-volume hyperbolic manifold. For 7 a finite-dimensional ir-
reducible representation of G let e **»(") be the heat operator associated to the Laplace
operator (5.4) acting on the locally homogeneous vector-bundle FE, over X. To begin with
recall the definition of the regularized trace of the heat operators e ***(") introduced in
[IMP2]. Let

K (t2,y) € C(X; x Xy, E, X EY)

be the kernel of e **#(")_ If a set Pr of representatives of I'-cuspidal parabolic subgroups
of X is fixed, then accordlng to (2.17), one obtains compact smooth manifolds Xg (V')
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with boundary which exhaust X. Using the Maass-Selberg relations, one can show that
there is an asymptotic expansion

(6.1) / Tr K (t;z, x)de = a_1(t) log Y + ag(t) + o(1),
X‘BF(Y)

as Y — oo. Now recall that on a compact manifold the trace of the heat operator is given by
the integral of the pointwise trace of the heat kernel. Based on this observation one defines
the regularized trace Tryeg(e~**7(7)) as the constant term of the asymptotic expansion (6.1).
However, this definition depends on the choice of the set Br of representatives of I'-cuspidal
parabolic subgroups of G or equivalently on the choice of a truncation parameter on the
manifold X, see [MP2, Remark 5.4]. Therefore, this definition is not suitable if one wants
to study the regularized trace for families of hyperbolic manifolds.

To overcome this problem, we remark that if 7: X; — X is a finite covering of X
and if truncation parameters on the manifold X, are given, then there is a canonical way
to truncate the manifold X, putting X;(Y) := 7 1(Xo(Y)). Thus one only has to fix
truncation parameters for the manifold Xy or equivalently a set Pr, of representatives of
['p-cuspidal parabolic subgroups of G. To make this approach rigorous, we first need to
discuss some facts about height functions.

Let 'y be a discrete subgroup of G of finite covolume. We emphasize that we do not
assume that Iy is torsion-free. Let Br, := {Fo1, ..., Pox(x,)} be a fixed set of I'g-cuspidal
parabolic subgroups of G. Each Fy;, [ = 1,...,k(Xp), has a Langlands decomposition
Py = NojAg i Mo;. If P'is any ['y-cuspidal parabolic subgroup of G, there exists 7' € Ty
and a unique I’ € {1,...,k(To)} such that v'P'7/~! = Py. Write

(6.2) Y = noutr,, (tp)kor,

noy € NPo,l" tpr € (0,00), LPo,z'(tP') S APO,Z(P’)
its normalizer in G, the projection of the element ' to (I'oN Py )\I'y is unique. Moreover,
since Py is I'p-cuspidal, one has I'g N By = I'g N NPo,l' Mpo’l/. Thus tpr depends only on
Pr, and P'.

Now we let I'y C I'y be a subgroup of finite index. Then a parabolic subgroup P’ of G
is I'p-cuspidal iff it is I';-cuspidal. We assume for simplicity that I'; satisfies (3.1). Let
Xy = FO\)~(, X = Fl\)~(. Let m : X; — X be the covering map and let pry, : G — Xj
and pry, : G — X be the corresponding projections. Let *Br, = { Py, ..., Py(x,)} be a set
of representatives of I';-cuspidal parabolic subgroups. Then for each j € {1,... x(X;)}
let I(j) € {1,---,k(T0)}, 7; € T'o, and t; := tp, be as in (6.2) with respect to P;. Fix
Y (I'y) € (0,00) such that for each Py; € Br,, | =1,...,x(I), one has

(63) Y(To) 2 Y2 (Po),

where Y7, (Py;) is defined by (2.14). Then the following Lemma holds.

Lemma 6.1. For each P; € Pr, let YIQJ_(FI) be defined by (2.14). Then one has
(6.4) Yp ([1) < ;Y (T).

as above, and ko € K. Since Fy; equals
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Let Xo(Y) = Xo(Po1,-- -, Poxixo), Y). Then forY sufficiently large one has

TN Xo(Y)) = Xu(Pry oo, Pax)s Yoty V)

Proof. Since Py ;) = kO,l(j)ijo_ll(j)a and since the adjoint action by ko ;) is an isometry form
the Lie-algebra of Ap, to the Lie-algebra of Apo’l(j), it follows that for every j = 1,..., k(X7)
and every g € G one has

This implies (6.4). Indeed, if g € G and 7 € I'; satisfy yp,(g) > tj_lY(l"O) and yp,(vg) >
t7'Y (Iy), then by (6.5) and the choice of Y (I'y) one has v € v; (o N Pygjy)y; = Lo N Py
To prove the second part of the lemma, let x € X, =X (Py,. .., Pex,); 1y, ... ,t;(IXI)Y).
By (2.16) there exists j € {1,---,x(I'1)} such that yr, p,(z) > t]._lY. Then by (2.15) there
exists g € G satisfying pry, (¢) = = and yp,(g) > tj’lY. Now observe that pry, (fngkojll(j)) =

z. Using (6.5) and (2.15), it follows that yr, p,,, (7(z)) > Y, ie., z € 771 (Xo — Xo(Y)).
Thus we have shown that

(6.6) Xy = X0(Pry o, P 1Y, £ V) € 1 (X — Xo(Y)).

It remains to prove the opposite inclusion. Fix | € {1,...,x(X)}. Since Py, equals its
normalizer in G, it follows that

(6.7) #{P; € Pr,: ;L7 " = Pouy = # (T1\Io/To N Foy)

and the ~; with fyijfyj’l = Py, form a set of representatives of equivalence classes in the
double coset (6.7). For each ~; with yijvj_l =Py let p;; € T1\lo, i =1,...,r(j), be such
that the orbit of I'1y; under the action of I'g N Py, is given by the Iy ;, ¢ = 1,...,7(j).
Then

(6.8) [I‘O:I’l]:‘ >l

Write p;; = 7;pi; with pi; € To N Fy;. Choose Yp, € (0,00), j = 1,...,x(X1), such
that (2.12) and (2.13) hold for I'y. Let ¥ > max{t;'Vp:j = 1,...,5(X1)}. Let zy €
Xo — Xo(Y). Then there exists a Fy; € Br, such that yr, p,,(zo) > Y. Thus there exists
go € G such that xo = pry, (o) and yp,,(g0) > Y. By (2.10) one has yp,,(pi;90) > Y. We
claim that

(6.9) 7 xo) = {pry, (v; 'ijg0): Pt = Possci=1,...,7(j)}.

Obviously, each pry, (v; 'pijgo) is contained in 77!(z). On the other hand, assume that

pr, (7 'piigo) = Pr, (V' pirjg0) =: 21, where v;Pyy;t = Poy = v Pyt By (2.10) and
(6.5) one obtains

(610) Yry, P (l‘l) > tj_ly > ij, yFl,PJ{(xl) > t]_,ly > ij,.
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Applying (2.12), (2.13) one obtains j = j" and hence i = i’. Thus, since #{r '(z¢)} =
Lo : 4], (6.9) follows from (6.8). Applying (6.9) and (6.10) one obtains

7T71<X0 - Xo(Y)) g X1 - Xl(Ph ey PH(Xl), t;1Y, e ’t/:(le)Y)
and together with (6.6) the lemma follows. O

Let Ax, ,(7) be the Laplace operator on E.-valued p-forms on X;. Using the preceding
Lemma, we can give an invariant definition of the regularized trace of e **x1.»(") provided
the set Pr, is fixed. We fix a set P, of representatives of I';-cuspidal parabolic subgroups
of G. Then by Lemma 6.1 we have

(6.11) /_I(X . Tr KP(t; v, v)dx = / Tr K¥P(t; v, x)d.
™ 0

X1(P1,..., PK,(XlﬁtIIY ..... 1
Now arguing exactly as in [MP2, section 5] and applying Lemma 6.1, we obtain

e~ =) dim(o) log (1Y)

Tr K{P(t; 2, x)dx de = et
/7r—1X0(Y) i Z Vart Z

oceM  Pi€Pr, J
[vp(7):0]#0

LY @) w

ceEM;o=woo

[vp(7):0]7#0

L Z / e (V@ —e(@)) y (6’(0, v, —i)\)dié(cr, v, z)\)) d\ + o(1),
R

z

as Y — oo. Here the \; in the first row are the eigenvalues of Ay, ,(7), counted with
multiplicity. It follows that the integral on the left-hand side of (6.11) admits an asymptotic
expansion in Y as Y goes to infinity. Note that, since the factor factor 7(£2) comes from
equation (5.8), the last equation coincides with [MP2, equation 5.7] up to the occurrence
of the ¢;’s in the first sum. This occurrence is caused by the different choices of truncation
parameters. The appearance of the ¢;’s is exactly the reason why the above integral is
independent of the choice of ‘Br, and depends only on the choice of Pr,.

We assume from now on that the set P, is fixed. By the above considerations we are let
to the following definition of the regularized trace of the heat operator for finite coverings
of Xj.

Definition 6.2. Let X; = I’l\)? be a finite covering of Xy and assume that I'; is torsion
free and satisfies (3.1). Let Ay, ,(7) be the Laplace operator on E -valued p-forms on Xj.
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For any choice of a set Pr, of representatives of I'y-cuspidal parabolic subgroups we put

_ et @=c@) dim(a) log (¢;
Trreg;X1<e tAXl,p(T)) — Z Z : t( ) g( j)
Vi

oceM P; e‘nrl

[vp(7):0]7#0
"y i) etan Tr(C (0,1, 0))
Y ey 3 etre-aon HEN91.0)
6.12 4
( ) J aEM;azwoa
[vp(7):0]70
1 ~ d ~
- — Z e_t(T(Q)_c("))/e_t/\2 Tr (C’(cr, vp(7), —iA)—C(o, v, z)\)) d,
47 s R dz
[vp(7):0]7#0

where the notation is as above.

If one expresses Tryeg, x, (e7t3x1#(M) ysing the geometric side of the trace formula, then
it becomes again transparent that the summands logt; compensate the ambiguity caused
by the choice of Pr, so that Tryeg.x, (e ***1#(M) depends only on the choice of Pr,. For
further details we refer the reader to section 8, in particular to equations (8.9) and (8.12).

7. EXPONENTIAL DECAY OF THE REGULARIZED TRACE FOR LARGE TIME

In this section we estimate the regularized trace for large time and with respect to
coverings. Let 'y be a lattice in G and put Xy = [')\X. Let X; = I';\X be a finite
covering of Xy such that I'y is torsion-free and satisfies (3.1). We assume that a set Pr,
of representatives of I'p-cuspidal parabolic subgroups is fixed. We define the regularized
trace according to Definition 6.2. To begin with we establish the following lemma.

Lemma 7.1. For every o € (0,00) one has

/ 5 j_ 2 NN = Vart et / e du.
RO o
Proof. Put
g —t)\2 —t0'2>\2 1
— d\ = ——d.
/() /Ro—2+>\2€ /Re 1+ A2
Then

2312 A2 232 23y2 ].
/ — _ 9 —ta)\id)\:_Zt —ta)\d)\_/ —ta)\id)\
f'(o) a/Re e cr(/Re Re e
= —VAant+ 2to f(0).

The general solution of this differential equation on (0, 00) is given by
y(o) = €'’ (\/ 47?75/ e du + C’)

and since f satisfies lim,_,o, f(0) = 0, the Lemma follows. O
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The following proposition is our main result concerning the large time estimation of the
regularized trace of the heat kernel.

Proposition 7.2. Let 7 be such that 79 2 7. There exist constants C,c > 0 such that for
all finite covers Xy of Xy one has

| Ttyegx, (€74%102())| < Cem(Trpeq,x, (67 2¥12(7) 4 vol(X1))

fort > 10.

Proof. Let C(0,v,(7),s) be as in (3.12). For each o € M one has ¢(¢) = c¢(wyo). Thus by
Lemma 3.1 the last line of 6.12 can be rewritten as

1 —t(r () —c( ))/ —tA2 Val od—= )
~dmdim (v, (7)) o T —i\)- A)) da
A dim(v,(7)) Z ¢ Re r{ C(o,vp(7), —i )dZC(U, v, i\)
ceEM /W (A)
[vp(7):0]7#0

We have
— 4= : d — :
Tr (C’(cr, vp(7), —z)\)d—C(a, vp(T), 2)\)) = log det C(o, v,p(7),iN).
2 2

Let 01,...,00 € (0,n], n = (d — 1)/2, be the poles of det C(c,v,(7), s) in the half-plane
Re(s) > 0. Poles occur only if 0 = wyo. Let n run over the poles of det C(o, v,(7), s) in
the half-plane Re(s) < 0, both counted with multiplicity. For ¢ € M, put

i (o T

o@D wyo, T F wyo.
Let Y(T') be as in (6.3). By Lemma 6.1 we have ¢; 'Y (T'g) > Vp (Th) for j =1, k().
Using Theorem 4.6 and (3.3) we get
1
—F— = T
dim{i, (7)) (

C(o,v,(T), —i)\)diza(a, vp(T), 2)\))
=2dim(c Z logt; + (Y(I'o) + 2)x(I)

2%, 2Re(n)
talov) + oy d1m (vp(T (Z X2+ o2 Z (A —Im(n))? + Re(”)2> ’

where a(o,v) € R, a(o,v) < 0. Let app(AXLp(T)) denote the pure point spectrum of
Ax, p(7). Then 0,,(Ax, (7)) is the union of the cuspidal spectrum o.,s,(Ax, (7)) and
(
t

the residual spectrum o,.s(Ax, ,(7)). For a given eigenvalue A € 0,,(Ax, »(7)), let m(A)
denote its multiplicity. Pu

L(t,vy(7)) = Y. me™,

A€ cusp(Axy,p(T))
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Lt,y() = > mXe "

)\EO’TSS(Axl (1)

1 —t(r(Q—c(o))) / 2T
- T clo 7d)\
21 dim v, (1) Z Z € & € 22+ sz )

JEM;UszU Jj=1

[vp(7):0]#0
1
I3(t, v, (7)) i= — e_t(T(Q)_C(U))<a<U’V) + k(') dim(a) (Y (Tg) + 2
() == Y T2 () dim(a)(Y (T) + 2)
ceEM /W (A)
[vp(7):0]#0

1 670\2 Re(n)
ST e 2 Rl T (- ) »).

and

)t TH(C (0, ,0))
Lity(r) = 3 e T =2mm

oceM;o=woo

[op(7):0]£0
Then it follows from (6.12) that we have
(7.2) Trregx, (€7 AX02 ™) = [ (¢, 1,(7)) 4 Lo(t, vy (7)) + Ls(t, v, (7)) + Li(t, v,(7)).
To estimate [1(t,v,(7)) we apply Corollary 5.2. It follows that for ¢ > 2 we have

(7.3) 11t 1p(7))] < €S T(1, (7))

To deal with I5(t, v,(7)) observe that to each \; € 0,es(A,(7)) there correspond a o € M
satisfying o = woo and [v,(7) : o] # 0, and a pole o; of det C(o, v,(7), s) in (0, n] such that

(7.4) Aj=—0; +7(Q) — (o).

Moreover, the multiplicity of o; divided by dim(v,(7)) equals the multiplicity of the eigen-
value ;. Let p; be the sequence of the o;’s, where the multiplicity of each p; is the

multiplicity of ¢; divided by dim(v,(7)). Put

t [ 2 1 ° 2
huj (t) =1- %/ e—tu du=1— ﬁ /'\/z e " du.
1% i
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Using Lemma 7.1, we get

1 .
—t(7(Q)—c(o tu? —t\2 Ky
IQ(ta Vp(; )) E e (T(@)=e(o)) E (6 (e Q—/RG ﬁd)\)

ceM;o=woo J
vp(T):

Now observe that 1 > h, (t) > % Moreover, by Corollary 5.2 it follows that for every p;
we have

1
(7.5) —pi5 +7(Q) — (o) > 1

Thus for each t > 10 we get

(@ elo)- Hr(@=c(e)=i3)

Lt ) <es > Y e by (t)

UGMU =woo J

[vp(7):0]70

oY Yo, ()

UGMU =wgo J

[vp(7):0]70

IN

(7.6) <es Y N e Oy, (1) = e 7S I(1, (7).
UGMU =wgo J
[vp(7):0]70
Next we deal with I3(¢,v,(7)). By [MP2, Lemma 7.1] we have
1
& (@) - elo) > 1

for all o € M with [1,(7) : 0] # 0. Then since a(c,v) < 0, Re(n) < 0, for each t > 2 we
can estimate

It <ems Y e D7) dim(5)r(T1) (Y (To) +2)

5~
3

ceM /W (A)
vp(7):al0
_ e @) —<o) ( UTY)
‘ Z ‘ N
cEN /W (A)
vyl }#o

s L Ry —>Im<n>>20“)

=275 Y e O dim(5)(Y (Do) + 2)r(Ty)

ceM /W (A)
[vp(7):0]#0

1
T e L),
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By [Ke, Proposition 3.3] there exists C'(d) > 0 such that
(7.8) k(X) < C(d) vol(X)

for all complete hyperbolic manifolds of finite volume and dimension d. Thus for each ¢t > 2
we obtain

(7.9) [ s(t, vp(7)] < €75 (I3(1, (7)) + Ca vol (X7)),

where Cy depends only on I'g and *Br,. To estimate I4(t, v,(7)) we recall that C(o,v,0)% =
Id. Hence there exist natural numbers ¢;(I", o, v), co(I", o, v) such that

(1, 0,0) 4 ¢5(T1, 0,v) = dim (E(o,v) @ V,)* = k(X;) dim(0),

and

Tr(C(o,1v,0)) = c1(I'y,0,v) — ca(Ty, 0, v).
Using (7.7) and (7.8) we obtain for ¢ > 2:

[L(t, vp(7))]
(7.10) < e 5(I4(1, 1p(7)) 4 262(T1, 0, ) < e~ 5 (I4(1, 1p(7)) + 2C(d) dim () vol(X7)).
Combining (7.2), (7.3), (7.6), (7.9) and (7.10), the proof of the proposition is complete. [

8. GEOMETRIC SIDE OF THE TRACE FORMULA

To study the behaviour of the analytic torsion under coverings we will apply the trace
formula to the regularized trace of the heat operator. In this section we recall the structure
of the geometric side of the trace formula and study the parabolic contribution.

Let the assumptions be the same as at the beginning of the previous section. Let
7 € Rep(G) and assume that 7 # 7y. Let E, be the homogeneous vector bundle over
X=G /K, associated to 7|k, equipped with an admissible Hermitian metric (see section
5). Let ﬁp(T) be the Laplace operator on E,-valued p-forms. The on C*(G, vp(T)) one
has

(8.1) Ay(1) = —Q+7(Q),
see [MtM, (6.9)] Let
(8.2) H]?: G — End(APp* @ V;)

be the kernel of the heat operator e~tBo(1) | Tet
(8.3) h{? =tr H".

We apply the trace formulas in [MP2, section 6] to express the regularized trace as a sum
of distributions evaluated at h;”. The terms appearing on the geometric side of the trace
formula are associated to the different types of I'-conjugacy classes. We briefly recall their
definition. For further details, we refer the reader to [MP2, section 6] and the references
therein. In order to indicate the dependence of the distributions on the manifold X, we
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shall use X; as a subscript. The contribution of the identity to the trace formula is given
by

(8.4) Iy, (hi?) == vol(X1)hyP(1).
The hyperbolic contribution is given by

(8.5) Hoy (h]7) = / S° WPty da,
r\G

’Yel—‘l,s_{l}

where I'; ¢ are the semisimple elements of I';. By [Wa, Lemma 8.1] the integral converges
absolutely. Moreover, arguing as in the cocompact case [Wal], if G, resp. (I'1), denote the
centralizers of v in G resp. 'y, one has

He () = Y wol(@)NG) [ W a)ds,

[Y]eC(T1)s—[1] G \G

where C(I'y)s are the I'i-conjugacy classes of semisimple elements of I'y. Now the latter
sum can also be written as a sum over the set C(I'g)s of non elliptic semisimple conjugacy
classes of the group I'y as follows. For each v € 'y let cr, () be the number of fixed points
of 7 on I'y/T";. This number clearly depends only on the I'p-conjugacy class of «. Then if
I', is the centralizer of v in I'y, one has

(8.6) Hy, (h{?) = Z cr, (7) vol(T,\G5) / hiP(z™ ' ya)de,

[Y]€C(To)s—[1] G,\G

see [Co, page 152-153]. This expression will be used when we treat the Hecke subgroups
of the Bianchi groups.

Next we describe the distributions associated to the parabolic conjugacy classes. Firstly
let

(8.7) Ty, (h?) = /@(Xl)/ / h{"?(knk~")log |[log n|| dkdn.
KJN

We note that 7" is a non-invariant distribution which depends on X; only via the number
of cusps of X;. Now let P’ be any I'g-cuspidal parabolic subgroup of G, or equivalently
a I'y-cuspidal parabolic subgroup of GG. Let np denote the Lie algebra of Np. Then
exp : npr — Np/ is an isomorphism and we denote its inverse by log. We equip np with
the inner product obtained by restriction of the inner product in (2.3). By ||-|| we denote
the corresponding norm. Let

Ap(Ty) :=1log(Ty N Np):  A%(Ty) := vol(Ap/(Ty)) 20 Api (T).

Then Ap/(Ty) and A%, (T';) are lattices in npr and A%, (T'y) is unimodular. Then for Re(s) > 0
the Epstein-type zeta function (p.r,, defined by

(8.8) Cprr, () = Z ||77||72n(1+s)’

neApr (I'1)—{0}
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converges and (p.p, has a meromorphic continuation to C with a simple pole at 0. Let
C(Ap(I'1)) be the constant term of (p.r, at s = 0. Now as before let Br, be a set of
representatives of I';-cuspidal parabolic subgroups and for each P; € Pr, let t; be as in
the previous sections. Then put

. vol(Ap,(I'1)) dim(o ,
SXI (h’t,p) = Z (C(APJ (Fl)) VOl(SQn_l) Z 271(_ ) /R@o,)\<ht7p) dA
PiePry oeM
Z et (0=¢(@) dim (o) log (tj))
oeM dmt
[vp(7):0]#0

Comparing the Definition 6.2 and [MP2, Definition 5.1], it follows from [MP2, Theorem
6.1] that

(8.9) Ttreg;x, (75517 7)) = I, (h]7) + Hx, (") + T, (h7) + Sx, (A7)

We now study the distribution Sy, (h;”) in more detail. By [MP2, Proposition 4.1] we
have

O (57) = ¢ 10O -c)

for [v,(7) : 0] # 0, and O, (hY) = 0 otherwise. Thus we can rewrite

e~ Hr)=<(9)) dim(o) vol(Ap,(T'y))
Sx, (h{?) == > — > CAp (M) —ram o — log (t))
[ ?E)M];«é it PjePr, vol(5 )
vp(7):0]#0

Let A be a lattice in R?". The associated Epstein zeta function
(8.10) Cals) = D [0
AeA—{0}

converges for Re(s) > 0 and admits a meromorphic extension to C. Let C(A) denote the
constant term of the Laurent expansion of (4(s) at s = 0. The following lemma describes
the behaviour of C'(A) under scaling.

Lemma 8.1. Let A be a lattice in R*™. Let u € (0,00) and put A’ := puA. Then one has
1(S?"~ 1) log
() =p () -2 .
) = (e -
Proof. Let R(A) be the residue of (4 at 0. Then one has
C(A) = u=(C(A) — R(A)2nlog p).
Moreover, by [Ter, Chapter 1.4, Theorem 1] one has
vol (52"~ 1)
A) = 2 )
R(A) 2nvol(A)

and the lemma follows. O
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Now we let P’ be any I'y-cuspidal parabolic subgroup of G. Following section 6, we let
I' € {1,...,K(Xo)} such that there exists 7/ € T’y with v'P'y'~* = Pyy. As in (6.2) we
write 7 = nopaoy(logtp )koy. If I'y is a finite index subgroup of I'g, we define a lattice
Ap/(Th) innp, ., as

Ap(Ty) == log(v/(Fy N Np )y ™).
If T'; is normal in 'y, one has Ap/(Iy) = Ap,,(I'1). Since 4" is unique in I'y/(T'o N P’) and

Iy NP =TyN (MpNps), the isometry class of Ap/(T;) is independent of the choice of
7" having the required property. Let Ap/(I'1) be the unimodular lattice corresponding to
Ap/(Fl), 1.e.
AP1<F1) = (VOI(AP/(Fl))iﬁ . Ap/(Fl).
With respect to the norms induced by the Killing form, the lattice Ap/(I'y) in npr is
isometric to the lattice t];,lA (1) in NP iy - Thus the preceding Lemma implies that
C(Ap, (1) vol(Ap,(T)  C(Rp,(T1)) vol(Ap, (1))

= log t;.
vol(S2n—1) vol(S2n—1) loets

Now define

"2 O(Ap (T1)) vol(Ap (T
(8.11) a(Xy) =al) =Y ol f(vrol)(;nl_(l)ﬂ(r ).

J=1

Then, putting everything together, we can write

e_t(T(Q)_C(O)) dlm(o')
8.12 Sx, (h]?) = a( X .
( ) X( t ) ( 1) g}[ \/m

[vp(7):0]7#0
Finally, for each [ = 1,..., s(I'g), we let P(np,,) be the set of isometry classes of unimod-
ular lattices in np,, equipped with the standard topology, i.e., with the topology induced
by identification of P(np,,) with SO(2n)\ SL2,(R)/SL2,(Z). Now in order to control the
constant «(T';) for sequences of finite coverings, we make the following definition.

Definition 8.2. Let I'; be a sequence of finite index subgroups of I'y. Let B, be a fixed
set of representatives I'g-cuspidal parabolic subgroups of I'y. Then the sequence I'; is called
cusp uniform if for each [ = 1,. .., x(I'p) there exists a compact set K; in P(np,,) such that

for each I'g-cuspidal parabolic P’ the lattices A p([y), i € N, belong to K.

We can reformulate the condition of cusp-uniformity in a simpler way as follows. We
let P(n) be the space of isometry classes of unimodular lattices in n, equipped with the
topology as above. For each parabolic subgroup P’ of G there exists a gpr € G with
gpr P’ g;,l = P. Let I" be a discrete subgroup of G of finite covolume. If P’ is I'-cuspidal,
we let

1
(813) AP‘P1<F) := vol (10g<gp/<F N Np/)g;,l)) 2n 10g<gp/<F N Np/)g;,l).
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This a unimodular lattice in n and since the image of gpr in P\G is unique, the isometry
class of Ap/(T) is independent of the choice of gp with gpr P'gp = P.

Lemma 8.3. The following conditions are equivalent:

(1) The sequence T'; is cusp-uniform.

(2) For each T'y-cuspidal parabolic subgroup P' of G there ezists a compact set Kpr in
P(np:) such that A% (T;) € Kp: for every i.

(3) There exists a compact set Kp in P(np) such that for each I'o-cuspidal parabolic
subgroup P' of G one has App/(I';) € Kp for each i € N.

Proof. By the preceding arguments all lattices are isometric. 0

Lemma 8.4. Let K be a compact set of unimodular lattices in R**. Then the constant
term of the Laurent expansion of the Epstein zeta functions (5(s) at s = 0 is bounded on

K.
Proof. By [Ter, Chapt.I, §1.4, Theorem 1] the analytic continuation of {4 (s) is given by

814) 7)) = == i | [0 et S e g
1

ns n(l+s reA—(0)

Now for a lattice A in R?", let A;(A) denote the smallest norm of a non-zero vector in
A. Let B(R) denote the ball in R®*" around the origin of radius R. Then it follows from
[BHW, Theorem 2.1] that for each R > 0 we have

4{B(R) N A} < <A125\) + 1) "

If K is a compact set of unimodular lattices in R?", then by Mahler’s criterion there exists
a constant p such that A;(A) > p for each A € K. Thus for each A € K and for each
€ [1,00) we have

T N T fj Bl + 1)) 1 A)

AeA—{0} AeA—{0} =
s 2
tﬂ';L Z w(uk) Qk _'_ 3) Cle_tgHQ 7
k=1

where () is a constant which is independent of A. Applying (8.14), the Lemma follows. [

Now we can control the behaviour of the constants, appearing in the definitions of the
terms T (h;") and Sx, (h;™"), under sequences of coverings X; = I';\ X of Xj. As always we
assume that a set Pr, of representatives of ['y-cuspidal parabolic subgroups of G is fixed.
For each i we let Pr, = {F,;, j =1,...,k(I)} be a set of representatives of I';-conjugacy
classes of I';-cuspidal parabolic subgroups. We can estimate «(I';) as follows.
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Proposition 8.5. Let I'; be cusp-uniform sequence of finite index subgroups of I'y. Then
there exists a constant ¢1(T'y) such that

K(FZ)
|OZ<FZ)‘ < Cl<F0)Hj<FZ’) + 1 (Fo) Z lOg[FO N NPM’ : FZ N NPM’]'
j=1

In particular, there exists a constant co(Iy) such that we have
‘Oé(rz)| < CQ(F())K,<FZ') lOg [FO : Fl]
Proof. By Lemma 8.1, for each P;; € Br, one has

~ N . vol(52"~1) log vol(Ap, (T
ClAn, () vol(Rp, () = ClAp, (1)) - HE I vOln, ()

By assumption the lattices Api’j(ri), i € N, lie in a compact subset of P(ng, ). Thus
by Lemma 8.4 there exists a constant ¢} (I'y) such that for each i one has ‘C(APLJ(FZ‘))‘ <
c;(Ty). Since Ap,(Ty) = Apy,;,(To), the lattice Ap,,(T;) is a sublattice of Apy,;, (To) of
index [I'o N Np,, : I';N Np, ,]. Therefore one has

VOl(APZ.’j (Fl)) = V01<AP0J(]~) (Fo))[ro N NPi,j : Fz N Npm.] S CY(F(])[FO N NPi,j : Fz N Npm.],

where ¢/(I'y) is a constant which is independent of i. This proves the first estimate. The
second estimate follows immediately from the first one. OJ

In the next proposition we estimate the number of cusps and the behaviour of the
constant «(I';) under sequences of normal coverings.

Proposition 8.6. Let I'; be a sequence of normal subgroups of Iy of finite index [y : T}]
such that [T : T;] = 00 as i — oo and such that each 7o € Lo, o # 1, belongs only to
finitely many T';. Assume that each T'; satisfies assumption (3.1). Then one has

tim L)
If in addition the sequence I'; is cusp-uniform, then one has
o))
1 =0.
3% [Ty - 0]
Proof. Using that each I';, i > 1, satisfies (3.1) and I'; is normal in [y, one has
[FO . Fz] [FO . Fl]
LA\Lo/ToN Py} = <
#{ \ 0/ 0 O’Z} [PQQP()J : FiﬁP()J] - [POHNPO,L : PimNPOJ]
for each I =1,...,k(I'p). Thus using (6.7), one can estimate
k(D) 2ppepr, 70 0/To N Fou} > 1
[FO . Fz] [FO : Fz] - [FQ N NPO,Z : FZ N NPO,[] )

PoePry,
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Moreover, for each [ = 1,...,k(I'g) and each j = 1,...,x([;) one has
LoNNp,, =T N NPOM))’V;I’ [N Np,, = ;TN NPO’l(j))’Yfla
where the second equality is due to the assumption that I'; is normal in I'y. Thus applying

(6.7), one can estimate

1
[To: Ty =
5 posce, #{0A\Lo/To N Pos}Hog [To 0 N, : Ti 0 N |
B [T : [y
log [['o N Np,, : I'i'N Np, |
TN Npy, 1 151 Npy |

i)
log[Fo N NPz’,j : Fz N Npi’j]
1

< >

PoePr,

The condition that each vy € T'g — {1}, 70 # 1, belongs only to finitely many I'; implies
that [I'o N Np,, : I's N Np, | goes to 0o as i — oo. Thus the first statement and together
with the previous proposition also the second one are proved. 0]

9. PROOF OF THE MAIN RESULTS

We keep the assumptions of the previous sections. So I'g is a lattice in G and I'y is
a torsion-free subgroup of finite index of I'y, which satisfies (3.1). We let X := I'o\X

and X; = I‘Z\)? . We assume that a set Pr, of representatives of I'p-conjugacy classes
of ['p-cuspidal parabolic subgroups of G is fixed. Then for each 7 € Rep(G), T # 74, let
Tryeg.x, (e7#4%12()) be the the regularized trace of e *2x1.2(")  as defined by 6.2. It follows
from Proposition (7.2) that there exist constants C, ¢ > 0 such that

(9.1) ’Trreg;Xl (e‘mxl’P(T)) ’ < Ce “,

for t > 1. Applying [Proposition 6.9][MP2], it follows immediately from the definition of
Tryeg; x, (e7#x12(7) that there is an asymptotic expansion

Trreg;xl(e’mxl’f’(”) ~ Z ajtjfg + Z bjtj’% logt + Z c;t!
=0 =0 =0

ast — +0. Put
d

1
KXI (tu T) = 5 Z(_1>pp Trreg;Xl (eitAXl’p(T)) :

p=1
Then it follows that we can define the analytic torsion T, (7) by

log T, (1) = % (ﬁ /OOO Ky, (t,7)t5 1 dt)

J

s=0
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where the integral converges in the half-plane Re(s) > d/2 and is defined near s = 0 by
analytic continuation. Let 7' > 0. Then it follows from (9.1) that [ Ky, (¢,7)t7" dt is
an entire function of s. Therefore we have

9.2) log T, () = % (ﬁ /0 " K ()t dt)

To proceed further, we first need to estimate the integrand of the hyperbolic term (8.5).
Recall that for a lattice I' in G we denote by ¢(I") the length of the shortest closed geodesic
of I\ X.

Lemma 9.1. Let hy? € C*(G) be defined by (8.3). For each T € (0,00) there exists
a constant C > 0, depending on T' and Xo only, such that for all hyperbolic manifolds
X1 =T\ X, which are finite coverings of Xg, and all g € G one has

+ / Kx, (t,7)t*dt.
s=0 T

()2 ()2
> g lvg)| < Ce R e

v€l,s—{1}

for all t € (0,T].

Proof. Let v,(7) be the representation of K defined by (5.5). Let EVP(T) be the associated
homogeneous vector bundle over X equipped with the canonical metric connection [MP2,

section 4]. Let sz(T) be the Bochner-Laplace operator acting on COO(X, EVP(T)). Then on
C>(G,v,(T)), the action of this operator is given by

zl/p(ﬂ') = - (Q) + VP(T)(QK)v

where 2k is the Casimir eigenvalue of £ with respect to the restriction of the normalized
Killing form g to £, see [Mil, Proposition 1.1]. Thus by (8.1) there exists an endomorphism
E,(1) of APp* ® V; such that

Ap(7) = By + By(7).
Moreover E,(7) commutes with AVP(T). Let
" q - End(APp* @ V;)
be the kernel of the heat operator ¢8| Then it follows that
(9.3) HP = e (™) o [7(7),

Let H2(g) be the heat kernel for the Laplacian on functions on X. Using (9.3) and [MP1,
Proposition 3.1] it follows that there exist constants C' > 0 and ¢ € R such that

IH*(g)ll < CeH{(g), g€G, t>0.

Hence we get
|h[P(g)| < Cdim(T)e"H)(g), g€ G, t>0.
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By [Dol] there exists C > 0 which depends only on 7" such that for each t € (0,7] one
has

d*(gK, K1
Hol) < Clr- P exp (- U

4t
for 0 <t <T. The constant C] depends only on 7. Thus we get
Z \h;’p(gflwg)\ < C2tfd/2ecT Z efdQ('ng,gK)/(ZLt)
vel,s—{1} yels—{1}
< 03676(112')2/(825)676(1‘0)2/(3225) Z efdQ(ng,gK)/(lﬁT)’

v€lo,s—{1}

(9.4)

where Cy, C3 are constants which depend only on T'. It remains to show that the last sum
converges and can be estimated independently of g . For r € (0,00) and z € X we let
B, (x) be the metric ball of radius r around z. There exists a constant C' > 0 such that

(9.5) vol(B,(x)) < Ce*™"

for all € (0,00). It easily follows from (2.12) and (2.13) that there exists an € > 0 such

that for all z € X and all v € Ty, v # 1 one has B.(xz) NyB(x) = 0. Thus for each x € X
the union

|| VBe(x)

v€los: d(z,yx)<R

is disjoint and contained in B,g(x). Using (9.5) it follows that there exists a constant
Cx, > 0, depending on Xy, such that for all R € (0,00) and all x € X one has

#{y € Tys: d(z,vz) < R} < Ox,e*" .
Applying (9.4) the Lemma follows. O

Applying the preceding lemma we obtain the following estimate for the regularized trace
which is uniform with respect to coverings.

Proposition 9.2. There exists a constant C > 0 such that for each hyperbolic manifold
X1 =T1\X, which is a finite covering of Xo, and for which Iy satisfies (3.1), one has

| Treegx, (€727 7) | < Cvol(Xy) + w(X1) + a(X1)),
where k(X1) is the number of cusps of X1 and a(Xy) is as in (8.11).

Proof. We put t =1 in (8.9) and estimate the terms on the right hand side. The identity
contribution (8.4) can be estimated by C}vol(X;). By (8.7), the third term can be esti-
mated by Cyk(X;). Using (8.12), it follows that the forth term is bounded by Csa(X7).
Finally, (8.5) and Lemma 9.1 imply that the hyperbolic term is bounded by Cjvol(X;).
The constants C; > 0,7 =1,---,4, are all independent of X;. This finishes the proof. [
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Now we can deal with the second integral in (9.2). Using Proposition 7.2, Proposition
9.2, assumption (1.7) and Proposition 8.5, it follows that there exists a C, ¢ > 0 such that
for all finite coverings 7: X; — X as above we have

1

(9.6) vol(X;)

/ le(t,T)t_ldt‘ < Ce T
T

for all T > 10.
It remains to treat the first term on the right hand side of (9.2). For this purpose we
use the geometric side of the trace formula as it is given in (8.9). Therefore, put

d

1 T
(9.7) K =5 > (=1)7phi*.
p=1
It follows from [MP2, section 9] that the Mellin transform fooo kT (1)t*~! dt converges ab-

solutely and uniformly on compact subsets of Re(s) > d/2, and admits a meromorphic
extension to C, which is holomorphic at s = 0. Let

(9.8) 1O(r) = % (ﬁ /0 T (e dt)

Then in analogy to the compact case (1.2), the L?-torsion T)((Ql)(T) € R* is given by
log T () = vol (X))t (7).

s=0

For details we refer to [MP2, section 9]. Furthermore, it follows from [MP2, equation 9.4]
that there exist C, ¢ > 0 such that

/ ET(1)t! dt’ < Ce

T

for T'> 0. Hence we get
(99) i (L /T IX (k?T)tS_l dt) — VOl(Xl) . (t(~2) (7_) +0 (G_CT)),
ds \T'(s) Jo """ o X

Now let I';, i € N, be a sequence of torsion-free subgroups of finite index of I'y, which
satisfy the assumptions of Theorem 1.1. Firstly, by (9.9) we have

(9.10) 1 L _d (1 /TI (KDt dt
. 11m - .
1—00 [FO . Fz] ds F(S) 0 Xt

Let (T';)s be the set of semi-simple elements in I';. By (8.5) the hyperbolic contribution is
given by

= vol(Xo) - (t2(7) + O (e7T)).

s=0

Hy, (k) = / > k(g vg)dg.
PAG e —{1}
It follows from Lemma 9.1 that

% (ﬁ /OT Hy, (K[t dt)

T
:/ Hy, (KDt dt
s=0 0
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and that there exists a constant Cs, depending on 7', such that

ory)?

T
/ Hy, (k))t™! dt‘ < Cyvol(X;)e™ st .
0

Hence if ¢(T';) — oo as i — oo, one has
= 0.

(9.11) I L d (1 /TH (k7 )e==" at
’ Zl)I?o [Poi 1—‘2] ds P(S) 0 Xiltt s=0

Next we study the term associated to T%. (k7), defined in (8.7). We let Jx,(k]) and

Zx,(k]) be defined according to [MP2, (6.13i), (6.15)], where the subindex X; indicates
that these distributions depend on the manifold X;. Then by definition we have

Tx, (k) = w(Xi)Zx, (k]) + Jx, (k7).

Using the results of [MP2, section 6], it follows that there is an asymptotic expansion

Tx, (ki) ~ Z apt? A2 4 Z bet* 12 log t +
k=0 k=0

as t — 0. Thus for Re(s) > (d — 2)/2, the integral

T
/ Ty (K]t~ ' dt
0

converges and has a meromorphic extension to C, which at s = 0 has at most a simple
pole. Applying the definition of T% it follows that there exists a function ¢(7', 7) such that

4 L/TT’ (KDt dt
ds \I'(s) J, "
Thus if lim; o £(X;)/[To : T;] = 0, we obtain

(9.12) li L d (1 /TT’ (KDt dt
' zi)rglo [Foi FZ] ds P(S) 0 X\

Finally, by (8.12) the integral

=o(T, 1) - k(X;).

s=0

=0.
s=0

T
/ 1Sy, (k7 )dt

0

converges absolutely for s € C with Re(s) > % and has a meromorphic extension to C with
an at most a simple pole at s = 0. Moreover, it follows from (8.12) that there exists a
function (T, 7) such that

% (ﬁ /OT Sx, (k) dt)

where «(I';) is as in (8.11). By assumption (1.7) and Proposition 8.5 it follows that

1 d /1 [T
li - (kD) at
i [Ty : Ty] ds <F(s) /0 Sx, (k) )

= ¢(T7 7_) ’ a(ri)a

s=0

=0.
s=0
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Combined with (9.10), (9.11), and (9.12) we get

1 d 1 T
1 li — K. (t, )t dt
(9.13) e [To: Ty ds (F(s) /0 x(t7) )

Finally, combining (9.13), (9.2) and (9.6), and using that 7" > 0 is arbitrary, Theorem 1.1
follows. N

= vol(Xo) - (12 () + O(e™T)).

Now assume that I'; is normal in 'y and each v € T’y belongs only to finitely many
[;. Note that ¢(vy) depends only on the I'g-conjugacy class. Since by (2.19), for each
R > 0 there are only finitely many conjugacy classes [y] € C(I'gs) with ¢(y) < R, one
has lim;_,, ¢(I';) = co. Thus, if one applies Proposition 8.6 and the preceding arguments,
Theorem 1.2 follows.

10. PRINCIPAL CONGRUENCE SUBGROUPS OF SO"(d, 1)

In this section we apply Theorem 1.2 to the case of principal congruence subgroups of
SO°(d, 1) and prove Corollary 1.3. Therefore, throughout this section we let G := SO°(d, 1),
dodd, d =2n+ 1. Let K = SO(d), regarded as a subgroup of G. Then K is a maximal
compact subgroup of G.

We realize the standard parabolic subalgebra p of g as follows. Denote by F; ; the matrix
in g whose entry at the i-th row and j-th column is equal to 1 and all of whose other entries
are equal to 0 and let Hy := Ey 5+ Ey;. Let a := RH; and let

0 0
(10.1) n=<¢Xw):=[0 0 o], veR"!
v —v 0

Then for the standard ordering of the restricted roots of a in g, n is the direct sum of the
positive restricted root spaces. We let

g=ndacdpt

be the associated Iwasawa decomposition. Let N be the connected Lie group with Lie
algebra n and let A := exp(a). Let M be the centralizer of A in K. Then

P=MAN

is a parabolic subgroup of G.
For v € R4 one has

sy (T2 o2 v

(10.2) exp(X(v) =1+ X(v)+—==| [ol?/2 1?2 o |,
v —v Iy
where I;_; denotes the unit-matrix and where || - || denotes the Euclidean norm on R4,

We have N = exp(n).
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The group G is an algebraic group defined over Q and we let 'y := G(Z) be its integral
points. By [BoHal, I'y is a lattice in G. It follows from (10.2) that

0 0
(10.3) log(ToNN)=1¢ 10 0 o' |, veZ™ |u|fe2z
v —v 0

In particular, P is a I'y-cuspidal parabolic subgroup of G.
Now for ¢ € N we let I'(q) be the principal congruence subgroup of level ¢, i.e.

I(g)={AeTly: A=1 mod(q)}.

Then I'(q) coincides with the kernel of the canonical map I'y — G(Z/qZ). In particular,
['(q) is a normal subgroup of T'y. If ¢ > 3, then the group I'(¢) is neat in the sense of Borel,
see [Bo, 17.4]. In particular, I'(q) is torsion free and satisfies (3.1).

In the following Lemma we verify the cusp-uniformity of the groups I'(¢). The Lemma is
just a special case of Lemma 4 of the paper [DH] of Deitmar and Hoffmann who treated the
more general case of families of strictly bounded depth in algebraic Q-groups of arbitrary
real rank. However, for the convenience of the reader we shall now recall the proof of
Deitmar and Hoffmann in our situation.

Lemma 10.1. Let P’ be a T'g-cuspidal parabolic subgroup defined over Q with nilpotent
radical Npr. Let np: be the Lie-algebra of Npi. Then there exists a lattice A:fp, m np such
that

q
aAy,, S log (D(q) N Npr) © TAS

Nps
for each q € N. In particular, the sequence I'(q), ¢ € N, is cusp-uniform.

Proof. Let Mat(441)x(a4+1)(Z) be the integral (d + 1) x (d + 1)-matrices. Then by (10.1)
n N Mat(gi1)x(@+1)(Z) is a lattice in n. We choose g € G(Q) such that P’ = gPg~'. Then
np = gng~! and thus

Ay, o= 2(npr N Mat(ai1yx(at1) (Z))

is a lattice in np.. By (10.2), one has exp(Y) =1+Y + Y; for each Y € np, and thus the
first inclusion is clear. Moreover, by (10.1), if £ > 3 one has Y* = 0 for each Y € np/ and
thus for each npr € Np/ one has

1
IOgTLp/ = (TLPI — ]_) — é(np/ — 1)2

and this gives the second inclusion. The second statement follows from Mahler’s criterion
and Lemma 8.3. O

It is obvious that every 7y € [’y belongs only to finitely many I'(g). If we use equation
(10.3), we easily see that [[o NN : T'(¢) N N| goes to infinity if ¢ does and so [I'y : T'(¢)]
goes to infinity if ¢ — oo. Thus applying Lemma 10.1, Corollary 1.3 follows from Theorem
1.2.
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11. PRINCIPAL CONGRUENCE SUBGROUPS AND HECKE SUBGROUPS OF BIANCHI
GROUPS

We finally turn to the proofs of Corollary 1.4 and Theorem 1.5. We let F := Q(v/—D),
D € N square-free, be an imaginary quadratic number field. Let Op be the ring of integers
of F,ie. Op =7Z++/—DZ if D = 1,2 modulo 4, Op = Z + @Z if D = 3 modulo
4. We let T'(D) := SLy(Op) be the associated Bianchi-group. Then Xp := I'(D)\H? is of
finite volume. More precisely, one has

el
42
where (r is the Dedekind zeta function of F' and df is is the discriminant of F, see [Hu],

[Sa, Proposition 2.1]. Let a be any nonzero ideal in Op and let N(a) denote its norm.
Then the associated principal congruence subgroup I'(a) is defined as

vol(Xp)

I'(a) ::{(‘C’ 2) EF(D):a—lGa;d—lEa;b,cEa}.

Moreover, the associated Hecke subgroup I'g(a) is defined as

Lo(a) == {(CCL Z) el'(D):ce a}.

Let P be the parabolic subgroup given by the upper triangular matrices in SLy(C). Then
the Langlands decomposition P = M AN is given by

M = {(680 ei.g) L0 €0, 2@}
A:{(S AOI),AER,A>0}; N:{G) Zl’),bec}.

We recall that by [Ba, Corollary 5.2] the canonical map from SLy(Op) to SL2(Op/a) is
surjective. Thus the sequence

1 —=T(a) > T(D) = SLy(Op/a) — 1

and

is exact and taking the prime-decomposing of a it follows as in [Sh, Chapter 1.6] for the
SLy(R)-case that

3 b
(11.1) [[(D) : [(a)] = N(a) E[ (1 N(p)2>'

It also follows that the sequence

1—=T(a) = Iy(a) = P(Op/a) — 1
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is exact. Moreover the order of P(Op/a) is N(a)¢(a), where

(11.2) 6(a) == #{(Op/a)} = N@ J] (1 = N(p) ™).
pla
Thus one obtains

(11.3) [L(D) : To(a)] = N(a) [J(1 + N(p)™).

pla

Here the products in (11.1), (11.2) and (11.3) are taken over all prime ideals p in Op
dividing a.

Let P!(F) be the one-dimensional projective space over F. As usual, we write oo for the
element [1,0] € P}(F). Then SLy(F) acts naturally on P!(F) and by [EGM, Chapter 7.2,
Proposition 2.2] one has

R(D(D)) = # (T(D)\P'(F)) .
Using [EGM, Chapter 7.2, Theorem 2.4], it follows that x(I'(D)) = dp, where dp is the
class number of F'. The group P is the stabilizer of oo in SLy(C). For each n € PY(F) we
fix a B, € SLy(F) with B,n = oo. We let By, = Id. Then P, := B,"'PB, is the stabilizer
of n in SLy(C) and the I'(D)-cuspidal parabolic subgroups of G are given as P,. We let
N, == B,'NB,. If n € P'(F), we let I'(D),, I'(a),, To(a), be the stabilizers of 7 in I'(D)
resp. I'(a) resp. I'y(a).

The following Proposition is an immediate consequence of the finiteness of the class
number.

Proposition 11.1. The set of all principal congruence subgroups I'(a) and all Hecke sub-
groups I'o(a), a a non-zero ideal in Op, is cusp-uniform.

Proof. Let Jr be the ideal group of I, i.e. the group of all finitely generated non-zero
Op-modules in F'. We regard F* as a subgroup of Jr by identifying F™* with the group of
fractional principal ideals. Let Zp := Jg/F* be the ideal class group. Then #Zp = dp <

o0, see [Ne, chapter L.6]. Now for n € PY(F), B, as above, write B, = (?; ?) € SLy(F)

and let u be the Op-module generated by « and ¢ and let b := u=2 N~y 2a. It is easy to
see that b # 0. Then proceeding as in [EGM, Chapter 8.2, Lemma 2.2], one obtains

-1 1 W / -2 -1 1w 7
B,I'(a),B, " NN = 0 1)« cau ; Bylo(a),B, " NN = 0 1)V €by.

Let P’ be a I'(D)-cuspidal parabolic subgroup of G and let Apjp/(I'(a)) and Apjp(Io(a))
denote the set of lattices defined as in (8.13). Since au™? and b belong to Jr, and Zp
is finite, it follows that App/(I'(a)), and App(Io(a)) are finite sets. Applying the third
criterion of Lemma 8.3, the proposition follows. O

The groups I'(a) are torsion-free and satisfy (3.1) for N(a) sufficiently large. This was
shown for example in the proof of Lemma 4.1 in [Pf2]. Since [I'(D) : T'(a)] tends to oo
if N(a) tends to oo and since each vy € I'(D), 79 # 1, is contained in only finitely many
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I'(a), Corollary 1.4 follows from Proposition 11.1 and Theorem 1.2.

We finally turn to Theorem 1.5. The Hecke groups I'g(a) are never torsion-free and never
satisfy (1.5). However, we may take a finite index subgroup I'" of I'p, for example a fixed
principal congruence subgroup of sufficiently high level, which is torsion free and satisfies
assumption (1.5). Then for each non zero ideal a of Op we let

[y(a) :==To(a) NI
This group satisfies now the required assumptions and if ng := [['(D) : '], then
(11.4) [Co(a) : Tg(a)] < no

for each non-zero ideal a. Thus since the set of all I'y(a) is cusp uniform by the preceding
lemma, also the set of all I')(a), a a non-zero ideal in Op, is cusp uniform. Now, as in [AC,
page 15], for an ideal b of Op we let

¢u(b) := #((Op/0)"/Op).
Then by [AC, Theorem 7] one has
(11.5) k(To(a)) =dr Y du(b+b"a).
bla

Now as in [FGT, Lemma 5.7], on the set of ideals in Op, we introduce the multiplicative
function x given by

where p is a prime ideal of Op. Using (11.5), it easily follows that

k(To(a)) < dpk(a),

where one has equality if one replaces ¢, by ¢ in (11.5). Now observe that
r(a) <2N(@) T 1+ Nm) ™).
pla

Using (11.3), we obtain

k(To(a)) < 2dp

[L(D) : To(a)] = \/N(a)

Now by (11.3) we have the trivial bound [T'(D) : To(a)] < N(a)?. It follows that

i #(Tola) ogl(D) : To(a)]
N(a)—o0 [T'(D) : To(a)]

=0.
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Thus every sequence I'g(a) satisfies assumption (1.8) for N(a) — oco. Asabove, if Py, ..., P,

are fixed representatives of I'(D)-cuspidal parabolic subgroups of SLy(C), then

dr
k(Io(a)) = Z #{To(a)\I'(D)/T'(D) N Fo;}

and there is a similar formula for x(I'g(a)). Thus one has «(I'j(a)) < ner(I'o(a)) and
putting everything together, it follows that the sequence I'}(a) satisfies condition (1.8).

It remains to prove that the contribution of the semisimple conjugacy classes to the
analytic torsion goes to zero for towers of Hecke subgroups. In order to prove this, we
consider the formula (8.6). According to section 8, for v € I'(D) we let cpy()(7y) be the
number of fixed points of v on I'(D)/T'¢(a). To begin with, as in [FGT] we let

[(a) ::{@ Z) :a—dea:b,cea}.

Now we define a multiplicative function ¢(+,-) on the ideals of Op by putting

N (p)F+7/2, k—rodd, k—r>0
C(Pkapr) = QN(P)(HT_WQ, k—reven, k—r >0
N(p)* +N(p)', k<

if p is a prime ideal and k,r € N°. Then the following proposition and its proof were kindly
provided by Tobias Finis.

Proposition 11.2. Let v € I'(D) and let b be the largest divisor of a such that € T'(b).
Then one has

CFo(a) (7) < C(Cl, b)
In particular, if v(a) denotes the number of prime divisors of a, one can estimate

cro@ () < 27@y/N(a)N(b).

Proof. We can identify the quotient I'(D)/Ty(a) with the projective line P*(Op/a) and for
a given v € I'(D) we have to estimate the number of its fixed points N (v, a) on P!(Op/a).
By the strong approximation theorem we have

N(y.a) = [[N(.p®), a=]]p"®.
p b

So it suffices to study N(v,p*) for a prime ideal p of Op. First assume that  is scalar
modulo p*. Then every point of P*(Op/p*) is a fixed point of 7. The number of elements
of the projective line P*(Op/p*) equals N(p)* + N(p)*~1. Thus in this case the lemma is
proved. Next assume that 7 is not scalar modulo p*. Let r < k be the maximal integer
such that « is scalar modulo p”. We work over the completion O, of O at p. Let 7 be the
corresponding prime element. Then we have O, /7' = O/p! for every I. Over O, we have
the decomposition
y=a+nn,
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where a is a scalar matrix and 7 is not scalar modulo 7. A vector v € (’)3 which is not
divisible by 7 is an eigenvector of v modulo 7* if and only if it is an eigenvector of 7 modulo
7#=". 1f we consider the canonical map P*(O/p*) — P1(O/pk~"), then the preimage of each
element in P1(O/p*~") has N(p)" elements. Thus if n denotes the number of eigenvalues
of n in PY(O/p*~"), we have N(v,p*) = N(p)"n. It remains to estimate n.

To this end, we may assume that n has an eigenvalue. Otherwise there is nothing to
prove. Then adding a scalar matrix and performing a base change over O,, which does not
change the number n, we may assume that 7 has the eigenvalue 0 with eigenvector (1,0)".
Since we assumed that 7 is not scalar modulo 7, after a base change we may assume that

7 is of the form
(0 1
n= 0 d )

where d € O,. Now a set of representatives of eigenvectors in P*(O/p*~") of this matrix
is given by all classes of vectors represented by (1,y), where y is chosen modulo p*~" and
satisfies 42 — dy = 0 modulo p*~". Thus n is the number of solutions of the quadratic
congruence for y € O/p*~". Let v, be the valuation corresponding to p. Then this congru-
ence is equivalent to v4,(y) + v,(y —d) > k — r. This implies that at least one summand
is > (k —r)/2. We distinguish two cases. First, we assume that 14,(d) < (k —r)/2. Then
exactly one summand is > (k — r)/2 and the other has the valuation v,(d). Thus in this
case n is 2 times the number of all representatives whose valuation is > k& — r — v,(d),
i.e. n=2N(p)D. Secondly, we assume that v,(d) > (k —7)/2. Then the congruence is
equivalent to v,(y) > (k —r)/2. Thus in this case one has n = N(p)L%J. In all cases we
obtain n < N(p)*~/2if k —r is even and n < 2N(p)*"=V/2if k —r is odd. Putting ev-
erything together, the first estimate follows. This estimate immediately implies the second
one. UJ

Remark 11.3. Proposition 11.2 also follows from more general estimates which are the
content of a paper of Tobias Finis and Erez Lapid that is in preparation. Related results
are also obtained in [A++].

The following Lemma is due to Finis, Grunewald and Tirao.

Lemma 11.4. For every § > 0 there is a constant C' > 0 such that for all non zero ideals
b of Op and all R > 0 the number of elements in [y] € C(I'(D))s which satisfy £(y) < R
and which belong to T'(b) is bounded by N(b)~2e+)E,

Proof. This follows directly from [FGT, Lemma 5.10]. O

Now we take a sequence a; of ideals such that N(a;) tends to infinity with ¢ and we
let T'; := T§(a;), X; := T;\H?. We need to estimate the hyperbolic contribution Hy, (hj).
We use formula (8.6), and apply the Fourier inversion formulas of Harish-Chandra to the
invariant orbital integrals using that the Fourier transform of A} can be computed explicitly.
This was carried out in [MP2]. If we combine [MP2, (10.4)] for the special case of dimension
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3 with equation (8.6), we obtain:

1 kA1, —tA2 l(7) et /4
(11.6) Hy,(hy) = Z<_1) e Z CFi<7)n ( )LSYTH(’V;UT,]C)?'
k=0 [WeCI(D))s—[1] ry (4rt)2

Here the A, € (0,00) are as in [MP2, (8.4)] and the o, € M are determined by their
highest weight A,_, given as in [MP2, (8.5)]. Moreover, nr(y) is the period of the closed
geodesic corresponding to v and Lgym(7;0-4) is as in [MP2, (6.2), (10.3)]. By [MP2,
(10.11)] and the definition of Lgyu(7;0.k), there exists a constant Cj such that for all
v € I'(D)s — {1} one has

((v)

Lsm 3O SC
nF(7)| y (’7 7k)| 0

Thus together with equation (11.4), Proposition 11.2 and Lemma 11.4, it follows that there
exist constants C7, Cy such that for each ¢ we can estimate

R16))
e T4
Hy, (h]) < C12"® Y " \/N(b)N(a) > e
bla mec@ @y, (47t)
v€el'(b)
(ke(T(D)))?
< 0,2v0 Z\/ (ab) 2(7
bla k=1 (47Tt)

« #{[7] € C(T(D))s: 7 € T(6): KUT(D)) < £(7) < (k + m(m)))})
(kar(D)))?

< 052" /N(a) Y N(b)~2 i he” o (ZHORUT (D))

bla k=1 47Tt

ku(a)

Let a = p’fl ----- Py be the prime ideal decomposition of a. Then we have

v(a)

Y& S N(b)E < ”“‘)H;SM”.

bla Jj= 1 (p])_%

Now note that there are only finitely many prime ideals with a given norm. This implies
that for every ¢ > 0 there exists C(¢) > 0 such that for all a we have 2" < C(e)N(a)*.
Hence the right hand side is O(N(a)¢) as N(a) — oo for any € > 0, where the implied
constant depends on e. Thus there exist constants ¢, C, C4 > () such that we have

(11.7) Hy,(h]) < C52"®/N(a) Y N(b)"2¢™% < CiN(a)ier.
bla
Applying (11.3), it follows that for ever T € (0, 00) one has
1 T
11.8 lim 7/ t Hy, (h])dt = 0.

1—00
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Thus the analog of equation (9.11) is also verified for the present sequence I'; of subgroups
derived from Hecke subgroups. Since it was shown above that this sequence is cusp uniform
and satisfies condition 1.8, the proof of Theorem 1.1 given in section 9 can be carried over
to the present case. Thus also Theorem 1.5 is proved.
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