ON THE SPECTRAL SIDE OF THE
ARTHUR TRACE FORMULA

WERNER MULLER

0. INTRODUCTION

Let G be a connected reductive algebraic group defined over Q and
let G(A) be the group of points of G with values in the ring of adeles
of Q. Then G(Q) embeds diagonally as a discrete subgroup of G(A).
Let G(A)! be the intersection of the kernels of the maps z — |x(z)|,
z € G(A), where x ranges over the group X (G)q of characters of G
defined over Q. Then the (noninvariant) trace formula of Arthur is an
identity

Y L) =D L), feCEGA)N),

0€D XEX
between distributions on G(A)!. The left hand side is the geometric
stde and the right hand side the spectral side of the trace formula. The
distributions J, are parametrized by semisimple conjugacy in G(Q) and
are closely related to weighted orbital integrals on G(A)!.

In this paper we are concerned with the spectral side of the trace for-
mula. The distribution J,, are defined in terms of truncated Eisenstein
series. They are parametrized by the set of cuspidal data X which con-
sists of the Weyl group orbits of pairs (Mg, rg), where Mg is the Levi
component of a standard parabolic subgroup and rp is an irreducible
cuspidal automorphic representation of Mg(A)'. In [A4], Arthur has
derived an explicit formula for the distributions J, which expresses
them in terms of generalized logarithmic derivatives of intertwining
operators. So far, the resulting integral-series is only known to con-
verge conditionally. This suffices, for example, for the comparison of
trace formulas which, at present, is the main application of the trace
formula. However, with regard to potential applications of the trace
formula in spectral theory and geometry it would be highly desirable
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to know that the spectral side of the trace formula is absolutely con-
vergent. This would also simplify the applications of the trace formula
in the theory of automorphic forms [Lb].

The problem of the absolute convergence of the spectral side of the trace
formula is the main issue of the present paper. We will not settle the
problem, but we shall reduce it to a question about local components
of automorphic representations.

To describe the results in more detail we have to introduce some no-
tation. We fix a Levi component M, of a minimal parabolic subgroup
P, of G. Let P be a parabolic subgroup of G, defined over Q, with
unipotent radical Np. Let Mp be the unique Levi component of P
which contains M,. We denote the split component of the center of
Mp by Ap and its Lie algebra by ap. For parabolic groups P C @
there is a natural surjective map ap — ag whose kernel we will denote
by ag. Let A?(P) be the space of square integrable automorphic forms
on Np(A)Mp(Q)\G(A). Let Q be another parabolic subgroup of G,
defined over Q, with Levi component M, split component A and
corresponding Lie algebra ag. Let W(ap, ag) be the set of all linear
isomorphisms from ap to ag which are restrictions of elements of the
Weyl group W (Ap). The theory of Eisenstein series associates to each
s € W(ap, ag) an intertwining operator

Mqip(s,A) : A%(P) = A*(Q), A€ apg,

which for Re(A) in a certain chamber, can be defined by an absolutely
convergent, integral and admits an analytic continuation to a meromor-
phic function of A € apc. Set

Mqp(}) := Mgip(1, ).

Let II(Mp(A)!) be the set of equivalence classes of irreducible unitary
representations of Mp(A)!. Let x € X and m € II(Mp(A)!). Then
(x,) singles out a certain subspace A3 (P) of A*(P) (see §1.6). Let

A .(P) be the Hilbert space completion of A2 (P) with respect to

the canonical inner product. For each A € apc we have an induced
representation p, (P, \) of G(A) in ./Tlfm(P).

For each Levi subgroup L let P(L) be the set of all parabolic subgroups
with Levi component L. If P is a parabolic subgroup, let Ap denote
the set of simple roots of (P, Ap). Let L be a Levi subgroup which
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contains Mp. Set
M (P, \) =

. 4 Mgip(A+A)
lim vol(al /Z(AY,)) Mgp(A) =2 ,
A QIEZ;(L) Q Q [Lacag, AlaY)

where A and A are constrained to lie in 7a}, and for each @1 € P(L),
@ is a group in P(Mp) which is contained in @;. Then M, (P, ) is
an unbounded operator which acts on the Hilbert space "Tlfm(P)' In
the special case that L = M and dima¥ = 1, the operator M. (P, \)
has a simple description. Let P be a parabolic subgroup with Levi
component M. Let a be the unique simple root of (P, Ap) and let &
be the element in (a§;)* such that @(a") = 1. Let P be the opposite
parabolic group of P. Then

- o d -
M (P, 20) = —vol(afy/Za") M p(20) " - %MEP(ZM).

Let f € C®(G(A)'). Then Arthur [A4, Theorem 8.2] proved that
Jy(f) equals the sum over Levi subgroups M containing My, over L
containing M, over 7 € II(M(A)'), and over s € W% (ap)req, a certain
subset of the Weyl group, of the product of

W [[Wol | det(s — 1)qr, | [P(M)|,

a factor to which we need not pay too much attention , and of

(0.1) / S (P, \) Mppp(s, 0)pye(P, A, £)) dA.

0L/10G pep(M)

So far, it is only known that > |Jx(f)| < oo and the goal is to
show that the integral-sum obtained by summing (0.1) over x € X and
7 € II(M(A)') is absolutely convergent with respect to the trace norm.

Given 7 € II(M(A)) with 7 = ®,7,, let Jgp(my, A) be the local
intertwining operator between the induced representations IS ()
and I§(m,). By [CLL, §15] and [A7] there exist normalizing factors
rq|p(my, A) such that the normalized intertwining operators

RQ|p(7Tv, )\) = TQ|p(7T1,, )\)71JQ|p(7T,U, )\)

satisfy the conditions of Theorem 2.1 of [A7].

If v < 00, let K, C G(Q,) be an open compact subgroup. Denote by
Rqp(my, M)k, the restriction of Rgp(m,,A) to the subspace Hp(m,)5e
of K,-invariant vectors in the Hilbert space Hp(m,) of the induced
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representation. If v = oo, let K, C G(R) be a maximal compact
subgroup. Given 7 € II(M(R)) and o € TI(K), let R p(7, A)s be the
restriction of Rgp(m, A) to the o-isotypical subspace of Hp(m). Let A,
and )\, denote the Casimir eigenvalues of 7 and o, respectively.

For a given place v, let Ty (M(Q,)) be the subset consisting of all
representations m, € II(M(Q,)) such that there exists an automor-
phic representation 7 in the discrete spectrum of M(A) whose local
component at the place v is 7,. Finally, let C'(G(A)!) be the space of
integrable rapidly decreasing functions on G(A)! (see §1.3 for its defini-
tion). Then our main result is the following theorem, which reduces the
problem of the absolute convergence of the spectral side of the Arthur
trace formula to a problem about local components of automorphic
representations.

Theorem 0.1. Suppose that for every M € L(M,), Q,P € P(M) and
every place v the following holds.

1) If v < oo, then for every open compact subgroup K, C G(Q,) and
every invariant differential operator Dy on ia}, there exists C' > 0 such
that

(0.2) | DaRgp(mo, Mg, [|<C
for all X € ia}; and all m, € Mg (M(Qy)).

2) If v = oo, then for all invariant differential operators Dy on ia},
there exist C' > 0 and N € N such that

(0-3) I DaRgip(m, Ao IS CA+ | Al +[Ae] + A )™
for all X € ia},, 0 € [I(K) and m € g (M (R)).

Then for every f € C*(G(A)'), the spectral side of the trace formula is
absolutely convergent.

We add some comments about the assumptions 1) and 2). It follows
from results of Arthur [A5, p.51] and [A8, Lemma 2.1] that (0.2) and
(0.3) hold uniformly for tempered representations m,. On the other
hand, to establish (0.2), (0.3) or (0.4) is not a problem of pure local
harmonic analysis. One can not expect that these estimations will hold
uniformly for all 7, € II(M(Q,)). Let, for example, dimay/ag = 1
and suppose that for each ¢ > 0 there exists m, € II(M(Q,)) such
that the normalized intertwining operator Rp p(my, A) has a pole g
with |Re(A\g)| < €. Then it is certainly not possible to obtain uniform
estimates for derivatives of Rpp(7,,A) along the imaginary axis. An
example where this actually occurs is GL,,.
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Especially the uniformity in o in (0.3) seems to be difficult to achieve.
Of course, this condition can be relaxed in various ways. If we relax
(0.3) by not requesting uniformity in o, we get the following weaker
version of Theorem 0.1 which suffices for many purposes. Let K =
1, K, be a maximal compact subgroup of G(A) which is admissible
relative to M (see §1.2).

Theorem 0.2. Suppose that in Theorem 0.1 in place of condition 2)
the following condition holds:

2’) If v = oo, then for all invariant differential operators Dy on ia},
and all 0 € II(K ) there exist C > 0 and N € N such that

(0-4) I DxRoip(m, A)o IS C+ (| X || +[A)™
for all X € ia}; and 7 € g (M (R)).

Then for every K-finite f € C1(G(A)!), the spectral side of the trace
formula is absolutely convergent.

At the moment we don’t know how to prove any of the conditions (0.2),
(0.3) and (0.4) in general. However, for G = GL,, considered as an
algebraic group over a number field, we are able to prove (0.2) and
(0.4). The method relies on work of Luo, Rudnick and Sarnak [LRS]
who established nontrivial bounds towards the generalized Ramanujan
conjecture. For GL, any local component of a cuspidal automorphic
representation is equivalent to a full induced representation IS(r,s)
where 7 is tempered and the parameters s = (sy, ..., s,) satisfy s; >

89 > -+ > s, and |s;] < 1/2. If 7, is unramified, it follows from
Theorem 2 of [LRS] that the s;’s satisfy the nontrivial bound

1 1 _
(05) |S«L| < 5 - m, 1= ]_, .y T

Using the method of [LRS], one can show that (0.5) holds also for
the ramified components. Furthermore, using the work of Moeglin and
Waldspurger [MW] on the residual spectrum, one can show that simi-
lar nontrivial bounds exist for the continuous parameters of any local
component of an automorphic representation in the discrete spectrum
of GL,,(A). These bounds are the essential ingredients in the proof of
(0.2) and (0.4) in the case of GL,. Details will appear in a forthcoming
paper with B. Speh [MS].

Now we shall explain the main steps of the proof of Theorem 0.1. First
observe that Mp p(s,0) is unitary. Therefore, in order to estimate the
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trace norm of (0.1), it suffices to estimate the integral

(0.6) / / | ML (P, N)pyn (P A f) |1 dA
a7, /iag

To deal with this integral, we introduce a certain normalization of
intertwining operators. For m € II(M(A)) let A2(P) be the space of
square integrable automorphic forms of type 7 (see §1). Let Mgp(7, )
denote the restriction of the intertwining operator Mg p(\) to A%(P).
Let m = ®, 7, and let rgp(my, A) be the normalizing factor for the local
intertwining operator considered above. Suppose m = ®m, occurs in
the discrete spectrum of M (A), which is equivalent to A2(P) # 0, then
the Euler product

T'Q‘p(ﬂ', /\) = HvTQ|p(7TU, )\)

converges absolutely in some chamber and r¢p(7, A) admits a mero-
morphic continuation to a3, . Using this meromorphic function, we
introduce the normalized global intertwining operator by

(07) NQ‘p(ﬂ', /\) = T’Q‘p(ﬂ', /\)71MQ|p(7T,)\).

By definition, the operator Ngp(m, A) is equivalent to the direct sum
of finitely many copies of ®,Rqp(7y, A).

Let M, (P, m, \) be the restriction of My, (P, \) to the subspace A2 (P).
It follows from Arthur’s theory of (G, M) families [A4, p.1329] that

ML(P,m,A) =Y N(P,m, Ny (P, N),
S

where the sum runs over all parabolic subgroups S containing L, the
operator Ny (P, 7, \) is built out of normalized intertwining operators
on the local groups G(Q,) and v?(P, 7, \) is a scalar valued function
which is defined in terms of normalizing factors. This reduces the

estimation of the integral (0.6) to two separate problems, one involving
N (P, 7, \) and the other one v7 (P, m,\).

First we are dealing with v7(P,m,\). By Proposition 7.5 of [A4],
v (P,m, \) can be expressed in terms of logarithmic derivatives of nor-
malizing factors associated with maximal parabolic subgroups in cer-
tain Levi subgroups. Therefore we may assume that dim(ap/ag) = 1.
Let « be the unique simple root of (P, A). Then there exists a mero-
morphic function 75 p(7,2) of one variable such that rpp(m,A) =
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7pp(T, A(a”)), and our problem is to derive estimates, which are uni-
form with respect to m, of integrals of the form

(0.8) /R

To deal with this integral, we note that 75p(m, z) is a meromorphic
function of order n = 16dimG + 2. This follows from (0.7), since
by Theorem 0.1 of [Mu3], the matrix coeflicients of Mg p(m, \) are
meromorphic functions of order < n and by Theorem 2.1 of [A7], the
normalized local intertwining operators Rgp(,, A) are rational func-
tions of gy ®") if v < oo, and of A(@Y), if v = co. Thus there exist
entire functions r;(m, 2), 1 = 1,2, of order < n such that 75 (7, 2) =
ri(m, 2)/re(m, z). Using the representation of r;(m, z) as a Weierstrafl
product, we reduce the estimation of the integral (0.8) to the the esti-
mation of the number of poles, counted with their order, of ?ﬁ p(m,2)
in a circle of radius R > 0. By (0.7), this problem is closely related
to the estimation of the number of poles, counted with their order, of
matrix coefficients of Mg p(7, A) in a circle of radius R > 0. The lat-
ter problem has been settled in [Mu3, Proposition 6.6]. Together with
Proposition 7.5 of [A4], these estimates imply estimates for the corre-
sponding integrals involving v? (P, 7, ). In this way we get Theorem
5.4 which is our main technical result.

- v d o . _
7"?‘1_—,(71',7,?1,) 1@7’@13(%,@11) (1 +u?) Ndu.

Next consider (P, 7, A). Given an open compact subgroup Ky of
G(Ay) and 0 € II(K), let AZ(P)k,,, be the subspace of AZ(P) con-
sisting of all automorphic forms which are K-invariant and transform
under K, according to 0. Let Mg(P,m, \)k,, be the restriction of
Ns(P,7,)) to the subspace AZ(P)k,,. Now observe that for any
h € C*(G(A)') there exists an open compact subgroup Ky of G(Ay)
such that h is left and right invariant under K;. Then the estima-
tion of || MW (P, 7, A)pyr(P, A, k) ||1 can be reduced to the estimation
of || M (P, 7, M)k, || where o runs over II(K). By Arthur’s theory
of (G, M)-families, the estimation of the norm of the finite rank oper-
ators (P, T, A\)k;,» can be reduced to the estimation of derivatives
of finitely many normalized local intertwining operators Rg p(my, Ak, ,
v < 00, and Rg|p(7so, A)s. Combined with Theorem 5.4 this implies
Theorem 0.1. The proof of Theorem 0.2 is similar.

The paper is organized as follows. In §1 we collect some preliminary
facts. In §2 we discuss briefly normalized local and global intertwining
operators. The local normalizing factors are studied in some detail in
§3. We recall the definition of the normalizing factors and we prove
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some results that we need in the next section. In §4 we investigate
the poles of the global normalizing factors. This section is mainly
based on results obtained in [Mu3]. In §5 we establish Theorem 5.4
which is the main result about generalized logarithmic derivatives of
global normalizing factors. In §6 we study the absolute convergence of
the spectral side of the trace formula and we prove our main results,
Theorem 0.1 and Theorem 0.2. In §7 we discuss the example of GL,
and we sketch a method to prove (0.2) and (0.4).
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1. PRELIMINARIES

We shall follow partially the notation introduced by Arthur [A1]-[A4].

1.1. Let G be a reductive algebraic group defined over Q. As in [A4],
[A5], we shall fix a subgroup M, of G, defined over Q, which is a Levi
component of some minimal parabolic subgroup of G defined over Q.
In this paper, a parabolic subgroup will mean a parabolic subgroup of
G, defined over Q, and a Levi subgroup of G will mean a subgroup
of G which contains M, and is the Levi component of some parabolic
subgroup of G. It is a reductive subgroup of G' which is defined over
Q. If M C L are Levi subgroups, we denote the set of Levi subgroups
of L which contain M by L£Y(M). Furthermore, let F*(M) denote
the set of parabolic subgroups of L defined over Q which contain M,
and let PL(M) be the set of groups in FL(M) for which M is a Levi
component. If L = G, we shall denote these sets by £(M), F(M) and
P(M), respectively. Suppose that P € FL(M). Then

P = NpMp,

where Np is the unipotent radical of P and Mp is the unique Levi
component of P which contains M.

Suppose that M C M; C L are Levi subgroups of G. If Q € P*(M,)
and R € PM1 (M), there is a unique group Q(R) € P%(M) which is
contained in () and whose intersection with M; is R.
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Let Ap be the split component of the center of Mp. Ap is defined
over Q. Let X(Mp)g be the group of characters of Mp defined over Q.
Then

ap = Hom(X (Mp)g, R)
is a real vector space whose dimension equals that of Ap. Its dual space
is

CL*P = X(MP)Q QR

We shall often denote Ap, ap and a} by A, ay and a},, respectively,
since they depend only on M. Also, we shall write Ay = Apsy, G0 = Az
and ag = ajy, .

Let P € F(M,). We shall denote the roots of (P, Ap) by ®p, the
reduced roots by X%, and the simple roots by Ap. They are elements
in X(Ap)g and are canonically embedded in a}.

Let P and @ be groups in F (M) with P C (). Then there is a canonical
surjection ap — ag and a canonical injection aj, < ap. The kernel of

the first map will be denoted by a2. Then a is dual to al/ ay-
The group MNP is a parabolic subgroup of Mg with unipotent radical
Nf = Np N M.
Let A% be the set of simple roots of (MgNP, Ap). Then A% is a subset
of Ap. We may identify ag with the subspace
{Heap|a(H)=0, acA}}.

Furthermore, to A% one can associate a basis {o | @ € A%} of a% and
A% is defined to be the corresponding dual basis of (a%)* [A2]. Then
A% and A% are naturally embedded subsets of aj. Let

ab={H€ap|a(H)>0 forall o€ Ap},

and

(ap)T={A€ap|A(@) >0 forall «ae€ Ap}.

We shall denote the restricted Weyl group of (G, Ag) by Wy. It acts on
ap and aj in the usual way. For every s € W, we shall fix a represen-
tative ws in the intersection of G(Q) with the normalizer of Ay. w; is
determined modulo My(Q). If P; and P, are parabolic subgroups, let
W (ap,, ap,) denote the set of distinct isomorphisms from ap, onto ap,
obtained by restricting elements of Wy to ap,. P; and P, are said to
be associated if W (ap,, ap,) is not empty.
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1.2.  We fix an embedding of GG into GL,,, defined over Q. For a given
place v of Q, let G(Q,) be the group of Q,-rational points of G. Let
A be the ring of adeles of Q and let G(A) be the corresponding adéle-
valued group. If f stands for the set of finite places of Q and Ay is the
corresponding ring of finite adeéles, then

G(A) = G(R) x G(Ay).

For any prime p, let

G(ZP) = GLR(ZP) n G(Qp)-

This is an open compact subgroup of G(Q,). We shall fix a maximal
compact subgroup

K:HKU

of G(A) which is admissible relative to M in the sense of [A5]. For
any such K the following properties hold:

1) For almost all primes p, one has K, = G(Z,).

2) For every finite p, K, is a special maximal compact subgroup.
This implies that G(Q,) = Po(Q,) - K, for all P, € F(M,).

3) The Lie algebras of K and Ay(R) are orthogonal with respect
to the Killing form.

Given P € F(M,), let
Mp(A)' = () ker(x)).
x€X(Mp)o

This is a closed subgroup of Mp(A), and Mp(A) is the direct product
of Mp(A)' and Ap(R)?. By the assumptions on K, G(A) = P(A)K.
Therefore, any € G(A) can be written as
(1.1) 2 =namk, n € Np(A), m € M(A)', a € Ap(R)°, k€ K.
Let

HPI G(A) — ap
be the associated height function as defined in [A2]. Then Hp(z) is the

image of a € Ap(R)? in the decomposition (1.1) with respect to the
isomorphism Ap(R)? 2 ap.

We shall fix a Euclidean norm || - || on ay which is invariant under the
action of the Weyl group of (G, Ap). On each space ag , P C Q, we take
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as Haar measure the Euclidean measure associated to the restriction of
| - || to a%¥. We then normalize the Haar measures on K, G(A), Np(A),
Mp(A), Ap(R)®, Mp(A)', etc. as in [A2].

1.3. Let = and o be the functions that enter the definition of Harish-
Chandra’s Schwartz space on G(R) [Wa2, p.156] and extend them to
functions on G(A) in the obvious way. For any place v, let G(Q,)’
denote the intersection of G(Q,) with G(A)!. Let U(g(R)' ® C) be the
universal enveloping algebra of the complexification of the Lie algebra
of G(R)!. Let K; be an open compact subgroup of G(A;)'. Then
the double coset space K;\G(A)' /K is a discrete union of countably
many copies of G(R)!. In particular it is a differentiable manifold.
Suppose that Q is a subset of G(A)! such that K;- Q- K; = Q and
K;\Q/K; is the disjoint union of finitely many copies of G(R)'. Let
C'(G(A)'; Q, K) be the space of all functions h: G(A)! — C satisfying
the following conditions:

1) h is bi-invariant under K¢, supph C €2, and h: K;\Q/K; — C
i) i) f
is a smooth function.
(2) For all Dy, Dy € U(g(R)! ® C) and all r € N, we have

” h ”Dl,Dzﬂ“

= sup ((1+0(2))"E*(2)|D1* h* Da(2)]) < oo.
z€G(A)!

Let C'(G(A)';9Q, K;) be equipped with the topology defined by the
semi-norms || + || p,,p,r- Let C'(G(A)') be the topological direct limit
over all pairs (2, K) of the spaces C'(G(A)'; Q, Ky).

1.4. Let H be any algebraic group over Q and let F' be a local field.
We shall denote by II(H(A)) (resp. II(H(F)), II(K), etc.) the set of
equivalence classes of irreducible unitary representations of H(A) (resp.
H(F), K, etc.).

1.5. Given a unitary character £ of Ap(R)® , let L*(Mp(Q)\Mp(A))¢
be the space of all measurable functions ¢ on Mp(Q)\Mp(A) such that
d(zm) = &(x)d(m) for all x € Ap(R)°, m € Mp(A), and ¢ is square
integrable on Mp(Q)\Mp(A)!. Let My (Mp(A))e denote the subspace
of all m € II(Mp(A)) which are equivalent to a subrepresentation of the
regular representation of Mp(A) on L?(Mp(Q)\Mp(A))e. Set

aise(Mp(A)) = U Hdisc(MP(A))ﬁ-
£ell(Ap(R))
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Recall that TI(Mp(A)') can be canonically identified with the set of
orbits under the action of 7a}, defined by

T =y =ePOlr 1 e I(Mp(A)), X €iap.

Since Mp(A) is the direct product of Mp(A)! and Ap(R)?, any repre-
sentation of Mp(A)! corresponds to a representation of Mp(A) which

is trivial on Ap(R)?. We identify these two representations and in this
way we obtain an embedding of II(Mp(A)!) in TI(Mp(A)).

Given m € II(Mp(A)) with 7 = ®,m,, set T = Qy<ooTy. For an open
compact subgroup Ky C G(Ay), let

Set

(1.2) Hﬁ“(AQ%AQ;K})::{ﬂ'efhmiﬂbﬂAg)|WfMJ;é{0}}.
Let Iy (Mp(A)!; K}) be the intersection of Iy, (Mp(A); Kf) with the
subspace g (Mp(A)') of g (Mp(A)).

1.6. Let P = NM be a parabolic subgroup and let ¢ be a measurable,
locally integrable function on N(Q)\G(A). Then the constant term ¢p
of ¢ along P is defined for almost every g by

(1.3) op(g) = /N o S0

This is a measurable, locally integrable function on N(A)\G(A).

1.7. Let P be a parabolic subgroup. Then we denote by A%(P) the
space of automorphic forms on Np(A)Mp(Q)\G(A) which are square
integrable on Mp(Q)\Mp(A)! x K. This is the space of smooth func-
tions

¢: Np(A)Mp(Q\G(A) —» C
which satisfy the following conditions:

i) The span of the set of functions
x> (29)(zk), =€ G(A),
indexed by k € K and z € Z(gc), is finite dimensional.

MW=// \p(mk)|? dm dk < oco.
K J Mp(Q)\Mp (A)!

Furthermore, an automorphic form ¢ € A?(P) is called cuspidal, if the
following additional condition holds:

ii)
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iii) For all standard parabolic subgroups @ ; P, ¢qg = 0.

The subspace of all cuspidal automorphic forms in A?(P) will be de-
noted by AZ(P).

1.8. Given m € g (Mp(A))e, let A2(P) be the subspace of A*(P)
consisting of all functions ¢ such that for every z € G(A), the function

¢o(m) = ¢(mz) m € Mp(A),
belongs to the m-isotypical subspace of L?(Mp(Q)\Mp(A))e. If 7 €
[1(Mp(A)) is not contained in Iy (Mp(A)), we put A2(P) = 0. Let
K; be an open compact subgroup of G(A;). Then we denote by
AZ(P)k, the subspace of all K -invariant functions in AZ(P). Fur-
thermore, if o € II(K), then we denote by A2 (P)x,,, the o-isotypical
subspace of A2 (P)g;-

1.9. Let X be the set of Wy conjugacy classes of pairs (Mg, rg), where
B is a parabolic subgroup and rp is an irreducible cuspidal automorphic
representation of Mp (A)l. Let

L*(Mp(Q)\Mp (A @Lz Mp(Q\Mp(A)')y

XEX

be the decomposition of L?*(Mp(Q)\Mp(A)') introduced by Arthur in
[A2, Section 3]. Given x € X, let A2 (P) be the subspace of AZ(P)
consisting of all function ¢ such that for each z € G(A), the restriction
of ¢, to Mp(A)' belongs to L*(Mp(Q\Mp(A)'),.

If we identify IT(Mp(A)') with a subset of TI(Mp(A)), then A2 (P) is

well defined for any m € II(Mp(A)'). This is a space of functions on
Np(A)Mp(A)Ap(R)°\G(A). The direct sum

P Arw)
mE€l(Mp(A)1)

is the space that was denoted by A%(P, x) in [Mu3].

1.10. Let ZQ(P) be the Hilbert space completion of A?(P). For any
A € apc we have an induced representation p(P, A) of G(A) on ~712(13)
which is defined by

(1.4) (p(P, )\, y)0)(z) = p(zy)ePTor)Hp @) o=(tpp)(Hp (@)

Y
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for elements z,y € G(A) and ¢ € ./_42(P). The Hilbert space comple-
tions A>(P) and .,Tlim(P) of the subspaces A2(P) and A2  (P), respec-
tively, are invariant under p(P, ) and we shall denote the restriction
of p(P, \) to A2(P) (resp. A . (P)) by px(P, ) (resp. pyx(P,A)).

1.11. Given any irreducible unitary representation 7 of Mp(A)!, let
Ar be the eigenvalue of the Casimir operator of Mg(R), acting in the
Garding space H2° of the Archimedean constituent 7y, of 7. For xy € X
and (Mp,rp) € X, the Casimir eigenvalue \,, depends only on the class
x and we denote it by A,.

2. NORMALIZED INTERTWINING OPERATORS

Let M,M; € L(M,), P € P(M) and P, € P(M;). For each s €
W(ans, ars, ), ¢ € A*(P), and X € ap ¢ such that Re()) € (ap)™ + pp,
let Mp, p(s, )¢ be defined by

MP1|P(S, ANo(z) = o (s tpp ) (Hp, ()
0 / (b(w;lnlx)e(x\erp)(Hp(w;lnlz)) dn,
N1(A)Nws N(A)wy '\ N1 (A)

for z € G(A). The integral is absolutely convergent for A as above and
admits an analytic continuation to a meromorphic function of A € a} ¢
with values in the space of linear operators from A?(P) to A*(P;). This
operator is the global intertwining operator

Mp, p(s,A): A%(P) — A*(Py).

Let 7 € Ilg.(M(A)) and x € X. Then Mp, p(s,A) maps the sub-
space AZ(P) (resp. A2, (P)) to A2, (Py) (resp. A2, (P1)). The main

X,8™
functional equations are

(22) MP2|P(t8: )‘) = MP2\P1 (t: SA)MPHP(SJ )‘)
for t € W{(a;,a;) and s € W(a, a;).

By (1.4) and (1.5) of [A4], most of the considerations concerning inter-
twining operators can be reduced to the case where P, and P have the
same Levi component M, and s = 1.

Thus, from now on we shall assume that P,Q € P(M) and we put
Mgp(A) :== Mqip(1,}), A€ ajc.
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Given 7 € II(M(A)), let
Mqp(m, A): AZ(P) — AZ(Q)
be the restriction of Mg p(A) to AZ(P). We shall now express this
operator in terms of local intertwining operators. Let 7, be the repre-
sentation of P(A) which is defined by
m(nm) = XMz (m) - ne Np(A), m € Mp(A).

Let (I§(my),Hp(rm)) be the induced representation of G(A). Simi-
larly let (I§(mx), Ho(m)) be the representation of G(A) induced from
Q(A). Let & be a unitary character of Ay (R)? and suppose that
T € e (M(A))e. We extend £ by 1 to a character of M(Q)Ay (R)°.
Then there is a canonical isomorphism

: —2
(2'3) Jp - /HP(T‘-) 0 HomM(A) (ﬂ-a IIZ\\/[/[((S))AM(R)O (g)) — Aw(P)
of G(A)-modules where G(A) acts on the left by IS (7)) ®Id. A similar
isomorphism jg exists with respect to Q. Let H} () (resp. Hg(m)) be
the subspace of elements which are right K-finite and left Z(gc)-finite.
Using (2.3), it follows that Mg p(m, A) induces an intertwining operator

Joip(m, A): Hp () = H(w)
such that
Jgo (JQ‘p(ﬂ', )\) ® Id) = MQ‘P(’/T, )\) o jp.
It follows from (2.1) that for Re(\) € (a%)™ + pp, this operator is
defined by the following convergent integral
Jquplm, () = e~ +oa)(Ho@)
(2'4) ; / d)(nx)e()‘+PP)(HP(”m)) dn.
NQ(A)NNp (A)\Ng (4)

where z € G(A) and ¢ € HY(7).
Let v be any place of Q and let (7,,V,) € II(M(Q,)). Given A € aj, ¢,
let 7, \ be the representation of P(Q,) on V, defined by

Tox (M) = Ty (my ) M) e N(Q,), my € M(Q,).

Let (I§(my),Hp(m,)) denote induced representation. The Hilbert
space is the space of measurable functions

¢y : N(Q)\G(Q,) =V,
such that
1. st(mvxv) - W(mv)év(xv)a my € M(Qv)axv € G(Qv);
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2. || du [1P= [y, Il (k) |1}, dk < oco.
Let H%(m,) C Hp(m,) be the subspace of K,-finite functions. Then
the local intertwining operator
Joip(m, A) : Hp(my) = H(my)
is defined by
JQ|p(7T1], )\)¢U(:E,U) = e_(’\+PQ)(HQ(zv))
(2.5)

. / o ()M HR(1s2) gy
NQ(Q)NNp(Qu)\No(Qv)

The integral converges absolutely for Re(\) € (a%)™ + pp and can be
continued to a meromorphic function of A € aj, . with values in the

space of linear operators from H(m,) to Hg(m,) [Shi].
Now let 7 € II(M(A)). Then 7 is a restricted tensor product
T = QyTy

where almost all (m,,V,) are unramified, i.e., dim VEOM@) _ g for
almost all v. Moreover, we have

(Ig(WA)v,HP(W)) = (®v11§(7rv,>\)7 ®vHP(7rv)) .

Let ¢ € H%(w) and suppose that ¢ = ®,¢,. Observe that each ¢,
belongs to H%(m,) and for almost all v, ¢, is K,—invariant. Comparing
(2.4) and (2.5), it follows that

(26) JQ|P(7T: /\)¢ = ®U(JQ\P(7T11, )‘)¢1})
whenever the product on the right converges.

It is possible to normalize local intertwining operators. Let v be any
valuation of Q and let 7, € II(M(Q,)). It is proved in [A7], [CLL] that
there exist scalar valued meromorphic functions rg p(m,, A) of A € ap ¢
such that the normalized intertwining operators

(2.7) R ip (s A) = 1012 (s A) ™ Jop (4, A)

satisfy the conditions (R;) — (Rg) of Theorem 2.1 of [A7]. We recall
some of the properties satisfied by the normalized intertwining opera-
tors.

(R.1) If S € P(M), then

(28) R5|p(7TU, )\) = Rs‘Q(ﬂ'U, )\)RQ|P(7TU; )\)
(R.2)

(2.9) Rqip(my, A)* = Rpjg(my, =)
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(R.3) Let L € L(M), S € P(L), and Q, Q' € PE(M). Then

(2.10) (Rs@)1s(@) (M0, A)9) . = Ry (o, A) b

for any ¢ € H%(S(R)(Q,)) and k € K,.

(R.4) Let v be a finite place. Suppose that 7, is unramified, and that
K, is very special. Let ¢, € Hp(m,) be a function such that
¢u(k) = ¢y(1) for all k& € K,. Then in the compact picture of
the induced representation, one has

(2.11) R p(Ty, A) by = ¢y

The functions rqp(7y, A) are called normalizing factors. They satisfy
similar properties. We recall some of them. Given P € P(M), let ¥}
be the set of reduced roots of (P, Ay).

(r.1) For g € ¥}, let Mg € L(M) be such that
ar, = {H € an | B(H) = 0}

and let Ps be the unique group in PM# (M) whose simple root
is 8. Then

(2.12) ro|p(Ty, A) = H TPH|Pﬂ(7TU,)\),

BenpNyL,

Note that each rp_p (7, A) depends only on the projection

A(BY).

(r.2) If m, is an irreducible constituent of an induced representation
I¥(a,), where o, € l(M;(Q,)), R € PM(M,), and M; C M,
then

(213) TQ‘P(’]TU,)\) :T'Q(R”p(R)(O'U,)\).
(2.14) 70 P (Mo A)Tp|(Ty, A) = Joip(Ty, A) Jpj (T, A)-

(2.15) rQp(Ty, N) = Tpig(Ty, — ).
(r.5) If v is a finite place of Q, then rg p(m,, A) is a rational function

in the variables {qv_)‘w) | B € ¥f N X%}, where the B’s are
suitably normalized ”coroots”. If v = oo, then rgp(m,, A) is a
rational function in the variables {\(8Y) | 8 € ¥ N Y5}
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Now we return to global intertwining operators. Let m € Iy, (M (A)).
For ¢ € H%(m) with ¢ = ®,¢, set
(216) RQ|P(7T,/\)(]5 = ®1,(RQ‘P(7T1,,/\)¢U).

Since @, is K,- invariant for almost all v, it follows from (2.11) that the
right hand side is actually a finite product and therefore, it converges
for all A € a}, ¢ which are not poles of the local intertwining operators.
In this way we get a a meromorphic operator valued function

Roip(m, A) : HE(7) — 'HOQ(W)

of A € aj;c. Using the isomorphism (2.3) and the corresponding one
for (), we obtain a meromorphic operator valued function

Noip(m, A): AZ(P) = AZ(Q)
of A € aj; ¢ such that

(2.17) Jg o Ngip(m, A) = (Rgp(m,A) @ 1d) o jp.
Furthermore, put
(2.18) rq|p(m, A) = H rqp(my, A).

By (R.4) it follows that for ¢ as above, we have
JQ\P(T’U: )‘)QS'U = TQ|P(7T’U7 )\)va

for almost all v. Therefore, the infinite product (2.18) converges in the
domain of absolute convergence of the infinite product (2.6) and for A
in this domain we have

(2.19) Mqp(m,A) = rqp(m, A)Nojp(T, A).

Since both Mg p(m, A) and Ng|p(m, A) are meromorphic functions of
A € ajy ¢, it follows that rgp(m, A) admits a meromorphic continuation
to aj; c. The meromorphic function rg p(m, A) is the global normalizing
factor and Ngp(7, A) is the normalized global intertwining operator.

Using (2.12), (2.14), (2.15) and the functional equations (2.2), it follows
that rgp(m, A) has the following properties

(1)
(2.20) roip(m, A)rpig(m, A) = 1.
(2)
(2:21) rqip(m,X) = rpg(m, —X).
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(3) For each 8 € ¥f, N Y% let Pg be as in (2.12). Then

(2.22) re(mA) = [ reye,(m A

ﬂEETQﬂE%

Note that 75, p, (7, A) depends only on the projection A(8Y).

3. LOCAL NORMALIZING FACTORS

In this section we shall investigate the local normalizing factors in more
detail. In particular, we shall study their logarithmic derivatives. To
begin with, we recall the construction of the normalizing factors.

First assume that v is a finite valuation. Then the existence of nor-
malizing factors such that Theorem 2.1 of [A7] holds has been verified
by Langlands in [CLL], Lecture 15. Let m, € II(M(Q,)). The lo-
cal normalizing factors rgp(my, A) have to satisfy (2.1)-(2.3) in [AT].
Therefore, it suffices to define them when dim(ay/ag) = 1 and 7, is
square integrable modulo Ag. Assume for the moment that these con-
ditions are satisfied. Let P € P(M) and let o be the unique simple
root of (P, Apr). Then Langlands has shown that there exists a rational
function Vp(m,, 2) of one variable such that

(3'1) TF|P(7TU’ )‘) = VP(T‘-va qv—)\(&))’

where & € a, is independent of 7,. We recall the definition of Vp(m,, 2).
Suppose that P, is a parabolic subgroup of G defined over @, and let
M, be a Levi component of P, over Q,. Denote by A, the split
component of the center of M,. Set
an = Hom(X(M'U)QU ) R)

and

ay, = X (My)g, R
Let

Hy, o My(Qy) — an,
be defined by

g X = |x(my)lo, X € X(My)g,, my € My(Qy).
Given 7 € II(M,(Q,)) and X € iaj, , let w5 denote the representation
defined by
Ta(my) = m(my) e M) = e ML (Q,).

Let
G, = {A €day, | T =7}
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denote the stabilizer of m with respect to this action of 7aj, . Then
ays, - 1S @ lattice in ¢a}, and the orbit o, of 7 is equal to iay, /ay, ..
Let

an,.0 = Hu, (My(Qy)), a0, = Har, (A, (Q))-

Then ay, g, and ay, @, are lattices in ay,. Given a real vector space
V and a closed subgroup V; of V,

V)Y = Hom(Vy, 2miZ) C iV'*.
let us agree to set Let ay, . C ap, be the dual lattice to ay, .. Then
a1, C Oatyir C O01,,Q -
Set
Lu, = (a0, +686,) /96, Lu, = (B0 + 96,) /0,

and
L(ﬂ-) = (a1\4v77r + an) /an

Then Ly, Ly, and L(r) are lattices in aly = au,/ac,-

Suppose that P, is a maximal parabolic subgroup, that is dim aG” =
Then there exists a(m) € ayy, such that

Lir) = 8974 (m).

2T

In [Sil] Silberger has shown that for a supercuspidal representation
7 there exists a rational function Up, (7, z) such that the Plancherel
measure u(m, A) satisfies

(3.2) pu(m, ) = Up, (m, g ™))
Let o € ayy, be such that

lo ~
Lu, = 5 2(@).
Since L(m) C Ly, there exists k(m) € Z such that a(m) = k(7)a. Let
(3.3) Up, (m,2) = Up, (m, 2F().

Then

N’(ﬂ-’ )‘) = UPU (7Ta qi/\(a)) .
Now suppose that P, is arbitrary, but 7 is still supercuspidal. For
each reduced root a € %, (P,, A,) let A, denote the largest subtorus

of A, which lies in the kernel of the root character of a. Let M, de-
note the centralizer of A,. Let *P, = P,N M,. Then *P, = M,N,,.
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Let po(m, A) be the Plancherel measure with respect to (M,,*P,). Ac-
cording to [HC3], Theorem 24, there exist constants v = v(G/M) and
Yo =7(My/M), a € ¥,(P,, A,), such that

(34) VrumA) = [ atselm ),

€3 (Py,Ay)

Hence if {a | o € Ap,} is a set of generators of the lattice Ly,
then y(m, \) is a rational function in the variables {¢™*® | o € Ap,}.
Finally, by Theorem 1 of [Si2], this can be extended to all discrete series
representations of M, (Q,).

Now let P = M N be a maximal parabolic subgroup of G defined over
Q. Then X(M)q C X(M)q, induces an embedding a3, C aj, and by
the above, it follows that there exists & € a;; and a rational function
Up(m, z) such that

(3-5) p(m, A) = Up (7, ),

for all 7 € Ia(M(Qy)), A € aj;c. As shown by Langlands [CLL], the
rational function Up(7, z) has the form
T (-2l —a !t
UP(’JT,Z) :aH:ZI( O!Z)( gz_lz)’
[[i: (1 = Biz)(1 = 8; 2)

where the «;’s and (s satisfy |o;| < 1, || < 1,4 =1,...,r, and a
is a certain constant. Then the rational function Vp(w,z) in (3.1) is
defined by

H§:1(1 — Biz)
(3 6) VP(’]T’ Z) bH::1(1 _ CVZ'Z)
for a suitable constant b. In particular, it follows that 2r is the number
of poles of Up(m, z). For our applications we need a bound for r. This
is done in the following lemma.

Lemma 3.1. Let M € L(M,) be such that dim(ay/ag) = 1. There
erists C > 0 such that for all P € P(M) and all m € Iy(M(Q,)) the

number of poles of the rational function Vp(r,z) is less than or equal
to C.

Proof. Let P, be a maximal parabolic subgroup of GG defined over Q,
and let 7 € I1(M,(Q,)) be supercuspidal. By Theorem 1.6 of [Sil], the

rational function Up, (7, z) in (3.2) has at most 4 poles. Now observe
that Ly, C L(m) C Ly, and Ly, /Ly, is finite. This implies that the
number of poles of the rational function Up, (7, z) defined by (3.3) is
bounded by a constant which is independent of 7. The general case is
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reduced to this one using the product formula (3.4) and Theorem 1 of
[Si2]. O

Using (2.1)-(2.3) of [A7], the local normalizing factors can be defined
for all M € L(M,), P,Q € P(M) and m, € II(M(Q,)).

Next suppose that v = oo. In this case the existence of normalizing
factors such that Theorem 2.1 in [A7] holds has been established by
Arthur [A7]. The definition is as follows. Let “M be the L-group of
M and let p = pg p be the contragredient representation of the adjoint
representation pg p of LM on the complex vector space “ngNinp\Ing.
Let L(s, 7, p) be the L-factor attached to 7 and p = pgp. Then Arthur
has shown in [A7] that the functions

L(07 PN ,0)
L(la PN /0)
satisfy all properties required by normalizing factors. We briefly recall

the definition of the L-function and refer to [A7, pp.33-35] for more
details.

(3.7) rop(m, A) =

To any 7 € II(M(R)) and ) € aj ¢, there corresponds a map
Or: Wr ="M

from the Weil group of R to the L-group of M, which is uniquely
determined by 7 up to conjugation by “M?° [L3]. Let

(3.8) PP\ = @TA

be the decomposition of p - ¢, into irreducible representations of Wx.
Then by definition

L(s,mx, p) = L(s,p- ¢) = [ L(s, 7).

So it remains to describe the L-factors L(0,7y)L(1,7,)~". To this end
let T"C M be a maximal torus over R whose real split component is
Apnr. Let (A, AY) denote the canonical pairing X*(T) x X,(T) — Z
between the space X*(T') of characters and the space X,(T') of one-
parameter subgroups of 7. Let Xp(G,T) be the set of roots of (G, T)
which restrict to roots of (P, Ays). The Galois group Gal(C/R) acts on
Yp(G,T). Let & be the action of the nontrivial element of Gal(C/R).
The eigenspaces of pgp(¢x(C*)) are the root spaces of {—a'|a €
Yp(G,T)} and the irreducible constituents 7, of g p - ¢ correspond
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to orbits of & in ¥p(G, T). Furthermore, the map ¢: W — LM de-
termines elements pu,v € X*(T) ® C with y — v € X*(T). Let

Tc(z) :=2(27m) “T'(2) and Tg(2) = 7 */?T'(2/2).
If a two-dimensional constituent 7, corresponds to a pair {«,ca} of

complex roots, then 7, is induced from the quasi-character

Z = Z(u-}—)\,aV)E(V—f—)\,av)

of C*. Replacing oV by g if necessary, we can assume that (Gpu —
i, @) is a nonpositive integer. Then

L(0,7) _  Tc({p+Aa%)
L(L,m)  Te((p+Aa¥)+1)

The one-dimensional constituents 7, correspond to real roots ag in
Yp(G,T). There is at most one of these. If o exists, then 7, is
induced from the quasi-character of R*

—Ny
| ’

where Ny € {0,1}. In this case

LO,7) _  Tr({p+A og) + No)
L(1,7m)  Tr((p+Aeg) +No+1)

(3.9)

(3.10)

Remark: It has been conjectured by Langlands [L1, p.282] that for any
local field, intertwining operators can be normalized by L-functions.
For GL(n) this was proved by Shahidi [Sh2]. Namely, let P be a
standard maximal parabolic subgroup of GL(n). Then ajc = C?
and Mp = GL(ny) x GL(ng) for some decomposition n = n; + na.
Let F' be a local non-Archimedean field and let i be a non-trivial
additive character of F. Let m; ® my be an irreducible unitary rep-
resentation of Mp(F) = GL(n1, F) x GL(ng, F)). Let L(z,m X 73)
and e(z,m X 7r2,1) be the Rankin-Selberg L-function and the e-factor
defined by Jacquet, Piatetski-Shapiro and Shalika [JPS]. Then the
normalizing factor r5 (7, s), s = (s1, 52), can be chosen to be

L(Sl — 89,71 X 7VT2)
8(81 — 89,M1 X 77'2,’(/))[1(1 + 81 — S9, T X 77'2)

rﬁ\P(ﬂ-a 5) =

In [Sh4], this has been generalized to quasi-split groups and generic
representations 7.

We can now estimate the logarithmic derivatives of the normalizing
factors. First we consider the case of a finite place v. Let ¢, be the
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number of elements of the residue field of Q, (which in our case is a
prime number).

Lemma 3.2. Let o € (a},)*. There exist C,c > 0 such that for every
finite valuation v and every m, € II(M(Q,)) we have
d

(3.11) rqip(my, 2a) " - %rqp(m, za)| < Cg,?

for Re(z) > c.

Proof. First we assume that dimay/ag = 1 and 7, € II(M(Q,)) is
square integrable modulo Ay;(Q,). Let « be the unique simple root of
(P, A). Then rp p(my, A) is given by (3.1). Let A = za, 2 € C. Then
A(@¥) = z and by (3.6), it follows that

rpp(To, 20) 7 —-rpip(my, 20) =log(g) ¢,

) i { Bi _ @ }
—~\1-6i¢,” 1-og”?
Recall that the o;’s and §;’s satisfy || < 1, |G| < 1,4 = 1,...,r.
Moreover, by Lemma 3.1 there exists C'y > 0, which is independent of

7y € II(M(Q,)), such that » < C). Therefore, for Re(z) > 3 we obtain

d 1 v U—Re(z)
(3.12) rp“p(m,,zoz)_l—rp‘P(m,zoz) SClM

dz 1- Qv
Now let M € L(M,) be arbitrary, but still assume that m, is square
integrable modulo A;(Q,). Let P,Q € P(M). For each 3 € X%, let
Mg € L(M) be such that

arg = {H € ay ‘ ﬂ(H) = 0}

Then dimay/ap, = 1. Let P be the unique group in PMs (M) whose
simple root is 8. Furthermore, let o € (aj)*, v € aj,;c and z € C.
Then by (2.12) we get
d
rqip(my, za+v) 7" - Ermp(m, zo+ v)
Y -1 d v
= Z Tﬁﬂ|Pﬁ(7Tv,<ZOZ+V,6 >/B) : _TFB|Pﬁ(7TUa<za+VaB >IB)

BEXLNEL dz
L]

By assumption we have {a, 8Y) > 0 for every g € ¥%. If (o, 8Y) = 0,
then the corresponding logarithmic derivative vanishes. Suppose that



TRACE FORMULA 25

a:= (o, ") > 0. Let ¢g > 0 be such that || 8 ||< ¢ for all 3 € X%,
Then

Re (z{(a, BY) + (v, 8Y)) > aRe(z) — ¢ || v ||
and it follows from (3.7) that there exist C,c¢ > 0, depending on «, ¢
and || v ||, such that

d
(3.13) rqip(my, za+v) 7" - %rmp(m,, za+v)| < Cq,?
for all m, € II,(M(Q,)) and Re(z) > c.
Next assume that 7, is tempered. Then 7, is an irreducible constituent
of an induced representation I¥(7,), where R € PM(M,), M; C M

and 7, € II5(Mg(Q,)). Then I§(m,,) is canonically isomorphic to a
subrepresentation of If z)(75,1) and by (2.13) we have

rq|P(Ty, A) = To(r)|P(R) (Tu; A),

where P(R) € P, Q(R) C Q. Now recall that there is a canoni-
cal inclusion aj C a}( R) and with respect to this inclusion, we have
(ap)™ C (apg)*- Thus o can be identified with an element of (ap ) *.
Hence (3.11) holds for all tempered 7, € II(M(Q,)).

Now let 7, be an arbitrary representation in II(M(Q,)). Then 7, is the
Langlands quotient J} (7,, 1) of a representation I (7, 1), where Mg
is an admissible Levi subgroup of M, 7, € TI(Mg(Q,)) is a tempered
representation, and yu is a point in the chamber of (a})* = a%/a},

attached to R [Si3]. Set A = u+ A. Then, as explained in [A7, p.30],
we have

(3.14) Q|P(Tv, A) = ror) P(R) (To, A)-
Let p, € a3, be defined by
5p(a)t/? = gPH@) g € Ay,
Then it follows from Theorem 3.3 of Chapter XI of [BW] that
(1, BY) < (ps, 8Y), B € P(R,Ag).

Since p belongs to a%/a},, it follows that || u ||<|| py || Let a €
(a%)T. As observed above, a can be identified with an element of
(apr)) " Hence, combining (3.13) and (3.14) the desired estimation
(3.11) follows. O

Next we consider the infinite place. Let 7 € II(M(R)) and let ¢: Wr —
LM be the map associated to 7. Let p,v € X*(T) ® C be the elements
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determined by the map ¢ (see [L3], [A7, p.34]). To indicate the depen-
dence on 7, we shall write u, and v,. We note that there is a canonical
injection of the space

e = X (M)g ®C
into X*(T) ® C.
Lemma 3.3. Let § € (a3,)". There ezist C,c > 0 such that

(315) T‘Q|p(7’l’, Zﬁ)il . %TQUD(’]T, Zﬁ) < C

for for all m € II(M(R)) and all z € C with Re(z) > ¢

Proof. First assume that 7 € II(M(R)) is tempered. As explained
above, the normalizing factor rqp(m, A) is a product of finitely many
meromorphic functions each of which is either of the form (3.9) or
(3.10). So it suffices to consider the logarithmic derivative of the
Gamma factors. Recall that for Re(z) > 0 the following formula holds

7F,(Z+1) = i—i—log,z—/oo{l— l+ L }e“zdu
I(z+1) 2z o 2 u e-1

[Wh, p.248]. Let 0 < a < 1 and Re(z) > 2. Then we get

I"(z) I'(2+a)

[(z)  T(z+a)

+log (1 + +—

= Re(z) 1‘ 2

1 1 1
2 - - _— | ,—uRe(z)/2 du.
+ /0 ‘2 " + o 1 ‘e u

Hence there exists C' > 0 such that
') _T'(z+a)
[(z) T(z+a)

(3.16) <C for Re(z)>2

Let 8 € (ay)*, v € ajc and o € Xp(G,T). Since a [ ay is a root
of (P, A), it follows that (3,a") > 0. Let a € ¥p(G,T) be such that
(Tlr — pir, @) < 0. Then we have Re(pr, a¥) > 0. Hence

Re(ur + 28 +v,0") 2 (B,0")Re(z)— | a || - | || -

Using (3.16) together with (3.9) and (3.10), it follows that there exist
constants C, ¢ > 0 such that

s e () | <o

for Re(z) > ¢(14 || v ||) and all 7 € TI(M(R)), where 7, and 7, are
related by (3.8).
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Now let 7 be an arbitrary representation in II(M(R)). Then there
exist a parabolic subgroup R of M, a tempered representation 7 of
Mpg(R) and a point ¢ in the positive chamber of (a},/a},) attached to
R such that 7 is equivalent to the Langlands quotient Jg(7,£) [L3]. Set
A =&+ ). Then, as explained in [A7, p.30], we have

rop(m, A) = ror)pr) (T, A).
Moreover, by Theorem 5.2 of Chapter IV of [BW] it follows that
|Re(§,aY)| <4 pp || forall o€ Ap.
Together with (3.17) this implies the claimed result. O

4. POLES OF GLOBAL NORMALIZING FACTORS

Let M € L(My) and P,Q € P(M). Let 7 € Ty (M(A)) with 7 =
®,m,. Then by §2 the infinite product

roe(m,A) = [ [ raie(m, 3)
v
is absolutely convergent in some chamber and admits an analytic ex-
tension to a meromorphic function of A € aj, . In this section we shall
study the poles of rgp(m, A).

Recall that a function f: C¥ — C is called a meromorphic function of
order p > 0, if f can be written as a quotient f = g;/g, of two entire
functions g; : CV — C, i = 1,2, satisfying

gi(2)| < CeFl”, 2 e CN, i=1,2,

for certain constants C,c > 0. With this definition we have the follow-
ing proposition.

Proposition 4.1. Let n = dimG(R)/ K. For all m € Ty (M(A)),
the normalizing factor rqp(m, X) is a meromorphic function of A € ahrc
of order < n + 2.

Proof. By (2.22) we may assume that dim(a,;/ag) = 1. Let P € P(M)
and let « be the unique simple root of (P, Ayr). Let 7 € Ty (M (A)).
Then A%(P) # {0} and we have to consider the intertwining oper-
ator Mg p(m,A). Recall that Mz p(m, A) is unitary for A € daj,. In
particular, Mg, p(m, A) is regular at A = 0. Put

M(ﬂ-a )‘) = MP\?(T‘-: O)M?|P(7T: /\)a A€ a;l,(C'
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Next consider the normalized intertwining operator Np p(m, A) which
is defined by (2.19). It follows from (2.8), (2.9), (2.16) and (2.17) that

NP|ﬁ(7T, 0)*NP|ﬁ(7T: 0) =1d.
Hence Npp(m, A) is regular at A = 0 and Npp(7,0) is invertible. Put
N(ﬂ-: )‘) = NP|?(7Ta O)Nﬁ|P(7T, )‘)a A€ a;l,(C'
Furthermore by (2.20) and (2.21) we get
(4.1) rep(m A =1, A €iaj,.

Thus 75 p(7, A) is also regular at A = 0 and r5p(7,0) # 0. By (2.19)
we get

(4.2) M(m, A) = rpp(m, 0)rp p(m, A)N (7, A).

Now observe that there exists an open compact subgroup K; C G(Ay)
such that A2 (P)x, # {0}. Hence there exists o € II(K,) such that
A2(P)k; 0 # {0} (cf. section 1.8 for the definition). Put

d=dim AZ(P)k, o
and
c(ﬂ-a J) = TP|?(71—1 0)_d
Then |c(m,0)| = 1. Let M(m, M)k, (resp. N(m, Ak, o) denote the

restriction of M (m, A) (resp. N(m, \)) to the subspace A2 (P)k;,. Then
we have det N (7, \)k, , # 0 and by (4.2) we get

(4.3) rpp(m, A = c(m,0) (EAA{((: i))?:

Thus it suffices to prove that both the numerator and the denomi-
nator on the right hand side are meromorphic functions of order <
n+2. As for the numerator, it follows from Theorem 0.1 of [Mu3] that
det M (m, \)k,,» is a meromorphic function of A € aj}; ¢ of order < n+2.
In fact, in [Mu3] we only dealt with the case of the trivial character &.
However, all the results of [Mu3] can be extend without any difficulty
to the case of a nontrivial character £. It remains to consider the de-
nominator. By (2.11), (2.16) and (2.17) there exists a finite set S, of
finite places of Q such that

det N (1, \)xc,., = det (RP@(%O, 0)o R p (oo, )\)U)

(4.4) H det ( P, 0) K Rﬁ|P(7T1,,)\)Kv> ;
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where Rp p(Too; A), denotes the restriction of Rpp(7ao, A) to the o-
isotypical subspace Hp(meo)s of Hp(meo) and Rp p(my, M)k, denotes
the restriction of R p(my, A) to the subspace Hp(m,)"" of K,-invariant
functions. By Theorem 2.1 of [A7], Rpp(7e, A) is a rational function
of A(") and for each finite place v, Rpp(my, A) is a rational function

of ¢;X@). Therefore det(Rpp(Too; 0)o RBpp(Toos A) o) is a rational func-
tions of A(a) and for each v < oo, det(Rpp(my, 0) i, B p (s ) i, ) 18

a rational function of ¢, M) Since the function z € C g * is en-
tire and of order 1, it follows that det N(m, )y x, is a meromorphic
function of A € a}, ¢ of order < 1. By (4.3) it follows that 5 p(m, A)?
and hence 75 p(m, A) is a meromorphic function of A € aj,¢ of order
<n+2. O

Remark. Assume that G is a quasi-split connected reductive group
over a number field F' with ring of adeles Ar. Let P = MN be a
maximal parabolic subgroup of G. Let 7 be a globally generic cus-
pidal representation of M(Ag). Then it follows from [Sh4] that the
intertwining operator Mg p(m, A) can be normalized by automorphic
L-functions. Furthermore in [GS], Gelbart and Shahidi proved that
the L-functions occurring in the normalizing factor are meromorphic
functions of order 1. Therefore, one should expect that the normalizing
factor rgp(m, A) is of order 1 in general.

Now assume that dimay/ag = 1. Our next goal is to estimate the
number of poles of 75 p(m, A) in a circle of radius B > 0. For this
purpose we have to introduce some notation.

Let Iy (M (A); Kf) be the space of representations defined by (1.2).
For every 7 € [y (M (A); K;) we have AZ(P)Xsr #£ {0}.

Let m be an irreducible unitary representation of M (R) and let I§(m)
be the induced representation of G(R). Recall that among all K-
types 7o occurring in I§(7), the minimal K -types of IS () are those
7z for which |A" + 2pk/|* is minimizing at A’ = A. Let Wp(7) be the
set of minimal K.-types of I§(m). Then Wp(w) is a non empty finite
subset of II(K ). Let A; be the Casimir eigenvalues of 7 and for any
T € II(K), let A, be the Casimir eigenvalue of 7. Put

(4.5) Az := min /A2 4+ A2

TEWp(w)

If 7 € II(M(A)), put
A=A

Moo *
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For a given pole n of r5p(7, A), let m(n) denote its order. Set
np(m, B) = 3 m(n),
n<R

where the sum runs over all poles of 75 (7, A).

Proposition 4.2. Let m = dimG and let Ky be an open compact
subgroup of G(Ay). There exists C > 0 such that for all R > 0 and all
7 € Hyise(M(A); Kf) we have

np(m, R) < C(1+ R? + A7)™™
Proof. Let m € Ilgs.(M(A); Kf). Then there exists o € II(K) such
that AZ(P)k, # {0}. Put
N(m,A) = Npp(m, A)Npjp(m,0), A€ ajc.
Then
N(m,\)N(m,\) =1d
and by (4.3) we get
(4.6)  rpp(m, AN = c(m,0) det(M(m, Nk, o) - det(N(m, X k,.0)-

Thus it suffices to estimate the number of poles of the functions oc-
curring on the right. It follows from Proposition 6.6 and Lemma
6.1 of [Mu3], that the number of poles, counted with their order, of
det M(m, A)k,,, in the disc [A| < R is bounded by

C(1+ R>+ A2+ \2)%,

where C' > 0 is independent of 7 and o. As noted above, in [Mu3| we
only dealt with the case of the trivial character £. However, everything
can be extended to a nontrivial character ¢ without any difficulty.

It remains to consider det N(m, A)k,,,. For any place v let
R(my, \) = Rpp(my, ) Rp)p(my, 0).
By (2.16) and (2.17) we have
N(m, A) o jp = jpo ((®R(m,,\) @1d)
and there exists a finite set S, of finite places, which depends only on
m and Ky, such that
E(m, )\)Kv = Id
for all v ¢ S; U{oo}. Thus

(4.7)  det (N(m, Nk, ,0) = det (R(moo, A Hdet (7o, Vi, ) -
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Let np(m,, R), v < 00, (resp. np(mew, I)) denote the number of poles,
counted with the order, of det (R(my, \)k,) (resp. det (R(7, A)s)) in
the disc |A\| < R. Then we have to estimate np(m,, R) for any v < oo.

Let v < oo and let m, be any irreducible unitary representation of
M(Q,). Let @ € ap be as (3.5). By Theorem 2.2.2 of [Sh1] there
exists a polynomial @Q,(z), @,(0) = 1, such that

Qv (%) Jpp(ms, N)

is a holomorphic and non-zero operator. Moreover, the degree of the
polynomial @), is independent of m,. Let

d, = dim HP(’]TU)KU.
Then it follows from (2.7) and the definition of R(,, ) that

TP\F(%, A)®Q, ( v_)‘(a ) " det (R(m, ’\)Kv)

is a holomorphic function on aj, . By (r.5) there exist polynomials
Pi(z) and P»(z) such that

P1( *A(a))

rp (T, A) = ol @)

Thus 1t sufﬁces to estimate the number of zeros of P;(g» )‘(a)) and
Qv(qv @) ), respectively, in a circle of radius R > 0. First observe
that for every z € C the number of solutions of ¢;* = z in the disc
|s| < R is bounded by 1 + (27)~'log(g,)R. Furthermore, the degree
of the polynomial @, is bounded by some constant ¢, > 0 which is
independent of ,. Using Lemma 3.1 and (2.1)—(2.3) of [A7], it follows
that the degree of the polynomial P;(z) is also bounded by a constant
which is independent of 7,. This implies that there exists C, > 0 such
that
np(my, R) < C,dim (Hp(m,)*) (1 + R)

for all m, € II(M(Q,)) and R > 0. It remains to estimate the dimension
of Hp(m,) . Suppose that m, is the component at v of a representation
T € i (M(A)); Kf). Then there exists £ € II(Ap (R)°) such that 7 €
Myise (M (A))e. Let Hp(ﬂ')([;(f be the o-isotypical subspace of Hp(m)¥s
By (2.3) it follows that

K M(A ~
Hp(m)o " ® Homaseay (7, Ingig) anrmyo (6) = AZ(P) k0
Moreover we have

Hp(1)s! 2 Hp(To)o ®HP )%
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and dim Hp ()% =1 for v ¢ S,. Thus it follows that
dim Hp(my) " < dim AZ(P) k.-

The right hand side can be estimated by Lemma 6.1 of [Mu3]. It follows
that

(4.8) np (e, R) < Cy(1+ A2 + A2)*™(1 + R).

Now let v = 0o and let 7, € I[I(M(R)). Set
J(Too, A) = JpE(Toos A) J5p(Too, 0)-

Then

_ -1_
(4.9) R, )) = (rp‘ﬁ(woo, )7y (oo, o)) T (Toos A).
Let Kproo = Koo N M(R) and let

Ol kg oo = GB N,T.
TEH(KM,OO)

Set

[0: Too] = Z N7 [T 2 Too| Koo )-
TEN(K 0, 00)
By Corollary 4.7 of [VW], there exist complex numbers a;(7), ¢ =
1.,y and b;(7eo,0), @ = 1,...,7[0 : T, With 7 = r(7s) depending
only on 7., and a constant C' € C, such that

detJ (oo, \)
(4.10) o LT o) [(Kpp, @) — ai(me)) 7™
[T0=7 7=l 1 (A, a¥) / (4{pp, @¥)) — bi(T0))

Lemma 4.3. There exists ¢ > 0 such that r(1) < ¢ for all T €
[I(M(R)).

Proof. Let b, be the polynomial which is associated to 7 by Theorem
1.5 of [VW]. Then r(7) is the degree of b, [VW, p.228]. So we have
to estimate the degree of b.. The polynomial b, is obtained from a
more general polynomial b, occurring in Theorem 2.2 of [VW] by
choosing A = 4pp. The polynomial b, is associated to 7 and a finite
dimensional representation (7, F') of G satisfying the conditions (1)—(3)
in [VW, p.210]. Then A is the action of ay; on F". It follows from the
constructions on pp. 217-219 in [VW], that the polynomial b, is the
product of the denominator of 3 and the denominator of the element
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%,, defined on p.219. Let Q € Z(gc) be the Casimir element, and let
XA be the infinitesimal character of 7. Then it follows that b, 5 equals

bralv) = H (Xa+0(2) = XA+V+)\—N(Q))T(M)

uen(F)—{A}

H (XAa+0A(2) — XA+V+M(Q))7"(M)

HETI(F)— {7}

Here II(F) denotes the set of weights of F' with respect to a fixed
Cartan subalgebra b of g and r(u) is the multiplicity of a given weight
p. From this description of b, it follows that

r(r) < 2(dim F — 1).

Finally, b, is obtained by choosing F' to be the representation described
in example 2.1 of [VW]. O

Now recall that the poles of the Gamma function I'(z) are simple poles
at z = 0,—1,—2,... and 1/T'(z) is entire. Then it follows from (4.10)
together with Lemma 4.3 that there exists a constant C; > 0, indepen-
dent of 7., such that the number of zeros, counted with their order,
of det J(7s, A) in the disc |A| < R is bounded by

(4.11) Cilo : 7](1 + R).

By Theorem 8.1 of [Kn] and remark 1 following Theorem 8.4 in [Kn],
we have
[0 o) < Z n, dim7 < dimo.
TEI(K M, 00)

Furthermore, by Weyl’s dimension formula, there exists Cy > 0 such
that dimo < Cy(1+A2)?, where p = 1/2dim K. Thus (4.11) is bounded
by

Cy(1+ A2)P(1+ R).

It remains to consider the normalizing factor 7p5(7o, A). It is given
by formula (3.7). Let ¢, : Wr — £ M be the map associated to (7).
Let g be the number of irreducible constituents occurring in the decom-
position (3.8) of p - ¢5. Then ¢ is bounded independently of 7 and it
follows from the description of the L-factors in §3 that rp|p(7roo, A)isa
product of ¢ meromorphic functions of the form (3.9) or (3.10). From
the form of these functions it follows immediately that the number of
poles, counted with their order, of rp5(7e, A) in the disc [A| < R is
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bounded by C'(1+ R). Putting our estimated together, we have proved
that there exists C' > 0, depending on Ky, such that

(4.12) np(m, R) < C(1+ R? 4+ )2 4+ \2)®™

for all R > 0, and all 7 € g (M(A)) and o € TI(K) such that
AZ(P) Ky # {0}

Let m € Tly(M(A); K;). Let 7 be a minimal K -type of IS (7).
Choose o € [I(K ) such that 0 = 7. Then (4.12) applied to o together
with the definition of A, implies the proposition. U

Corollary 4.4. Let m = dim G and n = 16m+2. There exists C' > 0,
depending on K, such that for each m € Iy (M (A); Ky) we have

>

p#0

< C(1+ A2)*™
\pl

where p runs over the poles of Tpp(m, A).

5. LOGARITHMIC DERIVATIVES OF GLOBAL NORMALIZING FACTORS

In this section we shall study generalized logarithmic derivatives of
the global normalizing factors. First we assume that M € L(M,)
is such that dimay//dimag = 1. Let P € P(M) and let « be the
unique simple root of (P, A). Let m € My (M(A)) with 7 = ®,m,. By
property (r.5) satisfied by the local normalizing factors, it follows that
for each place v, there exists a meromorphic function 75 p(,, 2) of one
complex variable z such that the local normalizing factor r5p(my, A) is
given by

rpp(To, A) = 7pip(T0, Aa)).
Let
TP‘P T, Z HTP|P Ty, &
The infinite product is absolutely convergent in the half-plane Re(z) >

pp(aY), admits a meromorphic continuation to C and the global nor-
malizing factor is given by

r5p(T, A) = Tpp(m, AM@Y)), X € aye.

Our present goal is to estimate the logarithmic derivative of 75 p(m, 2)
along the imaginary axis.
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To begin with, observe that by Lemma 3.2 and Lemma 3.3 there exist
C,c > 0 such that

’Fﬁ|P(7T, Z)_l %fﬁ|P(7T, Z)

<y

v<00

for all 7 € Iy (M(A)) and Re(z) > c. Using (2.20) and (2.21), it
follows that the function 7p p(, 2) satisfies

(52) ;}:lﬁ|P(7r’ Z)’Fﬁ‘l_—,(ﬂ', —E) =1.

Hence we get

(5.1) g

7:?|P(7Tv’ Z)_lafﬁm(% z)

<C

?

(=) (T2 (r -3

and together with (5.1) we obtain the following proposition.
Proposition 5.1. There exist C,c > 0 such that

77?|P(7r7 Z)il %Fﬁ|P(7r7 Z)

<C

fF|P(7ra Z)_lafp“;(ﬂ', Z)
for all m € My (M(A)) and all z € C with |Re(z)| > c.

In order to get estimates for the logarithmic derivative on the imaginary
axis, we shall use the partial fraction decomposition of the meromorphic
function 7% p (7, 2) ' (d/dz) (75 p(T, 2)), which allows us to treat the
sum of the principal parts separately. Let n = 16dim G + 2. Then it
follows from Corollary 4.4 that 75p(, 2) is a meromorphic function of
order < n. Thus there exist entire functions r(w, 2) and ryo(m, z) of
order < n such that

Tl(ﬂ—a Z)

T (ﬂ—a Z) '

?F|P(7T7 Z) =
Furthermore, observe that by (5.2) a complex number 7 is a zero of

75 p(m, 2) if and only if —7 is a pole of 75 p(m, 2). Thus by Hadamard’s
factorization theorem there exists a polynomial Q(z) of degree < n

such that
n k a(n)
1o 5= (21 ()]

(53)  Tpp(m,2) =9

11
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where 7 runs over all zeros of 75p(7, 2) and a(n) denotes the order of
the zero 7.

Let D(m) denote the set of all poles and zeros of 75 p(m,2). Given
n € D(n), we denote by m(n) the order of 7, i.e., m(n) is the integer
such that (z —n)~™" 75 p(m, 2) is holomorphic in a neighborhood of 7
and does not vanish at z = 7. For n € C* we define the function A, (2)

by
182 /2\F
o) = - <_> . zeC
n= \"
Then it follows from Corollary 4.4 that the series

60 fma= 2 M0 S i { -

Z —_—
ne€D(w) TI n€D(x) 77
[n]1<1 [nl>1

is absolutely convergent on compact subsets of C \ D(7) and the re-
sulting function f(m,z) is a meromorphic function on C whose set of
poles equals D(7). Differentiating (5.3), we get

75p(T, z)ldiz%vpp(w, z) = f(m, 2) — Z m(n)h,(z) + Q'(2).
n€D(m)
[nI<1

Thus there is a polynomial g(m, z) of degree < n — 1 such that

d

(5-5) Tpp(m2) " T p(m,2) = f(7,2) + g(7, 2).

We begin with the investigation of g(, 2).
Proposition 5.2. Let m = dimG. There exist C,c > 0 such that

‘g(ﬂ-az” S O(]_ + ‘2‘2 + A72r)18m
for all m € Myye(M(A), Ky) and all z € C with |Re(2)| < c.

Proof. Let ¢ > 0 be the constant occurring in Proposition 5.1. First
assume that |Re(z)| = ¢. By Proposition 5.1 it suffices to estimate
f(m, z). Referring again to Proposition 5.1, it follows that D(w) is
contained in the strip | Re(z)| < ¢. Hence we may assume that ¢ > 0
has been chosen so that for all 7 € Ily.(M(A), Ky), the zeros and
poles of 75 p(m, 2) are contained in the strip |Re(z)| < ¢ — d, where
d > 0 is independent of 7. Hence the poles of f(m, z) are contained in
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|Re(z)] < ¢— 4. Let n € C be a pole of f(m,z). Then for |Re(z)| > ¢
we get

(5.6) |2 =71l > [Re(z —n)| > ¢ — | Re(n)| = 6.

Furthermore, from the definition of f(w, z) it follows that

\ﬂm@hs§j}§¥ﬂ+ S ) [hn2)

w2 e
1
=3 )| = i)
In>2/z]

Using (5.6) and Proposition 4.2, we can estimate the first sum as follows

Z Z im(n)] < nP(W 2|z])

In|<2|z| |n\<2\2\

|z —77\ -
< O+ |2> + A2)®™

Again by Proposition 4.2, we obtain for the second sum

Y. mmky() < Y min)

(5_7) 1<|n|<2(z| 1<[n|<2|2| k=0
< Clz|" 'np(r, 2|z])
< Clz"HL+ |22 + AP

Finally, by Corollary 4.4 we get

Y Imn)

(58) [n|>2|z|

"y [m(n)|
— <2
z2—n h”l(z) — |Z| |n|n_|_1

n|>2z|
< C(14 A2)*" 2
< O(1+ |z + A2)®™

Putting our estimates together, it follows that there exists C' > 0 such
that

f(m,2)| < C(1+ |22 + A2)18™

for |[Re(z)| > c¢. Hence by Proposition 5.1, there exists C' > 0 such
that

(5.9) lg(m,2)] < C(L+ [2]* + A7)
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for all 7 € Mys.(M(A), Kf) and all z € C with |Re(z)| = ¢. Now the
proposition follows from the Phragmen-Lindel6f theorem. ]

Note that Proposition 5.2 gives an upper bound for g(m,z) on the
imaginary axis.

We shall now investigate f(m, z). From the definition of f(m, z) by (5.3)
it is clear that the growth of f(m, z) along the imaginary axis depends
on the distance of the poles and zeros of 75 p(, z) from the imaginary
axis. Therefore, without any further information about the distribution
of the poles and zeros we cannot expect to get any estimates for f(m,i\)
as |A| = oo. However, what we can hope for is to obtain estimates for
integrals involving f(m,i)).

To this end, we decompose f (7, z) as follows

fr2) = 3 mi == 3 mnh(:)
n€D () n€D(m)
[n<2[z] 1<|n]<2]z]
1
+ ) m(n){z_n—h,](z)}.
n€D(x)

[n[>2]z]|

As for the second and the third sum, we observe that the estimations
(5.7) and (5.8) are uniform in z € C. It remains to consider the first
sum which we denote by fi(7, z). Let

Dy () = {n € D(x) | £m(n) > 0}.

Then the map n — —7 is a bijection of D, (7) onto D_(7), and there-
fore, fi(m, z) can be written as

filmz)= m(n){zin - ziﬁ}

n€D 4 ()
Inl<2[z]

In particular, for A € R\ {0} we get

. 2Re(n)
AN == 3 mO) g Tmi)

n€D ()
[n1<2|A|
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Let ¢ € C*(R) be such that 0 < ¢ < 1, ((u) = 0 for |u| > 3 and
((u) =1 for |u| < 2. Then it follows that

2| Re(n)|

AmNI< Y, mO) g e

n€D 4 (m)
In<2|A]

) 2| Re(r)
Z C(w) ) R + (%~ ()2

neD4(

Thus we have proved that for A € R\ {0} the following inequality holds

. Wl 3/ Rels)
sy IS 2 < (1) ™0 R 0 i

+ C(1+ M 4 A2)®m

Put

n 2| Re(n) |
Z C(W) )Re(n)2+()\_1m(n))2’ A#0;

n€D (m)

0, A=0.

F()) =

Note that 0 ¢ D(w). Therefore, on any finite interval [—a,a], F())
is the sum of finitely many smooth and nonnegative functions. Hence
F()) is a smooth and nonnegative function. We shall now estimate the
integral of F'(u) over a finite interval. Using Proposition 4.2 and the
properties of (, we obtain

) A 9 Re(y)
[ Fedns 3 mon | Re(m)? + (u— Im(m))? ™

n€ED 4 ()

(5.11) <3
2np(m, 30)

<
< C(1+ N2+ A2)3m
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Let N > 8m+2 and R > 0. Using integration by parts and (5.11), we
obtain

/ * P () (1) du

R :‘/_Z </OuF(t)dt) %(1+u2)Ndu

/R F(t) dt‘ (1+RH) N

+

< O(14A2)m / 1+ L) d

R du
< Cn(1+ A2)%™.

Here we have used that by (5.11) the boundary term is bounded by a
constant independent of R. Since F' > 0, this inequality implies that
F(u) is integrable with respect to the measure (1 + u?)""du. Putting
our estimates together, we obtain the following theorem.
Theorem 5.3. Let M € L(My) and assume that dimay/ag = 1. Let
P € P(M) and let m = dim G(R). For every N > 8m + 2 there exists
Cn > 0 such that for all m € Tge.(M(A); Ky) the following inequality
holds

J

Now suppose that M € L£(M,) is arbitrary. Then we have to consider
the multidimensional logarithmic derivatives of the normalizing factors
defined by Arthur in [A4]. For this purpose we will use the notion of
a (G, M) family introduced by Arthur in Section 6 of [A5]. For the
convenience of the reader we recall the definition of a (G, M) family
and explain some of its properties.

For each P € P(M), let cp()) be a smooth function on ia%,. Then the
set

d
fF|P(7T, iu)_I%fF\P(ﬂ—’ i) |(14u?)Ndu < Cy(1+ Ai)le‘

{cp(N) [ P e P(M)}
is called a (G, M) family if the following holds: Let P, P' € P(M) be
adjacent parabolic groups and suppose that A belongs to the hyperplane
spanned by the common wall of the chambers of P and P’. Then

Cp()\) = Cpl()\).
Let
(5.12) 0p(\) = vol (aZ/Z(A%)) " ] MaY), A€ iap,

a€EAp
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where Z(AY,) is the lattice in a§ generated by the co-roots
{a" | a € Ap}.
Let {cp(A\)} be a (G, M) family. Then by Lemma 6.2 of [A5], the
function
(5.13) V) = D ep(NOp(N) 7,
PEP(M)

which is defined on the complement of a finite set of hyperplanes, ex-
tends to a smooth function on ia},. The value of cp(A) at A = 0 is of
particular importance in connection with the spectral side of the trace
formula. It can be computed as follows. Let p = dim(A;/Ag). Set
A=1tA, teR A€ aj, and let ¢ tend to 0. Then

1 . d\’ .

(5.14) e (0) = | > (g% (%) CP(tA)) Op(A)
PeP(M)

[A5, (6.5)]. This expression is of course independent of A.

For any (G, M) family {cp(\) | P € P(M)} and any L € £L(M) there
is associated a natural (G, L) family which is defined as follows. Let
Q@ € P(L) and suppose that P C Q. The function

A E zaj‘: — CP()\)
depends only on ). We will denote it by cg(A). Then
{ca(V) |Q e P(L)}
is a (G, L) family. We write
cc(M) =) caNbo(N) !
QeP(L)
for the corresponding function (5.13).

Let Q € P(L) be fixed. If R € PE(M), then Q(R) is the unique group
in P(M) such that Q(R) € Q and Q(R) N L = R. Let ¢2 be the
function on iaj, which is defined by

RN = cam (V).

Then {c%(\) | R € PY(M)} is an (L, M) family. Let c¢%()\) be the
function (5.13) associated to this (L, M) family.

We consider now special (G, M) families defined by the global normal-
izing factors. Fix P € P(M), m € g (M(A)) and A € ia},. Define

(515) I/Q(P,ﬂ', A,A) = TQ|p(7T,)\)_17’Q‘P(7T,A +A), Q S P(M)
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This set of functions is a (G, M) family [A4, p.1317]. Tt is of a special
form. Given g € ¥, N E%, set

rp(m,2) = Tp, p,(T,2), z€C.
Then by (2.22) we have
vo(Pm, AN = [ rslm A(BY) 'ra(m, A(BY) + A(BY)).
pesyNEr,
Suppose that L € L(M), L, € L(L) and S € P(L;). Let
{v5,(P,m, A\ A) | Qr € PM(L)}

be the associated (L, L) family and let v5 (P, m, A, A) be the function
(5.13) defined by this family. Set

vi(P,m, ) == v (P,m,\,0).

If 8 is any root in X7 (G, Ayy), let B) denote the projection of 3¥ onto
ar. If F is a subset of ¥7(G, Ayy), let FY be the disjoint union of all
the vectors Y, 8 € F. Then by Proposition 7.5 of [A4] we have

vy (P, \) Zvol M T(FY))

(5.16)
: (H ra(m, A(BY)) 'y (m, A(ﬁv))) :

BEF

where F runs over all subsets of X"(Lq, Ays) such that F}' is a basis of
al'. Let N € N. Then by (5.16) we get

/ Wi (P, A)|(14+ || A1) Nd/\<Zvol " T(FY))
ia} /af

/ H ‘Tﬂ(ﬁa)\(ﬁv))*lﬂﬂ(w;)\(ﬁv))‘(l—i- | A ||2)7N d\.

ia} /a% BeF

Here F' runs over all subsets of X" (L, Ays) such that F} is a basis of
ar'. Fix such a subset F. Let

{0s [ B e F}

be the basis of (af')* which is dual to Fi'. We can write \ € ia} /iak
as
A= zsip+ A, 2z €iR, A € iaj, /fiag.
BEF
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Observe that A(8Y) = zg. Suppose that N > 2dim(Ar, /Ag)+2. Then
there exists Cy > 0, independent of 7, such that

J Mo a@ ) rm M D|a 1A 1) i
ia} /af BeF

ro(m, 28) 1, 26)| (1 + |2%) /2 dzp.

Combined with Theorem 5.3 we obtain

Theorem 5.4. Let M € L(M,), L € L(M), Ly € L(L) and S €
P(Ly). Let m = dimG(R)/ K. For every N > 8m + 2 there exists
Cy > 0 such that

[ @I+ AN < Onla 32+ 3
ia} /ag
for all m € g (M(A), K;) and any minimal K -type o of IS (7).

6. ABSOLUTE CONVERGENCE OF THE SPECTRAL SIDE

In this section we prove Theorem 0.1 and Theorem 0.2. For this pur-
pose we have to study the multidimensional logarithmic derivatives of
the global intertwining operators that are the main ingredients of the
spectral side. First we explain the structure of the spectral side in more
detail. Let M € L(M,). Fix P € P(M) and X € ia},. For Q € P(M)
and A € ia}, define

Mo(P, A, A) = Maip(\) ™ Mo p(A+ A).
Then
(6.1) {Ma(P,AA) | A € iy, Q € P(M)}

is a (G, M) family with values in the space of operators on A?(P) [A4,
p.1310).
Let L € £L(M). Then as above, the (G, M) family (6.1) has an associ-
ated (G, L) family
{le (Pv/\aA) ‘ A€ ia}n Q1 € P(L)}
and
QRL(P’ A A) = Z le(Pa A, A)0Q1 (A)il
Q1€P(L)
extends to a smooth function on 7aj. Put

My (P, \) = M, (P, )\, 0).
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For s € W(a3,) let
M(P7 S) = MP|P(S7 0)

The spectral side is a sum of distributions

2

XE€EX
on G(A)'. By Theorem 8.2 of [A4], the distribution J, can be described
as follows. Let x € X, 7 € I[(M(A)!) and h € C®(G(A)'). Note
that 9, (P, ) and p, (P, A, h) both act in the Hilbert space Hp(7),.
Let W' (an)es be the set of elements s € W(ay) such that {H €
ay | sH = H} = ag. Then J,(f) equals the sum over M € L(M,),
Le L(M), 7 ell(M(A)') and s € WE(ap).eq of the product of

W [Wol~| det(s — 1)gg |
with
[P0 Y @R AMP g (PA) d
iy /iag PeP(M)

Our goal is to determine the conditions under which the integral-series
obtained by summing this expression over y € X, is absolutely conver-
gent. Since M (P, s) is unitary, we have to estimate the integral

(6:2) [ PN s (PR [
ia} /iag
where || - ||; denotes the trace norm.

We shall now assume that o € C'(G(A)'). Let Ngp(m, A), P,Q €
P(M), be the normalized intertwining operator which by (2.19) is de-
fined as

Ngip(m,A) == rqp(m, \) " Mgp(m, ), A€ ajygc,

Let P € P(M) and A € ia}, be fixed. For Q € P(M) and A € ia},
define

(63) mQ(P,’]T,)\,A) = NQ|p(7T, )\)_1NQ|p(7T,)\+A),
Then as functions of A € iaj},,
{Ne(P,m, A, A) | Q € P(M)}

is a (G, M) family. The verification is the same as in the case of the
unnormalized intertwining operator [A4, p.1310]. For L € L(M), let

{No, (P, m, A\ A) [ A €idag, Q1 € P(L)}
be the associated (G, L) family.
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Let Mg, (P, 7, A, A) be the restriction of Mg, (P, A, A) to Hp(7),. Then
by (2.19) and (5.15) it follows that

(6.4) Mo, (P, m, A A) = Ng, (P, A, Mg, (P, A\ A)

for all A € ia} and all @, € P(L).

For Q D P let L2 C a% be the lattice generated by {&V | @ € A%},

Define )
OR(\) = vol(a2/L2) " [] M@
wEAQ
For S € F(L) put
NS (P, \)
(65) = 1lim Y7 (—1) S AWGEA) I NR(P, 7, A, A)FR(A)
{R|RDS}

Let 9. (P, m, A) be the restriction of M (P, A) to Hp(w),. Then by
Lemma 6.3 of [A5] we have
(6.6) My(P,m, X)) = Y Ne(P,m, i (P, \).

SeF(L)

Hence the integral (6.2) can be estimated by

> / | (P, 7, Noer (P A ) [ (P, X) 0.

seF(r) /oG

We shall now study the integral in more detail. Let 2 and Qg be the
Casimir operators of G(R) and K, respectively. Set
A =1d—-Q+ 2Qk.

Then A acts on A2 (P) through each of the representations p, (P, \).
Let K be an open compact subgroup of G(As) and let 0 € II(K).
Then the operators
P (P A A), X € dap,

have A2 (P)g, and A2 (P)k;,s as invariant subspaces. We shall de-
note the restriction of p, (P, A, A) to A%  (P)k, and A2 (P)k,,q, re-
spectively, by py (P, A, A)k; and py (P, A, A) g, 4, respectively. Recall
that by (2.3), py.r(P, A) is equivalent to I§ (7)) ® Id. Let A, and A, de-
note the Casimir eigenvalues of m,, and o, respectively. Then it follows
from Proposition 8.22 of [Kn] that

(6.7) P (P X, A) ko = (14 | AP =Ar 4 2X,) 1d.

To estimate the right hand side we use the following lemma.
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Lemma 6.1. For all 7 € g (M(A)'; Ky) and o € II(Ky), one has
(6.8) —Ar+ A >0, if dimAZ(P)k,., # {0}.

Proof. The lemma is a consequence of a more general result. Let 7o, €

II(M(R)) and suppose that o € I[I(K) occurs in Ig((ﬂlg‘)) (Too) | Ko - Let

Ww‘KooﬂM(R) = Z nLW.
weTl(KooNM(R))
Then
G(R
[IP((R))(WOO)‘KOO o] = Z N[0 | KoM (r) © W]
wEIl(K oo NM (R))

[Kn, p.208]. Hence there exists w € II(K, N M(R)) such that

0| keonm@) tw] >0 and  [Too|Koonm) : w] > 0.

By [Mu2, (5.15)], the first condition implies that the Casimir eigenval-
ues A, of w and A, of o satisfy A\, < A,_. On the other hand, since w
occurs in e |k num(w) it follows that —A; 4+ A, > 0 [DH, Lemma 2.6].
This completes the proof. O

Using (6.7) and (6.8), it follows that

| o (PN A) iy 122> (1 | X D2+ (=M + 2),)2
(6.9) 1 ) )
Z Z(l—i_ || A ” +)\7r + /\U)‘

Let S € F(L) be fixed. Given an open compact subgroup K; of
G(Ay) and o € I(K), let (P, 7, Ak, , denote the restriction of
N (P, 7, ) to AZ(P) k0

Lemma 6.2. Let K; be an open compact subgroup of G(Ay) and let
h € CHG(A)') be bi-invariant under K;. Suppose that there exist
N € N and C > 0 such that

(6.10) I (P, 7, Ao IS COAH AP A7 +A0)Y

for all m € My (M(A), Ky), 0 € II(Ky) and X € iaj. Then for every
k € N there exists Cy, > 0 such that

/ || miS'(PﬂT’)‘)pXﬂT(P: Aah) ||1 |V€(P,7T, )‘)| dA < Ck(l +A7r)_k
ia} /iag,

for all x € X and m € ITI(M(A)').
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Proof. Since h is bi-invariant under Ky, p, (P, A, h) maps the Hilbert
space ./_élfm(P) into the subspace ./Tlfm(P) ;- Moreover Zi,'/r(P) K, I8
an invariant subspace for p, (P, A, h). Hence p, (P, A\, h) = 0, unless

7 belongs to Il4s.(M(A), Kf). So we may assume that = belongs to
aise (M (A), Kr). Then for each k£ € N we get

| N (P, A) pyr (P, As ) |1
=1 (P, 7, A iy pxn (P A )i
<[l (P, 7, )iy pren (P, X, AZ) |l
| oxr (P X A%R) ]
Furthermore, using (6.9) and (6.10) we get
I (P, 7, ) ke o (P, A, AF) 5l

< D NPT Vo - | pea (P A A) L,
(6.12) TEM(Koo)

(6.11)

dim A% _(P)k,.
S 20 Z 1 1;n 2X’W)(\2 )K;\72)k—N'
o N2+

By Lemma 6.1 of [Mu3] there exist C; > 0 and N; € N such that
dim A2 (P)k, . < Ci(1+ A2 + A2)™M

for all x € X and 0 € [I(K). Actually in [Mu3] we considered the
space A?(P, x,0), where ¢ is an irreducible representation of K. The
two spaces are not equal, but they are closely related. Moreover A,
was denoted by g, in [Mu3]. If A2 (P) # 0, it follows from Lang-
lands’ construction of A% (P) in terms of iterated residues of cuspidal
Eisenstein series that

(6.13) A — Al < e

with ¢ > 0 independent of x and 7 (see (4.21) of [Mu3]). Hence there
exist Cy > 0 and N; € N such that

(6.14) dim A2 (P)k, o < Ca(1 4 A2 4+ A2)M
for all x € X, 7 € Hyse (M (A), Kf) and 0 € [I(K). Set
1

Now observe that there exists ng € N such that

Z (14 X)™" < 0.

0oo €II(K o)
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the right hand side is finite for n > ng. Let A, be the number defined by
(4.5). Then by (6.12) and (6.14) it follows that for every k£ > 2(ng+Nz)
there exists C}, > 0 such that
| 9V (P, 70, Ay o (P X, A%) L
(6.15) < Cp(1+ | A ||2 +AZ)NE
< Cp(14 | A [PV (1 4 AZ) V202

for all 7 € Iy;s.(M(A), Kf) and x € X. Next observe that for A € ia}
the operator p, (P, A, g) is unitary. Hence it follows that

(6.16) Il oy (P, X, A%h) (| <|| A% | aay)

for all m € Tl (M(A), Ky) and x € X. Combing (6.11), (6.15) and
(6.16), it follows that for every n € N there exists C,, > 0 such that

19 (P, 70, M) pae (P X, 1) 1< Co(14 [ X [17) (1 + A7) "

for all x € X and 7 € Il (M(A), K;). Combined with Theorem 5.4
the claimed estimation of the integral follows. U

Proof of Theorem 0.1: Let h € C*(G(A)') be bi-invariant under K;. As
observed in the proof of Lemma 6.2, it follows that p, (P, A, h) = 0,
unless 7 € Iy (M(A), K;). Let LngC(M(Q)AP(]R)O\M(A)) be the
largest closed subspace of the Hilbert space L*(M(Q)Ap (R)°\M(A))
which decomposes discretely under the regular representation of M (A).

Then
L M@QAp(R\M(A) = P  m(r)Hn,

TEN(M(A))

and each multiplicity m(r) is finite. Thus, if the assumption (6.10) of
Lemma 6.2 is satisfied, it follows from Lemma 6.2 that for every n € N
there exists C,, > 0 such that

(6.17)
> ¥ // | (27, N (P A B) [ (P, )

XEX well(M(A)!)

< Cy > m(m)(1 4+ Ag) "

€M gisc(M(A),Ky)
It remains to investigate the sum on the right hand side. Let

KM’f = KfﬂM(Af).
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Then there exist arithmetic subgroups I'y;; C M(R), i = 1,...,1, such
that

M(Q\M(A)/Kp = U ard\M(R

(cf. Section 9 of [Mul]). Therefore we get
L2 (A (R)° M(Q)\ M (4)) a1

o @ L*(Au(R)°Tay\M(R))

as M (R)-modules. For each 4,7 =1,...,1, let L%  (Ap(R)°Tr;\M(R))
be the discrete subspace of the regular representation of M(R) in
L*(Ap(R)°T'a;,\M(R)). Then it follows from (6.18) that

Liee(Ap(R)" M (Q)\ M (A)) "2/
"’@Ldmc R)" T \M (R))

as M(R) modules. For i, 1 < i <[, and 7, € II(M(R)) denote by
mr,,,;(Teo) the multiplicity of 7, in the regular representation of M (R)
in L2_ (Ap(R)°T1,;\M(R)). Then by (6.19) we get

> m(m)(1+ Ag)™"

TE€llgigo (M (A)L Kf)

<Z STy, (M)A +Ar) "

i=1 1o €l(M(R))

(6.18)

(6.19)

(6.20)

Let 0 € TI(Ky) be a minimal K-type occurring in I§(7my) with
Casimir eigenvalue \,. Let Ky = M(R) N K. By (5.15) of [Mu2]
we have that A\, > A, for any irreducible constituent 7 € I1(Kjy ) of
O'OO|KMOO. Thus the right hand side of (6.20) is bounded by

dim(H (7o) ® Vy) 210
Z 2 Z mrMﬂ'(%") (1+A2_+A2)n/2

1=1 T7€I(Kp,00) Too EII(M

By Corollary 0.3 of [Mu2] this sum is finite for n sufficiently large.
Thus we proved

Proposition 6.3. Let K; be an open compact subgroup of G(Ay) and
let h € CY(G(A)') be bi-invariant under K;. Suppose that there exist
N € N and C > 0 such that

(6.21) I (P, Ny IS COAF AP +27 +20)Y
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for all m € My (M(A), Ky), 0 € II(K) and X\ € iaj. Then

6220 3 3 / | 9L(P, N pr (P, A 1) |1 d < 00
ia} /ia,

XEX meTl(M(A)!)

Let h € C'(G(A)!). Then there exists an open compact subgroup K
of G(Ay) such that h is bi-invariant under K. Using the observations
made at the beginning of this section, it follows that (6.22) implies that
the spectral side of the trace formula is absolutely convergent.

We shall now continue by investigating condition (6.21) in detail. To
calculate Wy (P, 7, \), let A € ia},. By [Ab, p.37] Ny (P, 7, \) equals

1 A d\’

— “1DHEMN 1 - -1

p > (=1)08(A) (}g% (dt) ‘ﬁR(P,w,)\,tA)> Or(A) 7,
(RIROS)

where ¢ = dim(Ag/Ag). Since Ngp(m,A) is unitary for A € iaj},, it

follows from (6.3) that we have to estimate the norm of

t—0

q
(6.23) lim (jt) Nop(m, A+ 1tA),, A€ iay,.

To this end, we may use (2.16) and (2.17) to replace Ngp(m, A) by
RQ‘P(ﬂ', )\) - ®URQ|]D(7T1,, )\)
Next note that any compact open subgroup K; =[], .., K, of G(Ay)
is such that K, is a hyperspecial compact subgroup for almost all v.
Hence, by (2.11) there exists a finite set of places Sy, including the
Archimedean one, such that we have
RQ\P(T"v;/\)KU =1Id, w ¢ So, T™E Hdisc(M(A)aKf)-

Let Dy denote the directional derivative on ¢a}, in the direction of A.
Then it follows that there exists C > 0 such that

| N (P, N iy o ||<C< > Z | DX Rqp(ms, Ak, ||

(624) v€So\{oo} k=1

q
ONETREE)
k=1
for all A € ia},, 0 € [I(K) and m € II(M(A)). Together with Propo-
sition 6.3 this implies Theorem 0.1.

O

Proof of Theorem 0.2: The proof of Theorem 0.2 is similar to the
proof of Theorem 0.1. We only have to modify some of the arguments.
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Given an open compact subgroup K; of G(Ay) and o € II(K), let

Ik, denote the orthogonal projection of the Hilbert space Xim(P)
onto the finite dimensional subspace A2  (P)k; . Let h € C'(G(A)")
be K-finite. Then there exists an open compact subgroup Ky of G(Ay)
such that h is left and right invariant under K. Furthermore, there
exist oy, ..., 0, € II(K) such that

(6.25) PPN R) =D Tk, 0,0 pya(P A B) 0L, o
2,7=1
for all m € TI(M(A)') and x € X. Let k € N. Then by (6.25) we get

” mg‘(P’ﬂ-’)‘)pXﬂr(Pa )"h) ”1

(6'26) < Z ” mg‘(P’ﬂ-’)‘)Kf,Ui ” ) ” pXﬂT(P’)" A%)I_{fc,ai ||1
=1

|| (P A, A%R) ||

Here we assume, of course, that A} (P)k; e # 0, @ = 1,...,m. Then
it follows from (6.9) that

dim A?(,W(P)Kf,a'i
A+ [ A2 +A7)"

(6.27) | (P X, D) g, < €

fori=1,...,m. Given 0 € [I(K), let

e (M(A) ),
= {71' € Hdisc(M(A)l;Kf) | [Ig(ﬂ'oo)h(oo co] > 0}.

Then we proceed as above to show that for every n € N there exists
C,, > 0 such that

(6.28)
> / | (.7 N pyn(P A, B) [y 05 (P, N)
XEX nell(M(a)) Y 0L/i0G

<Y Y m@asx

1=1 wellgijsc(M(A)! )Kf,ai
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To estimate the right hand side, we fix 0 € I[I(K ). Then as in (6.20)

we get
m(m)
2 (14 A2)n

€M gige(M(A)1 )Kf o

< Z Z mFM,i (71'00) d1m(’H(7roo) & VO_)KM,oo .

2
im1 rocII(M(R (1 + )\ﬂ,oo)n

It follows from Theorem 0.1 of [Mul] that for sufficiently large n, this
series is convergent. This completes the proof of Theorem 0.2.

O

We observe that for tempered representations, the existence of esti-
mates like (0.2), (0.3) and (0.4) follows from results of Arthur [A5,
p.51] and [A8, Lemma 2.1]. Let I, (M (A)') be the subspace of all
in II(M(A)') such that the local constituents 7, of 7 are tempered for
all v. Then we obtain

Proposition 6.4. For every M € L(M,), L € L(M) and P € P(M)
we have

> Y / | 9, (P, 7, A)pyr(P, A\, B) |1 dA < 0.
) ia} /iag

XE€X m€lltemp(M(A)!)
7. THE EXAMPLE OF GL,

In this section we shall briefly discuss the case where G = GL,,. Let Py
be the subgroup of upper triangular matrices of G. This is the minimal
standard parabolic subgroup of G. Its Levi subgroup M, is the group
of diagonal matrices. Let P be a parabolic subgroup of G' defined over
Q, and let M be the unique Levi component of P which contains Mj.
Then
M = GL,, x--- x GL,,

We shall identify aj; with R". Let ey, ..., e, denote the standard basis
of (R")*. Then the roots Xp are given by

sz{ei—ej|1§i<j§7“}.

Let v be a place of Q. Fix a nontrivial continuous character v, of the
additive group Q" of Q, and equip Q, with the Haar measure which is
selfdual with respect to ,. Given irreducible unitary representations
T, and Ty, of GLy,, (Q, ) and GL,,, (Q, ), respectively, let L(s, 71, X724)
and €(s, T, X Ta,,1,) denote the Rankin-Selberg L-factor and the e-
factor defined by Jacquet, Piateski-Shapiro, and Shalika [JPS], [JS1].
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Let P, P, € P(M). Then there exist permutations o1,09 € S, such
that the set of roots of (P;, A;) is given by

Yp, = {ei —ej | ox(i) < ow(h)}-
Put

I(01,00) ={(3,7) | 1 <4, <1, 01(3) < 01(5), 02(2) > 02(7)}-
Then
Ep NEp, ={ei—€; | (1,7) € I(01,02)}.
Let 1, = T, ®- - - @7y, Where 7, € II(GL,,,(Q,)), i =1, ..., 7. Given
s = (81,..,8r) € C, set
TP2\P1 (7T1,,S) =
H L(SZ — 85, Tiw X %j,v)
L(1+4 s; — 8, Miy X Tjw)€(Si — Sjy Ty X Tjoy Vy)

(i,5)€I(01,02)

As explained in [AC, p.87], the meromorphic functions rp, p, (7, s) sat-
isfy all the properties of Theorem 2.1 of [A7] and they are the natural
choice of normalizing factors in the case of GL,,. We note that they do
not coincide with the normalizing factors used in the previous sections.
They differ, however, only by a factor which can be expressed in terms
of the e-factors.

Now let m; and 7o be automorphic representations of GLy,, (A) and
GL,,(A), respectively. Then the global Rankin-Selberg L-function
L(s,m % my) is defined by

L(s,m X my) = HL(S,WLU X o),

where the product is over all places v of Q and m; = ®;7;,,. The product
converges absolutely in a half-plane Re(s) > 0. If m; and my belong
to the discrete spectrum of GL,, (A) and GL,,(A), respectively, then
L(s,m X m9) admits a meromorphic extension to the whole complex
plane.

To define the global e-factor €(s,m; X ) one has to pick a non-trivial
continuous character ¢ : AT — C* of the additive group AT of A.
Then ¢ = ®,1, and €(s, T, X Ty, 1) = 1 for almost all places v.
Hence the product

6(8,71’1 X T2, w) = HG(S, 7T1,v X W?,vawv)

v

exists for all s € C and defines an entire function. The global e-factor
is independent of ¢ and therefore, will be denoted by (s, X 7).
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Let 7 € s (M(A)). Then 7 =m @ - - - @ m, with m; € Iy.(GLy,, (A))
and for s € C", the global normalizing factor is defined by

H L(SZ — S, T X %J)

s) := = ="
TPy |Py (7T, ) L(l + 5; — 84, X 71-]')6(51' — 85, T X ﬂ-j)

(1,5)€I(o1,02)

Theorem 5.3 is closely related to the estimation of the winding numbers
/A L'(1+it,m X 7o)

1 L1 +dt,m X 7a)

with upper bounds depending on the Casimir eigenvalues of 7 o, and
T2,00 i the same way as in Theorem 5.3. In the present case, such

estimates can be obtained using standard methods of analytic number
theory. In fact, the bounds can be improved considerably.

dt

Next we discuss the conditions (0.2) and (0.4). As mentioned in the in-
troduction, for GL,, it is possible to prove that (0.2) and (0.4) hold. We
shall briefly indicate the main steps of the proof. Let p be a representa-
tion of GL,,(Q,) and s € C. Then we denote by p[s] the representation
of GL,,(Q,) defined by

plsl(g) = |detg|°n(g), g € GL,(Q,).

Let 7 be a cuspidal automorphic representation of GL,,(A). Then it is
known that each local component 7, of 7 is generic [Sk] and therefore,
by [JS2] it follows that 7, is equivalent to a full induced representation,
ie.,

(7.1) Ty ZIS' (1[t] ® - - - @ T [t]),

where P is a standard parabolic subgroup of GL,, with Levi component
GL,,, X --- X GL,,,, 7; is a tempered representation of GL,,,(Q,) and
the t;’s are real numbers satisfying

by >ty >-->t, |ti|<1/2,i=1,..r.

For 7, unramified, Luo, Rudnick and Sarnak [LRS] proved that the
parameters t; satisfy the following nontrivial bound:
1 1

Using the same method, one can show that (7.2) holds at all places.
Now let P be a standard parabolic subgroup of GL,, with Levi compo-
nent GL,, X ---xGL,, and let 7, be the local v-component of a cuspidal
automorphic representation of M (A). Then 7, = ®;m;, and each 7,
is a full induced representation of the form (7.1) with parameters ¢;;
satisfying (7.2). Using induction in stages, it follows that for each i
there exist a parabolic subgroup R; of GL,,(Q,) of type (n;1, ..., ni,), a

i
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discrete series representation d;, of Mg, (Q,) and t; = (t1, ..., ty,) € R
satisfying
1

1
(73) mzax |t”‘ < 5 — ﬁ,

such that m;, = IF! (0iy, ti). Put l=1, +---+1,,
0y = @ibiw, = (t11s oo trtys woos bty s Tty )

Generalizing property (R.2) of [A8, p.172], we get
(74) RQ‘p(ﬂ'v,S) :RQ(R)‘p(R)((Sv,S—Ft), S € (Cl,

where s is identified with an element in C' with respect to the embed-
ding which corresponds to the canonical embedding aj; C ap ). This
leads to an immediate reduction of the problem. We can assume that
T, is square integrable. However, now we have to estimate the norm of
the derivatives of Rg p(my,s)k, (resp. Rgp(my,S)s,) in the domain

{s€C ||Re(si)| <1/2=1/(n*+1),i=1,..,7}.

The important point is that for m, square integrable, Rgp(7y,s) is
holomorphic in the domain

{se€C |Re(s;—s;)>-1,1<i<j<r}

[MW]. Using the product formula for normalized intertwining opera-
tors, the above problem can be further reduced to the case where P
is maximal parabolic and Q@ = P. Then M = GL,, x GL,,, m, =
1y @ Ta,, and we may regard the intertwining operator as a function
Rp p(my, s) of one complex variable. Now we distinguish two cases.

1. v < 0.

Let K, C GL,(Q,) be an open compact subgroup. We may assume
that K, is a congruence subgroup. Then we have to estimate the norm
of derivatives of Rp|p(my, s)k, in the strip |Re(s)] < 1 —2/(n” +1).
Let

Ky = K, N M(Qy).

Then Ky, is an open compact subgroup of M(Q,). Let 1 denote the
trivial representation of Ky, and let ITo(M(Q, ); Kar,,) be the set of all
Ty € Iy (M(Q,)) such that [my|x,,, : 1] > 0. By Theorem 10 of [HC2],
(M (Q,); Kuro) is a compact subset of IIx(M(Q,)). Furthermore,
at; = R? acts on II,(M(Q,)) by

Tiw &® T2 — Wl’v[iul] (034 7T2’1,[7;U2], (Ul, UQ) (- RQ.
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The stabilizer of a given representation 7, is a lattice L C R? so that
the orbit o, of m, is a compact torus R? /L. Thus there exist 41, ..., §; €
o (M(Qy); Kpr,p) such that

H2(M(QU); KM,v) =05, L---Uog.
Since
R p(m10[iur] ® ma[ius], 8) = Rpp(m10 @ Ta, 8 +i(ur + up)),

it suffices to consider a fixed discrete series representation 7,. Now
recall that Rp p(my,s) is holomorphic in the strip [Re(s)| < 1. Fur-
thermore by Theorem 2.1 of [A7], Rp p(7y, $)k, is a finite rank matrix
whose entries are rational functions of p,°. Hence for every u € R,
Rp p(my, u +iw)k, is a periodic function of w € R. From these obser-

vations it follows immediately that for every k& € Ny there exists C' > 0
such that

(7.5) | D¥Rp p(70, 8)i, IS C
for all s € C in the strip |Re(s)| <1 —2/(n?+1).
2. v =o00.

Let 0, € II(O(n)). Then we have to estimate the norm of derivatives
of Rp|p(my, 5)o, in the strip |Re(s)| < 1 —2/(n® + 1). First note that

M(R) 2 (R*)? x (SLy, (R) x SL,,(R)).

Furthermore the set of discrete series representations of SL,, (R) con-
taining a fixed SO(n;)-type is finite [Wa2, p.398]. Hence in the same
way as above, it follows that we can fix the discrete series representa-
tion 7,. Again Rp p(T,, s) is holomorphic in the strip | Re(s)| < 1 and
by Theorem 2.1 of [A7], Rp p(7y, $),, is a rational function of s € C.
This implies that for every k € Ny there exist C' > 0 and N € N such
that

(7.6) I D Rpp(To, 8)o, 1< C(1+ )Y
for all s € C with |Re(s)| <1 —2/(n*+1).
Combining (7.5) and (7.6) with the various steps of the reduction it

follows that (0.2) and (0.4) hold for all local components 7, of cuspidal
automorphic representations.

It remains to deal with local components of automorphic forms in the
residual spectrum. For this purpose we use the description of the resid-
ual spectrum given by Moeglin and Waldspurger [MW]. First we recall
the notion of a Speh representation [MW, L.5]. Let klm, d = m/k
and R a standard parabolic subgroup of GL,, of type (d,...,d). Let



TRACE FORMULA 57

d be a discrete series representation of GL4(Q,). Then the induced
representation

I (8l(k = 1) /21 @ 6[(k = 3)/2® -+~ @ 6[(1 — k) /2])

has a unique irreducible quotient which we denote by J (4, k). It follows
from Theorem D of [Ta] and [Vo| that for every m, € II(GL,,(Q,))
there exist a standard parabolic subgroup P of type (my, ..., m.), ki|m;,
discrete series representations J; of GL4, (Q,), d; = m;/k;, and real
numbers t1, ..., t, satisfying |¢;| < 1/2 such that

My Z I (SO, k) [t] @ -+ ® J(6r, ki) [t1]).

Now suppose that 7, is a local component of an automorphic represen-
tation 7 in the residual spectrum of GL,,(A). By [MW] there exist a
standard parabolic subgroup @ of GL,, of type (d, ..., d) and a cuspidal
automorphic representation p of GL4(A) such that m, is the unique
irreducible quotient of the induced representation

I (ol(k = 1)/2] ® po[(k = 3)/2] © -+~ @ pu[(1 — k) /2]),

where y, is the v-component of . As explained above, u, is equiva-
lent to an induced representation of the form (7.1) with parameters t;
satisfying (7.2). Using induction in stages, it follows that

p,v & Ing(él[tl] ® st ® 5r[tr]):

where R is a standard parabolic subgroup of GLg4 of type (d, ..., d,),
d; is a discrete series representations of GLg4, (Q,), i = 1,...,7, and the
parameters t; satisfy ¢, > to > --- > ¢, and (7.2). Then it follows
from Proposition 1.9 and Lemma 1.8 of [MW] that there is a standard
parabolic subgroup P of GL,, of type (kdy, ..., kd,) such that

(7.7) o 2 Ip0m (J (61, K) 1] © - ® J (6, K)[t])
and
1 1

This is the extension of the results of [LRS] to local components of
automorphic representations in the discrete spectrum.

Now we can proceed in the same way as in the cuspidal case. The
only difference is that we have to deal with the slightly more general
Speh representations in place of the discrete series representations. In
this way one can establish (0.2) and (0.4). This implies that for GL,,
the spectral side of the Arthur trace formula is absolutely convergent.
Details will appear in [MS].
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