ANALYTIC TORSION OF ARITHMETIC QUOTIENTS OF THE
SYMMETRIC SPACE SL(n,R)/SO(n)

JASMIN MATZ AND WERNER MULLER

ABSTRACT. In this paper we define a regularized version of the analytic torsion for arith-
metic quotients of the symmetric space SL(n,R)/SO(n). The definition is based on the
study of the renormalized trace of the corresponding heat operators, which is defined as
the geometric side of the Arthur trace formula applied to the heat operator.
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1. INTRODUCTION

In various papers [BV], [MaM], [MP4] the Ray-Singer analytic torsion [RS] has been used
to study the growth of torsion in the cohomology of cocompact arithmetic groups. Since
many important arithmetic groups are not cocompact, it is very desirable to extend these
results to the noncompact case. There exist some results for hyperbolic 3-manifolds. In
[PR], Pfaff and Raimbault obtained upper and lower bounds for the growth of torsion in
the cohomology of congruence subgroups of Bianchi groups if the local system varies. In
[Ral], [Ra2], J. Raimbault has studied the case of sequences (I';) of congruence subgroups
of Bianchi groups such that vol(I';\H3) — oo as i — oc.

The approach in the cocompact case relies on the equality of analytic torsion and Rei-
demeister torsion of the corresponding locally symmetric manifolds. We briefly recall the
definition of the Ray-Singer analytic torsion. Let X be a compact Riemannian manifold of
dimension n and p: m (X) — GL(V) a finite dimensional representation of its fundamen-
tal group. Let £, — X be the flat vector bundle associated with p. Choose a Hermitian
fiber metric in E,. Let A,(p) be the Laplace operator on E ,-valued p-forms with respect
to the metrics on X and in £,. It is an elliptic differential operator, which is formally
self-adjoint and non-negative. Let h,(p) := dimker A,(p). Using the trace of the heat
operator e~ *22(P) the zeta function (,(s; p) of A,(p) can be defined by

(1.1) G(sip) == ﬁ /000 (Tr (e742®)) — hy(p)) 7" dt.

The integral converges for Re(s) > n/2 and admits a meromorphic extension to the whole

complex plane, which is holomorphic at s = 0. Then the Ray-Singer analytic torsion
Tx(p) € RT is defined by

(1.2 08 Tx(p) = 5 S (17D Golsi )],y

p=1

The analytic torsion has a topological counterpart. This is the Reidemeister torsion 7x(p),
which is defined in terms of a smooth triangulation of X [RS], [Mu5]. It is known that for
unimodular representations p (meaning that |det p(v)| = 1 for all v € m1(X)) one has the
equality T'x (p) = 7x(p) [Ch], [Mu4], [Mu5]. In the general case of a non-unimodular rep-
resentation the equality does not hold, but the defect can be described [BZ]. This equality
has the following interesting consequence. Assume that the space of the representation p
contains a lattice which is invariant under m;(X). Let M be the associated local system
of free Z-modules. Let HP(X, M), be the torsion subgroup of H?(X, M). Then

d
(1.3) Tx(p) = R[] 1HP(X, M)oore T

p=0

where R is the so called “regulator”, defined in terms of the free part of the cohomology
HP(X, M) (see [BV], [MP4]). In particular, if p is acyclic, i.e., H*(X, E,) = 0, then R = 1.
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The equality (1.3) is the starting point for the application of the analytic torsion to the
study of the torsion in the cohomology of cocompact arithmetic groups.

The definition of the analytic torsion (1.2) obviously depends on the compactness of the
underlying manifold. Without this assumption, the heat operator e **#() is, in general, not
a trace class operator. If one attempts to generalize the above method to non-cocompact
arithmetic groups, the first problem is to define an appropriate regularized trace of the
heat operators. For hyperbolic manifolds of finite volume one can proceed as in Melrose
[Me] to define the regularized trace by means of the renormalized trace of the heat kernel.
This method has been used in [CV], [PR], [MP1], [MP3], [MP4]. One uses an appropriate
height function to truncate the hyperbolic manifold X at height 7" > 0. This amounts to
cut off the cusps at sufficiently high level T' > Tj,. Then one integrates the point wise trace
of the heat kernel over the truncated manifold X (7"). This integral has an asymptotic
expansion in logT. The constant term is defined to be the renormalized trace of the heat
operator.

The purpose of the present paper is to start the investigation of the case of finite vol-
ume locally symmetric spaces of any rank by defining a regularized analytic torsion for
arithmetic quotients associated to split forms of type A, over Q. In the higher rank case
we proceed in the same way as in the case of hyperbolic manifolds. The first problem is
to define the truncation in the right way. For this we can build on Arthur’s work. The
definition of the truncation operator is an important issue in Arthur’s trace formula [Arl],
which we will use for our purpose. To this end we need to switch to the adelic framework.

Now we will describe the approach in more detail. For simplicity assume that G is a
connected semisimple algebraic group defined over Q. Assume that G(R) is not compact.

Let K. be a maximal compact subgroup of G(R). Put X = G(R)/K.. Let A be the
ring of adeles of Q and A the ring of finite adeles. Let Ky C G(Af) be an open compact
subgroup. We consider the adelic quotient

(1.4) X(Ky) = GQNX x G(Ap))/ K.
This is the adelic version of a locally symmetric space. In fact, X (/) is the disjoint union
of finitely many locally symmetric spaces I';\ X, i = 1,..., [, (see section 3). If G is simply
connected, then by strong approximation we

X(Kjy) =T\X,

where I' = (G(R) x K;y)NG(Q). We will assume that K is neat, that is, the eigenvalues of
any element in I' generate a torsion free subgroup in C*, so that X (/) is a manifold. Let
v: Ko — GL(V,) be a finite dimensional unitary representation. It induces a homogeneous

Hermitian vector bundle E, over X , which is equipped with the canonical connection V”.
Being homogeneous, E, can be pushed down to a locally homogeneous Hermitian vector
bundle over each component I‘Z\X of X(Ky). Their disjoint union is a Hermitian vector
bundle E, over X(Ky). Let A, (resp. A,) be the associated Bochner-Laplace operator
acting in the space of smooth section of E, (resp. E,). Let et (resp. e7'Av) t > 0,
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be the heat semigroup generated by A, (resp. A,). Since A, commutes with the action

of G(R), it follows that e '»» is a convolution operator with kernel given by a smooth
map H/: G(R) — End(V,). Let h{(g) = tr H/(g9), g € G(R). In fact, h}Y belongs to
Harish-Chandra’s Schwartz space C(G(R)). Let xx, be the characteristic function of K
in G(Ay). We define the function ¢} € C*(G(A)) by

O (9oo97) = 1 (9oo )Xk, (95), 9o € G(R), g5 € G(Ay).

In fact, ¢} belongs to C(G(A); Ky), the adelic version of the Schwartz space (see section 4
for its definition). If X (K) is compact, then one has

(1.5) Tr (e ') = /G(Q)\G(A) Z @Y (x7 yx) de.

7EG(Q)

This is our starting point for defining the renormalized trace in the noncompact case. We
fix a minimal Levi subgroup M, of G. If M C G is a Levi subgroup containing My, let Ay,
be the split component of the center of M. Let ag := ayy, be the Lie algebra of A,y (R).
Let Js, be the geometric side of the Arthur trace formula introduced in [Arl]; see also
[Ar10] for an introduction to the trace formula. For f € C>°(G(A)), Arthur defines J,.,(f)
as the value at a point Ty € ag, specified in [Ar3, Lemma 1.1}, of a polynomial J7(f) on ay.
In fact, by [FL1, Theorem 7.1], JT(f) is defined for all f € C(G(A); K;). Furthermore, we
use an appropriate height function to truncate G(A). For T € ay let G(A)<r be obtained
by truncating G(A) at level T (see (4.34)). This is a compact subset of G(A). By [FLI,
Theorem 7.1] it follows that for sufficiently regular T € ay we have

1.6 Vie 7 vg) doe = JEV (Y O (e—cTly .
(L6) /G@)\G(A) S ¢ lw) (6%) + O (eI

<T veG(Q)

Since JT(¢¥) is a polynomial in T, we get an asymptotic expansion in 7' of the truncated
integral. Under additional assumption on G, which are satisfied for GL(n) and SL(n), the
point Ty € ag, determined by [Arl, Lemma 1.1], is equal to 0. Thus in this case Ju..(¢}) is
the constant term of the polynomial JT(¢¥). This leads to our definition of the regularized
trace

(1.7) Tr,eq (e*m”) = Jeeo (D))

In general, J,.,(¢¥) is not the constant term of the polynomial J7(¢¥). Nevertheless, we
prefer this definition, because of its independence on the choice of the minimal parabolic
subgroup F.

The next goal is to determine the asymptotic behavior of Tr,, (e’m”) as t — 0 and
t — oo, respectively. To this end we use the Arthur trace formula. Currently we are only
able to deal with these problems for the groups G = GL(n) or G = SL(n). For N € N
let K(N) C G(Ay) be the principal congruence subgroup of level N. Recall that K (N) is
neat for N > 3. Our first main result is the following proposition.

Theorem 1.1. Let G = GL(n) or SL(n). Let Ky C G(Ay) be an open compact subgroup.
Assume that Ky is contained in K(N) for some N > 3. Let v be finite dimensional



unitary representation of K., and let A, be the associated Bochner-Laplace operator. Let
d=dim X (Ky). Ast — 40, there is an asymptotic expansion

(1.8) Tryeg (e72%) ~ =4/ Z aj(V)t? ¢~ @02 Z Z by ()% (log t)".

j=0 7=0 =0

Moreover r; <n —1 for all j € Ny.

For hyperbolic manifolds a similar result was proved in [Mu6].

To study the large time behavior we restrict attention to twisted Laplace operators,
which are relevant for studying the analytic torsion with coefficients in local systems. Let
7: G(R) — GL(V;) be a finite dimensional complex representation. Let T\ X, i =1,... [,
be the components of X (K). The restriction of 7 to I'; induces a flat vector bundle £, ; over

I';\X. The disjoint union is a flat vector bundle E, over X (Ky). By [MM] it is isomorphic
to the locally homogeneous vector bundle associated to 7|k . It can be equipped with a
fiber metric induced from the homogeneous bundle. Let A,(7) be the corresponding twisted
Laplace operator on p-forms with values in E;. Let Ad,: Ko, — GL(p) be the adjoint
representation of K., on p, where p = €4, and v,(7) = A? Ad; ®7. Up to a vector bundle

endomorphism, Ap,(7) equals the Bochner-Laplace operator A, ). So Tr,, (e_mP(T)) is
well defined. Let 6 be the Cartan involution of G(R) with respect to K. Put 7 := 7 06.
The large time behavior of the regularized trace is described by the following proposition.

Theorem 1.2. Let G = GL(n) or SL(n). Let Ky C G(Ay) be an open compact subgroup
which is contained in K(N) for some N > 3. Let T be finite dimensional representation of
G(R). Assume that T % 79. Then we have

(1.9) Troeg (e7277)) = O(e™)

ast — oo forallp=20,...,d.

The proof is an immediate consequence of Proposition 13.3 together with the trace for-
mula. Without the assumption 7 2 7y the behavior of Tr,,, (e*tAP(T)) as t — oo is more
complicated and it is definitely not exponentially decreasing. This condition is also relevant
in [BV]. It implies that the representation 7 is strongly acyclic [BV, Lemma 4.1], which is
a necessary condition to establish the main results of [BV]. It is a very challenging problem
to eliminate this condition. We also note that the condition 7 2 7y implies the vanishing
theorem of Borel-Wallach for the cohomology of a cocompact lattice in a semisimple Lie
group [BW, Theorem 6.7, Ch. VII].

By Theorems 1.1 and 1.2 we can define the zeta function of A,(7) as in (13.35), using the
regularized trace of e **»(") in place of the usual trace. The corresponding Mellin transform
converges absolutely and uniformly on compact subsets of the half-plane Re(s) > d/2 and
admits a meromorphic extension to the whole complex plane. Because of the presence of
the log-terms in the expansion (1.8), the zeta function may have a pole at s = 0. Let
f(s) be a meromorphic function on C. For so € C let f(s) = -, ax(s — so)* be the
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Laurent expansion of f at sg. Put FPs_,, f(s) := ag. Now we define the analytic torsion
Tx(xp)(7) € C\{0} by
d

(1.10) log T (i) (7) = %Z(—l)pp (FPSZO Cp(“: T)) .

p=0

In the case of G = GL(3) we are able to determine the coefficients of the log-terms. This
shows that the zeta functions definitely have a pole at s = 0. However, the combination
22:1(—1)”]9@},(5; 7) turns out to be holomorphic at s = 0 and we can define the logarithm
of the analytic torsion by

log Tire (7) = & (; Z(—l)”pép(ssf)>

p=1

s=0

Let {K¢(N)}nen be the family of principal congruence subgroups of GL(n,Ayf), and
X(N) := X(Kf{(N)), N € N. The next problem is to study the limiting behavior of
log T'x(ny(7)/ vol(X(N)) as N — oo which we do in subsequent work. In consideration
of the results for the cocompact case in [BV], one can expect a different behavior of
log T'x(w)(7)/ vol(X(N)) in the limit N — oo for different n. More precisely, the fun-
damental rank rank G(R) —rank K, determined in [BV] whether the limit vanishes, which
it does unless if the rank equals 1. In our case of SL,(R), the fundamental rank is 1
precisely when n =3 or n = 4.

An even more difficult problem is the question if there is a combinatorial counterpart of
Tx(x,)(7) as there is in the compact case.

Now we briefly explain our method to prove Theorems 1.1 and 1.2. To determine the
asymptotic behavior of the regularized trace as t — +0, we use the geometric side of trace
formula. The first step is to show that ¢; can be replaced by a compactly supported
function ¢} € C°(G(A)) without changing the asymptotic behavior. Next we use the
coarse geometric expansion of the geometric side, which expresses Jo..(f), f € C*(G(A)),
as a sum of distributions J,(f) associated to semisimple conjugacy classes of G(Q). Let
Junip(f) be the distribution associated to the class of 1. If the support of ¢} is a sufficiently
small neighborhood of 1, it follows that

(1.11) Ty, (672) 1= Junip(67) + O (")

ast — +0. To analyze Jump(%t” ), we use the fine geometric expansion [Ar4] which expresses

Junip(@}) in terms of weighted orbital integrals. If the real rank of G(R) is one, the weighted
orbital integrals are rather simple and the weight factors are explicitly known (see [Wal).
In order to deal with the weighted orbital integrals in the higher rank case, we need to
restrict to the groups GL(n) or SL(n). In this case all unipotent orbits are Richardson,
which simplifies the analysis considerably. We are only interested in the situation over
the field R. Let M be a Levi subgroup of G. Let Uy, be the unipotent variety in M and
V € (Uy) a conjugacy class. Let U be an M(R) conjugacy class in V(R). There exists
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a standard parabolic subgroup ) = LN € F and a constant ¢ > 0 such that for every
O(n)-conjugation invariant function f € C°(G(R)) the weighted orbital integral Jy, (U, f)
is given by

(1.12) Ju(U, f)= C/N(R) f(n)wup(n) dn,

where wpsp(n) is a certain weight function. The main problem is now to determine the
structure of the weight function. For G(R) = SOq(n, 1) the weighted orbital integral is
of the same form with weight function w(n) = log||logn||, where the inner log is the
isomorphism log: N — n. This fact has been exploited in [Mu6] in order to establish the
asymptotic expansion of the regularized trace in the case of hyperbolic manifolds of finite
volume. It turns out that wysy has a similar behavior with respect to scaling. Note that
the map x — X = z — id defines a bijection between the variety of unipotent elements in
G(R) and the nilpotent cone in the Lie algebra g(R). For s € R let 25 := id +s(x —id). Let
x € VY(R) such that wyyy(z) is defined. Then by Proposition 7.1, wysy(z,) is well-defined
for every s > 0 and s ~ wysy(zs) is a polynomial in logs of degree at most dim a;.
Inserting a standard parametrix for the heat kernel into (1.12) and using the structure of
war,y, we obtain Theorem 1.1. To eliminate the assumption that Ky is contained in some
K(N) with N > 3, we would have to consider orbital integrals associated to classes of
finite order. For GL(2) and GL(3) we discuss this issue in section 15.

To prove Theorem 1.2, we use the spectral side of the trace formula. Let ¢;”” be the
function in C(G(A); K¢), which is defined in the same way as ¢} in terms of the kernel of
the heat operator on the universal covering. Then by the trace formula

Trreg (e_tAp(T)) = JspeC(gbgp)'

The key input to deal with the spectral side is the refinement of the spectral expansion of
the Arthur trace formula established in [FLM1] (see Theorem 5.1). For f € C(G(A)) we
have

JSpeC(f) - Z JSPec,M(f)v
(M]

where [M] runs over the conjugacy classes of Levi subgroups of G and Jgecn(f) is a
distribution associated to M. The distribution associated to G is Tr R (f), where Ry
denotes the restriction of the regular representation of G(A) in L?*(G(Q)\G(A)) to the
discrete subspace. For a proper Levi subgroup M of G, Jg,e. v (f) is an integral whose main
ingredient are logarithmic derivatives of intertwining operators. Using our assumption that
T # 79, we obtain dimker A,(7) = 0. Then it follows as in the compact case that there
exists ¢ > 0 such that

Tr Rais(9;F) = O(e™), as t — .

For a proper Levi subgroup M, the determination of the asymptotic behavior of Joyec nr (07 %)
as t — oo relies on two conjectural properties, one global and one local, of the intertwin-
ing operators. The global property is a uniform estimate on the winding number of the
normalizing factors of the intertwining operators in the co-rank one case. For GL(n) and
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SL(n), this property follows from known, but delicate, properties of the Rankin-Selberg
L-functions [FLM2]. The local property is concerned with the estimation of logarithmic
derivatives of normalized local intertwining operators, which are uniform in 7. For GL(n)
the pertinent estimates have been established in [MS, Proposition 0.2]. They are a conse-
quence of a weak version of the Ramanujan conjecture. The case of SL(n) can be reduced
to GL(n) in the same way as in the proof of [FLM2, Lemma 5.14]. Let 6: G — G be the
Cartan involution and let 7y := 706. Using these estimations, it follows that for G = GL(n)
or G = SL(n), a proper Levi subgroup M of G and a finite dimensional representation 7
of G(R) such that 7 % 74, one has Jen(¢;") = O(e™") as t — oo. Putting everything
together, we obtain Theorem 1.2.

We end this introduction with some remarks on the possible extension of the our results
to other groups G. First of all, Theorem 1.2 depends on the estimations of logarithmic
derivatives of global normalizing factors and normalized local intertwining operators. Using
functoriality, T. Finis and E. Lapid [FL2] have recently established similar estimates of the
logarithmic derivatives of global normalizing factors associated to intertwining operators
for the following reductive groups over number fields: inner forms of GL(n), quasi-split
classical groups and their similitude groups, and the exceptional groups G5. One can
expect that the estimates of the logarithmic derivatives of the normalized local intertwining
operators can be established by the same methods. This would lead to an extension of
Theorem 1.2 to these groups. It remains to deal with the unipotent orbital integrals for
the groups above.

The paper is organized as follows. In section 2 we fix notations and recall some basic
facts. In section 3 we introduce the locally symmetric manifolds as adelic quotients. In
section 4 we compare two different methods of truncation. One of them is based on the
truncation of kernels of integral operators which leads to the geometric side of the trace
formula. The other one consists in the truncation of the underlying manifold, which is the
basis for the renormalization of the trace of the heat operator. In section 5 we recall the
spectral side of the Arthur trace formula. In section 6 we are assuming that G = GL(n)
or G = SL(n). We discuss the unipotent contribution to the trace formula and derive a
simplified formula for the weighted orbital integral. Section 7 is devoted to the study of
the weight functions for the groups GL(n) and SL(n). The main result is Proposition 7.1,
which is the key result that enables us to determine the asymptotic behavior as ¢ — 40 of
the corresponding orbital integrals. Examples of low rank are discussed in section 8. These
are cases where the weight function is given explicitly. In section 9 we collect some basic
facts concerning Bochner-Laplace operators. The regularized trace of the corresponding
heat operators is introduced in section 11. The definition is based on section 4, which
deals with truncation. In section 10 we establish some estimates of the heat kernel for
Bochner-Laplace operators on the symmetric space X. Combined with the analysis of the
weight functions in section (7), the estimations are used in section (12) to prove Theorem
1.1. In section (13) we first use the spectral side of the Arthur trace formula to establish
Theorem 1.2, which concerns the large time asymptotic behavior of the regularized trace
of the heat operators. This finally enables us to define the regularized analytic torsion.
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In section 14 we assume that G = GL(3). Using the explicit form of the weight functions
described in section 8, we determine the coefficients of the possible poles at s = 0 of the
zeta functions. It turns out that the combination of the zeta functions, which is used to
define the analytic torsion, is holomorphic at s = 0. In the final section 15 we consider
for G = GL(2) or G = GL(3) an arbitrary subgroup K; of G(Z) and study the additional
weighted orbital integrals that arise in this case.

Acknowledgment. The authors would like to thank the referees for the careful reading
of the manuscript and for their very helpful suggestions and comments.

2. PRELIMINARIES

Let G be a reductive algebraic group defined over Q. We fix a minimal parabolic subgroup
Py of GG defined over Q and a Levi decomposition Py = M, - Ny, both defined over Q. Let
F be the set of parabolic subgroups of G which contain M, and are defined over Q. Let £
be the set of subgroups of G which contain M, and are Levi components of groups in F.
For any P € F we write

P = MpNp,
where Np is the unipotent radical of P and Mp belongs to L.

Let M € L. Denote by Aj; the Q-split component of the center of M. Put Ap = Ayy,.
Let L € £ and assume that L contains M. Then L is a reductive group defined over Q and
M is a Levi subgroup of L. We shall denote the set of Levi subgroups of L which contain
M by LE(M). We also write FL(M) for the set of parabolic subgroups of L, defined over
Q, which contain M, and PL(M) for the set of groups in FZ(M) for which M is a Levi
component. Each of these three sets is finite. If L = G, we shall usually denote these sets
by L(M), F(M) and P(M).

Let X (M)g be the group of characters of M which are defined over Q. Put
(2.13) ayr = Hom(X (M)g, R).

This is a real vector space whose dimension equals that of A,,;. Its dual space is

ay = X(M)g®@R.
We shall write,
(2.14) ap = ay,, Ao = Ay, and ag = ay,.
For M € L let Ay (R)° be the connected component of the identity of the group Ay (R).
Let Wy = Ng(q)(Ao)/My be the Weyl group of (G, Ag), where Ngq)(H) is the normalizer
of H in G(Q). For any s € W, we choose a representative w, € G(Q). Note that Wy acts

on L by sM = w;Mw;*'. For M € L let W(M) = Ngq)(M)/M, which can be identified
with a subgroup of Wj.

For any L € £(M) we identify a} with a subspace of a3,. We denote by a4, the annihilator
of a} in ay. We set

Li(M)={L¢e L(M):dima}, =1}



10 JASMIN MATZ AND WERNER MULLER

and

(2.15) A= ] P@).

LeLq (M)
We shall denote the simple roots of (P, Ap) by Ap. They are elements of X(Ap)g and
are canonically embedded in aj,. Let ¥p C a} be the set of reduced roots of Ap on the
Lie algebra of G. The set Ay = Ap, is a base for a root system. In particular, for every
a € Ap we have a co-root oV € ap,.

Let P, and P, be parabolic subgroups with P, C P». Then ap, is embedded into a}
while ap, is a natural quotient vector space of ap,. The group Mp, N P, is a parabolic
subgroup of Mp,. Let Aﬁf denote the set of simple roots of (Mp, N Py, Ap,). It is a subset
of Ap,. For a parabolic subgroup P with Py C P we write A} := Af .

Let A (resp. Ay) be the ring of adeles (resp. finite adeles) of Q. We fix a maximal
compact subgroup K =[], K, = Ko - Ky of G(A) = G(R) - G(Af). We assume that the
maximal compact subgroup K C G(A) is admissible with respect to My [Ar5, §1]. Let
Hy: M(A) — ap; be the homomorphism given by

(2.16) bt — ()| = [ [Ix(ma)l,

for any x € X (M) and denote by M(A)' € M(A) the kernel of Hy;. Then M(A) is the
direct product of M(A)' and Ay (R)°, the component of 1 in Ay (R). By the conditions
on K, we have G(A) = P(A)K. Hence any x € G(A) can be written as

nmak, n € N(A), me€ M(A)', a € AyR)’, ke K.
Define Hp: G(A) — ap by
(2.17) Hp(z) :== Hy(a),

where © = nmak as above. Let g and ¢ denote the Lie algebras of G(R) and K, respec-
tively. Let 6 be the Cartan involution of G(R) with respect to K. It induces a Cartan
decomposition g = p @ €. We fix an invariant bi-linear form B on g which is positive
definite on p and negative definite on £. This choice defines a Casimir operator 2 on G(R).
Let II(G(R)) denote the set of equivalence classes of irreducible unitary representations
of G(R). We denote the Casimir eigenvalue of any 7 € II(G(R)) by A;. Similarly, we
obtain a Casimir operator Qi on K., and write A\, for the Casimir eigenvalue of a rep-
resentation 7 € II(K.,) (cf. [BG, §2.3]). The form B induces a Euclidean scalar product
(X,Y)=—B(X,0(Y)) on g and all its subspaces. For 7 € TI(K,,) we define ||7]| as in [CD,
§2.2]. Note that the restriction of the scalar product (-,-) on g to ag gives ag the structure
of a Euclidean space. In particular, this fixes Haar measures on the spaces a}, and their
duals (af;)*. We follow Arthur in the corresponding normalization of Haar measures on
the groups M(A) ([Arl, §1]).

Let L  (Ay(R)°M(Q)\M(A)) be the discrete part of L*(Ay(R)°M(Q)\M(A)), ie.,
the closure of the sum of all irreducible subrepresentations of the regular representation of

M(A). We denote by Ilgis.(M(A)) the countable set of equivalence classes of irreducible
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unitary representations of M (A) which occur in the decomposition of the discrete subspace
L3 (A (R)°M(Q)\M(A)) into irreducible representations.

disc
3. ARITHMETIC MANIFOLDS

Let G be a reductive algebraic group over Q. Let Ky C G(Ay) be an open compact
subgroup. The double coset space A¢(R)°G(Q)\G(A)/G(R)K is known to be finite (see
[Bol, §5]). Let x; = 1, z9,...,2; be a set of representatives in G(Ay) of the double cosets.
Then the groups

I = (GR) x ;K27 ) NGQ), 1<i<lI,
are arithmetic subgroups of G(R) and the action of G(R) on the space of double cosets
Ag(R)°G(Q)\G(A)/K; induces the following decomposition into G(R)-orbits:
I

(3.18) Ac(R)’GQ\G(A)/Ey = | | (TAGR)'),

i=1

where G(R)! = G(R)/Ag(R)°. Thus we get an isomorphism of G(R)-modules
(3.19) L*(Ac(R)°G(Q\G(A))" = @ LA(TAG(R)Y).

We note that, in general, [ > 1. However, if G is semisimple, simply connected, and
without any Q-simple factors H for which H(R) is compact, then by strong approximation
we have

GQ\G(A)/ Ky =T\G(R),
where I' = (G(R) x Ky) N G(Q). In particular this is the case for G = SL(n). Let
K., C G(R) be a maximal compact subgroup. Let

(3.20) X = GR)' /Ky

be the associated global Riemannian symmetric space. Given an open compact subgroup
K; C G(Ay), we define the arithmetic manifold X (K) by

(3.21) X(Kp) == GQ\(X x G(Ay))/ K.
By (3.18) we have

(3.22) X(Kp) = | (r\X).

i=1

where each component FZ\)? is a locally symmetric space. We will assume that K is neat.
Then X (Ky) is a locally symmetric manifold of finite volume.

Now consider G = GL(n) as algebraic group over Q. Then Ag(R)? is the group of scalar
matrices with a positive real scalar and Ko, = O(n). Let N =[], p"™, r, > 0. Put

K,(N) ={ke G(Z,): k=1mod p"*Z,}
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=[] &,V

p<oo

and

Then K(N) is an open compact subgroup of G(Ay) and
@(N)

(3.23) Ac(R)’G(Q\G(A)/K(N) = | | T(N)\SL(n,R)

where o(N) = #[(Z/NZ)*] (see [Ar6]). Hence we have

e(N)

(3.24) L*(Ag(R)°G(Q)\G(A)) KW @ L*(T'(N)\ SL(n,R))

as SL(n, R)-modules. We have
X =SL(n,R)/SO(n).
Let
(3.25) X(N) := GQ\(X x G(Af))/K(N).
Let v: Koo — GL(V,) be a finite dimensional unitary representation of K. Let E, be

the associated homogeneous Hermitian vector bundle over X. Over each component of
X(Ky), E induces a locally homogeneous Hermitian vector bundle E;, — I';\ X. Let

l
(3.26) E, = |E..
i=1
Then E, is a vector bundle over X (Ky), which is locally homogeneous.

4. TRUNCATION AND THE GEOMETRIC SIDE OF THE TRACE FORMULA

The Arthur trace formula is obtained by truncating the kernels of integral operators
associated to functions in C°(G(A)'). On the other hand, the regularization of the trace
of heat operators is based on the truncation of the underlying locally symmetric space. In
this section we compare the two methods. Let Fy be the fixed minimal parabolic subgroup

of G.
For f € C(G(A)) let
Z fa@ ).
yeG(Q

This is the kernel of an integral operator. In general, Ky(z,z) is not integrable over
G(Q)\G(A)' and needs to be truncated to get an integrable function. To define the trun-
cated kernel we need to introduce some notations.

Let P = MpNp be a standard parabolic subgroup and let () be a parabolic subgroup
containing P. Let Ag be the set of simple roots of (MgN P, Ap). Similarly, we have the set
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of coroots AY and, more generally and, the set (A%)Y which forms a basis of a% := apNag.
We denote the basis of (a%)* (resp. a?) dual to (A2)Y (resp. A%) by A% (resp. (AY)V.
Let 7% and 79 denote the characteristic functions of the set

{X €ap: (o, X) > 0foralla € AG}

and
{X €ap: (@, X) >0forall w e AY},

respectively. If Q = G, we will suppress the superscript. Moreover we put 7y := 7 and
7o :=75'. Now we can define the truncated kernel. Put

K (z,y) = / > [z yny) dn.

Np(Q\NP(A) Jep()

Let Hp: G(A) — ap be the map defined by (2.17). For any T € aj define

(4.27) Kl (x, f) =) (=n)®mde/de) N K (0w, 0u)7p(Hp(d7) — Tp),
P seP(Q\G(Q)

where Tp denotes the projection of T'on ap. Note that the term in (4.27) which corresponds
to P =G is Ky(z,z). It G(Q)\G(A)! is compact, there are no proper parabolic subgroups
of G over Q. Thus, in this case we have k”(z, f) = K;(z, ), and the truncation operation
is trivial. By [Ar4, Theorem 6.1] the integral

(4.28) JE() = / k' (z, f) dx
G(Q\G(A)!

converges absolutely. This is the first step toward the trace formula. As shown by Hoffmann
[Ho|, JT(f) is defined for a larger class of functions f and J?(f) is a polynomial in T € ag
of degree at most dy = dim aIG;:O. There is a distinguished point Tj € ag specified by [Ar3,
Lemma 1.1], and Arthur defines the distribution J on G(A)! by

(4.29) J(f)=J0(f), feCE(GA)).

This is the geometric side of the trace formula. To distinguish it from the spectral side,
we will denote it by Jye,.

In [Ar1] Arthur has introduced the coarse geometric expansion of J7(f). To define it, one
has to introduce an equivalence relation in G(Q). Define two elements v and 7" in G(Q)
to be equivalent, if the semisimple components 5 and 7, of their Jordan decompositions
are G(Q)-conjugate. Let O be the set of equivalence classes. Note that the set O is in
obvious bijection with the semisimple conjugacy classes in G(Q). Furthermore, in case

G = GL(n), the Jordan decomposition is given by the Jordan normal form. For o € O and
f e C®(G(A)) let

Ky (z,y) :=/ > flayny) dn.
Np(Q)\Np(4)

~yeP(Q)No
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Given T € ag and z € G(A)', let

(@30) (e f) = Y (A ST KL G, 5a)7 (Hp(62) — Tr).
P seP(Q\G(Q)
Let
(431) HOES K, f) da.
GQ\G(A)!
The integral converges absolutely and one obtains an absolutely convergent expansion
(4.32) T =, feCE(GA).
€O

This is the coarse geometric expansion, introduced in [Arl]. In [FL1], Finis and Lapid have
shown that the coarse geometric expansion (4.32) extends continuously to the space of
Schwartz functions C(G(A)!) which is defined as follows. For any compact open subgroup
K; of G(Ay) the space G(A)'/K; is the countable disjoint union of copies of G(R)! =
G(R) N G(A)! and therefore, it is a differentiable manifold. Any element X € U(gl,) of
the universal enveloping algebra of the Lie algebra gl of G(R)' defines a left invariant
differential operator f — f x X on G(A)'/K;. Let C(G(A)'; K;) be the space of smooth
right K j-invariant functions on G(A)! which belong, together with all their derivatives, to
LY(G(A)"). The space C(G(A)'; K;) becomes a Fréchet space under the seminorms

1f* X|lveayn), X €U(gl).

Denote by C(G(A)') the union of the spaces C(G(A)'; K;) as Ky varies over the compact
open subgroups of G(A;) and endow C(G(A)') with the inductive limit topology. For f €
C(G(A); Ky) and o € O let J(f) and JI'(f) be defined by (4.28) and (4.31), respectively.
By [FL1, Theorem 7.1], the integrals defining J7(f) and JI(F) are absolutely convergent
and we have

(4.33) TN =00, feCGA) K.

0cO
We shall now discuss how JT(f) is related the integral of the kernel over the truncated

manifold, where the truncated manifold is defined by a certain height function. For T" € a,
let

(4.34) G(A)Lr ={g € G(A)": 7(T — Ho(vg)) =1, for all v € G(Q)}.
Note that by definition, G(A)L, is G(Q)-invariant. Furthermore, for T € ag let
6T1 = {.CU € G(A) T(](H()(.T) — Tl) = 1}

and more generally
Sh ={r € G(A): 7§ (Ho(x) — T1) = 1}
for any P D P,. Note that these sets are left Py(A)!-invariant. By reduction theory, there
exists 17 € ag such that
P(Q)&7, = G(A)



15

for all P D Py, in particular for P = G. We fix such T;. Let

(4.35) d(T) = min(c, T)).

aceAg

There exists dy > 0, which depends only on G, P, and K, such that for all T € ay with
d(T) > dp one has

G(A) Ly N6, ={g € G(A)': 7o(Ho(g) — T1)70o(T — Ho(g)) = 1}.

For f € C(G(A)') recall that

(4.36) K(z,y)= Y fla"'y)

vEG(Q)

The series converges absolutely and uniformly on compact subsets. Then the following
theorem, which is an immediate consequence of [FL1, Theorem 7.1], establishes the relation
between J7(f) and naive truncation.

Theorem 4.1. For every open compact subgroup Ky of G(Ay) there exists r > 0 and a
continuous seminorm pn on C(G(A)'; Ky) such that

/ Ky(w,2) de — J7(F)| < u(f)(1 + [ 7)) e
GQ\G(A)Ly

for all f € C(G(A)'; Ky) and T € ag such that d(T) > dy.

Proof. For 0 € O let
Ko(z,y) = > fla ")

YEo

We have

(437) Kf<x7y> = ZKU<x7y)7
0eO

where the series converges absolutely. Using (4.33), we get

/ Ky(w) do— J7(f)| < 3
GQ\G(A)Ly

0cO
and the theorem follows from [FL1, Theorem 7.1]. We note that for the case of compactly
supported functions f this is due to Arthur (see [Arl, §7]). O

/ Ko(z,z) dv — JE(f)].
(Q\G(A)

1
<T
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5. THE NON-INVARIANT TRACE FORMULA

Arthur’s (non-invariant) trace formula is the equality

(5'1) JgeO(f) = JspeC(f)v I e C?(G(A)l)a
of the geometric side J,.,(f) and the spectral side J,,..(f) of the trace formula. The geome-
tric side has been described in the previous section. In this section we recall the definition
of the spectral side, and in particular the refinement of the spectral expansion obtained
in [FLM1]. Combining [FLM1] and [FL1], it follows that (5.1) extends continuously to
feC(GA)).

The main ingredient of the spectral side are logarithmic derivatives of intertwining oper-
ators. We briefly recall the structure of the intertwining operators.

Let P € P(M). Let Up be the unipotent radical of P. Recall that we denote by Xp C a},
the set of reduced roots of Ay, of the Lie algebra up of Up. Let Ap be the subset of simple

roots of P, which is a basis for (af)*. Write a}, | for the closure of the Weyl chamber of
P, ie.

ap, ={reay:(Na')>0forall € Xp} ={Aeay: (\a’)y>0forall a e Ap}.
Denote by §p the modulus function of P(A). Let As(P) be the Hilbert space completion
of

{6 € C(M(QUP(A\G(A)) : 0p*6(-@) € L (An(R)’M(Q)\M(A)), Yz € G(A)}

with respect to the inner product

(61, 65) — / 61(9)33(9) dy.
Ap(R)OM(Q)Up (A\G(A)

Let o € 3j;. We say that two parabolic subgroups P, () € P(M) are adjacent along «, and
write P|*Q, if ¥p N —Xg = {a}. Alternatively, P and () are adjacent if the group (P, Q)
generated by P and @) belongs to Fi(M) (see (2.15) for its definition). Any R € F1(M) is
of the form (P, Q), where P, (@ are the elements of P(M) contained in R. We have P|*Q
with oY € ¥} Nalf. Interchanging P and @ changes a to —a.

For any P € P(M) let Hp: G(A) — ap be the extension of Hy to a left Up(A)-and right
K-invariant map. Denote by A%*(P) the dense subspace of A?(P) consisting of its K- and
3-finite vectors, where 3 is the center of the universal enveloping algebra of g ® C. That

is, A?(P) is the space of automorphic forms ¢ on Up(A)M(Q)\G(A) such that 5;%gb(k) is
a square-integrable automorphic form on Ay (R)°M(Q)\M(A) for all k € K. Let p(P, \),
A € aj; ¢, be the induced representation of G(A) on A*(P) given by

((P, A, 9)6)(w) = §(zy)eH1r (v~

It is isomorphic to the induced representation

dS®) (L2 (Ans (R)M(Q\M(A)) @ M)
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For alternative descriptions see [Ar8, §1], [MW, 1.2.17, 1.2.18].
For P,QQ € P(M) let
Mip(A) : A2(P) — A*(Q), X € ayc,

be the standard intertwining operator [Ar9, §1], which is the meromorphic continuation in
A of the integral

[Map(Mo](x) = / O(nz)e MO =HD) dn ¢ e A(P), € G(A).
UQ(&)NUp (1)\Uq (4)

Given 7 € g (M(A)), let A%2(P) be the space of all ¢ € A%*(P) for which the func-
1

tion M(A) > = — 0p2¢(xg), g € G(A), belongs to the m-isotypic subspace of the
space L2(Ap(R)°M(Q)\M(A)). For any P € P(M) we have a canonical isomorphism
of G(Ay) x (g¢, Koo )-modules

jp : Hom(m, L*(Ay(R)°M(Q)\M(A))) ® IndF,) () — A2(P).

If we fix a unitary structure on 7 and endow Hom(m, L?( Ay (R)°M(Q)\M(A))) with the
inner product (A, B) = B*A (which is a scalar operator on the space of ), the isomorphism
Jp becomes an isometry.

Suppose that P|*Q. The operator Mg p(7,s) := Mg p(sw)|s2(p), Where @ € aj, is such
that (z, @¥) = 1, admits a normalization by a global factor n, (7, s) which is a meromorphic
function in s. We may write

(5.2) Mqip(m,s) o jp = na(m,s) - jg o (Id@Rgp(m, s))

where Rgp(m,s) = ®,Rgp(my,s) is the product of the locally defined normalized in-
tertwining operators and 7 = ®,m, [Ar9, §6], (cf. [Mu2, (2.17)]). In many cases, the
normalizing factors can be expressed in terms automorphic L-functions [Shal], [Sha2].
For example, let G = GL(n). Then the global normalizing factors n, can be expressed
in terms of Rankin-Selberg L-functions. The known properties of these functions are col-
lected and analyzed in [Mul, §§4,5]. Write M ~ [[;_, GL(n;), where the root « is trivial on
[L;>5 GL(n;), and let 7 ~ ®@m; with representations m; € Ilgisc(GL(74, A)). Let L(s, m1 X 72)
be the completed Rankin-Selberg L-function associated to 7 and m,. It satisfies the func-
tional equation

1 1
(53) L(S,’Tl’l X %2) = 6(5,71'1 X %Q)N(’Tl'l X 77'2)5731-/(1 — S,’ﬁ'l X 7T2)
where |e(3,m X 72)| = 1 and N(m; X 73) € N is the conductor. Then we have
L(S, 7T X 7}2)

(54) nOé(ﬂ-7 5) e T .
€(3,m X To)N(my X @a)2 *L(s + 1,m X 7a)

We now turn to the spectral side. Let L O M be Levi subgroups in £, P € P(M),
and let m = dim af be the co-rank of L in G. Denote by Bp; the set of m-tuples
B=(8Y,...,BY) of elements of ¥} whose projections to a; form a basis for a¥. For any
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B=(B,...,0%) € Bpy let vol () be the co-volume in af of the lattice spanned by 8 and
let
E(B) ={(Q1,....Qm) € Fr(M)™ : B ed¥i i=1,...,m}
={(P,P)),... (P,,P.)): PP i=1,...,m}.

For any smooth function f on aj; and u € aj; denote by D, f the directional derivative
of f along p € a};. For a pair P;|*P, of adjacent parabolic subgroups in P(M) write

(5.5) 0p, P, (N) = Mpyp,(A) Do Mpyp, (A) = A*(Pa) = A*(P),

where @ € aj}; is such that (w,a") = 1. ' Equivalently, writing Mp,p,(\) = ®((X,a"))
for a meromorphic function ® of a single complex variable, we have

O p,(A) = (A, 7)) (A, aY)).
For any m-tuple X = (Q1,....Qu) € Sy(B) with @; = (P, Fl), P,
Ax (P, \) the expression
(5.6)
vol(B)
|

Bip!  denote by

. Mprp(N) " 0p, 1ot (N Mpypy(A) -+ - 0p,, 1 (A Mpr 1 (\)dp,, s (A) Mpy, p(N).
In [FLMI, pp. 179-180] the authors defined a (purely combinatorial) map Xy, : Bpp —
Fi(M)™ with the property that X7 (3) € Z.(8) for all 5 € Bp.”

For any s € Wy, let L be the smallest Levi subgroup in £(M) containing w,. We recall
that ap, = {H € ay | sH = H}. Set

_ _ -1
= |det(s 1)%5\ :
For P € F(My) and s € W(Mp) let M(P,s) : A*(P) — A?*(P) be as in [Ar3, p. 1309].

M(P,s) is a unitary operator which commutes with the operators p(P, A, h) for A € iaj .
Finally, we can state the refined spectral expansion.

Theorem 5.1 ([FLM1]). For any h € C>*(G(A)') the spectral side of Arthur’s trace
formula 1s given by

(57) spec Z Jspec M

M ranging over the conjugacy classes of Levi subgroups of G (represented by members of

L), where

1
(5.8) Jupeons(h) = S Y tr(Ax,, (5 (P, \)M(P, s)p(P, A\, h)) dA
|W(M)| seW (M) BEBpL, i(ags)*

INote that this definition differs slightly from the definition of & p|p, in [FLMI].
2The map X7 depends in fact on the additional choice of a vector i € (aj,)™ which does not lie in an
explicit finite set of hyperplanes. For our purposes, the precise definition of Xy, is immaterial.
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with P € P(M) arbitrary. The operators are of trace class and the integrals are absolutely
convergent with respect to the trace norm and define distributions on C(G(A)Y).

Note that the term corresponding to M = G is Jee.c(h) = tr Raisc(h).

6. THE UNIPOTENT CONTRIBUTION TO THE TRACE FORMULA

In this section we assume that G = GL(n) or G = SL(n) as algebraic groups over Q,
and we specialize to one of these groups at some points. The purpose is to analyze the
unipotent contribution to the geometric side of the trace formula. The point of departure
is the coarse geometric expansion of J,., as a sum of distributions

(6.1) Tl /)= Jalf)s [ € CR(GA)),

0cO

parametrized by the set O of semisimple conjugacy classes of G(Q). The distribution J,(f)
is the value at T" = 0 of the polynomial JI(f) defined in [Arl]. In particular, following
Arthur, we write Junip(f) for the contribution corresponding to the class of {1}. Let K(N)
be a principal congruence subgroup of level N > 3. By [LM, Corollary 5.2] there exists a
bi- K -invariant compact neighborhood w of K(N) in G(A)! such that

(62) Jgeo(f) = Junip(f)'

for all f € C>°(G(A)!) supported in w. ([LM, Corollary 5.2] was only stated for GL(n), but
its proof holds also for SL(n) without modification.) For our applications we can choose
f such that (6.2) holds if we restrict to Ky with Ky C K(N) for some N > 3. See § 15
for computations for n = 2,3 regarding orbits of finite order which appear in the case

To analyze Junip(f) we use Arthur’s fundamental result ([Ar4, Corollaries 8.3 and 8.5]) to
express Junip(f) in terms of weighted orbital integrals. To state the result we recall some
facts about weighted orbital integrals. Let S be a finite set of places of Q containing oo.
Set

Qs = [[Qn, and G(Qs) =] G(Q).

veS veS

Let
G(Qs)' = G(Qs) NG(A)!

and write C2°(G(Qg)!) for the space of functions on G(Qg)! obtained by restriction of
functions in C2°(G(Qs)) to G(Qs)". Further, let A% =[], .4 @, be the restricted product

over all places outside of S, and define G(A?) similarly as above.
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6.1. The fine geometric expansion. Let M € £ and v € M(Qg). The general weighted
orbital integrals Jy/ (7, f) defined in ([Ar5]) are distributions on G(Qg). Denote by H., the
centralizer of 7 in a subgroup H of G. If « is such that M, = G, then Jy (v, f) is given
by an integral of the form

(63) Tu(r. ) = | D) /G ey S ()

where D(7) is defined in [Arb, p. 231] and vy (x) is the weight function associated to the
(G, M)-family {vp(A\,z): P € P(M)} defined in [Ar5, p.230]. It is a left M (A)-invariant
and right K-invariant function on G(A). In particular, in the case M = G (in which
vy = 1) we obtain the usual (invariant) orbital integral. Of course, implicit in Jy (7, f) is
a choice of a Haar measure on G, (Qg). When the condition G, C M is not satisfied (for
example, if v is unipotent and M # G), the definition of Jy, (7, f) is more complicated. It
is obtained as a limit of a linear combination of integrals as above. For more details we
refer to [Ar5], see also the description below. If v belongs to the intersection of M(Qg)
with G(Qg)', one can obviously define the corresponding weighted orbital integral as a
linear form on C%°(G(Qg)!). Note that Jy (7, f) depends only on the M(Qg)-conjugacy
class of 7.

To state the fine expansion of Jyi,(f), we need to introduce a certain equivalence relation
as defined in [Ar4, Ar7]. Let Uy denote the variety of unipotent elements in M and Uy (A)
its A-points for any Z-algebra A. We say that uy, us € Uy (Q) are (M, S)-equivalent if they
are conjugate by some element in M(Qs), cf. [Ar4, §7]. We denote by (Un(Q)),, ¢ the set
of (M, S)-equivalence classes in Uy, (Q). We note that (Uy(Q)),, ¢ is finite for any S but
may get larger as S grows. We get an injective map ’

(Uni(Q))ar,s — Uni(Qs)) ar(gy)

where (Z/{M(QS))M(QS) denotes the set of M(Qg)-conjugacy classes in Uy (Qg). Note that
this last set is evidently the same as the direct product [] g (U (Qu))y(qg,) Over the
M(Q,)-conjugacy classes in Uy (Q,), v € S. In particular, we can identify an equivalence
class U € (Un(Q)),, ¢ with its image under the above map, that is, with a tuple (U,)ves
of M(Q,)-conjugacy classes in U (Q,).

By [Ar4, Theorem 8.1] we have
(6.4) Junip(f ® Lics) = vol(GQN\G(A)) F(1) + Y a™(S,U)Ju(U, f),

(M,U)

where (M, U) runs over all pairs of Levi subgroups M € L and U € (Un(Q)),, 5 with
(M,U) # (G,1). Here f € C>(G(Qs)"), 1xs is the characteristic function of the standard
maximal compact of G(A%), and a* (S, U) are certain constants which depend on the nor-
malization of measures (but are usually not known explicitly). The distributions Jy (U, f)
can be written as weighted orbital integrals [Ar5, p. 256]. In our case the integrals simplify
as we are going to see later.
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6.2. Unipotent conjugacy classes. Let (U);) denote the set of geometric (that is, over
an algebraic closure Q of Q) M-conjugacy classes in Uy;. Then (Uy,) is a finite set. Each
V € (Uy) is defined over Q and the set of Q-points V(Q) is non-empty. More precisely,
each V € (Uy) corresponds to a partition of n, and V(Q) contains the matrix with Jordan
normal form corresponding to that partition. For any V € (Uy) the set V(Q) is closed
under the (M, S)-equivalence relation and we write (V(Q)),, 5 for the finite set of (M, S)-
equivalence classes in V(Q).

Remark 6.1. If G = SL(n), there might be infinitely many M (Q)-conjugacy classes in
V(Q) depending on the type of V(Q). This is in contrast to the case of GL(n), where the
(finite) set of geometric unipotent conjugacy classes is in bijection with the set of rational
unipotent conjugacy classes.

Each class V € (Uy) is a Richardson class, that is, there exists a standard parabolic
subgroup Q = LV € L(M) such that V is induced from the trivial orbit in L to M, see
[Hu, §5.5 Proposition]. Equivalently, the intersection of V with V' is an open and dense
subset of V. Note that every (M, S)-equivalence class U C V(Q) has a representative in

V(Q).
Now let V € (Un) and U = (Up)ves € (V(Qs))pr(qq)- Here we write (V(Qs)) g =
[Toes V(Qu)) (g, for the set of M(Qs)-conjugacy classes in V(Qs). To understand the -

adic integral Jy, (U, f), we decompose it into a sum of products of integrals at oo and at the
finite places Sg, = S\{oo}. More precisely, for every pair of Levi subgroups Ly, Ly € L(M)
there exists a coefficient d§,(L,, Ly) € C such that

(6.5) IuU, )= > d5(L1, L) T3} (Use: fo.0u) T47 (Unas fin2)

Lq,LoeL(M)

(see [Ar3]) where U, = (U,)ves,, € (V(Qsﬁn))M(QSﬁ pand @ = Vi € P(Ly)), Q2 =

LyVy € P(Ly) are certain parabolic subgroups the exact choice of which does not matter
to us. Moreover,

Frogn(m) = b0, (m)/2 / U k) dk o, m € 1 (R),
o JVI(R

with fsn 0, being defined analogously, and the coefficients d; (L1, Ly) are independent of S
and they vanish unless the natural map ak! @ al? — af; is an isomorphism. In case the
coefficient does not vanish, it depends on the chosen measures on at}, at? and a,. The
distributions J& (U, F), for L € L(M), any finite set S of places of Q, F € C®(L(Qs")),
and a unipotent conjugacy class U C L(Qg/), are defined similarly as the weighted orbital
integrals J§; = Jy; but with L in place of G.

Our test function at the places in v € Sy, is fixed once and for all so that the integrals at
those places can be viewed as constant for our purposes. Hence we need to understand the
integral at the Archimedean place. We therefore need to better understand the unipotent
conjugacy classes over R. If G = GL(n), the unipotent orbits in GL,(R) and all its
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Levi subgroups in L are easy to describe as they are in one-to-one correspondence with
the geometric unipotent conjugacy classes and therefore classified by partitions of n. We
assume for the moment that G = SL(n). Note that SL,(R) is normalized by GL,(R).
Moreover, each M € L is of the form M = M N SL(n) for a unique Levi subgroup
M € £ Then KM := O(n) N M(R) is a maximal compact subgroup in M, K n
M(R) = KM and M(R) normalizes M(R). In particular, it makes sense to speak of

KM_conjugation invariant functions on M (R).

Lemma 6.2. LetV € (Uyr). For any two equivalence classes Uy, Uz € (V(R)) () there ea-
ists k € KM with k='Uk = U, and (V(R)) prry consists of at most two equivalence classes.
More precisely, if Ui, Us € (V(R)) gy are the two distinct classes, we have k= Uk = Uy
with k = diag(—1,1,...,1) € KM,

Proof. Let u; € U; and uy € U;. In M(R), u; and uy are conjugate, that is, there
exists some g € M(R) with g~'u;g = uy. Without loss of generality we can assume that
|detg] = 1. If detg = 1, then g € M(R) N SL,(R) = M(R) and U; = U,. If detg = —1,
let k = diag(—1,1,...,1) € K¥ and g, = gk~!. Then g, € M(R) N SL,(R) = M(R), and
Uy =g U,g = k‘*lgflUlglk: = k~'U,k as asserted. OJ

6.3. Measures on conjugacy classes.

Corollary 6.3. If V € (Uy;) and fo € C.(G(R)) is conjugation invariant under K., then
we have Ju(Un, foo) = Ju(Us, foo) for all Uy, Us € (V(R)) -

Proof. By the previous lemma, there are at most two distinct classes in (V(R)) Mm(®)- LI there
is only one class in (V(R)),(), there is nothing to show. If there are two distinct classes
Ui, Uy, they are conjugate to each other via the element k = diag(—1,1,...,1) € K. Let
uy € Uy and uy = k~'urk € Uy. Then the centralizers of u; and uy in G(R) are the same,
since they are the same in GL,(R) and k£ normalizes G(R) = SL,(R) in GL,(R). Hence
the invariant measures on the G(R)-conjugacy classes of u; and uy coincide, in particular,
Ja(Uyr, fso) = Ja(Us, fso) for every K ,-conjugation invariant f., € C.(G(R)).

The non-invariant measure defining Jy/(U;, ) can be written as the product of some
weight function times the invariant measure. We shall see in the next section (see (7.9)
and (7.12)) that the weight function is invariant under the action of & = diag(—1,1,...,1)
so that the claim of the lemma follows for the weighted orbital integrals as well. O

The following corollary now is valid for G = SL(n) as well as G = GL(n). However, we
shall only prove it for SL(n). For G = GL(n) the proof in fact is easier and was already
given in [LM, Lemma 5.3] (see also [Ho, Proposition 5]).

Corollary 6.4. For every V € (Ug) there ezists a standard parabolic subgroup P = LV
and a constant ¢ > 0 such that for every O(n)-conjugation invariant function f., and every
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U € (V(R))gw the invariant orbital integral Jo(U, fx) can be written as

Ufoo—/ frolv

where dv denotes the Haar measure on V(R) normalized such that it coincides with the
measure obtained from the Lebesgue measure on RY™Y when V(R) is identified with RE™Y
via its matriz coordinates.

Proof. Let P = LV € P be a Richardson parabolic subgroup for V so that V(R) NV (R) is
dense in V(R). We have V(R) = UUG(V(R))G(R) U and this union is disjoint. Then

(6.6) VR)NVER) = | ] UNV([R)
Ue(V(R)) g r)

is also a disjoint union which is dense in V(R). For each U € (V(R))q ) we can pick a

representative u € V(R). Then the orbit of v under P(R) equals U N V(R). Since f is
O(n)-conjugation invariant, we have, using Iwasawa decomposition for G(R), that

JoU ) = [ anl) el up)
Pu(R)\P(R)
It follows as in the proof of [LM, Lemma 5.3] that
CE(VR)) > h— 0p(p)~ h(p™ up) dp
Pu(R)\P(R)
is absolutely continuous with respect to the Haar measure on V(R). Hence
(6.7) CX(V(R))>h— Z/ ) h(p~tup) dp
u(R)\P(R)

is also absolutely continuous with respect to the Haar measure on V(R). Here u € V(R)
runs over a set of representatives for the classes U € (V(R))g ). Since the right hand side
of (6.6) is a disjoint union and dense in V(R), the measure defined by the right hand side
of (6.7) must be proportional to the Haar measure on V(R). Hence there exists a constant
C' > 0 such that for every f,, € C*(G(R)) we have

S Ufoo=/ frolo

Ue(V(R)) g r)
By Corollary 6.3 and our assumption on f,, we have Jg(Ui, foo) = Jg(Us, f) for all

C
JG’(Ua foo) = N V)

where NV is the number of classes in (V(R))g(z)- O

foo(v) dv
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The weighted integral Jy/ (U, fs) from [Arb, p. 256] can be written as an integral over
Ind]\% U against the invariant measure on Ind]\% U weighted by a certain function. Hence
using the corollary above it follows that the real orbital integral Jy,(U, fs) simplifies for
every O(n)-conjugation invariant f,, to

(6.8) I (U, fso) = . (x)wpr () do

where () = LN € P is a Richardson parabolic for Indf/f U, the unipotent orbit induced
from M to G, and the weight function wy, () is described in [Ar5, Lemma 5.4]. (See also
[LM, §5].) It is a finite linear combination of functions of the form [];_, log ||p;(x)| where
p; are polynomials on Ng(R) into an affine space, i = 1,...,r (not necessarily distinct)
and

1, ym)llo = [vals + -+ Yl

(The fact that the product is over r terms is implicit in [Ar5] but follows from the proof.)
For our purpose we need to describe the weight function in more detail which we shall do
in the next section.

7. THE WEIGHT FUNCTION

In this section, again G = GL(n) or G = SL(n). We are only interested in the situation
over the field R, but most of this section holds over Q,, p < oo, as well. As before, Uy,
denotes the unipotent variety in M and V € (Uy) a geometric conjugacy class. We write

KE — SO(n) if G = SL(n),
O(n) if G = GL(n),
and we write K for K if G is clear from the context.

We first recall the definition of the local weight functions from [Ar5]. Let V € (Uys) and
U € (V(R)) ). We denote by VY the conjugacy class in (Ug) induced from V along some
parabolic subgroup in P(M) (they yield all the same induced class). Let UY € (V¥(R)),, ®)
be such that UNM(R) = U. (As explained above there are at most two different elements

in (VG(]R))G(R) which are conjugate by diag(—1,1,...,1).)

Arthur [Ar5] defines a weight function wy;; on a dense open subset of V¥(IR) such that
the local weighted orbital integral Jy, (U, f) = J$(U, f) can be defined as

(1) )= [ St de

for any f € C*°(G(R)) of almost compact support with dx denoting the invariant measure
on UY, cf. [Rao]. Let Q = LN € P be a Richardson parabolic subgroup for V¥. By the
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results of the previous section, if f is conjugation invariant under the group O(n), we can
write the above as

(7.2) JS(U, f) = C/N(R) f(n)wprp(n)dn

for some constant ¢ > 0. The function wy, actually only depends on V and not on the
specific U € (V(F)) ) so that we can also write wyyy for this function. Note that the
map = — X = z —id defines a bijection between the variety Ug(R) and the nilpotent cone
in the Lie algebra g(IR). Moreover, if x € U, then for any s € R, s # 0, the element

(7.3) xs = 1id +s(z —id)
is an element in V¥(R) (but not necessarily in U%).
The goal is to show the following in this section:

Proposition 7.1. Let P = MV € F(M). Let x € V¢(R) be such that wyy(z) is defined.
Then wyry(xs) is also well-defined for every s > 0, and as a function of s, it is a polynomial
in log s of degree at most dim a$,. Moreover, there are k € N, homogeneous polynomials
Py,...,P : N(R) — R¥, and coefficients ay € R for each subset I C {1,...,t} such that
way(d+X) =370y ar[Lie log [[Pi(X)| for X in a dense subset of N(R). Here ||- |
denotes the vector norm on RF.

To prove this proposition, we follow along the lines of Arthur’s construction of the weight
functions. Let ®(Ay;, G) be the set of roots of (Ay, G), and let 5 € ®(Ay,G). Note
that every root in ®(Ays,G) is reduced in ®(Ay,G), that is, if v € P(Ay, G), then
my & ®(Ay, G) for any integer m # +1. Let Mz C G be a Levi subgroup containing
M such that ay, = {X € ay | B(X) = 0}. Let P € PM3(M) be the unique parabolic
subgroup of Mgz such that the unique root of Ay, on the unipotent radical of Ps equals 3.
Suppose that P, P, € P(M), P, = M N, are such that PN My = Ps and P, N My = Pj
(the opposite parabolic), and write Pg = LgNj for the Levi decomposition of Pz with
M C Lg.

Suppose that m = uv € Uy (R)N(R). Then for any a € Aprre there is a unique
ng € Nz(R) such that
(7.4) am = n;laung.

Note that ng is independent of the Apz,-part of a, that is, it only depends on a®. Let
Wt(ay) € X(Ayp) be the sublattice of all w which are extremal weights for some finite
dimensional representation of G(R). Let w € Wt(ay) C aj,; be such that w(5Y) > 0.
Consider

'UP(W,TLB) - e—w(HP(nﬁ)) _ 6—w(HP6(n,B)) _ UPg(Wa”B)

. M
as a function of a € AM/AMB ~ A}/, and 7 as above.
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Write v = id +X and ng = id +Yj with X, Y5 € ng(R). Note that a 'nga = id +a’Yj.
Further note that Y = 0 since 26 ¢ ®(Ay, G). Hence

T=u+uX = a’lnglaung = (id +a”Y3) u(id +Yj)
=u -+ (1 — aﬁ)Ygu + [u, Yg] — CLﬁY[g[u, Yﬁ]

where [u, 3] = uY3 — Ysu is again nilpotent and contained in the Lie algebra of Ng(R).
Again, this implies that the term Yj[u,Ys] vanishes since 23 is not a root of (Ayr, G).
Hence

utuX =u+ (1—a”)Yau+ [u,Ys].
Let Qg = MV be a semistandard minimal parabolic subgroup containing Np, so in par-
ticular it contains Ny as well. Conjugating u by some element in KM := K N M(R) if
necessary, we can assume that u € Vo(R) N M(R). In particular, we can write v = id + X
with Xy a nilpotent matrix in the Lie algebra of Vo(R) N M(R). Then [u, Y] = [Xo, Ys].
Hence the above equality becomes

(7.5) uX = X + XoX = (1 — a”)Y(id +Xo) + [Xo, V5] = (1 — a”)Ys + XoY5 — a’Y5X,.

Qo determines a choice of positive reduced roots @50 := ®(Ap, Qo). Then there exists
g e @, with Bla,, = —B, and we denote by W5 C @5, the subset of all such 3. Let

@g/[o’Jr - (13250 denote the subset of positive roots on M. Then Wz N @g/[o’Jr = 0.

We have a partial order <3 on Wg: If oy, a0 € Wy, then oy <3 ay if and only if there
exists v € @50 with as = a3 + 7. Note that then v € @go’+. We define subsets of Vg
according to how much the elements fail to be minimal with respect to <g: Let 111(60) be
the set of all & € WUg which are minimal with respect to <g. If £ > 0 is a non-negative
integer, let \Il(;ﬂ) be the set of all a € \115\\11(;) which can be written as a = o + v with
o1 € \I!(ﬁk) and v € CIDgO’JF. Note that \Il(ﬁk) # () for only finitely many k. Moreover, a; € \Ilg)
implies that ay < a; for any ay € \If(ﬁk) with k& < (.

To recover the matrix entries of Y3 from (7.5) we now proceed inductively over [ by

)

considering the matrix entries correspond to roots in \I’(ﬁl . In the following we write

Z =X+ XoX.
Note that
m=1id+Xy + Z, so that 7y, = id +sXy + sZ.

If Y € g(R) is a matrix in the Lie algebra, and a € ®(Ay, G) we denote by Y@ € R the
matrix entry of Y corresponding to a.

Lemma 7.2. Let |l > 0, and o € \Il(ﬁl). There are rational polynomials P,,;, 0 < i <[ in

the variables Xéﬂf) (v € CIDgO’Jr), ZW (v € Wy), and a® such that for a # 1 the following
holds
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e as a polynomial of Z and Xo, P.(Z, Xo,a?) is homogeneous of degree (i+1) in the
matriz entries of Z+ Xy, so in particular, for every s € R we have Py (sZ, sXy,a") =
Si+1Pa7i(Z, Xo, aﬁ),

e and

l
() Poz,i(Za Xo,a,ﬁ)
Y o Z (]_ — aﬂ)i'i‘l

Proof. We prove the lemma by induction on [. If [ = 0, then for any a € 111(60)

from (7.5) that

we obtain

i@ _ 7(@)
P =)

so the assertion of the lemma is true for [ = 0.

Now suppose that for some non-negative integer [ > 0 we know that for every 0 < k <[

)

and every « € \I/(B we have

k

(a) Paz Z XOaa'B)
(7.6) =3 (= Py
=0

with P, ; polynomials satisfying the assertions of the lemma. Then for o € \I’(;H) the
equation (7.5) gives

Z) = (1 - d”)Y ¥ + (XoYp) ™ — o (Y5 X0) .
By definition of \I/(;H) we have

(Xo¥s)®@ — (VX)W = 3 vy

with
e 1 if [Es, E,] = Es.,
“ —aﬁ if [E(;, Eq/] = —E(;_i_q/

where FE,, Es denote the elements of the standard Chevalley basis attached to our root
system @50. By the inductive assumption we can insert (7.6) for YB('Y) for every v occurring

in the sum. Dividing both sides of the so obtained equality by (1 — a”) then yields the
assertion of the lemma. OJ
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7.1. Weight functions. We now consider the function vp, (w,ng) = e-Hrm)) for @ €
Wt(ays). Note that Hp is invariant under left and right multiplication with elements of
K™ . There is an irreducible representation A of G on a finite dimensional vector space
Ve, defined over R, together with an extremal vector ¢, € V(R) of weight w and a norm
| - || on V45 (R) such that ||¢| =1 and

vp,(@,n) = [Ax(n") x|

We can identify V(R) with R™= for m, = dim V,, and we can assume that the norm is
of the form

1/2
(1, m )| = (@34 + 22 )Y

for (z1,...,2m,,) € R™=. Recall that A, is an algebraic representation. Thus A,: G —
GL(V,) is a morphism of algebraic varieties. Hence as a function of ng € N3(R) the
function vp,(w,ng) is the vector norm applied to a polynomial function from mnz(R) to
R™=. Using the above lemma (and the notation therein), we therefore get that

Z fn Z X(),Cbﬁ

(7.7) vp,(w,ng)? (@ — 1

KER

where k runs over a finite set of integers R C 7Z, and f, is the norm of some rational
function that is homogeneous of degree k in the matrix entries of Xy and Z, and has a
finite value at @ = 1 so that we may write f.(Z, Xo,1). Here ng, Z, Xy, and a are related
as in (7.4). The function f.(Z, Xy, a”) in general depends on @ and if we want to make
this dependence explicit we write f,. (Z, X, a?).

Now let uw € U, U € M(R), and UY C G(R) be as before, and write u = id +X, with
X nilpotent. Let ro(3, Xo) € R be the largest x € R such that f..(-,-,a”) does not vanish
identically on ng(R) x A, where N' C m(R) is the nilpotent orbit defined by U = id +N.
Let p(8, Xo) be the product of 1/(2aw(8Y)) with ko(5, Xo). It follows from [Ar5, p. 238]
that ko(8, Xo) > 0 and p(B, Xy) > 0. The p(B, Xy) is independent of w as explained
in [Ar5, p. 238] but ko(5, Xo) in general depends on w. If we want to emphasize this
dependence, we write ro(3, Xo) = ko(w, 8, Xo).

Recall the definition of the weight function wp(A, a,7) from [Ar5, (3.6)]: Fix a parabolic
subgroup P, € P(M). Then for any other P € P(M) and any P-dominant w € Wt(ay)
Arthur defines for 7 = uv € UN;(R) the function

(7.8) wp(w,a,m) = H rg(w,u,a) | vp(w,n)

5€‘1’pﬂq>P—1

where ®p = ®(Ayy, P) and & = ®(Ay, Pr). Here u, v, a, and n € N;(R) are related by
am = n"'aun. The function rg is given by (see [Ar5, (3.4)])

rg(w, u,a) = |a® — a=P|PEX0)=(E),
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It follows from this definition that
(7.9) wp(w,a, bk '7k) = wp(w,a, )
for k = diag(—1,1,...,1) € K.
If wy,...,m, € Wt(ay) is a basis of aj}, consisting of P-dominant weights, and A =
M@+ .+ N@y € ay e with Ay, A € C, then

(7.10) wp(A a,m) = pr(wi,a, )N
i=1

By [Ar5, Lemma 4.1] the limit

wP<)‘7 7T) = (111_13} ’lUp()\, a, 7T)

exists and is non-zero for all 7 in an open and dense subset of UN;(R).

7.2. The adjacent case. For a unipotent element 7 recall the definition of 74 from (7.3).
If P and P, are adjacent, the function wp(A,7) has the following behavior when 7 is
replaced by 7,:

Lemma 7.3. Suppose P and Py are adjacent via B € ®(Ay, P). Then for all m in an
open dense subset of UN;(R) we have

wp(\, ) = 5P(B:X0)A(BY) - wp(\, )
for all s > 0.
Proof. Note that wp(\, a,7) = wp(\, a, k~7k) for any k € KM = KN M(R) so that we
can assume 7 to be of the form id + X, + Z with Xy € N Noy(R), and Z € ny(R) as before.
Here vg, resp. ny, denotes the Lie algebra of V; (the unipotent radical of ()y), resp. Ny (the
unipotent radical of P;). Since P and P; are assumed to be adjacent along 3, we have
PpNPp = {F}. Hence it follows from (7.8) that wp(A, a, 7) = r3(A, Xo, a)vp(A, n) where

ra(\, Xo,a) = |af — a7 |PBX0AEY)

. for a with a@” # 1. We can write n € Ny as n = ngi with ng in the unipotent radical of
Ps and 7 in the unipotent radical of Py N P. Then vp(X, n) = vp, (X, ng) so that

wp(X, a,m) =1a(A\, Xo, a)va (A, ng).
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Hence, using (7.7) and (7.10),

Ai
v K,TT; Z X, B
()\7T —hmH<|a —a 5|20(5X0)w1ﬁ)z.f : lga)>
a J—

KER
r f ZX 5) i
— i _ _ﬁ "'@O(wzﬁXo) K, T4 07a
i [T (1 - i 5 femZ X))
i=1 KER

= H 2% freo (.. %0), 1 (2, Xo, 1)V

i=1

Now fieo(w,,8,%0),: (£, Xo, 1) is non-zero for generic Xy, Z, and satisfies

fﬁo(wz',ﬁ,Xo),Wi(SZv s Xo, 1) = SHO(Wi7ﬁ7XO)fﬂo(wi,B,Xo)7W¢(Zv Xo, 1)'

Hence

)\ 71'S H )\mo(WzﬁXo)HQA fno 5X0 wZ(Z Xo,l) i 52p(ﬁ’X0))\(6v)’wp()\,7T)2

since » i, )\i/‘fo(wi,ﬁ,Xo) = 2,0(6,X0) S Nwi(BY) = 2p(8, Xo)A(BY). Since wp(A, )
is a real-valued function and continuous in s with wp(\, 1) = wp(A, 7), we can take the
square-root on both sides of the equation and obtain the assertion of the lemma. (]

7.3. The general case. If Q, Q" € P(M) are adjacent along some root 5 € ®(Ay, Q), we
write Q|zQ)'.

Corollary 7.4. Suppose that P and P, are not necessarily adjacent. Choose a minimal

chain P = Qols,Q1lp, - - -15.Qr = P1 of adjacent parabolic subgroups Qq,...,Q: € P(M)
from P to Py. Then there exist rational numbers py, ..., p; such that for all ™ in an open
dense subset of UN;(R) we have

wp(,my) = sPNODTA0AED (), )

for all s > 0.

Proof. This follows by induction on t together with Lemma 7.3 and the proof of [Arb,
Lemma 4.1].

The case t = 1 is covered in the last lemma. Let P := )y = MN], and assume that
the corollary is true for P replaced by P[. Let m = uv € UN;(R), and a € Apjree. Let
n € Ni(R) be the unique element with 7 = a~'n"taun. Write n = m/n’k’ with m’ € M(R),
n’ € N{(R), and ¥ € K, and put o' = (m/)"tum/. Let 7’ = a=*(n/)"tau'n’ € UN](R).
Then by the proof of [Ar5, Lemma 4.1, p. 241], we have

wP()‘v a, 7T) = wP()‘v a, 7T,)U}P1/(>\, a, 7T)'

Suppose that 7 = id +Y. Then 7/ = id +k'Yk’~! so that that the map 7 — 7’ also maps
7, to 7, for any s. We are further allowed to take the value at @ = 1 on both sides because
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of [Arb, Lemma 4.1]. The assertion of the corollary therefore follows from Lemma 7.3 and
the induction hypothesis. 0

Arthur defines polynomials Wp(w, a,m) € V,, for a P-dominant weight @ € Wt(a,,) and
(a,m) € Aprrreg X UN1(R) by

Wp(w,a,m) = H ra(w,u,a) | Ap(n™)ow
5€<I>pﬂCI>P—1
so that wp(w,a,m) = |Wp(w,a, )| and
(7.11) wp(X a,m) = [ IWp(w;, a, )|

i=1
Here 7, u, a, and n are related as explained after (7.8)
Corollary 7.5. If w € Wt(ay) is a P-dominant weight, the polynomial Wp(w,a, ) is

defined on all of Ay x UNy and does not vanish at a = 1. Moreover, there is a constant
Tw depending only on P and w such that for all m € UN1(R) and all s > 0 we have

We(w, 1, m)|| = s [Wp(w, 1, 7).

Proof. All assertions except the homogeneity are subject of [Ar5, Corollary 4.3]. The
homogeneity follows from the previous corollary and the definition of Wp(w, a, 7). U

Let 0p(A\) = vp' [Toen, M) for A € aj;, where vp denotes the covolume of the lattice
spanned by all o”, a € Ap, in ay. Then {wp(X, a, 7)} pepary defines a (G, M)-family, and
one can attach a certain number to this family by defining

(7.12) wy(a,m) = lim Z wp(X, a,7)0p(N) 7"

A—=0
PeP(M)
as in [Arb, §6]. By [Ar3, (6.5)] this can be computed by
1 . _
wy(a, ) = — Z (hm —wp(tA,a,W)) Op(A)~!

r! t—0 dt"
PeP(M)

with 7 = dim a§, and A € a}, some fixed generic element. (Note that wy(a, ) is indepen-
dent of the choice of A.) Using (7.11) we get (cf. [Ar5, Lemma 5.4])

wM<a’77T) = ZCQ H lOg "Wp(@,a, 7T)”
Q

(Pywm)eQ

where  runs over all finite multisets consisting of elements in P(M) x Wt(a,,), and
the cq € C are suitable coefficients which vanish for all but finitely many 2. Moreover,
each ) contains at most r = dima$, many elements. Note that in a neighborhood of
a = 1 this expression is well-defined for all 7 in an open dense subset of UN; because
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of Corollary 7.5. Hence we can evaluate wy(a,7) at @ = 1 by means of this expression.
Moreover, Corollary 7.5 implies the following result.

Corollary 7.6. For all w in an open dense subset of UN1(R) and all s > 0
wy(Lm) = co [ (r=logs+log|Wp(m,1,7)|)).
Q  (Pwm)eQ
In particular, as a function of s, wy(1,7s) is a polynomial in logs of degree at most
r = dima§;.

If now @ € F(M) is an arbitrary subgroup, we can analogously define all the above
functions with respect to the Levi component Mg instead of G, in particular we can
define the analogue of wy/(1,7) which we denote by w]?/[/(l, 7). The corollary then stays
true for wAQ/I/(l, 7) with the necessary changes. Note that a priori wAQ/I/(l, ) is defined for «
in a dense open subset of U NlM @ for PlM 9" = P, N Mg . However, we can trivially extend

w]?/[/(l, 7) to a dense open subset of U®. By the first equation on [Ar5, p. 256] the weight
function wyyy from (7.1) can then be written as

wap(m) = Y wi(l,m).
Q'EF(M)

This together with Corollary 7.6 implies the Proposition 7.1.

7.4. Convergence.

Lemma 7.7. Let p; : R¥ — R, i =1, ...,1, be homogeneous polynomials and put
l

(7.13) Ma) =[] [log|pi(x)l|, «€R"

i=1
Then for every a > 0

(7.14) / e_a(log(H”x”))Q)\(x) dx < oo.
Rk

Proof. Since Hi‘:1 | log |pi(z)]] < 22:1 | log |pi(:p)|}l, it suffices to consider the case A(z) =
| log |p(x)|}l with p : R¥ — R a homogeneous polynomial of degree k.

Further note that for every M € N there exists 7y > 0 such that (log(1+ [|z|))* >
(M/a)log||z|| for all x with ||z|| > ;. In particular,

(7.15) o—allog(L+|z]))? < ”xH*M
for all = with [|z| > 7.

We decompose the integral in (7.14) into a sum of integrals over certain subsets of R¥
similarly as in [Arb, §7]. For each m € Ny let

B, = {z e R* |27 < ||z < 271}
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and let B = {x € R* | ||2]| < 2}. For € > 0 set
I'e={zeB||p(z)] <€}, and I, = {z € B, | |[p(x)| < €}.
By [Arb, (7.1)] there are constants C,t > 0 such that for every ¢ > 0 we have

(7.16) / MNz)dx < C€.
Ie
For m > 0 we can therefore compute, using that p is homogeneous of degree r, that

/ )\(fE) dr < ka/ )\(me) dy < Clzmkml/ (1 + )\(y))dy < CQkamlz—mntletl
Tone r

FQ_m"‘@e 2—Mke

< Cst(kJrl) Etl

where ¢q, co, c3,t; > 0 are suitable constants independent of m and e and the second last
inequality follows from (7.16). Fix € > 0 and let Z, = {x € R¥ | |p(z)| < €}.

Then, using (7.15) for every M € N there exist ¢4, 7) > 0 such that

/ e—alog(+l210)® \ (1) 4y

€

g/FEA(x)dij > c4£m’eA(x)dx+ > 2mM/ Az) da

m<log, rs m>logy s e

§C€t+056t1 14+ Z 27mM2m(k+l)

m>logy s
This is finite if we choose M sufficiently large.

Now on R¥\ Z, the polynomial p(x) is bounded away from 0 so that log |p(x)| is bounded
from below on R¥\Z.. Since p(x) is of degree s, there is a constant A > 0 such that
Ip(x)] < A(1+ ||z|))* for all z € R¥. Choose M again sufficiently large and let 7, be as in
(7.15). Then for some suitable constant A; > 0 we get

/ 670,(10.%(14’”33“))2)\(&7) de'SAl/ ||.[L'||7M (1+(10g(1+ ||$||))l) de‘,
RF\ Z, RF\ Z,

which is finite if M was chosen sufficiently large.

8. EXAMPLES FOR WEIGHT FUNCTIONS IN LOW RANK

8.1. G = GL(2). There are two unipotent conjugacy classes in GL(2), the trivial class
for which Richardson parabolic subgroup equals GG, and the regular unipotent conjugacy
class with Richardson parabolic equal to the minimal parabolic subgroup Py = MyU,.
The archimedean orbital integrals appearing in the fine expansion of Jy,, are Ja(1, fx),
Jo(uo, foo), and Jag, (1, foo), where ug = (§ 1) represents the regular class in G(Q). The
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first two integrals are unweighted, and the last integral Jy, (1, fo) is up to a normalization
of Haar measure equal to

[ ret s as
Up(R)

see, e.g., [Gel|.

8.2. G = GL(3). There are three unipotent conjugacy class in GL(3): The trivial, the
regular, and the subregular class. Let

u(z,y, z) = <1:f2)

1

for x,y,2z € R. Then u(0,1,0) is a representative for the subregular class, and (1,0, 1)
a representative for the regular class. Let M; be the Levi subgroup corresponding to the
partition (2, 1) of 3. Every other corank-1 Levi subgroup in £ is conjugate to M; by some
Weyl group element so that it suffices to consider Jy(u, fs) for M € {My, M;,G}. The
integrals Jg(1, fo), Ja(u(0,1,0), fx), and Je(u(1,0,1), f) are all unweighted. For the
other cases we get (up to normalization of the measures)

(8.1) T (1, foo) = / Fro (0, , 2)) log(y? + 2%) du(0, , =),
U1 (R)
(8.2) o (u(1,0,0), fo) = / Fo(u(z, y, 2)) log [22] du(z, y, =),
U()(]R)
and

(8.3) JMO(Lfoo)I/U(R) foo(u(z,y, 2)) (log |z|log|2| + (log |z])* + (log |2])?) du(z,y, 2),

cf. [Fli, p. 67, Lemma 4].

9. BOCHNER LAPLACE OPERATORS

In this section we summarize some basic facts about Bochner-Laplace operators on global
Riemannian symmetric spaces. For simplicity we assume that G is semisimple and G(R) is
of noncompact type. Then G(R) is a semisimple real Lie group of noncompact type. Let
K. C G(R) be a maximal compact subgroup and

X = G(R)/Ky

the associated Riemannian symmetric space. Let I' C G(R) be a torsion free lattice and
let X =I'\X. Let v be a finite-dimensional unitary representation of K., on (V,,(-,-) ).
Let
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be the associated homogeneous vector bundle over X. Then (-, ) induces a G(R)-invariant

metric fz,, on F,. Let V" be the connection on E, induced~by the canonical connection on
the principal K-fibre bundle G(R) — G(R)/K. Then V¥ is G(R)-invariant. Let

E,:=T\E,

be the associated locally homogeneous vector bundle over X. Since h, and V* are G(R)-
invariant, they push down to a metric h, and a connection V¥ on E,. Let C>* (X, E,) resp.
C>*(X, E,) denote the space of smooth sections of E,, resp. E,. Let

CH(GR),v) == {f: GR) = V,: f € C*, f(gk) =v(k™")f(9),

(9.1) Vg € G(R), Vk € K.},

Let L?(G(R), v) be the corresponding L?-space. There is a canonical isomorphism
(9.2) A: C*(X,E,) = C™(G(R),v)

(see [Mia, p. 4]). A extends to an isometry of the corresponding L?-spaces. Let
(9-3) CE(\G(R),v) :={f € CF(GR),v): f(vg) = f(g9) Vg € G(R), ¥y €T}

and let L?*(I'\G(R), v) be the corresponding L*-space. The isomorphism (9.2) descends to
isomorphisms

(9.4) A: C®(X,E,) 2 C*(T\GR),v), L*X,E,)=L*T\GR),v).

Let A, = V¥ V" be the Bochner-Laplace operator of E,. This is a G(R)-invariant second
order elliptic differential operator whose principal symbol is given by

o, (@) = [¢]3 - 1dp,,, z€X,&eTiX).

Since X is complete, A, with domain the smooth compactly supported sections is essen-
tially self-adjoint [LM, p. 155]. Its self-adjoint extension will be denoted by A, too. Let
Q€ Z(gc) and Qg € Z(£) be the Casimir operators of g and £, respectively, where the
latter is defined with respect to the restriction of the normalized Killing form of g to &.
Let C*(G(R),V,) be the space of smooth V,-valued functions on G(R) and R the right
regular representation of G(R) in in C*(G(R),V,). Let R(f2) be the differential operator
induced by €2. Since Ad(g)2 = Q, g € G(R), it follows that R(2) preserves the subspace
C*(G(R),v). Then with respect to the isomorphism (9.2) we have

(9.5) A, = —R(Q) + (),

(see [Mia, Proposition 1.1]). Let e‘tg”, t > 0, be the heat semigroup generated by &,. It
commutes with the action of G(R). With respect to the isomorphism (9.2) we may regard

e~ A as bounded operator in L*(G(R), v), which commutes with the action of G(R). Hence
it is a convolution operator, i.e., there exists a smooth map

(9.6) HY: G(R) = End(V,)
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such that
(7o) (g) = ( )Hf(g_lg')(cb(g')) dg', ¢ € L*(G(R),v).
G(R
The kernel HY satisfies

(9.7) HY (k7 'gk) = v(k) ' o HY(g) ov(K'), Vk, K € K,Vg € G.
For ¢ > 0 let ¥9(G(R)) be Harish-Chandra’s L9-Schwartz space. We briefly recall its
definition. Let = and || - || be the functions on G(R) used to define Harish-Chandra’s

Schwartz space C(G(R)) (see [Wal, 7.1.2]). Furthermore, for Y € U(gc) denote by L(Y)
(resp. R(Y')) the associated left (resp. right) invariant differential operator on G(R). Then
¢1(G(R)) consists of all f € C*(G(R)) such that

sup (1 + [Jo])"=(2) > |L(Y1) R(Ya) f(2)] < o0

z€G(R)

for all m > 0 and Y3,Y5 € U(gc). Note that €%(G(R)) equals Harish-Chandra’s Schwartz
space C(G(R)). Proceeding as in the proof of [BM, Proposition 2.4] it follows that HY
belongs to (¢7(G(R)) ® End(V,,))K=*EK= for all ¢ > 0.

Let 7 be a unitary representation of G(R) on a Hilbert space H,. Define a bounded
operator on ‘H, ® V, by

0.8 A(H )= [ wlo) Hlg) o
G(R)
Then relative to the splitting

He® V= (He @ V)™ & (Hr 0 1))

n(H/) 0
0 0/’
where 7(HY) acts on (H, ® V,)"*>. Assume that 7 is irreducible. Let 7(€) be the Casimir

eigenvalue of 7. Then as in [BM, Corollary 2.2] it follows from (9.5) that
(9.9) m(HY) = e =(Qre)) 1q,

7(H/) has the form

where Id is the identity on (H, ® V,)*>. Put
(9.10) hi(g) = tr H{(g), g€ G(R).

Then hY € €4(G(R)) for all ¢ > 0. In particular, hY belongs to ¢*(G(R)), which equals
Harish-Chandra’s Schwartz space C(G(R)). Let m be a unitary representation of G(R).
Put

wmzéwwwwmg
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Assume that 7(H}) is a trace class operator. Then it follows as in [BM, Lemma 3.3] that
m(hy) is a trace class operator and

(9.11) Trr(hy) =Trn(H/).

Now assume that 7 is a unitary admissible representation. Let A : H, — H, be a bounded
operator which is an intertwining operator for m|x. Then A o w(h}) is again a finite rank
operator. Define an operator A on H, ® V,, by A := A® Id. Then by the same argument
as in [BM, Lemma 5.1] one has

(9.12) Tr (Aoﬁ(H;)) — Tr (Aon(h?)).
Together with (9.9) we obtain

(9.13) Tr (Ao m(RY)) = D=+ () Ty (A\(H@VV)K) .

10. HEAT KERNEL ESTIMATES

Let the notation be as in the previous section. In this section we prove some estimations
for the function kY defined by (9.10). Let K"(t,z,y) be the kernel of e~ 2. Observe that
K¥(t,z,y) € Hom((Ey)y, (E,).). Denote by |K"(t, z,y)| the norm of this homomorphism.
Furthermore, let r(z,y) denote the geodesic distance of z,y € X.

Proposition 10.1. Let d = dim X. For every T' > 0 there exists C' > 0 such that we have

2% 2
K" (¢, 2,y)| < Ct=eap (_%ty) )

forallO<t§Tcmdx,y€)?.

Proof. 1f v is irreducible, this is proved in [Mul, Proposition 3.2]. However, the proof does
not make any use of the irreducibility of v. So it extends without any change to the case
of finite-dimensional representations. O

Let 29 := eK, € X be the base point. For g € G(R) and = € X let L,: E, — ng be the
isomorphism induced by the left translation. The kernel K" is related to the convolution

kernel Hy: G(R) — End(V,) by

(10.1) H{ (g7 'g2) = L;ll o I?V<t7 9170, §2T0) © Ly, g1, 92 € G(R).
Thus we get
(10.2) hY(g) == tr H'(9) = tr(K"(t, 20, gzo) 0 Ly), g€ G(R).

Using Proposition 10.1 and the fact that L, is an isometry, we obtain the following corollary.
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Corollary 10.2. Let d = dim X. For all T > 0 there exists C' > 0 such that we have
2
()] < O exp (05020

4t
for all0 <t <T and g € G(R).

Next we turn to the asymptotic expansion of the heat kernel. For zy € X and x € Tm}z
let dy exp,, be the differential of the exponential map exp, : T, X — X at the point x. Tt
is a map from T3, X to T, X, where x = exp, (x). Let
(10.3) Juo (%) := | det(dx exp,, )|
be the Jacobian, taken with respect to the inner products in the tangent spaces. We use

exp,, to introduce normal coordinates centered at zy. Let g;;(x) denote the components
of the metric tensor in these coordinates. Then on has

(10.4) Jao (%) = | det(gy; (x)|"/2
(see [BGV, (1.22)]). Given y € X and x € Ty)?, let » = exp,(x). Put
(10.5) gy y) = Jy(%)-

Let € > 0 be sufficiently small. Let ¢ € C*°(R) with ¢(u) = 1 for u < ¢ and ¥ (u) = 0 for
u > 2e.

Proposition 10.3. Let d = dim X. Let (v, V,) be a finite-dimensional unitary represen-

tation of K. There exist smooth sections @7 € C=(X x X,E,RE*), i € Ny, such that
for every N € N

~y - —d/2 r?(x,y) N , e
nogy Km0 = vt ) e () S et i)

+ O(tN+1_d/2),

uniformly for 0 <t < 1. Moreover the leading term ®f(z,y) is equal to the parallel trans-

port T(z,y): (E,), — (E,), with respect to the connection V" along the unique geodesic
joining x and y.

Proof. Let I' C G be a co-compact torsion free lattice. It exists by [Bo]. Let X = I’\)?

and F, = F\EV. As in [Do, Sect 3], the proof can be reduced to the compact case, which
follows from [BGV, Theorem 2.30]. O

Let g = £ ® p be the [wasawa decomposition. We recall that the mapping
p:px Koo > G(R),

defined by ¢(Y, k) = exp(Y) - k is a diffecomorphism [He, Ch. VI, Theorem 1.1]. Thus each
g € G(R) can be uniquely written as

(10.7) g=exp(Y(g))-k(g9), Y(g9)€p, k(g9) € Kn.
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Using (10.2) and Proposition 10.3, we obtain the following corollary.
Corollary 10.4. There exist af € C*°(G(R)), i € Ny, such that for every N € N we have

108)  hi(a) = 4wty 0o ) s (- gm%)Za o 4 O

which holds for 0 <t < 1. Moreover the leading coefficient ag is given by
(10.9) ag(g) = tr(v(k(9))) - j(xo, gzo) 2.
Proof. By (10.1) we have
H!(9) = K”(t, 70, 920) © Ly, g € G(R).
Put
(10.10) a?(g) := tr(®¥ (20, gr0) © Ly) - j(x0, gx0) "%, g € G(R).

Then (10.8) follows immediately from (10.6) and the definition of h}. To prove the second
statement, we recall that ®f(x,y) is the parallel transport 7(z,y) with respect to the

canonical connection of E, along the geodesic connecting z and y. Let g = exp(Y) - k,
Y €p, k € K. Then the geodesic connecting xy and gzg is the curve v(t) = exp(tY)xy,
t € [0,1] (see [He, Ch. IV, Theorem 3.3]). The parallel transport along v(t) equals Lexp(v).
Thus ®(xg, gzo) = L} - Hence we get.

exp(Y
¢ (0, gx0) © Ly = Ly = v(k).
Together with (10.10) the claim follows. O

11. REGULARIZED TRACES

Let G be a reductive algebraic group over Q. For simplicity, we assume that the center
Zq splits over Q, i.e., we have Zg = Ag. Let

GR)' = G(A)' N G(R).
Then G(R)! is semisimple and
(11.1) G(R) = GR) - Ag(R)°.
Let K, C G(R)! be a maximal compact subgroup and let K2 be the connected component
of the identity. Let N
X =GR)'/K
be the associated Riemannian symmetric space. Let I' C G(Q) be an arithmetic subgroup.

For simplicity we assume that I is torsion free. Note that I' € G(R)'. Let X = I'\X be
the associated locally symmetric manifold. Let v: K, — GL(V,) an irreducible unitary
representation of K, and let F,, — X be the associated locally homogeneous vector bundle
over X. Let A, be the corresponding Bochner-Laplace operator acting in C*°(X, E,). Our
goal is to define a regularized trace of the heat operator e *2v.
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Recall that e *2* is an integral operator with a smooth kernel K, (,z,y). By definition,
K,(t,z,y) € Hom((E,),, (E,);). Especially, K(t,z,z) is an endomorphism of (E,),. Let
tr K, (t, z, x) be the trace of this endomorphism. If X is compact, then we have

(11.2) Tr (e7"27) :/ tr K, (t,z, x) dz.
X

To begin with we rewrite (11.2). Let A, be the Bochner-Laplace operator on the universal

covering X. Let HY: G(R)! — End(V,) be the convolution kernel of e"*2» and
(113) h(g) =t HY(g).
Assume that T\G(R)" is compact. Then one has

(11.4) Tr (e ') = / Z hY (g vg) dg.

nGr 7€

For the proof see [MP2, (3.13)]. Let Rr denote the right regular representation of G(R)?
on L*(T\G(R)'). Recall that for any f € C>°(G(R)'), Rp(f) is the integral operator with
kernel » | - f(g7'vg2). Thus the right hand side of (11.4) equals Tr Rp(h?) and (11.2) can
be rewritten as

(11.5) Tr (e7"*) = Tr Rp(hY).

If X is not compact, we choose an appropriate height function h on X, that is, a function
which measures how far out in the cusp a point is. For Y > 0let Xy = {x € X: h(x) < Y}.
If X = I'\X with I' € G(Q) a congruence subgroup, there is a canonical choice of height
function: Recall the function Hy = Hp, : G(R)! — ay and fix a norm || - || on a5. Then
X 2z +— max.er || Ho(yz)| defines a height function on X. Assume that Xy is compact.
Then the integral

(11.6) / tr K, (t, z, x) do
Xy

is well defined. Suppose that this integral has an asymptotic expansion in Y. Then it
is natural to define the regularized trace Tr,,(e ***) as the finite part of the integral as
Y — oo. For hyperbolic manifolds this has been carried out in [MP1]. The regularized
trace defined in this way depends of course on the choice of the height function. To choose
the height function, we pass to the adelic setting. In fact, we will not define it explicitly.
Instead we use directly the truncated manifold.

Let Ky C G(Af) be a neat open compact subgroup. Let X(Ky) be the arithmetic
manifold defined by (3.21) and let E,, — X (K) be the locally homogeneous vector bundle
defined by (3.26). By (3.19) we have

LZ(X(Kf)7 EV) = @ LZ(PZ\Xa Ei,u)'
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Using (11.1) we extend h{ to a C*-function on G(R) by
(11.7) 7Y (gooz) = WY (9oo),  goo € G(R)!, 2z € Ag(R)°.

Let 1x, denote the characteristic function of Ky in G/(Ay). We normalize the characteristic
function by

— Lk,
XK= Sol(K )

(11.8)
Define ¢7 € C*(G(A)) by

(11.9) O (9oogr) = Ny (9oo)Xr, (95)

for goo € G(R), g € G(Ay). Let R denote the right regular representation of G(A) on
L*(Ac(R)°G(Q)\G(A)), and let g, denote the orthogonal projection of L*(Ag(R)°G(Q)\G(A))
onto L?(A¢(R)°G(Q)\G(A))Es. Using the isomorphism (3.19) of G(R)-modules, it follows

that

!

P Br. (1))

i=1

(11.10) R(¢}) = o k-

Let C(G(R)') be Harish-Chandra’s Schwartz space (see [Wal, 7.1.2]). As explained in
section 9, we have hy € C(G(R)") for all ¢ > 0. This implies ¢¢ € C(G(A), Kf). Thus by
[FL1, Theorem 7.1], J*(¢Y) is defined for all T' € ag. Let G(A)L, be defined by (4.34) and
for T € ag let d(T) be defined by (4.35). Let C' C af be a positive cone for which there
exists ¢ > 0 such that

d(T) > c||T||, foralT e C.

Then by Theorem 4.1 it follows that for every ¢t > 0 we have

(11.11) Z ¢ (x7 yz) de = J7(¢7) + O (e7ITI172)
G\G(A)L, 1€

for all '€ C with ||T'|| > do/c, where dy > 0 is as in Theorem 4.1 and the implied constant
in the remainder term depends on ¢. Now by [FL1, Theorem 7.1], J¥(¢¥) is a polynomial
in T Therefore (11.11) suggests to define the regularized trace of e~*4* as the constant
term of this polynomial. In order to relate it to the trace formula, we need an additional
assumption. Let Ty € ag be the unique point determined by [Ar3, Lemma 1.1]. Then the
distribution J, is defined by

Jeeo ) = J(f), [ € CZ(G(A)).
and by [FL1, Theorem 7.1], J,., extends continuously to C(G(A)'). As proved in [Ar3, p.
19], Jyeo depends only on the choice of a maximal compact subgroup K of G(A) and M,,
but is independent of the choice of the minimal parabolic subgroup Fy with Levi component
My. Let Wy be the Weyl group of (G, Ap). For s € Wy let w, € G(Q) be a representative
of s. As shown in [Ar3, p. 10], ws belongs to K My(A) for all s € W. Now assume that

each s € W has a representative in G(Q)N K. Then it follows from [Ar3, Lemma 1.1] that



42 JASMIN MATZ AND WERNER MULLER

sTy = Ty for all s € Wy, and therefore Ty = 0. Thus in this case, the constant term of J7( f)
equals Jy.o(f). Let G = GL(n). Then A, consists of diagonal matrices and W) is equal to
the symmetric group S,, which acts by permutations. A permutation matrix P, is a n X n-
matrix where in row i the entry 7(4) is equal to 1 and all other entries are equal to 0. Such a
matrix belongs to GL(n, Q) N K. The case G = SL(n) is similar. Thus for G = GL(n) and
G = SL(n) the constant term of JT(f) equals J,.,(f) and the above discussion suggests
to define the regularized trace to be J,.,(¢}). In general Ty # 0 and therefore, J,.(¢}) is
not the constant term of the polynomial JZ_(¢¥). Nevertheless we choose Jy.,(¢?) as the

geo

definition of the regularized trace in general, because of its independence on the choice of
the minimal parabolic subgroup F,.

Definition 11.1. Let G be a reductive algebraic group over Q with Q-split center. The
reqularized trace of e **v is defined to be

Tryeg (672 1= Jyeo ().

12. THE ASYMPTOTIC EXPANSION OF THE REGULARIZED TRACE FOR GL(n) AND
SL(n)

It is well known that on a compact manifold, the trace of the heat operator Tr (e*m) of
a generalized Laplacian A admits an asymptotic expansion as t — 0 (see [BGV]). We wish
to establish a similar result for the regularized trace Tr.,(e~2*) introduced in section 11.
For technical reasons we have to restrict to the group G = GL(n) or G = SL(n).

12.1. Auxiliary results. We fix an open compact subgroup K; C G(Af). Let ¢} €
C>(G(A)Y) be defined by (11.9). To begin with we replace ¢ by a compactly supported
function. Let 0 < a < b. Let h € C*(R) such that h(u) = 1 if |u| < a, and h(u) = 0, if
lu| > b. Let d(z,y) denote the geodesic distance of z,y € X. Put

7(goo) = d(goo Koo, Koo)-
Let ¢ € C°(G(R)) be defined by
P(goo) = N(r(geo))-
Define ¢V € C>(G(A)) by
(12.1) 01 (9o005) = 9(goc) Y (900) X, (9 ).
for goo € G(R) and g; € G(Ay). Then the restriction of ¢¥ to G(A)" belongs to C°(G(A)").
Proposition 12.1. There exist C,c > 0 such that
|Jge0(¢ty) - JgeO(Qgtyﬂ < Ce_c/t
for 0 <t <1.
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Proof. Let Jopee(®), @ € C(G(A)), be the spectral side of the trace formula. By [FLM1],
Jepee(®) converges absolutely for @ € C(G(A)'; K;) and by the trace formula we have
(12.2) Jeo(®) = Jipee(®), @ € C(G(A)'; Ky).
Put ¢y = ¢} — g?);’ and f:=1— p. Let Q (resp. Qk_ ) denote the Casimir operator of
G(R) (resp. Ku). Let

Ag=—Q+ 20k .
By the proof of Theorem 3 of [FLM1] (see [FLM1, Sect. 5]), it follows that there exists
k € N such that

|JspeC(¢?) - JspeC(Q;;/” - |JspeC(wzltj)| < CH(Id +AG’)k(wzltj)||L1(G(A)1)
for some C' > 0. Now note that by definition

Ui (9009r) = f(9o0) i (9o0) X1, (91)-
Hence
1A +A6)" ()| 1 ceayry = vol(K )| Ad +A6) (fR) | 11 @n)-
Let g be the Lie algebra of G(R) and let Y7,...,Y, be an orthonormal basis of g. Then
Ag = =, Y2 Denote by V the canonical connection on G(R). Then it follows that
there exists C; > 0 such that

(1A +A6) F(9)l < CY IV'F(9)ll. g€ GR),

for all ' € C*(G(R)). Let m = dimG(R). and j € N. By [Mul, Proposition 2.1], for
every j € N there exist Cy, ¢ > 0 such that

(12.3) VIR (g)|| < Cot™mHD2e=er@/t g e G(R),

for all 0 < ¢t < 1. Since f vanishes in neighborhood of 1 € G(R), it follows that there exist
Cly, ¢y, c5 > 0 such that

i VIR ()] < Cue —ca/t y—esr(9)
1=0
for all g € G(R) and 0 < ¢t < 1. Since G(R) 3 g — e ") is integrable on G(R), we
obtain
1A +Aa)* (fR)) sy < Cse™ /!
for some constant C5 > 0, which completes the proof. O]

Let K(N) C G(Ay) be the principal congruence subgroup of level N € N. From now on
we assume that K is contained in K (V) for some N > 3. By Proposition 12.1 it suffices
to show that J,.,(¢}) admits an asymptotic expansion as t — 0. Now by our assumption
on Ky it follows that if the support of f is a sufficiently small neighborhood of 0, then by
(6.2) we have

geo (¢t ) unlp (¢t )
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Now we use the fine geometric expansion (6.4) by which we express Junip(gg;’ ) in terms of
a finite linear combination of weighted orbital integrals. Next we use (6.5). Since at the
finite places our test function is fixed, we are reduced to the consideration of real weighted
orbital integrals in some Levi subgroup of G. Since the weighted orbital integrals J1, for
L C G a semistandard Levi subgroup can be treated analogously to the case of L = G
(they can be reduced to weighted orbital integrals of the form .J GLOm) oy J]?JL/(m) for suitable
m and M’), it suffices to consider the weighted orbital integrals for L = G. Now observe

that the kernel Hy: G(R)! — End(V,) of e "5 satisfies
Hy (k™ gk') = v(k)™ o Hy(g) o v(K'), Vk.K € K.¥geGR)".
(see [MP4, §3]). Therefore the function hy = tr H/ is invariant under conjugation by
koo € Ko. Define F} by
F(9) = ¢(9)hi(9), g€ GR).
Then by (7.2) the orbital integral that we need to consider is given by
(12.4) JS(U,FY) = c/ F} (n)wp(n) dn,
N(R)
where M € L, U € (Un(R))yy ), wn(n) := wrp(n) is the weight function described in
section 7 and N is the unipotent radical of some parabolic subgroup @) € F. Our goal is
to determine the asymptotic behavior of the integral on the right hand side as ¢t — 0. To

study this integral, we identify N(R) with its Lie algebra n via the map n € N(R) — n—1Id.
Furthermore n = R* for some k € N. Let

z € RF = n(z) € N(R)

be the inverse map. With respect to the isomorphism the invariant measure dn is identified
with Lebesgue measure dx in R¥. Thus (12.4) equals

(12.5) / FY(n(x))wpy(n(x)) d.
Rk
To determine the asymptotic behavior of this integral as t — 0%, we will use the asymptotic
expansion (10.8) of hy. To this end we need to estimate the function
(12.6) r(z) == r(n(z)ro, 1), =€ RF
where g = eK, € X. Note that X is a Hadamard manifold of nonpositive curvature and

the orbit N(R)zo is a horosphere in X. Then it follows by [HH, Theorem 4.6] that there
exist constants C, ¢ > 0 such that

(12.7) r(x) > Carcsinh(c||z]|), =€ R"
Now note that

arcsinh(z) = In (x + \/m> :
Thus we get
(12.8) r(z) > Cln(1+|z]), =zeR"
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2

We also need the Taylor expansion of r(z)* at = 0. This is described by the following

lemma.
Lemma 12.2. We have
1
r(z)? = ZHxHQ +O(]|=[)
as x — 0.
Proof. Let H = (Hy,...,H,) € a, H + ..., H, = 0, with n(z) € K e’ K,,. Now note

that r(efxzg, z¢) = ||H|| (see [BH, Corollary 10.42]). Thus it follows that r(z)? = ||H||?.
Moreover,

n+ |lol* = tr (n(z)'n(z)) = tre* =n+4|H|* + O(|H|F).
If x — 0, then also H — 0 so that this equation implies |[H|]* = O(||z||*) for small .
Hence r(z)? = || H|]> = {||z||> + O(||z||*) as = — 0. O

12.2. Asymptotics for ¢ — 0. We can now turn to the estimation of the weighted orbital
integral (12.5). For € > 0 let B(e) C R* denote the ball of radius ¢ centered at the origin
and let U(e) = R¥\ B(e). Let ¢ be the function occurring in (10.8). Choose ¢ > 0 so
small such that ¢(n(x)) = 1 for € B(e) and supp¢(n(-)) C B(e). Let 0 < ¢t < 1. By

Corollary 10.2 we have
2
<or [ o (<50 lowtate))] do

| cmpntwnate) de
for some absolute constant C' > 0. Using the lower bound 12.8 for r(x), and the result on
the weight function from Proposition 7.1 we can find ¢, C, Cy > 0 such that

e (-2 boartate) s
< Cyexp (-@) /R exp (—c (log(1 + [l2]))?) M) da

where c(g) = Cylog(1 +€) and A : R¥ — C is a function of the form (7.13). By (7.14) of
Lemma 7.7 the last integral is bounded by a constant so that we finally obtain

/U(e) o(n(z))hy (n(z))wy (n(z)) de| < Csexp <_@)

for some absolute constant C3 > 0. To deal with the integral over B(e), we use (10.8),
which gives

(12.9)

r?(z)

o100 / o) n(z) da :tdﬂgti / e (— . )aiv(x)wM(n(x)) dz

+ O(tN+1_d/2)
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for 0 <t <1, where a/ € C°(B(g)). Each of the integrals is of the form

(12.11) /B ow (—%) F(@)wa(1d +2) da,

where f € C°(B(e)). We expand r*(x) and f(z) in their Taylor series at 0. Let N € N,
N > 3. By Lemma 12.2 we have

(12.12) r(x) = allz)* + ¢y (x), Un(z)= D aar®+ Ry(z),
3<]a]<N
where
(12.13) Ry(z)= > wxa
|a|=N+1 @

for # € B(e) and some 0 < § < 1. Now we change variables by x ++ v/tz. Then (12.11)
equals

1172
(12.14) tk/2/ exp(—al|z|*) exp <—M) F(E20)wp (1,1d +1%2)
B(et=1/2)
Now observe that by (12.12) we have
3<|a|<N
and

B 3 Dar2(t1/29x) N
1RN(t1/2x) _ (N=1)/2 Z Tw .

|o|=N+1
There is C' > 0 such that
|DYr?(t1202)| < C
for all z € B(t’l/Qz—:), 0<t<1,and 0 <6 < 1. Hence it follows that there is C; > 0 such
that forall 0 < ¢t <1

[t Ry (8 22)] < Ot WUV 2 € B(tT2%e).
Using the Taylor expansion of exp(u), we get for n > 3

(12.15) eXp( ¥ tl/z ) ZW )+ Ru(t, x),

where p;(x) is a polynomial of degree < N? and the remainder term satisfies
(12.16) |Ru(t, )| < Cot™V=D/2(1 4 ||z )N

for some constant Co, > 0, 0 < ¢t < 1 and 2 € B(t~'/%¢). Similarly, using the Taylor
expansion of f(z) we get

(12.17) FEPz) = 3 batl?2% + Qu(t,x)

|o| <N
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with
Qn(t, x)| < Cst™ (1 4 ] )N

for 0 <t <1 and 2 € B(t~*/?¢). Using (12.14), (12.15), (12.17), and Proposition 7.1, it
follows that

(12.18) /B( )eXp <_r24(tx)> F(@)wa(1d +2) de —t’“/zzz% (log £)'#7/2 + o (1),

7=0 =0

where each a;;(t) is of the form

h

—allzll® 1 d
/B (t_l/%)e p(@) [ ] |1og pu(x)|] da,

=1

if ¢ <rj, or

B(t—1/2¢)

if i = r;, with homogeneous polynomials p(z), p1(z), ..., pn(z). The fact that for i = r; no
logarithm appears in the integral for a;;(t) can easily be seen by changing variables from =
to t'/2z in the integral on the left hand side of (12.18) and collecting all log ¢ terms coming
from the weight function.

Finally, ¢n(t) satisfies
onto) < stz [ o 1 el T [l | e
t—1/2¢ i1

Let U(r) = R*\ B(r). Since log(1 + ||z||) < ||z|| for all z, it follows from Lemma 7.7 that
h

)/( ) )6—a||x||2p(l‘) H } log |pl($)|} dl“ < Ce_aa2/(2t),
U(t—1/2¢

1=1
for 0 <t < 1. Thus there are constants ¢;; € R and ¢ > 0 such that
aij (t) = Cij -+ O(G_C/t)

for 0 < ¢t < 1. By the considerations above, for each pair (z,7), 0 < i < r;, there exist
homogeneous polynomials p, p1, ..., ppn, such that

f . € _“”x”Q Hl L }log lpu( )H de, ifi<r;,
ka 67a||:v||2p(l,) dl‘) lf'l == Tj.
In the same way we get

o ()] < CtNHHD2 00 <t < 1.
Putting everything together, we get
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Proposition 12.3. Let M € L, M # G. For every N € N, N > 3, there is an expansion

(12.20) Jur (u ¢t )=t~ (d— kﬂzzc t]/2 logt) —|—O( d+k+1)/2)

7=0 =0

ast— 0F.

Now we come to the first term in (6.4), where f = gg;’ . Then we have to determine the
asymptotic behavior of hy (1) ast — +0. Let I C G(R) be a cocompact torsion free lattice.

Such a lattice exists by [Bol]. Let X’ = I"\ X and E/, — X’ the locally homogeneous vector
bundle associated to v. Let Axs, be the corresponding Bochner-Laplace operator. The
kernel of e '2x"» regarded as operator in L*(I'\G(R),v), is given by

(L g1, 92) = ZHV 91 792)-
yel”
Hence

Tr (e7*8v) = /F\G(R) tr K*(t, g,9) dg =/ > (g vg)

T\G(R)
— Vol(T\G(R)Y (1) + / S W(e ) do.
PAGE) Jeruy

As in [MP2, (5.10)], the last term on the right can be estimated by Cie=/* for 0 < t < 1
and some constants C',c¢; > 0. Thus we get

vy 1
hi(1) = vol(I'M\G(R)

for 0 <t < 1. Now the trace of the heat operator on a compact manifold has an asymptotic
expansion as t — +0 (see [Gi]). Hence, it follows that there is an asymptotic expansion

].) ~ Z a,jtid/2+j
7=0

as t — +0. Combined with Proposition 12.3 we obtain Theorem 1.1.

Tr (e—tAx’,u) + O(e—q/t)

13. THE ANALYTIC TORSION

In this section we assume that G = GL(n) or G = SL(n). We consider the case G =
SL(n). The case G = GL(n) is similar. We choose K., = SO(n) as maximal compact
subgroup of G(R) = SL(n,R). Then X = SL(n,R)/SO(n) and X(Ky) = I'\ X, where
I'=(G(R) x Kf) N G(Q).
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13.1. The Hodge-Laplace operator and heat kernels. Let 7 be an irreducible finite-
dimensional representation of G(R) on V,. Let E. be the flat vector bundle over X asso-

ciated to the restriction of 7 to I'. Let E™ be the homogeneous vector bundle associated
to 7|k, and let E7 := '\ E7. There is a canonical isomorphism

(13.1) E"~E,

[MM, Proposition 3.1]. By [MM, Lemma 3.1], there exists a positive definite inner product
(+,-) on V, such that

(1) (t(Y)u,v) = —(u, 7(Y)v) for all Y € &, u,v € V;
(2) (t(Y)u,v) = (u,7(Y)v) for all Y € p, u,v € V.

Such an inner product is called admissible. It is unique up to scaling. Fix an admissible
inner product. Since 7|k _ is unitary with respect to this inner product, it induces a metric
on E7, and by (13.1) on E,, which we also call admissible. Let AP(E;) = APT*(X) ® E;.
Let

(13.2) vp(7) == AP Ad" @7 : Koo = GL(APp* ® V).
Then by (13.1) there is a canonical isomorphism
(13.3) NP(E,) = T\(G(R) x,y) (A" © 1))

of locally homogeneous vector bundles. Let AP(X, E,) be the space the smooth E.-valued
p-forms on X. The isomorphism (13.3) induces an isomorphism

(13.4) N(X, E,) = C¥(T\G(R), 1,(7)),

where the latter space is defined as in (9.3). A corresponding isomorphism also holds for
the spaces of L*-sections. Let A,(7) be the Hodge-Laplacian on AP(X, E,) with respect
to the admissible metric in E.. Let Rr denote the right regular representation of G(R) in
L*(T\G(R)). By [MM, (6.9)] it follows that with respect to the isomorphism (13.4) one
has

(13.5) A,(1) = —=Rp() +7(Q) Id.
Let E’T — X be the lift of E. to X. There is a canonical isomorphism
(13.6) AP (X, E,) = C=(G(R), v,(1)).

Let &p(T) be the lift of A,(7) to X. Then again it follows from [MM, (6.9)] that with
respect to the isomorphism (13.6) we have

(13.7) A (1) = —R(Q) + 7(Q) 1d..

Let e*2+( be the corresponding heat semigroup. Regarded as an operator in L*(G(R), v,(7)),
it is a convolution operator with kernel

(13.8) HI”: G(R) — End(APp* @ V)
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which belongs to C*° N L? and satisfies the covariance property

(13.9) HP (k™ gk') = vy (1) (k)" H[* (9)vp(7) (K)
with respect to the representation (13.2). Moreover, for all ¢ > 0 we have
(13.10) H]P € (CY(G(R)) @ End(APp* @ V) xFoe,

where C?(G(R)) denotes Harish-Chandra’s L9-Schwartz space (see [MP2, Sect. 4]). We
note that the kernel H;” can be expressed in terms of the kernel H,’ »(™) of the heat semi-

group e~ associated to the Bochner-Laplace operator sz(T) acting in C’OO()? , EVP(T)).

For p=0,...,n put
Ep(1) = vp(7) (ke ),
which we regard as an endomorphism of APp* ® V,. It defines an endomorphism of
APT*(X) ® E;. By (9.5) and (13.7) we have
Ap(1) = Ay + 7(Q) 1d =B, (7).

Let v,(7) = @ocni(k..ym(o)o be the decomposition of v,(7) into irreducible representations.
This induces a corresponding decomposition of the homogeneous vector bundle

(13.11) Eum= € mlo)E,.
UGH(KOO)
With respect to this decomposition we have
Efr)= @ m(e)a(Qu.)ldy,,
oell(Ko)

where o(Qg_ ) is the Casimir eigenvalue of ¢ and V, the corresponding representation
space. Let A, be the Bochner-Laplace operator associated to o. By (13.11) we get a
corresponding decomposition of C'*°(X, £, ()) and with respect to this decomposition we

have B B
AVP(T) = @ m(O')AJ.

oell(Ko)

This shows that EVP(T) commutes with E,(7). Hence we get

(13.12) HIP — e~ 1@-By() o v,
Let h? € C*(G(R)) be defined by

(13.13) hi?(g) =trH"(g), g€ G(R).
Then by (13.12) we get

(13.14) hTP = (@)=t E,,(T))h;p(r)’

where h?7) = tr "™, As in (11.9) we define ¢J* € C®(G(A)) by
(13.15) &1 " (9oor) = hi" (9oo) Xk, (95)
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for g € G(R) and gy € G(Ay). Following Definition 11.1, we define the regularized trace
of e7t4r(7) by

(13.16) Tryee (e727)) 1= T (677).

13.2. Decay for the continuous spectrum. The next goal is to determine the asymp-
totic behavior of Tr,., (e_mP(T)) ast — oo and t — 07. To study the asymptotic behavior
as t — oo we use the trace formula (5.1). By Theorem 5.1, J,,.. is a distribution on
C(G(A); Ky) and by [FL1, Theorem 7.1], J,, is continuous on C(G(A); Ky). This implies
that (5.1) holds for ¢, and we have

(13.17) Tries (€777) = Jopee(477).

Now we apply Theorem 5.1 to study the asymptotic behavior as t — oo of the right hand
side. Let M € £ and P € P(M). Recall that L2 (A (R)°M(Q)\M(A)) splits as the
completed direct sum of its 7-isotypic components for 7 € Ily;(M(A)). We have a corre-
sponding decomposition of A?*(P) as a direct sum of Hilbert spaces Grery (ar(a))AZ(P).
Similarly, we have the algebraic direct sum decomposition

AP = P AP,

mEllgis (M (A))

where A2(P) is the K-finite part of A2(P). For o € K., let A2(P)? be the o-isotypic
subspace. Then A2 (P) decomposes as

= P Axp

UGI/(O\O

Let AZ2(P)X7 be the subspace of K -invariant functions in A2(P), and for any o € Ko, let
A2(P)%r9 be the o-isotypic subspace of A%(P)Xs. Recall that A% (P)%r is finite dimen-
sional. Let Mg p(m, A) denote the restriction of Mg p(A) to AZ(P). Recall that the operator
Ax (P, \), which appears in the formula (5.8), is defined by (5.6). Its definition involves
the intertwining operators Mg p(A). If we replace Mg p(A) by its restriction Mg|p(m, ) to
AZ(P), we obtain the restriction Ay (P, m, \) of Ayx(P, ) to A2(P). Similarly, let p, (P, \)
be the induced representation in A2(P). Fix 8 € Bpy, and s € W(M). Then for the
integral on the right of (5.8) with h = ¢;” we get

(13.18) Z /( Tr AXL (P7r)\)M(P,w,s)pw(P,A,ng;’p)) )

mellgss (M
Let P,@Q € P(M) and v € II(K). Denote by MQ‘P(W, v, \) the restriction of

Mqp(m, A) @ 1d: AZ(P) @V, - A(P)®V,
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to (A2(P)%s @ V)K=, Denote by AXL y(P,m, v, A) and M(P 7, v, s) the corresponding
restrictions. Let m(7) denote the multlphmty with which 7 occurs in the regular represen-
tation of M(A) in L2, (Ay(R)°M(Q)\M(A)). Then

(13.19) p=(P,N) = &7 Ind () (7, ).

Fix positive restricted roots of ap and let p,, denote the corresponding half-sum of these
roots. For £ € [I(M(R)) and X € a}, let

7T§7)\ = Indgg; (f ® GM)

be the unitary induced representation. Let £(€25,) be the Casimir eigenvalue of £. Define
a constant ¢(§) by

(13.20) (&) = = (Pap; Pap) + E(E01).

Then for A € a}, one has

(13.21) Ter(©) = — A + (€)

(see [Kn, Theorem 8.22]). Let

(13.22) T ={vell(Ky): [v(1): v] # 0}.
Using (13.12), (13.19) and (9.13), it follows that (13.18) is equal to
(13.23)

T Y et / —tINI? Ty (AX (P, v, NM(P, 7w, s)) d.
.

ﬂeHdls(M( )) veT

In order to estimate (13.23) from above, we need the following two preparatory results.

Lemma 13.1. Let (1,V;) € Rep(G(R)). Assume that 7 % 19. Let P = M AN be a proper

parabolic subgroup of G and let KM = M(R)N K. Let ¢ € ]\m and assume that
dim(We ® APp* @ V,)5% £ 0. Then one has

7(Q) — c(€) > 0.
Proof. Let € € m with dim(We @ APp* @ V.)KE £ 0. Assume that 7(Q) — ¢(€) < 0.
Then by (13.21) there exists A\ € a* such that

e (2) = 7(92).
By Frobenius reciprocity we have

dim (We @ APp* @ V,)5% = dim (He ., ® APp* @ V,) 5.
Combined with our assumption and [BW, Proposition 11,3.1] it follows that
dim H?(g, Koo; He ro 1000 @ V) # 0,
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where He 5, k.. denotes the subspace of K -finite vectors of He y,. Since 7 # 7y, this is a
contradiction to the first statement of [BW, Proposition II. 6.12]. Thus it follows that

T(2) — (&) >0
for all £ € m satisfying dim(We ® APp* ® V) K £ 0. m

Lemma 13.2. For every R > 0, the number of m € Iy (M(A)) with \,., > —R and
A2(PYEsv £ 0 for some v € T is finite.

Proof. To prove the lemma, it suffices to show that for every R > 0 we have

(13.24) > dim(A2(P)f) < oo,
mellgis(M(A))
Ao <R

By passing to a subgroup of finite index, we may assume that K; = Hp oo Kp. Let
Kyyp= KN M(Ay) and Kyjoo = Koo N M(R). For m € II(M(A)) and 7 € II(Kj1 ) let
H.. (7) denote the 7-isotypical subspace of the representation space H, . Arguing as in
the proof of Proposition 3.5 in [Mul], it follows that in order to establish (13.24), it suffices
to show that for every 7 € II(K s .o0)

S dim(He) - dim(He (7)) < o0
mellgis(M(A))
Let I'yy € M(R) be an arithmetic subgroup. Let Q) be the Casimir element of M(R)!
and let A; be the differential operator in C*°(I'y\M (R)"; 7) which is induced by —Q()-
Let A, be its self-adjoint extension of A, in L?. Proceeding as in the proof of Lemma 3.2
of [Mul], it follows that it suffices to show that for every R > 0, the number of eigenvalues
\; of A, (counted with multiplicities), satisfying A; < R is finite. Let A, be the Bochner-
Laplace operator and let A, be the Casimir eigenvalue of 7. Then A, = A, + A, Id. Since
A, > 0 and by [Mu3], the counting function of the eigenvalues has a polynomial bound,
the lemma follows. 0J

Now we can begin with the estimation of (13.23). Using that M (P,r,s) is unitary, it
follows that (13.23) can be estimated by

Z Z dim (AZ(P)%r)

WeHdiS(M(A)) veT

(13.25) ~
. eft(T(Q)*C(Woo)) / eitH)\HQ HAXLS(@(P’ ™V, )‘> H dA.
i(ags)* -

For 7w € TI(M(A)) denote by A, the Casimir eigenvalue of the restriction of 7, to M(R)!.
Given A > 0, let

My (M(A); \) 1= {7 € Tl (M(A)): [Ar| < A},
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Let d = dim M(R)!/KX. Asin [Mul, Proposition 3.5] it follows that for every v € TI(K )
there exists C' > 0 such that

(13.26) > dim AP < 1+ A

mEllqis (M (A);A)
for all A > 0. Next we estimate the integral in (13.25). Let 8 = (5Y,...,0,,) and

X, (B) = (Qu,...,Qm) € EL,(8) with with Q; = (P, P}), BPiP!, i =1,...,m. Using
the definition (5.6) of Ax, (5 (P, 7,1, A), it follows that we can bound the integral by a
constant multiple of

m

13.27 di “UNETT 165,00 (N
( ) im(v) /i(af . e @1;[1 P (M) 2 (P
We introduce new coordinates s; :== (X, 8), i = 1,...,m, on (af_¢)*. Using (5.2), we can
write
W (ms) L
(1328) 5P,|PZ’<)\> = W +]p1/ e} (Id ®Rpi|pi/<ﬂ', Si) RPi‘Pi/<7T, Sl)) O']Pil .
Put

AL(P)rT = P AP,
veT
where 7 is defined by (13.22). It follows from [Mu2, Theorem 5.3] that there exist N, k € N
and C' > 0 such that

n (m,s

(13.29) / (T 3)

iw |1, (T, 5)

for all 7 € Mg (M(A)) with A2(P)Xs7 £ 0. Furthermore, for G = GL(n) it follows from
[MS, Proposition 0.2] that there exist k, C' > 0 such that

13.30
( ) /z‘R AP

for all v € T and 7 € T4 (M(A)) with A2(P)Xsv 2 0. To show that (13.30) also holds
for G = SL(n), we proceed as in the proof of [FLM2, Lemma 5.14]. Combining (13.28),
(13.29) and (13.30), it follows that for t > 1 we have

—tlA?
e
/i(a?s)* H

i=1

L+ s Fds<CO+ XN, i=1,....m,

(1+[s)) ™ ds<C,i=1,...,m,

RPZ'\PZ/ (7'(', 8)71R;3i|Pi’ <7T7 S)

opyp(A)

2 mN
o dA < (1+ A7)

for all 7 € Mg (M(A)) with A2(P)%#7 # 0. Thus (13.25) can be estimated by a constant
multiple of

(13.31) D) dim (AL(P)Kr) (14 A2 )N e @) elmee)),
mellgis (M (A)) vET

First assume that M is a proper Levi subgroup. Note that by (13.20) one has

(13.32) 7(Q) = (7o) = T(Q) + [|pall* = Are.
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Together with Lemma 13.2, it follows that there exists Ay > 0 such that
7(Q) = e(mo0) = |Arecl /2

for all T € My (M(A)) with A2(P)557 £ 0 and |A,| > Ag. Decompose the sum over 7
in (13.31) in two summands 3 (¢) and Y4(¢), where in 3 (¢) the summation runs over all
7 with [A;_| < Ao. Using (13.26), it follows that for ¢t > 1

Y (t) < e~ tAol/2.

Since ¥ (t) is a finite sum by Lemma 13.2, both in 7 and v, it follows from Lemma 13.1
that there exists ¢ > 0 such that

Si(t) < e
for ¢ > 1. Putting everything together it follows that for every 7 € Rep(G(R)) such that
T 2 79 and every proper Levi subgroup M of G there exists ¢ > 0 such that

(13.33) Tt (677) = ()
for ¢t > 1.

Now consider the case M = G. Then ¢(7) = T (£2) and we need to show that
(13.34) T(Q) — oo (2) > 0

for all 7 € Iy (G(A)) with dim 2T £ 0. This follows from [BV, Lemma 4.1], and we

can proceed as in the case M # G to prove that
Jspec,G’( Z’p) = O(e_Ct)
for ¢t > 1. Combined with (13.33) we obtain

Proposition 13.3. Let 7 € Rep(G(R)). Assume that 7 % 9. Then there exists ¢ > 0
such that

Jspec( ?p) = O (eict)
forallt>1andp=0,...,n.

13.3. Definition of analytic torsion. Applying the trace formula (5.1), we get
Treq (e’tAP(T)) =0(e), ast— oo,

which is the proof of Theorem 1.2. Using (13.16), (13.14) and Theorem 1.1, it follows that
as t — +0, there is an asymptotic expansion of the form

0 oo Ty
Treg (6747 7)) o t742 ) "at) 702N 2N " 192 (log 8
=0 j=0 i=0

Thus the corresponding zeta function (,(s;7), defined by the Mellin transform
1

125 e s [T e
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is holomorphic in the half-plane Re(s) > d/2 and admits a meromorphic extension to the
whole complex plane. It may have a pole at s = 0. Let f(s) be a meromorphic function

on C. For sy € C let
Fs) =" ar(s — s0)"

k>ko
be the Laurent expansion of f at sg. Put FP_, := ag. Now we define the analytic torsion
Tx(7) € Rt by

(13.36) log Tx (T lzd: (FPS , (57) T)) .

2 s
p=
Put
d
(13.37) K(t,7) =Y (=1)"p Ty (e ) .
p=1

Then K(t,7) = O(e™") as t — oo and the Mellin transform

/ K(t, 7))t 'dt
0

converges absolutely and uniformly on compact subsets of Re(s) > d/2 and admits a
meromorphic extension to C. Moreover, by (13.36) we have

(13.38) log T'x (1) = FPs—g ( / K(t,7)t*~ 1dt)
Let
d
5= S P and K = 3 (1),
p=1 p=1
Then by (13.16) we have
(1339) K(t, 7_) - Jspec(gb;fr)'
For m € II(G(R)) let ©, be the global character. Then we get
(13.40) Jweeal0]) = >0 m(m)dim (M2 ) O ().
mellgis(G(A))

For n € N, n > 2, let 4, := rankc SL(n) — ranke SO(n) be the fundamental rank of SL(n).
Lemma 13.4. For G = GL(n) and n > 5 we have Jyeec(97) = 0.

Proof. Let () be a standard cuspidal parabolic subgroup of G(R). Let @) = MgAgNg be
the Langlands decomposition of (). Let (£, W) be a discrete series representation of M
and let v € aj, . Let m¢, be the induced representation. By [MP2, Proposition 4.1] we
have O¢ ,(k]) = 0, if dimag > 2. If §,, > 2, it follows that dimagy > 2 for every cuspidal
parabolic subgroup Q of G(R). Thus @gvy(k”) = 0 for all cuspidal parabolic subgroups @
and pairs (£, v) as above. Now observe that for GL(n) the R-group is trivial. Therefore, it
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follows from [De, section 2.2] that the Grothendieck group of all admissible representations
of G(R) is generated by the induced representations ¢, as above. Hence O, (k]) = 0 for
all 7 € II(G(R)). If n > 5, then ¢, > 2 and the lemma follows from (13.40). O

Remark 13.5. If " is cocompact and n > 5, then it follows that Tx (1) = 1. In the
noncompact case this need not be true. In [MP1] the case of finite volume hyperbolic
manifolds has been studied. It has been shown that in even dimensions, the renormalized
analytic torsion has a simple expression, but is not trivial. This includes the case of SL(2).

14. THE cASE G = GL(3)

If G = GL(3), the weight functions are explicitly given by (8.1)- (8.3). Using the explicit
form of the weight function, we can extract more precise information about the pole at
s = 0. To this end we need to show that the coefficients ¢;;(v) in (12.20) with j =d — k
and ¢ = 1,...,r4_, vanish for the corresponding orbital integrals. In our case d = 5. Now
consider the first integral (8.1). Then k = 2 and the weight function is log(y* + 2?). Thus
the highest power with which logt occurs in the asymptotic expansion of (8.1) is 1. This
means that ci3(v) is the only coefficient that we need to consider. It is of the form (12.19).
We are in the case 7 = r;. Hence

c13(v) :/ e*“””““HQp(:p) dx,
]RQ

where p(x) is a homogeneous polynomial. Moreover, from its construction it follows that
p(z) is odd, i.e., p(—x) = —p(x). Hence ¢13(v) = 0. Thus the asymptotic expansion of the
first integral has the form

(14.1) T (1, 0) ~ 47323 " a; ()72 4+ 47323 by (0) 1" log t,
j=0 k=0

as t — +0, and b3(v) = 0.

Now consider the second integral (8.2). Then k = 3. By (8.2) we need only to consider
c12(v), which we denote by co(v). Let pi(x) and po(x) be the polynomials occurring on the
right hand side of (12.15) and a}(g) the coefficients on the right hand side of (10.8). If we
collect all possible contributions, we get

3
v —|lx 2 a v |z 2
ca(v) =ag(1) /Rs po(x)e 1#1° d + Zl axiao(n(x))‘xzo /R3 zipy(z)e 11 dy
(14.2) ; i=
- el g 4 g el
30 @), [ e s at() [
i,7=1

By definition we have

pi(x) = Z DO‘TZ(x)’x:OxO‘.

|af=3
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Now recall that for g € SL(n,R) the distance r(g(xo), zo) is given as follows. Let i, ..., A,
be the eigenvalues of the positive definite matrix g' - g. Then

n

r(g(wo), w0)* = > _(log A;)*.

i=1

An explicit computation shows that

2 2 B N9
r?(x1, 22,0) = 2log? <1+x1—5x2 +\/ﬁ+x§+w).

4

Thus 7(x1, x2,0) is even in 7 and 9. The same holds for r(z1, 0, z3) and r(0, x5, x3). This
implies that for « # (1,1,1) we have D*r?(z)| _, = 0. Finally note that

_ 2 _ 2 . .
/ zwywarze 1P dy =0, and / xiTje 2% gz = 0, @ # 4.
R3 R3

Thus (14.2) is reduced to

co(v) =ag(1) /R3 po(z)e 11 dz + a‘l’(l)/ eI gy

RS

3
62 2 2

S > —lal? g

+ 2 83:22&0(71(3:))‘1:0 /}R3 xie x

Thus for the second integral we get an asymptotic expansion of the form

(14.3)

(14.4) Jar, (w(1,0,0), hY) ~ ¢ Za 2 4t IZC (v)t* % log t

with co(v) given by (14.3). Finally cons1der the integral (8.3). Again k£ = 3. By (8.3) we
only need to consider c¢12(v) and cga(v). By the same considerations as in the previous
case, it follows that cos(v) = co(v). Furthermore, ¢15(v) has the same form as co(v), except
that the integrals contain in addition some factors log |z;| for i = 1,2, 3. Thus we obtain

o0

(14.5)  Jag, (1Y) ~ 1= 1Za V2t 1chk(y)tk/21ogt+rlZcm(y)tlﬂ(logt)?,
j=0 k=0 1=0

with cg9(v) = c2(v), where co(v) is given by (14.3), and ¢1»(v) is given by a similar formula
as described above. Now we specialize v to v,(7), which is defined by (13.2).

Lemma 14.1. Let (7,V;) be a finite dimensional representation of G(R). We have
5

ST(=1rp a1y =0, Y (=1)Fp-a”(1) =0.

p=1 p=1

Proof. By (10.9) we have % = dim(APp* @ V) = (;) - dimV,. Now observe that

Z;Zl(—l)pp (p) = 0. This proves the first statement. For the second statement we note
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that by (10.10) we have a?(T)(l) = tr( lfp(T)(xo,xo)), and by (10.6), lfp(T)(xo,xo) is the
second coefficient of the asymptotic expansion as t — 40 of tr K*»(") (¢, zg, 70). Using the
known structure of the coefficient, we get

B WA

where R is the scalar curvature (which is constant) and it is understood that (’Z) =0, if

p < 0orp>m. For 7 =1, this follows from [Gi, Theorem 4.1.7, (b)]. It is easy to extend
this to the twisted case. Using (14.6), the second statement follows. 0J

Lemma 14.2. For every finite dimensional representation (1,V;) of G(R) we have

e y (Z<—1>pp a5“”<n<x>>> =0.

1

fori=1,23.

Proof. We consider the derivative with respect to x;. Let

Then
0 )
8—x§a0 (”@))’xzo = @ao (nl(u))}uzo-
By (10.9) we have
ag ™ (n1(u)) = tr(vp(7) ((w)) - (20, ma (1)),
where k(u) := k(nq(u)) € SO(3) is determined by (10.7). Furthermore, by (13.2) we have
tr(vp(7)(k(u)) = tr(AP Ad;(k:(u)) ~tr(r(k(u)).
Let
S = {A € Mat3(R): A = A", tr(A) = 0} ,
equipped with the inner product
(Y1,Y2) = Tr(Y1Ys), Yi,Y2 €8S
Then p = S as inner product spaces. Moreover, the adjoint representation Ad, of SO(3)
on S is given by
(14.7) Ady(k)Y =k-Y - k", keSO(3), Y es.
With respect to this isomorphism, k(u) is determined as follows. Let A(u) := ny(u)ng(u)*.
Then A(u) = A(u)t and A(u) > 0. Let S(u) = A(u)~"2. Then k(u) = S(u) - ni(u). Note
that k(u) is a block diagonal matrix of the form

()
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where 7(0) € SO(2) is the rotation by the angle 6. Let

~1/2 0 0
i=| 0 -1/2 0
0 0 1

Then with respect to (14.7) we have Ad,(k(u))(Y;) = Yi. Let S; := RY; and Sy = Sy
Then the decomposition S = Sy @ S is invariant under Ad,(k(u)) and Ad,(k(u))|s, = Id.
Let T'(u) := Ady(k(u))|s,. Then we have

5 5
(14.8) > (=1)7p tr(A” Ady(k = (1) tr(A"T(u)) = det(Id —T'(u)).
p=1 p=0
For A € C let
(14.9) f\ ) :=det(A\Id—T(u)), A€C, ucR.

Recall that T'(u) is unitary. So every eigenvalue p of T'(u) satisfies || = 1. Assume that
|A| # 1. Then f(A,u) # 0 for all w € R and

(14.10) % log f(\,u) = — tr(T'(u)(AId =T'(u)) ™),
where 7"(u) = “£T'(u). Note that f(),0) = det(AId =7'(0)) = (A — 1)*. Thus

0
D fu,y = 0= 17 (T (0))
Since T'(u) is orthogonal, it follows that tr(7”(0)) = 0, and therefore

(14.11) a%f(A,u)\u:O = 0.
Using (14.10), we get
o B , .
S f ) = == fO\ ) - (T () (A =T (w)) ™)
(14.12) — FOu) (T () (A1 =T (u)) ™)

— SO W) (T (w) (A Td =T (u)) T (w)(A1d =T (u)) ).

Using (14.11), we obtain

92
WS (A, u)’uzo = —(A = 1)*tx(T7(0)) — (A — 1)*tx(T7(0)?).
Since f(A,u) is a polynomial in A, it follows that this equality holds for all A € C. In
particular, we get

92

@ (1,U)’u:0 = 0
Combined with (14.8) and the definition of f(\,u), the statement follows for ¢ = 1. The
proof of the other cases is similar. O
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Using (14.4), (14.5) and Lemmas 14.1 and 14.2, it follows that
5

Z )'p Cp(s37)

-1
is holomorphic at s = 0. Thus in this case we can define log T'x (k) (7) by

5

lo8 Tx (1) = 5 (Z<—1)pp Cp(8;7)>

p=1

s=0

15. EXAMPLE: CLASSES OF FINITE ORDER FOR GL(2) AND GL(3)

In order to remove the assumption that I' C T'(/V) for some N > 3, we need to understand
distributions J, appearing in the coarse geometric expansion of the trace formula for which
the equivalence classes o which are not necessarily unipotent. Let K; be an arbitrary
subgroup of G(Z) of finite index and let f = fo - lg, € CX(G(A)Y) with foo € CX(G(R)Y)
and 1, € C°(G(Ay)) the characteristic function of K. In this situation, more than just
the unipotent orbit may contribute non-trivially to the coarse geometric expansion. The
equivalence classes 0 € O are in bijection with semisimple orbits in G(Q). Hence there is a
canonical bijection between O and monic polynomial of degree n with rational coefficients
and non-vanishing constant term if G = GL(n) by sending the semisimple conjugacy class
to its characteristic polynomial. We may therefore speak of the characteristic polynomial
and the eigenvalues of a class 0. The following lemma is explained in the proof of [LM,
Lemma 5.1].

Lemma 15.1. We can choose a K, -bi-invariant neighborhood w C G(R)! of K., such that
if o € O is such that there exists foo € C°(G(R)') supported in w with Jo(fso - 1x,) # 0,
then the eigenvalues of o are all roots of unity (over some algebraic closure of Q).

Let O; denote the set of all 0 € O whose eigenvalues (in some algebraic closure of Q)
are all roots of unity. Note that this set is finite. By the preceding lemma we can choose
a bi- K y-invariant f,, € C°(G(R)') with f(1) =1 and

geo foo 1Kf ZJ foo ]-Kf

o€y

Let 0 € Oy, and let 0 € G(Q) No be a semisimple representative for 0. Then o is in G(R)
conjugate to some element o, in O(n). For each o and f € C°(G(A)') we have the fine
expansion

Jo(f) = a™(v,9)Iu(y, 1),
(M)
where S is a sufficiently large finite set of places of Q with co € S, a™ (v, S) are certain
global coefficients as defined in [Ar7], (M,~) runs over all pairs of Levi subgroups M
containing M, and =y over representatives of the M (Q)-conjugacy classes in M(Q) No, and
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Ju (7, [) are S-adic weighted orbital integrals. Since the (finite) set O; and the set S are
fixed in our setting, the value of the coefficients a™ (v, S) is not relevant for us.

15.1. Orbits of finite order for GL(2). If G = GL(2), then each 0 € O is represented
by one of the following semisimple elements:

+ 10 (1 0 £ cost; sinb; .
UO_i(O 1) = \o 1) Ci =+ —sinf; cos6; )’ 1=2,3,

with 0 = 7/2 and 05 = 7/3. We accordingly write o; or o for the associated equivalence

classes. Note that oy,05, 05 are all regular semisimple so that the associated equivalence

class is in fact equal to the conjugacy class of the respective element. (In fact, 0f = o5,
but we keep the superscript to make notation more uniform.) Moreover, since we assume
that our test function f is Ko-invariant, Junip(f) = J,=(f) for oy the class attached to

0
0, - Hence we only need to consider the regular elements.

The element o is the only of the remaining elements which is split over R. Since it is
regular, the distribution o; is of a simple form, namely,

Jo(f) = / SO ) du

for every bi-K-invariant f € C2°(G(A)"). It follows that if f = fi - 1k, then

Jo ( /foo log1+x)dx+a2/foo x))dx

where u(x) = (§%), and a1,as € R are suitable constants depending only on K. Using
Taylor expansion of log(1 + 2?) around z = 0, we get, as in § 12, that for every N > 0,

N
Jol (&tI/) _ tf(dfl)/2 Z thk/2 + ON(t(Nfd+1)/2)
k=0

for suitable coefficients cy,.
The remaining classes are regular elliptic and non-split over R. In particular, for each
i € {2,3} we have

K3

J4(f) = a / foolg "0 g) dg
Go, (R)\G(R)

for a suitable constant a; € R again depending only on K; and oii. We have for i = 2,3
that G = (R) = Z(R) K so that using K AK decomposition we get

Jx(f) = ai/ foo(a™ oFa)sinh(2X) dX
' 0
where a = ¢X. We can write

. —2X o ) Y
+ (_e_cé); ‘9@ ¢ S 92) = ailaiia = ]{?1 (60 9y) ]{ZQ

sin 6; cos 6, e
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with suitable ki, ky € K and Y > 0. Hence
sinh(Y") = o sinh(2X)
with o; = v/2sin6;. Hence
Y2 =40 X? + 0 (XY)
around 0. Since 7(a 'oFa) = ||(Y, =Y, we therefore get
r*(a 'oa) = 8a?X? + O, (Xh).
Using the Taylor expansion of sinh(2X), we get, as in § 12, that for any N,

N
T (8F) = 7Y "t 4 Oy (1N H12)
k=0

as t — 0% for suitable coefficients ¢, depending on o7

15.2. Orbits of finite order for GL(3). For G = GL(3) the real weighted orbital integrals
associated to G(R)-conjugacy classes of elements in the classes in O; can have a more
complicated form. Each o € O; has a semisimple element which in G(R) is conjugate to
one of the following matrices:

1 00 1 0 O cosf; sin#; O
of=+10 1 0|, 0f=x(01 0], 07" =+/(—sin6 coshy 0|, i=23,
00 1 00 —1 0 0 =1

with 0, and 63 as for GL(2). Again, we write 0", 4 = 0,1, and Jxx, 1 = 2,3, for the

7 )

associated equivalence classes. We already understand the distributions ‘]03['

If i = 2,3, the only semi-standard Levi subgroups of G(R) containing aii’i are M(R) :=
GL2(R) x GLy(R) (diagonally embedded in G(R)) and G(R) itself. Let P(R) be the
standard parabolic subgroup of G(R) with Levi component M (R). Moreover, o; "= in fact
equals the conjugacy class of aii’i. Hence we need to understand the real weighted orbital
integrals Jy (o7, <23t”00) and Jg(o77, é?w) The latter integral equals

JG(Uz‘iiv étyoo) = / / ézoo(uflmflaii’imu) du dm
M@®)_+ s \M®) JU®)
:/ / gfgzw(m_laii’imu) du dm
M(R)_++\M(R) JU(R)

where we used the O(n)-conjugation invariance of gzgt” - and that the centralizer of aii = in
G(R) and M(R) coincide. Hence for t — 0 we get an asymptotic expansion

N
JG(Oj:,i’ & ) = (@92 Z Ct™2 4 O (tV-d+0/2)

7 t,00
k=0
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for any N > 0 where C}, are certain coefficients depending on oii’i.

The other weighted orbital integral is of the form

Tar(07F, 80 ) =

/ Qgty,oo(uflmflaii’imu)vM(u) du dm
M(R)_+.+\M(R) JU(R)

where the weight function is given by

v (u) = log(1 + 2% + y?)

for u = € U(R). A change of variables therefore gives

OO =
o = O
[ S

Tl g = | | Gt og (1 4+ [wl) dudsm
M(R) +,+\M(R) JU(R)

where
w = (z’d — m_lafc’im)_1 (:;) € R2

Using the series expansion of log around 1, this integral also has an asymptotic expansion
int ast — 0. Altogether, we get

N
Jo;t’i (&tI/) _ tf(d74)/2 Z Bktk/2 + ON<t(Nfd+4)/2)
k=0
for suitable constants By and any N > 0.
he conjugates of oi.
Hence we have more orbital integrals to consider. Let u; = ( ) Then we need to

consider the weighted orbital integrals T (0F, foo), Jo(oE, fso), and Jp(oFuy, fx), L =
M, G, for fo = ¢}, For the invariant integrals we get

The remaining two classes of contain more elements than ju

w0
O~ ct+

t
0
0
1

OO

Jolot f) = [ utotuydu=ci [ fu(otudn
U(R) U(R)
and similarly, after a change of variables,
JG<O-itu17 foo) = C2 / foo(o-itu> du.
Uo(R)

Here ¢y, co > 0 are suitable constants. The weighted orbital integrals can also be written
as integrals over Uy(R), but against a non-invariant measure. For Jy, (07, foo) it involves
a weight function of the form log(1 + 2 +y?) as above and a linear function in log |a| if we

a 10z .. . .
write u = (é ! §> (8 ! 31/> Similarly, Jy (07 U1, fo) equals an integral over Up(R) against

log(1+ 2% +y?) times the invariant measure, and Jy; (05, fs) equals the integral over U(RR)
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against log(1 + 22 + y?) times the invariant measure on U(R). Proceeding similarly as
before, one can then show that

N N
Ty (@) = IR Okl =D kR 1og 4 O (HN )
k=0 k=0

for suitable constants C, By and any V.
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