A SELBERG TRACE FORMULA FOR NON-UNITARY TWISTS

WERNER MULLER

ABSTRACT. Let X = I'\G/K be a compact locally symmetric space. In this paper we
establish a version of the Selberg trace formula for non-unitary representations of the
lattice I'. On the spectral side appears the spectrum of the “flat Laplacian” A#, acting
in the space of sections of the associated flat bundle. In general, this is a non-self-adjoint
operator.

1. INTRODUCTION

Let G be a connected real semisimple Lie group with finite center and of non-compact
type. Let K be a maximal compact subgroup of G. Then S = G/K is a Riemannian
symmetric space of nonpositive curvature. We fix an invariant metric on S which we
normalize using the Killing form. Let I' C G be a discrete subgroup such that I'\G is
compact. We assume that I' is torsion free. Then I' acts properly discontinuously and
fixed point free on S, and X =T'\S is a compact locally symmetric manifold.

Let x: I' = GL(V,) be a finite-dimensional unitary representation. Denote by E, — I'\\S
the associated flat vector bundle. It is equipped with a canonical Hermitian fiber metric hX
and a compatible flat connection VX. Let d,: C*(X, E,) — AY(X, E,) be the associated
exterior derivative and let d, be the formal adjoint of d, with respect to the inner products
in C*(X, E,) and C>(X,T*(X) ® E,), respectively, induced by the invariant metric on
S and the fiber metric hX in E,. Let A, = d,d, be the associated Laplace operator. Then
A, is a second order elliptic, formally self-adjoint, nonnegative differential operator. In
this setting, the Selberg trace formula is an equality which expresses the trace of certain
integral operators, which are functions of the Laplacian A, , in geometric terms associated
to the conjugacy classes of T'.

The trace formula has many applications. Of particular interest for the present paper are
applications to Ruelle and Selberg zeta functions. Especially the analytic continuation and
the functional equation of twisted Ruelle and Selberg zeta functions rely on the twisted
Selberg trace formula [BOJ, [Se2]. Also spectral invariants of locally symmetric spaces
such as analytic torsion and eta invariants can be studied with the help of the trace
formula (see [Fr], [Mil], [MS1], [MS2]). So far, these applications are restricted to unitary
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representations of I' and it this very desirable to extend the scope of the trace formula so
that all finite-dimensional representations are covered. This is the main goal of this paper.

To begin with we recall the trace formula for a unitary representation y (see [Sel], [Se2]).
Let spec(A,) be the spectrum of A,. It consists of a sequence 0 < A\ < Ay < --- of
eigenvalues of finite multiplicities. Denote by m(\;) the multiplicity of \;. Let ¢ € S(R)
be even and assume that the Fourier transform ¢ of ¢ belongs to C2°(R). Then ¢((A,)Y?)
is a trace class operator.

We note that in the scalar case it this convenient to introduce a shift of the spectrum of
A, which is given by the lower bound c of the continuous spectrum of the Laplacian A
on S. Then one considers the operator ¢ ((A, — ¢)/?) in place of ¢((A,)"/?). However
this is not necessary at this stage. It only plays a role in the explicit expression of the
trace formula (see (1.4)). Moreover for operators on vector bundles like the Laplacian on
differential forms there is no appropriate choice of a shift of the spectrum. This will become
clear in the discussions of section 6. Especially (6.20) shows that in general, there is no
choice of a shift of the spectrum which leads to a simple formula for ©, ,(tr h,) holding
simultaneously for all . Therefore for the following discussion we prefer to work with
©((Ay)"/?). However everything that we say here holds for ¢ ((A, — ¢)/?) as well.

First observe that the trace of ¢((A,)Y?) is given by
(1.1) Tro((A)) = Y mNe(\?),

A€spec(Ay)

Let A be the Laplacian of S, and let h, be the convolution kernel of the invariant in-
tegral operator ¢(A'/2). It belongs to the space C2°(G//K) of K-bi-invariant compactly
supported smooth functions on G. Given v € T" let {7} denote its I'-conjugacy class.
Furthermore, let G, and I', denote the centralizer of 7 in G' and I, respectively. Then the
first version of the trace formula is the following identity.

> mN)p(A?) = vol(T'\S) dim Vi, (e)
(12) A€spec(Ay)

£ Y ) lA\G) [ hulgag) g
{7}r#e G\

To make this formula more explicit, one can use the Plancherel formula to express h, in
terms of ¢. Furthermore, the orbital integrals

I(g;¢) = / ho(9~"vg) dg
G \G

are invariant distributions and therefore, one can use Harish-Chandra’s Fourier inversion
formula to compute them (see [DKV, §4]). In the higher rank case this is rather complicated
and no closed formula is available. In the rank one case, however, the situation is much
better. There is a simple formula expressing the orbital integrals in terms of characters
which leads to an explicit form of the trace formula [Wa, Theorem 6.7].
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To extend the Selberg trace formula to all finite-dimensional representations of I', we first
note that, because h, has compact support, the sum on the right hand side of (1.2) is finite
and therefore, it is well defined for all finite-dimensional representations y. The question
is what is the appropriate operator which replaces the Laplacian on the left hand side. In
general there is no Hermitian metric on E, which is compatible with the flat connection
VX. A special case has been studied by Fay [Fa]. He considered the analytic torsion T ()
of a Riemann surface M = I'\H of genus g > 1 and a unitary character y € Hom(T", S!)
and established the analytic continuation of Ty, (x) to all characters x € Hom(I", C*). To
this end he introduced a non-self-adjoint Laplacian. We use a similar approach in the
general case. The operator that replaces A, is the “flat Laplacian” Af which is defined
as follows. Let *: AP(T*X) — A" P(T*X) be the Hodge star operator associated to the
Riemannian metric of X. Extend * to an operator *, in AP(T*X) ® E, by *, = *® Idg,.
Define 07 := (—1)""" %, d, *, . Then the flat Laplacian A% is defined as

AF = 67d,.

If x is unitary, Af equals A, . For an arbitrary x we pick any Hermitian fiber metric in
E, and use it together with the Riemannian metric on X to introduce an inner product
in C*(X, E,). In general, AZ? is a not self-adjoint w.r.t. this inner product. However,
if we define the corresponding Laplace operator A, as above by d,d,, where the formal
adjoint 9, is taken w.r.t. to the inner product, then Af has the same principal symbol
as A,. This implies that the operator Af has nice spectral properties. Its spectrum is
discrete and contained in a translate of a positive cone C' C C with R C C' (see [Sh]). If
we assume for the moment that the origin does not belong to the spectrum, then it follows
that an Agmon angle 6 exists for A¥.

Now recall that ¢ is the inverse Fourier transform of an even function ¢ € C°(R). Thus ¢
can be continued analytically to an entire function which is the Fourier-Laplace transform
of ¢ and is usually called a Paley- Wiener function. We denote the space of Paley-Wiener
functions on C by P(C). For its precise definition we refer to the section following (2.16).
So from now on we will view ¢ as an even Paley-Wiener function.

Using the existence of an Agmon angle, this permits us to define ¢ ((Aﬁ);/ 2) by the
usual functional calculus [Sh]. It is a trace class operator. Since ¢ is assumed to be even,
® ((Aﬁ);/ 2) is independent of f and we can delete # from the notation. Lidskii’s theorem
[GK, Theorem 8.4] generalizes (1.1). As mentioned above, the spectrum spec(A#) of

A7 is discrete and consists of eigenvalues only. For A € spec(A¥) let m(\) denote the

algebraic multiplicity of A, i.e., m(\) is the dimension of the root space which consists of
all f € C®(X, Ey) such that there is N € N with (A% — AI)"f = 0. Then by Lidskii’s

theorem we have

(1.3) Tro((AF)2) = D mN)e(\7?).

)\Gspec(Af)
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The first version of our trace formula generalizes (1.2) with Tr ¢ ((Af)l/ 2) on the left hand
side.

Actually, we prove a more general result. Let 7 be an irreducible representation of
K and E, — T'\S the associated locally homogeneous vector bundle, equipped with its
canonical invariant connection V7. Let V = V™X be the product connection in F; ® E,,
and let A% = —Tr(V?) be the corresponding connection Laplacian. Then for ¢ as above
@ ((Aﬁx)l/ ?) is a trace class operator and we establish a trace formula for this operator
which is similar to the scalar case.

If G has split rank one, we get an explicit version of the trace formula. To describe it
we need to introduce some notation. Let G = KAN be an Iwasawa decomposition of G.
Then dim A = 1. Let a be the Lie algebra of A. The restriction of the Killing form to a*
defines an inner product on a*. Let |p| denote the norm of the half-sum p of positive roots
of (G,A). Let v € '\ {e}. Then there is a unique closed geodesic 7, that corresponds to
the I'-conjugacy class {v}r of 7. Denote by [() the length of ,. Furthermore, let 7y € I'
be the unique primitive element such that v = 7% for some k € N. Finally let D(7) be the
discriminant of 7 (see (6.2) for its definition). Let S(A)dA be the Plancherel measure for
spherical functions on G [Hel]. We can now state our main result in the scalar case. As
remarked above, in the scalar case it is convenient to introduce a shift of the spectrum by
the lower bound of the essential spectrum of the Laplacian A on S which in the present
case equals |p|?. To introduce this shift is suggested by (6.23) and (6.24), because it leads
to the simplified formulas (6.25) and (6.26) for the spherical Fourier transform of the kernel
of the operator ¢ ((A, — |p|?)"/?). Using these observations, we get our main result in the
scalar case which is the following theorem.

Theorem 1.1. Let ¢ be an even Paley-Wiener function and let o € C°(R) be the Fourier
transform of ¢|g. Then we have

S im0 (0 [pP)"2) = dim(vy) YN [ esen ax

2
(14) )\Espec(At)

~—

£ 3 x5,

D
{7}r#e (fy

~—

Note that for every ¢ > 0 there are only finitely many conjugacy classes {v}r with
l(v) < c. Therefore the sum on the right hand side is finite. If x is unitary, this is the
trace formula established by Selberg [Sel], [Hej].

To describe our method we restrict attention to the scalar case, i.e, we consider the
operator A% — |p|*>. Our method is based on the approach of Bunke and Olbrich [BO] to
the Selberg trace formula in the unitary case. We consider the wave equation

(1.5 (5 + 8% = 19P ) ult) =0, u(0) = 1. w(0) =0,
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for any initial conditions f € C*(X, E, ). Since the principal symbol of A # — |p|? is given
by o(z,€) =|| € ||* Idg,, the operator L = 25 + A# —|p|? is strictly hyperbolic in the sense
of [Tal, Chapt. IV, §3]. Therefore (1.5) has a unique solution u(t; f). Let ¢ € P(C) be
even and let ¢ € C2°(R) be the Fourier transform of ¢|g. Then it follows that

(1.6) o (AT —[p)'?) f = ) dt.

7o Lot

Let a(t; f) and f denote the lift of u(t, f) and f, respectively, to S which is a universal
covering of X. Then the corresponding wave equation on S with initial conditions u(0) = f ,
u¢(0) = 0 is also strictly hyperbolic and by finite propagation speed it follows that it has

a unique solution u(t; f). Thus we obtain a(t,; f) = u(t, @ f). Since the lift of E, to S
is trivial, the lifted operator A# takes the form A# = A ®1dy,, where A is the Laplace
operator on S. Let h, € C’OO(G //K) be the kernel of the G-invariant integral operator

® ((A - |p|2)1/2). Then it follows that the kernel K, (x,y) of ¢ ((A¥ — p|?)'/?) is given
by

(1.7) Ko(x,y) = ho(gr 792)x(7);

el

where x = I'g; K and y = ['go K. The derivation of this formula is one of the key issues
in the proof. The main steps are (3.17), (4.3) and (5.6). One can now proceed in the
same way as in the case of a unitary representation y and derive the twisted Selberg trace
formula (1.4).

Besides unitary representations of I', there is a second class of representations of I' for
which the usual trace formula can be applied. These are representations which are the
restriction to I' of a finite-dimensional representation 7: G — GL(E). Let E, — X
be the flat vector bundle associated to n|p. Then E, is canonically isomorphic to the
locally homogeneous vector bundle E; associated to the principal K-bundle I'\G — X via
the representation 7 = n|k. The bundle carries a canonical Hermitian fiber metric and
the Laplacian in C*°(X, E,) with respect to this metric is closely related to the Casimir
operator acting in C*°(X, E;). This brings us back to the usual framework of the Selberg
trace formula for locally homogeneous vector bundles. Details will be discussed in section
7.

We also note that Petersson [Pe] started to develop a theory of vector-valued holomorphic
automorphic forms.

Finally, let me point out two problems related to a possible extension of this work. First
it would be interesting to treat also the finite volume case. The main problem is the
continuous spectrum which I don’t know how to deal with. Secondly, in the unitary case
there is the representation theoretic framework for the Selberg trace formula (see [Wal).
It would be interesting to see if there is a representation theoretic approach which works
in the nonunitary case.
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The paper is organized as follows. In section 2 we collect a number of facts about
spectral theory of elliptic operators with leading symbol of Laplace type and we develop
some functional calculus for such operators. The kernels of the associated integral operators
are studied in section 3. Especially, we prove (1.6) and (1.7). In section 4 we apply these
results to the case of twisted Bochner-Laplace operators. In section 5 we turn to the locally
symmetric case and we prove the first version of the trace formula which is Proposition 5.1.
In section 6 we specialize to the case where G has split rank one and we prove Theorem 1.1.
In the final section 7 we are concerned with representations of I' which are the restriction
of a representation of G.

Acknowledgment. I would like to thank the referees for their careful review and the
valuable comments and suggestions which helped to improve the paper. Especially, we
owe the approach in the section before Lemma 2.4 to one of the referees and we are very
grateful to him for his help with this issue.

2. FUNCTIONAL CALCULUS

In this section we develop the necessary facts of the functional calculus we are going to
use in this paper.

Let X be a compact Riemannian manifold without boundary of dimension n and ¥ — X
a Hermitian vector bundle over X. Let V be a covariant derivative in £/ which is compatible
with the Hermitian metric. We denote by C*°(X, E') the space of smooth sections of F, and
by L?*(X, E) the space of L%-sections of E w.r.t. the metrics on X and E. Furthermore,
for each s € R we will denote by H*(X, F) the Sobolev space of order s of sections of F
(see [Sh, I, §7]. Let

Ap =V*V
be the Bochner-Laplace operator associated to the connection V and the Hermitian fiber
metric. Then Apg is a second order elliptic differential operator which is essentially self-
adjoint in L?(X, E). Its leading symbol o(Ag): 7*E — 7n*E, where 7 is the projection of
T*X, is given by

(2.1) o(Ap)(@, &) =[ €7 1dp,, z€X, £€T;X.
In this section we consider the class of elliptic operators
P:C*(X,E) - C*(X,E)
which are the perturbation of Ag by a first order differential operator, i.e., we assume that
(2.2) P=Agp+ D,

where D: C®(X, E) — C*(X, E) is a first order differential operator. Equivalently, one
can say that P is an elliptic second order differential operator with leading symbol given
by

(2.3) o(P)(x.€) =] €| - 1dg, .



For I C [0,27] let

Ap={re”: 0<r<oo, 0€I}.
be the solid angle attached to I. The following lemma describes the structure of the
spectrum of P.

Lemma 2.1. For every 0 < e < 7/2 there exists R > 0 such that the spectrum of P is
contained in the set Br(0) U Al_c . Moreover the spectrum of P is discrete.

Proof. The first statement follows from [Sh, Theorem 9.3]. The discreteness of the spectrum
follows from [Sh, Theorem 8.4]. O

Though P is not self-adjoint in general, it still has nice spectral properties [Sh, Chapt.
I, §8]. Given Ay € spec(P), let I'y, be a small circle around Ay which contains no other
points of spec(P). Put
(2.4) M, = — | R\(P)dA.

2T Tx,

Then II,, is the projection onto the root subspace V,. This is a finite-dimensional subspace
of C*(X, E) which is invariant under P and there exists N € N such that (P —X\ )MV}, =
0. Furthermore, there is a closed complementary subspace Vy to V), in L*(X, E) which
is invariant under the closure P of P in L? and the restriction of (P — Ao I) to Vy has a
bounded inverse. The algebraic multiplicity m(\g) of g is defined as

m(Ag) = dim V).
If A1, Ay € spec(P) with A; # Ay, then the projections IT,, and II,, are disjoint, i.e.,
I1,,I1,, = II,II,, = 0.
Let R)(Ag) be the resolvent of Agp and let D be the first order differential operator
occurring in (2.2). Since D is a first order operator, it follows from Sobolev space theory
that DRy(Ag) is a compact operator in L?(X, F'). This means that D is compact relative
to Ag. Therefore by [Mk, 1,54, Theorem 4.3] the root vectors are complete. This means

that L?(X, E) is the closure of the algebraic direct sum of finite-dimensional P-invariant
subspaces Vj

(2.5) L*(X,E) =PV

k>1

such that the restriction of P to V, has a unique eigenvalue A, for each k there exists
N, € N such that (P — A\ )MV, = 0, and |\¢|] — oco. In general, the sum (2.5) is not a
sum of mutually orthogonal subspaces. This generalizes the spectral decomposition of a
self-adjoint operator. Here, of course, we are making use of the compactness of X. At the
moment it is not clear to the author how to generalize (2.5) in the cofinite case.

Given r > 0, let

N(rP)y:= Y m\),

Aespec(P), |AI<r
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be the counting function of the eigenvalues of P, where eigenvalues are counted with their
algebraic multiplicity. For the self-adjoint operator Agr we have Weyl’s formula which
describes the asymptotic behavior of the counting function as » — oo. Since P is a
perturbation of Ag by a lower order differential operator, we may expect Weyl’s formula
to hold for P as well. This is indeed the case as the following lemma shows.

Lemma 2.2. Let n =dim X. We have

~ 1k(E) vol(X)
N P) = 2+ 1

2 4 o(r™?),  r— oo.

Proof. We note that the trace Tr(e *2F) of the heat semigroup e *2# has an asymptotic
expansion of the form
Te(e '27) ~ 72 “apt®,  t— 40
k>0
(see [Gi, Lemma 1.8.3]), and by [Gi, Lemma 4.1.4] the leading coefficient aq is given by
ap = (47)7"21k(E) vol(X). Let N(r,Ag) be the counting function of the eigenvalues of
Apg. Using the Tauberian theorem (see [Sh, Chapt. II, §14]), we get

rk(E) vol(X)

2.6 N(r,Ap) = n/2 n/2 :

(2.6) (r, Ar) @) A2+ 1) +o(r"?), r— o0

The lemma follows from [Mk, I, §8, Corollary 8.5]. O

Denote by spec(P) the spectrum of P. First we assume that 0 ¢ spec(P). It follows from
Lemma 2.1 that there exists an Agmon angle 6 for P and we can define the square root

Pg1 /? as in [Sh]. For the convenience of the reader we include some details. By Lemma 2.1
there exist 0 < 6 < 27 and € > 0 such that

SpeC(P) N A[9—€,9+6} = 0.
6 is called an Agmon angle for P. Since spec(P) is discrete and 0 ¢ o(P), there exists also
ro > 0 such that
spec(P)N{z € C: |z| < 2ry} = 0.
Define the contour I' = I'y,, C C as the union of three curves I' = I'y UT'y U T'5, where
I ={re?:co>r>ry}, Ty={re:0<a<+2r},
Dy = {re'®2M . 1y <r < o0},

The curve I'y ., is oriented as follows. On I'1, r runs from oo to rg, I's is oriented clockwise,
and on I's, r runs from ry to oo. Put

_ i
(2.7) P = o
m FQ,TO

By [Sh, Corollary 9.2, Chapt. II, §9] we have || (P—X)"! ||< C|A\| 7! for A € T'y,,,. Therefore
the integral is absolutely convergent. Put

P =pP.p"

AY2(P— X)7tdA
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Then Pgl/2 satisfies (P;/2)2 = P. If § is fixed, we simply denote this operator by P'/2. We
recall [See], [Sh, Theorem 11.2] that P'/2 is a classical pseudo-differential operator with
principal symbol

(2.8) o(PY?)(2,&) =| € ||, - 1dp, .

In each coordinate chart, the complete symbol ¢(z, &) of P!/2 has an asymptotic expansion
(2.9) (2, 8) ~ > qi(x,8),
5=0

where ¢1_;(z, &) is a symbol of order 1 — j (see [Sh, 1,§1]) which is homogeneous in ¢ of
order 1 — j and ¢; equals the principal symbol (2.8). The same holds for A};Q, i.e., in each

coordinate chart, the complete symbol ¢(z, &) of A}Ep has an asymptotic expansion of the
form (2.9) and the principal symbol §, equals (2.8). Since the principal symbols of P'/2
and A}LJ/Q coincide, it follows that

(2.10) P2 =A* + B,

where B is a pseudo-differential operator of order zero, i.e., in each coordinate chart, the
complete symbol b(z, &) of B has an asymptotic expansion of the form

(2.11) W@~me@.

Being a pseudo-differential operator of order zero, B extends to a bounded operator in
L*(X, E) (see [Sh, Theorem 7.1]). Thus similarly to (2.2) we may regard P'/? as a pertur-

bation of A}Eﬂ by a pseudo-differential operator of order zero.

Let Ry(PY2) = (PY2 — A)~! and Ry(AY?) = (A}®> = AD)7! be the resolvents of PY/2
and A}Ep, respectively. For \ & spec(A}Ep) we have the following equality

(2.12) P2 — X1 = (I+BRy(AY*)(A)Y? — AT).
Since A}Eﬂ is self-adjoint, the resolvent of A}LJ/Q satisfies
(2.13) | BA(AE%) 1< | Tm()[ ™

[Ka, Chapt. V, §3.5]. Let b=2 || B ||. It follows from (2.13) that for | Im(\)| > b we have
| BR,\(A}E/Q) ||I< 1/2. Thus in this range of A the operator I—}—BR,\(A}E/Q) is invertible and

R\(PY?) = R\(AY*)A+BRy(AY*) 1.
Combined with (2.13) we get
(2.14) | BA(PY2) |< 2/ Im(N)| 7Y, [Im(A)] > b.

We can now summarize the spectral properties of P/2.
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Lemma 2.3. The resolvent of PY/? is compact. The spectrum of PY? is discrete. There
exist b > 0 and c € R such that the spectrum of PY/? is contained in the domain

(2.15) Q. = {A € C: Re(\) > ¢, [Im(N)] < b}.

Proof. Since P'/? is an elliptic pseudo-differential operator of order 1 on a closed manifold,
its resolvent is compact and hence, its spectrum is discrete. The remaining statements are
a consequence of (2.14). UJ

It follows from the spectral decomposition(2.5) that P'/2 has a similar spectral decom-
position with eigenvalues A'/2, X € spec(P), and m(\/2) = m()).

Now we introduce the functions which we will use for the functional calculus. Let P(C)
be the space of Paley-Wiener functions on C. Recall that

(2.16) P(C) = | P*(C)

with the inductive limit topology, where P¥(C) is the space of entire functions ¢ on C such
that for every N € N there exists C'y > 0 such that

(2.17) |p(N)] < On(1 4+ |A]) Vel X e C.
Given h € C°((—R, R)), let

1 .
e(\) = \/—Q_W/Rh(r)e_”)‘ dr, X eC,

be the Fourier-Laplace transform of h. Then ¢ satisfies (2.17) for every N € N, i.e., ¢ €
PE(C). Conversely, by the Paley-Wiener theorem [Ho2, Theorem 7.3.1], every ¢ € PE(C)
is the Fourier-Laplace transform of a function in C°((—R, R)).

First assume that 0 ¢ spec(P). For b > 0 and d € Rlet I' = I',; C C be the contour
which is union of the two half-lines Ly, = {# € C: Im(z) = £b, Re(z) > d} and the
semi-circle S = {d + be?: 7/2 < 0 < 37/2}, oriented counterclockwise. By Lemma 2.3
there exist b > 0, d € R such that spec(P'/?) is contained in the interior of I', 4. For an
even Paley-Wiener function ¢ € P(C) put
i

(2.18) ©(PY?) = — / e\ (PY2 = XT)"La.

2w
Note that by (2.17), ¢()) is rapidly decreasing in each strip | Im(A\)| < 6, 6 > 0. Therefore
it follows from (2.14) that the integral is absolutely convergent.

Now assume that 0 € spec(P). Then we modify the definition of ¢(P/?) as follows. Let
[T be the projection (2.4) onto the root space V; of the eigenvalue 0. We claim that Il is
a smoothing operator. This can be seen as follows. The range of I is a finite-dimensional
subspace of C*®(X, E). Therefore, for all k,[ € N, the operator P*Ily P! = P*'II; extends
to a bounded operator in L?(X, E). Let s € R. Since P is a second order elliptic operator,
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the Sobolev space H*(X, FE) is the completion of C*°(X, E) with respect to the norm
| (I+ P)*2f ||. Since for all k,I € N, P*II, P! extends to a bounded operator in L?(X, F),
it follows that for all k,1 € N, Iy extends to bounded operator of H*(X, E) into H/(X, E)
which by standard Sobolev space theory implies that Il is a smoothing operator.

The complementary subspace Vj of V4 is invariant under P. Let P, = Ply;. Then
0 ¢ spec(P,) and we can define (P;)~"/2 as above by formula (2.7) with P replaced by P;.
To derive the properties of Pll/ ? it is convenient to introduce the auxiliary operator

A~

(2.19) P =(1-I,)P & I,

Since Il is a smoothing operator, Pisa psgudo—differential operator with the same prin-
cipal symbol as P and 0 ¢ spec(P). So P~'/? can be defined by (2.7). By definition

p-v vy = P2 Tt follows that Lemma 2.3 holds for P/ and we can define ¢(P,?) by
formula (2.18).

It remains to deal with contribution of N = PIl,. The operator N: V, — Vj is nilpotent,
i.e, there exists m € N such that N = 0. In general, such an operator has no square root.
Nevertheless we can define ¢(N'/?). We owe the following approach to one of the referees
and we are very grateful to him for his help with this issue. Put

mo o \k2k
(2.20) UGN =Y %N’ﬁ

where m = dim V;. It satisfies

ot? ot

Thus we may regard U(t; N) as cos(tN'/?). Let ¢ € P(C) be even and let ¢ be the Fourier
transform of p|g. Put

(2.22) S(NI?) = V% /R SOU (£ N) dt.

(2.21) <a_2 + N) U N) =0, U0:N) =1 20t N[z = 0.

It follows from (2.20) that

(2'23) (p(Nl/2) _ Zm: 90%(0) Nk.

Now we put
(2:24) P(P'?) = o(P)*) (1) + p(N'/*)IL,.
The relevant property of these operators is described by the following lemma.

Lemma 2.4. p(P'?) is an integral operator with a smooth kernel.
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Proof. First note that

[o =@ -3 ix= [ o0B2 42 dr=o

r
This implies that for k,1 € N we have
1

Pro(PP)(I-Tl)P' = o~
™

/ NN (P = X)7H

r

The function A — A25+Dp()\) is rapidly decreasing on |Im(\)| = £b. Hence the operator
Pro(Pl?)(1-T1y) P! is a bounded operator in L2(X, E). Let s € R. Since P is elliptic of
order 2, the Sobolev space H*(X, E) is the completion of C*°(X, E') with respect to the
norm || (I+P)*2f ||. Together with the above observation it follows that for all s,7 € R,
go(Pll/2)(I —TIIy) extends to a bounded operator from H*(X, FE) to H"(X, E), which shows

that <p(P11/2)(I —TIly) is a smoothing operator.

Since Il is a smoothing operator, it follows that /N is a smoothing operator, and hence
©(NY?), also. Thus ¢(P'?) is a smoothing operator and hence, an integral operator
with a smooth kernel. ([l

In order to continue, we need to establish an auxiliary result about smoothing operators.
Let
A: L*(X,E) — L*(X,E)
be an integral operator with a smooth kernel H € C*(X x X, EX E*).

Proposition 2.5. A is a trace class operator and
(2.25) Tr(A) = / tr H (z, z) du(z).
X

Proof. We generalize the proof of Theorem 1 in [La, Chapt VII, §1]. Let VZ be a Hermitian
connection in £ and let Ap = (VF)*V¥ be the associated Bochner-Laplace operator. Then
Apg is a second order elliptic operator which is essentially self-adjoint and non-negative.
Its spectrum is discrete. Let {¢;};eny be an orthonormal basis of L*(X, E) consisting of
eigensections of Ag with eigenvalues 0 < \; < \y < --- — 00. In other word, they are the
eigensections for the standard self-adjoint unperturbed operator on C*°(X, E). We can
expand H in the orthonormal basis as

(2.26) H(z,y) =Y ai;6i(z) @ ¢} (y),
ij=1

where

(2.27) aij = (Adi, d;).

Since H is smooth, the coefficients a; ; are rapidly decreasing. Indeed, for every N we have

L+ X+ X))V, = (1+Ap @ T+1RAL)VH, ¢; @ ¢7).
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Hence for every N € N there exists Cy > 0 such that
laij| < Cn(L+ X+ X)), 4,jeN.

This implies that the series (2.26) converges in the C* topology. Let P, ; be the integral
operator with kernel ¢; ® ¢7. Thus

0 k +# 7
Pi(é) = { .

Let P; be the orthogonal projection of L*(X, E) onto the 1-dimensional subspace C¢;. Put
B = Zai,j(l—l—)\j)" i, C: Z(l—i‘)\])_npj
i, J

Then A = BC and it follows from (2.6) that B and C are Hilbert-Schmidt operators. Thus
A is a trace class operator. Furthermore, by (2.26) and (2.27) we get

/Xtr H(z,z)dzr = Z a; /}((gb,(z), ¢j(x)) do = Zam = Tr(A).

i,j=1

O

Now we apply this result to ¢(PY2). Let K,(z,y) be the kernel of p(P?). Then by
Proposition 2.5, p(P/?) is a trace class operator and we have

(2.28) Tr (P2 = /X tr K (. 7) dp(z).

By Lidskii’s theorem [GK, Theorem 8.4] the trace is equal to the sum of the eigenvalues of
©(P'?), counted with their algebraic multiplicities. The eigenvalues of p(P'/?) and their
algebraic multiplicities can be determined as follows. Given N € N, let IIy denote the
projection onto the direct sum of the root subspaces Vj,, k < N, of P. As explained above,

we have
N

Plly =Y (Ml + Dy),
k=1
where 11 is the projection onto Vj;, and D, is a nilpotent operator in V,. Note that this
is just the Jordan normal form of a linear operator in a finite-dimensional complex vector
space. Then it follows from [Ka, I, (5.50)] that
N
PPy = > (o () + Dy).

k=1
where D, is again a nilpotent operator in V. Thus ¢(P'/?) leaves the decomposition (2.5)
invariant and the restriction of ¢ (P'/?) to Vj has a unique eigenvalue cp()\,lf/ %). Of course,

some of the eigenvalues <p()\,1€/ 2) may coincide in which case the root space is the sum of
the corresponding root spaces Vj. Now, applying Lidskii’s theorem [GK, Theorem 8.4] and
(2.28), we get the following proposition.
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Proposition 2.6. Let ¢ € P(C) be even and let ¢ be the Fourier transform of ¢|g. Then
we have

(2.29) Z m()\)go()\l/Q):/ tr K, (z, x) du.

A€&spec(P) X

By Lemma 2.2, the series on the left hand side is absolutely convergent.

Remark. Recall that P'/? = Pol /2 depends on the choice of an Agmon angle 6, and so do

the eigenvalues )x,lf = ()\k)é/z. Let 0 < 0 < 0" < 27 be two Agmon angles. Then it follows
from Lemma 2.1 that there are only finitely many eigenvalues A1, ..., \,, of P which are
contained in Apgg. Therefore for A € spec(P) we have

(V2 = (N, AEAE Iy s A}
o —(A)% A€ {AL A}

Since @ is even (()\)é/ 2) is independent of . This justifies the notation on the left hand
side of (2.29). O

3. THE KERNEL AND THE WAVE EQUATION

In this section we give a description of the kernel K, of the smoothing operator ©(P'?)
in terms of the solution of the wave equation. Consider the wave equation

(3.1) 8—;5 +Pu=0, u(0,2)=f(z), u(0,z) = 0.

Proposition 3.1. For each f € C®(X, E) there is a unique solution u(t; f) € C*(R x
X, E) of the wave equation (3.1) with initial condition f. Moreover for every T > 0 and
s € R there exists C' > 0 such that for every f € C*(X, E)

(3.2) [u(t, £) < C [ u(0, f) [ls, [t < T,

where || - ||s denotes the s-Sobolev norm.

Proof. We proceed in the same way as in [Tal, Chapt. IV, §§1,2] and replace (3.1) by a
first order system. Let Ag be the Bochner-Laplace operator associated to the connection
VEin E. Put A = (Ag +1d)"/? and

C®(X,E)  C®(X,E)

0 A

L = (_PA_l 0) . @ e @ .
C(X,E)  C%(X,E)

Then L is a pseudo-differential operator of order 1. Let u be a solution of (3.1). Put

9
ot

(3.3)

uy = Au, uy =
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Then (uq,us) satisfies

(3.4) % (“1) =L (“1) i (0) = Af, us(0) = 0.

U2 U2

On the other hand, let (u;,u2) be a solution of the initial value problem (3.4). Put
u = A7'u;. Then u is a solution of (3.1). Thus it suffices to consider (3.4). By (2.3)
it follows that P = Ag + D where D is a differential operator of order < 1. Therefore we
get

PA' = (Ap+ 1A+ (D —Id)A™ = A + By,

where Bj is a pseudo-differential operator of order 0. Therefore

. (0 A 0 —A-B\ (0 B
L+L_(—A—Bl 0)+(A 0 )“(B1 o)’

is a pseudo-differential operator of order zero. Hence (3.4) is a symmetric hyperbolic system
in the sense of [Tal, Chapt. IV, §2]. So we can proceed as in the proof of Theorem 2.3
in [Tal, Chapt. IV, §2] to establish existence and uniqueness of solutions of (3.1). The
estimation (3.2) follows from the proof using Gronwall’s inequality. U

Proposition 3.2. Let ¢ € P(C) be even and let @ be the Fourier transform of ¢|g. Then
for every f € C*(X, E) we have

(3.5) PP = = / B(tyult; f) dt.

N
Proof. First consider the case where 0 ¢ spec(P). Let I' C C be as in (2.18). Let ¢ > 0 be

such that the spectrum of P + ¢ is contained in Re(z) > 0. For o > 0 define the operator
cos(tP'/?)e=7(P+e) by the functional integral
cos(tPY/?)e=oP+e) — L / cos(tA)e N+ (P2 — \)~L g,
T Jr

By (2.14) the integral is absolutely convergent. For f € C*°(X, E) and ¢ > 0 put
(3.6) u(t; o, f) := cos(tPY?)e oPte) £,
Then u(t; o, f) satisfies

0? ~
(ﬁ - P) utio ) =5 /FCOS(tA)e“’W“)(P _ (P2 = M)l
= o [ costine P 3 da = .
2 Jp
and u(0;0, f) = e—oP+e) £ Thus u(t; o, f) is the unique solution of (3.1) with initial

condition e=7(P+9) f Then u(t; f) — u(t; o, f) is the solution of (3.1) with initial condition
f—e P f Hence by (3.2) we get for all s € R

(3.7) lut; f) = u(t;o ) < O || f = e 7P f flgey [t < T
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Now note that for every f € C*(X, E) we have
lim || e+ f — f =0

This follows from the parametrix construction. Hence we get

| f—ePrf |lgs = || (P+¢)?f — e PrUP +¢)* /2 f || 2— 0
as 0 — 0. Combined with (3.7) we get
(33) tim | u(t: f) — ut:o. ) = 0
Furthermore we have
u(t; o, cos(t\)e VT (PL2 _ X)L £ g\ dt
2T / f \/271' / / ( ) ( ) /

’l

- (\/2—/ ) cos(tA) dt) 6—0(A2+c)(P1/2 _ A)_lfd)\
7

i —0 c —
=5 | #(Ve (W) (P12 _ X)=LfdA.
r

For ¢ — 0, the right hand side converges to p(P/2)f. By (3.8) the left hand side converges
to (27) -1/2 Jg P(t)u(t; f) dt.

Now assume that 0 € spec(P). Then we use the definition (2.24) of ¢(P'?). Let
f € C>®(X,FE). Since Ilj is a smoothing operator, we have Il f, (I—1Ily)f € C*(X, E).
Moreover by the uniqueness of the solution of 3.1 it follows that

(3.9) u(t; f) = u(t; o f) + u(t; (1-TIlo) f).

We use again the auxiliary operator P defined by (2.19). Let a(t; (I—IIy) f) be the unique

solution of the initial value problem (3.1) with respect to P. Since 0 ¢ spec(P) it follows
from the first part that

B1/2 _
(3.10) APEI-Th)f = —= [ G0t (-1 ) .
Since by definition of P and Py, PY/2(I1—IIy) = P}/*(I1—IIy), we get
(3.11) (P')(1-Tlo) f = @(P{*)(1-Tlo) .

Next observe that IIya(0; (I—-1Iy)f) = Ilo(I—Ily)f = 0. By uniqueness of solutions of
(3.1) we get IIya(0; (I—-1Ip)f) = 0. Using that P(I—-1Iy) = P(I-Ily), it follows that
a(t; (I—1I1o) f) = u(t; (I—1I1p) f). Together with (3.10) and (3.11) we get

(312) APt f = —= [ G0t a1 p) i
Next consider u(t;IIof). Observe that by (2.21) we have
u(t; o f) = U(t; N)Io f.
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Hence by (2.22) and (2.23) we get
(3.13) O(NY)IIyf = W/ u(t, o f) dt

Combining (3.9), (3.12) and (3.13), and using the definition of ¢(P/2) by (2.24), we get
(3.5). 0

Let p: X — X be a universal covering of X which is fixed by the choice of a base point
xg € X. The fiber of p over zy is equal to the fundamental group I' := m (X, zg) of X

with the base point xg. The group I' acts properly and freely on X which leads to an
identification of X with the quotient manifold F\X when p is identified with the quotient
map X — F\X If conversely X is a simply connected manifold on which a group I' acts
acts properly and freely, as in the Introduction with X =G /K, then, after a choice of

a base point in X := F\X the manifold X and the canonical projection X — F\X are
isomorphic to the universal covering described above.

Let £ = p*E, and P: C*(X,E) — C=(X, E) the lift of P to X. Let @(t, %, f) and f be
the pull back to X of u(t,z; f) and f, respectively. Then u(t, f) satisfies

(3.14) (g—; + P) a(t; f) =0, @(0; f) = f, w(0, ) =0.

By (2.2) we have P = Ap + D, where D is a differential operator of Order < 1. Then it
follows from energy estimates as in [Ta2, Chapt. 2, §8] that solutions of (2 >+ P)u = 0 have
finite propagation speed. This implies that for every ¢ € C’OO(X E) the wave equation

(5—; + P) u(t; ) =0, u(0;¢) =¥, u(0;¢) =0,

has a unique solution. Hence we get

(3.15) ut; f) = ult, f).

Let d(z,y) denote the geodesic distance of z,y € X. For § > 0 let
Us={(x,y) € X x X: d(z,y) <0}

Proposition 3.3. There existd > 0 and H, € C>*(X x X, Hom(E, E)) with supp H, C Us
such that for all ¢ € C*(X, E) we have

m/ u(t, T ) dt = /H D) dj

Proof. Suppose that suppp C [-T,T]. Let V C X be an open relatively compact subset.
For r > 0 let

V,={yeV:dy,V) <r}.
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Let x € C°(Var) such that xy =1 on V. By finite propagation speed, we have
u(t,z; ) =u(t,z;xv), eV, |t|<T,
for all v € C ()? , E) Thus we are reduced to the case of a compact manifold and the

proof follows from Lemma 2.4 and Proposition 3.2. O

Using Proposition 3.3 together with (3.15) and Proposition 3.2, we obtain

(3.16) p(PY2) f( j/ Ho(%,9)(f(@) dj

for all f € C*°(X, E). Let ' C X be a fundamental domain for the action of the funda-
mental group I on X. Given vyeTl, let R,: E— E be the induced bundle map. Thus for
each y € X we have a linear isomorphism R, : Ey — Eﬁ,y Note that f satisfies

R%DZR%ﬂ@% vel.

Then we get

[ HG @ =Y () i

~el vF
—Z/Hx@ (7)) dy
el
-/ (ZH m@oR)< @) d
F el
Combining this expression with (3.16), it follows that the kernel K, of ¢(P?) is given by
(3.17) Ko(z,y) =Y  Ho(,79) o Ry,
vyel’

where  and y are any lifts of x and y to the fundamental domain F. So by Proposition
2.6 we get

Proposition 3.4. Let ¢ € P(C) be even. Then we have

Z e(\Y?) = Z/tr »(Z,77) o R,) dz.

A€&spec(P) yel

Note that the sum on the right is finite.
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4. THE TWISTED BOCHNER-LAPLACE OPERATOR

Let E — X be a complex vector bundle with covariant derivative V. Define the invariant
second covariant derivative V2 by

Vi =VoVy = Vy,v,

where U,V are any two vector fields on X. Then the connection Laplacian A# is defined
by

A% = —Tr(V?).
Let (eq, ..., e,) be a local frame field. Then

A =-3"V2 .
J

This formula implies that the principal symbol of A# is given by
a(A%) (2, &) =[ € ||} 1dpg, .
Thus the results of the previous section can be applied to A%.

Assume that E is equipped with a Hermitian fiber metric and V is compatible with the
metric. Then it follows that

(4.1) V'V = - Tr V2,
[LM, p.154], i.e., the connection Laplacian equals the Bochner-Laplace operator Ap =
V*V.

Now let p: I' = GL(V) be a finite-dimensional complex representation of I' = 7 (X). Let
F — X be the associated flat vector bundle with connection V¥. Let E be a Hermitian
vector bundle over X with Hermitian connection V¥. We equip £ ® F with the product
connection VF®F which is defined by

Vi =vVEiel+1 VY,

for Y € C*(X,TX). Let Aﬁ , be the connection Laplacian associated to VESE Tocally
it can be described as follows. Let U C X be an open subset such that F'|y is trivial. Then
(E ® F)|y is isomorphic to the direct sum of m = rank(F") copies of E|:

(E®F)ly =&, Elu.
Let ey, ..., e, be a basis of flat sections of F|y. Then each ¢ € C*(U,(E ® F)|y) can be

written as
@ = Z Pj & €j,
j=1
where ¢; € C°(U, E|y), i =1,...,m. Then
VIR (0) = (Vig)) ® ;.

J
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Let Ag = (VE)*VE be the Bochner-Laplace operator associated to VE. Using (4.1), we
get

(4.2) AT 0= (App;) ®e;.
J
Let E and F be the pullback to X of E and F , respectively. Then F~XxV and
C(X,EQ F) =~ C®X,E)®V.

It follows from (4.2) that with respect to this isomorphism, the lift Kﬁ , of Aﬁ , to X takes
the form

Egp:&;@kl,

where Ap is the lift of Ap to X. Let 1) € C°(X, E)® V. Then the unique solution of the
wave equation

(5 + B2, ) ultiw) =0, u(0:0) =, w(0.6) =0,
is given by
u(t; ) = (cos (t(ﬁE)l/z) ® Id) ).
Let ¢ be as above and let k,(z,y) be the kernel of

gp((ﬁE)l/2 = ) cos AE)1/2> dt.

7 Lo

Then the kernel H, of Proposition 3.3 is given by H,(z,y) = k,(z,y) ® Id. Let R, : E~
Eﬁ,y be the canonical isomorphism. Then it follows from (3.17) that the kernel of the
operator @((Aﬁ’p)lp) is given by

vyerl
Combined with (3.4) we get

Proposition 4.1. Let F), be a flat vector bundle over X, associated to a finite-dimensional

complex representation p: w (X) — GL(V). Let A# be the twisted connection Laplacian
acting in C*(X,E ® F,). Let ¢ € P(C) be even and denote by k,(z,y) the kernel of

© ((&E)1/2>. Then we have

(4.4) Z e(\/?) = Ztr,o / ky(Z,vT) o R,) dz.

)\Espec(Aﬁ’p) ver
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5. LOCALLY SYMMETRIC SPACES

In this section we specialize to the case where X is a locally symmetric manifold. We
recall some basic facts about harmonic analysis on symmetric spaces. This is much in the
spirit of Selberg’s original approach [Sel]. However, we consider only the Casimir operator
and not the full algebra of invariant differential operators.

Let G be a connected semisimple real Lie group of non-compact type with finite center.
Let K C G be a maximal compact subgroup of G. Denote by g and ¢ the Lie algebras of
G and K, respectively. Let

(5.1) g=pdt

be the Cartan decomposition. Put S = G/K. This is a Riemannian symmetric space of
non-positive curvature. The invariant metric is obtained by translation of the restriction
of the Killing form to p = T,(G/K). Let I' C G be a discrete, torsion free, cocompact
subgroup. Then I' acts freely on S by isometries and X = I'\S is a compact locally
symmetric manifold.

Let 7: K — GL(V;) be a finite-dimensional unitary representation of K, and let
E.=(GxV,)/K — G/K
be the associated homogeneous vector bundle, where K acts on the right as usual by
(g,0)k = (gk,7(k"Yv), g€ G ke K, veV,.
Let
(52)  C¥(Gi7)={f: GV, | feC™ flgh)=7(k")f(g), g€ G ke K}.

Similarly, by C2°(G; 1) we denote the subspace of C*°(G;7) of compactly supported func-
tions and by L*(G;7) the completion of C>°(G; 1) with respect to the inner product

i f) = /G 500).10) di.

There is a canonical isomorphism
(5.3) C®(S, E,) = C™(G;1).
[Mi, p.4]. Similarly, there are isomorphisms C2°(S, E,) = C®(G;7) and L2(S,E,) =
L*(G; 7).
Let V™ be the canonical G-invariant connection on ET. It is defined by

Vin F0R) = 5 (gepy) Flg (),

Wherej € C*(G;71) and Y € p. Let ET be the associated Bochner-Laplace operator.

Then A, is G-invariant, i.e., A, commutes with the right action of G on C*°(S, ET) Let
€ Z(gc) and Qx € Z(tc) be the Casimir elements of G and K, respectively. Assume
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that 7 is irreducible. Let R denote the right regular representation of G on C*°(G; 7).
Then with respect to (5.3), we have

(5.4) A, = —R(Q) + A, 1d,

where A\, = 7(€Qk) is the Casimir eigenvalue of 7 [Mi, Proposition 1.1]. We note that
Ar > 0.

Let ¢ € P(C) be even. Then o(AY?) is a G-invariant integral operator. Therefore its
kernel &, satisfies

k@(ggu g@ = kip(gv?y,)u g S G

In the scalar case this is a point-pair invariant considered originally by Selberg [Sel]. With
respect to the isomorphism (5.3) it can be identified with a compactly supported C*°-
function

hy: G — End(V;),
which satisfies

h@(]flgkg) = T(l{}l) o h@(g) (e] T(l{}g), ]{51, ]{32 € K.

Then @(ﬁy %) acts by convolution

(5.5 (ABYF) () = [ olar o) 0) g

Let
E, =T\E,
be the locally homogeneous vector bundle over I'\ S induced by E.. Lety: I — GL(V;) be

a finite-dimensional complex representation and let F, be the associated flat vector bundle
over I'\S. Let A# be the twisted connection Laplacian acting in C*°(I'\S, E; ® Fy). Then

it follows from (4.3) that the kernel K, of @(Ai/ ?) is given by

(5.6) Ko(91K, 9:K) = > ho(g1'7v92) @ (7).

el
For the unitary case compare [Sel, (2.2)]. By Proposition 4.1 we get
(5.7) Z e(\/?) = Ztrx / trh,(9~ ' vg) dg.
)\Espec(Aﬁ’p) ver e

We now proceed in the usual way, grouping terms together into conjugacy classes. Given
v € I', denote by {7}r, Iy, and G, the I'-conjugacy class of 7, the centralizer of v in I',
and the centralizer of v in G, respectively. With the conjugacy class {e}r separated from
the others as usual, we get a first version of the trace formula.
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Proposition 5.1. For all even ¢ € P(C) we have
> m(N)p((AY?) =dim(V;) vol(T'\S) tr Ay (e)

)\Espec(Agp)

(5.8)

+ Y trx(y) vol(T\G,) / trhy (97" vg) dg.
{vir#e G\

In order to make this formula more explicit, one needs to express the kernel A, in terms
of ¢, and to evaluate the orbital integrals on the right hand side. The kernel h, can be
determined using Harish-Chandra’s Plancherel formula. The orbital integrals can be com-
puted using the Fourier inversion formula. However, both formulae are pretty complicated
in the higher rank case. A sufficiently explicit formula can be obtained in the rank one
case which we discuss in the next section.

6. THE RANK ONE CASE

Let G and K be as above. We introduce some notation following [Wal|. Let G = KAN
be an Iwasawa decomposition of G (see [Hel]). Then A is a maximal vector subgroup of G
and N is a maximal unipotent subgroup of GG. In this section we assume that G has split
rank one, i.e., dim A = 1. Let M be the centralizer of A in K. We set P = M AN. Then
P is a parabolic subgroup of GG. Since G has split rank 1, every proper parabolic subgroup
of G is conjugate to P.

Denote by G and M the set of equivalence classes of irreducible unitary representations of
G and M, respectively. For m € G we denote by H, the Hilbert space in which 7 operates.

Let a and n be the Lie algebras of A and N, respectively. Choose H € a such that
ad(H)|, has eigenvalues 1 and possibly 2. Then a = RH. For t € R we set a; = exp(tH)
and loga; =t. Let AT = {a;: t > 0}.

Let p be the half-sum of positive roots of (g, a). Its norm |p| with respect to the normalized
Killing form is given as follows. Let p and ¢ be the dimensions of the eigenspaces of ad(H)|,
with eigenvalues 1 and 2, respectively. Then p > 0 and 0 < ¢ < p. Then

1
(6.1) ol = 5P+ 24).
For 0 € M and )\ € R let T be the unitarily induced representation from P to G which
is defined as in [Wa, p. 177]. Let O, , denote the character of 7, .

If vy €T, v # e, then there exists g € G such that gyg~' € MA*. Thus there are m., € M
and a, € AT such that gyg~! = m,a,. By [Wa, Lemma 6.6], a, depends only on ~ and
m., is determined by v up to conjugacy in M. Let

l[(y) = log a,.
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Then [(7) is the length of the unique closed geodesic of I'\ S determined by {7}r. Further-
more, by the above remark
(6.2) D(v) := e‘l(“’)‘p“ det (Ad(m,a,)|s — Id) |
is well defined. Let
u(y) = vol(Gp.a, /A).
Let h € C°(G) be K-finite. Then by [Wa pp. 177-178] (correcting a misprint) we have

-1 . L o=l
(6.3) /GW\G h(gyg™) dg = 27ru Ztra / A(h)-e d\.

UEM

Since h is K-finite, ©,(h) # 0 only for finitely many o. Thus the sum over o € M is
finite. The volume factors in (5.8) are computed as follows. Since G has rank one, I, is
infinite cyclic [DKV, Proposition 5.16]. Thus there is vy € I'y such that v, generates I,

and v = 7" for some integer n(v) > 1. Then

vol(I\G,)

Inserting (6.3) and (6.4) into (5.8), we get the following form of the trace formula in the
rank one case.

(6.4)

Proposition 6.1. Let ¢ € P(C) be even and let ¢ be the Fourier transform of ¢|g. Then
Tr ((Affx)lﬂ) =dim(V}) vol(I'\\S) tr hy(e)

(6.5) (70) il
+ZtX2D Zta @C,A VA AN,

{7}r#e

We note that in the self-adjoint case the Selberg trace formula is stated in this form in
[Wa, Theorem 6.7]. The right hand side of (6.5) is still not in an explicit form. First of all
we can use the Plancherel formula [Kn] to express trh,(e) in terms of characters. In this

way we are reduced to the computation of the characters ©,, m € é, evaluated on tr h,.

To this end we use the theory of 7-spherical functions and the spherical transform for
homogeneous vector bundles [Ca]. We will assume that K is multiplicity free in G, i.e., we
require that

(6.6) Vre K, VreG: [rlg:7] < 1.

For each 7 € K let Iy (G) be the convolution algebra consisting of all f € C°(G) which are
K-central and invariant under convolution with d,x,, where d, and y, are the dimension
and the character of 7, respectively (see [Ca, §2]). If 7 is the trivial representation, this is
the usual convolution algebra C2°(G//K) of bi-K-invariant smooth compactly supported
functions on G. Condition (6.6) implies that for all 7 € K the convolution algebra In.(G)is
commutative [Ca, Proposition 2.2]. This simplifies the theory of the 7-spherical functions.
We will use (6.6) in the computations following (6.19).
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By [Ko| condition (6.6) is satisfied for G = SOy(n,1) and G = SU(n,1). Let

G(T):{WG@: [7T|K:7']:1}.

Then for each 7 € G(7) we can identify the 7-isotypical subspace Hy(7) of 7 in H, with
V.. Let P, be the orthogonal projection of H, onto H, (7). Define the 7-spherical function
®T on G by
(b;r(g) = Prﬂ(g)Pra geG.
Then ®7T is a C*°-map
OT: G — End(V;)
which satisfies
@7 (9)" = P7(g7")

6.7
(6.7) O (kyghs) = 7(ky)®7(9)7(ks), g€ G, ki, ks € K.

Let v € V; and set

(6.8) To(9) = @7 (g7)(v).
Then f7, € C*°(G;7) and it follows from (5.4) that
(6.9) AL fF, = (=m(Q) + M) £,

The functions f7, generalize the usual spherical functions [Hel] which correspond to the

trivial representation 7 = 1. Indeed @(1) is the set of all 7 € G which have a nonzero K-
invariant vector v € ‘H,. These are exactly the principal series representations my := mj y,
A € R, which are induced from the trivial representation of M. The subspace HE of K-
invariant vectors in the Hilbert space H, of the representation m, has dimension one. So
let v € Hy with || v [|= 1. Set

(6.10) oa(g) = (ma(g)v,v), g€ G, AR,

Then ¢, is a smooth bi- K-invariant function on GG which is an eigenfunction of the Casimir
operator. It corresponds to a smooth K-invariant function on S = G/ K which is an eigen-
function of the Laplace operator A on S. In the higher rank case they are eigenfunctions

of the whole algebra of invariant differential operators on S. These are the eigenfunctions
considered by Selberg [Sel, p. 53]. See also (6.28), where (6.10) is used.

Now we return to the general case. Let u(t, z; f7,) be the unique solution of
* <
<ﬁ + AT> u(t) =0, u(0)=fI,, u/(0)=0.

Lemma 6.2. Fort € R, 7 € K and 7 € G(7), we have —7(Q) + A, > 0 and

u(t, z; fT,) = cos (t —7(Q) + AT) T ().
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Proof. Let (-,-) be the Killing form on g. Its restriction to p (resp. £) is positive (resp.
negative) definite. Let Xi,..., Xy € p and Y7, ..., Y,, € € be bases of p and ¢, respectively,
such that <XZ,X]> = 51']" <Y;,Y;> = 51] Then Q = Zz X7,2 - Zj Y;—z and QK = _Zj Y;-z.
Let v € Ha(7), || v [[= 1. Then we get

—7(Q) + A\ = —(7(Q)v,v) + A, _Z||7r v |I>> 0,

which proves the first statement. For the second statement, we note that by definition, we

have
2

or?
Fix 29 € S. Let x € C2°(S) be such that

)1, y € By(x);
xly) = {0, y €S\ By(z).

Then by finite propagation speed we have

u(t,z; f7,) = ult,x;xfr,), @ € Bi(wo).
Since x fT,, € C(S, ET), we have

ult,z; £7,) = (cos (HB)?) (¢f5,)) (@)« € Bilxo).

Using that ET commutes with cos (t(ﬁT)l/ 2), and finite propagation speed, we get

(6.11) u(t,z; f7,) = —Aul(t,z; fF).

Acul(t, z; fr,) = ult, z; ETffv)
By (6.9) it follows that
ut, 1A, f7,) = =(=7(Q) + A Jult, z; f7,).
Combined with (6.11) it follows that for every x € S, u(t,x; f7,) satisfies the following

differential equation in ¢

2
(% —7(Q) + )\T) ut,x; f7,) =0, w0,z f7,) = f7,(x), u (0,25 ¢5) = 0.

This implies the claimed equality. U

Let ¢ € P(C) be even and let § be the Fourier transform of ¢|r. Since the kernel of the
integral operator ¢((A,)Y?2) is given by h, € C®(G), ¢((A,)V?)(fr,) is well defined and
it follows from Lemma 6 2 that

A7) = 7= [ Bt f7,) d —f [ 30 costty/ =@+ 1)1,
o (V) £

T,V
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If we rewrite this equality in terms of the kernel h, and use the definition of fT,, we get

(6.12) | et 0826w dos = o (VR TR) 85007
Let d, := dim V.. Putting ¢ = 1 and taking the trace of both sides, we get

| T (@057 dy = o (V=A@ ).
We continue by rewriting the left hand side. To this end put

¢7(g9) =tr®7(g), g€G.

Note that ¢™ satisfies ¢ (g) = ¢7(g~'). Using the Schur orthogonality relations (see [Kn,
Chapt. I, §5]), we get

613 50)=d [ Tl dk = d, [ 07 9)r(h) d
Using (6.13), we get
[ lho@zta ) dg = a. [ [ o717 Telng(o)r(h) drdg
(6.14) = d, / / &7 (gk) tr hy,(gk) dgdk
=d; /G trhy(9)97 (9) dg
Together with (6.12) we obtain
(6.15) [ tehela)onto) dg = o (V=A@ T

Now let 7 € K be any other representation which occurs in 7|x. Repeating the argument
used in (6.14), we get

[unz@as= [ 1] ([ otoem i) o) as

Again by the Schur orthogonality relations, we have

/qb” (k~'g~)r(k) dk = 0,

if 7/ %% 7. Hence we get

(6.16) /Gtr ho(9)9r(g)dg=0, 7 €K, 17 %
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Choose an orthonormal basis of H, which is adapted to the decomposition of 7| into
irreducible representations of K. Then it follows from (6.16) that

. O (trhy) = Tr {/G trhy(g)m(g) dg} = ;/Gtr ho(9)67(g) dg

_ / tr ()67 (g) dg.
G

Combined with (6.15) we obtain the following lemma.

Proposition 6.3. Let p € P(C) be even and let  be the Fourier transform of ¢|r. Let
h, be the kernel of ((A;)Y?). Then for all m € G(7) we have

O(trhy) = ¢ (V=r(@) + ;).

Since G has split rank one, the tempered dual of G (which is the support of the Plancherel

measure) is the union of the unitarily induced representations 7, 5, 0 € M, A € R, and the
discrete series, where the latter exists only if rank G = rank K. First consider the induced
representation 7, . Let ' C M be a maximal torus and t the Lie algebra of T'. Let A, € it

be the infinitesimal character of ¢ € M and pum the half-sum of positive roots of (M, T).
Then by [Kn, Proposition 8.22]

(6.18) Toa() = =2 = |pl* + [Ao + pul* — lpu ],

where |p| is given by (6.1). Let 7 € K. By Frobenius reciprocity [Kn, p.208] we have

(6.19) ol : 7] =[ly 0], o€M.

Since we are assuming that K is multiplicity free in G, it follows that 7|k : o] < 1. Let
M(r)={oe€M:[r|y:0] =1}

Then by (6.19) it follows that 7., € G(7) if and only if o € M(7), and by Proposition 6.3
we get

(6.20) O a(trhy) =¢ (\/A2 + 1pI% + |lpam)? — |As + pur]? + /\T) . oeM(r), NeR.

Now suppose that rank G = rank K. Then G has a non-empty discrete series. Let H C G
be a compact Cartan subgroup with Lie algebra h. Let L C ih be the lattice of all u € b
such that £,(expY’) = eY) Y € b exists. Let L' C L be the subset of regular elements.
According to Harish-Chandra the discrete series of G is parametrized by L', i.e., for each
p € L' there is a discrete series representation 7,. Moreover 1, = 7, iff there exists
w € W such that p = wy’, and each discrete series representation is of the form 7, for
some p € L'. Then by [Ar, (6.8)] we have

(6.21) Tu(Q) = |+ pl = lpl?, pel.
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So Proposition 6.3 gives in this case

(6.22) O, (trhy) = ¢ (\/m TP — [+ AT) . pel, m el

Using the Plancherel formula, (6.20) and (6.22), we get an explicit form of the trace formula
(6.5).

Now we consider the case where 7y = 1 is the trivial representation. Then we always have
7|k 0] < 1. Indeed, if [7|x: 7o) > 0, then 7 is a principal series representation 7y, where
1 denotes the trivial representation of M and it follows from Frobenius reciprocity [Kn, p.
208] that 7|k : 0] = 1. Then hy, is a function which belongs to the space C°(G//K) of bi-
K-invariant, smooth, compactly supported functions on G. Let ¢(\) be Harish-Chandra’s
c-function. Then the Plancherel measure for the spherical Fourier transform is given by
|c(A)]72d, and the Plancherel formula for spherical functions (see [Hel]) gives

(6.23) ho(e) = 5 [ o (VI FTR) eI 2

Furthermore, note that by Frobenius reciprocity M (1) consists only of the trivial represen-
tation 1 of M. We denote the character of the induced representation my := m; 5 by O,.
By (6.20) we have

(6.24) Or(h,) = ¢ (\/A2 n |,0|2> . AeR.
Formulas (6.23) and (6.24) suggest to shift the spectrum by |[p|?, i.e., to replace Af by
A% — |p|*. So let hy,, be the kernel of ¢ ((A — |p|2)1/2). As above, we get

(6.25) oale) = 5 | VNI A
and
(6.26) Ox(h,,) = ¢(A), AER.

Inserting (6.25) and (6.26) into the trace formula for ¢ ((A — \p\z)l/Q) which is analogous
to (6.5) we obtain Theorem 1.1.

O

Finally, we indicate the connection with [Sel]. Let v € HX with || v ||= 1 and let
¢ be the spherical function (6.10) associated with v. Let f € C°(G//K). Since f is
bi- K-invariant, we get

(6.27) OM(f) = Trma(f) = / (ma(g)0, 0} f(g) dA.

G
Using (6.10) we get

(6.28) (/) = /G o2(9)f(9) dg.
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The right hand side is the spherical Fourier transform F(f)(A) of f. Using the Cartan
decomposition G = KATK and A" = (1,00), the bi-K-invariant functions f and ¢, can
be identified with functions on (1, 00). Choosing a standard integral representation for the
spherical function, we end up with the classical Selberg transform.

7. RESTRICTIONS OF REPRESENTATIONS OF G

In this section we consider representations of I" which are the restriction of a finite-
dimensional complex representation n: G — GL(FE) of G. For such representations there
exists another approach to the Selberg trace formula.

Denote the flat bundle associated to n|p by E,. There is a different description of E,
as follows. Let E, = I'\E, be the locally homogeneous vector bundle associated to the
restriction 7 of n to K. Then there is a canonical isomorphism
(7.1) E,=E;

MM, Proposition 3.1]. Note that the space of C'*-sections of E, can be identified with
the space (C™(I'\G) ® E)" of K-invariant vectors in (C*(I'\G) ® E), where K acts by
k— R(k)®n(k), k € K. Thus there is a canonical isomorphism

(7.2) ¢: O®(X, E,)) = (C*(\G) @ E)*.

Let g = ¢®p be the Cartan decomposition. By [MM, Lemma 3.1] there exists a Hermitian
inner product (-,-)g in E which satisfies the following properties.

n(Y)u,v)p = —(u,n(Y)v)g, forY €t u,veFE;
m(Y)u,v)p = (u,n(Y)v)p, forY €p, u,ve€ E.

In particular, (-,-)g is K-invariant. Therefore, it defines a G-invariant Hermitian fiber
metric in F, which descends to a fiber metric in F,. By (7.1) it corresponds to a fiber
metric in E,. Let A, = (V")*V" be the associated Laplacian in C*(X, E,)). It is a formally
self-adjoint operator. Its spectral decomposition can be determined as follows. By Kuga’s
lemma [MM, (6.9)] we have

(7.3) A, =—R(Q) +n(Q)1d.
Assume that 7 is absolutely irreducible. Then there is a scalar A,, > 0 such that
n(Q2) = A\, 1d.

Let Rr be the right regular representation of G in L*(T'\G). Let

—

(7.4) L*M\G) =P

be the decomposition of Rr into irreducible subrepresentations, where H, denotes the
Hilbert space of the representation 7. Denote by (H, ® E)X the space of K invariant

mr(m)Hx

m,eQ
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vectors of H, ® E, where the action of K is given by k — w(k) @ n(k). By (7.1) and (7.4)
we get

—_

(7.5) [*(X,E,) = (L*T\G) @ B)* 25 _mr(n)(H, ® E)X.

TeG

For m € G let
Ar = 7(Q)
be the Casimir eigenvalue of . Then R(f2) acts in (H, ® E)¥ by A\;. By (7.3) it follows

that w.r.t. the isomorphism (7.5), A, acts in (H, ® E)* as (—\; + \,) Id. Thus (7.5) is
the eigenspace decomposition of A,,.

Let ¢ € P(C) be even. By Lemma 2.4 ¢ ((A,)"/?) is a smoothing operator. So it is a

trace class operator. It acts in (H, ® E)¥ by ¢ ((—=Ar + A;)"/?). Then it follows from (7.5)
that

(7.6) Tro(( 1/2 Zmp ) dim(H. @ E) o ((=Ar + )\n)l/z) :

el

To derive the trace formula, we can proceed as in section 5. The lift An of A, to S
is a G-invariant elliptic differential operator which is symmetric and non-negative. Let
hye: T\G — End(E) be the kernel of gp((An)1/2). Applying Proposition 5.1 with y = 1
and (7.6), we get

> mr(r) dim(H, @ E)<g ((=Ar + Ay)"/%) = vol(T\S) tr hy ()

e

(7.7)
£ vel(T)\Gy) / tr hy (g~ vg) dg.

{7}rte Gn\C
Remark. Let x = n|r. Then we also have the trace formula of Proposition 5.1 with 7 = 1.
The two formulas are, of course, different, since the operators are different. In the present
case, the advantage is that we can work with self-adjoint operators. On the other hand,
the formula (5.8) is more suitable for applications to Ruelle- and Selberg zeta functions. [

If the split rank of G is 1, we can use (6.3) to express the orbital integrals in terms of
characters. This gives

Proposition 7.1. Assume that the split rank of G is 1. Letn: G — GL(E) be an absolutely
irreducible finite-dimensional complex representation of G. Let ¢ € P(C) be even. Then
with the same notation as above we have

> mp(r) dim(H, @ E)S ((=Ar + Ay)'2) = vol(T\S) tr hy ()

G
(78)
+ Z 27TD
{7}r#e UEM

/@C,A o) - e TN N
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The characters ©, x(hy,, ) can be computed by the method explained in section 6.

So there are two classes of finite-dimensional representations of I' for which we can work
with self-adjoint operators and apply the usual Selberg trace formula. These are unitary
representations and restrictions of rational representations of GG. In general, not every rep-
resentation of I belongs to one of these classes. However, if rank(G) > 2, the superrigidity
theorem of Margulis [Ma, Chapt. VII, §5] implies that a general representation of I' is
not too far from a representation which is either unitary or the restriction of a rational
representation. See [BW, p. 245] for more details.
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