RELATIVE ZETA FUNCTIONS, RELATIVE DETERMINANTS AND SCATTERING THEORY

WERNER MÜLLER

Abstract. We use the method of zeta function regularization to regularize the ratio det A/ det A_0 of the determinants of two elliptic self-adjoint operators A, A_0 satisfying certain natural assumptions. This is of interest, especially, if the regularized determinants of the individual operators don’t exist as, for example, in the case of elliptic operators on a noncompact manifold.

0. Introduction

In the present paper we use the method of zeta function regularization to regularize the ratio det A/ det A_0 of the determinants of two elliptic self–adjoint operators A and A_0, acting in the space of smooth section of a vector bundle over a C^∞ manifold X. If X is closed, then the zeta function technique can be used to regularize the determinants of the individual operators A and A_0, and the above ratio is simply the ratio of these regularized determinants. However, if X is noncompact then, in general, an elliptic self–adjoint operator A on X has continuous spectrum and therefore, the zeta function of A cannot be defined. Since regularized determinants of elliptic operators play an important role in various fields of mathematics and physics (see [Mu6] for some references concerning applications), it is interesting to see how this technique can be extended to the case of elliptic operators on noncompact manifolds.

First, we recall some facts about the zeta function regularization of determinants of elliptic operators on compact manifolds. Let E be a complex vector bundle over a closed n–dimensional C^∞ manifold M and let A : C^∞(E) → C^∞(E) be an elliptic pseudo-differential operator of order m > 0. Suppose that A is symmetric and nonnegative (with respect to an inner product in C^∞(E) induced by the choice of a metric

Date: October 20, 1996.

1991 Mathematics Subject Classification. Primary: 58G26; Secondary: 58G25. Key words and phrases. Regularized determinants, scattering theory. 1

on M and a fibre metric in E). Then the zeta function of A is defined by ζ_A(s) = ∑ λ_j >0 λ^{−s}_j , (0.1)

where the λ_j ’s run over the eigenvalues of A, and each eigenvalue is counted with its multiplicity. The series (0.1) is absolutely convergent in the half–plane Re(s) > n/m and admits a meromorphic extension to the entire complex plane [Se]. Moreover, s = 0 is not a pole of ζ_A(s). We note that the zeta function can also be expressed in terms of the heat operator by

ζ_A(s) = 1 Γ(s) ∫_∞ 0 t^{s−1} ( Tr(e^{−tA}) − dim ker A ) dt, Re(s) > n/m, (0.2)

and the well known heat expansion can be used to obtain the analytic continuation of ζ_A(s) (see e.g. [Gi]). Using the zeta function, the regularized determinant of A is defined by

det A = exp ( − d ds ζ_A(s) | | |_{s=0} ) . (0.3)

The zeta function regularization was first introduced by Ray and Singer [RS1] to define a regularized determinant for the Laplacian on differential forms twisted by a flat bundle. Hawking [H] has used the same method to regularize quadratic path integrals on a curved background spacetime.

In some cases it is also possible to define a determinant for self– adjoint elliptic operators that are unbounded from below. For example, let P : C^∞(E) → C^∞(E) be an elliptic self–adjoint differential operator of order m > 0. For such operators, Atiyah, Patodi and Singer [APS1],[APS3] introduced the so called η-function which in the half–plane Re(s) > n/m is given by

η_P (s) = ∑ λ_j ≠0

signλ_j |λ_j|^s = 1 Γ ((s + 1)/2) ∫_∞ 0 t^{(s−1)/2}Tr ( P e^{−tP 2} ) dt. (0.4)

Here λ_j runs over the nonzero eigenvalues of P . The analytic function η_P (s) has a meromorphic extension to C with isolated simple poles. The residues at all the poles are locally computable, and s = 0 is not a pole of η_P (s) [APS3], [Gi]. The fact that η_P (s) is regular at s = 0 is less obvious than in the case of the zeta function. Using η_P (0), one can define a regularized determinant for P by

det P = det |P | · exp ( πi 2 ( η_P (0) − ζ_{|P |}(0) ) ) . (0.5)

[Si].

As explained above, for elliptic self–adjoint operators on a noncompact manifold X, in general, the zeta function (0.1) cannot be defined. To introduce an appropriate zeta function, we consider pairs (A, A_0) of elliptic self–adjoint operators such that A is a compactly supported perturbation of A_0. Then A_0 serves as a reference operator and our goal is to regularize det A/ det A_0. In some special cases, this question has been studied in [Br], [GMS], [Lu], [JL] and [Mu2] (see §4). Assume, in addition, that A and A_0 are nonnegative. Then, under some natural assumptions, we can expect that e^{−tA} − e^{−tA0} is a trace class operator for each t > 0, and that Tr ( e^{−tA} − e^{−tA0} ) has an asymptotic expansion as t → 0. This holds, for example, for spinor Laplace operators on complete Riemannian manifolds [Bu]. In order to define the relative zeta function ζ(s; A, A_0) by a formula which is analogous to (0.2), we have to investigate the behaviour of Tr ( e^{−tA} − e^{−tA0} ) as t → ∞. For this purpose we use Krein’s theory of the spectral shift function [Kr], [BY], [Y], which implies that the spectral shift function ξ(λ) = ξ(λ; A, A_0) of (A, A_0) exists and the following trace formula holds Tr ( e^{−tA} − e^{−tA0} ) = −t ∫_∞ 0 e^{−tλ}ξ(λ) dλ. (0.6) The spectral shift function is locally integrable and locally constant on the complement of σ(A) ∪ σ(A_0). Moreover, e^{−tλ}ξ(λ) is absolutely integrable on R^+ . Thus, if the essential spectrum of A_0 has a positive lower bound, then the same holds for A and it follows from (0.6) that there exists c > 0 such that Tr ( e^{−tA} − e^{−tA0} ) = dim ker A − dim ker A_0 + O(e^{−ct}) (0.7)

as t → ∞. This resembles the behaviour of the trace of the heat operator in the compact case and we can define a relative zeta function by ζ(s; A, A_0) = 1 Γ(s) ∫_∞ 0 t^{s−1} ( Tr ( e^{−tA} − e^{−tA0} ) − b ) dt, Re(s) ≫ 0, where b = dim ker A−dim ker A_0. However, if the continuous spectrum of A_0 extends down to zero, (0.7) does not hold. Then the large time behaviour of Tr ( e^{−tA} − e^{−tA0} ) is more complicated and this is where scattering theory comes into play. First of all, by (0.6), it follows that the large time behaviour of Tr ( e^{−tA} − e^{−tA0} ) is related to the behaviour of the spectral shift function ξ(λ) near λ = 0. To study ξ(λ) near λ = 0 we shall use scattering theory. Since e^{−tA} − e^{−tA0} is a trace class operator, the Birman-Krein invarinace principle for wave operators [K1], [K2] implies that the Wave operators W_±(A, A_0) exist and are complete and therefore, the scattering matrix S(λ) = S(λ; A, A_0), λ ∈ σ_{ac}(A_0), exists. Furthermore, the determinant of the scattering matrix is related to the spectral shift function by det S(λ) = e^{−2πiξ(λ)}, λ ∈ σ_{ac}(A_0), [BK], [BY], [Y]. Thus, the investigation of the large time behaviour of Tr ( e^{−tA} − e^{−tA0} ) can be reduced to the study of log det S(λ) near λ = 0. For typical examples (see §4), det S(λ) is differentiable near zero and (0.6) specializes to a more explicit trace formula involving the eigenvalues and the scattering phase shift^d_{dλ} log det S(λ). This trace formula can be used to determine the asymptotic behaviour of Tr ( e^{−tA} − e^{−tA0} ) as t → ∞. Then, by a modification of (0.2), we can define a relative zeta function ζ(s; A, A_0) which is a meromorphic function of s ∈ C . This zeta function has some new features that do not occur in the compact case. For example, there are poles whose residues are related to the derivatives of det S(λ) at λ = 0 and therefore, these residues are not locally computable as in the compact case. If ζ(s; A, A_0) is holomorphic at s = 0, we can introduce the regularized ratio

det(A, A_0) = det A det A_0

by the analogous formula (0.3) with ζ_A(s) replaced by ζ(s; A, A_0).

We note that we may think of A_0 as being a reference operator and regard det(A, A_0) as a function of A. In particular, we can use det(A, A_0) in much the same way as det A is used in the case of elliptic operators on a compact manifold.

Next we briefly describe the content of this paper. In §1, we introduce relative zeta functions for pairs (H, H_0) of self–adjoint operators in a Hilbert space. In §2, we use Krein’s theory of the spectral shift function to relate the large time behaviour of Tr ( e^{−tA} − e^{−tA0} ) to properties of the scattering matrix near zero. Then relative determinants are introduced and studied in §3. Finally, in §4, we discuss several natural examples: the Schrödinger operator in R^n , perturbations of the euclidean Laplacian, manifolds with cylindrical ends and surfaces with hyperbolic ends.

1. Relative zeta functions

In this section we study relative zeta functions in the abstract setting. Let H be a separable Hilbert space and let H, H_0 be two self–adjoint nonnegative linear operators in H. We assume that the following conditions hold:

1) Let e^{−tH} and e^{−tH0} be the heat semigroups associated to H and H_0, respectively. Then

e^{−tH} − e^{−tH0} is a trace class operator for t > 0. (1.1)

2) As t → 0, there exists an asymptotic expansion of the form Tr ( e^{−tH} − e^{−tH0} ) ∼ ∞∑ j=0 k(j)∑

k=0 a_{jk}t^{αj} log^k t (1.2)

where −∞ < α_0 < α_1 < . . . and α_k → ∞. Moreover, if α_j = 0 we assume that a_{jk} = 0 for k > 0.

3) As t → ∞, there exists an asymptotic expansion of the form Tr ( e^{−tH} − e^{−tH0} ) ∼ ∞∑ k=0 b_kt^{−βk} (1.3)

where 0 = β_0 < β_1 < · · · .

It follows from (1.2) that the integral ∫_1 0 t^{s−1}Tr (e^{−tH} − e^{−tH0} ) dt is absolutely convergent in the half–plane Re(s) > −α_0 and has a meromorphic continuation to the whole complex plane. The possible poles occur at s = −α_j , j ∈ N, and at a given pole s = −α_j , the Laurent expansion is given by k(j)∑

k=0 a_{jk} k! (s + α_j )^{k+1}

+ O(1). (1.4) Set

ζ_1(s; H, H_0) = 1 Γ(s)

∫_1 0 t^{s−1}Tr(e^{−tH} − e^{−tH0} ) dt. (1.5) Then ζ_1(s; H, H_0) is a meromorphic function of s ∈ C . Poles may occur at s = −α_j , j ∈ N, and the corresponding Laurent expansion is determined by (1.2). By our assumption about the asymptotic expansion (1.2), ζ_1(s; H; H_0) is holomorphic at s = 0. Next consider the integral

∫_∞ 1 t^{s−1}Tr (e^{−tH} − e^{−tH0} ) dt. By (1.3), this integral is absolutely convergent in the half–plane Re(s) < β_0 and admits a meromorphic continuation to C . Set

ζ_2(s; H, H_0) = 1 Γ(s) ∫_∞ 1 t^{s−1}Tr ( e^{−tH} − e^{−tH0} ) dt. (1.6) Then ζ_2(s; H, H_0) is a meromorphic function of s ∈ C with possible poles at s = β_k, k ∈ N^+ . All poles are simple and we have

Res_{s=βk} ζ_2(s; H, H_0) = b_k Γ(β_k) , k > 0. Furthermore, ζ_2 (s; H, H_0) is holomorphic at s = 0. Put

ζ (s; H, H_0) = ζ_1 (s; H, H_0) + ζ_2 (s; H, H_0) (1.7)

We call ζ (s; H, H_0) the relative zeta function of (H, H_0) . Summarizing, we have proved Proposition 1.1. Assume that the pair (H, H_0) of nonnegative self– adjoint operators satisfies conditions (1.1) - (1.3). Then the relative zeta function ζ (s; H, H_0) is a meromorphic function of s ∈ C . The set of poles of ζ (s; H, H_0) is contained in the set {−α_j | j ∈ N} ∪ {β_k | k ∈ N^+ } and s = 0 is a regular point.

Example 1.1. Let M be a closed Riemannian manifold of dimension n, let E be a Hermitian vector bundle over M and let D_i : C^∞(M, E) −→ C^∞(M, E), i = 0, 1, be an elliptic self–adjoint differential operator of order m_i > 0 which is nonnegative. Let H_i, i = 0, 1, be the unique self– adjoint extension of D_i in L^2(M, E). It is well–known that exp(−tH_i) is a trace class operator for t > 0 and, as t → 0, there exists an asymptotic expansion Tr ( e^{−tHi} ) ∼ t^{−n/mi} ∑ j≥0 a_{ij} t^j . (1.8)

Let h_i = dim Ker D_i, i = 0, 1. Then, as t → ∞, we have

Tr (e^{−tHi} ) = h_i + O(e^{−ct}). (1.9)

Thus, (1.2) and (1.3) are a consequence of (1.8) and (1.9). In the present case, the zeta function ζ_{Hi} (s) of H_i is defined by (0.1) and the relative zeta function of (H_1, H_0) can be expressed in terms of the absolute zeta functions by

ζ(s; H_1, H_0) = ζ_{H1} (s) − ζ_{H0} (s), (1.10) which justifies the name relative zeta function.

We note that (1.8) is the general form of the short time asymptotic expansion of the trace of the heat operator of an elliptic operator on a compact manifold. In particular, there occur no logarithmic terms in this expansion. However, if we pass to the noncompact setting, then, in general, logarithmic terms naturally arise in the short time asymptotic expansion of the trace of the difference of two heat semigroups. Examples are hyperbolic manifolds or, more generally, manifolds with cusps. Furthermore, the large time behaviour (1.9) of the trace of the heat semigroup has also a very simple form. In the noncompact case, (1.3) is related to the behaviour of the continuous spectrum near zero. If the essential spectrum of H_0 has a positive lower bound, then the expansion (1.3) is similar to (1.9) (see Lemma 2.2).

Finally, we observe that a relative version of the η–function (0.4) can be defined in the same way. Suppose that D and D_0 are self–adjoint operators in H such that the following three conditions hold:

1) Let e^{−tD2} and e^{−tD20} be the heat semigroups of the nonnegative selfadjoint operators D^2 and D^2_0, respectively. Then

De^{−tD2} − D_0e^{−tD20} is a trace class operator for t > 0. (1.11)

2) As t → 0, there exist asymptotic expansions of the form Tr ( De^{−tD2} − D_0e^{−tD20} ) ∼ ∞∑ j=0 k(j)∑

k=0 A_{jk}t^{κj} log^k t, (1.12)

where −∞ < κ_0 < κ_1 < · · · → ∞.

3) As t → ∞, there exists an asymptotic expansion of the form Tr ( De^{−tD2} − D_0e^{−tD20} ) ∼ ∞∑ k=0 B_kt^{−θk} (1.13)

where 0 < θ_0 < θ_1 < · · · → ∞.

Then we can introduce partial η–functions by

η_1(s; D, D_0) = 1 Γ ((s + 1)/2)

∫_1 0 t^{(s−1)/2}Tr ( De^{−tD2} − D_0e^{−tD20} ) dt, Re(s) > −κ_0;

(1.14) η_2(s; D, D_0) = 1 Γ ((s + 1)/2) ∫_∞ 1 t^{(s−1)/2}Tr ( De^{−tD2} − D_0e^{−tD20} ) dt, Re(s) < θ_0.

(1.15)

Using the asymptotic expansions (1.12) and (1.13), the partial η–functions can be continued analytically to the whole complex plane. Set

η(s; D, D_0) = η_1(s; D, D_0) + η_2(s; D, D_0). (1.16)

This is the relative η–function associated to (D, D_0). If κ_j ≠ −1/2 for all j ∈ N, then η(s; D, D_0) is regular at s = 0.

2. The spectral shift function and the large time asymptotic expansion

In this section, we study the spectral shift function of (H, H_0) and we investigate the connection between its behaviour at 0 (resp. ∞) and the asymptotic expansion (1.3) (resp. (1.2)).

First, we introduce some notation. Let A be a self–adjoint operator in a Hilbert space. Then we denote by σ(A) the spectrum of A. Moreover, by σ_{pp}(A), σ_{sc}(A), σ_{ac}(A) amd σ_{ess}(A), respectively, we shall denote the pure point spectrum, the singular continuous, the absolutely continuous and the essential spectrum of A, respectively.

Next we recall some basic results of Krein [Kr] and Birman–Krein [BK] concerning the spectral shift function. See also [BY], [Y]. Let A and A_0 be bounded self–adjoint operators in H and suppose that V = A − A_0 is a trace class operator. Let R_0(z) = (A_0 − z)^{−1}. Then the spectral shift function

ξ(λ) = ξ(λ; A, A_0) = π^{−1} lim_{ϵ→0} arg det(1 + V R_0(λ + iϵ)) (2.1)

exists for a.e. λ ∈ R. Note that

arg det(1 + V R_0(λ + iϵ))

is well defined by the condition that it should tend to zero as ϵ → ∞. The spectral shift function ξ(λ) is real valued, belongs to L^1(R) and satifies

Tr(A − A_0) = ∫ R ξ(λ) dλ, ||ξ||_L1 ≤ ||A − A_0||_1, (2.2) where || · ||_1 denotes the trace norm. Moreover, let I(A, A_0) be the smallest interval containing σ(A) ∪ σ(A_0). Then

ξ(λ) = 0 for λ /∈ I(A, A_0). (2.3) Let G = { f : R → R | f ∈ L^1 and ∫ R |f̂(p)|(1 + |p|) dp < ∞ } . Then for every φ ∈ G, φ(A) − φ(A_0) is a trace class operator and

Tr(φ(A) − φ(A_0)) = ∫ R φ^′(λ)ξ(λ) dλ. (2.4) Note that (2.4) determines the spectral shift function up to an additive constant and this constant is fixed by (2.3). Applied to our setting, we obtain Proposition 2.1. Let H, H_0 be two nonnegative self–adjoint operators in H and assume that e^{−tH} − e^{−tH0} is a trace class operator for t > 0. Then there exists a unique real valued locally integrable function ξ(λ) = ξ(λ; H, H_0) on R such that for each t > 0, e^{−tλ}ξ(λ) ∈ L^1(R) and the following conditions hold 1) Tr(e^{−tH} − e^{−tH0} ) = −t ∫_∞ 0 e^{−tλ}ξ(λ) dλ. 2) For every φ ∈ G, φ(H) − φ(H_0) is a trace class operator and

Tr(φ(H) − φ(H_0)) = ∫ R φ^′(λ)ξ(λ) dλ. 3) ξ(λ) = 0 for λ < 0.

Proof. First, we note that 2) and 3) determine ξ(λ) uniquely. Indeed, if ξ_1 and ξ_2 are any locally integrable functions on R satisfying 2) and 3), then ξ_1 − ξ_2 is a constant which must be zero by 3). To prove existence, let ξ_t(λ) = ξ(λ; e^{−tH} , e^{−tH0} ) be the spectral shift function of (e^{−tH} , e^{−tH0} ). Then ξ_t ∈ L^1(R) and by (2.3), ξ_t(λ) = 0 for λ /∈ [0, 1]. Let φ ∈ C^∞_0 (R) and set f(μ) = { φ(−^1_t ln μ), if 0 < μ; 0, if μ ≤ 0. Then f ∈ C^∞_0 (R) with supp f ⊂ (0, ∞). Changing variables by μ = e^{−tλ} and using (2.4), we obtain

Tr(φ(H) − φ(H_0)) = ∫ R φ^′(λ)ξ_t(e^{−tλ}) dλ.

which holds for every φ ∈ C^∞_0 (R). Furthermore, we note that ξ_t(e^{−tλ}) is locally integrable and ξ_t(e^{−tλ}) = 0 for λ < 0. Hence, by uniqueness, ξ_t(e^{−tλ}) is independent of t. We denote this function by ξ(λ) = ξ(λ; H, H_0). It satisfies 2) and 3). Moreover, using (2.2) we get 1) and e^{−tλ}ξ(λ) is integrable on R. The extension to functions in G is straight forward. □

The function ξ(λ; H, H_0) is called the spectral shift function of H, H_0. From Proposition 2.1, it follows that, in order to determine the asymptotic behaviour of Tr(e^{−tH} − e^{−tH0} ) as t → ∞, we have to investigate the behaviour of the spectral shift function ξ(λ) near λ = 0. As a first consequence of Proposition 2.1 we obtain Lemma 2.2. Suppose that σ_{ess}(H_0) ⊂ [c, ∞] where c > 0. Then ker H and ker H_0 are both finite dimensional and there exists c_1 > 0 such that

Tr(e^{−tH} − e^{−tH0} ) = dim ker H − dim ker H_0 + O(e^{−c1t}) (2.5) as t → ∞. Proof. First, we observe that by (1.1) and the invariance of the essential spectrum under compact perturbations [RS], it follows that σ_{ess}(H) = σ_{ess}(H_0) ⊂ [c, ∞) , c > 0. Therefore, H_0 and H have pure point spectrum in [0, c). In particular, ker H_0 and ker H are finite dimensional. Let λ_1 (resp. ~λ_1) be the infimum of the nonzero spectrum of H (resp. H_0) and set μ = 1/2 min(λ_1, ~λ_1). By assumption, we have 0 < μ ≤ c and it follows from Proposition 2.1, 2), that

ξ(λ) = dim ker H_0 − dim ker H, 0 ≤ λ ≤ μ. Put ~ξ(λ) = ξ(λ) + dim ker H − dim ker H_0, λ ∈ R.

Then we have ~ξ(λ) = 0 for λ < μ. Moreover, ~ξ(λ)e^{−tλ} is integrable as a function of λ ∈ R. Hence, we obtain −t ∫_∞ 0 e^{−tλ}ξ(λ) = dim ker H − dim ker H_0 − t ∫_∞ μ e^{−tλ} ~ξ(λ) dλ. The integral on the right hand side can be estimated by e^{−tμ/2} ∫_∞ μ |~ξ(λ)|e^{−tλ/2} dλ ≤ Ce^{−tμ/2} for t ≥ 1. Using Proposition 2.1, 1), we obtain (2.5). □

Thus, if the essential spectrum of H_0, and consequently also the essential spectrum of H, has a positive lower bound, then as t → ∞, Tr(e^{−tH} − e^{−tH0} ) behaves in the same way as the trace of the heat operator of an elliptic nonnegative self–adjoint differential operator on a compact manifold. Let

h = dim ker H − dim ker H_0.

If follows from (2.5) that under the assumption of Lemma 2.2, the relative zeta function can be defined by

ζ(s; H, H_0) = 1 Γ(s) ∫_∞ 0 t^{s−1} ( Tr(e^{−tH} − e^{−tH0} ) − h ) dt for Re(s) > −α_0. This is the analogue of (0.2). A special case is that H, H_0 > 0. Then (1.2) implies that for Re(s) > −α_0,

H^{−s} − H^{−s}_0 = 1 Γ(s) ∫_∞ 0 t^{s−1} ( e^{−tH} − e^{−tH0} ) dt, and H^{−s} − H^{−s}_0 is a trace class operator for Re(s) > −α_0. Hence,

ζ(s; H, H_0) = Tr ( H^{−s} − H^{−s}_0 ) , Re(s) > −α_0. Now assume that the continuous spectrum of H_0 extends down to zero. Then the behaviour of the spectral shift function at λ = 0, in general, can be very complicated. We assume that near λ = 0, ξ(λ) admits an asymptotic expansion in powers of λ, λ ≥ 0. This implies (1.3). More precisely, we have Lemma 2.3. Suppose there exists ϵ > 0 and a sequence

0 ≤ γ_0 < γ_1 < γ_2 < · · ·

with γ_i → ∞ such that for every N ∈ N, ξ(λ) = N∑ j=0 c_j λ^{γj} + O(λ^{γN+1} ) (2.6)

uniformly for λ ∈ [0, ϵ]. Then there exists an asymptotic expansion of the form ∫_∞ 0 ξ(λ)e^{−tλ} dλ ∼ t^{−1} ( b_0 t^{γ0} + b_1 t^{γ1} + · · · )

as t → ∞. Proof. We split the integral as ∫_ϵ 0 + ∫_∞ ϵ . Since ξ(λ)e^{−tλ} is integrable we obtain

| | | ∫_∞ ϵ ξ(λ)e^{−tλ} dλ | | | ≤ Ce^{−tϵ/2}, t ≥ 1. Furthermore, note that for γ ≥ 0 and t ≥ 1, we have ∫_ϵ 0 λ^γ e^{−tλ} dλ = ∫_∞ 0 λ^γ e^{−tλ} dλ − ∫_∞ ϵ λ^γ e^{−tλ} dλ = C(γ) t^{γ+1} + O(e^{−tϵ/2}). Replacing ξ(λ) by (2.6), we get the desired result. □

To investigate the asymptotic behaviour of the spectral shift function near λ = 0, one may use the relation between the spectral shift function and the scattering phase [BK], [BY].

Let H_{ac} (resp. H_{0,ac}) be the absolutely continuous subspace for H (resp. H_0) and let H_{ac} (resp. H_{0,ac}) be the restriction of H (resp. H_0) to H_{ac} (resp. H_{0,ac}). Furthermore, let P_0 be the orthogonal projection of H onto H_{0,ac}. It follows from (1.1) and the Birman–Krein invariance principle [BK], [K1] that the wave operators

W_± = W_±(H, H_0) = s − lim_{t→±∞} e^{itH} e^{−itH0} P_0 (2.7)

exist and are complete. This means that the strong limit (2.7) exists and the operators W_± define isometries of H_{0,ac} onto H_{ac}, intertwining H_{0,ac} and H_{ac}. In this context, the scattering operator S is defined by

S = W^∗_−W_+. (2.8)

This is a unitary operator on H_{0,ac} that commutes with H_{0,ac.} Let σ_0 = σ_{ac}(H_0) and let {E_0(λ)}_{λ∈σ0} be the spectral family of H_{0,ac}. Since S commutes with H_{0,ac} we have

S = ∫ σ_0 S(λ) dE_0(λ) where S(λ) = S(λ; H, H_0) acts in the Hilbert space H(λ). The operator S(λ) is called the on–shell scattering matrix. We observe that S(λ) is a unitary operator in H(λ). Let I_λ be the identity of H(λ). Since S(λ; H, H_0) = S(e^{−tλ}; e^{−tH} , e^{−tH0} ) and exp(−tH)−exp(−tH_0) is a trace class operator, it follows that

T (λ) = S(λ) − I_λ (2.9)

is a trace class operator (cf. [BK], [BY]). The opeator T (λ) is called the scattering amplitude. Thus, the Fredholm determinant det S(λ) of S(λ) exists. Since S(λ) is unitary, we have | det S(λ)| = 1, λ ∈ σ_{ac}(H_0). Hence, the scattering phase s(λ) =^1_{2πi} log det S(λ) is defined mod Z. It was proved in [BK] that there is a distinguished choice for the scattering phase, namely the spectral shift function ξ(λ). More precisely, the following identity holds

det S(λ) = e^{−2πiξ(λ)}, a.e. λ ∈ σ_{ac}(H_0), (2.10)

(see [BY], [Y]). This equality can be used to derive an expansion of ξ(λ) near λ = 0. For ϵ > 0, let D_ϵ = {z ∈ C | |z| < ϵ} and denote by ^D_{ϵ,m} → D_ϵ the ramified covering of order m, defined by z → z^m. Then, as a consequence of (2.10), we obtain Proposition 2.4. Let ϵ > 0 and suppose that (0, ϵ) ⊂ σ_{ac}(H_0). Furthermore, assume that

1) ξ(λ) is continuous on (0, ϵ);

2) There exists m ∈ N such that det S(λ), λ ∈ (0, ϵ), extends to a holomorphic function on ^D_{ϵ,m}.

Let 0 < ϵ_1 < ϵ. Then there exists an expansion of the form ξ(λ) = ∞∑ k=0 c_kλ^{k/m}, λ ∈ [0, ϵ_1), (2.11)

for some 0 < ϵ_1 < ϵ^{1/m}.

Proof. According to our assumption, det S(λ) is smooth on (0, ϵ). Since | det S(λ)| = 1, λ ∈ σ_{ac}(H_0), it follows that there exists δ ∈ C^∞((0, ϵ)) such that det S(λ) = exp(−2πiδ(λ)), λ ∈ (0, ϵ). On the other hand, ξ is continuous on (0, ϵ) and therefore, (2.10) implies that there exists k ∈ Z such that ξ(λ) = δ(λ) + k, λ ∈ (0, ϵ). Hence, ξ is smooth on (0, ϵ). Differentiating (2.10) and using that S(λ) is unitary, we get dξ(λ) dλ = − 1 2πi Tr ( S^∗(λ) dS(λ) dλ ) , λ ∈ (0, ϵ). (2.12)

Furthermore, since δ(λ) has a finite limit as λ → 0, we get

ξ(λ) = ξ(0+) − 1 2πi ∫_λ 0 Tr ( S^∗(u) dS(u) du ) du = ξ(0+) − 1 2πi ∫_λ1/m 0 Tr ( S^∗(u^m) dS(u^m) du ) du (2.13)

for λ ∈ [0, ϵ). By assumption, Tr (S^∗(z^m) dS(z^m)/dz) is analytic on the disc |z| < ϵ_1 ≤ ϵ^{1/m}. Inserting the Taylor expansion on the right hand side of (2.13) we obtain the desired expansion (2.11). □ Let Tr ( S^∗(z^m) dS(z^m) dz ) = ∞∑ k=0 d_kz^k, |z| < ϵ_1, be the Taylor expansion at z = 0. Then by (2.13), the coifficients of the expansion (2.11) are related to the d_k’s by c_k = d_{k−1}/k, k ≥ 1. Thus, under the assumptions of Proposition 2.4, the asymptotic expansion of Tr(e^{−tH} − e^{−tH0} ) for t → ∞ determines det S(λ) near λ = 0, up to an additive constant. This means that the coefficients b_k in (1.3) and therefore, the residues of the poles of ζ(s; H, H_0) at s = k/m, k ∈ N^+ , are nonlocal.

If we insert ξ(λ) in the trace formula of Proposition 2.1 and integrate by parts, we obtain Tr(e^{−tH} − e^{−tH0} ) = −ξ(0+) + 1 2πi ∫_ϵ 0 e^{−tλ} Tr ( S^∗(λ) dS(λ) dλ ) dλ + O(e^{−tϵ/2}) = −ξ(0+) + 1 2πi ∫_{ϵ1} 0 e^{−tλm} Tr ( S^∗(λ^m) dS(λ^m) dλ ) dλ + O(e^{−tϵ/2}) (2.14)

as t → ∞. This formula shows more explicitly how the scattering matrix determines the asymptotic behaviour of Tr(e^{−tH} − e^{−tH0} ) as t → ∞. Furthermore, in special cases, ξ(0+) can be expressed in terms of spectral data.

It follows from (2.14) that

Tr(e^{−tH} − e^{−tH0} ) = −ξ(0+) + O(t^{−1/m}) as t → ∞. Inserting this equality in (1.6), we obtain the analytic extension of ζ_2(s; H, H_0) to the half–plane Re(s) < 1/m.

Now, in order to define the relative determinant of H, H_0 by zeta function regularization, it is sufficient to know that ζ(s; H, H_0) is analytic in some half–plane Re(s) < ε, ε > 0. Therefore, we may replace (1.3) by the following weaker assumption: There exist b_0 ∈ C and ρ > 0 such that Tr ( e^{−tH} − e^{−tH0} ) = b_0 + O(t^{−ρ}) (2.15) as t → ∞. As above, this condition can be restated in terms of the behaviour of the spectral shift function near λ = 0. In fact, by Proposition 2.1, 1), (2.15) is equivalent to

ξ(λ) = −b_0 + O(λ^ρ) (2.16)

as λ → 0+. For this condition to hold, it is not necessary that the scattering matrix extends to an analytic function on some covering of a neighborhood of the origin. Much less stringent assumptions are sufficient. Now, suppose that (2.16) holds. Then ζ_2(s; H, H_0) has a meromorphic extension to the half–plane Re(s) < ρ which is given by

ζ_2(s; H, H_0) = − b_0 Γ(s + 1) + 1 Γ(s) ∫_∞ 1 t^{s−1} ( Tr(e^{−tH} − e^{−tH0} ) − b_0 ) dt. (2.17)

This formula implies that ζ_2(s; H, H_0) is regular at s = 0.

Analogous results can be obtained for the small time asymptotic expansion (1.2). If we impose smoothness assumptions at λ = ∞ similar to those at λ = 0, then it follows that the asymptotic expansion (1.2) corresponds to an asymptotic expansion of the scattering phase shift d/dλ(log det S(λ)) as λ → ∞.

Next, we briefly discuss relative η–functions. Details will appear elsewhere. Let D, D_0 be self–adjoint operators in H, satisfying (1.11) and (1.12). Moreover, suppose that the spectra of D and D_0 have a common gap, i.e. there exists an interval [a, b], a < b, such that

(σ(D) ∪ σ(D_0)) ∩ [a, b] = ∅. (2.18)

Then, by a modification of the proof of Proposition 2.1, one can introduce a spectral shift function ξ(λ) = ξ(λ; D, D_0). This function has the following properties:

1) ξ ∈ L^1_{loc}(R) and ξ(λ) = 0 for λ ∈ [a, b];

2) For all φ ∈ C^∞_0 (R), φ(D) − φ(D_0) is a trace class operator and

Tr (φ(D) − φ(D_0)) = ∫ R φ^′(λ)ξ(λ) dλ; (2.19)

3) Tr ( De^{−tD2} − D_0e^{−tD20} ) = ∫ R d dλ (λe^{−tλ2} )ξ(λ) dλ. (2.20)

We note that 1) and 2) determine ξ uniquely. If, however, (2.18) is not satisfied, i.e. if σ(D) = σ(D_0) = R, then the construction of the spectral shift function is slightly more complicated. In particular, ξ cannot be normalized by fixing its values outside the spectrum and therefore, ξ is determined by (2.19) only up to an additive constant.

By (2.20), the study of the behaviour of Tr ( De^{−tD2} − D_0e^{−tD20} ) as t → ∞ can be reduced to the investigation of the spectral shift function near λ = 0. To handle this problem, one can use, in the same way as above, the connection between the spectral shift function and the scattering phase. Indeed, since De^{−tD2} − D_0e^{−tD20} is a trace class operator for t > 0, it follows from the the Birman-Kato invarinace principle that the wave operators W_±(D, D_0) exist and are complete [K2]. Hence, the scattering matrix S(λ; D, D_0) also exists and it follows from [BK] that det S(λ; D, D_0) = e^{−2πiξ(λ;D,D0)}, λ ∈ σ_{ac}(D_0). As above, this equality can be used to get an expansion of ξ(λ; D, D_0) near λ = 0, provided that the scattering matrix extends to a holomorphic function on some finite covering of a neighborhood of the origin.

But, in order to define the η–invariant, we only need that there exists ϵ > 0 such that Tr ( De^{−tD2} − D_0e^{−tD20} ) = O(t^{−(1/2+ϵ)}) (2.21)

as t → ∞. Then (1.15) is absolutely convergent in the half–plane Re(s) < 2ϵ. Suppose, for example, that D and D_0 are invertible. Then there exists ϵ > 0 such that (2.18) holds with respect to the interval [−ϵ, ϵ]. Thus, the spectral shift function vanishes on [−ϵ, ϵ] and by (2.20), we obtain Tr ( De^{−tD2} − D_0e^{−tD20} ) = O(t^{−ϵ2/2}). (2.22)

Hence, in this case, the relative η–function can be defined by a single Mellin transform: η(s; D, D_0) = 1 Γ ((s + 1)/2) ∫_∞ 0 t^{(s−1)/2} Tr ( De^{−tD2} − D_0e^{−tD20} ) dt, Re(s) > −κ_0.

(2.23)

3. Relative determinants

Suppose that (H, H_0) are nonnegative self–adjoint operators which satisfy (1.1), (1.2) and (2.15). Then the relative zeta function ζ(s; H, H_0) is well defined as a meromorphic function in the half–plane Re(s) < ρ, ρ > 0, and s = 0 is not a pole of ζ(s; H, H_0). Therefore, generalizing (0.3), we may define the regularized relative determinant of (H, H_0) by

det(H, H_0) = exp ( − d ds ζ(s; H, H_0) | |_{s=0} ) . (3.1)

To justify the name ”relative determinant”, consider two self–adjoint operators H_0 and H_1 such that exp(−tH_i) is trace class for t > 0 and assume that (1.8) holds for both operators. Then the absolute determinants det H_i are defined and it follows from (1.10) that

det(H_1, H_0) = det H_1 det H_0

. (3.2)

Using (2.17), the logarithm of the relative determinant can be written as

− log det(H, H_0) = d ds ζ_1(s; H, H_0) | |_{s=0} − b_0Γ^′(1) + ∫_∞ 1 t^{−1} ( Tr ( e^{−tH} − e^{−tH0} ) − b_0 ) dt. (3.3) Furthermore, we may use the asymptotic expansion (1.2) to replace the derivative of ζ_1(s; H, H_0) at s = 0 by a more explicit formula. Namely, let N ∈ N be such that the exponent α_N in the expansion (1.2) satisfies α_N > 0. Then it follows that

− log det(H, H_0) = N∑ j=0 k(j)∑

k=0 a_{jk} k! α^k_j − a_{j0} Γ^′(1)

+ ∫_1 0 t^{−1} Tr(e^{−tH} − e^{−tH0} ) − N∑ j=0 k(j)∑

k=0 a_{jk}t^{αj} log^k t dt

− b_0Γ^′(1) + ∫_∞ 1 t^{−1} ( Tr(e^{−tH} − e^{−tH0} ) − b_0 ) dt. (3.4)

We shall now summmarize some of the elementary properties of the determinant. As an immediate consequence of the definition we get

Lemma 3.1. Suppose that H_0, H_1 and H_2 are self–adjoint operators in H such that both (H_1, H_0) and (H_2, H_1) satisfy (1.1), (1.2) and (2.15). Then the following holds

1) det(H_0, H_1) = det(H_1, H_0)^{−1}.

2) The operators (H_2, H_0) also satisfy (1.1), (1.2) and (2.15) and

det(H_2, H_0) = det(H_2, H_1) · det(H_1, H_0). (3.5)

Next, we consider some special cases. Let H be a nonnegative self– adjoint operator in H and suppose that H has eigenvalues 0 < λ_1 ≤ λ_2 ≤ · · · ≤ λ_m. Let P_m denote the orthogonal projection of H onto the subspace of H spanned by the eigenvectors that correspond to λ_1, . . . , λ_m. Put H_0 = (I − P_m)H. Then exp(−tH) is a finite–rank perturbation of exp(−tH_0). In particular, (H, H_0) satisfies (1.1) – (1.3) and we have

det(H, H_0) = m∏ i=1 λ_i. (3.6)

More generally, if the pair (H, H_0) satisfies (1.1) – (1.3), then the pair ((I − P_m)H, H_0) satisfies the same conditions and by (3.5), we get

det(H, H_0) = m∏ i=1 λ_i · det((I − P_m)H, H_0). (3.7)

This means that we may split off any finite number of eigenvalues from the determinant.

Next let H = H_p ⊕ H_c be the orthogonal decomposition into the subspaces that correspond to the point spectrum and the continuous spectrum of H, respectively. Let H_p and H_c denote the restriction of H to H_p and H_c, respectively. Suppose that for each t > 0, exp(−tH_p) is a trace class operator and as t → 0, Tr(exp(−tH_p)) admits an asymptotic expansion of the form (1.2). Then det H_p can be defined by zeta function regularization and using (3.5), one has

det(H, H_0) = det H_p · det(H_c, H_0). (3.8)

Now let a > 0. Then (H + a, H_0 + a) also satisfies (1.1) – (1.3) and the relative zeta function is given by

ζ(s; H + a, H_0 + a) = 1 Γ(s) ∫_∞ 0 t^{s−1}e^{−ta} Tr(e^{−tH} − e^{−tH0} ) dt for Re(s) > −α_0. The right hand side also makes sense if we replace a by any complex number z with Re(z) > 0. We denote the corresponding analytic function by ζ(s, z; H, H_0). Using (1.2) it follows that for every z ∈ C with Re(z) > 0, ζ(s, z; H, H_0), regarded as function of s, admits a meromorphic continuation to C which is holomorphic at s = 0. Thus, generalizing (3.1) we set

det(H + z, H_0 + z) = exp ( − ∂ ∂s ζ(s, z; H, H_0) | | |_{s=0} ) . (3.9)

Again, if the operators H_0 and H_1 are as in (3.2), then

det(H_1 + z, H_0 + z) = det(H_1 + z) det(H_0 + z)

. (3.10)

We note that if H is a nonnegative self–adjoint operator such that exp(−tH) is trace class for t > 0 and (1.8) holds, then H has pure discrete spectrum consisting of a sequence of eigenvalues 0 ≤ λ_0 < λ_1 < λ_2 < · · · → ∞ of finite multiplicities and det(H + z) is an entire function of z whose set of zeros equals {−λ_i}_{i∈N} and the multiplicities coincide. In particular, this shows that (3.10) is the quotient of two entire functions. We don’t know yet, if this holds in general. Here we prove a weaker result.

Proposition 3.2. Suppose that (H, H_0) satisfies (1.2). Then the relative determinant det(H + z, H_0 + z) is a holomorphic function of z ∈ C − (−∞, 0]. Proof. Let ξ(λ) be the spectral shift function associated to (H, H_0). Let c > 0. By Proposition 2.1, 1), we have Tr(e^{−tH} − e^{−tH0} ) = −t ∫_{2c} 0 e^{−tλ}ξ(λ) dλ − t ∫_∞ 2c e^{−tλ}ξ(λ) dλ. Since e^{−tλ}ξ(λ) ∈ L^1(R) for t > 0, the second integral is O(e^{−tc}) as t → ∞. Furthermore, for every N ∈ N, we have ∫_{2c} 0 e^{−tλ}ξ(λ) dλ = N∑ k=0 c_kt^k + O(t^{N+1})

as t → 0. Together with (1.2) it follows that as t → 0, ∫_∞ 2c e^{−tλ}ξ(λ) dλ has a complete asymptotic expansion similar to (1.2). This implies that the double integral

F (s, z) = 1 Γ(s) ∫_∞ 0 t^se^{−tz} ∫_∞ 2c e^{−tλ}ξ(λ) dλ dt is absolutely convergent in the half–planes Re(s) > −α_0 and Re(z) > −c. Moreover, as function of s, it admits a meromorphic continuation to C which is holomorphic at s = 0.

Next consider the first integral. Note that ξ is absolutely integrable on [0, 2c]. Hence for Re(z) > 0, we get − 1 Γ(s) ∫_∞ 0 t^se^{−tz} ∫_{2c} 0 e^{−tλ}ξ(λ) dλ dt = − 1 Γ(s) ∫_{2c} 0 ξ(λ) ∫_∞ 0 t^se^{−t(z+λ)} dt dλ = −s ∫_{2c} 0 (z + λ)^{−(s+1)}ξ(λ) dλ. Thus, for Re(z) > 0, we have det(H + z, H_0 + z)

= exp {∫_{2c} 0 (z + λ)^{−1}ξ(λ) dλ + ∂F ∂s (0, z) } (3.11)

The integral has an obvious extension to an analytic function of z ∈ C − (−∞, 0]. Moreover,^{∂F}_{∂s} (0, z) is holomorphic in Re(z) > −c. Since c is arbitrary, (3.11) gives the analytic continuation to C − (−∞, 0]. □

We now shall study the variation of the relative determinant. So, we consider a differentiable 1–parameter family H_u, u ∈ (−ϵ, ϵ), of nonnegative self–adjoint operators in H and a nonnegative self–adjoint operator H in H such that for each u ∈ (−ϵ, ϵ), the pair (H_u, H) satisfies (1.1), (1.2) and (2.15). By (3.5) we have

det(H_u, H) = det(H_u, H_0) · det(H_0, H),

so that we may take H = H_0. Let Ḣ_u =^d_{du} H_u. By Duhamel’s principle, exp(−tH_u) is differentiable in u and d du ( e^{−tHu} ) = ∫_t 0 e^{−vHu}Ḣ_ue^{−(t−v)Hu} dv. (3.12) Now assume that Ḣ_ue^{−tHu} is a trace class operator for t > 0 with trace norm uniformly bounded on compact subsets of (0, ∞). Then it follows from (3.12) that^d_{du} exp(−tH_u) is also a trace class operator for t > 0 and d du Tr ( e^{−tHu} − e^{−tH0} ) = −t Tr(Ḣ_ue^{−tHu} ). (3.13)

We shall now make the following two assumptions about the family H_u :

i) H_u is invertible for each u ∈ (−ϵ, ϵ), ii) As t → 0, there exists an asymptotic expansion of the form

Tr(Ḣ_uH^{−1}_u e^{−tHu} ) ∼ ∞∑ j=0 k(j)∑

k=0 C_{jk}(u)t^{γj} log^k t

+ C_1(u) + C_2(u) log t

(3.14)

and the exponents γ_j are such that −∞ < γ_1 < γ_2 < · · · , γ_j ≠ 0, j ∈ N, and γ_j → ∞. Note that by i), there exists c > 0 such that

Tr(Ḣ_uH^{−1}_u e^{−tHu} ) = O(e^{−ct}) (3.15)

as t → ∞. Using i) and (3.13) – (3.15), it follows that for Re(s) ≫ 0, d du ζ(s; H_u, H_0) = 1 Γ(s) ∫_∞ 0 t^s ∂ ∂t Tr(Ḣ_uH^{−1}_u e^{−tHu} ) dt = − s Γ(s) ∫_∞ 0 t^{s−1} Tr(Ḣ_uH^{−1}_u e^{−tHu} ) dt. (3.16)

By (3.14) and (3.15), ∫_∞ 0 t^{s−1} Tr(Ḣ_uH^{−1}_u e^{−tHu} ) dt has an analytic continuation to a meromorphic function of s ∈ C . The location of the poles is determined by the asymptotic expansion (3.14). In particular, the pole at s = 0 has order ≤ 2 and the Laurent expansion is given by

− C_2(u)

s^2 + C_1(u) s + · · · where C_1(u) and C_2(u) are the corresponding coefficients in (3.14). Using (3.16), we obtain

Proposition 3.3. Suppose that the family H_u, u ∈ (−ϵ, ϵ), satisfies assumptions i) and ii). Then det(H_u, H_0) is differentiable and d du log det(H_u, H_0) = C_1(u) + Γ^′(1)C_2(u) (3.17)

where C_1(u) denotes the constant term and C_2(u) the coefficient of log t in the asymptotic expansion (3.14).

Corollary 3.4. Let H_u, u ∈ [0, 1], be a differentiable family of self– adjoint operators in H such that for all u ∈ [0, 1], (1.1) and (1.2) holds for (H_u, H_0) and H_u satisfies conditions i) and ii). Then

det(H_1, H_0) = exp {∫_1 0 (C_1(u) + Γ^′(1)C_2(u)) du } . (3.18)

Remark. A similar formula was proved in [GMS] for a certain class of elliptic invertible pseudodifferential operators on a compact manifold. For each of these operators the determinant can be defined via zeta function regularization and the relative determinant of any two such operators is the fraction of the determinants of the individual operators.

The assumption i) is, of course, rather restrictive and excludes many cases that are of interest for applications. However, using (3.4), differentiability can be established under more general assumptions. For example, we have Proposition 3.5. Let H_u, u ∈ (−ε, ε), be a differentiable family of self–adjoint operators which satisfy (1.1), (1.2), (2.15) and in addition, the following conditions hold:

a) The constant b_0 and the exponent ρ in (2.15) are independent of u, and the coefficients of the expansion (1.2) are differentiable in u.

b) For t > 0, Ḣ_ue^{−tHu} is a trace class operator and there exist C > 0 and δ > 0 such that Tr (˙ H_ue^{−tHu} ) ≤ Ct^{−(1+δ)} for t ≥ 1 and u ∈ (−ε, ε).

c) As t → 0, there exists an asymptotic expansion of the form Tr (˙ H_ue^{−tHu} ) ∼ ∞∑ j=0 k(j)∑

k=0 C_{jk}(u)t^{νj} log^k t

where the exponents ν_j are such that −∞ < ν_1 < ν_2 < · · · , ν_j ≠ 1, j ∈ N, and ν_j → ∞.

Then the integral

∫_1 0 t^s Tr (˙ He^{−tHu} ) dt is absolutely convergent in the half-plane Re(s) > −ν_1 − 1 and has a meromorphic extension to the half–plane Re(s) < δ which is holomorphic at s = 0. Moreover, det(H_u, H_0) is a differentiable function of u and d du log det(H_u, H_0) =

∫_1 0 t^sTr (˙ He^{−tHu} ) dt | |_{s=0} + ∫_∞ 1 Tr ( Ḣ_ue^{−tH}u ) dt. Proof. We use formula (3.4). Since by b), Tr(Ḣ_ue^{−tHu} ) is absolutely integrable on [1, ∞), it follows from a) and (3.13) that d du ∫_∞ 1 t^{−1} ( Tr(e^{−tHu} − e^{−tH0} ) − b_0 ) dt = − ∫_∞ 1 Tr ( Ḣ_ue^{−tH}u ) dt. Furthermore, by c),

∫_1 0 t^s Tr ( Ḣ_ue−tHu ) dt has a meromorphic extension to C which is holomorphic at s = 0, and ∂ ∂u ζ_1(s; D, D_0) = − 1 Γ(s)

∫_1 0 t^s Tr ( Ḣ_ue^{−tH}u ) dt. Taking derivatives at s = 0 gives the desired result. □

To conclude this section, we consider the case of two self–adjoint operators D, D_0 which are not necessarily bounded from below. A typical example are Dirac type operators on a complete manifold. Suppose that (1.11) and (1.12) hold for (D, D_0). For simplicity, we also assume that D and D_0 are invertible, i.e. 0 is not in the spectrum of D and D_0. Then the relative η–function η(s; D, D_0) is defined by (2.23) and has a meromorphic extension to C . If −1/2 does not occur among the exponents of the asymptotic expansion (1.12), then η(s; D, D_0) is regular at s = 0 and therefore, we may define the relative η–invariant as η(0; D, D_0). For example, if D and D_0 are Dirac type operators, then the asymptotic expansion (1.12) contains no negative exponents so that the relative η–invariant is given by

η(0; D, D_0) = 1 √ π ∫_∞ 0 t^{−1/2} Tr ( De^{−tD2} − D_0e^{−tD20} ) dt. Suppose also that D^2, D^2_0 satisfy (1.1) and (1.2). Since D and D_0 are invertible, Lemma 2.2 implies that (1.3) holds and the relative zeta function is given by

ζ(s; D^2, D^2_0) = Tr ( (D^2)^{−s} − (D^2_0)^{−s} ) = Tr ( |D|^{−2s} − |D_0|^{−2s} ) , Re(s) > −κ_0.

Hence, the relative zeta function ζ(s; |D|, |D_0|) also exists as a meromorphic function on C , and we have

ζ(s; D^2, D^2_0) = ζ(2s; |D|, |D_0|).

This formula implies that ζ(s; |D|, |D_0|) is regular at s = 0 and therefore, det(|D|, |D_0|) can be defined by (3.1). Generalizing (0.5), we introduce the relative determinant for D, D_0 by

det(D, D_0) = det(|D|, |D_0|)

· exp ( πi 2 (η(0; D, D_0) − ζ(0; |D|, |D_0|) ) . (3.19)

4. Examples

In this section we discuss a number of typical cases of operators (H, H_0) which satisfy the assumptions (1.1) - (1.3). Such operators arise very naturally both in geometry and physics. In particular, we will show how the general trace formula of Proposition 2.1 specializes in all these cases to a rather explicit trace formula involving the eigenvalues of the operator H and the scattering phase shift.

4.1. The Schrödinger operator in R^n . A typical example is the Schrödinger operator Δ + V in R^n where V ∈ C^∞_0 (R^n ) and Δ is the negative of the usual Laplacian of R^n . I shall limit myself to this simple case, where V is both smooth and has compact support, although most of the results have generalizations to potentials with less regularity assumptions and the support property replaced by growth conditions. For details we refer the reader to [CV], [Gu1], [Gu2].

Regarded as operator in L^2(R^n ) with domain C^∞_0 (R^n ), Δ + V is essentially self–adjoint. Let H be the unique self–adjoint extension of Δ + V and let H_0 = Δ. The spectrum of H consists of a finite number of eigenvalues

λ_1 < λ_2 ≤ λ_3 ≤ · · · ≤ λ_N < λ_{N+1} = · · · = λ_N ′ = 0,

where each eigenvalue is repeated according to its multiplicity, and an absolutely continuous spectrum which has multiplicity 2, if n = 1, and infinite multiplicity, if n > 1. Using Duhamel’s formula

e^{−tH} − e^{−tH0} = ∫_t 0 e^{−sH} V e^{−(t−s)H0} ds, it is easy to see that e^{−tH} − e^{−tH0} is a trace class operator for t > 0 (see also [CV], [Gu1], [Gu2]). Hence, the wave operators W_±(H, H_0) exist and are complete, and the scattering operator S is defined by (2.8). Let L^2(R^n ) ≃ L^2 ( R^+ , L^2(S^{n−1})λ^{n−1} dλ ) be the spectral resolution of H_0 defined by the Fourier transform ^f(λ)(ω) = (2π)^{−n/2} ∫ R^n e^{−iλ<ω,x>}f(x) dx. Then the ”on–shell scattering matrix” S(λ) = S(λ; H, H_0) is given by ^Sf(λ) = S(λ^2) ^f(λ), λ > 0. Furthermore, S(λ) is a unitary operator in L^2(S^{n−1}) which is of the form S(λ) = Id + T (λ) where T (λ) is an integral operator with a smooth kernel T (λ; ω, ω^′).

Since V ∈ C^∞_0 (R^n ), it follows that for odd n, S(λ^2) has an analytic continuation to a meromorphic operator valued function of λ ∈ C . In the even–dimensional case a similar result is valid, except that S(λ) extends to a meromorphic function on the logarithmic covering of C , i.e. as a function of the variable log λ. In particuar, this implies Proposition 4.1. The Fredholm determinant det S(λ) of S(λ) is real analytic on (0, ∞).

Furthermore, since e^{−tH} − e^{−tH0} , t > 0, is a trace class operator, the spectral shift function ξ(λ; H, H_0) exists. In the present case, it can also be defined using the resolvents. Let R_0(λ) and R(λ) denote the resolvent of H_0 and H, respectively. Let μ ∈ R − σ(H) and let k > n/2. Then R(μ)^k − R_0(μ)^k is of the trace class. Hence, there exists the spectral shift function ξ_μ(λ) = ξ(λ; R(μ)^k, R_0(μ)^k) defined by (2.1) and, by the uniqueness of the spectral shift function, we get

ξ(λ; H, H_0) = ξ_μ ( (λ − μ)^{−k}; R(μ)^k, R_0(μ)^k ) . Using Proposition 1 in [Gu1] (or Theorem III.2 in [Gu2]), it follows that ξ(λ) is locally constant on the complement of σ(H) and continuous on (0, ∞). If n ≠ 2, 4, then the discontinuity of ξ(λ) at 0 is given by

ξ(0−) − ξ(0+) = m(0, H) + ϵ, (4.1)

where m(0, H) is the multiplicity of the eigenvalue 0 of H and ϵ = 0, if there is no resonance at 0 and ϵ = 1/2 otherwise. If n = 2, 4, the description is more difficult. Let det S(0) = lim_{λ→0+} det S(λ).

We note that ξ(0−) ∈ Z. Hence, using (2.10), we obtain det S(0) = (−1)^{2ϵ}.

This implies that we may pick the branch of log det S(λ) such that

ξ(0−) − ξ(0+) = m(0, H) + 1 2πi log det S(0).

Then by Proposition 2.1 we get the following trace formula for n ≠ 2, 4:

Tr(e^{−tH} − e^{−tH0} ) = N^′∑

i=1 e^{−tλi} + log det S(0) 2πi + 1 2πi ∫_∞ 0 e^{−tλ} d dλ log det S(λ) dλ, (4.2)

[Gu1], [Gu2]. If n = 2, 4, (2πi)^{−1} log det S(0) has to be replaced by a different constant.

Let K(t, x, y) be the kernel of exp(−tH). Using the heat equation method [Gi], it follows that as t → 0, there exists an asymptotic expansion Tr(e^{−tH} − e^{−tH0} ) ∼ (4πt)^{−n/2} ∞∑ j=1 a_{j,n}t^j . (4.3)

The first coefficients can be determined explicitly: a_{1,n} = − ∫ R^n V (x) dx, a_{2,n} = 1 2 ∫ R^n V^2(x) dx a_{3,n} = − 1 6 ∫ R^n ( V^3(x) + 1 2 ||DV (x)||^2 ) dx. The asymptotic expansion (4.3) corresponds to an asymptotic expansion of the scattering phase s(λ) = 1 2πi log det S(λ)

for high energy. Namely, for λ → ∞ one has ds dλ (λ) ∼ λ^{n/2−1} ∞∑ j=1 α_j(V )λ^{−j}, (4.4) and the coefficients α_j(V ) are related to the coefficients in (4.3). We observe that the asymptotic expansion (4.4) holds for more general potentials (cf. [R]).

It remains to investigate the large time behaviour of Tr(e^{−tH} −e^{−tH0} ). For this purpose we have to assume that n is odd. Then det S(λ^2) is real analytic on (−c, ∞) for some c > 0 and therefore it has a power series expansion at λ = 0 which implies that there exists ϵ > 0 such that the series ds dλ (λ) = 1 2πi Tr ( dS(λ) dλ S^∗(λ) ) = ∞∑ j=0 b_j λ^{j/2}. (4.5)

is convergent for 0 ≤ λ ≤ ϵ.

Now let P_1 be the orthogonal projection of L^2(R^n ) onto the orthogonal complement of the subspace spanned by the eigenfunctions of H that correspond to the negative eigenvalues. Let H_1 be the restriction of H to RanP_1. Then H_1 ≥ 0 and H − H_1 has finite rank. Let n be odd. Using (4.2), (4.3) and (4.5), it follows that (H_1, H_0) satisfies (1.1) – (1.3). Hence, the relative zeta function ζ(s; H_1, H_0) is well defined. Poles may occur at the points s = k/2, k ∈ Z. All poles are simple and the residues can be determined from the expansions (4.3) and (4.5). The relative determinant det(H_1, H_0) is then given by (3.1). Using this determinant, we define the relative determinant det(Δ + V, Δ) by

det(Δ + V, Δ) = N∏ i=1 λ_i · det(H_1, H_0). (4.6)

Remark. We recall from section 2, that in order to define the determinant, the full expansion (4.5) is not needed and may be replaced by weaker assumptions like (2.16). For example, there exist asymptotic expansions of the scattering matrix S(λ) as λ → 0 under more general assumptions about the potential (see [J1], [JK]).

If W ∈ C^∞_0 (R^n ) is another potential, we may define the relative determinant det(Δ + V + W, Δ + V ) in the same way, and by Lemma 3.1, we have

det(Δ + V + W, Δ + V ) = det(Δ + V + W, Δ) · det(Δ + V, Δ)^{−1}. (4.7)

If n is even, there is no expansion of the scattering phase near 0 in powers of λ. This problem can be eliminated if we shift the spectra of H and H_0 by a sufficiently large positive constant m. Let n be arbitrary.

Pick m > 0 such that H + m > 0. Then there exists c > 0 such that as t → ∞, one has Tr ( e^{−t(H+m)} − e^{−t(H0 +m)} ) = (e^{−tc}). If t → 0, this trace has an asymtotic expansion similar to (4.3). Hence, the relative zeta function can be defined in the half–plane Re(s) > n/2 in the usual way by

ζ(s; H + m, H_0 + m) = 1 Γ(s) ∫_∞ 0 t^{s−1} Tr ( e^{−t(H+m)} − e^{−t(H0+m} ) dt = Tr ( (H + m)^{−s} − (H_0 + m)^{−s} ) . (4.8)

This zeta function was first introduced and studied by Guillopé [Gu1]. Using the trace formula (2.4), it follows that for Re(s) > n/2

ζ(s; H, H_0) = N^′∑

j=1 (λ_j + m)^{−s} + αm^{−s} + 1 2πi ∫_∞ 0 (λ + m)^{−s} d dz log detS(λ) dλ, (4.9)

where α is determined by the singularity of ξ(λ) at λ = 0. If n ≠ 2, 4, then α = (2πi)^{−1} log detS(0). The analytic continuation of ζ(s; H + m, H_0 + m) is holomorphic at s = 0 and we can define the relative determinant by (3.1). Again, we denote this relative determinant by

det(Δ + V + m, Δ + m).

We now consider the variation of det(Δ+V +m, Δ+m) with respect to V which can be computed using (3.17). First we note that

(H + m)^{−1}e^{−t(H+m)} = ∫_∞ t e^{−s(H+m)} ds = (H + m)^{−1}e^{−(H+m)} +

∫_1 t e^{−s(H+m)} ds. Let W ∈ C^∞_0 (R^n ). Using this formula together with the local heat expansion, it follows that as t → 0, there is an asymptotic expansion of the form

Tr ( W (H + m)^{−1}e^{−t(H+m)} ) ∼ ∞∑ j=1 j≠n/2 d_j(W ) t^{−n/2+j}

+ c_1(W ) + c_2(W ) log t where

d_j(W ) = 1 n/2 − j ∫ R^n W (x)a_{j−1,n}(x) dx c_1(W ) = Tr ( W (H + m)^{−1}e^{−(H+m)} )

+ p∑ j=0 j≠n/2−1 (j + 1 − n/2)^{−1} ∫ R^n W (x)a_{j,n}(x) dx

+ ∫ R^n W (x) ∫_1 0 ( K(s, x, x) − p∑ j=0 a_{j,n}(x)s^{−n/2+j} ) ds dx,

c_2(W ) = − ∫ R^n W (x)a_{n/2−1,n}(x) dx; Thus, by (3.17) we have δ δV log det(Δ + V + m, Δ + m) = c_1(δV ) + Γ^′(1)c_2(δV ).

Now assume that n is odd and consider det(Δ + V, Δ). Since the continuous spectrum of Δ + V contains 0, det(Δ + V, Δ) may not be differentiable in all directions. But we can use Proposition 3.5 to determine under what assumptions about the potential and the variation, det(Δ_u, Δ_0) will be differentiable. Suppose, for example, that V ≥ 0, V ≠ 0, and let W ∈ C^∞_0 (R^n ) be such that V + uW ≥ 0 for |u| ≤ ϵ. Let Δ_u = Δ + V + uW and let K_u(x, y, t) be the kernel of e^{−tΔu} . Then Δ_u has no L^2-eigenfunctions for |u| ≤ ϵ and by Duhamel’s principle, it follows that K_u(x, y, t) − (4πt)^{−n/2}e^{−‖x−y‖2/4t} = −(4π)^{−n/2} ∫_t 0 s^{−n/2} ∫ R^n K_u(x, z, t − s) × (V + uW )(z)e^{−‖z−y‖2/4s} dz ds. (4.10)

Hence, if |u| ≤ ϵ, we get K_u(x, y, t) ≤ (4πt)^{−n/2}e^{−‖x−y‖2/4t}. (4.11)

Inserting this estimate into (4.10), we obtain Tr ( e^{−tΔu} − e^{−tΔ} ) = O(t^{−n/2+1}) (4.12)

as t → ∞ and |u| ≤ ϵ. Using (4.11) and (4.12), it is easy to verify that the assumptions of Proposition 3.5 are satisfied. Thus the relative determinant det(Δ + V + uW, Δ) is differentiable for |u| ≤ ϵ.

4.2. Perturbations of the Euclidean Laplacian. Let g be a complete Riemannian metric on R^n and let g_{ij} (x), 1 ≤ i, j ≤ n, be the components of g(x) with respect to the standard basis dx_i of T^∗_x R^n . Let G = det(g) and let g^{kl}(x) denote the components of (g_{ij}(x))^{−1}. Furthermore, let W be a complex vector space of dimension m with Hermitian inner product ⟨·, ·⟩. Let A = (A_1, . . . , A_n) be a smooth Yang–Mills potential, i.e. the A_j are C^∞ functions on R^n with values in the Hermitian operators on W . Then we consider the following differential operator

Δ = Δ_{g,A} = −G^{−1/4} n∑ j,k=1 ( ∂ ∂x_j + iA_j ) √ Gg^{jk} ( ∂ ∂x_k + iA_k ) G^{−1/4}, (4.13)

acting in the Hilbert space H = L^2(R^n ) ⊗ W. Note that this class of operators contains, for example, all spinor Laplacians on R^n , i.e. the squares of twisted Dirac operators. For p > 0, we make the following assumption:

For every α ∈ N^n , there exists C_α > 0 such that ∑ ij |∂^α(g_{ij}(x) − δ_{ij} )| + ∑ i |∂^αA_i(x)| ≤ C_α(1 + ||x||^2)^{−p−|α|} (4.14)

In [CKS] it was proved that Δ_{g,A}, regarded as operator in H with domain C^∞_0 (R^n ) ⊗ W, is essentially self–adjoint. Let H = H_{g,A} be the corresponding self–adjoint extension. Furthermore let

Δ_0 = − n∑ i=1 ∂^2 ∂x^2_i ⊗ Id_W

and let H_0 be the self–adjoint extension of Δ_0. H and H_0 are nonnegative self–adjoint operators in H. The following results, which we summarize as a proposition, were established in [CKS]. Proposition 4.2. Suppose that p > 1. Then

a) The wave operators W_±(H, H_0) exist and are complete.

b) H has no point spectrum.

c) The singular continuous spectrum of H is empty.

If p > n, it follows from [Ro], [Br] that for t > 0, e^{−tH} − e^{−tH0} is a trace class operator and as t → 0, there is an asymptotic expansion of the form

Tr(e^{−tH} − e^{−tH0} ) ∼ ∑ j≥0 a_jt^{−n/2+j} . (4.15)

Thus for m > 0, the pair of operators (H + m, H_0 + m) satisfies (1.1) – (1.3) and the relative zeta function ζ(s; H + m, H_0 + m) can be defined in Re(s) > n/2 by the usual formula

ζ(s; H + m, H_0 + m) = Tr ( (H + m)^{−s} − (H_0 + m)^{−s} ) . (4.16)

Remark. In a more general context, such zeta functions have been studied by Bruneau [Br] in his thesis. Bruneau considers a certain class of elliptic operators in R^n which, for example, includes the Laplacians for asymptotically equal metrics and also the operators of the type (4.13). He then studies relative zeta functions like (4.16).

In order to define the relative zeta function for (H, H_0) itself, we need some information about the behaviour of the scattering matrix at λ = 0. This requires more stringent assumptions. For example, we may assume that

g_{ij} (x) = δ_{ij} , i, j = 1, . . . , n, A_j(x) = 0, j = 1, . . . , n for ‖ x ‖≥ R. Then Δ_{g,A} = Δ_0 outside a compact set. If n is odd, it follows from Theorem 1.1 of [SZ] that (H − λ^2)^{−1}, Im(λ) > 0 has a continuation to a meromorphic function of λ ∈ C with values in the operators from L^2_{comp}(R^n ) ⊗ W to L^2_{loc}(R^n ) ⊗ W . Let S(λ) = S(λ; H, H_0) be the scattering matrix. Then, using the analytic continuation of the resolvent, it follows that S(λ^2) extends to a meromorphic function of λ ∈ C . We now can procced in essentially the same way as in the case of the Schrödinger operator in odd dimensions. In particular, the relative determinant det(Δ_{g,A}, Δ_0) exists and we can study it as a function of the metric g and the gauge field A.

In the same way, one can study Dirac operators on R^n coupled to a gauge field. For example, consider the Dirac operator on R^3 :

D_A = c 3∑ j=1 γ_j ( ∂ ∂x_j + iA_j (x) ) + mc^2γ_4 + V (x), x ∈ R^3 ,

where c > 0 is the speed of light, γ_1, ...γ_4 are the Dirac matrices, V is the electric potential, m is the mass and A = (A_1, A_2, A_3) is the magnetic field. We assume that the potential V and the magnetic field A are C^∞ and satisfy the following assumption:

For each α ∈ N^3 , there exists C_α > 0 such that |∂^αA(x)| + |∂^αV (x)| ≤ C_α(1 + |x|^2)^{−p−|α|}, x ∈ R^3 , where p > 0 is independent of α.

Then D_A is essentially self–adjoint in (L^2(R^3 ))^4. Let D_0 be the free Dirac operator, i.e. the Dirac operator with magnetic field A = 0. If p > 1, then the wave operators W_±(D_A, D_0) exist and are complete. The singularly continuous spectrum of D_A is empty and the essential spectrum of D_A equals (−∞, −mc^2] ∪ [mc^2, ∞) (cf. [Th]). In particular, if m > 0, then the continuous spectrum of D_A has a gap at zero. It is proved in [Br], [Br1] that the operators (D_A, D_0) satisfy (1.11) and (1.12). Due to the gap of the continuous spectrum, Tr (D_A exp(−tD^2_A) − D_0 exp(−tD^2_0)) is exponentially decreasing for t → ∞. Thus we can define the relative eta invariant η(D_A, D_0). Moreover, det(|D_A|, |D_0|) also exists and therefore, det(D_A, D_0) exists too and is given by (3.19).

4.3. Manifolds with cylindrical ends. Let M be a compact n– dimensional C^∞ manifold with smooth boundary Y . Let X be the non-compact manifold obtained from M by gluing the bottom of the half–cylinder R^+ × Y to the boundary of M, i.e.

X = M ∪_Y (R^+ × Y )

We equip X with a Riemannian metric g which is a product on R^+ ×Y, i.e. on R^+ × Y , g takes the form

g = du^2 + h,

where h is the pull–back of a metric on Y. Then X equipped with g is called a ”manifold with a cylindrical end”. In this way, we obtain a natural class of complete Riemannian metrics on X. We also may consider larger classes of metrices which are obtained by perturbations of cylindrical end metrics. For example, we may require that the perturbation together with all its derivatives is exponentially decreasing if u → ∞, where u is the radial variable on the cylinder. If we change coordinates by v = e^{−u}, then we get a metric on the compact manifold M. Let x be a defining function of ∂M. Then near the boundary, the metric g has the form dx^2 x^2 + h, where h is a semi–positive metric on M which restricts to a non– degenerate metric on ∂M. These are the exact b–metrics studied by Melrose [Me1], [Me2]. Another possible condition would be to require that the perturbation and a finite number of its derivatives decay like (1 + u^2)^{−p}, for some p > 1.

Here we shall restrict attention to metrics which are exact products on the cylinder. But most of the results extend to larger classes of metrics; for example, to the class of exact b–metrics. Let X be equipped with a cylindrical end metric and let Δ be the corresponding Laplacian. Then Δ is essentially self–adjoint and we continue to denote its unique self–adjoint extension by Δ. Now, we shall briefly describe some facts concerning the spectral decomposition of Δ. For details see [Me1], [Mu3]. The spectrum of Δ is the union of a pure point spectrum σ_{pp}(Δ) and the absolutely continuous spectrum σ_{ac}(Δ). The point spectrum σ_{pp}(Δ) consists of eigenvalues of finite multiplicity with no finite point of accumulation [Do]. Let

0 < λ_1 ≤ λ_2 ≤ λ_3 ≤ · · · → ∞

be the sequence of eigenvalues where each eigenvalue is repeated according to its mulitplicity. Let N_{pp}(λ) = # {j | λ_j ≤ λ} . It was proved by Christiansen and Zworski [CZ] that there exists C > 0 such that

N_{pp}(λ) ≤ C(1 + λ)^{n/2}, λ ≥ 0, (4.17)

n = dim X. The first result of this type is due to Donnelly [Do], who proved a similar bound with n replaced by 2n − 1. We note that (4.17) is the optimal bound [CZ]. The estimate (4.17) implies that for t > 0, ∑ i e^{−tλi} < ∞. (4.18) Let L^2_p(X) ⊂ L^2(X) be the subspace spanned by the L^2–eigenfunctions of Δ. Then it follows from (4.18) that e^{−tΔ}|L^2_p(X) is a trace class operator and Tr ( e^{−tΔ}|L^2_p(X) ) = ∑ j e^{−tλj} . (4.19) Now note that on R^+ × Y , one has

Δ = −

∂^2 ∂u^2 + Δ_Y . (4.20)

Therefore, standard perturbation theory implies that the continuous spectrum of Δ is governed by the Laplacian Δ_Y of Y . We regard the right hand side of (4.20) as operator in L^2(R^+ × Y ) with domain C^∞_0 (R^+ ×Y ) and impose Dirichlet boundary conditions at the bottom of the half–cylinder. Let Δ_0 be the corresponding self–adjoint extension. Then e^{−tΔ} − e^{−tΔ0} is a trace class operator for t > 0. Hence, by the Birman-Kato invariance principle, the wave operators W_±(Δ, Δ_0) exist and are complete. Therefore, Δ_{ac} is unitarily equivalent to Δ_0. Let

0 = μ_0 < μ_1 < μ_2 < · · · → ∞

be the sequence of eigenvalues of Δ_Y . Then it follows that

σ_{ac}(Δ) = ∞⋃ j=0 [μ_j, ∞), i.e. the μ_j’s are the thresholds of the continuous spectrum. At each threshold there starts a new branch of the continuous spectrum with multiplicity equal to the rank of the corresponding eigenspace.

A more explicit description of the continuous spectrum can be given in terms of generalized eigenfunctions. Let E(μ_k) be the eigenspace for the eigenvalue μ_k of Δ_Y . Let ϕ ∈ E(μ_k) and let λ > μ_k be different from all thresholds. Then there exists a unique eigenfunction E(ϕ, λ) ∈ C^∞(X) of Δ with eigenvalue λ which on R^+ × Y has the following expansion E(ϕ, λ, (u, y)) =e^{iu√λ−μk} ϕ(y) + ∑ μ_l<λ e^{−iu√λ−μl} (T_{kl}(λ)ϕ) (y) + Ψ, (4.21)

where Ψ ∈ L^2(R^+ × Y ) and T_{kl}(λ) : E(μ_k) → E(μ_l) is a linear operator. Furthermore, each generalized eigenfunction E(ϕ, λ) extends to a meromorphic function of λ ∈ Σ where Σ is the minimal Riemann surface to which all functions √ λ − μ_k, k ∈ N, extend to be holomorphic. This is a consequence of the extension of the resolvent (Δ − λ)^{−1}, as operator in certain weighted L^2 spaces, to a meromorphic function of λ ∈ Σ (see [Mu4], [Me1]). More precisely, let ρ ∈ C^∞(X) be such that ρ(u, y) = u for (u, y) ∈ [1, ∞) × Y . For δ ∈ R, let L^2_δ (X) be the Hilbert space of all measurable functions on X which are square integrable with respect to the measure e^{2ρ(x)}dx. Then the following holds:

Theorem 4.3. Let δ > 0. Then the resolvent (Δ − λ)^{−1/2}, as operator from L^2_δ (X) to L^2_{−δ} (X), extends to a holomorphic function of λ ∈ Σ.

For the proof see [Me1]. One also can adapt the method described in [Mu4]. Let S_{kl}(λ) = ( λ − μ_k λ − μ_l )_{1/4} T_{kl}(λ) (4.22)

and put S(λ) = ⨁ μ_k ,μ_l<λ S_{kl}(λ). Then S(λ): ⨁ μ_k<λ E(μ_k) → ⨁ μ_k<λ E(μ_k) is equal to the scattering matrix S(λ; Δ, Δ_0). Since the generalized eigenfunctions are meromorphic functions of λ ∈ Σ, the same holds for T_{kl}(λ) and therefore, for S_{kl}(λ) too. This leads to the following result about the structure of the scattering matrix.

Proposition 4.4. The scattering matrix S(λ) is a unitary operator of finite rank which depends smoothly on λ ∈ (μ_{j−1}, μ_j) for all j ∈ N, and its rank changes when λ crosses a threshold. Moreover, the coefficients of S(λ) extend to meromorphic functions on Σ.

We note that if 0 < λ < μ_1, then S(λ) is a scalar and S(λ^2) extends to a meromorphic function on {z ∈ C | |z| < μ_1} which is regular at λ = 0. In particular, S(λ) is a holomorphic function in a small neighborhood of the origin. Thus, condition 2) of Proposition 2.4 is satisfied and it remains to show that the spectral shift function ξ(λ) = ξ(λ; Δ, Δ_0) is continuous in some interval (0, ϵ), ϵ > 0. To study ξ(λ) one may use the definition (2.1) of the spectral shift function and proceed along lines similar to [JK2]. However, for our present purpose, we also can use the trace formula proved by Christiansen [Ch] for exact b-metrics (see [Me2, Chapter 7]). The trace that is used by Christiansen is a regularization of the trace for operators with continuous kernels, called b-trace, which was introduced by Melrose [Me1]. The trace formula computes the b-trace of cos ( t √ Δ ) , as tempered distribution, in terms of spectral data. But the b-trace of cos ( t √ Δ ) is closely related to the trace of cos ( t √ Δ ) − cos ( t √ Δ_0 ) , taken in the distributional sense.

Therefore, the b-trace formula gives rise to a relative trace formula. For example, the b-trace of e^{−tΔ} is given by

b- Tr ( e^{−tΔ} ) = lim_{R→∞} {∫ X_R e^{−tΔ}(x, x) dx − R √ 4πt Tr ( e^{−tΔY} ) }

where X_R = M ∪_Y ([0, R] × Y ).

Now note that the kernel of e^{−tΔ0} equals 1 √ 4πt { exp ( − (u − u^′)^2 4t ) − exp ( − (u + u^′)^2 4t )} e^{−tΔY} (y, y^′). Thus, we get Tr ( e^{−tΔ} − e^{−tΔ0} ) = lim_{R→∞} {∫ X_R e^{−tΔ}(x, x) dx − ∫ [0,R]×Y e^{−tΔ0} (x, x) dx }

= lim_{R→∞} {∫ X_R e^{−tΔ}(x, x) dx − R √ 4πt Tr ( e^{−tΔY} )}

+ 1 √ 4πt ∫_∞ 0 e^{−u2/t} du Tr ( e^{−tΔY} )

= b- Tr ( e^{−tΔ} ) + 1 4 Tr ( e^{−tΔY} ) . Since e^{−tΔ} can be expressed in terms of cos ( t √ Δ ) by e^{−tΔ} = 1 √ 4πt ∫ R e^{−u2/4t} cos ( u √ Δ ) du, the application of the b-trace formula leads to the following relative trace formula

Tr ( e^{−tΔ} − e^{−tΔ0} ) = ∑ j e^{−tλj} + 1 2 ∞∑ k=1 dim E(μ_k)e^{−tμk} + 1 4 Tr(S(0)) + 1 2πi ∫_∞ 0 e^{−tλ} d dλ log det S(λ) dλ.

(4.23)

Remark. An analogous trace formula holds for φ(Δ) − φ(Δ_0) where φ is any function in C^∞_0 (R). It follows from Proposition 2.1 that in order to establish the trace formula, it is sufficient to determine the spectral shift function up to an additive constant. On the other hand, one can compute the spectral shift function explicitly using the eigenfunction expansion of the corresponding kernels. This approach was used in [Mu5] to compute the spectral shift function for spinor Laplacians on finite volume locally symmetric spaces of Q–rank one. The computations for manifolds with cylindrical ends are similar, in fact, they are easier.

Using the trace formula (4.23) together with the fact that S(λ^2) is holomorphic in a neighborhood of λ = 0, it follows that as t → ∞, we have an asymptotic expansion of the form Tr ( e^{−tΔ} − e^{−tΔ0} ) ∼ dim ker Δ + 1 4 Tr (S(0)) + ∞∑ j=1 c_j t^{−j/2}. To determine the asymptotic behaviour as t → 0, we may use the standard parametrix construction which implies that there is an asymptotic expansion of the form Tr ( e^{−tΔ} − e^{−tΔ0} ) ∼ ∞∑ j=0 a_j t^{−n/2+j} as t → 0. Hence, conditions (1.1) – (1.3) hold and the relative zeta function ζ(s; Δ, Δ_0) is a meromorphic function of s ∈ C . Using the trace formula (4.23), the zeta function can be expressed in terms of the eigenvalues and the scattering phase shift. First we note that by the main result of [CZ], the scattering phase satisfies ∫_Λ 0 d dz log det S(λ) dλ = O(Λ^n)

as Λ → ∞. Let z ∈ C , Re(z) > 0. Then, using (4.23), it follows that for Re(s) > n, we have

ζ(s; Δ + z, Δ_0 + z) = ∑ j (λ_j + z)^{−s} + ∑ k (μ_k + z)^{−s} + 1 2πi ∫_∞ 0 (λ + z)^{−s} d dλ log det S(λ) dλ. (4.24)

The series and the integral are absolutely convergent for s in the given half–plane. There is a similar formula for z = 0, except that the integral has to be defined by analytic continuation using the expansion

log det S(λ) = ∞∑ j=0 d_jλ^{j/2}, |λ| < ε. This expansion is a consequence of the analyticity of S(λ^2) in a neighborhood of λ = 0.

Everything that has been said for the Laplacian Δ on functions extends without any difficulties to generalized Dirac operators. Suppose, for example, that X is a spin manifold and let F → X be a Hermitian vector bundle over X with a Hermitian connection. We assume that all structures are adapted to the product structure on R^+ × Y . Let S be the spinor bundle of X and let D : C^∞(S ⊗ F ) → C^∞(S ⊗ F ) be the associated twisted Dirac operator. Then, on R^+ × Y , D has the following form D = γ ( ∂ ∂u + D_Y ) (4.25)

where γ denotes the Clifford multiplication by the exterior normal vector field to Y and D_Y is a twisted Dirac operator on Y . We note that D is essentially self-adjoint in L^2(S ⊗F ) and we shall denote its unique self–adjoint extension also by D. Let H = D^2 and let H_0 be the closure of − ∂^2 ∂u^2 + D^2_Y : C^∞_0 (R^+ × Y, S ⊗ F ) → L^2(R^+ × Y, S ⊗ F )

obtained by imposing Dirichlet boundary conditions. Then, as above, H, H_0 satisfy the conditions (1.1) - (1.3) and therefore, ζ(s; H, H_0) and det(H, H_0) are well defined. Since, by (4.25), D determines uniquely the operator H_0, det(H, H_0) depends only on D and we shall denote it simply by det(D^2).

Now assume that dim X is even. Then the spinor bundle splits as

S = S^+ ⊕ S^−

and, with respect to this splitting, D takes the form D = ( 0 D_− D_+ 0 ) . Then D_−D_+ and D_+D_− have unique self–adjoint extensions H^+ and H^−, respectively. Note that H = H^+ ⊕ H^−. Similarly, we get H^±_0 such that H_0 = H^+_0 ⊕ H^−_0 . Then the relative determinants det(H^±, H^±_0 ) can be defined as above and we shall denote them by det(D_−D_+) and det(D_+D_−), respectively.

Next we consider families of Dirac operators on manifolds with cylindrical ends. Let M and B be connected Riemannian manifolds and assume that B is compact. Let π : M → B be a Riemannian submersion whose fibres Z_b = π^{−1}(b) are 2k–dimensional manifolds with cylindrical ends. We assume that Z_b is an oriented spin manifold. Such families can be constructed from fibrations of manifolds with boundary along the lines of [BC]. Let F → M be a Hermitian vector bundle which is adapted to the product structure and let D_b be the twisted Dirac operator on the fibre Z_b. Let R^+ ×Y_b be the cylindrical end of Z_b. Then on R^+ × Y_b, D_b has the form

D_b = γ_b ( ∂ ∂u + D_{Yb} ) . Let D denote the corresponding family of Dirac operators. Assume that 0 /∈ Spec(D_{Yb} ) for all b ∈ B. Then for each b ∈ B, D_b has discrete spectrum near zero, and we may construct the determinant line bundle

L = det(kerD_+)^∗ ⊗ det(kerD_−)

in the same way as in [BF1]. Using the determinant det(D_{−,b}D_{+,b}) defined as above, we can equip L with the Quillen metric.

More generally, we may assume that dim ker D_{Yb} is constant. This means that the orthogonal projections P_b of L^2(S ⊗ F |Y_b) onto ker D_{Yb} are a smooth family, i.e. ker D_{Yb} , b ∈ B, gives rise to a smooth vector bundle ker D_Y over B. Then we modify the Dirac operator as follows. Let f ∈ C^∞(R) be such that f(u) = 0 for u ≤ 1 and f(u) = 1 for u ≥ 2. Put ~D_b = D_b − γ_bf(u)P_b. By our assumption, we get an operator with smooth coefficients ~D : C^∞(M, S ⊗ F ) → C^∞(M, S ⊗ F ). Although ~D is not a differential operator, it is easy to see that ~D has similar spectral properties as D. Furthermore, note that on [2, ∞)×Y_b, we have ~D_b = γ_b ( ∂ ∂u + D_{Yb} − P_b )

and by definition, ~D_{Yb} = D_{Yb} − P_b is invertible for all b ∈ B. This means that the continuous spectrum of ~D_b has a gap at zero. Thus, we may proceed as above and construct the determinant line bundle ~L for the family ~D and equip ~L with the Quillen metric. The following lemma implies that the two line bundles are in fact the same. Lemma 4.5. Let ker ~D_b and ker D_b denote the spaces of L^2–solutions of ~D_b and D_b, respectively. Then we have

ker ~D_b = ker D_b, b ∈ B.

Proof. To simplify notation, we skip the subscript b. Let ϕ_j, j ∈ Z, be an orthonoarmal basis of eigenfunctions of D_Y and let λ_j be the corresponding eigenvalues. If φ ∈ ker D, then on R^+ × Y , φ has the following expansion: φ(u, y) = ∑ λ_j >0 a_j e^{−λj u}ϕ_j(y). Thus P φ = 0 and therefore, φ ∈ ker ~D. Now let ψ ∈ ker ~D. The restriction of ψ to R^+ × Y is given by ψ(u, y) = ∑ λ_j >0 b_j e^{−λj u}ϕ_j(y) + ∑ λ_k=0

c_k exp (∫_u 0 f(u) du ) ϕ_k(y). Since f(u) = 1 for u > 2 and ψ is square integrable, it follows that c_k = 0 for all k. Thus P ψ = 0 and hence, Dψ = 0. □

Thus, the determinant line bundle ~L associated to ~D coincides with L. Since for each b ∈ B, the spectrum of ~D_b has a gap at zero, we can construct the Quillen metric as above.

4.4. Surfaces with hyperbolic ends. Let (X, g) be a complete surface of finite area such that the Gaussian curvature K of (X, g) satisfies K ≡ −1 in the complement of a compact set. We call (X, g) a surface with hyperbolic ends. Any such surface X admits a decomposition of the form

X = X_0 ∪ Y_1 ∪ · · · ∪ Y_m,

where X_0 is a compact surface with smooth boundary and Y_i ∼= [1, ∞) × S^1, i = 1, . . . , m, and the metric on Y_i equals

ds^2 = dy^2 + dx^2 y^2 where (y, x) ∈ [1, ∞) × S^1. Each end Y_i is called a cusp of X. Special cases are hyperbolic surfaces of finite area, i.e. surfaces with K ≡ −1 everywhere and Area(X) < ∞. Then there exists a discrete torsion free subgroup Γ ⊂ SL(2, R) of finite co-volume such that X = Γ\H where H denotes the upper half-plane equipped with the Poincaré metric. Examples are the well known surfaces Γ(N)\H where Γ(N) ⊂ SL(2, Z) is the principal convergence subgroup of level N.

Let Δ be the Laplacian of X. Then Δ is essentially self–adjoint in L^2(X). The structure of the spectrum σ(Δ) of Δ is well known (see e.g. [Mu2]). Namely, σ(Δ) is the union of the absolutely continuous spectrum σ_{ac}(Δ), and the pure point spectrum σ_{pp}(H). The point spectrum consists of a sequence of eigenvalues 0 = λ_0 < λ_1 ≤ λ_2 ≤ · · · of finite multiplicity. The only possibly point of accumulation of the eigenvalue sequence is ∞ and, as proved by Colin de Verdiere [CV2], for a generic metric there exist only finitely many eigenvalues which are all contained in [0,1/4).

The absolutely continuous spectrum equals [1/4, ∞) with multiplicity equal to the number of cusps m. Let Δ_0 be the self–adjoint extension of the operator − m∑ i=1 y^2_i d^2 dy^2_i : m⨁ i=1 C^∞_0 ([1, ∞)) → m⨁ i=1 L^2 ( [1, ∞), y^{−2}_i dy_i )

with respect to Dirichlet boundary conditions. If we regard a function on [1, ∞) as a function on [1, ∞) × S^1 ∼= Y_i which is independent of the second variable, then we get a canonical inclusion m⨁ i=1 L^2 ( [1, ∞), y^{−2}_i dy_i ) ⊂ L^2(X). (4.26)

Hence, we may consider e^{−tΔ0} as an operator in L^2(X) which is equal to zero in the orthogonal complement of the image of the inclusion (4.26). With this identification, it was proved in [Mu1] that e^{−tΔ} − e^{−tΔ0} is a trace class operator for every t > 0. Thus Δ_{ac} and Δ_0 are unitarily equivalent. Moreover, there exists a complete set of generalized eigenfunctions E_i(z, s), i = 1, ..., m, which are meromorphic functions of s ∈ C satisfying ΔE_i(z, s) = s(1 − s)E_i(z, s), s ∈ C . Furthermore, each E_i(z, s) is regular on the line Re(s) = 1/2. The restriction of E_i(z, s) to the cusp Y_j can be expanded in a Fourier series and the zeroth Fourier coefficient has the form δ_{ij} y^s_j + C_{ij} (s)y^{1−s}_j . Put C(s) = ( C_{ij} (s) ) . Then C(s) is a meromorphic matrix valued function which satisfies the following functional equation C(s)C(1 − s) = Id. Moreover, the scattering matrix S(λ) = S(λ; Δ, Δ_0) is related to C(s) by S ( 1 4 + λ^2 ) = C ( 1 2 + iλ ) , λ ∈ R. (4.27) Hence S(λ) has an extension to a meromorphic function on the double covering of C defined by λ = s(1 − s) and we have S(s(1 − s)) = C(s).

Using the generalized eigenfunctions, the spectral shift function ξ(λ) = ξ(λ; Δ, Δ_0) can be computed explicitly. Together with Proposition 2.1, this leads to the following trace formula Tr ( e^{−tΔ} − e^{−tΔ0} ) = ∑ j e^{−tλj} + 1 4 Tr (S(1/4)) e^{−t/4} − 1 2πi ∫_∞ 1/4 e^{−tλ} d dλ log det S(λ) dλ = ∑ j e^{−tλj} + 1 4 Tr (C(1/2)) e^{−t/4} − 1 4πi ∫_∞ −∞ e^{−(1/4+λ2 )t} d dλ log det C(1/2 + iλ) dλ

(4.28)

where we have used (4.27).

Remark. There is a similar trace formula for cos ( t √ Δ ) − cos ( t √ Δ_0 ) . If X is hyperbolic, i.e. X = Γ\H, then the left hand side of this trace formula can be rewritten as a sum of orbital integrals where the sum runs over the conjugacy classes in Γ. This is then the Selberg trace formula.

It follows from (4.28) that as t → ∞, we have Tr ( e^{−tΔ} − e^{−tΔ0} ) = 1 + O(e^{−ct})

for some c > 0. Furthermore, using Theorem 8.20 of [Mu1], we obtain the following asymptotic expansion for t → 0: Tr ( e^{−tΔ} − e^{−tΔ0} ) = Area 4πt + m 2 log t √ 4πt + 3γm 2 1 √ 4πt + χ(X) 6 + O( √ t) (4.29)

Here γ is Euler’s constant and χ(X) is the Euler characteristic of X. The higher order terms are similar. This is an example where logarithmic terms arise naturally. Summarizing, it follows that Δ, Δ_0 satisfy (1.1) - (1.3) and therefore, the relative zeta function ζ(s; Δ, Δ_0) exists.

Using (4.28), it follows that for Re(s) > 1, the relative zeta function is given by

ζ(s; Δ, Δ_0) = ∑ λ_j >0 λ^{−s}_j + 4^{s−1} Tr(C(1/2))

− 1 2πi ∫_∞ 1/4 λ^{−s} d dλ log det S(λ) dλ.

By (4.29), ζ(s; Δ, Δ_0) has a meromorphic continuation to C which is holomorphic at s = 0. In particular, we can define the relative determinant det(Δ, Δ_0) by (3.1). Since Δ_0 is uniquely determined by Δ, we shall denote the determinant by det Δ.

Remark. A different regularization of a relative determiant for surfaces with hyperbolic ends was introduced by Lundelius [Lu]. We recall his definition. Let X_i, i = 1, 2, be two surfaces with hyperbolic ends and assume that the number of ends is the same for both surfaces. Let Δ_i, i = 1, 2, be the Laplacian of X_i. By assumption there exist open relatively compact subsets K_i ⊂ X_i such that X_1 − K_1 = X_2 − K_2 and Δ_1|(X_1 − K_1) = Δ_2|(X_2 − K_2). Let

H = L^2(X_1) ⊕ L^2(K_2) ∼= L^2(X_2) ⊕ L^2(K_1).

Then we may regard Δ_i as unbounded operator in H which is zero in L^2(K_j ), i ≠ j, i, j = 1, 2. Moreover, e^{−tΔ1} − e^{−tΔ2} is a trace class operator for t > 0 and (1.2), (1.3) hold for (Δ_1, Δ_2). Thus, one can define det(Δ_1, Δ_2). This is the relative determinant used by Lundelius. It is closely related to our definition. In fact, it follows from the definitions that det(Δ_1, Δ_2) = det Δ_1 det Δ_2 . Next consider the differentiability of the determinant. It follows from Proposition 3.5 that det Δ is a differentiable function on the space of all metrics with hyperbolic ends. For example, let g_0 be any metric with hyperbolic ends and let f ∈ C^∞_0 (X). Put g_u = e^{uf} g_0, u ∈ R. Then g_u is also a metric with hyperbolic ends. Let Δ_{gu} be the Laplacian with respect to g_u. Then

Δ_{gu} = e^{−uf} Δ_{g0}

and it follows as in [OPS] that − d du log det Δ_{gu} | u=0 = ∫ X f(x) ( K_0(x) 12π − 1 A_0 ) dμ_0(x)

where K_0(x), A_0 and dμ_0 are the Gaussian curvature, the area and the volume element of (X, g_0), respectively. Thus one can study critical points of det Δ for finite area surfaces with hyperbolic ends in the same way as in [OPS].

In the present case, det Δ can be expressed in a different way using the eigenvalues of Δ and the resonances. Here resonances are defined in terms of an analytic continuation of the resolvent of Δ to a meromorphic function with values in the linear operators from L^2_{comp}(X) to

L^2_{loc}(X) (see [Mu4]). A resonance is then, by definition, a pole of the analytic continuation of the resolvent which does not correspond to an eigenvalue in the sense that the pole is either not an eigenvalue or its multiplicity (defined in a proper sense) is bigger than the dimension of the eigenspace. Let R(Δ) be the set of all poles of the analytic continuation of the resolvent. For each η ∈ R(Δ) one can define an algebraic multiplicity m(η). In fact, there is a nonself–adjoint operator B – the generator of the Lax–Phillips semigroup – such that R(Δ) equals the set of generalized eigenvalues of B and m(η) is then the algebraic multiplicity of this eigenvalue [Mu2].

We note that resonances can also be defined as poles of the scattering matrix which we regard as a function on the double covering of C defined by λ = s(1 − s).

Now the resonance set R(Δ) can be used as a discrete set of spectral parameters in the same way as the eigenvalues are used in the case of a compact Riemannian manifold. For example, there is an analogue of Weyl’s formula [Mu2], [Pa], and also a trace formula [Mu2]. In particular, one can introduce the resonance zeta function which is defined by ζ_{Res}(s) = ∑ η∈R(Δ) η≠1 m(η) (1 − η)^s

. (4.30)

This series is absolutely convergent for Re(s) > 2 and admits a meromorphic continuation to C which is holomorphic at s = 0. Using this zeta function, we define a second regularized determinant by

det_{Res}Δ = exp ( − d ds ζ_{Res}(s) | | |_{s=0} ) . Then formally, one has

det_{Res}Δ = ∏ η∈R(Δ) η≠1 |1 − η|^{2m(η)}.

Furthermore, the two determinants are closely related. Namely, we have

det Δ = exp ( Area(X) 8π − 3πγ 2 m ) det_{Res}Δ where γ is Euler’s constant [Mu2]. More generally, for Re(z) > 1, we can define ζ_{Res}(s; z) = ∑ η∈R(Δ) η≠1 m(η) (z − η)^s , Re(s) > 2. (4.31)

Then, as a function of s, ζ_{Res}(s; z) has a meromorphic continuation to C and s = 0 is not a pole. Put

det_{Res}(Δ + z − 1) = exp ( − ∂ ∂s ζ_{Res}(s; z) | | |_{s=0} ) . For a hyperbolic surface Γ\H of finite area, det_{Res}(Δ+z −1) can be expressed in terms of the Selberg zeta function Z_Γ(s) and the determinant of the scattering matrix S(λ). First recall that

Z_Γ(s) = ∏ γ ∞∏ k=0 ( 1 − e^{−(s+k)ℓ(γ)} ) , Re(s) > 1, where γ runs through the primitive closed geodesics and ℓ(γ) is the length of γ. Furthermore, we write the spectral parameter λ as usually as λ = z(1 − z), z ∈ C , and regard the scattering matrix as a function of z. Then

det^2_{Res}(Δ + z − 1)

= detS(z)Z_Γ(z)^2Z_∞(z)^2Γ(z + 1/2)^{−2m}e^{c(2z−1)+d}, (4.32)

where c and d are certain constants that depend on Area(Γ\H) and m, and Z_∞(s) = ( (2π)^sΓ_2(s)^2/Γ(s) )Area_{(Γ\H)/2π} with Γ_2(s) being the double Gamma function (see [Mu2]). It follows from (4.32) that det_{Res}(Δ + z − 1) extends to an analytic function on C with the set of zeros equal to R(Δ). We claim that this holds in general.

If Γ = SL(2, Z), then the scattering matrix is a function S(z) which is given in terms of the Riemannian zeta function ζ(s) by S(z) = √ π Γ(z − 1/2)

Γ(z) ζ(2z − 1) ζ(2z) . [He]. Thus in this case, the resonances are precisely the numbers ρ/2 where ρ runs over the nontrivial zeros of the Riemann zeta function. Furthermore, det_{Res}(Δ + z − 1) can be factorized in the product of two determinants where the first one is defined in terms of the eigenvalues similar to (0.3) and the second one is defined in terms of the nontrivial zeros ρ of ζ(s). We describe the second determinant. For Re(z) > 1 consider the Dirichlet series ζ(s, z) = (2π)^s ∑ ρ (z − ρ)^{−s} (4.33)

where arg(z − ρ) ∈ (−π/2, π/2). It was proved in [De] that (4.33) converges absolutely for Re(s) > 1 and for fixed z, it has an analytic continuation to a holomorphic function of s ∈ C \{1}. Moreover, one has 2^{−1/2}(2π)^{−2}π^{−z/2}Γ(z/2)ζ(z)z(z − 1)

= exp ( − ∂ ∂s ξ(s, z) | | |_{s=0} ) . (4.34)

The right hand side is then the determinant associated with the resonances. Note that (4.33) resembles (4.31). This analogy becomes even closer if we recall Colin de Verdiere’s result that for a generic metric, the number of eigenvalues is finite [CV2].

Remark. In conclusion, one can say that for a surface with hyperbolic ends, the resonances can be used as a substitute for the eigenvalues of the Laplacian of a compact surface. It would be very interesting to see if in other cases, the resonances play a similar role.

Everything that we described here for surfaces can be extended to the case of manifolds with ends of hyperbolic type as studied in [Mu1]. Furthermore, the Laplacian on forms can be treated in the same way. In particular, we can introduce the L^2 analytic torsion for hyperbolic manifolds of finite volume.

Another interesting problem is the investigation of the finer structure of the distribution of resonances in the case of surfaces with hyperbolic ends. This should be seen in connection with quantum chaos [Sa].

References

[APS1] M.F. Atiyah, V.K. Patodi and I.M. Singer, Spectral asymmetry and Riemannian geometry, I, Math. Proc. Camb. Phil. Soc. 77 (1975), 43 - 69.

[APS3] M.F. Atiyah, V.K. Patodi and I.M. Singer, Spectral asymmetry and Riemannian geometry, III, Math. Proc. Camb. Phil. Soc. 79 (1976), 71 - 99. [BC] J.-M. Bismut and J. Cheeger, Families index for manifolds with boundary, super connections, and cones, I, Journal Funct. Analysis 90 (1990), 306 - 354.

[BF1] J.-M. Bismut and D.S. Freed, The analysis of elliptic families, I. Metrics and connections on determinant bundles, Commun. Math. Phys. 106 (1986), 159 - 176.

[BK] M.Sh. Birman and M.G. Krein, On the theory of wave operators and scattering operators, Dokl. Akad. Nauk SSSR 144 (1962), 475 - 478; English transl. in Soviet Math. Dokl. 3 (1962).

[Br] V. Bruneau, Propriétés asymptotiques du spectre continu d’opérateurs de Dirac, These de Doctorat, Université de Nantes, 1995.

[Br1] V. Bruneau, Sur le spectre continu de l’opérateur de Dirac: formule de Weyl, limite non-relativiste, C.R. Acad. Sci. Paris 322 (1996), 43 - 48.

[BY] M.Sh. Birman and D.R. Yafaev, The spectral shift function. The work of M.G. Krein and its further development, St. Petersburg Math. J. 4 (1993), 833 - 870.

[Bu] U. Bunke, Relative index theory, J. Funct. Analysis 105 (1992), 63 - 76. [Ch] T. Christiansen, Scattering theory for manifolds with asymptotically cylindrical ends, J. Funct. Analysis 131 (1995), 499 - 530.

[CZ] T. Christiansen and M. Zworski, Spectral asymptotics for manifolds with cylindrical ends, Ann. Inst. Fourier, Grenoble 45 (1995), 251 - 263.

[CKS] P. Cotta-Ramusino, W. Krüger and R. Schrader, Quantum scattering by external metrics and Yang-Mills potentials, Ann. Inst. Henri Poincaré 31 (1979), 43 - 71.

[CV] Y. Colin de Verdiere, Une formule de traces pour l’opérateur de Schrödinger dans R^3 , Ann. scient. Éc. Norm. Sup. 4^e série, 14 (1981), 27 -39.

[CV2] Y. Colin de Verdiere, Pseudo-Laplaciens II, Ann. Inst. Fourier, Grenoble 33 (1983), 87 - 113.

[De] C. Deninger, Local L-factors of motives and regularized determinants, Invent. math. 107 (1992), 135 - 151.

[Do] H. Donnelly, Eigenvalue estimates for certain noncompact manifolds, Michigan Math. J. 31 (1984), 349 - 357.

[Gi] P.B. Gilkey, Invariance theory, the heat equation, and the Atiyah-Singer index theorem, second edition, CRC Press, Boca Raton, Ann Arbor, 1995.

[GMS] R.E. Gamboa Saravi, M.A. Muschietti, F.A. Schaposnik, and J.E.

Solomin, ζ-function method and the evaluation of fermion currents, J. Math. Phys. 26 (1985), 2045 - 2049.

[Gu1] L. Guillopé, Une formule de trace pour l’opérateur de Schrödinger dans R^n , These de 3eme cycle, Grenoble, 1981.

[Gu2] L. Guillopé, Asymptotique de la phase de diffusion pour l’opérateur de Schrödinger avec potentiel, C.R. Acad. Sci. Paris 293 (1981), 601 - 603.

[H] S.W. Hawking, Zeta function regularization of path integrals in curved space time, Commun. Math. Phys. 55 (1977), 133 - 148.

[He] D.A. Hejhal, The Selberg trace formula and the Riemann zeta function, Duke Math. J. 43 (1976), 441 - 482.

[J1] A. Jensen, Spectral properties of Schrödinger operators and time-decay of the wave functions, results in L^2(R^m ), m ≥ 5, Duke Math. J. 47 (1980), 57 - 80.

[JK] A. Jensen and T. Kato, Spectral properties of Schrödinger operators and time-decay of the wave functions, Duke Math. J. 46 (1979), 583 - 611.

[JK2] A. Jensen and T. Kato, Asymptotic behaviour of the scattering phase for exterior domains, Commun. Partial Diff. Equations 3 (1978), 1165 - 1195.

[JL] J. Jorgenson and R. Lundelius, Continuity of relative hyperbolic spectral theory through metric degeneration, Duke Math. J. 84 (1996), 47 - 81.

[K1] T. Kato, Perturbation theory for linear operators, Springer-Verlag, Berlin, 1966.

[K2] T. Kato, Wave operators and unitary equivalence, Pacific J. Math. 15 (1965), 171 - 180.

[Kr] M.G. Krein, On the trace formula in perturbation theory, Mat. Sbornik 33(75) (1953), 597 - 626. (Russian) [Lu] R. Lundelius, asymptotics of the determinant of the Laplacian on hyperbolic surfaces of finite volume, Duke Math. J. 71 (1993), 211 - 242.

[Me1] R.B. Melrose, The Atiyah-Patodi-Singer index theorem, A.K. Peters, Boston, 1993.

[Me2] R.B. Melrose, Geometric scattering theory, Cambridge University Press, Cambridge, 1995.

[Mu1] W. Müller, Spectral theory for Riemannian manifolds with cusps and a related trace formula, Math. Nachrichten 111 (1983), 197 - 288.

[Mu2] W. Müller, Spectral theory and scattering theory for certain complete surfaces of finite volume, Invent. math. 109 (1992), 265 - 305.

[Mu3] W. Müller, Eta invariants and manifolds with boundary, J. Differential Geom. 40 (1994), 311 - 377.

[Mu4] W. Müller On the analytic continuation of rank one Eisenstein series, Geometric and Functional Analysis 6 (1996), 572 - 586.

[Mu5] W. Müller, Manifolds with cusps of rank one, Lecture Notes in Math.

1244, Springer-Verlag, Berlin, 1987.

[Mu6] W. Müller, Relative determinants of elliptic operators and scattering theory, Journees ”Equations aux derivees partielles”, Saint-Jean-de Monts 1996, Ecole Polyt.

[OPS] B. Osgood, R. Phillips, and P. Sarnak, Extremals of determiants of Laplacians, J. Funct. Anal. 80 (1988), 148 - 211.

[Pa] L.B. Parnovski, Spectral asymptotics of the Laplace operator on surfaces with cusps, Math. Annalen 303 (1995), 281 - 296.

[RS1] D.B. Ray and I.M. Singer, R-torsion and the Laplacian on Riemannian manifolds, Advances in Math. 7 (1971), 145 - 210.

[RS] M. Reed and B. Simon, Methods of mathematical physics, IV, Academic Press, London, 1978.

[R] D. Robert, Asymptotique a grande énergie de la phase de diffusion pour un potentiel, Asymptotic Analysis, 3 (1991), 301 - 320.

[Ro] D. Robert, Asymptotique de la phase de diffusion a haute énergie pour des perturbations du second ordre du Laplacien, Ann. scient. Éc. Norm. Sup. 4^e série, 25 (1992), 107 - 134.

[Sa] P. Sarnak, Arithmetic quantum chaos, Israel Math. Conf. Proc. 8 (1995), 183 - 236.

[Se] R.T. Seeley, Complex powers of an elliptic operator, Proc. Symp. Pure Math. 10 (1967), 288 -307.

[Si] Singer, I.M.: I.M. Singer, Families of Dirac operators with applications to physics, In: Élie Cartan et les Mathématiques d’aujourd’hui, Astérisque 1985, Numéro Hors Série.

[SZ] J. Sjöstrand and M. Zworski, Complex scaling and the distribution of scattering poles, J. Amer. Math. Soc. 4 (1991), 729 - 769.

[Th] B. Thaller, The Dirac equation, Texts and Monographs in Physics, Springer-Verlag, 1992.

[Y] D.R. Yafaev, Mathematical scattering theory, Translations of Mathematical Monographs, Vol. 105 (1992), AMS.

Universität Bonn, Mathematisches Institut, Beringstrasse 1, D – 53115 Bonn, Germany

E-mail address: mueller@rhein.iam.uni-bonn.de