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Abstract. In this paper we study the analytic torsion for a complete oriented hyperbolic
manifold of finite volume. This requires the definition of a regularized trace of heat
operators. We use the Selberg trace formula to study the asymptotic behavior of the
regularized trace for small time. The main result of the paper is a new approach to deal
with the weighted orbital integrals on the geometric side of the trace formula.

1. Introduction

Let G = SO0(d, 1) and K = SO(d). Then K is a maximal compact subgroup of G. Let

X̃ := G/K. Equipped with a suitably normalized invariant metric, X̃ is isometric to the
hyperbolic space Hd of dimension d. Let Γ ⊂ G be a lattice, i.e. a discrete subgroup

with vol(Γ\G) < ∞. Assume that Γ is torsion free. Then X := Γ\X̃ is an oriented
hyperbolic d-manifold of finite volume. Let τ be an irreducible finite dimensional complex
representation of G. Let Eτ be the flat vector bundle associated to the restriction of τ to Γ.
By [MM], Eτ can be equipped with a canonical Hermitian fibre metric, called admissible,
which is unique up to scaling. Let ∆p(τ) be the Laplace operator acting in the space of
Eτ -valued p-forms with respect to the metrics on X and in Eτ . In [MP2] we introduced
the analytic torsion TX(τ). If X is compact, TX(τ) is defined in the usual way [RS] by

(1.1) log TX(τ) =
1

2

d∑
p=1

(−1)pp
d

ds

(
1

Γ(s)

∫ ∞
0

(
Tr(e−t∆p(τ))− bp(τ)

)
ts−1 dt

) ∣∣∣∣
s=0

,

where bp(τ) = dim ker(∆p(τ)) and the right hand side is defined near s = 0 by analytic
continuation. In the non-compact case the Laplace operator ∆p(τ) has a nonempty con-
tinuous spectrum and hence, e−t∆p(τ) is not a trace class operator. In [MP2] we introduced
the regularized trace Trreg

(
e−t∆p(τ)

)
of the heat operator which we used to define TX(τ)

by the analogous formula (1.1) with the usual trace replaced by the regularized trace. In
order to show that the Mellin transform of the regularized trace is defined in some half
plane and admits a meromorphic extension to the whole complex plane one needs to know
the behavior of Trreg

(
e−t∆p(τ)

)
as t→ 0 and t→∞. To establish an asymptotic expansion

of Trreg
(
e−t∆p(τ)

)
as t→ 0 we used the Selberg trace formula. The difficult part is to deal
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with the weighted orbital integrals occurring on the geometric side of the trace formula.
In fact, in [MP2] we use the invariant trace formula of [Ho1]. In this way the parabolic
distributions become invariant distributions. To deal with these distributions we applied
the Fourier inversion formula established by W. Hoffmann [Ho2]. This is a very heavy and
quite complicated machinery. Moreover at present, except for SL(3,R), it is not available
in higher rank. The main purpose of this paper is to develop a more simplified method to
deal with the parabolic contribution to the trace formula, which also has a chance to be
extended to the higher rank case.

Next we explain some details of our method. For simplicity we assume that d is odd.
We also assume that Γ satisfies (2.13). Let ν : K → GL(V ) be an irreducible unitary

representation of K. Let Ẽν → X be the associated homogeneous vector bundle over X̃

and let Eν = Γ\Ẽν be the corresponding locally homogeneous vector bundle over X. Let
∇ν be the invariant connection in Eν and let ∆ν = (∇ν)∗∇ν be the associated Bochner-
Laplace operator. Let Aν denote the differential operator which is induced in C∞(X,Eν)
by the action of −Ω, where Ω ∈ Z(gC) is the Casimir element. Then ∆ν = Aν + ν(ΩK),
where ΩK ∈ Z(kC) is the Casimir element of K. Note that ν(ΩK) is a scalar. Hence Aν
is essentially self-adjoint and bounded from below. Therefore the heat semigroup e−tAν is
well defined. The study of the regularized trace of e−t∆p(τ) can be reduced to the study
of the regularized trace of the heat operators e−tAν . Let Hν(t, x, y) be the kernel of e−tAν .
For Y > 1 sufficiently large let X(Y ) be the compact manifold with boundary obtained
from X by truncating X at level Y . It was shown in [MP2] that there exists α(t) ∈ R such
that

∫
X(Y )

trHν(t, x, x) dx− α(t) log Y has a limit as Y →∞. Then we put

Tr
(
e−tAν

)
:= lim

Y→∞

(∫
X(Y )

trHν(t, x, x) dx− α(t) log Y

)
.

Our main result is the following theorem.

Theorem 1.1. For every ν ∈ K̂ there is an asymptotic expansion

(1.2) Trreg
(
e−tAν

)
∼

∞∑
j=0

aj(ν)t−d/2+j/2 log t+
∞∑
k=0

bk(ν)t−d/2+j/2

as t→ 0. Moreover an(ν) = 0.

To prove this theorem, we use the Selberg trace formula as in [MP2]. The connection

with the Selberg trace formula is as follows. Let Ãν be the lift of Aν to the universal

covering X̃ of X. The heat operator e−tÃν is a convolution operator with a smooth kernel
Hν
t : G→ End(V ). Let hνt ∈ C∞(G) be defined by

hνt := trHν
t (g), g ∈ G.

In fact, hνt belongs to Harish-Chandra’s Schwartz space C1(G). In [MP2] it was proved
that Trreg

(
e−tAν

)
equals the spectral side of the Selberg trace formula with respect to the

test function hνt , where the spectral side means the sum of all terms corresponding to the
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discrete and continuous spectrum in the trace formula. Applying the trace formula we are
led to the following equality

Trreg
(
e−tAν

)
= I(hνt ) +H(hνt ) + T (hνt ) + T ′(hνt ),

where I, H, T and T ′ are certain distributions which are associated to the identity, the
hyperbolic conjugacy classes and the parabolic conjugacy classes of Γ, respectively (see
[Wa1]). To study the asymptotic behavior of I(hτ,pt ) as t→ 0, one can use the Plancherel
theorem. Since G has R-rank one, one can use the Fourier inversion formula for regular
semi-simple orbital integrals to study H(hτ,pt ). It follows that H(hτ,pt ) is exponentially
decreasing as t → 0. The distribution T is invariant and can be expressed in terms of
characters. This leads to an asymptotic expansion of T (hνt ) as t → 0. What remains is
to deal with the distribution T ′, which is not invariant. Using standard estimates of heat
kernels, it can be reduced to the study of integrals of the form

(1.3)

∫
Rd−1

e−f(x)/tg(x) log ‖x‖ dx,

where g ∈ C∞c (Rd−1) and f ∈ C∞(Rd−1) has an isolated critical point at x = 0 of index
zero. Then we use the method of the stationary phase approximation to determine the
asymptotic behavior of this integral as t→ 0.

The paper is organized as follows. In section 2 we fix notations and collect some basic
facts. In section 3 we define the regularized trace of the heat operators e−tAν and relate
it to the spectral side of the Selberg trace formula where the test function is obtained
from the kernel of the heat operator on the universal covering. In section 4 we apply the
Selberg trace formula to express the regularized trace through the geometric side of the
trace formula. Then we determine the asymptotic behavior of all terms except the weighted
orbital integral. Section 5 is a preparatory section where we establish estimates of heat
kernels and describe their asymptotic expansion for small time. This is used in section 6
to study the asymptotic behavior of the weighted orbital integrals. Applying the results
of the previous section, the problem is reduced to the study of integrals of the form (1.3).
To deal with these integrals we apply the method of the stationary phase approximation.
This leads finally to the proof of Theorem 1.1. In the last section 7 we discuss the analytic
torsion.

Acknowledgment. I would like to thank Andras Vasy for some very useful hints.

2. Preliminaries

2.1. Let d = 2n + 1, n ∈ N. Let either G = SO0(d, 1), K = SO(d) or G = Spin(d, 1),

K = Spin(d). Then K is a maximal compact subgroup of G. Put X̃ = G/K. Let

G = NAK
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be the standard Iwasawa decomposition of G and let M be the centralizer of A in K. Then
M = SO(d− 1) or M = Spin(d− 1). Let g, n, a, k, m denote the Lie algebras of G, N , A,
K and M , respectively. Define the standard Cartan involution θ : g→ g by

θ(Y ) = −Y t, Y ∈ g.

The lift of θ to G will be denoted by the same letter θ. Let

(2.1) g = k⊕ p

be the Cartan decomposition of g with respect to θ. Let x0 = eK ∈ X̃. Then we have a
canonical isomorphism

(2.2) Tx0X̃
∼= p.

Define the symmetric bi-linear form 〈·, ·〉 on g by

(2.3) 〈Y1, Y2〉 :=
1

2(d− 1)
B(Y1, Y2), Y1, Y2 ∈ g.

By (2.2) the restriction of 〈·, ·〉 to p defines an inner product on Tx0X̃ and therefore an
invariant metric on X̃. This metric has constant curvature −1. Then X̃, equipped with
this metric, is isometric to the hyperbolic space Hd.

Fix a Cartan subalgebra b of m. Then

h := a⊕ b

is a Cartan subalgebra of g. We can identify gC ∼= so(d + 1,C). Let e1 ∈ a∗ be the
positive restricted root defining n. Then we fix e2, . . . , en+1 ∈ ib∗ such that the positive
roots ∆+(gC, hC) are chosen as in [Kn2, page 684-685] for the root system Dn+1. We let
∆+(gC, aC) be the set of roots of ∆+(gC, hC) which do not vanish on aC. The positive roots
∆+(mC, bC) are chosen such that they are restrictions of elements from ∆+(gC, hC). For
j = 1, . . . , n+ 1 let

(2.4) ρj := n+ 1− j.

Then the half-sums of positive roots ρG and ρM , respectively, are given by

ρG :=
1

2

∑
α∈∆+(gC,hC)

α =
n+1∑
j=1

ρjej; ρM :=
1

2

∑
α∈∆+(mC,bC)

α =
n+1∑
j=2

ρjej.(2.5)

Let Ω, ΩK and ΩM be the Casimir elements of G, K and M , respectively, with respect to
the normalized Killing form (2.3).

2.2. Let Z
[

1
2

]j
be the set of all (k1, . . . , kj) ∈ Qj such that either all ki are integers

or all ki are half integers. Let Rep(G) denote the set of finite dimensional irreducible
representations τ of G. These are parametrized by their highest weights

(2.6) Λ(τ) = k1(τ)e1 + · · ·+ kn+1(τ)en+1; k1(τ) ≥ k2(τ) ≥ · · · ≥ kn(τ) ≥ |kn+1(τ)| ,
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where (k1(τ), . . . , kn+1(τ)) belongs to Z
[

1
2

]n+1
if G = Spin(d, 1) and to Zn+1 if G =

SO0(d, 1). Moreover, the finite dimensional irreducible representations ν ∈ K̂ of K are
parametrized by their highest weights

(2.7) Λ(ν) = k2(ν)e2 + · · ·+ kn+1(ν)en+1; k2(ν) ≥ k3(ν) ≥ · · · ≥ kn(ν) ≥ kn+1(ν) ≥ 0,

where (k2(ν), . . . , kn+1(ν)) belongs to Z
[

1
2

]n
if G = Spin(d, 1) and to Zn if G = SO0(d, 1).

Finally, the finite dimensional irreducible representations σ ∈ M̂ of M are parametrized
by their highest weights

(2.8) Λ(σ) = k2(σ)e2 + · · ·+ kn+1(σ)en+1; k2(σ) ≥ k3(σ) ≥ · · · ≥ kn(σ) ≥ |kn+1(σ)| ,

where (k2(σ), . . . , kn+1(σ)) belongs to Z
[

1
2

]n
, if G = Spin(d, 1), and to Zn, if G = SO0(d, 1).

For ν ∈ K̂ and σ ∈ M̂ we denote by [ν : σ] the multiplicity of σ in the restriction of ν to
M .

Let M ′ be the normalizer of A in K and let W (A) = M ′/M be the restricted Weyl-group.
It has order two and it acts on the finite-dimensional representations of M as follows. Let
w0 ∈ W (A) be the non-trivial element and let m0 ∈ M ′ be a representative of w0. Given

σ ∈ M̂ , the representation w0σ ∈ M̂ is defined by

w0σ(m) = σ(m0mm
−1
0 ), m ∈M.

Let Λ(σ) = k2(σ)e2 + · · · + kn+1(σ)en+1 be the highest weight of σ as in (2.8). Then the
highest weight Λ(w0σ) of w0σ is given by

(2.9) Λ(w0σ) = k2(σ)e2 + · · ·+ kn(σ)en − kn+1(σ)en+1.

2.3. Let P := NAM . This is the standard parabolic subgroup of G. We equip a with
the norm induced from the restriction of the normalized Killing form on g. Let H1 ∈ a be
the unique vector which is of norm one and such that the positive restricted root, implicit
in the choice of N , is positive on H1. Let exp : a → A be the exponential map. Every
a ∈ A can be written as a = exp log a, where log a ∈ a is unique. For t ∈ R, we let
a(t) := exp (tH1). If g ∈ G, we define n(g) ∈ N , H(g) ∈ R and κ(g) ∈ K by

g = n(g)a(H(g))κ(g).

A given g ∈ G can always be written in the form

(2.10) g = k1a(t(g))k2,

where k1, k2 ∈ K and t(g) ≥ 0. We note that t(g) is unique and we call it the radial
component of g. For x, y ∈ X̃ let r(x, y) denote the geodesic distance of x and y. Then we
have

(2.11) r(g(x0), x0) = t(g), g ∈ G.

Now let P ′ be any proper parabolic subgroup of G. Then there exists a kP ′ ∈ K such
that P ′ = NP ′AP ′MP ′ with NP ′ = kP ′Nk

−1
P ′ , AP ′ = kP ′Ak

−1
P ′ , MP ′ = kP ′Mk−1

P ′ . We choose
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a set of kP ′ ’s, which will be fixed from now on. Let kP = 1. We let aP ′(t) := kP ′a(t)k−1
P ′ .

If g ∈ G, we define nP ′(g) ∈ NP ′ , HP ′(g) ∈ R and κP ′(g) ∈ K by

g = nP ′(g)aP ′(HP ′(g))κP ′(g)(2.12)

and we define an identification ιP ′ of (0,∞) with AP ′ by ιP ′(t) := aP ′(log(t)). For Y > 0,
let A0

P ′ [Y ] := ιP ′(Y,∞) and AP ′ [Y ] := ιP ′ [Y,∞). For g ∈ G as in (2.12) we let yP ′(g) :=
eHP ′ (g).

2.4. Let Γ be a discrete subgroup of G such that vol(Γ\G) < ∞. Let X := Γ\X̃. Let
prX : G → X be the projection. A parabolic subgroup P ′ of G is called a Γ-cuspidal
parabolic subgroup if Γ ∩ NP ′ is a lattice in NP ′ . We assume that that Γ satisfies the
following condition: For every Γ-cuspidal proper parabolic subgroup P = NPAPMP of G
we have

(2.13) Γ ∩ P = Γ ∩NP .

We note that this condition is satisfied, if Γ is “neat”, which means that the group generated
by the eigenvalues of any γ ∈ Γ contains no roots of unity 6= 1.

Let PΓ = {P1, . . . , Pκ(Γ)} be a set of representatives of Γ-conjugacy classes of Γ-cuspidal
parabolic subgroups of G. The number

(2.14) κ(X) := κ(Γ) = #PΓ

is finite and equals the number of cusps of X. More precisely, for each Pi ∈ PΓ there exists
a YPi > 0 and there exists a compact connected subset C = C(YP1 , . . . , YPκ(Γ)

) of G such
that in the sense of a disjoint union one has

G = Γ · C t
κ(X)⊔
i=1

Γ ·NPiA
0
Pi

[YPi ]K(2.15)

and such that

γ ·NPiA
0
Pi

[YPi ]K ∩NPiA
0
Pi

[YPi ]K 6= ∅ ⇔ γ ∈ Γ ∩ Pi.(2.16)

We define the height-function yΓ,Pi on X by

(2.17) yΓ,Pi(x) := sup{yPi(g) : g ∈ G, prX(g) = x}.

By (2.15) and (2.16) the supremum is finite. For Y ∈ R+ let

(2.18) X(Y ) := {x ∈ X : yΓ,Pi(x) ≤ Y, i = 1, . . . , κ(X)}.
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2.5. Recall that d = 2n + 1. For σ ∈ M̂ and λ ∈ R let µσ(λ) be the Plancherel measure
associated to the principal series representation πσ,λ. Then, since rk(G) > rk(K), µσ(λ)
is a polynomial in λ of degree 2n. Let 〈·, ·〉 be the bi-linear form defined by (2.3). Let
Λ(σ) ∈ b∗C be the highest weight of σ as in (2.8). Then by theorem 13.2 in [Kn1] there
exists a constant c(n) such that one has

µσ(λ) = −c(n)
∏

α∈∆+(gC,hC)

〈iλe1 + Λ(σ) + ρM , α〉
〈ρG, α〉

..

The constant c(n) is computed in [Mi2]. By [Mi2], theorem 3.1, one has c(n) > 0. For
z ∈ C let

Pσ(z) = −c(n)
∏

α∈∆+(gC,hC)

〈ze1 + Λ(σ) + ρM , α〉
〈ρG, α〉

.(2.19)

One easily sees that

Pσ(z) =Pw0σ(z).(2.20)

3. The regularized trace

Regard G as a principal K-fibre bundle over X̃. By the invariance of p under Ad(K),
the assignment

T horg := { d
dt

∣∣
t=0
g exp tX : X ∈ p}

defines a horizontal distribution on G. This connection is called the canonical connection.
Let ν be a finite-dimensional unitary representation of K on (Vν , 〈·, ·〉ν). Let

Ẽν := G×ν Vν
be the associated homogeneous vector bundle over X̃. Then 〈·, ·〉ν induces a G-invariant

metric B̃ν on Ẽν . Let ∇̃ν be the connection on Ẽν induced by the canonical connection.

Then ∇̃ν is G-invariant. Let

Eν := Γ\(G×ν Vν)

be the associated locally homogeneous bundle over X. Since B̃ν and ∇̃ν are G-invariant,
they push down to a metric Bν and a connection ∇ν on Eν . Let

C∞(G, ν) := {f : G→ Vν : f ∈ C∞, f(gk) = ν(k−1)f(g), ∀g ∈ G, ∀k ∈ K}.(3.21)

Let

C∞(Γ\G, ν) := {f ∈ C∞(G, ν) : f(γg) = f(g) ∀g ∈ G,∀γ ∈ Γ} .(3.22)

Let C∞(X̃, Ẽν) (resp. C∞(X,Eν)) denote the space of smooth sections of Ẽν (resp. Eν).
Then there are canonical isomorphisms

(3.23) φ̃ : C∞(X̃, Ẽν) ∼= C∞(G, ν) and φ : C∞(X,Eν) ∼= C∞(Γ\G, ν)



8 WERNER MÜLLER

(see [Mia, p. 4]). There are also corresponding isometries for the spaces L2(X̃, Ẽν) and

L2(X,Eν) of L2-sections of Ẽν and Eν , respectively. For every X ∈ g, g ∈ G, and every
f ∈ C∞(X,Eν) one has

φ(∇ν
L(g)∗Xf)(g) =

d

dt
φ(f)(g exp tX)

∣∣
t=0
.

Let

∆ν = (∇ν)∗∇ν

be the Bochner-Laplace operator acting in C∞(X,Eν). Since X is complete, ∆ν regarded
as linear operator in L2(X,Eν) with domain C∞c (X,Eν) is essentially self-adjoint [Che].
By [Mia, Proposition1.1] it follows that on C∞(Γ\G, ν) one has

∆ν = −RΓ(Ω) + ν(ΩK),(3.24)

where RΓ denotes the right regular representation of G on C∞(Γ\G, ν). Let Aν be the
differential operator in C∞(X,Eν) which acts as −RΓ(Ω) in C∞(Γ\G, ν). If ν is irreducible,
then ν(ΩK) is a scalar. In general it is an endomorphism of Eν which commutes with Aν .
It follows from (3.24) that Aν is a self-adjoint operator which is bounded from below.
Therefore, the heat operator e−tAν is well defined and we have

(3.25) e−t∆ν = e−tν(ΩK)e−tAν .

Let Hν(t, x, y) be the kernel of e−tAν . Let X(Y ) ⊂ X be defined by (2.18). For Y � 0 this
is compact manifold with boundary. It follows from [MP2, (5.6)] that there exist smooth
functions a(t) and b(t) such that∫

X(Y )

trHν(t, x, x) dx = a(t) log Y + b(t) + o(1)

as Y →∞. Put

(3.26) Trreg
(
e−tAν

)
:= b(t).

In [MP2, (5.6)], the regularized trace Trreg(e
−tAν ) is described explicitly in terms of the

discrete spectrum of Aν and the intertwining operators. To state the formula we need

to introduce some notation. Let σ ∈ M̂ with highest weight given by (2.8). Let ρj,
j = 1, . . . , n+ 1 be defined by (2.4). Put

(3.27) c(σ) := σ(ΩM)− n2 =
n+1∑
j=2

(kj(σ) + ρj)
2 −

n+1∑
j=1

ρ2
j ,

where the second equality follows from a standard computation. Let w ∈ W (A) be the
nontrivial element. For λ ∈ C let

(3.28) C(σ, λ) : E(σ)→ E(wσ)

be the intertwining operator defined in [MP2, (3.13)]. Let

C̃(σ, ν, λ) : (E(σ)⊗ Vν)K → (E(wσ)⊗ Vν)K
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be the restriction of C(σ, λ) ⊗ IdVν to (E(σ) ⊗ Vν)
K . Furthermore, let Adν denote the

restriction of Aν to the discrete subspace L2
d(X,Eν) of Aν . Then by [MP2, (5.6)] we have

Trreg
(
e−tAν

)
= Tr

(
e−tA

d
ν

)
+

∑
σ∈M̂ ;σ=w0σ

[ν:σ]6=0

etc(σ) Tr(C̃(σ, ν, 0))

4

− 1

4π

∑
σ∈M̂

[ν:σ] 6=0

etc(σ)

∫
R
e−tλ

2

Tr

(
C̃(σ, ν,−iλ)

d

dz
C̃(σ, ν, iλ)

)
dλ.

(3.29)

It follows from [Wa1, Theorem 8.4] that the right hand side of (3.29) equals the spectral
side of the Selberg trace formula applied to e−tAν .

4. The trace formula

In this section we apply the Selberg trace formula to study the regularized trace of the
heat operator e−tAν . To this end we briefly recall the Selberg trace formula. First we
introduce the distributions on the geometric side which are associated to the different
conjugacy classes of Γ. Let α be a K-finite Schwartz function on G. The contribution of
the identity is

I(α) := vol(Γ\G)α(1).

By [HC2, Theorem 3], the Plancherel theorem can be applied to α. For groups of real rank
one which do not possess a compact Cartan subgroup it is stated in [Kn1, Theorem 13.2].

For σ ∈ M̂ and λ ∈ C let πσ,λ be the principle series representation which we parametrize
as in [MP2, Sect. 2.7]. Let Θσ,λ be the character of πσ,λ. Let Pσ(z) be the polynomial
defined by (2.19). Then one has

I(α) = vol(X)
∑
σ∈M̂

[ν:σ] 6=0

∫
R
Pσ(iλ)Θσ,λ(α)dλ,(4.1)

where the sum is finite since α is K-finite. In even dimensions an additional contribution
of the discrete series appears.

Next let C(Γ)s be the set of semi-simple conjugacy classes [γ]. The contribution of the
hyperbolic conjugacy classes is given by

H(α) :=

∫
Γ\G

∑
[γ]∈C(Γ)s−[1]

α(x−1γx)dx.

By [Wa1, Lemma 8.1] the integral converges absolutely. Its Fourier transform can be
computed as follows. Since Γ is assumed to be torsion free, every nontrivial semi-simple
element γ is conjugate to an element m(γ) exp `(γ)H1, m(γ) ∈ M . By [Wal, Lemma 6.6],
l(γ) > 0 is unique and m(γ) is determined up to conjugacy in M . Moreover, `(γ) is the
length of the unique closed geodesic associated to [γ]. It follows that Γγ, the centralizer
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of γ in Γ, is infinite cyclic. Let γ0 denote its generator which is semi-simple too. For
γ ∈ [Γ]S − {[1]} let aγ := exp `(γ)H1 and let

L(γ, σ) :=
Tr(σ)(mγ)

det (Id−Ad(mγaγ)|n̄)
e−n`(γ).(4.2)

Proceeding as in [Wal] and using [Ga, equation 4.6], one obtains

H(α) =
∑
σ∈M̂

∑
[γ]∈C(Γ)s−[1]

l(γ0)

2π
L(γ, σ)

∫ ∞
−∞

Θσ,λ(α)e−il(γ)λdλ,(4.3)

where the sum is finite since α is K-finite.

Next we describe the parabolic contribution. Put

(4.4) T (α) :=

∫
K

∫
N

α(knk−1)dn.

Let n ∈ N . There exists a unique Y ∈ n such that n = exp(Y ). Put ‖n‖ := ‖Y ‖. Then let

(4.5) T ′(α) :=

∫
K

∫
N

α(knk−1) log ‖n‖ dn dk.

By the Theorem on p. 299 in [OW] there exist constants C1(Γ) and C2(Γ) such that the
contribution of the parabolic conjugacy classes equals

(4.6) C1(Γ)T (α) + C2(Γ)T ′(α).

The distributions T and T ′ are tempered and T is an invariant distribution. Applying
the Fourier inversion formula and the Peter-Weyl-Theorem to equation 10.21 in [Kn1], one
obtains the Fourier transform of T as:

T (α) =
∑
σ∈M̂

dim(σ)
1

2π

∫
R

Θσ,λ(α)dλ.(4.7)

The distribution T ′P is not invariant. One way to deal with this distribution is to make
it invariant (see [MP2, (6.15)]) and then apply the Fourier inversion formula of [Ho2]. As
explained in the introduction, we will use a different method.

Let Ãν be the differential operator in C∞(X̃, Ẽν) induced by −Ω. This is the lift of Aν
to X̃. Let ∆̃ν = (∇̃ν)∗∇̃ν be the Bochner-Laplace operator associated to the canonical

connection in Ẽν . Then we have

(4.8) ∆̃ν = Ãν + ν(ΩK).

Denote by H̃ν(t, x, y) the kernel of the heat operator e−tÃν . Observe that H̃ν(t, x, y) ∈
Hom((Ẽν)y, (Ẽν)x). For g ∈ G and x ∈ X̃ let Lg : Ẽx → Ẽgx be the isomorphism induced

by the left translation. Since ∆̃ν commutes with the action of G, the kernel satisfies

(4.9) L−1
g ◦ H̃ν(t, gx, gy) ◦ Lg = H̃ν(t, x, y), x, y ∈ X̃, g ∈ G,
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considered as a linear map Ẽy → Ẽx. Let x0 := eK ∈ X̃. We identify Ẽx0 with Vν . Using

the isomorphism (3.23), H̃ν(t, x, y) corresponds to a kernel

H̃ν
t : G×G→ End(Vν),

which is defined by

(4.10) H̃ν
t (g1, g2) := L−1

g1
◦ H̃ν(t, g1x0, g2x0) ◦ Lg2 .

By (4.9) it follows that it satisfies

(4.11) H̃ν
t (gg1, gg2) = H̃ν

t (g1, g2), g, g1, g2 ∈ G,

and

(4.12) H̃ν
t (g1k1, g2k2) = ν(k1)−1 ◦ H̃ν

t (g1, g2) ◦ ν(k2), k1, k2 ∈ K, g ∈ G.

Using (4.11), we can identify H̃ν
t with a map

Hν
t : G→ End(Vν)

by

(4.13) Hν
t (g) := H̃ν

t (e, g), g ∈ G.

Then Hν
t belongs to (C1(G)⊗ End(Vν))

K and satisfies

(4.14) Hν
t (k1gk2) = ν(k1) ◦Hν

t (g) ◦ ν(k2), k1, k2 ∈ K, g ∈ G.

Let hνt be defined by

(4.15) hνt (g) := trHν
t (g), g ∈ G.

Then belongs hνt to C1(G) (see [BM]). If we apply the Selberg trace formula [Wa1, Theorem
8.4] to (3.29) and use (4.6), we obtain the following theorem.

Theorem 4.1. For all t > 0 we have

Trreg
(
e−tAν

)
= I(hνt ) +H(hνt ) + C1(Γ)T (hνt ) + C2(Γ)T ′(hνt ).

This theorem can be used to determine the asymptotic behavior of Trreg
(
e−tAν

)
as t→ 0.

For I(hνt ) we use (4.1). The character Θσ,λ(h
ν
t ) is computed by [MP2, Proposition 4.1]. We

have

(4.16) Θσ,λ(h
ν
t ) = et(c(σ)−λ2).

By (4.1) it follows that

I(hνt ) = vol(X)
∑
σ∈M̂

[ν:σ]6=0

etc(σ)

∫
R
e−tλ

2

Pσ(iλ) dλ.
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Now recall that Pσ(z) is an even polynomial of degree 2n = d − 1. Hence we obtain an
expansion

(4.17) I(hνt ) = t−d/2
∞∑
j=0

ajt
j.

Using (4.16) and (4.3), it follows that

(4.18) H(hνt ) = O(e−c/t), 0 < t ≤ 1.

Furthermore, by (4.7) and (4.16) we get

(4.19) T (hνt ) = t−1/2

∞∑
j=0

bjt
j.

It remains to determine the asymptotic behavior of T ′(hνt ). This will be done in the next
sections.

5. Heat kernel estimates

In this section we study the kernel Kν(t, x, y) of e−t∆ν . Observe that Kν(t, x, y) ∈
Hom((Ẽν)y, (Ẽν)x). Denote by |Kν(t, x, y)| the norm of this homomorphism. Furthermore,

let r(x, y) denote the geodesic distance of x, y ∈ X̃. We have

Proposition 5.1. For every T > 0 there exists C > 0 such that for all ν ∈ K̂ we have

|Kν(t, x, y)| ≤ Ct−d/2exp

(
−r

2(x, y)

4t

)
for all 0 < t ≤ T and x, y ∈ X̃, where d = dim X̃.

Proof. If ν is irreducible, this is proved in [Mu1, Proposition 3.2]. However, the proof does
not make any use of the irreducibility of ν. So it extends without any change to the case
of finite-dimensional representations. �

By (4.8) the kernel H̃ν(t, x, y) of e−tAν is closely related to the kernel Kν(t, x, y). If ν is
irreducible, ν(ΩK) is a scalar and we have

(5.1) H̃ν(t, x, y) = etν(ΩK)Kν(t, x, y).

Let hνt ∈ C1(G) be defined by (4.15). Note that for each g ∈ G, Lg : Ex → Egx is an
isometry. Thus using (4.10), the definition of Hν

t , (5.1), and Proposition 5.1, we get

Corollary 5.2. Let d = dim X̃. For all T > 0 there exists C > 0 such that we have

|hνt (g)| ≤ Ct−d/2 exp

(
−r

2(gx0, x0)

4t

)
for all 0 < t ≤ T and g ∈ G.
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Next we turn to the asymptotic expansion of the heat kernel. Let dx expx0
be the differ-

ential of the exponential map expx0
: Tx0X̃ → X̃ at the point x ∈ Tx0X̃. It is a map from

Tx0X̃ to TxX̃, where x = expx0
(x). Let

(5.2) j(x) := | det(dx expx0
)|

be the Jacobian, taken with respect to the inner products in the tangent spaces. Note that

(5.3) j(x) = | det(gij(x))|1/2.

Write y = expx(y), with y ∈ TxX̃. Let ε > 0 be sufficiently small. Let ψ ∈ C∞(R) with
ψ(u) = 1 for u < ε and ψ(u) = 0 for u > 2ε.

Proposition 5.3. Let d = dim X̃. Let (ν, Vν) be a finite-dimensional unitary representa-

tion of K. There exist smooth sections Φν
i ∈ C∞(X̃ × X̃, Ẽν � Ẽ∗ν), i ∈ N0, such that for

every N ∈ N

Kν(t, x, y) = t−d/2ψ(d(x, y)) exp

(
−r

2(x, y)

4t

) N∑
i=0

Φν
i (x, y)j(x, y)−1/2ti

+O(tN+1−d/2),

(5.4)

uniformly for 0 < t ≤ 1. Moreover the leading term Φν
0(x, y) is equal to the parallel trans-

port τ(x, y) : (Ẽν)y → (Ẽν)x with respect to the connection ∇ν along the unique geodesic
joining x and y.

Proof. Let Γ ⊂ G be a co-compact torsion free lattice. It exists by [Bo]. Let X = Γ\X̃
and Eν = Γ\Ẽν . As in [Do, Sect 3], the proof can be reduced to the compact case, which
follows from [BGV, Theorem 2.30]. �

Let p be as in (2.1). We recall that the mapping

ϕ : p×K → G,

defined by ϕ(Y, k) = exp(Y ) · k is a diffeomorphism [He, Ch. VI, Theorem 1.1]. Thus each
g ∈ G can be uniquely written as

(5.5) g = exp(Y (g)) · k(g), Y (g) ∈ p, k(g) ∈ K.
Using Proposition 5.3 and (5.1), we obtain the following corollary.

Corollary 5.4. There exist aνi ∈ C∞(G) such that

(5.6) hνt (g) = t−d/2ψ(d(gx0, x0)) exp

(
−r

2(gx0, x0)

4t

) N∑
i=0

aνi (g)ti +O(tN+1−d/2)

which holds for 0 < t ≤ 1. Moreover the leading coefficient aν0 is given by

(5.7) aν0(g) = tr(ν(k(g))) · j(x0, gx0)−1/2.
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Proof. By (4.10) and (4.13) we have

Hν
t (g) = Hν(t, x0, gx0) ◦ Lg, g ∈ G.

Put

(5.8) aνi (g) := tr(Φν
i (x0, gx0) ◦ Lg) · j(x0, gx0)−1/2, g ∈ G.

Then (5.6) follows immediately from (5.4) and the definition of hνt . To prove the second
statement, we recall that Φν

0(x, y) is the parallel transport τ(x, y) with respect to the

canonical connection of Ẽν along the geodesic connecting x and y. Let g = exp(Y ) · k,
Y ∈ p, k ∈ K. Then the geodesic connecting x0 and gx0 is the curve γ(t) = exp(tY )x0,
t ∈ [0, 1] (see [He, Ch. IV, Theorem 3.3]). The parallel transport along γ(t) equals Lexp(Y ).
Thus Φν

0(x0, gx0) = L−1
exp(Y ). Hence we get.

Φν
0(x0, gx0) ◦ Lg = Lk = ν(k).

Together with (5.8) the claim follows. �

6. Weighted orbital integrals

The weighted orbital integral is given by (4.5). We apply this to hνt . By (4.14) it follows
that hνt is invariant under conjugation by k ∈ K. Thus we get

(6.1) T ′P (hνt ) =

∫
N

hνt (n) log ‖n‖ dn.

We fix an isometric identification of Rd−1 with n with respect to the inner product 〈·, ·〉θ
defined by

〈Y1, Y2〉θ := 〈Y1, θ(Y2)〉, Y1, Y2 ∈ g.

Explicitly it is given by

(6.2) x ∈ Rd−1 7→ Y (x) :=

 0 −x x
xT 0 0
xT 0 0

 ,

where we consider x as a column. Furthermore we identify n with N via the exponential
map. Put

n(x) := exp(Y (x)) ∈ N, x ∈ Rd−1.

We note that

(6.3) n(x) = Id +Y (x) +
1

2
Y (x)2.

Then we get

(6.4) T ′(hνt ) =

∫
Rd−1

hνt (n(x)) log ‖x‖ dx.

For ε > 0 let B(ε) ⊂ Rd−1 denote the ball of radius ε centered at 0 and let

U(ε) := Rd−1 −B(ε).
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We decompose the integral as ∫
Rd−1

=

∫
B(ε)

+

∫
U(ε)

.

Put

(6.5) r(x) := r(n(x)x0, x0), x ∈ Rd−1.

We need some properties of this function.

Lemma 6.1. We have

(6.6) r(x) = arcosh

(
1 +
‖x‖2

2

)
, x ∈ Rd−1.

Proof. Let t(x) ≥ 0 be the radial component of n(x), defined by (2.10). By [Wa1, Lemma
7.1] we have

t(x) = arcosh

(
1 +
‖x‖2

2

)
.

The lemma follows from (2.11). �

Now note that

arcosh(x) = ln
(
x+
√
x2 − 1

)
, x ≥ 1.

Thus

(6.7) r(x) ≥ ln

(
1 +
‖x‖2

2

)
, x ∈ Rd−1.

This implies that for all t > 0 we have

(6.8)

∫
Rd−1

exp

(
−r

2(x)

4t

)
| log ‖x‖| dx <∞.

Using arcosh′(x) = (x2 − 1)−1/2, we get

d

dr
arcosh

(
1 +

r2

2

)
=

1√
1 + r2/4

, r ≥ 0.

Thus

(6.9) r(x1) > r(x2), if ‖x1‖ > ‖x2‖.

Now observe that arcosh(1 + x2/2) has a Taylor series expansion of the form

arcosh

(
1 +

x2

2

)
= x+

∞∑
k=1

akx
2k+1

which converges for |x| < 1/2. This follows from [GR, 1.631.2] together [GR, 1.641.2].
Thus r2(x) is C∞ and we have

(6.10) r2(x) = ‖x‖2 +R(x)
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with

|R(x)| ≤ C‖x‖4, ‖x‖ ≤ 1/4.

Thus r2(x) has a non-degenerate critical point at x = 0 of index (d− 1, 0).

Now we turn to the estimation of the orbital integral. Put

c(ε) := arcosh(1 + ε2/2).

By Corollary 5.2, (6.8) and (6.9) we get∣∣∣∣∫
U(ε)

hνt (n(x)) log ‖x‖ dx
∣∣∣∣ ≤ Ct−d/2

∫
U(ε)

exp

(
−r

2(x)

4t

)
| log ‖x‖|dx

≤ C1t
−d/2 exp

(
−c(ε)

8t

)(6.11)

for 0 < t ≤ 1. To deal with the integral over B(ε), we use (5.6). This gives∫
B(ε)

hνt (n(x)) log ‖x‖ dx =t−d/2
N∑
i=1

ti
∫
B(ε)

exp

(
−r

2(x)

4t

)
ψ(x)aνi (x) log ‖ x ‖ dx

+O(tN+1−d/2)

(6.12)

for 0 < t ≤ 1, where ψ ∈ C∞c (B(ε)). Put m = d− 1. The integrals on the right hand side
are of the form

(6.13) I(λ) =

∫
Rm

e−λf(x)g(x) log ‖ x ‖ dx,

where λ > 0, g ∈ C∞c (Rm), supp g ⊂ B(ε), and f satisfies

(6.14) f(x) = ‖x‖2 +R(x), |R(x)| < C‖x‖4, ‖x‖ < ε,

and f has no critical points in supp g \ {0}. Our goal is to derive an asymptotic expansion
for I(λ) as λ → ∞. To begin with, we first show that f can be replaced by ‖x‖2. We
proceed as in Hörmander’s proof of the stationary phase approximation [Hor, Theorem
7.7.5]. On B(ε) \ {0} we consider the following differential operator

(6.15) L := − 1

‖f ′(x)‖2

m∑
j=1

∂f

∂xj

∂

∂xj
.

Note that the formally adjoint operator L∗ is given by

(6.16) L∗ =
m∑
j=1

∂

∂xj

1

‖f ′(x)‖2

∂f

∂xj
,

where the factors act as multiplication operators. Since integration by parts arguments
will introduce singularities, we make some more general assumptions. Suppose that g ∈
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C1(Rm \ {0}) with support in B(ε) and with |Dαg| ≤ C‖x‖3−|α| for |α| ≤ 1. Using the
divergence theorem in the last step, we have

I(λ) = lim
r→0

∫
‖x‖≥r

e−λf(x)g(x) log ‖x‖ dx = λ−1 lim
r→0

∫
‖x‖≥r

(Le−λf(·))(x)g(x) log ‖x‖ dx

= λ−1 lim
r→0

∫
‖x‖≥r

e−λf(x)L∗(g log ‖ · ‖)(x) dx

+ λ−1 lim
r→0

∫
‖x‖=r

‖f ′(x)‖−2〈ν,∇f〉(x)e−λf(x)g(x) log ‖x‖ dS(x),

where ν is the Durward unit normal vector field to ∂(Rm \ B(r)). By the assumption on
f , there exists C > 0 such that

‖f ′(x)‖−2 ≤ C‖x‖−2, ‖∇f(x)‖ ≤ C‖x‖.
Together with the assumptions on g, it follows that the integrand in the surface integral is
bounded on B(ε). Thus the surface integral has limit 0 as r → 0. Furthermore, by (6.16)
we have

L∗(g log ‖ · ‖)(x) =
m∑
j=1

∂

∂xj

(
1

‖f ′(x)‖2

∂f

∂xj
(x)g(x) log ‖x‖

)
.

Using the assumptions on f and g, it follows that L∗(g log ‖ · ‖) is bounded, and therefore

I(λ) = λ−1 lim
r→0

∫
‖x‖≥r

e−λf(x)L∗(g log ‖ · ‖)(x) dx = λ−1

∫
Rm

e−λf(x)L∗(g log ‖ · ‖)(x) dx.

Using the properties of f and g, we get

|I(λ)| ≤ C(f)λ−1
∑
|α|≤1

sup
x∈Rm

|Dα(g(x) log ‖x‖) · ‖x‖−2+|α||.

Now let k ∈ N and assume that g ∈ Ck(Rm \ {0}) has support in B(ε) and satisfies

|Dαg(x)| ≤ C‖x‖2k+1−|α|, for |α| ≤ k.

Let u(x) = g(x) log ‖x‖, x ∈ Rm \ {0}. Then u ∈ Ck(Rm \ {0}), with support in B(ε) and
with |Dαu(x)| ≤ C‖x‖2k−|α| for |α| ≤ k. Then it follows that L∗(u) ∈ Ck−1(Rm \ {0}),
with support in B(ε) and with |DαL∗(u)(x)| ≤ C‖x‖2(k−1)−|α| for |α| ≤ k. Thus we can
proceed by induction to conclude that

(6.17) |I(λ)| ≤ C(f)λ−k
∑
|α|≤k

sup
x∈Rm

∣∣Dα(g(x) log ‖x‖) · ‖x‖−2k+|α|∣∣ .
We introduce the following auxiliary functions

(6.18) fs(x) := ‖x‖2 + sR(x), s ∈ [0, 1].

Then f1 = f . Let

I(λ, s) :=

∫
Rm

e−λfs(x)g(x) log ‖x‖ dx.
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Differentiating in s 2k times yields

(6.19) I(2k)(λ, s) = λ2k

∫
Rm

e−λfs(x)R(x)2kg(x) log ‖x‖ dx.

Now let g ∈ C∞(Rm) with supp g ⊂ B(ε). Let u(x) = R(x)2kg(x) log ‖x‖. Then u ∈
C∞(Rm \ {0}) with support in B(ε) and by (6.14) it follows that |Dαu(x)| ≤ C‖x‖6k−|α|,
‖x‖ < ε. Applying (6.17) with 3k in place of k, and (6.19), we get

|I2k(λ, s)| ≤ Cλ−k.

By Taylor’s theorem, we have

(6.20)

∣∣∣∣∣I(λ, 1)−
∑
j<2k

1

j!
I(j)(λ, 0)

∣∣∣∣∣ ≤ sup
s∈[0,1]

1

(2k)!

∣∣I2k(λ, s)
∣∣ .

Thus modulo λ−k decay, it suffices to study the asymptotic expansion of I(j)(λ, 0). Each
of these integrals is of the form

(6.21) I0(λ) =

∫
Rm

e−λ‖x‖
2

g(x) log ‖x‖ dx,

where g ∈ C∞c (Rm) with support in B(ε). Let N ∈ N. By Taylor’s theorem we have∣∣∣∣∣∣g(x)−
∑
|α|≤N

(Dαg)(0)

α!
xα

∣∣∣∣∣∣ ≤
 ∑
|α|=N+1

1

α!
sup
x∈Rm

|(Dαg)(x)|

 · ‖x‖N+1

for x ∈ B(ε). Now for λ ≥ 1 we have∣∣∣∣∫
B(ε)

e−λ‖x‖
2‖x‖N+1 log ‖x‖ dx

∣∣∣∣ ≤ ∫
Rm

e−λ‖x‖
2‖x‖N+1 |log ‖x‖| dx

= O(λ−(m+N+1)/2(1 + log λ)).

Furthermore, for λ ≥ 1 we have∫
B(ε)

e−λ‖x‖
2

xα log ‖x‖ dx =

∫
Rm

e−λ‖x‖
2

xα log ‖x‖ dx+O(e−ελ/2).

Changing variables x 7→ x/
√
λ in the integral on the right hand side, we get∫

Rm
e−λ‖x‖

2

xα log ‖x‖ dx = c1λ
−m/2−|α|/2 + c2λ

−m/2−|α|/2 log λ

for some constants c1 and c2. Summarizing, it follows that for every N ∈ N we have an
expansion

(6.22) I(λ) =
N∑
j=0

ajλ
−m/2−j/2 log λ+

N∑
j=0

bjλ
−m/2−j/2 +O(λ−(m+N)/2)

as λ → ∞. Now the integrals on the right hand side of (6.12) are of the form I(1/(4t)).
Combining (6.4), (6.11), (6.12), and (6.22), and using that m = d− 1, we get
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Proposition 6.2. For every N ∈ N we have

T ′P (hνt ) =
N∑
j=0

cj(ν)t(j−1)/2 log t+
N∑
j=0

dj(ν)t(j−1)/2 +O(t(N+1)/2)

as t→ 0. Moreover c1(ν) = 0.

Proof. Only the last statement needs to be proved. The only terms that can make a
contribution to c1(ν) are the Taylor coefficients of aν0(n(x)) of degree 1, i.e.,

c1(ν) =
d−1∑
i=1

∂

∂xi
aν0(n(x))

∣∣
x=0

∫
Rd−1

e−‖x‖
2

xi dx.

By (5.7) we have

aν0(n(x)) = tr(k(n(x))) · j(x0, n(x)x0)−1/2.

We have

j(x0, n(x)x0) =
sinh(r(x))

r(x)
,

where r(x) is given by (6.5). Using (6.10), if follows that

(6.23)
∂

∂xi
j(x0, n(x)x0)−1/2

∣∣
x=0

= 0, i = 1, . . . , d.

�

Combining Proposition 6.2 with (4.17), (4.18) and (4.19), Theorem 1.1 follows.

7. Analytic torsion

Let τ be an irreducible finite dimensional representation of G on Vτ . Let E ′τ be the flat
vector bundle associated to the restriction of τ to Γ. Then E ′τ is canonically isomorphic
to the locally homogeneous vector bundle Eτ associated to τ |K . By [MM], there exists an
inner product 〈·, ·〉 on Vτ such that

(1) 〈τ(Y )u, v〉 = −〈u, τ(Y )v〉 for all Y ∈ k, u, v ∈ Vτ
(2) 〈τ(Y )u, v〉 = 〈u, τ(Y )v〉 for all Y ∈ p, u, v ∈ Vτ .

Such an inner product is called admissible. It is unique up to scaling. Fix an admissible
inner product. Since τ |K is unitary with respect to this inner product, it induces a metric
on Eτ which will be called admissible too. Note that for each p, the vector bundle Λp(Eτ ) =
ΛpT ∗X ⊗ Eτ is associated with the representation

(7.1) νp(τ) := Λp Ad∗⊗τ : K → GL(Λpp∗ ⊗ Vτ ),
i.e., there is a canonical isomorphism

Λp(Eτ ) ∼= Γ\(G×νp(τ) (Λpp∗ ⊗ Vτ )).(7.2)
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By (3.23) there is an isomorphism

Λp(X,Eτ ) ∼= C∞(Γ\G, νp(τ)),(7.3)

and a corresponding isomorphism for the L2-spaces. Let ∆p(τ) be the Hodge-Laplacian on
Λp(X,Eτ ) with respect to the admissible inner product. By (6.9) in [MM] it follows that
with respect to (7.3) one has

(7.4) ∆p(τ) = −RΓ(Ω) + τ(Ω) Id,

where RΓ is the right regular representation. Let Aνp(τ) be the differential operator induced
by −RΓ(Ω) in C∞(X,Eν). We note that τ(Ω) is a scalar which can be computed as follows.
If Λ(τ) = k1(τ)e1 + . . . kn+1(τ)en+1 is the highest weight of τ , then

(7.5) τ(Ω) =
n+1∑
j=1

(kj(τ) + ρj)
2 −

n+1∑
j=1

ρ2
j .

For G = Spin(2n + 1, 1) this was proved in [MP1, sect. 2]. For G = SO0(2n + 1, 1), the
proof is similar. Thus we get

(7.6) Trreg
(
e−t∆p(τ)

)
= e−tτ(Ω) Trreg

(
e−tAνp(τ)

)
.

In order to define the analytic torsion, we have to determine the asymptotic behavior of
Trreg

(
e−t∆p(τ)

)
as t→ 0 and t→∞. By Theorem 1.1 it follows that there is an asymptotic

expansion

(7.7) Trreg
(
e−t∆p(τ)

)
∼

∞∑
j=0

aj(p, τ)t−d/2+j/2 log t+
∞∑
k=0

bk(p, τ)t−d/2+j/2

as t→ 0. Moreover an(p, τ) = 0. To determine the asymptotic behavior of the regularizes
trace as t → ∞, we use (3.29). Let 0 ≤ λ1 ≤ λ2 ≤ · · · be the eigenvalues of ∆p(τ). By
(7.4) and (3.29) we have

Trreg
(
e−t∆p(τ)

)
=
∑
j

e−tλj +
∑

σ∈M̂ ;σ=w0σ
[νp(τ):σ]6=0

e−t(τ(Ω)−c(σ)) Tr(C̃(σ, νp(τ), 0))

4

− 1

4π

∑
σ∈M̂

[νp(τ):σ] 6=0

e−t(τ(Ω)−c(σ))

·
∫
R
e−tλ

2

Tr

(
C̃(σ, νp(τ),−iλ)

d

dz
C̃(σ, νp(τ), iλ)

)
dλ.

(7.8)

Assume that d = 2n+1. Let hp(τ) := dim(ker ∆p(τ)∩L2). Using (7.8) and [MP2, Lemmas
7.1, 7.2], it follows that there is an asymptotic expansion

(7.9) Trreg
(
e−t∆p(τ)

)
∼ hp(τ) +

∞∑
j=1

cjt
−j/2, t→∞
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Combined with (7.7) we can define the spectral zeta function by

ζp(s; τ) :=
1

Γ(s)

∫ 1

0

ts−1
(
Trreg

(
e−t∆p(τ)

)
− hp(τ)

)
dt

+
1

Γ(s)

∫ ∞
1

ts−1
(
Trreg

(
e−t∆p(τ)

)
− hp(τ)

)
dt.

(7.10)

By (7.7) the first integral on the right converges in the half-plane Re(s) > d/2 and admits
a meromorphic extension to C which is holomorphic at s = 0. By (7.9), the second integral
converges in the half-plane Re(s) < 1/2 and also admits a meromorphic extension to C
which is holomorphic at s = 0.

Now assume that τ 6∼= τθ. Let the highest weight Λ(τ) be given by (2.6). The highest
weight Λ(τθ) of τθ is given by

Λ(τθ) = k1(τ)e1 + · · ·+ kn(τ)en − kn+1(τ)en+1.

Therefore, the condition τ 6∼= τθ implies kn+1(τ) 6= 0. Then by [MP2, Lemma 7.1] we have

τ(Ω)− c(σ) > 0 for all σ ∈ M̂ with [νp(τ) : σ] 6= 0 and p = 0, . . . , d. Furthermore by [MP2,
Lemma 7.3] we have ker(∆p(τ)∩L2) = 0, p = 0, . . . , d. By (7.8) it follows that there exist
C, c > 0 such that for all p = 0, . . . , d:

(7.11) Trreg
(
e−t∆p(τ)

)
≤ Ce−ct, t ≥ 1.

Using (6.2), it follows that ζp(s; τ) can be defined as in the compact case by

(7.12) ζp(s; τ) :=
1

Γ(s)

∫ ∞
0

ts−1 Trreg
(
e−t∆p(τ)

)
dt.

The integral converges absolutely and uniformly on compact subsets of Re(s) > d/2 and
admits a meromorphic extension to C which is holomorphic at s = 0. We define the
regularized determinant of ∆p(τ) as in the compact case by

(7.13) det ∆p(τ) := exp

(
− d

ds
ζp(s; τ)

∣∣
s=0

)
.

In analogy to the compact case we now define the analytic torsion TX(τ) ∈ R+ associated
to the the flat bundle Eτ , equipped with the admissible metric, by

(7.14) TX(τ) :=
d∏
p=1

det ∆p(τ)(−1)p+1p/2.

Let

(7.15) K(t, τ) :=
d∑
p=1

(−1)ppTrreg(e
−t∆p(τ)).

If τ 6∼= τθ, then K(t, τ) = O(e−ct) as t→∞, and the analytic torsion is given by

log TX(τ) =
1

2

d

ds

∣∣∣∣
s=0

(
1

Γ(s)

∫ ∞
0

ts−1K(t, τ) dt

)
,(7.16)
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where the right hand side is defined near s = 0 by analytic continuation.
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