LIMIT MULTIPLICITIES FOR PRINCIPAL CONGRUENCE
SUBGROUPS OF GL(n)

TOBIAS FINIS, EREZ LAPID, AND WERNER MULLER

ABSTRACT. We study the limiting behavior of the discrete spectra associated to the
principal congruence subgroups of a reductive group over a number field. While this
problem is well understood in the cocompact case (i.e. when the group is anisotropic
modulo the center), we treat groups of unbounded rank. For the groups GL(n) we are
able to show that the spectra converge to the Plancherel measure (the limit multiplicity
property), and in general we obtain a substantial reduction of the problem. Our main tool
is the recent refinement of the spectral side of Arthur’s trace formula obtained in [27, 25],
which allows us to show that for GL(n) the contribution of the continuous spectrum is
negligible in the limit.
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1. INTRODUCTION

Let G be an algebraically connected linear semisimple Lie group with a fixed choice of
Haar measure. Since the group G is of type I, we can write unitary representations of G
on separable Hilbert spaces as direct integrals (with multiplicities) over the unitary dual
I1(G), the set of isomorphism classes of irreducible unitary representations of G with the
Fell topology (cf. [23]). An important case is the regular representation of G x G on L*(G),
which can be decomposed as the direct integral of the tensor products m ® 7* against the
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Plancherel measure pi, on II(G). The support of the Plancherel measure is called the
tempered dual II(G )emp C II(G).

Other basic objects of interest are the regular representations Rr of G on L?*(T'\G) for
lattices I' in G. We will focus on the discrete part L2, .(T'\G) of L*(I'\G), namely the sum
of all irreducible subrepresentations, and we denote by Rr gisc the corresponding restriction
of Rp. For any 7 € II(G) let mr(w) be the multiplicity of 7 in L?(T'\G). Thus,

mp(7m) = dim Homeg (7, Rr) = dim Home (7, Ry gisc)-

These multiplicities are known to be finite.! We define the discrete spectral measure on
II(G) with respect to I' by

1
I = SoIT\G) 2 mr(mo,
Tell(G)

where 0, is the Dirac measure at m. While one cannot hope to describe the multiplicity
functions mr on II(G) explicity (apart from certain special cases, for example when
belongs to the discrete series), it is feasible and interesting to study asymptotic questions.
The limit multiplicity problem concerns the asymptotic behavior of yur as vol(I'\G) — oc.

More explicitly, let I';, 'y, ... be a sequence of lattices in G. We say that the sequence
(T',) has the limit multiplicity property if the following two conditions are satisfied:

(1) For any Jordan measurable set A C II(G)temp we have
pr, (A) = ppi(A) as n — oo.
(2) For any bounded set A C II(G) \ II(G)temp we have
pr, (A) — 0 as n — oo.

For the definition of a bounded subset of II(G) see §2 below. Recall that a Jordan mea-
surable subset of II(G)temp is @ bounded set such that p,(0A) = 0, where 0A = A — A° is
the boundary of A. The first condition can also be rephrased as

Timpar, (f) = po(f)

for any Riemann integrable function f on II(G)temp, Or equivalently, for any compactly
supported continuous function.?

A great deal is known about the limit multiplicity problem for uniform lattices, where Rp
decomposes discretely. The first results in this direction were proved by DeGeorge-Wallach
([17, 18]) for normal towers, i.e., descending sequences of finite index normal subgroups of
a given uniform lattice with trivial intersection. Subsequently, Delorme ([22]) completely

LAt least under a weak reduction-theoretic assumption on G' and T’ ([44, p. 62]), which is satisfied if
either G has no compact factors or if I" is arithmetic (cf. [ibid., Theorem 3.3]).

2A Riemann integrable function on II(G)temp is a bounded compactly supported function which is
continuous almost everywhere with respect to the Plancherel measure. Note here that the complement
of a closed subset of Plancherel measure zero in the topological space II(G)iemp is homeomorphic to a
countable union of Euclidean spaces of bounded dimensions, and that under this homeomorphism the
Plancherel density is given by a continuous function. The same is true in the case of p-adic reductive
groups considered below.
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resolved the limit multiplicity problem for this case in the affirmative. Recently, there has
been big progress in proving limit multiplicity for much more general sequences of uniform
lattices ([1]). In particular, families of non-commensurable lattices were considered for the
first time.

In the case of non-compact quotients I'\G, where the spectrum also contains a contin-
uous part, much less is known. Here, the limit multiplicity problem has been solved for
normal towers of arithmetic lattices and discrete series L-packets A C II(G) (with regular
parameters) by Rohlfs-Speh ([46]). Building on this work, the case of singleton sets A
and normal towers of congruence subgroups has been solved by Savin ([49], cf. also [52]).
Earlier results on the discrete series had been obtained by DeGeorge ([19]) and Barbasch-
Moscovici ([10]) for groups of real rank one, and by Clozel ([15]) for general groups (but
with a weaker statement). The limit multiplicity problem for the entire unitary dual has
been solved for the standard congruence subgroups of SLy(Z) in [47] (cf. [28, p. 173], [21,
§5]). In this case, a refined quantitative version of the limit multiplicity property for the
non-tempered spectrum of the subgroups I'g(N) has been proven by Iwaniec ([29]).> A
partial result for certain normal towers of congruence arithmetic lattices defined by groups
of Q-rank one has been shown in [21]. Finally, generalizations to the distribution of Hecke
eigenvalues have been obtained in [48] and [50].

In this paper we embark upon a general analysis of the case of non-compact quotients.
We consider the entire unitary dual and groups of unbounded rank. The main problem is
to show that the contribution of the continuous spectrum is negligible in the limit. This
was known up to now only in the case of GL(2) (or implicitly in the very special situation
considered in [46] and [49]). Our approach is based on a careful study of the spectral side
of Arthur’s trace formula in the recent form given in [27, 25]. As we shall see, this form is
crucial for the analysis. Our results are unconditional only for the groups GL(n), but we
obtain a substantial reduction of the problem in the general case.

Before stating our main result we shift to an adelic setting which allows one to incorporate
Hecke operators into the picture (i.e., to consider the equidistribution of Hecke eigenvalues).
Thus, let now G be a reductive group defined over a number field F' and S a finite set
of places of F' containing the set S, of all archimedean places. As usual, G(Fs)' denotes
the kernel of the homomorphisms || : G(Fs) — R>? where y ranges over the F-rational
characters of G and |-| denotes the normalized absolute value on F§. Similarly, we define a
subgroup G(A)! of G(A). Fix a Haar measure on G(A). For any open compact subgroup
K of G(AS) let px = pu$® be the measure on II(G(Fs)') given by

1

T SACENGATTR) o, o NG

= vol(K) m, dim(7%)%
= WCENEy 2 M) o

mE€Mqisc(G(A))

3Recall that by Selberg’s eigenvalue conjecture the non-tempered spectrum should consist only of the
trivial representation in this case.
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We say that a collection K of open compact subgroups of G(A®) has the limit multiplicity
property if px — pp for K € K in the sense that

(1) for any Jordan measurable subset A C II(G(Fs)")iemp We have pr(A) — pp(A),
K € K, and,

(2) for any bounded subset A C II(G(Fs)") \ II(G(Fs)")temp we have pr(A) — 0,
K eK.

Here, we write for example px(A) — pp(A) to mean that for every € > 0 there are only
finitely many subgroups K € K such that |pux(A) — pp(A)| > €. We can again rephrase
the first condition by saying that for any Riemann integrable function f on II(G(Fs)!)temp
we have

pr(f) = (), K ek.

We remark that when G satisfies the strong approximation property with respect to Sy
(which is equivalent to G being semisimple and simply connected and G(F,) having no
compact factors), we have

GF)\G(A)/K ~ Ti\G(F.)

for the lattice 'y = G(F) N K in the connected semisimple Lie group G(F.). So, the
previous setup for the collection of lattices I'x, K ranging over the open compact subgroups
of G(Asy), is contained in the current one. A similar connection can be made for general
G, where however a single subgroup K will correspond to a finite set of lattices in G(Fy).

An important step in the analysis of the limit multiplicity problem is to reduce it to a
question about the trace formula. This is non-trivial not the least because of the compli-
cated nature of the unitary dual. This step was carried out by Delorme in the case where
S consists of the archimedean places ([22]). His argument was subsequently extended by
Sauvageot to the general case ([48]), where he also axiomatized the essential property as
a “density principle” (see §2 below). Using the result of Sauvageot, we can recast the
limit multiplicity problem as follows. Let H(G(Fs)') be the algebra of smooth, compactly
supported bi-Kg-finite functions on G(Fs)!. For any h € H(G(Fs)) let h be the function

on II(G(Fs)') given by h(r) = trr(h). Note that we have

. 1
Hth) = oG Gy e @ 1)
and
,Upl(iw = h(1).

Then we have the following theorem.

Theorem 1 (Sauvageot). Suppose that the collection K has the property that for any
function h € H(G(Fs)') we have

(1) pic(h) = h(1), KeK.
Then limit multiplicity holds for K.
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We will recall how to obtain this result from Sauvageot’s density principle in §2.

Given this reduction, it is natural to attack assertion (1) via the trace formula. In
the cocompact case (i.e., when G/Z(G) is anisotropic over F') one can use the Selberg
trace formula. In the general case we use Arthur’s (non-invariant) trace formula which
expresses a certain distribution h +— J(h) on C®°(G(A)') geometrically and spectrally
([9, 3, 5, 6, 7, 8]). The distribution J depends on the choice of a maximal F-split torus
Ty of G and a suitable maximal compact subgroup K = KgK?* of G(A) (cf. §3 below).
The main terms on the geometric side are the elliptic orbital integrals, most notably the
contribution vol(G(F)\G(A)')h(1) of the identity element. The main term on the spectral
side is tr Rgisc(h).

The relation (1) can now be broken down into the following two statements:

(2) For any h € H(G(Fs)') we have J(h ® 1) — tr Rgise(h ® 1) — 0,
and,
(3) for any h € H(G(Fs)') we have J(h ® 1x) — vol(G(F)\G(A)")h(1).

We call these relations the spectral and geometric limit properties, respectively.

The spectral limit property is trivial in the cocompact case, since then J(h) = tr Raisc(h).
Also, for a tower K of normal subgroups K of K® it is easy to see that for every h €
H(G(Fs)') we have in fact J(h ® 1x) = vol(G(F)\G(A)')h(1) for almost all K € K. This
is Sauvageot’s proof of the limit multiplicity property in this case.

In general both properties are nontrivial. We consider only the simplest collection of
normal subgroups of K*, namely the principal congruence subgroups K°(n) of K° for
non-zero ideals n of op prime to S (see §4). In this case, the geometric limit property is a
consequence of Arthur’s analysis of the unipotent contribution to the trace formula in [7]
(see §5, in particular Corollary 1). The main task is to prove the spectral limit property for
this collection of subgroups. We are able to do this unconditionally for the groups GL(n),
and consequently obtain the following main result.

Theorem 2. Limit multiplicity holds for G = GL(n) over a number field F' and the
collection of all principal congruence subgroups K% (n) of K°.

The key input for our approach to the spectral limit property is the refinement of the
spectral expansion of Arthur’s trace formula established in [27] (cf. Theorem 4 below). This
result enables us to set up an inductive argument which relies on two conjectural properties,
one global and one local, which we call (TWN) (tempered winding numbers) and (BD)
(bounded degree), respectively. They are stated in §4 and are expected to hold for any
reductive group G over a number field. Theorem 2 is proved for any group G satisfying
these properties (Theorem 7). The global property (TWN) is a uniform estimate on the
winding number of the normalizing scalars of the intertwining operators in the co-rank
one case. For GL(n) this property follows from known results about the Rankin-Selberg
L-functions (Proposition 1). In order to describe the local property (BD), recall that in the
non-archimedean case the matrix coefficients of the local intertwining operators are rational
functions of ¢=°, where ¢ is the cardinality of the residue field, and that the degrees of the
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denominators are bounded in terms of G only. Property (BD) gives an upper bound on
the degree of the numerator in terms of the level. This property was studied in [26], where
among other things it was proved for the groups G = GL(n). The import of property
(BD) is that it yields a good bound for integrals of logarithmic derivatives of normalized
intertwining operators (Proposition 2). The archimedean analogue of property (BD) (for
general groups) had been established in [40, Appendix].

A technical feature of our proof is that the induction over the Levi subgroups of G' does
not work with the spectral limit property itself. Instead, what we prove by induction
in §7 is that the collection of measures {ug(‘ij"} is polynomially bounded in the sense of
Definition 3, a property that already shows up in Delorme’s work ([22]). This property is
analyzed in §6, where we prove Proposition 6, a result on real reductive Lie groups which
generalizes a part of Delorme’s argument, and is (like Delorme’s work) based on the Paley-
Wiener theorem of Clozel-Delorme ([16]). Once we have that the collections {u%jé’z)} are
polynomially bounded for all proper Levi subgroups M of G, we can deduce the spectral
limit property for G' (Corollary 3). The key technical estimate of §7, which is based on the
refined spectral expansion and the bounds on intertwining operators of §4, is Lemma 10.

Remark 1. It follows from the classification of the discrete spectrum of GL(n) by Moeglin-
Waldspurger ([38]) that the non-cuspidal discrete spectrum consists entirely of non-tem-
pered representations. Therefore, at least for GL(n) the limit multiplicity property holds
for the cuspidal spectrum as well. Once again, we expect that the same is true for other
groups.

We end this introduction with a few remarks on possible extensions of Theorems 2 and
7. For general sequences (I',,) of distinct irreducible lattices in a semisimple Lie group G,
there is an obvious obstruction to the limit multiplicity property, namely the possibility
that infinitely many lattices I';, contain a non-trivial subgroup A of the center of GG, which
forces the corresponding representations Rr, to be A-invariant. By passing to the quotient
G /A, we can assume that this is not the case. But even taking this trivial obstruction into
account, the limit multiplicity property does not hold for arbitrary families. For instance,
for G = SLy(R) we can find a descending sequence of finite index normal subgroups I',,
of ' = SLy(Z) such that for all n the multiplicity in L?(I',\G) of either one of the two
lowest discrete series representations of G (or equivalently, the genus of the corresponding
Riemann surface) is equal to one ([43]). Similarly, one can find a descending sequence of
normal subgroups I',, of SLy(Z) such that the limiting measure of the sequence (ur, ) has
a strictly positive density on the entire complementary spectrum II(G) \ II(G)temp ([45]).
Note that in these examples the intersection of the finite index subgroups I',, is a non-
central normal subgroup of I' of infinite index, which accounts for the failure of the limit
multiplicity property. By Margulis’s normal subgroup theorem such subgroups do not

“More precisely, in these examples the analog of the geometric limit property (3) fails. It follows from
[46] (or alternatively by direct calculation) that the limit multiplicity property holds for the discrete series
of SLy(R) and arbitrary normal towers of subgroups of SLa(Z), i.e., when the intersection of the normal
subgroups is trivial.
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exist for irreducible lattices I' in semisimple Lie groups G of real rank at least two and
without compact factors ([37, p. 4, Theorem 4’], cf. also [ibid., IX.6.14]). (The paper [1]
is a major outgrowth of the Margulis normal subgroup theorem.) One expects that for
irreducible arithmetic lattices the limit multiplicity property holds at least for any sequence
of distinct congruence subgroups not containing non-trivial central elements. In the adelic
setting, let G be a reductive group defined over a number field I’ such that the derived
group G’ of G is F-simple and simply connected. Then we expect the limit multiplicity
property to be true for any collection K of open subgroups of a maximal compact subgroup
K* of G(A®) for which no infinite subset has constant intersection with G'(A®) or contains
a non-trivial central element of G(F). For this, a good understanding of the structure of
these subgroups seems to be necessary to deal with both the geometric and the spectral
sides. We hope to return to this problem in a future paper.

We thank the Centre Interfacultaire Bernoulli, Lausanne, and the Max Planck Institute
for Mathematics, Bonn, where a part of this paper was worked out.

2. SAUVAGEOT’S DENSITY PRINCIPLE

In this section we recall the results of Sauvageot ([48]) and the proof of Theorem 1,
providing a close link between the limit multiplicity problem and the trace formula. Recall
that a subset A C II(G(Fs)') is bounded, if the Casimir eigenvalues A, of the elements
m € A are bounded and if in addition there exist a finite set F C II(K,,) and an open
compact subgroup K C G(Fs_g_ ) such that every m € A contains a K -type in F and a
non-trivial K-fixed vector.

The main result of [48] (Corollaire 6.2 and Théoreme 7.3) is the following.”

Theorem 3 (Sauvageot). Let € > 0 be arbitrary.

(1) For any bounded set A C TI(G(Fs)") \ Wiemp(G(Fs)') there exists h € H(G(Fs)!)
such that
(a) h(m) >0 for all m € II(G(Fs)h),
(b) h(m) > 1 for all w € A,
(c) h(1) <e.
(2) For any Riemann-integrable function f on iemp(G(Fs)') there exist hy, hy € H(G(Fs)')
such that R
(@) |f(m) — hy(m)| < ho(m) for all T € TI(G(Fs)*),
(b) ha(1) <e.

As in [48], this result easily implies Theorem 1. We recall the argument. Let A C
I(G(Fs)') \ Miemp(G(Fs)') be a bounded set. For any € > 0 let h € H(G(Fs)') be as in
the first part of Theorem 3. By assumption we have |k (h) — k(1)| < € for all but finitely
many K € IC. For all such K we have

prc(A) < e (h) < Jre(h) = B(L)] + h(1) < 2¢.

%See the appendix of [50] for important corrections.
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Similarly, let f be a Riemann-integrable function on Ilien,(G(Fs)'). For any € > 0 let
hi and hs be as in the second part of Theorem 3. By assumption, for all but finitely many
K € K we have |ug(h;) — hi(1)] <€, i=1,2. Then,

| () = 1o ()] e (£) = pure (h)| + [pae (ha) = ha(D)] + [ha(1) = ()|
|k (ha) = ha(1)] + pxc (ha) + ha(1)
[ (he) — ha(1)] + | (ha) — ha(1)] + 2Ra(1) < 4e.

ININ TN

Theorem 1 follows.

3. REVIEW OF THE TRACE FORMULA

In this section we recall Arthur’s trace formula, and in particular the refinement of the
spectral expansion obtained in [27].

3.1. Notation. We will mostly use the notation of [27]. As before, G is a reductive group
defined over a number field F' and A is the ring of adeles of F'. For a finite place v of F
let ¢, be the cardinality of the residue field of v. As above, we fix a maximal compact
subgroup K = [, K, = KK, of G(A) = G(F)G(Agy).

Let 6 be the Cartan involution of G(F,) defining K. It induces a Cartan decomposition
g =LieG(F,) = p®t with £ = Lie K. We fix an invariant bilinear form B on g which is
positive definite on p and negative definite on €. This choice defines a Casimir operator {2
on G(F), and we denote the Casimir eigenvalue of any 7 € II(G(FL)) by A;. Similarly,
we obtain a Casimir operator 2x_ on K., and write A, for the Casimir eigenvalue of a
representation 7 € II(K,) (cf. [11, §2.3]). The form B induces a Euclidean scalar product
(X,Y)=—-B(X,0(Y)) on g and all its subspaces. For 7 € II(K,) we define ||7]| as in [14,
§2.2] (cf. also §6 below).

We fix a maximal F-split torus Ty of G' and let M; be its centralizer, which is a minimal
Levi subgroup defined over F. We assume that the maximal compact subgroup K € G(A)
is admissible with respect to My ([4, §1]). Denote by Ag the identity component of Ty (R),
which is viewed as a subgroup of Ty(A) via the diagonal embedding of R into F,..

We write £ for the (finite) set of Levi subgroups containing My, i.e., the set of centralizers
of subtori of Ty. Let Wy = Ngry(To)/My be the Weyl group of (G, Tp), where Nepy(H)
is the normalizer of H in G(F). For any s € W, we choose a representative w, € G(F).
Note that Wy acts on £ by sM = w,Mw; .

Let now M € L. We write T}, for the split part of the identity component of the center
of M. Set Ayy = Ao N Ty (R) and W(M) = Nery(M)/M, which can be identified with a
subgroup of Wy. Denote by aj, the R-vector space spanned by the lattice X*(M) of F-
rational characters of M and let aj, - = aj; ®r C be its complexification. We write ay, for
the dual space of a},, which is spanned by the co-characters of Ty;. Let Hy : M(A) — ayy
be the homomorphism given by

€<X7H1\/I(m)> — |X(m)|A = H|X(mv)|v
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for any x € X*(M) and denote by M(A)' € M(A) the kernel of Hy;. Let L£(M) be
the set of Levi subgroups containing M and P(M) the set of parabolic subgroups of GG
with Levi part M. We also write F(M) = F%(M) = I zecon P(L) for the (finite) set of
parabolic subgroups of G containing M. Note that W (M) acts on P(M) and F(M) by
sP = w,Pw;*. Denote by X, the set of reduced roots of Ty on the Lie algebra of G. For
any a € Xj; we denote by ¥ € ays the corresponding co-root. Let L3 (AyM(F)\M(A))
be the discrete part of L?(Ay M(F)\M(A)), i.e., the closure of the sum of all irreducible
subrepresentations of the regular representation of M (A). We denote by i (M (A)) the
countable set of equivalence classes of irreducible unitary representations of M (A) which

occur in the decomposition of L3, (A M(F)\M(A)) into irreducibles.

For any L € L(M) we identify a} with a subspace of a},. We denote by a%, the
annihilator of aj in a;;. We set

Li(M)={Le L(M):dima}, =1}

and
AM) = |J PwW).
Lely(M)
Note that the restriction of the scalar product (-,-) on g defined above gives ay the
structure of a Euclidean space. In particular, this fixes Haar measures on the spaces
ak, and their duals (af,)*. We follow Arthur in the corresponding normalization of Haar
measures on the groups M(A) ([9, §1]).

3.2. Intertwining operators. Now let P € P(M). We write ap = ay;. Let Up be the
unipotent radical of P and Mp the unique L € L£L(M) (in fact the unique L € £(M)) such
that P € P(L). Denote by Xp C a}, the set of reduced roots of T), on the Lie algebra up
of Up. Let Ap be the subset of simple roots of P, which is a basis for (af)*. Write a}, ,
for the closure of the Weyl chamber of P, i.e.

ap, ={reay:(Na')>0forall € Xp} ={Aeay:(N\a’)>0forall aeAp}.

Denote by dp the modulus function of P(A). Let Ay(P) be the Hilbert space completion
of

{6 € C(M(F)Up(A)\G(A)) : 62 ¢(-x) € L3 (A M(F)\M(A)) Vz € G(A)}

with respect to the inner product

(61, ) = / 61(9)82(9) do.
Ay M(F)Up(A)\G(A)

Let a € ¥p;. We say that two parabolic subgroups P, Q € P(M) are adjacent along a,
and write P|*Q, if ¥p N =X = {a}. Alternatively, P and () are adjacent if the closure
PQ of PQ belongs to Fi(M). Any R € Fi(M) is of the form PQ for a unique unordered
pair {P, @} of parabolic subgroups in P(M), namely P and @) are the maximal parabolic
subgroups of R, and P|*Q with a¥ € X% N af,. Switching the order of P and @ changes
a to —a.
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For any P € P(M) let Hp : G(A) — ap be the extension of Hy, to a left Up(A)- and
right K-invariant map. Denote by A?(P) the dense subspace of A?(P) consisting of its K-
and 3-finite vectors, where 3 is the center of the universal enveloping algebra of g®C.l That
is, A?(P) is the space of automorphic forms ¢ on Up(A)M(F)\G(A) such that §,2¢(-k)
is a square-integrable automorphic form on Ay M(F)\M(A) for all k € K. Let p(P, \),
A € @}, ¢, be the induced representation of G(A) on A*(P) given by

(P[P X, y)9)(x) = d(wy)el it =Hir),

It is isomorphic to Ind{3{y) (L3 (An M (F)\M(A)) @ eMHuO)).

For P,Q € P(M) let
Mgip(A) : A2(P) = A*(Q), X € aj,

be the standard intertwining operator ([6, §1]), which is the meromorphic continuation in
A of the integral

[Map(N)¢](x) =

/ gb(nx)e<’\’HP(m)_HQ(x)> dn, ¢ € A%(P), r € G(A).
Ug(A)NUp(A)\Uq(A)
These operators satisfy the following properties.
(1) Mpp(A) =1d for all P € P(M) and A € aj;c.
(2) For any P,Q, R € P(M) we have Mpp(A) = Mgg(A) o Mgp(A) for all A € aj,c.
In particular, Mg p(A)™" = Mpig(N).
(3) Mgip(A)* = Mpjo(—A) for any P,Q € P(M) and A € a}, . In particular, Mg p())
is unitary for A € iaj,.
(4) If P|*Q then Mg p(A) depends only on (A, o).

For any P € P(M) we have a canonical isomorphism of G(Ay) X (g¢, Koo )-modules
jp : Hom(m, L*(Ay M (F)\M(A))) ® Ind() (1) — AZ(P).

This gives rise to a Hilbert space structure on Hom(w, L?( Ay M (F)\M(A))) such that jp
becomes an isometry.

Suppose that P|*Q. The operator Mg p(7, s) admits a normalization by a global factor
Ne (7, s) which is a meromorphic function in s. We write

(4) Mqp(m;s) © jp = na(m, s) - g © (Id @Rqp(, 5))

where Rgp(m,s) = ®,Rqp(my,s) is the product of the locally defined normalized inter-
twining operators and © = ®,m, ([6, §6], cf. [39, (2.17)]).

3.3. The trace formula. Arthur’s trace formula gives two alternative expressions for a
distribution J on G(A)'. Note that this distribution depends on the choice of M and K.
For h € C°(G(A)'), Arthur defines J(h) as the value at the point T' = Ty specified in
[4, Lemma 1.1] of a polynomial J* (k) on ay, of degree at most dy = dima§j . Here, the
polynomial J7 (k) depends in addition on the choice of a parabolic subgroup Py € P(M).
Consider the equivalence relation on G(F') defined by v ~ +/ whenever the semisimple
parts of v and +' are G(F)-conjugate. Let O be the set of the resulting equivalence
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classes (which are in bijection with conjugacy classes of semisimple elements). The coarse
geometric expansion ([9]) is

(5) Ty =" Il (h),

0cO

where the summands JI(h) are again polynomials in T of degree at most dy. Write
Jo(h) = JI(h), which depends only on My and K. Then J,(h) = 0 if the support of A is
disjoint from all conjugacy classes of G(A) intersecting o (cf. [8, Theorem 8.1]). By [ibid.,
Lemma 9.1] (together with the descent formula of [4, §2]), for each compact set Q C G(A)?
there exists a finite subset O(2) C O such that for h supported in €2 only the terms with
0 € O(Q) contribute to (5). In particular, the sum is always finite. When o consists of the
unipotent elements of G(F), we write J; (h) for J) (h).

We now turn to the spectral side. Let L D M be Levi subgroups in £, P € P(M),
and let m = dim af be the co-rank of L in G. Denote by Bp; the set of m-tuples
B=(8Y,...,B") of elements of X}, whose projections to a; form a basis for a¥. For any
B=(8Y,....B)) € Bpy let vol(3) be the co-volume in af of the lattice spanned by 3 and
let

EL(@):{<Q1a7Qm)€~Fl(M)m 62\/60%,2:1,,77’2,}
={(PP],....P,P.): PB|PP,i=1,...,m}.

For any smooth function f on a3, and p € aj; denote by D, f the directional derivative
of f along p € aj;. For a pair P;|*P, of adjacent parabolic subgroups in P(M) write

5P1|P2 ()‘) = Mpz\P1<)‘)DwMP1|P2 (/\) : A2(P2> — 'A2(P2>7

where @ € aj}; is such that (w, @) = 1.° Equivalently, writing Mp,p,(A) = ®((\, a")) for
a meromorphic function ® of a single complex variable, we have

Opp,(A) = @((A, @) T ((A, ).

For any m-tuple X = (Q1,...,Qm) € E(B) with Q; = PP/, P;
the expression

vol(@) .

Mpyp(N) " 0p, 1 (\)Mpy ey () -+ 0p, g 1pr, (M) Mpr1pr (A)0p,, py, (A) My, 1p(A).

m)! m

In [27, pp. 179-180] we define a (purely combinatorial) map Xy, : Bpr — Fi(M)™ with
the property that X7 (3) € E.(8) for all 3 € BpL.”

For any s € W (M) let L, be the smallest Levi subgroup in £(M) containing w,. We
recall that a,, = {H € ay | sH = H}. Set

s = |det(s — 1)

i P! denote by Ax(P,\)

-1

Ls
Gpr

SNote that this definition differs slightly from the definition of & PP, in [27].
"The map X, depends in fact on the additional choice of a vector u € (a3;)™ which does not lie in an

explicit finite set of hyperplanes. For our purposes, the precise definition of Xy, is immaterial.
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For P € F(M,) and s € W(Mp) let M(P,s) : A*(P) — A*(P) be as in [6, p. 1309].
M(P, s) is a unitary operator which commutes with the operators p(P, A, h) for A € iaj .
Finally, we can state the refined spectral expansion.

Theorem 4 ([27]). For any h € C=°(G(A)') the spectral side of Arthur’s trace formula is
given by
D) = 3" et (1)
[M]

M ranging over the conjugacy classes of Levi subgroups of G (represented by members of

L), where
JSPec,M(h) Z Z AXL (P /\) ( )p(P7 )‘7 h)) dA

sEW M) BEBp L, i(af L.s

with P € P(M) arbitrary. The operators are of trace class and the integrals are absolutely
convergent.

Note that here the term corresponding to M = G is simply Jypec,(h) = tr Raisc(h).

4. BOUNDS ON CO-RANK ONE INTERTWINING OPERATORS

We now introduce the key global and local properties required for the proof of the spectral
limit property, and verify that they are satisfied for the groups GL(n). These properties
will be used to provide estimates for the contribution of the continuous spectrum to the
spectral side of the trace formula.

We will use the notation A < B to mean that there exists a constant ¢ (independent of
the parameters under consideration) such that A < ¢B. If ¢ depends on some parameters
(say F') and not on others then we will write A <p B.

Fix a faithful F-rational representation p : G — GL(V) and an op-lattice A in the
representation space V such that the stabilizer of A = 6p @ A C Agy ® V in G(Agy) is
the group Kg,. (Since the maximal compact subgroups of GL(Ag, ® V') are precisely the
stabilizers of lattices, it is easy to see that such a lattice exists.) For any non-zero ideal n
of o let

Kn) ={g€ GAa) : p(¢gJv=v (modnA), veA}

be the principal congruence subgroup of level n, an open normal subgroup of Kg,, and for
n prime to S let K®(n) be the corresponding open normal subgroup of K°. The groups
K(n) form a neighborhood base of the identity element in G(Ag,). For an open subgroup
K of Kg, let ng be the largest ideal of o with K(ng) C K, and define the level of K as
level(K) = N(ng), where N(n) = [op : n] denotes the ideal norm of n. Analogously, define
level(K,) for open subgroups K, C K,.

4.1. The global bound. As in [39], for any 7 € [I(M(Fy)) we define A, = /A2 + A2,

where 7 is a lowest Koo-type of Ind% (7). (This is well-defined, because A, is independent
of 7.) Roughly speaking, A, measures the size of .
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Definition 1. We say that the group G satisfies the property (TWN) (tempered winding
number) if for any M € £, M # G, and any finite subset F C II(Kj/ ) there exists an
integer £ > 1 such that for any o € ¥, and any € > 0 we have

J.

for all open compact subgroups Ky of Ky, and 7 € Tgiee (M (A))7 501,

16,(T, 5)

(1+|s) 7% ds <z (14 Ar ) level(K )"

Ne (T, 8)

Since the normalizing factors n,(m, s) arise from co-rank one situations, the property
(TWN) is hereditary for Levi subgroups.

Remark 2. If we fix an open compact subgroup Kj;, then the corresponding bound

/.

is the content of [39, Theorem 5.3]. So, the point of (TWN) lies in the dependence of the
bound on K.

!
RT3 () o)+ ds <y (14 An )t

N (T, s)

Remark 3. In fact, we expect that

(6) /TT—O—I

for all T € R and m € Tl (M(A))5¥. This would give the following strengthening of

(TWN):
/iR na(ﬂ-v S)
for any 7 € Tlgise(M(A))5n,

Remark 4. If G’ is simply connected, then by [36, Lemma 1.6] (cf. also [26, Proposition 1])
we can replace level(Kjs) by vol(Kjy;)™! in the definition of (TWN) (as well as in (6)).

Proposition 1. The estimate (6) holds for G = GL(n) with an implied constant depending
only onn and F. In particular, GL(n) satisfies the property (TWN).

Proof. The proposition follows from the fact that for GL(n) the global normalizing factors
ne can be expressed in terms of Rankin-Selberg L-functions and the known properties of
these functions, which are collected and analyzed in [42, §84,5]. Write M ~ [[;_, GL(n;),
where the root « is trivial on [[,.; GL(n;), and let m ~ ®m; with representations m; €
Maise (GL(n4, A)). Let L(s, 71 X 7) be the completed Rankin-Selberg L-function associated
to m; and ms. It satisfies the functional equation

1 1
L(S,?Tl X 7}2) = 6(5,7’(’1 X 7}2)N(7T1 X 7}2)575[1(1 — 8,7}1 X 7T2)

n. (m,it)

N (T, 1) ‘ dt < 1+log(1+T)+log(l + Ar.,) + loglevel (Ky)

/
Mo (T 5) (1+]s))7% ds < 1 +log(1 + Ar_) + loglevel (K )

where |e(3,m X 72)| = 1 and N(m X 73) € N is the conductor (including the discriminant

factor). We can then write

L(S,ﬂ'l X 7~T2)

na(m, s) = — - — 1 —.
€(5,m X W) N(m X )27 L(s + 1,71 X Tp)
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By the proofs of [42, Proposition 4.5, 5.1, we have

/T+1
T

V(7T1 X ﬁg) = N(7T1 X 7?2)(2 + C(7T1 X ’ﬁ'g))
and ¢(m X 72) as in [ibid., (4.21)]. The discussion of [ibid.] shows that log(2+4c(m X 72)) <
log(1 4+ A,.). Also, by [13] we have log N(m x 7T3) < log N(m) + log N(ms), where
N(m;) is the usual conductor of the representation ;. From the well known description of
N(m;) ([30]) it follows that m € Tlgise(M(A))5™ implies log N(7;) < loglevel(K ). This
completes the proof. O

n.,(m,it)

(1) ‘ dt < log(T + v(m X 73))

with

Remark 5. For general groups G the normalizing factors are given, at least up to local
factors, by quotients of automorphic L-functions associated to the irreducible constituents
of the adjoint action of the L-group “M of M on the unipotent radical of the corresponding
parabolic subgroup of *G ([35]). To argue as above, we would need to know that these
L-functions have finitely many poles and satisfy a functional equation with the associated
conductor bounded by an arbitrary power of level(K ;) for automorphic representations m €
aise (M (A))52 . Unfortunately, finiteness of poles and the expected functional equation
are not known in general. It is possible that for classical groups these properties are within
reach. However, this may require some work.

4.2. The contribution of the normalized local intertwining operators.

Definition 2. We say that G satisfies the property (BD) (bounded degree) if there exists
a constant ¢ (depending only on (), such that for any M € £, M # G and adjacent
parabolic subgroups P, @) € P(M), any finite place v of F', any open subgroup K, C K,
and any smooth irreducible representation m, of M(F,), the degrees of the numerators of
the linear operators Rgp(m,, s)" are bounded by clog, level(K,) if K, is hyperspecial,
and by c(log,, level(K,) + 1) otherwise.

Remark 6. As in Remark 4, if G’ is simply connected then we may replace level(K,) by
vol(K,) L.

Property (BD) is discussed in detail in [26] (see especially [ibid., Proposition 3]). It is
hereditary for Levi subgroups. The main result of [26] (Theorem 1, taken together with
Proposition 3) is the following.

Theorem 5. GL(n) satisfies (BD).

The relevance of (BD) to the trace formula is the following consequence, which we will
prove in the remainder of this section.

Proposition 2. Suppose that G satisfies (BD). Let M € L and P, Q) € P(M) be adjacent
parabolic subgroups. Then for all open subgroups K C Kg, and all 7 € TI(K,,) we have

(7) / | Royp (T, s)_lR’Q|P(7T, S)|Ig(7r)ﬂK“(1 + [s]*)7! ds < 1 +log(1 4+ ||7]]) + loglevel (K).
iR



LIMIT MULTIPLICITIES 15

We remark that the dependence of the bound on 7 is not essential for the limit multi-
plicity problem, but it is relevant for other asymptotic problems.

Let z1,..., 2z, € C (not necessarily distinct) and let b(z) = (z — 21) ... (2 — zn). Let V
be any vector space over C. By definition, a vector valued rational function on C of degree

< m with denominator dividing b(z) is a map A : C\ {z1,...,2n} — V of the form
4G = 55D+
2) = — 2'v;
b(z) 4
=0
for some vectors vy, ..., v, € V. We omit the reference to 21, ..., z, and b, if the precise

choice of these parameters is unimportant.

For the next two lemmas, let V' be a Banach space and V* its dual space. The following
lemma is a vector valued version of [27, Lemma 1], which we obtain as a consequence of a
result of Borwein and Erdélyi in approximation theory ([12]).

Lemma 1. Let S be the unit circle in C with the standard Lebesque measure |dz|. Suppose
that A: C\{z1,....2m} =V, 21,...,2m & S, is a rational map of degree < m such that
|A(2)|| <1 for all z € St. Then

[ 14 G 1zl < 2mm
S1

Proof. Suppose that b(z) = (z — 2z1)...(2 — 2,) is such that b(z)A(z) is polynomial of
degree < m. For any w € C\ S let ¢, be the Mébius transformation ¢, (z) = =2 so
that |¢,(2)] =1 on S* and

® I el = 2
Let ¢, ¢~ be the two Blaschke products
¢2(Z) = H ¢Zj(z)'
Jilzl21

By assumption, for any unit vector w € V* the function f(z) = (A(z),w) satisfies | f(2)| <
1 on S* and b(2)f(z) is a polynomial of degree < m. Therefore, by [12, Theorem 1] we
deduce that

|/ (2)] < max(]6L (2)], |9 (2)]), =€ Sh
Thus,

1A' ()] < max(|éL ()], [0 (2)]) < |65 (2)] + |6(2)], = €S

Integrating this inequality over S and using (8) we obtain the lemma. U
Analogously, we have

Lemma 2. Suppose that A : C\ {z1,...,2m} — V is a rational map with denominator
dividing b(z) = (z — z1) ... (2 — zm) and satisfying ||A(z)|| < 1 for all z € iR. Write
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zj =wu; +1ivj, 3 =1,...,m. Then
dz| = lu;| + 1
Az | <27 J < 2mm.
/i[RH ( )H1+\z|2 - ;(\uj\+1)2+v]2. -
Proof. The proof is similar. For any w € C let ¢,,(z) = 22, Applying [12, Theorem 4®

we conclude as before that

[A'(2)] < max(|6L (2)],1¢2(2)]) < |95 (2)] + 92 (2)], =z €iR,
where now

(bZ(Z) = H ¢Zj (Z)

j:Re z;20

It remains to observe that for any w = u + iv € C\ iR we have

, dz ul +1
[ o 1
iR

14|22 (Ju| +1)% + v
Indeed, we have |¢! (2)| = ‘Z2_‘ZJ|2 = ugf(‘f_‘U)Q for z =it, t € R, so that

e 2
Loy F / @G0t &

By the residue theorem this is equal to

| 1 B 27 |ul 1
o (u2+<i—v>2 " 1+<v+i\ur>2) T ot i(u = 1) (v—i<|u|+1> MEST( +1>>
B 27 (Jul + 1)
024 (Jul +1)2

as claimed. O

Proof of Proposition 2. For each finite place v of F' let p, be the maximal ideal of the
ring of integers of F, and let f, > 0 be the minimum integer with K,(p/*) C K. Then
level(K) = [[, N, with N, = ¢Jv. Without loss of generality we may assume that K =
I, Ko(pl) = K, K". Write

R<7T78)_1R/(7T78)‘](7T)r,}( = ROO(’/TOO’8)_1R<l)o(7roo7s)’[(7roo)f®Id1(7r°°)K

+ D Ro(my, )R (10, 8)] ey © Ty

v finite

Recall that the operators R, (m,, s) are unitary for Res = 0.
Consider first the case where v is finite. By property (BD) we have R,(,,s)| Lo =

A,(q, %), where A, satisfies the conditions of Lemma 1 (with respect to the operator norm)

8This result is misstated on [27, p. 190].
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with m = m, <log, N, if K, is hyperspecial, and m, < log, N, + 1 otherwise. Thus,

ds ds
—1 — / _—
/iRHRU(TfU,S) RU(W”’S)|I(7T1))K”||1+’ ‘2 /iRHRv(WUaS)‘I(WU)Kle i ’S|2

27i

> 47r2n _ Tog qv
<230+ N A LA PN P

log qv)

27i

log qv
< (0g0) [ IR 7] gy ds = (lozan) [ 1AL Iz

By Lemma 1, the last integral is < (log ¢,)(log,, N,) = log N,, if K, is hyperspecial, and
< 1+ log N, otherwise. Note here that the last case occurs only for v in a finite set that
depends only on Kg,.

Regarding the archimedean contribution, it follows from [40, Proposition A.2] that
Reoo(Toos 8) satisfies the conditions of Lemma 2 with b(s) = [[;_; [[;=,(s — p; + ck),

where

|I(7roo)7'

e ¢ > () depends only on M,
e r and u; = Re(p;), j =1,...,r, are bounded in terms of G only,
em <1+

Write p; = u; +iv;. By Lemma 2 we infer that

Vs ) R ) L 158 s = [ N9 g L)

T m |

—ck|+1
1+ log(1 .
< Y e <L lea I

Altogether,

/||R7T s) 'R (7, s ‘Iw)TKH T+ |s))?ds < 1+4+log(l+|7])+ Z log N,

v finite

= 1+1log(1+|7|]) + loglevel(K),

as required. [l

5. THE GEOMETRIC LIMIT PROPERTY

We now study the geometric side of the trace formula and prove the geometric limit
property for the principal congruence subgroups K®(n), where S is a finite set of places
of F' containing S,. In addition to K and M, we fix in this section a parabolic sub-
group Py € P(M,). Recall Arthur’s distribution J;, on G(A)', the contribution of the
unipotent elements of G(F') to the trace formula (5), which is a polynomial in T € ayy,
of degree at most dy = dima§;, ([7]). It can be split into the contributions of the finitely

many G(F)-conjugacy classes of unipotent elements of G(F). It is well known ([ibid.,
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Corollary 4.4]) that the contribution of the unit element is simply the constant polynomial

vol(G(F)\G(A))h(1). Write

Tunip (13 (h) = Jaip(h) — VO G(FNG(A))R(1),  h € CZ(G(A)).

The distribution Jyyip is defined as Jfgip for a certain vector Ty € ayy, depending only on G,
and analogously for Jy,i, —{1;. We want to estimate the latter distribution for the functions
h = hS (9 1K5(n)'

For any compact subset Q C G(Fg)! we write C&(G(Fs)!) for the Fréchet space of all
smooth functions on G(Fs)' supported in  equipped with the seminorms sup, cq|(Xh)(z)],

where X ranges over the left-invariant differential operators on G(Fl,).

Proposition 3. For any compact subset Q C G(Fs)' there exists a seminorm || - || on
CF(G(Fs)') such that

(1 + log N(n))do
N(n)
for all hg € CF(G(Fs)') and all integral ideals n of o prime to S.

‘Junip—{l}(hS ® 1Ks(n))‘ < HhSH

Remark 7. Let G = GL(2), K(n) the standard principal congruence subgroups, and assume
for simplicity S = S,. Then we have the explicit formula

Junip— {1} (Poe @ 1k@w)) = VOI(T(ﬁ?ﬂ;TU?)) (/Fm/ hoo (K71 (§%) k) log||se dk da

+oe—togN(w) [ (DB dkda:) 7

where vr denotes the constant term of the Laurent expansion of (r at s = 1. This shows
that (regarding the dependency on N(n)) the estimate of Proposition 3 is best possible in
this case.

Proposition 3 will be proved below. It has the following consequence.

Corollary 1 (Geometric limit property). For any hg € C°(G(Fs)') we have
lim J (hs ® 1ks ) = vol(G(F)\G(A)")hs(1).

Proof. Fix hg € C°(G(Fs)') and let Qg C G(Fs)! be the support of hg. Then the support
of the test function hg ® ks is QsK*®(n), which for any n is a subset of the compact
set QgK®, and therefore there are only finitely many classes 0 € O that contribute to the
geometric side of the trace formula (5) for the functions hg ® 1ks(,). Moreover, for a fixed
class 0 € O different from the unipotent class, the set of all G(A)-conjugacy classes of
elements of 0 meets QgK*(n) only for at most finitely many n. Therefore, the geometric
side reduces t0 Junip(hs ® 1K5(n)) for all but finitely many n, and the assertion follows from
Proposition 3. U

The proof of Proposition 3 consists of a slight extension of Arthur’s arguments in [7].
The case where F' = QQ and n is a power of a fixed prime is in fact already covered by
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Arthur’s arguments. However, we will give a detailed account, since our setting allows also
for considerable simplifications compared to Arthur’s paper. We also remark that when
we restrict the prime divisors of n to a fixed finite set, we can appeal directly to Arthur’s
fine geometric expansion ([8]) to obtain the geometric limit property (cf. [21, Proposition
L.7]).

The first ingredient of the proof is an asymptotic formula for Jg;ip_ (1) obtained by
Arthur. Let & C G be the unipotent variety of G, i.e., the Zariski closure of the set of
unipotent elements of G(F'). Recall that we fixed a Euclidean norm || - || on az and let
d(T) = mingen, (o, T) for T € apy,. For a parabolic subgroup P D Fy write Ap = Ap,
and set Ap(T1) = {a € Ay, : (o, Hp(a) = T1) > 0, « € Ap} for Ty € ap,. As in
[9, p. 941], we fix a suitable vector T, which depends only on G, Py and K, such that
G(A) = Uy(A)My(A)' Ap, (T1)K. Finally, recall the truncation function F(-,T) = F¢(-,T)
for T € ayy,, which is the characteristic function of a compact subset of G(F)\G(A)! (]9,
p. 941], [7, p. 1242]). By [7, Theorem 4.2] and the discussion in [ibid., §3], we have the
following estimate.

Proposition 4 (Arthur). There exist an integer k > 1, left-invariant differential operators
Xi1,..., Xy on G(Fy), and positive numbers m, € and ey with the following property. For
any compact set Q@ C G(A)! there exist a positive constant dg and a seminorm || - ||q on
C>®(Q2) of the form

k

Ihllo = @)Y sup_ [(Xih)(a)

i—1 t€G(A)!
with ¢(2) > 0, such that for all non-zero ideals n of op with K(n)QK(n) = Q and any
bi-K(n)-invariant function h € C*(§2) we have

O @ = [ F@T) Y baymda] < [l N
G(F)\G(A)! UTn

for all T € ay, with ||T|| > dg and d(T) > €||T|.

Here, the constant dg, is such that the integral formula on [7, p. 1240] for the polynomial
Jimip () is valid for vectors T with d(T) > eqdg for all h with support contained in Q (cf. [9,
Theorem 7.1] and its proof for the existence of such a constant).

We now need to bound the truncated integral
[ Fen) Y (s t)a o) do
GUNG@A)! YEU(F), v#1

in terms of N(n). For any fixed value of T' the integral approaches zero as N(n) — oo by
the dominated convergence theorem. We make this quantitative as follows.
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Lemma 3. Let Qg C G(Fs)' be a compact set. Then there exists a constant C(Sg),
depending only on G and g, such that

_ sup|hs|
W) [ P@T) Y s @ hew)a e de < C6s) Fh (14 (T
GUNG(A) YEG(F),v#1

for all bounded measurable functions hg on G(Fs)' with support contained in g.

The proof of this estimate is based on an elementary estimate for a lattice-point counting
problem that we will prove first. As a preparation we need the following result from
algebraic number theory.

Lemma 4. Let F' be a number field, A a fractional ideal of F and D C F ® R a compact
set. Then there exists a positive constant C (D, \) such that for all positive real numbers a
and non-zero integral ideals n we have

C(D,A) .

DN (nA — {0})] < =LY,

aD 1) (nh — {O0])] < e

Proof. This lemma is an immediate consequence of [34, p. 102, Theorem 0], which provides

the upper bound max(1, %aw :Q]) for the cardinality of the intersection aD NnA. [
Lemma 5. Let up be the Lie algebra of the unipotent radical Up of a standard parabolic
subgroup P = MpUp of G, A C up(F) an op-lattice and D C up(F ®@ R) a compact set.
Then there exists a positive constant C' = C(P, D, \) such that for all a € Ap(Ty) and all

non-zero integral ideals n we have

C

Ad(a)D Nn(nA — {0})| < op(a).

|Ad(a)D N ( {})I_N(n>p()
Proof. Let eq,...,e, be a basis of up consisting of eigenvectors with respect to Ty, and
let aq,...,q, € Xp be the associated eigencharacters. Without loss of generality we can
assume that A = ). Aje; with fractional ideals Ay,..., A, C F and D = ), D;e; with
compact sets Di,..., D, C F ® R. Since a non-zero vector is a vector with at least one

non-zero coordinate, we can estimate

[Ad(a)D N (nA = {0})] < ) las(a)D; N (n; = {0})] [ T las(@) Dy Nyl
i=1 i
We now use the estimate of Lemma 4 for |a;(a)D; N (nA; — {0})|, while for the other
coordinates we use the trivial estimate |a;(a)D; NnA;| < C(Dj, Aj)a;(a)F*@ 4 1. This
gives the desired result, since the values a(a) = e!/*fr@) o € Yp, are bounded from
below. g

Proof of Lemma 3. By Arthur’s discussion in [7, §5], we can bound the left-hand side of
(10) by

(L+ [T sup dp(a) Y dla'ya),

a€Ap, (1) YEU(F),v#1
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where
o) = / (hs ® Lics ) (y~"2y)| dy
N

for a compact set I' C G(A)! and a Radon measure dy on I' depending only on G, Py and
K. Of course, we can assume that I' = [[, ', with I', = K,, for all v ¢ T', where T' D S
is a finite set of places of F. In a second step, Arthur reduces to the estimation of

AHNTIH® Y > suwp dp(a)™ D dulervan),

PPy peMp(F) AP VEUp(F): pr#l

where
Oulu) = sup 0 (0) 7' p(b™ b)), w € Up(A),
€B
for a fixed compact set B C Ay.

Here, for a given P we need to sum only over all x4 belonging to the intersection of
Mp(F) with a compact set that depends only on g, or equivalently over a finite subset
of Mp(F) that depends only on Qg. Considering each possibility for u separately, we see
that for all but at most finitely many n (depending on €g) only p = 1 will contribute.
Furthermore, from the definition of ¢; we can estimate

¢1(u) < C1(S2s) sup|hs| 1oy aars)s@ynupa) (@),  u € Up(A),

with a constant C1(Qg) and a compact set ¥y C G(Fs)! that depend only on Qg. There
exist exponents e, > 0 for v ¢ S, with e, = 0 for v ¢ T, such that

Ad(T) (Ko(pl)) € Ko(p! ™)
for f > e,. Write n =[] .spf*. We conclude that Ad(T?)(K*(n)) C [1.¢s Lo,s., where
for v ¢ S and f > 0 we set L, ; = Ad([',)(K,) in case f < e, (which implies v € T') and
L, = K,(p/~®), otherwise. Identify the unipotent radical Up with its Lie algebra up

via the exponential map. Then everything reduces to an application of Lemma 5 (with n
replaced by n" = [[,.; -, Jomew), O

To finish the argument we follow Arthur’s interpolation argument in [7, pp. 1252-1254].
We formulate the precise technical statement in the following lemma, which is a slight
variant of [5, Lemma 5.2]. The proof is omitted.

Lemma 6. Let ay be a Fuclidean vector space with norm || - ||, Ao a set of linearly inde-
pendent elements of aj, dy > 0 an integer and €y > 0. Then there exists a constant a with
the following property. For polynomials q on ag of degree < dy and real numbers A > 0,
B > 1 with

la(T)] < AL+ [IT]))*®
for all vectors T € ayg with (o, T) > max(e||T||, B), a € Ay, we have
|a(T)| < aAB® (1 +|T|))®

for any T € ag.
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Proof of Proposition 3. Write N = N(n). Given hg € C2°(G(Fs)') with support contained
in a compact set Qg C G(Fs)!', we combine (9) and Lemma 3 to obtain

[ Jip 13 (hs ® 1xs )| < [Jhsllog (N™e™ T 4 N7H1 +||T]|)™)
for all T' € ag with ||T'|| > dqg and d(T") > €o||T||, where || - ||qg is a suitable seminorm on
C*°(Qs). This implies
[ inip 13 (s ® Lies )| < 2||hslag N 71 (1 + ||T)*
for all T € ay with ||T|| > max(dgg, 2 log N) and d(T') > €||T||. Applying Lemma 6 to

€€o

ip 7{1}(h3 ® 1ks(m)) and the point Ty € ag, we obtain the assertion. [

the polynomial JI

n

Remark 8. An alternative proof of Corollary 1 might be given by replacing U(F') by G(F)
in the arguments above and using [2, p. 267, Theorem 1].

For use in a planned future paper, we note that the arguments above actually yield the
following extension of Proposition 3.

Proposition 5. There ezists a seminorm || - || on C(G(Fs)') such that
(1 + log N(n))do
N(w)

for all hg € C°(G(Fs)'), all pairs of integral ideals n and w' of op prime to S with v’ a
divisor of n, and all bi-K* (n)-invariant functions h® on K¥(n') with |h°| < 1.

[uip — (1) (hs ® h7)] < [|hs]

6. POLYNOMIALLY BOUNDED COLLECTIONS OF MEASURES

As a preparation for our proof of the spectral limit property, we prove in this section a
proposition on real reductive Lie groups, which extends an argument of Delorme in [22].
Let temporarily G, be the group of real points of a connected reductive group defined
over R, or, slightly more generally, the quotient of such a group by a connected subgroup
of its center. In the end, we will apply the results to G, = G(F4)!, of course. Let
K, be a maximal compact subgroup of G, and 6 the associated Cartan involution. We
now consider Levi subgroups M and parabolic subgroups P defined over R. All Levi
subgroups are supposed to be f-stable. Factor each Levi subgroup M as a direct product
M = Ay M*', where Ay, is the largest central subgroup of M isomorphic to a power of
R>% and let ap; = Lie Ay;. We identify representations of M! with representations of
M on which Ay, acts trivially. Fix a minimal #-stable Levi subgroup M. As in §3.1,
we fix an invariant bilinear form B on Lie G, which induces Euclidean norms on all its
subspaces and therefore Hermitian norms on the spaces aj; . Then for each r > 0 we define
H(Gw ), as the subspace of H(G ) of functions with support contained in the compact set
Koexp({z € apg ¢ ||z]| < 7}) Koo

For any k > 0 let

11l =D I * Xillriam) = DX * flloiew)
X; X;
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where X; ranges over a basis of U(Lie G, ® C)<, with the usual filtration.

Let Irr(Gs) be the set of all irreducible admissible representations of G, up to infin-
itesimal equivalence. The unitary dual II(G.,) can be viewed as a subset of Irr(Go,) in
a natural way. For m € Irr(G4) denote its infinitesimal character by . and its Casimir
eigenvalue (which depends only on x.) by Ar. For any p € II(K) let Irr(G),, be the set
of irreducible representations containing p as a K.-type. More generally, for any subset
F of II(K ) we write Irt(Goo ) 5 = Urer (G ) -. We call a subset F C II(K ) saturated,
if for each p € F all ¢/ € TI(K,) with ||¢/|] < ||| are also contained in F. Recall that
here ||-|| is defined as in [14, §2.2]. More precisely, let KO be the connected component of
the identity of K. Then ||u|| = ||x, + 2p||%, where x,, denotes the highest weight of any
irreducible constituent of |0 with respect to a maximal torus of KO, (and the choice of
a system of positive roots), and p is as usual one half times the corresponding sum of all
positive roots.

We write D for the set of all conjugacy classes of pairs (M, §) consisting of a Levi subgroup
M of G and a discrete series representation & of M. For any ¢ € D let Irr(Gw)s be the
set of all irreducible representations which arise by the Langlands quotient construction
from the irreducible constituents of I%;(8) for Levi subgroups L D M. Here, IY, denotes
(unitary) induction from an arbitrary parabolic subgroup of L with Levi subgroup M to
L. We then have a disjoint decomposition

Irr(G H Irr(G

deD

Goo) = [[T(G

deD

For 7 € Irr(G) we write d(m) for the unique element § € D with 7 € Irr(Gy)s. We
introduce a partial order on D as in [14, §2.3], using the lowest K, -types of I{(§): § < ¢
if and only if ||u|| < ||¢'|| for lowest K -types u and u’ of I§(8) and I§, ("), respectively.

When F C II(K ) is saturated, we have Irr(Goo) 7 = Usep, Irt(G)s, where Dy is the
set of all § € D with Irr(Gy)s N Irr(Go) s # 0. For § € D we let F(J) be the finite

saturated set of all i/ € TI(K,) with ||/]| < ||ul| for a lowest K -type u of I$(6).

and consequently

Proposition 6. Let 9 be a set of Borel measures on11(G«,). Then the following conditions
on M are equivalent:

(1) For all § € D there exist positive constants N5 and Cs such that
p({r € (Goo)s : |A] < RY) < Cy(1+ R)™

for all p e M and R > 0. R
(2) There exists r > 0 such that for each finite set F C II(K ) the supremum sup,,con|p(f)]
is a continuous seminorm on H(Goo)r r.
(3) For each r > 0 and each finite set F C II(Ku) the supremum sup,con|p(f)| is a
continuous seminorm on H(Goo)r -



24 TOBIAS FINIS, EREZ LAPID, AND WERNER MULLER

(4) For each finite set F C II(K,) there exists an integer k = k(F) with sup,,con pt(gr.7) <
00, where gi F is the non-negative function on I1(G) defined by

ger(m) = (L+ A7
for m € I(Gx)F, and g x(m) = 0, otherwise.

Definition 3. We call a collection 9t of measures satisfying the equivalent conditions of
Proposition 6 polynomially bounded.

For the proof, we first need to recall the classification of tempered and admissible repre-
sentations of G, as well as the Paley-Wiener theorem. We first recall Vogan’s classification
of irreducible admissible representations. For (M, ) as above, and \ € @}y c, consider the
induced representation 75, (with respect to any parabolic subgroup containing M as a
Levi subgroup). Its semi-simplification depends only on the K.,-conjugacy class of the
triple (M, 6, ). Vogan defines the R-group Rjs of 4, a finite group of exponent two, as well
as its subgroup Rs . The dual group Ry acts simply transitively on the set A(d) of lowest
K -types of m5,. We then have a decomposition of the representation 75, as a direct
sum of | Rs z| many representations s (1), where p is an orbit of Ry, in A(d) ([51, 6.5.10,

6.5.11]):
TN = GB To(1e)-

HEA)/RE

We call the 7s,(1) the basic representations. Each basic representation ms,(u) has a
unique irreducible subquotient 75 (1) containing a K.-type in the orbit p. Alternatively,
this subquotient can also be constructed as a Langlands quotient ([51, 6.6.14, 6.6.15]).
This construction sets up a bijection 7sx(p) = m +— o = 75 (1) between infinitesimal
equivalence classes of irreducible admissible representations m and basic representations
o, where the latter are interpreted as elements of the Grothendieck group of admissible
representations ([51, 6.5.13]). By definition, the parametrization is compatible with the
disjoint decomposition of Irr(G ) according to the elements of D.

The distributions tro, for 7 € Irr(G) form a basis of the Grothendieck group of
admissible representations. More precisely, we have the following relations expressing the
characters of irreducible representations m € Irr(G) in terms of the characters of basic
representations:

(11) tr () = trog(d) + > n(m, 7' ) tr o (o)
7w 0(m)=O(7), X=X

with certain integers n(m, ') ([51, 6.6.7]). Note that here the sum on the right-hand side
is finite. For our purposes, all we need to know about the integers n(m, ') is the following
uniform boundedness property ([22, Proposition 2.2]).

Lemma 7 (Vogan). For each group G there exists a constant ng_, such that

(12) > n(m, 7')| < ne.,

T:6(m)=8(7), Xw =Xt
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for all m € Irr(G ).

For the Paley-Wiener theorem, we need to group the basic representations into series
of induced representations, which gives a slightly different parametrization. We use the
concept of a non-degenerate limit of discrete series introduced in [32, 33]. Let § € D with
representative (M, d). Whenever L is a Levi subgroup containing M and I%(8) decomposes
as a sum of non-degenerate limit of discrete series representations ¢’ of L', we call the
resulting pairs (L, ") affiliated with the class ¢ ([16, Définition 2]). These representations
are precisely those irreducible constituents of the representations 1%, (8) for L D M, which
are not itself irreducibly induced from any smaller Levi subgroup. The Levi subgroups
L > M appearing here are those for which aj is the fixed space of a}, under one of the
subgroups Rsx C Rs.

We can then rewrite any representation s x(u) in the form g\ for M C L, A € a} ¢ C
ayy o, and (L, 0") affiliated with D, such that the intermediate induction to the largest Levi
subgroup Lg.x with Re A € a7 is irreducible (and tempered). (To see this, combine [51,
6.6.14, 6.6.15] with [16, (2.1), (2.2)].) Note that the tempered dual of G can either be
parametrized as the set of all basic representations s 5 (1) with Re A = 0 (which are always
irreducible), or as the set of all irreducible induced representations my , Re A = 0, where
0’ is a non-degenerate limit of discrete series.

Recall the definition of the Paley-Wiener space PW(a),, r > 0, of a Euclidean vector
space a. It is the space of all entire functions /' on the complexified dual af such that the
Paley-Wiener norms

[F | = sup (1 + [A) e IR F(V)], 0 >0,
A€ag

are finite. The Paley-Wiener norms give PW(a), the structure of a Fréchet space and
the Fourier transform is a topological isomorphism between C*({z € a : [|z|| < r}) and
PW(a),.

Now let 6 € D. Consider the finite set D’(J) of all pairs (M, d), where M is a standard
Levi subgroup of G, 6 € II(M') a non-degenerate limit of discrete series, and (M, §) is
affiliated with 9. The Paley-Wiener space PW,.; is then defined as the space of all elements
F= (Fias) € Tl syen s PYV(an), fulfilling the following conditions:

(1) Whenever the triples (M, d, \) and (M’, ', \') are conjugate by an element of K,
we have F(M/’(;/)(X) = F(M,g)()\).
(2) Whenever for M C M’ we have a decomposition
1 (6ur) = D oy

i=1

with (M, ), (M, (5](\?,) € D'(9), the corresponding identity

F(M75M)()‘) = Z F(M,76§C2')(>\)’ A€ a}k\/f’,(c - a}(\/l,(Ca
=1

holds.
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For any finite set F C II(K ) the space PW, r is defined as []| sepy PWrs. These Paley-
Wiener spaces have in a natural way the structure of Fréchet spaces, and we define for
each n > 0 the Paley-Wiener norm ||F|.,, of F € PW, r to be the maximum of the
norms || Far,s)||rn, where (M,0) € D'(0), § € Dr. (Cf. [16, Appendice C] for a concrete
combinatorial description of these spaces.)

We can now quote the Paley-Wiener theorem of Clozel-Delorme ([16, Théoréme 1,
Théoreme 17]).

Theorem 6 (Clozel-Delorme). For any finite saturated set F C II(K) and any r > 0
the natural continuous map of Fréchet spaces T, r @ H(Goo)rr — PW, r given by f —
(trmsa(f)) is surjective.

Remark 9. By the open mapping theorem, a continuous surjection of Fréchet spaces is
automatically open. This applies to the surjections T}, 7 of Theorem 6. In concrete terms,
this means that not only for every F' € PW,. r there exists ¢ € H(Gw)r, 7 with T} z(¢) = F,
but that the following stronger statement is true. Given an integer k > 0, for every
F € PW, r there exists a preimage ¢ € H(Gw ), r of F under T, », which satisfies ||¢]| <
c(r, F, k)| E||rner,7 k), where c(r, F, k) and n(r, F, k) depend only on r,F and k.

We now turn to the proof of Proposition 6, which is an extension of an argument of
Delorme (cf. the proof of [22, Proposition 3.3]). As in [ibid.], the proof is based on the
existence of certain test functions on G, however, in comparison to Delorme’s argument we
also need to bound the seminorms of these functions. We therefore recall the construction
in some detail. The first elementary lemma ([24, Lemma 6.3]) asserts the existence of
functions with certain properties of the Fourier transform.

Lemma 8 (Duistermaat-Kolk-Varadarajan). Let a be a real vector space, W a finite
Cozeter group acting on a and r > 0. Then for any t > 1 there exists a function
ht,) € C°({z € a : ||z| < )W such that its Fourier transform h(t,-) € PW(a)
has the following properties.

~

(1) h(t, A) is non-negative real for all A\ € ag. for which there exists an element w € W
with w(\) = —A.

(2) [h(t, )| > 1 for all X € a% with | \|| < t.

(3) For all m > 0 there exists a positive constant c(m) such that the Paley-Wiener
norm ||h(t,-)|lrm is bounded by c(m)t™.

(4) For all a > 0 and m > 0 there exists a positive constant ¢(m,a) with

tm
(1 4 [[Tm Aff)m

|B(t, N < e(m,a)

for all X € af with |Re\|| < a.

The following lemma is a strengthening of [22, Proposition 3.2] (we have added the third
assertion).

Lemma 9. Let § € D with representative (M,0), k > 0 an integer and t > 1. Then there
exist a function qbgk € Hr 75 (Gs) and an integer ri, > 0 with the properties that
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(1) troq(os™) =0 for all m € Irr(Goo) with §(m) # 6.

~

(2) tr a(%’g) = [R5 : Rsx|h(t,\) for all basic representations o = wsa(1t), A € ay; ¢,
p e Ad).
(3) llgg" Il < 2.

Proof. We apply the Paley-Wiener theorem to the following element F? = F(tM,’a,) of
PW, 5, where F = F(J). Note that since M is a cuspidal Levi subgroup, the Weyl
group W (An) = Ng(An)/Ck(Anr) is a finite Coxeter group ([31]). Apply Lemma 8 to
the vector space ay; and the group W(A) to obtain functions h(t,-) € PW(aM)ZV(A). Set
Flyp sn(A) = 0 whenever (M’,¢") is not affiliated with d. On the other hand, if (M’, ") is
affiliated with d, then we have a decomposition I}'(8) = @50/, where ¢/ = ¢’ and S is
a divisor of |Rs|. We then set Iy, ;1 (A) = lR—S‘SWL(t, A). By the W (A)-invariance of h(t, )
and the transitivity of induction, this indeed defines an element F* of PW, . Moreover,
by the third assertion of Lemma 8, every Paley-Wiener norm of F* is bounded by a power
of t. The Paley-Wiener theorem (Theorem 6) and Remark 9 provide for each & > 0 a
preimage gbf;’k € H,r(Gs) which by construction satisfies the first and third properties.
Writing s, N (1) ~ g 5 as above, we see that it also satisfies the second property. ]

Corollary 2. The test functions qﬁg’k € M, r(Goo) have the following additional properties:

(1) traﬂ(qbté’k) > 1 for all # € I(Guo)s with |N;| < t* — ¢s5, where cs is a constant
depending only on §.
(2) For all m > 0 there exists a constant Cy,,, depending only on 0 and m, such that

2m

0<tr Uw(¢gk) < Cé,mm

for all m € II(Go)s-

Proof. Let 75y ~ m € II(Gs) and o, = msx(p). Since m is unitary, we need to have
w(\) = =\ for an element w € W(A); ([22, (2.1)]). By Lemma 9, the trace tr aw(gzﬁgk) is

an integer multiple of fL(t, A). By the first property of Lemma 8, it is therefore nonnegative
real.

Furthermore, the Casimir eigenvalue of 7 can be computed as Ay = —||Im A||?>+||Re A||*—
1 xs]|2—car for a constant ¢y (cf. [11, §3.2, (2)]). Again by unitarity, we have |[Re A|| < ||pp|,
where pp is half the sum of the positive roots of a parabolic P with Levi subgroup M (][22,
(2.2)]). Therefore, we obtain |\;| > [|A||> — ¢s for a constant c;.

To show the first assertion, |\;| < t? — ¢s implies that ||| < ¢, and by the second
property of Lemma 8 we obtain iL(t, A) > 1. For the second assertion, we use the fourth
property of Lemma 8 and the boundedness of ||Re || together with the fact that [Rs : Ry,
is obviously bounded by |Rs]. O

Proof of Proposition 6. Let 9t be a collection of Borel measures on I1(G,). It is easy to
see that the fourth condition of the proposition implies the third and second conditions,
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since we can estimate | f(7)| < cgllfllargrr(7) for f € H(Goo)r, m € T(Gso) and k > 0,
with a constant ¢; depending only on k (and Go).

For k> 0and § € D let gr5 = (1 + |A:])7F for m € TI(Gw)s, and extend this function
by zero to all of II(G ).

For a given § € D, consider the following two statements:

(13) There exist nonnegative constants Cs and N such that
p({m € M(Goo)s : |Ax| < R}Y) < Cs(1+ R)M for all € M and R > 0.

(14) There exists an integer ks > 0 such that sup p(grs) < oo.
peM

It is easy to see that these statements are equivalent: if (13) is satisfied, then we can

bound

N +2)Ns
)

- (
pgrs) <D p{m €M(Go)s s N < A S NN +1)F < Cp Y e,
N>0 N>0 (N+1k

which is bounded independently of ;1 € 91 for £ > Ns + 2. On the other hand, we clearly
have

(1+ R) ™" u({r € (Gw)s : [Ael < RY) < plgrs),

which gives the other implication.

Observe now that the first condition of the proposition is just (13) for arbitrary ¢.
Moreover, the fourth condition is clearly equivalent to (14) for arbitrary §. Therefore, the
first and fourth conditions of the proposition are equivalent.

Therefore, it remains only to prove (13) or (14) for arbitrary ¢ assuming the second
condition of the proposition. We will prove them by induction on 9, i.e., for a given 9
we assume that (14) is satisfied for all &' < § and are going to prove (13) for §. For
this, consider the test functions ¢f5’k constructed above for t = (R + ¢;)!/?, where R > 0.

By assumption, for a suitable r > 0 for each finite set F the supremum sup,,coy|p( £ is
a continuous seminorm on H(Gy ), 7. Taking f = q%k and using the third assertion of

Lemma 9, we obtain that for a suitable value of k all absolute values | ,u(gzggkﬂ, €M, can
be bounded by a polynomial in ¢, or equivalently by DsR™ for some constants D; and
ms. Write

u(@5) = [ ern(eydu(r).

Inserting (11) into this equation, we obtain

(i) = / (tr ) (@55 s () + / S () tron(@)| dum).

' (m)=I(7!), Xr =X/
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By the first assertion of Corollary 2, the first integral provides an upper bound for the
measure of the set {7 € II(G)s : || < R}:

p{m € I(Goo)s : [Ax| < R}) < /(tww)(Afs"“)du(W)-

Regarding the second integral, only 7" with §(7’) = ¢ can contribute, and we can estimate
their contribution using the second assertion of Corollary 2:

~ t2m (R + Cg)m
0 < trow(d5") < Comr———m = Comm—rors

. IS Ue T O PRIV
since m and 7" have the same infinitesimal character. Using (12) to bound the absolute
values of the integers n(m, ), we obtain

p{m € M(Goo)s : |Ax| < RY) < pu( A?k)—/ > n(m, ') trow(657) | dp(r)

' 0(m)=I(T!), Xr =Xt

< p(@5") + e Com(R+ )™ > pilgmg)-
§'=d

By the above, the first summand is here bounded by DsR™é independently of p € 9,
while for suitable m the sum » 5 5 14(m ) is bounded independently of u by the induction
hypothesis. We conclude that (13) holds for 4. g

We remark that the proof simplifies for the groups GL(n), since in this case the tempered
basic representations 75, Re A = 0, are always irreducible, the R-groups are trivial and
the sets D'(d) are therefore singletons. The Paley-Wiener space PW, s is then just the
space of Ws-invariant functions in PW(ay,),, where (M, ¢) is a representative of § and W
denotes the stabilizer of ¢ inside the Weyl group W (A ).

7. THE SPECTRAL LIMIT PROPERTY

We now come back to the global situation and consider the question whether the collec-
tion of measures {15°*} ke on G(Fi)! associated to a set K of open subgroups K of Ky,
is polynomially bounded. We conjecture that this is true for the set of all open subgroups
of Kg,. Note that each finite set K is known to have this property ([41]). So, as in the
case of property (TWN) considered above, the issue is to control the dependence on K.

Remark 10. Deitmar and Hoffmann ([20]) have shown unconditionally that for any G the

collection of measures {uG oo where uG(S ). cusp is the analog of u °° for the cuspidal

spectrum, is polynomially bounded. (In fact, they obtain a more pre(31se statement ) How-
ever, for our argument we need to know the corresponding statement for the full discrete
spectrum.

cusp}

Our results in this direction are Lemmas 11 and 12 below, which we will use to prove the
spectral limit property for principal congruence subgroups in Corollary 3, thereby finishing
our argument. Recall the spectral expansion of Theorem 4, which expresses Arthur’s
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distribution J(h) as a sum of contributions Jpec a(h) associated to the conjugacy classes
of Levi subgroups M of G. Also recall properties (TWN) and (BD) from §4. The technical
heart of our argument is contained in the following lemma. We use freely the notation
introduced in §3.

Lemma 10. Suppose that G satisfies properties (TWN) and (BD). Furthermore, let M €
L, M # G, and assume that the set of measures {uK } is polynomially bounded. Let
S D Sy be a finite set of places of F'. Then for any ﬁmte set F C II(Ky) there exists an

integer k > 0 such that for any open subgroup Kg C Kg_g., for all 0 < § < dimUp and
any s € Ng(M)/M, B € Bpy, and X € Zp () we have

(15) /( . 1A% (P, \)M (P, $)p(P, X 7 @ Liesw)ll1,420p) AN <o, 6 [|7]le N ()~
(ar, *

for all h € H(G(Fs)') 7.k, and all integral ideals n of op prime to S, where ||-||; denotes

the trace norm.

Proof. We argue as in [27, §5] (cf. also [39]). First note that we may omit M(P,s) in
(15), since it is a unitary operator and hence does not affect the trace norm. Let A be the
operator Id —Q+2Qxk __, where Q (resp. Qk__ ) is the Casimir operator of G(Fl) (resp. Ko).
Since the groups K(n) form a neighborhood base of the identity in Kg,, we can find an
ideal ng with Kg D Kg(ng). For any £ > 0 we bound the left-hand side of (15) by

/(G) 1A (PN (P, A2 o oyscnam= (P, A A% 5 b @ Tges )] dA
i(af )*

S VOl(Ks(ﬂ))||A2k * hHLl(G(Fs)l) / o ||A/y<P, )\)ﬂ(P, )\, A)iQkHLA2(P)K(nOn),J-' d)\
i(ay *
Consider the integral on the right-hand side.? For any m € Ilgie.(M(A)) and 7 € TI(K,),
the operator p(P, A\, A) acts by the scalar p(m, A\, 7) = 1+ [|A]|> = A\ + 2\, —ep on A2(P)",
where ep is a constant depending only on P (cf. [11, §3.2, (2)]). Since it is easy to see that
ep < 0, we have

1
p(m, A )2 > = (LA 4+ A2+ 22) > 4(1 + A7+ A2).

»-lkIH

Therefore,

[ PP 8) P A <

iaLS *
> Z /( 2PNz yictnomr f1(70, A, )72 dA.

TEF ﬂ-eHdle

n the corresponding formula [27, (5.1)] the restriction to the K(-fixed part was mistakenly omitted.
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Estimating [|A||; < dim V|| A|| for any linear operator A on a finite-dimensional Hilbert
space V', we bound the previous expression by

> Y dm PR [ AP L oalm A7) A
TEF el (M(A)) i(af,)"

which is in turn bounded by

(16)
S A dm AR [ @ DT ) | N
reF, i(af )" i=1

m€llgisc (M (A))

We first need to estimate the integral over i(a )*. Let Fy; C II(Kys,0) be the finite set
of all irreducible components of restrictions of elements of F to Kjs . Then by Frobenius
reciprocity only those m € Mg (M (A)) with 7o, € TI(M(FL))"™ can contribute to (16).

Let 8 = (BY,...,05)) and introduce the new coordinates s; = (\,3)), i = 1,...,m, on
(a? ¢)*. By (4) we can write

njg (7, )
i) = s

Property (TWN) and Proposition 2 (which is based on property (BD)) together yield the
estimate

1) [ @ A T O) gyt | 0 € (1 e )Y N
i(af,)* i=1 '

CLLS

Id+jp o (IA®@R(7,s;) ' R'(m,5:)) © jpi-

for all € > 0 and all sufficiently large N and k (possibly depending on 7).
Consider now the dimensions of the spaces of automorphic forms appearing in (16). We
have

dim A2(PY<0o07 — g dim IndG) () Ko 7
= mﬂdlmIndP(F g( o) dlmInd ( ) K00
where
My = dim Hom<7T LA (A M(F)\M(A))).

Note that here the factor dim IndP(F (WOO)T is bounded by (dim7)2. Since K(ngn) is a
normal subgroup of Kg,, we have

dim Indﬁﬁﬁﬁﬁ(ﬂﬁn)mm“’ = [Kn : (Kgn N P(Agy)) K (non)] dim g ",

Using the factorization Kg, N P(Agn) = (Kan N M (Agn))(Kgn N U(Agy)), we can rewrite
this as
dim Ind 7, ™) (g, ) <" = vol(K (ngn)) ™ [Kgu N U(Agn) : K(ngn) N U (Ag,)] ™

)
vol(K s (non)) dim 7TfIi<M(n°n) .
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Identifying U with its Lie algebra u via the exponential map, it is easy to see that
[Kan N U(Agy) : K(ngn) N U (Agy)] ™! < O N(ngn)~4mV

for a constant C' depending only on G.
Putting things together, we obtain for (15) the bound

C(no, F, €)||h]|ar N(0) =V yol (K s (non)) > (1 + |Ans ) Fme dim e (mo®)
m€Maise (M (A))FM
for sufficiently large k. By assumption, the set of measures {MK non)} is polynomially

bounded. Therefore the fourth condition of Proposition 6 yields the ex1stence of an integer
k, depending only on Fj;, such that

M,Se vol(K s (ngn)) B ok
/’LKIM(HOH)(ng]:I\/I) - VOl(M(F)\M(A)l) Z (1—}— |)\7Too|) kmwdlmﬂ'ﬁHM( on)
m€llgisc (M (A))TM
is bounded independently of n. This proves the assertion. ]

Remark 11. Note that (6) yields the following improvement of (17):

(18) / H L[N 2™ 165, ( )}AQ(P/)KWO“)*TH d\ < (1+log(14+Ar,. ) +log N(ngn))™.
i(af )" = e

This implies a slightly improved version of Lemma 10, in which the expression N(n)™ is

replaced by (1 + log N(n))™ N(n)~dmUr,

We are now in a position to prove that for M € L the collection of measures {uKM )}
on II(M(Fy)') is polynomially bounded.™

Lemma 11. Let G be anisotropic modulo the center. Then the collection of measures
{,LL?(’SOO}, where K ranges over the open subgroups of Ky, is polynomially bounded.

Proof. In this case, the trace formula for a test function h € C°(G(F4)') can be written
as

vol G = (h) = vol(G(F),\G(A)} h®1k)(g vg)dyg,
(GIPNG(A) ) uge®=(h) =Y (()\())/G(A)W\G(A)(@@ )9~ v9)dg

where summation is over the conjugacy classes of G(F'). Clearly, for all h with support
contained in a fixed set Q. C G(F)!, we can bound the absolute value of the right hand
side by

S vol(G(F),\G(A)) / o Taer) g™ )y | s

[

independently of K. Therefore, sup| u,G(’S”(iL)\ is a continuous seminorm on every space
H(G(Fx)'),.7, and by Proposition 6 we obtain the assertion. O

10Variants of Lemma 11 have been previously established in [22, Proposition 3.3] and [20].
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Lemma 12. Suppose that G satisfies (TWN) and (BD). Then for each M € L the col-
lection of measures {ui\gkfi’;)}, n ranging over the integral ideals of o, is polynomially

bounded.

Proof. We do induction over the semisimple rank of M, using Lemma 11 as the base. For
the induction step, we can assume the assertion for all groups in £\{G} and have the task
to establish it for G itself. Fix r > 0 and apply the trace formula to h ® 1k, where
h € H(G(Fx)'), 7. By Theorem 4, we have

VOl (GUNG(A) G () = J(h® L) = 3 apeent (0 ® L)
[M], M£G
Now, for each single choice of n the absolute value |J(h ® 1ku))| is a continuous seminorm
by Arthur ([9]). Moreover, as in the proof of Corollary 1, for all n outside of a finite set
depending only on r we have J(h ® 1km)) = Junip(h ® 1km)). Therefore it follows from
our analysis of the geometric side in Proposition 3 that sup,|J(h ® 1k@u))| is a continuous
seminorm on H(G(Fx)!), 7. By Theorem 4, for each M # G the absolute value | Jspec 1 (h®
1kw)| is (up to a constant depending only on G) bounded by a finite sum of integrals
of the form (15). Applying Lemma 10 (with S = S, ), we see that the spectral terms
SUPy | Jspee,m (b ® 1k (w))| are also continuous seminorms on H(G(F)'), 7. By Proposition
6, we conclude that the collection {ug(i‘;"} is polynomially bounded. O

As before, let S be a finite set of places containing S..

Corollary 3 (Spectral limit property). Suppose that G satisfies (TWN) and (BD). Then
we have the spectral limit property for the set of subgroups K°(n), where n ranges over the
integral ideals of op prime to S.

Proof. From Lemma 12 we get that for each M € L the collection of measures {uféj E’]j)}

is polynomially bounded. Therefore we can apply Theorem 4 and Lemma 10 again to
conclude that for each h € H(G(Fs)') we have

Jspee it (B @ 1gsmy) — 0
for all M # G and therefore
J(h ® 1gsm) — tr Raise(h @ 1gs(my) — 0,
which is the spectral limit property. U

Theorem 7. Suppose that G satisfies (TWN) and (BD). Then limit multiplicity holds for
the set of subgroups K°(n), where n ranges over the integral ideals of op prime to S.

Proof. The geometric limit property has been established in Corollary 1, and the spectral
limit property in Corollary 3. By Theorem 1, we obtain the result. U

This finishes also the proof of Theorem 2, since (TWN) and (BD) have been verified for
G = GL(n) in Proposition 1 and Theorem 5, respectively.
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Remark 12. In the situation of Theorem 7 we actually obtain the following quantitative
statement: for any finite set F C II(K,) there exists an integer k£ > 0 such that for any
open subgroup Kg C Kg_g. we have

(1 + log N(n))do
N(n)

for all h € H(G(Fs)")r ks and all integral ideals n of op prime to S. (Here we use that
dim Up = 1 can occur only if the derived group G’ is isogenous to SL(2), and that (6) is
known in this case.) We expect that one should be able to replace N(n) in the denominator
by N(n)%min/2 where dy, is the dimension of the minimal unipotent orbit of G. In view
of Lemma 10 this would follow from a corresponding improvement of Proposition 3. To
deduce from (19) an estimate for | ugf (n)(A) — pp1(A)] for subsets A C II(G), a quantitative

version of the density principle (Theorem 3) would be necessary.

(19) 1S () = B €ieor Ille
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