THE ASYMPTOTICS OF THE RAY-SINGER ANALYTIC TORSION OF
HYPERBOLIC 3-MANIFOLDS

WERNER MULLER

ABSTRACT. In this paper we consider the analytic torsion of a closed hyperbolic 3-
manifold associated with the m-th symmetric power of the standard representation of
SL(2,C) and we study its asymptotic behavior if m tends to infinity. The leading coeffi-
cient of the asymptotic formula is given by the volume of the hyperbolic 3-manifold. It
follows that the Reidemeister torsion associated with the symmetric powers determines
the volume of a closed hyperbolic 3-manifold.

1. INTRODUCTION

Let X be a closed, oriented hyperbolic 3-manifold. Then there exists a discrete, torsion
free, co-compact subgroup I' C SL(2, C) such that X = I'\H?3, where H? = SL(2,C)/SU(2)
is the 3-dimensional hyperbolic space. Let p be a finite-dimensional complex representation
of I'and let £, — X be the associated flat vector bundle. Choose a Hermitian fiber metric
h on E,. Let Tx(p; g, h) denote the Ray-Singer analytic torsion of the de Rham complex
of E,-valued differential forms [RS], where g denotes the hyperbolic metric. If p is acyclic,
then T'x(p; g, h) is metric independent [Mul, Corollary 2.7]. In this case we denote it by
Tx(p).

For m € N let 7, = Sym™ be the m-th symmetric power of the standard representation
of SL(2,C) on C? and denote by E, the flat vector bundle associated to 7,|p. It is
well known that H*(X, E,,) = 0. This follows, for example, from [BW, Chapt. VII,
Theorem 6.7]. Hence the restriction of 7, to I' is an acyclic representation of I'. Denote
by T'x(7,,) the analytic torsion with respect to 7,,|r. The purpose of this paper is to study
the asymptotic behavior of T'x(7,,) as m — oco. Our main result is the following theorem.

Theorem 1.1. Let X be a closed, oriented hyperbolic 3-manifold. Then we have

(1.1) —logTx (1) = Voi(;()mz + O(m)

as m — Q.

We note that there is an analogous result in the holomorphic setting. In [BV] Bismut
and Vasserot studied the asymptotic behavior of the holomorphic Ray-Singer torsion for
symmetric powers of a positive vector bundle.
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Let 7x(7,,) denote the Reidemeister torsion of X with respect to 7,,|r (see [Mul]). Then
by [Mul, Theorem 1] we have Tx(7,) = 7x (7). Thus we obtain the following corollary.

Corollary 1.2. Let X be a closed, oriented hyperbolic 3-manifold. Then we have
vol(X)

2
L + O(m)

(1.2) —log 7x(Tim) =

as m — oQ.

This result has applications to the cohomology of arithmetic hyperbolic 3-manifolds. We
will discuss this elsewhere. As an immediate corollary we get

Corollary 1.3. Let X be a closed, oriented hyperbolic 3-manifold. Then vol(X) is deter-
mined by the set of Reidemeister torsions {Tx(7y,): m € N}.

Some remarks are in order. The Reidemeister torsion of a compact 3-manifold is known
to be a topological invariant [Ch]. Therefore, it follows from Corollary 1.3 that the volume
of a compact, oriented hyperbolic 3-manifold is a topological invariant. This is also a well
known consequence of the Mostow-Prasad rigidity theorem [Mo, Pr].

There are only finitely many closed, oriented hyperbolic 3-manifolds with the same volume
[T1, Theorem 3.6]. Therefore we get

Corollary 1.4. A compact, oriented hyperbolic 3-manifold X is determined up to finitely
many possibilities by the set {Tx(7,,): m € N} of Reidemeister torsion invariants.

It is known [Zi] that the number of closed hyperbolic manifolds with a given volume can
be arbitrarily large. Therefore the proof of the corollary does not give a uniform bound
on the number of closed hyperbolic manifolds with the same set of Reidemeister torsion
invariants.

Our approach to prove Theorem 1.1 is based on the expression of T'x(7,) in terms of the
twisted Ruelle zeta function attached to 7,. Recall that for a finite-dimensional complex
representation p of I' the twisted Ruelle zeta function R,(s) is defined for Re(s) > 0 as
the infinite product

(1.3) R,(s) = H det (Id —p(v)e_szm) ,
[v]#e

prime
where [y] runs over the nontrivial primitive conjugacy classes of I' and ¢(y) denotes the
length of the unique closed geodesic associated to [y]. It follows from [Fr2] that R,(s)
admits a meromorphic extension to the whole complex plane. If p is unitary and acyclic
then R,(s) is regular at s = 0 and its value at zero satisfies

|[R,(0)] = Tx(p)?
(see [Fr]). For an arbitrary unitary representation (which is not necessarily acyclic), the

coefficient of the leading term of the Laurent expansion of R,(s) at s = 0 is given by the ana-
lytic torsion. The corresponding result holds for any compact, oriented hyperbolic manifold
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of dimension n [Fr|. In his thesis [Br] U. Brocker has established a similar result for repre-
sentations of the fundamental group that are restrictions of finite-dimensional irreducible
representations of the isometry group SOg(n, 1) of the hyperbolic n-space. Unfortunately,
his method is based on elaborate computations which are difficult to verify. This problem
has been rectified by Wotzke in his thesis [Wo]. He gave a different proof which replaces
Brocker’s explicite computations by the real version of Kostant’s Bott-Borel-Weil theorem

Si].

To state the result for n = 3 we need to introduce some notation. Let 7 be a finite-
dimensional, irreducible representation of SL(2, C), which we regard as real Lie group. Let
0 be the Cartan involution of SL(2, C) with respect to SU(2). Put 7y = 7 0 §. Denote by
R, (s) the twisted Ruelle zeta function for the restriction of 7 to I'. Let E,. — X be the
flat vector bundle associated to 7|r. The flat bundle E, can be equipped with a canonical
Hermitian fiber metric [MM]. Let A,(7) be the corresponding Laplacian on E.-valued
p-forms and denote by Tx(7) the Ray-Singer analytic torsion associated to 7|r. Then the
main result of [Wo| for n = 3 is the following theorem.

Theorem 1.5. Let 7 be a finite-dimensional, irreducible representation of the real Lie
group SL(2,C). Then we have
1) If 79 22 7, then R.(s) is regular at s = 0 and

|R-(0)] = Tx(7)*.

2) Let g = 7. If T # 1, then the order h(T) of R-(s) at s =0 is given by
3

(1.4) h(t) = =2 (~1)’pdimker A, (7).

and if T = 1, the order equals 4 — 2dim H'(X,R). The leading term of the Laurent
expansion of R.(s) at s =0 is given by

TX (T) 28h(T) .

The case of the trivial representation is covered by [Fr]. In this case the order of R(s) at
s = 0 differs from (1.4).

It follows from Theorem 1.5 that in order to prove Theorem 1.1 it suffices to analyze
the asymptotic behavior of R, (0) as m — oo. For this purpose we consider another type
of twisted Ruelle zeta functions. Let A be the standard split torus of SL(2,C) and let
M be the centralizer of A in SU(2) (see (2.1) for the explicit description). For o € M
let R(s,o) be the Ruelle zeta function defined by (3.6). Using the decomposition of 7,,
under the Cartan subgroup MA, it follows that R, (s) is the product of the twisted
Ruelle zeta functions with shifted argument R(s — (m/2 — k), 0m—2k), k = 0, ..., m. This
reduces the study of the asymptotic behavior of T'x (7o,) (resp. Tx(Toms1)) as m — 0o to
the study of the behavior of |R(k,o9;)| and |R(—k, oa9)|, (vesp. |R(k + 1/2,09,41)| and
|R(—=k —1/2,0_(214+1)]), k > 2, as k — oo. To analyze the behavior of |R(k, oa)| (resp.
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|R(k+1/2,09,11)|) as k — oo we simply use the infinite product defining it. To deal with
the remaining cases we use the functional equation which implies

|R(—s,0%)| = exp (=47~ vol(X) Re(s)) |R(s, 0_)|.
This is exactly how the volume of X appears in the asymptotic formula (1.1).

For the sake of completeness we include a proof of Theorem 1.5 which is based on results
of [BOJ]. The starting point of the method is the observation that the flat bundle E, — X
is isomorphic to the locally homogeneous vector bundle defined by the restriction of 7 to
the maximal cocompact subgroup SU(2) of SL(2,C) (see [MM, Propostion 3.1]). Using
this isomorphism the bundle E, can be equipped with a canonical Hermitian fiber metric
induced from an invariant metric on the corresponding homogeneous vector bundle [MM,
Lemma 3.1]. We define the Laplacian A,(7) on E,-valued p-forms with respect to this
metric on E,. Then, up to a constant, A,(7) equals —R(S2), where R(2) denotes the
action of the Casimir operator on sections of the locally homogeneous bundle. This is the
key fact which allows us to apply the Selberg trace formula to the heat kernel.

The paper is organized as follows. In section 2 we summerize some basic facts about
hyperbolic 3-manifolds and analytic torsion. In section 3 we consider twisted Ruelle and
Selberg zeta functions and establish some of their basic properties. In section 4 we introduce
certain auxiliary elliptic operators which are needed to derive the determinant formula and
to prove the functional equation for the Selberg zeta function. In the next section 5 we
establish the functional equation for the Selberg and Ruelle zeta functions. In section 6
we use the determinant formula of [BO] to express the twisted Ruelle zeta function as a
ratio of products of regularized determinants of the elliptic operators introduced in section
5. The determinant formula is one of main tools to study the leading term of the Laurent
expansion of R.(s) at s = 0. In section 7 we give a proof of Theorem 1.5. In the final
section 8 we proof Theorem 1.1.

Acknowledgement. I would like to thank Jonathan Pfaff for a careful reading of the
manuscript and for pointing out some minor mistakes.

2. PRELIMINARIES

2.1. Let G =SL(2,C) and K = SU(2). Then K is a maximal compact subgroup of G. We
regard G as real Lie group and we recall that G is isomorphic to Spiny(3,1) [Be]. Under
this isomorphism, SU(2) is mapped to Spin(3). Thus G acts on the hyperbolic 3-space
H? and H? = G/K. Let I' C G be a cocompact, torsion free discrete subgroup. Then
X = I'\IM? is a compact, oriented hyperbolic 3-manifold and any such manifold is of this
form.

Let G = NAK be the standard Iwasawa decomposition of GG and let M be the centralizer
of Ain K. Then

(2.1) A:{(é Aﬂ):xew}, M:{(eg} 69,.9>:ee[0,27r]}.
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We use the natural normalization of the Haar measures for A, N, K and G as in [Kn, pp.
387-388]. In particular, we choose on K the Haar measure dk of total mass 1.

Let g, &, a, m and n denote the Lie algebras of G, K, A, M and N, respectively. Let
(2.2) g=tdp

be the Cartan decomposition of (g,a). Then a is a maximal abelian subspace of p. Let «
be the unique positive root of (g,a). Let H € a be such that a(H) = 1. Let a* C a be
the positive Weyl chamber and let A™ = exp(a™). Let W := W(g, a) denote the restricted
Weyl group.

Put h = m @ a. Then b is a Cartan subalgebra of g. We identify b with R%. Then
the Weyl group W of (gc, be) acts on C? by sign changes. So Wg has order 4. In a
compatible ordering on hi the only positive roots of the pair (gc, he) are oy and ay where
o (H) = ax(H)=a(H)=1and oy (iH) = —ax(iH) = i. Let pg = 2(oq + o).

Let B be the Killing form of g. Define a symmetric bilinear form on g by

1

Then (-,-) is positive definite on p, negative definite on £ and we have (¢,p) = 0. The
normalization is such that the restriction of (-, -) to p = T.x(G/K) induces the G-invariant
Riemannian metric on H* = G/K which has constant curvature —1.

Let {Z;} be a basis of g and let {Z7} be the basis of g which is determined by (Z;, Z7) =
d;j. Then the Casimir element 2 € Z(gc¢) is given by

(2.4) 0=> zz.

Let R(2) be the differential operator induced by Q2 on C*°(H?). Then by Kuga’s lemma
we have

R(Q) = —A,

where A is the hyperbolic Laplace operator on functions.

2.2. Let I' C G be a discrete, torsion free, cocompact subgroup. Then X = I'\H? is a
closed hyperbolic manifold. Given v € I'; we denote by [y] the I'-conjugacy class of . The
set of all conjugacy classes of " will be denoted by C(I'). Let v # 1. Then there exist
g€ G, my, €M, and a, € A" such that

(2.5) 979" = myay,.
By [Wal, Lemma 6.6], a, depends only on v and m., is determined up to conjugacy in M.
By definition there exists ¢(y) > 0 such that

(2.6) ay =exp (((7)H).

Then ¢(7) is the length of the unique closed geodesic in X that corresponds to the conjugacy
class {7}. An element v € I' — {e} is called primitive, if it can not be written as v = ¢
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for some 79 € I" and k& > 1. For every v € I' — {e} there exist a unique primitive element
vo € T and np(v) € N such that y = 7",

2.3. Denote by M the set of unitary characters of M. Then M = Z and the character o
that corresponds to k£ € Z is given by

e (2 ) -

The finite-dimensional irreducible representations of G, regarded as real Lie group, are
parametrized by pairs of nonnegative integers [Kn, p. 32]. For m € Ny let

Tm = Sym™: G — GL(S™(C?))
be the m-th symmetric power of the standard representation of G = SL(2,C) on C.
Denote by 7,, the complex conjugate representation. Then
(2.8) Tmn = Tm & Tn

is the irreducible representation with highest weight (m,n). The restrictions of 7, to M A
decomposes as follows:

(2.9) Tm‘MA = @ Opop @ elZ R
k=0

2.4. Let P = MAN be the standard parabolic subgroup of G. We identify C with af by
2 — zH. Forn € Z and A\ € C let 7, \ be the induced representation

(2.10) Tox = Ind% (0, @ e @ 1).

Note that this is the parametrization of the principal series used in [Kn, Chapt. XI, §2].
The representation 7, \ acts in the Hilbert space H,, » whose subspace of C'*-vectors is
given by
(2.11)

= {f € C*(G,V,,): f(gman) = e_(i)‘“)(log“)an(m)_lf(g), g€ G, man € P} )
If X € R, then 7, ) is unitary. This family of representations is the unitary principal series.
All 5\, n € Z, A € R\ {0}, are irreducible. They have an explicit realization [Kn, Chapt.
I1, §4]. The Casimir eigenvalue m, ,(£2) is given by

2
(2.12) Tan(Q) = A2 + nz ~1.

This follows from [Kn, Theorem 8.22]. It can be also verified using the explicit realization
of m, ». In the latter case one has to take into account that the identification of ac with C
is differnt from ours.

The nonunitarily induced representations

(2.13) =Idf(1®e ®1), 0<z<l,



are unitarizable. This is the complementary series. The Casimir eigenvalue is given by
(2.14) 7 (Q) = 2* — 1.

xT

This also follows from [Kn, Theorem 8.22] or can be verified using the explicit realization
of 7¢ (see [Kn, Chapt. II, §4]). Denote by ©,, y = trm, ) the character of m, ).

2.5. Let 7: G — GL(V;) be an irreducible finite-dimensional representation of G. Let E.
be the flat vector bundle associated to the restriction 7| of 7 to I'. By [MM, Proposition
3.1] E; is canonically isomorphic to the locally homogeneous vector bundle associated to
T ‘ K, i.e.,

(2.15) E. = (T\G x V;)/K,

where K acts on T\G x V; by (I'g,v) -k = (Lgk, (k) 'v). So we may regard E, as locally
homogeneous vector bundle equipped with a flat connection which, of course, is different
from the canonical invariant connection on the homogeneous bundle.

The vector bundle E. can be equipped with a canonical fiber metric. By [MM, Lemma
3.1] there exists an inner product (-, -) on V; which satisfies

(a) (t(Y)u,v) = —(u, 7(Y)v) for all Y € &, u,v € V;
(b) (T(Y)u,v) = (u, 7(Y)v) forall Y €p, u,veV,.
Such an inner product is called admissible. It is unique up to scaling. By (a) the inner
product is invariant under 7(K) and therefore, it defines via (2.15) a Hermitian fiber metric

in £.. Denote by A,(7) the Laplacian on E,-valued p-forms with respect to an admissible
metric on E,.

(2.16)

2.6. Let P be an elliptic differential operator acting on C'*°-sections of a smooth Hermitian
vector bundle E over a compact Riemannian manifold X. The metrics g on X and A on
E induce an inner product in C*°(X, E). Suppose that with respect to this inner product
the operator P is symmetric and nonnegative. Then the zeta function ((s; P), s € C, of

P is defined as
C(ssPy= Y m)A~,
A€Spec(P)\{0}
where m(\) denotes the multiplicity of the eigenvalue A. The series converges absolutely
and uniformly on compact subsets of Re(s) > dim(X)/ord(P). Moreover ((s; P) admits a
meromorphic extension to s € C which is holomorphic at s = 0 (see [Sh, Chapt. II]). Then
the regularized determinant det P of P is defined as

(2.17) det P = exp (—%C(s; P)‘s:o) :

Assume that P is symmetric and bounded from below. Let A € R be such that P+ A > 0.
Then det(P + \) is defined by (2.17). Voros [Vo] has shown that the function A — det(P +
A), defined for A > 0, extends to an entire function det(P + s) of s € C with zeros —\;
where \; € Spec(P).
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2.7. Finally we recall the definition of the Ray-Singer analytic torsion [RS]. Let x be
a finite-dimensional representation of m;(X) and let £, — X be the associated flat vec-
tor bundle over X. Pick a Hermitian fiber metric h in £, and let A,(x): A?(X, E,) —
AP(X, E,) be the Laplacian on the space of E,-valued p-forms. Then A,(x) is a nonnega-
tive, second order elliptic differential operator. So it has a well defined regularized deter-
minant, defined by (2.17). Then the analytic torsion is defined as the following weighted
product of regularized determinants
3

(2.18) Tx(x; g, h) = [ ] (det A, (x) V772

p=1
By definition T'x(x; g, h) depends on g and h. However, if dim X is odd and x is acyclic,
ie., H(X,E,) = 0, then Tx(x;g,h) is independent of g and h [Mul, Corollary 2.7]. In
this case we denote it simply by Tx ().

In this paper we consider the special case where X = I'\H? is a closed hyperbolic 3-
manifold and x is the restriction of a representation 7: G — GL(V;) to I'. Then, as
explained above, the flat bundle E. carries an admissible metric. We denote the analytic
torsion attached to 7|p with respect to this metric by Tx (7).

3. TWISTED RUELLE AND SELBERG ZETA FUNCTIONS

In this section we consider various kinds of twisted geometric zeta functions which are
needed for the proof of our main result. We will use the notation introduced in section 2.
First we recall the following estimation of the growth of the length spectrum. For R > 0
we have

(3.1) #{]n] € C(1): €y) < R} < "
[BO, (1.31)].

If T is an endomorphism of a finite-dimensional vector space, denote by S*T' the k-th
symmetric power of T'. Let n = fn be the negative root space. Then for 0 € M and s € C
with Re(s) > 1 the twisted Selberg zeta function is defined by

(3.2) Z(s,0) = H H det (1 - (U(mv) ® S* (Ad(mva'y>ﬁ)) 6_(s+1)z(7)) )

[v]#e k=0

prime

where [y] runs over the non-trivial primitive conjugacy classes in I'. By [BO, (3.6)] we have

O-(m )e_g(y) _
3.3 log Z =— u s,

(3:3) 0g Z(s,0) % det(Id — Ad(ma)m)ne(7) ©

v|#e

It follows from (3.1) that the series converges absolutely and uniformly in the half-plane
Re(s) > 1. Therefore the infinite product converges absolutely and uniformly in the half-
plane Re(s) > 1. Furthermore by [BO, Theorem 3.15] it has a meromorphic extension to
the entire complex plane and satisfies a functional equation [BO, Theorem 3.18]. To state
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the functional equation we need some notation. Let w € W4 be the non-trivial element.
Then w acts on M by

(wo)(m) = o(my'mm,), meM, oeM,

where m,, is a representative of w in the normalizer of a in K. Thus wo, = o_4, k € Z.
For each o € M there is an associated Dirac operator Dx (o) acting in a Clifford bundle
E, — X [BO, p.29]. Let n(Dx(c)) denote the eta invariant of Dx (o). Let P, be the
Plancherel polynomial with respect to o. If the Haar measures are normalized as in [Kn,
pp. 387-388] and ac is identified with C by z € C — zH € ac, then by [Kn, Theorem 11.2]
(up to a minor correction) it is given by

(34) ng(Z):H Z—Z s kGZ,

where 0}, € M is the character defined by (2.7). We note that our definition of P, (z) differs
from the definition of P,(z) in [BO, p. 56].

Then the functional equation satisfied by Z(s, o) is the following equality
(3.5) Z(s,0) = ™Px@) oxpy {—4% vol(X) / P,(r) dr} Z(—s,wo)
0

[BO, Theorem 3.18]. Our formula differs from the formula in [BO, Theorem 3.18]. This
is due to the the different definition of FP,(z). Since the functional equation plays an
important role in this paper, we will give a separate proof for the functional equation of
the symmetrized Selberg zeta function in section 5.

A related dynamical zeta function is the twisted Ruelle zeta function R(s,o) which is
defined by

(3.6) R(s,0) = [[ (1 = o(m,)e™),

[v]#e

prime

where, as above, [v] runs over the non-trivial primitive conjugacy classes in I". Note that
R(s, 00) equals the usual Ruelle zeta function

(3.7) R(s) =[] (1—e).

[v]#e

prime

Ruelle zeta functions of this type have been studied by Fried, and Bunke and Olbrich
[BOJ. The two zeta functions are closely related. Namely the Ruelle zeta function can be
expressed in terms Selberg zeta functions as follows.

Lemma 3.1. For every o € M we have
Z(s+1,0)Z(s—1,0)
Z(s,0®09)Z(s,0 0_3)

(3.8) R(s,0) =



10 WERNER MULLER

Proof. By [BO, (3.4)] we have

(3.9) log R(s,0) = — Z o(m,) et
[y]#e

Using (3.3) we get
logZ(s+1,0)+logZ(s —1,0) —log Z(s,0 ® 03) —log Z(s,0 ® 0_3)

_ Z a(m,) (1 — oa(m,)e”" D — o_y(m, )" + 6_%(7))6—56(7)
det(Id — Ad(m,a)z)nr(7)

(3.10) e
[]#e i
Together with (3.9) the lemma follows. O]
Put

Ox(0) := 2n(Dx(0)) — n(Dx (0 @ 03)) —n(Dx (0 @ 0_3)), o€ M.

We summarize the main properties of R(s, o) by the following proposition.
Proposition 3.2. For each o € M we have

1) The infinite product (3.6) is absolutely convergent in the half-plane Re(s) > 2.
2) R(s,o0) admits a meromorphic extension to whole complex plane.
3) R(s,o) satisfies the following functional equation.

(3.11) R(s,0) = e™x(@) exp (47 vol(T\H?)s) R(—s,wo).
Proof. 1) follows from the estimation (3.1). The meromorphic extension is established in
[BO, Chap. 4] and the functional equation is proved in [BO, Theorem 4.5]. It follows from

Lemma 3.1 and the functional equation of the Selberg zeta function. Namely using (3.8)
and (3.5) we get

R(S, 0') im0 (o) /s+1 /5—1
—— L =X —47 vol(X P P
R(—s, wo) e exp mvol(X) i o (1) dr + i e (1)

It follows from (3.4) by a simple computation that

s+1 s—1 s s s
/ P, (r)dr +/ P, (r)q— / P, ., (r) dr — / Py, (r)dr = ——;
0 0 0 0 ™
which implies 3). O
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Now let 7: G — GL(V') be a representation in a finite-dimensional complex vector space

V. We fix anorm || - || in V. The restriction 7|p4 of 7 to M A decomposes into characters:
(3.12) Tlwa = Por @ e,
kel

where I C Z is finite and vy € 3Z. Let ¢ = max{|vy|: k € I}. Given g € G, we denote by
a(g) € AT the AT-component of g with respect to the Cartan decomposition G = KATK.
It follows from (3.12) that there exists C; > 0 such that

I 7(9) < Creetose® g e G.
This implies that there exists ¢y > 0 such that
I7(7) < Ce= ™,y e T\ {1}.

Therefore, the infinite product

(3.13) R.(s) = H det (I —7‘(7)6‘85(7))
[V]#e

prime
is absolutely convergent in the half-plane Re(s) > ¢o + 2. By (3.12) we have
det (I —7‘(7)6_‘%(7)) = det (I —T(myav)e_sg(y)) = H det (1 — Uk(my)e_(s_”k)é(“*)) :
kel
Taking the product of both sides over all non-trivial primitive conjugacy classes, we get
(3.14) R.(s) =[] R(s — v, 04), Re(s) > ca+2.
kel

The right hand side is a meromorphic function on C. This implies that R,(s) admits a
meromorphic continuation to C.

Using (3.8), it follows that R.(s) can also be expressed in terms of twisted Selberg zeta
functions. This formula can be simplified using Kostant’s Bott-Borel-Weil theorem [Ko]
which we recall next. Let

(3.15) pp: MA — GL(APng), p=0,1,2,

be the p-th exterior power of the adjoint representation of M A on n¢. It decomposes into
characters as follows

(3.16) fo =00, 1= (02®e*)D(0_a®e”), pp=o09® e

Denote by fi,, the contragredient representation of the representation (3.15). Given (m,n) €
7 x Z, we define a character x(mn): MA — C* by

m4n

(317) X(mn) = Om—n @ € 2

«
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Lemma 3.3. Let 7 be an irreducible representation of G with highest weight A, € Ny x Ny.
We have the following identity of characters of MA.

2
(3.18) Z(—l)p trfi, - tr7 = Z (—1)€(w)xw(AT+pc)_pG,
=0

weWag
where ((w) denotes the length of w.

Proof. Let L = M A. For a finite-dimensional L-module W denote by chz (W) the element
in the character ring R(L). Let V, be an irreducible G-module with highest weight A.. By
the analog of a result of Kostant [KKo, Theorem 5.14], for real Lie algebras [BW, Theorem
I11.3.1], [Si], we have

2
(3.19) D (=1 ehp(HP(n,V2) = D (=D Xuartp0) e

p=0 weWag
where H?(n, V) denotes the Lie algebra cohomology. By the Poincaré principle [Ko, (7.2.3)]

we have
2 2

(3.20) > (=1 chy(An* @ V7) Z )P chy, (HP(n, V).

p=0 =0
Here L acts on n* via the contragredient representatlon of the adjoint representation.
Combining (3.19) and (3.20), the lemma follows. In fact, in the present case the lemma
could also be proved by an elementary computation, using the parametrization (2.8). O

We are now ready to prove the formula which expresses R, (s) as a fraction of twisted
Selberg zeta functions. For w € Wy write
(321) Xw(/\r-l-pc)—pc frd O‘T,w ® e()\r,w_l)(x’
where o, ,, € M and Arw € R.

Proposition 3.4. Let 7 be an irreducible finite-dimensional representation of G. Then we
have

(3.22) R.(s) = H Z(5 = Aoy Or) Y

weWa

£(w)

Proof. Recall that for an endomorphism W of a finite-dimensional vector space we have

(3.23) det(Id =) = > "(=1)* tr(A*W).

k=0
Let m € M and a € A. Note that fi,(ma) = A? Ad(ma)z. Hence if we apply (3.23) to f,
we get

> (=1)7tr fip(ma) = det (Id — Ad(ma)s) .

p=0



13

Using (3.18) and (3.21), we get

24 ¢ _ 1)) Or.w(M) Ora—Ta(loga).
(324 rrma) = 3 (0" s Ad(ma)y©

weWqg

Next we have

log R,(s) = Z trlog (Id —7'(7)6_85(”))
[v]#e

prime

> tr (7(y)e %)
(3.25) -y y et

Now let v € I'\ {e}, v ~ m,a,. Then loga, = {(v)H. Inserting (3.24) on the right hand
side of (3.25), we get

] (s) = _1)lw)+1 Orw(my) —(5=Arwt1)e(y)
0g ft-(s) Z (1) MZ# det (Id — Ad(m~a4)zs) nr(y) ‘

weWeag

By [BO, (3.6)], the right hand side equals

D> (1) og Z(s = Arwy Tr),

weWea

which proves the proposition. U

We also need to consider symmetrized Ruelle and Selberg zeta functions. Recall that the
nontrivial element ws € W4 acts on M by waoy, = 0_y. Let 0 € M\ {op}. Put

(3.26) S(s,0) = Z(s,0)Z(s,wa0).

This is the symmetrized Selberg zeta function. Let 8: G — G be the Cartan involution.
Put

(3.27) T9=To0.

Note that 7, = Sym” satisfies 7,00 =7,, and 7,060 = 7,. Thus 6 acts on the highest
weights by

(3.28) O(m,n) = (n,m), (m,n) € Ny x Np.

By (2.8) it follows that an irreducible finite-dimensional representation 7 of G satisfies
Tp = 7, if and only if 7 = 7, ,,, for some m € N.
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Proposition 3.5. Let 7 be an irreducible finite-dimensional representation of G. Then we

have
(3.2) Ro(s)Rey(s) = ] SCs = A ora) ™ w2,
weWeg
and
(3.30) R (8)=Z(s—(m+1),00)Z(s +m+1,00)5(s,09m42)"", m € Ny.
Proof. Put

(1) = {w(Ar + pg) — pa: w € Wet.

Let 7 = 7, Then we have
By (3.17) and (3.21), it follows that
{(UT,wa )‘T,w): w e WG} = { (Um—na (m + n)/2 + 1) ) (U—(m+n+2)a (n - m)/2) ’

(Omint2, (m=1n)/2), (On_m, —(m+n)/2 = 1)}.
Assume that m # n. Using that (7,,,)s = Tnm and (3.31), it follows that

{(Orws Arw) : w € Wt U{(0rp 05 Argw) - w0 € Wi}
= {(UT,wa )\T,w)7 (wAUT,wa )\T,w): w e WG’} .

By (3.22) the first equality follows. Now assume that 79 = 7 . By (3.28) there exists
m € Ny such that 7 = 7,,,,. In this case we get

(3.32) {(0ruws Arw): w € Wet = {(00,m + 1), (0_2(m+1), 0), (O2(mt1), 0), (50, —(m + 1) } .
Using again (3.22) and (3.26), we get (3.30). O

(3.31)

4. BOCHNER-LAPLACE OPERATORS

In this section we study certain auxiliary elliptic operators which are needed to derive
the determinant formula and the functional equation for the Selberg zeta function. These
operators were first introduced by Bunke and Olbrich [BO].

Let wy € W4 be the nontrivial element. It acts on o, € M by waor = o_;. Thus,
if k£ # 0, then oy is not Wyx-invariant. For | € Ny let 1, € K denote the irreducible
representation of K = SU(2) of highest weight [. Then we have

I
(4.1) vily = @Uz—zk-
k=0

Let R(K) and R(M) denote the representation rings of K and M, respectively. The
inclusion ¢: M — K induces the restriction map i*: R(K) — R(M). From (4.1) we get

i*(Vl—Vl_g) =0 +0_, €N, [>2;

4.2 ” "
(42) i*(n) =01 +0_1, ()= 0o.
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It follows from (4.2) that for every o € M there exists a unique &, € R(K) such that
(4.3) i*(&,) = 0+ wao.

Then we have

(4.4) & =Y myo)

veK

with m, (o) € {0, %1} for o # 0y and m,,(0¢) = 0, if [ # 0, and m,,(0g) = 2.

Given v € K, let E, denote the associated homogeneous vector bundle over G /K and

E, = F\E the corresponding locally homogeneous bundle over X. For ¢ € MandveK
let m, (o) be defined by (4.4). Put

(4.5) E(o)= & E.
()70

This bundle has a canonical grading
(4.6) E(c)=E"(0)® E (o)
defined by the sign of m, (o).

Let A, be the elliptic G-invariant differential operator on C*(G/K, E,) = (C*®(G)®V,)¥K
which is induced by —€2, where €2 € Z(gc¢) is the Casimir element. Let

Au _ (vu)*vu

be the connection Laplacian associated to the canonical invariant connection V* of E,. By
[Mia, Proposition 1.1] we have

(4.7) A, = A, —v(Q),

where Qi € Z(kc) is the Casimir element of K. Being G-invariant, A, descends to an
elliptic operator

(4.8) A, C*(X,E,) - C*(X,E,).
It follows from (4.7) that A, is symmetric and bounded from below. For [ € Z put

(4.9) clo) =— — 1.

(4.10) Alo) = B A, +clo).

Obviously, A(o) preserves the grading of E(o).
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By (4.7) the elliptic operator A, is symmetric and bounded from below. Therefore the
heat operator e *4» is well defined and is a trace class operator. Given o € M, put

(4.11) K(t;o) =Y my(o) Te(e™),

vekK

where m, (o) is defined by (4.4). Our next goal is to use the Selberg trace formula to
express K (t,o) in terms of the length of the closed geodesics.

Let A, be the lift of A, to the universal covering X = G /K. Tt acts in the space of

smooth sections of the homogeneous vector bundle E, associated to v. With respect to
the isomorphism C*(G/K, E,) = (C*°(G) ® V,)X we have

A, = —R(Q) ®1dy, .

Let e_tA”,Nt > 0, the heat semigroup generated by A,. This is a smoothing operator on
L*(G/K,E,) = (L*(G) ® V,,)® which commutes with the action of G. Therefore it is of
the form

(%) (9) / 1 (g7 )6(g) df. 6 € (L)@ V)X, gea,

where the kernel HY: G — End(V,) is C*, L?, and satisfies the covariance property
(4.12) H' (k7 'gk')y =v(k) Yo H (g) ov(K), kK €K, geq.

Actually, a much stronger result holds. For ¢ > 0 let C%(G) be Harish-Cahndra’s LA-
Schwartz space. Then we have

(4.13) H} € (CYG) ® End(V;))"*¥
for all ¢ > 0. The proof is similar to the proof of Proposition 2.4 in [BM]. By standard

arguments it follows that the kernel of the heat operator e~*4» is given by
(4.14) Y(t;x, 2" ZH” (97 'vg)
vel

where 2,2’ € X and ¢ = I'gK and 2/ = I'¢’ K. Therefore the trace of the heat operator
e ' is given by

Tr (e_tA”) = / tr H”(t; x, ) dx,
b
where tr denotes the trace tr: End(E, ) — C for z € X. Let
hi(g) = tr H (g).
Using (4.12) and (4.14), it follows that

(4.15) Tr (e7) = /F . > hi(g7'vg) dg

vyel’
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Let Rr denote the right regular representation of G on L*(T\G). Then (4.15) can be
written as

(4.16) Tr (e7*) = Tr Rr(h)).

Let

(4.17) hy = my(o)h;
veK

Then by (4.11) and (4.16) we get
K(t;o) =TrRr (h7), t>0.

We can now apply the Selberg trace formula [Wal] . We use the notation introduced in
section 2. Let n = #(n), where 6 is the Cartan involution. For v € I"\ {e} put

D(y) = €' det(Id — Ad(m,a,)z).

Let ©,,\ denote the character of the principal series representation , , where n € Z and
A € R. Then the Selberg trace formula gives

K (t;7) = Vol (X)hg (¢
1 |
(4.18) tor > e Zan - / O A (hT)e N ),
e " =

Note that h{(e) can also be expressed in terms of characters. By (4.13), each h} belongs to
C1(G) for all ¢ > 0. Therefore h{ is in C?(G). Hence we can apply the Plancherel formula
for G (see [Kn, Theorem 11.2]). With respect to the normalizations of Haar measures used
in [Kn| and the definition of the Plancherel polynom (3.4), we have

(4.19) => / wa(RE) Py, (iN) d.

neL

To continue we need to compute the characters ©,,,(h{). First by (4.17) we have

(4.20) On(h]) =Y my(0)0na(h),

veK

which reduces the problem to the computation of ©,, y(hY). For any unitary representation
7w of G on a Hilbert space H, set

F(HY) = /G r(g) ® HY(g) dg.

This defines a bounded operator on H, ® V,. As in [BM, pp. 160-161] it follows from
(4.12) that relative to the splitting

H, @V, =H,2V,) @ [(717r ® VV)K] - ,
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7(H}) has the form

) = (00 0)
with m(H?) acting on (H, ® V,)". Then it follows as in [BM, Corollary 2.2] that
(4.21) m(HY) = ™ 1d,
where Id is the identity on (H, ® V,,)*
‘H. and V,,, respectively. Then we have

. Let {&§}nen and {e;}7L, be orthonormal bases of

M2
NE

Trn(HY) (m(H)(&n @ ¢;), (§n @ ¢;))

3
Il
—
.
Il
A

K
NE

(4.22) [ @@ et g)es ) do

=1

3
Il
—

<
Il

WE

b (9)(7(9)&n; &n) dg

).

e
w(h

I
=i

N

Together with (4.21) we get
(4.23) Trr(hY) = e dim (H, @ V,)* .

Now we consider a unitary principal series representation 7, Let [v|y : 0,] denote the

multiplicity of o, € M in v|p. It equals 0 or 1. For any representation 7 of G denote by
7 the contragredient representation of . By Frobenius reciprocity [Kn, p. 208], we have

dim (Hop @ V)" = [ml ks v] = [mon sl v = Wl 0o0] = Va0,
Combined with (4.23), we obtain
Opr(hY) = ™ Dy 0]
Using (4.20), (4.4) and (4.3), we get

(4.24) Ona(h]) = e/ Z My (o) [V|ar 2 o) = ™D 4 wao : ).
veK

The Casimir eigenvalue 7, 5(€2) is given by (2.12). Using the definition of ¢(o) by (4.9) it
can be written as

(4.25) Tan(Q) = =A% + ¢(0,).
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Now we can put our computations together. Let k € Ny. If we insert (4.24) in (4.18) and
(4.19) and use (4.25), we get

K(t;03) = etclor) (2 vol(X) / e_t’\2PJk(i)\) d\
R

(4.26) |
0(7) NG i
* 2 iy U’“)W) ,
where
(427 Lam(y,0) = &) + (wac)(my))e 0

det (Id — Ad(m~a, )w)
Using the definition of A(o) by (4.10) together with (4.11), we finally get

Proposition 4.1. For every o € M we have

‘) e—1(1)?/ (a1

B ) =) [ R e YO i
(428) T () = 2v0llX) L TERAN) Dt D S35 0)

5. THE FUNCTIONAL EQUATION OF THE SELBERG ZETA FUNCTION

One of the main ingredients of the proof of Theorem 1.1 is the functional equation (3.5)
satisfied by the Selberg zeta function Z(s,o). In particular, it is important to determine
the sign in the exponential factor. We include a proof of the functional equation for the
symmetrized Selberg zeta function which suffices for our purpose.

Let 0 € M. Note that A(o) is a second order elliptic differential operator on a compact
manifold. Therefore it is essentially self-adjoint and the unique self-adjoint extension of
A(o) has pure point spectrum consisting of a sequence of eigenvalues A\; < Ag < -+ — 00
of finite multiplicities. It follows from Weyl’s law that

(5.1) AP <o
Ai>0
Therefore the resolvent (A(c) + s*)7!, Re(s?) > 0, is a Hilbert-Schmidt operator. Let
Re(s?) > 0 ,i = 1,2. By the resolvent equation we have
(A(o) +57)7" = (A(o) +53) 7" = (55— s7)(A(0) + 57) 7 0 (A(0) +53) "

Thus the right hand side is a product of Hilbert-Schmidt operators and therefore, it is a
trace class operator. Hence (A(c) + s3)™! — (A(0) + s3)7! is a trace class operator. Now
observe that

(A(o) + )" = / o157 (~tA@) gy
0
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Furthermore we have the heat expansion

(5.2) Tr (e—tA(cr)) N Zajt_3/2+j

>0

as t — +0. Let Re(s?),Re(s?) > 0. Then it follows from (5.2) that
63 T ((Ae)+ ) = (A + ) = [ et T ()
0

Now we replace Tr, (e7*4(?)) by the right hand side of (4.28). First note that for Re(s) > 0
we have

o0 —0(~)2/ (4t
0 \Aart 2s

Furthermore by Cauchy’s theorem we have

655 /000(6_“2 —e ) (/R e P, (i)) dA) dt = /R o fii;; PN X
= TPo(s) = £ Pols0).

For the last equality we used that P,(s) is an even polynomial. By (5.4) and (5.5), we get
(5.6)
P P,
Tr, ((Alo) + %) 7" — (A(0) + 2)7!) = 27 vol(X) ( s) _ (50)>

S So
1 () — st 1 £(y) —s0l
+—§ Ly (7y; 0)e™3) — — Ly (7; o)),
25 oz me() i) 250 Sz, () i)

By (3.3) we have

() i _ Z(5,0) | Zs,0a0)
—Ls m ,0)€ B (FY) = : + : )
2y Fon59) Z(5,0) 705, wa0)

which is the logarithmic derivative of the symmetrized Selberg zeta function S(s, o) defined
by (3.26). Thus we get

Tr, ((A(a) + 52— (A(o) + 53)_1) =27 vol(X) ( )
(5.7) 1 5'(s, U) 1 9 80,0)
2s S(s,0) 250 S(so,0)

Put

=(s,0) = exp <47TV01(X) /0 ) dr) S(s,0).
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Then (5.7) can be rewritten as

58 A0+ - () ) = ) L Eled)

From this equality one can deduce the existence of the meromorphic extension of S(s, o) and
determine the location of the singularities, i.e., zeros and poles of S(s, ). Let Ay < Ay < - -+
be the eigenvalues of A(o). For each A; let £(\;) be the eigenspace of A(c) with eigenvalue
)\j' Put

ms(>\j, O') = dimgr g()\J)

If \; <0, we choose the square root \/\; which has positive imaginary part. Put

s; ==+iy/X;, jeN

Proposition 5.1. The Selberg zeta function S(s, o), defined by (3.26), has a meromorphic
extension to s € C. The set of singularities of S(s,0) equals {sj-t: j € N} IfA; #0, then
the order of S(s,o) at both s;’ and s; is equal to my(\;, o). The order of the singularity
at s =0 is 2ms(0,0).

Proof. The left hand side of (5.8) equals

> 1 1
s)"a - .
Zm<]a>{52+>\j 3(2)+)\j}

By (5.1) the series converges absolutely and uniformly on compact subsets which shows
that it is a meromorphic function of s € C and the only poles are simple and occur exactly
at the points {sjtz j € N}. Hence the logarithmic derivative of =(s, o) is a meromorphic
function with the same poles. Let \; # 0. Then
2s 1 N 1
¥

2 T — s
2+ s—s/  s—s;

It follows that sf are simple poles of Z/(s, ) - E(s, o) ™! with residue mg()\;, o). Hence the
order of Z(s,0) at s;t equals ms(A;, o). In the same way it follows that the order of Z(s, o)
at s = 0 equals 2m(0, o). O

Now subtract from (5.8) the same equation for —s and multiply by 2s. Then we get

=/ =/(__
:(5>U)+:( 5>U):07
=(s,0)  Z(—s,0)

which shows that the logarithmic derivative of Z(s) - Z(—s)~! equals zero. Therefore
Z(s) - Z(—s)~! is constant. By Proposition 5.1 the order of S(s, o) at zero is even. Hence

lim f(s) —1.
(=)
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This implies Z(s) = Z(—s). Since P,(z) is even, we obtain the following functional equation
for S(s,0):

(5.9) S(s,0) = exp (—87rvol(X) /0 P dr) S(—s,0).

Note that Z(s,0,,) = Z(5,0_,). Hence for s € R we have S(s,0) = |Z(s,0)[>. Then (5.9)
is reduced to

(5.10) |Z(s,0)| = exp (—47TV01(X) /OS P,(r) dr) |Z(—=s,0)], seR.

6. THE DETERMINANT FORMULA

By [BO, Theorem 3.19] the twisted Selberg zeta function can be expressed as a graded
regularized determinant of A(c). We include a simple proof of this formula for our case.

First we recall the notion of the graded regularized determinant of an elliptic self-adjoint
operator. Let E = ET @& E~ be a Z/2Z-graded Hermitian vector bundle over a compact
Riemannian manifold. Let P: C*(Y, E) — C>(Y, E) be an elliptic differential operator
which is symmetric and bounded from below. Assume that P preserves the grading, i.e.,
assume that with respect to the decomposition

C™(Y,E)=CH(Y,E") @ C™(Y,E)

Pt 0
r-( 7).
Then we define the graded determinant det,, (P) of P by

_ det(PT)
~ det(P)

P takes the form

(6.1) detg, (P)

Given o € M, let A(o) be the elliptic operator defined by (4.10). It acts in a graded
vector bundle. Hence the graded determinant detg, (s? + A(c)) is defined. Let P,(r) be
the Plancherel polynomial (3.4). By [BO, Theorem 3.19] the twisted symmetrized Selberg
zeta function S(s, o) can be expressed by the graded determinant as follows.

Proposition 6.1. We have

(6.2) S(s;0) = detg, (s> + A(0)) exp (—47T vol(X) /OS P,(r) dr) , 0 # 0y,
and
(6.3) Z(s;00) = det (s> — 1+ A) exp ((6m) " vol(X)s?),

where A is the Laplace operator on C®(X) and det is the usual reqularized determinant.
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Proof. We give a simple proof of this formula. Let o € M . For Re(s%) > 0 let
(6.4) C(25) = / e T, (M) 1 gt
0

The integral converges absolutely and uniformly on compact subsets of the half-plane
Re(z) > 3/2. It admits an extension to a meromorphic function of z € C which is
differentiable in s. It is regular at z = 0 and we have

(6.5) ((z,5) = —logdet(A(c) + s*) + O(2).
Furthermore for Re(z) > 3/2 we have
(6.6) — 2—18%«@ s) = /O e~ Tr, (e74)) ¢ dt.
Thus by (6.5) we get

1d log dety, (A(0) + 5) — 1 d log dety, (A(0) + 5°) |

2sds & So ds & §=50

: 1d 1 d

(6.7) = £1—>0 _2_3EC(Z’ s) + Q—SOEC(Z’ S)}s:so)

Assume that o # o0g. Together with (5.3) and (5.7) we get

(6.8) %log dety, (A(0) + s%) = % log S(s,0) + 4w vol(X)P,(s) + bs

for some b € C. Integrating this equality gives

(6.9) log S(s,0) = —4m vol(X)/ P,(r) dr +log dety, (A(0) + s°) + 232 +c
0

for some ¢ € C. In order to determine the constants b and ¢ we take s € R and consider the
asymptotic behavior of both sides of (6.9) as s — co. By (3.3) it follows that log S(s, o) —
0 as s — oo. Next consider the behavior of log dety, (A(c) + s?) for s € R and s — co. By
(6.5) we have

(6.10) log det,, (A(a) + 52) = _diz (2((z,s)) }Z:O.

Denote the first term on the right hand side of (4.28) by I(t, o) and the second by H(¢,0).
Let Re(z) > 3/2. Then by (4.28) and (6.4) we get

(6.11) ((z, s):/ e I(t, o)t dt+/ e~ H(t, o) t* " dt.
0 0

It follows from the definition of H(t, o) that the integral [;° e~ H(t,0)t*~1 dt is an entire
function of z € C and for every compact subset w C C there exist C, ¢ > 0 such that

d

(6.12) d—/ e H(t o)t dt]| < C e zew, s>0.
zJo
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To deal with the first integral on the right hand side of (6.11), we note that

619 [T ([0 a) =G - 1z e
0 R

By (3.4) the Plancherel polynomial P,(z) is of the form P,(z) = a; + ay2%. Using the
definition of I(¢,0) and (6.13), we get

d = —ts? z—1
%(Z/O e It o)t dt)
= —47TV01(X)/ P,(r) dr.
0

Together with (6.10), (6.11), and (6.12) we obtain

= —4mvol(X) (als - %53>

z=0

(6.14)

log detg, (A(0) + 5°) = 4 vol(X) /OO P,(r) dr + O(e™")

for s € R, s — oo. This implies that the constants b and ¢ in (6.9) are zero. Exponentiating
(6.9), we get (6.2). The proof of (6.3) is similar. O

Remark. From the statement of Theorem 3.19 in [BO] it is not apparent that the deter-
minant is the graded determinant. However, it is the general understanding in [BO] that
the trace of a trace class operator on a graded bundle is the super trace corresponding to
the grading (see [BO, p. 29]). Consequently regularized determinants of elliptic operators
on graded bundles are always understood in [BO] as graded determinants.

Now let 7 be an irreducible, finite-dimensional representation of G with highest weight
A; = (m,n). For w e Wg let 0,,, € M and A, ,, be defined by (3.21). Let

(6.15) Aw)= A +7(9).
o (7.)£0

This is an elliptic operator acting on C*°(X, E(0,,)). Using (3.31), an explicite computa-
tion shows that for all w € Wg we have

(6.16) N+ e(07) = 3 (mlm +2) +n(n +2) = 7(9)
Using (6.16), and (6.15), it follows that

(6.17) Aorw) + A2, = Aw)

as operators on C*°(X, E(0,,)). Then it follows from (6.2) that

3_)\7',11)
S(8 = M Or) = detg (5% — 2008 + A(w)) exp (—4% vol(X) / P, (1) dr) :
0

if 0,4 # 09. If 04, = 0¢, we use (6.3), which leads to a similar formula
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Proposition 6.2. Let 79 22 7. There is a constant ¢ = ¢(T) such that

(6.18) R, (s)Rr,(s) = €00 T dety(s® — 2,08 + A(w)) ™)

weWag

£(w)

Proof. By assumption we have 7 = 7, ,, with m # n. It follows from (3.31) that o, 2 0o
for all w € Wg. Put

(6.19) F(s)= Y (-1 /0 o P, (r) dr.

weWeag

Then it follows from (3.29) and (6.2) that
(6.20) Ry (8)Rr, () = e '™ I0FE TT dety, (5° — 25Ar0 + A(w))

weWqg

(~1))

Using (3.4) and (3.31), an explicite computation gives
F(s) = —n*(m+1)(n+1)s.

O
Now we consider the case 79 = 7. Then 7 = 7,, ,,, for some m € Ny.
Proposition 6.3. Let m € Ny. There exists a constant ¢ = ¢(m) such that
2 2
(621) R (s) = ccolC0s. det (s+m+1)*—1+A)det((s —m —1)% — 1+A)'
’ detgr (82 + A(O’Qm+2))
Proof. Put
1 S
F(s) = o ((s+m+17°+(s—m—1)%) + 47r/ Py, o (r)dr.
0
Using (3.30), (6.2) and (6.3), it follows that
R (5) = 0B det (s+m+1)2—1+A)det((s—m—1)2—1+ A).
mhm detgr (82 + A(O’Qm+2))
Using (3.4), it follows that F),(s) = 27~ *(m + 1)2s. O

7. PROOF OF THEOREM 1.5

Since [Wol has not been published yet, we include a proof of Theorem 1.5. Let 7: G —
GL(V;) be an irreducible finite-dimensional representation with associated flat bundle E;
equipped with an admissible metric. Let A,(7) be the Laplacian on E.-valued p-forms.
Let

(7.1) K(t,7) = Z(_1>pp Tr (e—tAp(T))

p=1
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and

3
q(r) = (~1)’pdimker H*(X, E,).
p=1
Then by definition of the analytic torsion we have

(7.2) log T () = %% (ﬁ /0 T K T) — () £ dt)

where the right hand side is defined near s = 0 by analytic continuation of the Mellin
transform. The first step of the proof is to apply the trace formula to express K(¢,7) in
terms of the length of closed geodesics. This is the basis for the relation between analytic
torsion and the twisted Ruelle zeta function.

Y

s=0

Let p be the orthogonal complement of £ in g with respect to the Killing form. Let
xo = eK. Recall that there is a canonical isomorphism 7, (G/K) = p. Let Rr denote the
right regular representation of G on L?*(T\G) (resp. C*(I'\G)). Using (2.15), we get a
canonical isomorphism

(7.3) N(X,E,) = (C*(N\G) @ A" @ V;)"

where K acts by k € K + Rr(k) ® A Ad(k) ® 7(k). There is a similar isomorphism for
the space L>AP(X, E,) of L2-sections of APT*X ® E.. With respect to the isomorphism
(7.3), we have the following generalization of Kuga’s lemma

(7.4) A,(1) = —Rpr(Q) ® Id +7(Q) 1d,
(see [MM, (6.9)]), where €2 is the Casimir element and 7(2) is the Casimir eigenvalue of 7.

Let A,(7) be the lift of A,(7) to the universal covering X = G/K. Let e~ ¢ >0,
be the corresponding heat semigroup. This is a smoothing operator on

L’AP(X; Er) = (LX(G) @ APp* @ V),
which commutes with the action of GG. Therefore, it is of the form

(e‘t&’(%) (9) = /GHZ’p(g‘lg’)¢(g') dg', ¢ € (L (G)@ A" ®V)", ged,

where the kernel H;?: G — End(APp*®V;) belongs to C*°NL? and satisfies the covariance
property

(7.5) HP (k™' gk') = vy (1) (k)T H (g)vp () (K),
with respect to the representation
(7.6) vp(7) == AP Ad) ®@7: K — GL(APp* @ V).

Moreover, for all ¢ > 0 we have

(7.7) H]P € (CYG) ® End(APp* ® V,))K*K,
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where C?((G) denotes Harish-Cahndra’s LP-Schwartz space. The proof is similar to the
proof of Proposition 2.4 in [BM]. Let

hi*(g) = tr H"(g).

Repeating the arguments which we used to prove (4.16), we get

(7.8) Tr (e ")) = Tr Rp(h]P).
Put
3
(7.9) K= (=1)Pph?.
p=1

By (7.1) we have
K(t,7) = Tr Rp (k).
We can now apply the Selberg trace formula [Wal]. Let the notation be as in (4.18). Then
we get
K(t,7) = Vol(X)k] (e)
(7.10) LB 3 ((v) Zm/ O,r (kT )e N ),
ez R

2m L= (1) D(7) £

where the notation is the same as in (4.18). The characters O,, \(k]) can be computed in
the same was as in section 4. Let 7 be a unitary representation of GG on a Hilbert space

H.. Set
F(HT?) = / r(g) ® H"(g) dg.

This defines a bounded operator on H, ® APp* ® V,. As in [BM, pp. 160-161] it follows
from (7.5) that relative to the splitting

1
He @ AP @V, = (H, @ APp* @ V,)" @ [(Hw ® AP @ VT)K] :

7(H;"”) has the form

F(H]") = (W(}g’p) 8)

with w(H[") acting on (H, ® APp* @ V,). Using (7.4) it follows as in [BM, Corollary 2.2]
that
W(HZ',P) — et(W(Q)—T(Q)) Id

on (H, ® APp* @ V.)*. Asin (4.22) we get
(7.11) trm(H[ ) = trw(h,?).

Now let 7 be a unitary principal series representation m,, ) acting in the Hilbert space H,, .
Using (7.11) and (2.12) we get

(7.12) On(RIP) = N1/ iy (1, @ APp* @ V)X
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Denote by C,, the M-module defined by ,. By Frobenius reciprocity [Kn, p. 208] we have
dim (H,\ ® APp* @ V)" = dim (C, @ APp* @ V)

and by (7.9) we get

w

Ona(k]) = ot +1-n?/447(Q) Z Ppdim (C, ® APp* @ V)

p=1

Choose an orthonormal basis of p as in [Mil, p.9]. Using this basis it follows that as
M-modules, p and a ¢ n are equivalent. Thus we get

3 2

1Pp APp* = (=1)7p (APn* + AP 'n*) =) (—1)PH'APn”.

p=1 p=1 p=0

(=
s

!
~—

(7.13)

Therefore, the Fourier transformation of £] is given by

2
(7.14) Op(k]) = e VT AT @O N 1)PH dim (C,, ® AP ® V)M,

p=0

This formula can be simplified using the real version of Konstant’s Bott-Borel-Weil theorem
[Si]. We apply Lemma 3.3 to determine the n € Z for which dim(C, ® APn* @ V,)™ £ 0.
We decompose the characters on the right hand side of (3.18) according to (3.21). Let
Orw € M and \,,, € 17 be defined by (3.21). Using (3.18) and (6.16), we get

> ou(my) / On (kT )e O g\

neL

(7.15) ()2 /(at)

_ \(w)+1 —2,6
= Z( 1) Orw(my)e O

weWqg

Next we consider the contribution of the identity to (7.10). By (7.7), k] is in C%(G) for
all ¢ > 0. Therefore we can apply the Plancherel formula for G (see [Kn, Theorem 11.2]).
With respect to the normalizations of Haar measures used in [Kn|, we have

Z/ wr(K7) Py, (iX) d\,
nez

where P, (z) is the Plancherel polynom (3.4). Repeating the arguments that led to (7.15),
we get

(7.16) ki(e)= > (—1)ftte / “ P, (GA) dA.
R

weWeag
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Combined with (7.10) and (7.15), we obtain
K(tr)= > (=1){@)H g0 <v01(X) / e P, (iA) dA
R

weWqg

(7.17)

_l’_
n
{r}#{e}

where L(v, o) is defined by

O'(mﬂy)e_z(’)/)

(7.18) Lo = 3ma= Ad(moa)s)

Unfortunately, the constants A, appearing in the exponential factors prevent us from
applying the Mellin transform to this formula directly. This problem occurred already in
[Fr]. To overcome this problem we use the auxiliary operators introduced in section 4.

Using (4.26) and (6.16), it follows that for w € W¢ we have

K (L, 0 0) = e (2 vol(X) / et P, . (iX\) dA
R
(7.19) 0 e
7) e
L(7v; 07w L(; W
#3210+ Lswalonn)) i )

[]#1
Next observe that by (3.31) there exists a decomposition

Wea = Wy U Wh,
with |[W;| =2, i = 1,2, and a bijection j: Wy — Wj such that for w € Wy we have

Orj(w) = wA(UT,w)a )\T,j(w) = _)\7’7’11)'
Hence by (7.17) and (7.19) we get
1
(7.20) K(t,m) =3 > ()T DK (¢ o).
weWqg

This equality can be expressed in a slightly different way as follows. Denote by Tr, the
supertrace with respect to the grading of E(o,,). Using the definition of K(t,0,,) by
(4.11) and the definition of A(w) by (6.15), we get

(7.21) K(t,7) :% 3 (1) Ty, (iAW)

weWqg

To continue we need to determine the location of the spectrum of the operators A(o).

Lemma 7.1. Foro € M we have A(o) > —1. Moreover, if k ¢ {0,£2}, then A(oy) > —1.
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Proof. Let G denote the unitary dual of G. Let

(7.22) L*(T\G) = @

be the spectral decomposition of the right regular representation of G on L?(I'\G). Let
(v,V,) be an irreducible unitary representation of K. Then L2(X, E,) = (L2(I\G) ® V)" .
Using (7.22), we get

mp(m)H,

WEG

—_

(7.23) (PC\@) @) =@ _mr(m) (He 2 V)"

This decomposition corresponds to the spectral resolution of A, as follows. Assume that
myp () dim(H, ® V)% # 0. Then mp(7)(H, ®V,)¥ is an eigenspace of A, with eigenvalue
—m(€2). Note that G is the union of the trivial representation, the unitary principal series
T With £ € Z and A € R, and the complementary series 75 with 0 < z < 1 [KS, Propo-
sition 49], [Kn, Theorem 16.2] (where for the latter reference the different parametrization
of the induced representations has to be taken into account).

First consider the principal series m, . By Frobenius reciprocity [Kn, p. 208] we have
for [ € N(]

(724) dim(HMA & VVZ)K = [77']\@/7)\‘[( . Vl] = [VI‘M . O'_k] = [VI‘M : O'k].

By (4.1) it follows that (Hx, , ®V;,)" # 0 implies I > k. Moreover, by (4.2) it follows that
My, (0) # 0 implies m > I. Thus if m,(0y,) # 0 and (K., , ® V) # 0, then we have
m > k. Hence if v € K and ¢ € M are such that m, (o) # 0 and (Hap ) ® V)X #0, then
it follows from (2.12) and (4.9) that

(725) — 7Tk7)\(Q) + C(U) > 0.

Next consider the complementary series. By (4.9) we have ¢(¢) > —1 for all ¢ € M. Since
0 <z < 1, it follows from (2.14) that

(7.26) — 7o (Q) + c(o) > —1.

for all o € M. Finally, the trivial representation of G occurs in (7.23) only if v is the
trivial representation 1y. Moreover, by (4.2) we have m,,(0;) # 0, only if l = 0 or [ = 2.
Thus by (7.25), (7.26), and the definition of A(c) by (4.10), the statement of the Lemma
follows. O

We apply this lemma to study the kernel of the operator A(w), w € W, which is defined
by (6.15).

Lemma 7.2. Let 7 be an irreducible, finite-dimensional representation of G. Assume that
19 2 7. Then ker A(w) = {0} for all w € W.

Proof. Let T = 7,,, with m # n. We use (6.17) to express A(w) in terms of A(o,,). By
(3.31) we have \,,, € 1Z\ {0} for all w € Wg. If |\, ,| > 1, it follows from (6.17) that
A(w) > 0. It remains to consider the cases ., = £1 and \,,, = £1/2. In the first
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case we have |m — n| = 2. Then it follows from (3.31) that o,,, = oy with |I| > 2. By
Lemma 7.1 we get A(w) > 0. In the second case we have |m —n| = 1. By (3.31) it follows
that o,, = 0941 for some | € Z. Let v € K such that my(oy41) # 0. By (4.2) there
exists p € Ny such that v = v9,41. Since 7§ is induced from the trivial representation and
[Vapt1|m : 09] = 0, Frobenius reciprocity [Kn, p. 208] implies

(7.27) dim(Hee ® Vi)™ = [78 it Vapi1] = [Vopia|ar : 00) = 0.

Thus in this case the complementary series does not occur in (7.23). Also the trivial
representation does not occur. By (7.25) it follows that A(o,,,) > 0. Using (6.17) we get
A(w) > 0. O

Now we can turn to the proof of Theorem 1.5. First assume that 7 2 7. Then it
follows from [BW, Chapt. VII, Theorem 6.7] that H*(X, E;) = 0. Hence A,(7) > 0 for
all p, 0 < p < 3. By Lemma 7.2 we also have A(w) > 0, w € Wg. Hence K(t,7) and
Tr(e ™)) w € Wg, are exponentially decreasing as t — oo. Therefore we can take the
Mellin transform of both sides of (7.21) and we get

1 o 1 1 o
- K t tS—l dt — _ _1 Z(’LU)"Fl— / T o —tA(w) ts—l dt
5 [ e 5 3 (s [T ey et

weWqg 0

which holds for Re(s) > 3/2. After analytic continuation we compare the derivatives at
s = 0 of both sides. Using (7.2) we get

3
(7.28) Tx(r)* = [T det (2,(r)* "7 = ] dety (A(w)) "™
p=1

weWa

Now we use the determinant formula (6.2) to relate the right hand side to the value at zero
of the Ruelle zeta function. Since A(w) > 0, it follows that detg (s> — 25\, + A(w)) is
regular at s = 0 and its value at s = 0 is equal to detgr( (w)) # 0. Hence

1)) w
(7.29) lim [T dete (5% — 25Ar0 + Alw) — T dete (Aw)" 1y
o weWg weWg

By (6.20) it follows that R, (s)R,,(s) is regular at zero. Now observe that 7 = 7p. Further-
more by (3.13) we have

R.(s) = R,,(3).
This implies that R, (s) is regular at s = 0 and by (6.20) we get
(7.30) RA0) = T dete (Afw) .

weWea

Combining (7.28) and (7.30), the first statement of Theorem 1.5 follows.

Next assume that 7p = 7. Then there exists m € Ny such that 7 = 7, ,,,. We use (6.21)
to determine the order of R, (s) at s = 0. For m € Ny let

(731) hm = dimgr ker(A(02m+2)),
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where dim,, denotes the graded dimension of a graded vector space, i.e., if V=VTa V™ is
a graded finite-dimensional vector space, then dimg, V' = dim V* — dim V' ~. Assume that
m > 1. Then det ((s = (m + 1)) — 1+ A) is regular and nonzero at s = 0. Furthermore,
detg, (s* + A(0m42)) has order 2h,, at s = 0 and

(7.32) £1_)r% g Hhm dety, (52 + A(02m+2)) = dety (A(02m+2)) -
By (6.21), it follows that R.(s) has order —2h,, at s = 0 and we have
Cdet((m+1)>—1+A)?

7.33 lim "R (s) =
(7.33) i 1, (5) = S
On the other hand, using (3.32), it follows from (7.21) that
(7.34) K(t,7) = Tr, (e tAlozms2)) — g t((nt1?=1) y (=)
Taking the limit t — oo of both sides of (7.34), we get
3

(7.35) I =Y _(=1)Ppdim (ker A(7)) .

p=1

Moreover (7.34) also implies

e, det (m41)% =14+ A)?
detgr (A(O'Qm+2))
Combining this equality with (7.33) and (7.35), we obtain the second statement of Theorem

1.5 for m > 1. Finally consider the case 7 = 1. In this case we need to take into account
the simple zero of det(s* & 2s + A) at s = 0. Thus we get

, - det (A)?
2ho—2 .
(736 i) = o o)

Tx(7)” = [ det (2,(r)"

Furthermore, (7.34) gives.

3
ho =3 (~1)Ppdim HP(X,R) +2 = dim H'(X,R) — 1.
p=1

As above, this implies that the order of R;(s) at s = 0 equals 4 — 2dim H'(X,R).

8. PROOF OF THEOREM 1.1

We are now ready to prove our main result. We consider the representation 7,,. Using
(2.9), it follows from (3.14) that

m

(8.1) R..(s) =] R(s— (m/2 k), 0m o).

k=0
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We distinguish the cases where m is odd and even. Let m > 3. Then we get

R.,.(s) =[] R(s — (2= k), 0u_) [ [ R(s = k, 02k) R(s + k, 02

(8.2) k=3

m

=R, (s) [[ R(s — k,o2)R(s + k, 0_o).
k=3
Similarly, for m > 2 we get

(83) R7—2m+1 (8) = R73(5> H R(S —k— 1/2, 02k+1>R(8 +k+ 1/2, U_(2k+1)).

k=2
Now recall that by Proposition 3.2, 1), each R(s,0;), | € Z, is regular in the half-plane
Re(s) > 2 and does not vanish in this half-plane. By the functional equation (3.11) the
same holds in the half-plane Re(s) < —2. Therefore the products on the right hand side
of (8.2) and (8.3) are regular at s = 0. Furthermore it follows from (3.6) that

(8.4) |B(s,00)| = [R(5,0-1)|.
Using (8.2), (8.3) and Theorem (1.5) we get
(8.5) Tx(tam)? = Tx (m2)” [ IR (k. oar)| - [R(=k, 02)|,  m > 3.

k=3
and

(8:6)  Tx(amr1)® = Tx(73)* [T IR(E + 1/2, 0ap1)| - [R(—k — 1/2,03611)], m > 2.
k=2

By the functional equation (3.11) and (8.4) we get

|R(—k, 01| = exp (-% vol(F\H3)k) (R(k, o)

Together with (8.5) this leads to

(8.7) Tx(Tom) = Tx(74) Hexp (—% VOI(F\H?’)/{?) |R(k, o).
Similarly )

- 2
(8.8) Tx(Toms1) = Tx(13) H exp (—; vol(T'\H?) (k + 1/2)) |R(k +1/2,0941)|-
k=2
To continue we need the following estimation.
Lemma 8.1. There exists C > 0 such that for allm € N, m > 3, we have

> |log |R(k,o2)l] < C, > |log|R(k + 1/2,0541)]] < C.
k=3 k=2
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Proof. We consider the first case. Since |og;(m.)| = 1, we have
1= e H0) < |1~ oy (my)e M| < 14 ¢ MO,
Let k > 3. Using that the infinite product (3.6) is absolutely convergent for Re(s) > 2, we

get
> log (1 — e <log|R(k,o0)] < > log (1+ e ),
[“/]_756 [’Yl?ﬁe
prime prime
which implies
(8.9) ‘log |R(k, agk)H Z Z e~k
v|#e n= 1

prlme

Let § =inf{/(y): v € T\ {e}}. Put C; = (1 — e®)~!. Using (8.9) we get

m o0 1 m
< - —{(y)nk
UCILIENIES DD 3D oF
k=3 n=1 [ﬁ/].;ée k=3
prime
oo 1 1— e—n(m—i—l)Z(Fy) .
— - _ —né(y) —2nL(y)
S Y (e - (e )
n=1 " [y]#£e
prime
oo 1 €—3né('y) (m+1)nl(~)
- Z g Z 1— e—né(y)
n=1 " [y]#e
prime
oYy
[v]#e n=1
prime
= Cl log R(?), O'Q)_l =C.
The other case is similar. O

Taking the logarithm of both sides of (8.7) and (8.8), respectively, we obtain

- 1
log Tx (7o) = log Tx (14) + Z log | Rox (k)| — - vol(T\H?) (m(m + 1) — 6).
k=3
and

log TX(7-2m+l) = lOg Tx(Tg) + Z log
k=

1 1
Rok1 (k + 5) i = vol(T\H?) (m(m + 2) — 3).
Applying Lemma 8.1 we get

—log T'x (1) = ﬁ vol(T\H*)m? + O(m)



35

as m — 0o. This completes the proof of Theorem 1.1.

REFERENCES

D. Barbasch, H. Moscovici, L2-indez and the trace formula, J. Funct. Analysis 53 (1983), 151-201.
R. Berndt, Representations of linear groups. An introduction based on examples from physics and
number theory. Vieweg, Wiesbaden, 2007.

J.-M. Bismut, E. Vasserot, The asymptotics of the Ray-Singer analytic torsion of the symmetric
powers of a positive vector bundle. Ann. Inst. Fourier (Grenoble) 40 (1990), no. 4, 835-848.

A. Borel, N. Wallach, Continuous cohomology, discrete subgroups, and representations of re-
ductive groups, Second edition. Mathematical Surveys and Monographs, 67. Amer. Math. Soc.,
Providence, RI, 2000.

U. Brocker, Die Ruellesche Zetafunktion fir G-induzierte Anosov-Flisse, Ph.D. thesis, Humboldt-
Universitat Berlin, Berlin, 1998.

U. Bunke and M. Olbirch, Selberg zeta and theta functions, A differential operator approach,
Akademie Verlag, Berlin, 1995.

T.A. Chapman, Topological invariance of Whitehaed torsion, Amer. J. Math. 96 (1974), 488 —
497.

J. Elstrodt, F. Grunewald, J. Mennicke, Groups acting on hyperbolic space. Harmonic analysis
and number theory. Springer Monographs in Mathematics. Springer-Verlag, Berlin, 1998.

D. Fried, Analytic torsion and closed geodesics on hyperbolic manifolds, Invent. math. 84 (1986),
523-540.

D. Fried, Meromorphic zeta functions of analytic flows, Commun. Math. Phys. 174 (1995), 161 -
190.

A.W. Knapp, Representation theory of semisimple groups, Princeton University Press, Princeton
and Oxford, 2001.

A.W. Knapp and E.M. Stein, Intertwining operators for semisimple Lie groups, Annals of Math.
93 (1971), 489-578.

B. Kostant, Lie algebra cohomology and the generalized Borel-Weil theorem. Ann. of Math. (2)
74 (1961) 329-387.

Matsushima, Murakami, On wvector bundle valued harmonic forms and automorphic forms on
symmetric riemannian manifolds, Ann. of Math. 78 (1963), 365-416.

R.J. Miatello, The Minakshisundaram-Pleijel coefficients for the vector-valued heat kernel on com-
pact locally symmetric spaces of negative curvature. Trans. Amer. Math. Soc. 260 (1980), 1-33.
J.J. Millson, Closed geodesics and the n-invariant, Annals of Math. 108 (1978), 1-39.

J. Milnor, Whitehead torsion, Bull. Amer. Math. Soc. 72 (1966), 358-426.

G.D. Mostow, Strong rigidity of locally symmetric spaces, Princeton Univ. Press and Univ. of
Tokyo Press, 1973.

W. Miiller, Analytic torsion and R-torsion for unimodular representations, J. Amer. Math. Soc.
6 (1993), 721-753.

G. Prasad, Strong rigidity of Q-rank 1 lattices, Invent. math. 21 (1973), 255-286.

D.B. Ray, .M. Singer; R-torsion and the Laplacian on Riemannian manifolds, Advances in Math.
7, 145-210. (1971).

M.A. Shubin, Pseudodifferential operators and spectral theory, Second edition. Springer-Verlag,
Berlin, 2001.

J. Silhan, A real analog of Kostant’s version of the Bott-Borel-Weil theorem, J. of Lie theory 14
(2004), 481-499.

A. Voros, Spectral functions, special functions and the Selberg zeta function, Commun. Math.
Phys. 110 (1987), 439-465.



36 WERNER MULLER

[T1] W. Thurston, Three-dimensional manifolds, Kleinian groups and hyperbolic geometry, Bull. Amer.
Math. Soc. 6 (1982), no. 3, 357-381.

[T2] W. Thurston, Three-dimensional geometry and topology, Vol. 1. Princeton Mathematical Series,
35. Princeton University Press, Princeton, NJ, 1997.

[Wal] N.R. Wallach, On the Selberg trace formula in the case of compact quotient, Bull. Amer. Math.
Soc. 82 (1976), 171-195.

[Wol A. Wotzke, Die Ruellsche Zetafunktion und die analytische Torsion hyperbolischer Mannig-
faltigkeiten, Ph.D. thesis, Bonn, 2008, Bonner Mathematische Schriften, Nr. 389.

[Zi] B. Zimmermann, A note on hyperbolic 3-manifolds of the same volume, Monatsh. Math. 117,
(1994), no. 1-2, 139-143.

UNIVERSITAT BONN, MATHEMATISCHES INSTITUT, BERINGSTRASSE 1, D — 53115 BONN, GERMANY

F-mail address: mueller@math.uni-bonn.de



