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EXPONENTIAL GROWTH OF TORSION IN THE COHOMOLOGY OF
ARITHMETIC HYPERBOLIC MANIFOLDS

WERNER MULLER AND FREDERIC ROCHON

ABSTRACT. For d = 2n + 1 a positive odd integer, we consider sequences of arithmetic
subgroups of SOg(d, 1) and Spin(d, 1) yielding corresponding hyperbolic manifolds of finite
volume and show that, under appropriate and natural assumptions, the torsion of the asso-
ciated cohomology groups grows exponentially.
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1. INTRODUCTION

The main goal of this paper is to extend the results of Bergeron and Venkatesh
on the growth of torsion in the cohomology of cocompact arithmetic groups to the case
of arithmetic hyperbolic manifolds of finite volume. To begin with we recall some of the
results of [BV13]. Let G be a connected semi-simple algebraic group defined over Q@ and let
G = G(R) be its group of real points. Let K be a maximal compact subgroup of G and
X = G/K the associated Riemannian symmetric space. Let I' C G(Q) be an arithmetic
subgroup. Assume that I' is cocompact or equivalently that G is anisotropic over Q. Let
X =T\ X be the corresponding locally symmetric space. Let V7 be an arithmetic I'-module
in the sense of [BV13]. This means that there exists a Q-rational representation p of G on
a finite-dimensional Q-vector space Vg such that V7 is a Z-lattice in Vg which is invariant
under o(I'). The cohomology H*(I'; V) of I with coefficients in V7 is a finitely generated
abelian group. If I is torsion free, H*(I'; V) is isomorphic to the cohomology H*(X; E7) of
X with coefficients in the local system FE7 associated to the F—moéule V7.

Let g and € be the Lie algebras of G and K, respectively. Let 6(X) := rank(gc) —rank(€c)
be the fundamental rank. As explained by Bergeron and Venkatesh in [BV13], for arithmetic

reasons, when §(X) = 1, one expects that H*(I'; /) should have a lot of torsion and a small
free part. There are various manifestations of this phenomenon. One of them, proved
in by Bergeron and Venkatesh, is that if ' D --- D I'y_y D 'y D --- D {e} is a

decreasing sequence of congruence subgroups such that NyI'y = {1}, and V7 is a strongly
1
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acyclic I'-module, meaning that the Laplacians on Vz ® C-valued i-forms on FN\)? have a
uniform spectral gap at 0 for all i and N, then

- log |H{,(Tv: V2)|
(1.1) thri}OIéf ' T Ty

J

Z ca,vy, > 07

where the sum is over the integers j such that j + % is odd. If one fixes I' and
varies the arithmetic T-module Vz, parallel results were obtained in [MMI3,[MP14Dh]. In
both settings, the strategy of the proof of these results is to use [Miil93] (see also [BZ92])
and to compute the limiting behavior of analytic torsion using spectral methods, see in
particular [Mull2,[MP13] for sequences of I-modules. Since many important arithmetic
groups are not cocompact, it is very desirable to extend these results to the finite volume
case.

The aim of this paper is to establish an analog of (L)) for odd-dimensional hyperbolic
manifolds of finite volume. So assume that G is an algebraic group over Q such that G =
G(R) equals SO(d, 1) or Spin(d, 1) with d = 2n + 1 a positive odd integer. Fix a maximal
compact subgroup K which equals SO(d) or Spin(d), respectively. Let I' C G(Q) be an
arithmetic subgroup. We are interested in the case where I' is not cocompact. Therefore
we assume that G is not anisotropic. Then X :=I'\ G/K is a non-compact finite volume
hyperbolic orbifold, possibly with orbifold singularities since we are not assuming that I’
is torsion-free. When n = 1 and G = Spin(3,1) = SL(2,C), generalizations of
and have been already obtained. In [Pfald], Pfaff has obtained an analog of (IL.I])
when {I'y} is a sequence of congruence subgroups of a torsion-free congruence subgroup I'
of a Bianchi group. Similarly, for a torsion-free congruence subgroup I' of a Bianchi group,
Pfaff and Raimbault in [PRI15] have obtained an analog of [MMI3].

Next we introduce appropriate I'-modules. Let g be a (Q-rational representation of G on
a finite-dimensional Q-vector space Vp. Assume that there exists a lattice V; C Vp, i.e.,
Vo = Vz ®z Q, which is invariant under I'. Furthermore, assume that representation p of G
on V =V ®g R, which is associated to g, is a direct sum of finitely many irreducible finite
dimensional complex representations g; each of which satisfies

(1.2) 0i ° 0 # oi,

where 6 is the standard Cartan involution with respect K. The existence of such I'-modules
is proved in [BV13] sect. 8.1]. See section [ for more details. Let {I';} be a sequence of
torsion-free finite index subgroups of I'. Then

X, =T\ G/K

is a d-dimensional oriented hyperbolic manifold of finite volume. Denote by X, the Borel-
Serre compactification of X;. This is a compact manifold with boundary which consists
of the disjoint union of finitely many tori. For each I';, assume that for each I';-cuspidal
parabolic subgroup P, we have

where Np denotes the nilpotent radical of P. The assumption (L2) implies that all Lapla-
cians on Vz ® C-valued g-forms on X; = I';\H? have a uniform spectral gap at 0 for all ¢ and
i. In particular, the spaces of L?-harmonic forms all vanish. However, the I';-module V7, is
not acyclic. The interior cohomology vanishes, but there is always cohomology coming from



EXPONENTIAL GROWTH TORSION 3

the boundary. In analogy with [BVI3], we call such a Vz a strongly L*-acyclic arithmetic
['-module.

For our approach we need to work with self-dual I'-modules. Let E7 be the bundle of free
Z-modules over X, associated to the arithmetic I';-module V. Put

Er,=FE;®E;and 5= 0 ¢,

where o* denotes the contragredient representation of o. Let T )((2 )(Q) denote the L2-torsion of
X =T'\H? and g seen as a complex representation [Lot92], [Mat92]. Recall that log T)(f ) (0) =

tgg(g) -vol(I"\H?), where tgg(g) is a constant that depends only on H¢ and o. Let 9 := 0@ o
and

2) (— 2 2), «
11 (0) = t(0) + ti(0")-
Our main result is the following theorem.

Theorem 1.1. Suppose that the above sequence {I';} of subgroups of I' is cusp-uniform in
the sense of Definition [].9 below. Assume that lim ¢(I';) = oo, where ((I';) is the length of

11— 00

the shortest closed geodesic on X;, and that

(1.4) lim K(X;) + ZPG‘BFZ_ log[l'p : I'p]
i—00 Ty

where k(X;) = #Br, is the number of cusps of X;. Let Vy be a strongly L*-acyclic arithmetic

['-module and Ey the local system associated to V. Then we have

Z IOg |thor(7“FZ>|

.. q+n odd
(1.5) hirgclgf T T

Furthermore, if B = Ey and o is self-dual, then in fact
Z IOg |thor(7i; EZ)|

q even

=0,

> (—1)"t5)(2) vol(X) > 0,

(1.6) lim inf

im0 [T :T,] 2 (—1)"75[(53(9) vol(X) > 0.

Remark 1.2. As explained in Theorem 1.2], if the sequence {I';} is such that
lm ([ : Ty] = oo, and if each v € T'\ {1} only belongs to finitely many T;, then (L4
1—00
is automatically satisfied and lim ((I';) = oco. In particular, this is the case if {I';} is a
1—>00
decreasing sequence
"'CFZ'_,_lCFiC"'CFlCFQZ:F

of normal subgroups such that N;I'; = {1}.

Remark 1.3. Recall that T'; is torsion free and G /K is contractible. Therefore we have
Hq(yi, EZ) = Hq(ri; VZ)-

See [{%, Chapt. 11, Prop. 4.1] for the case of trivial coefficients. This gives the connection

with .

One important case covered by Theorem [[1] is for sequences of principal congruence
subgroups. More precisely, let aq,...,aq € N and let ¢ be the quadratic form defined by

(1.7) q(z1, .oy Tgy Tay1) :alzf+---+ad1’§—x§+l.
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Let G be the algebraic group defined by ¢, i.e., for every Q-algebra A with unit element we
have

G(A) ={g € SL(n, A): q(gz) = q(z), x € A™'}.
Then G is defined over Q and G := G(R) = SO(d, 1). By [BHCG62], the subgroup I' := G(Z)
is a lattice in G. Furthermore, for d > 4, G(Z) is noncompact Prop. 6.4.1], and for
d # 3,7, every noncompact arithmetic subgroup of SO(d, 1) is up to commensurability and
conjugation equal to some G(Z) [Morl5, Prop. 6.4.2].

For 7 € N let
(1.8) I'(j)={Ae€T'|A=1 mod ()}

denote the principal congruence subgroup of level j, so that I'(j) coincide with the kernel
of the canonical map I' — G(Z/jZ), which implies in particular that I'(j) is a normal
subgroup of I'. If 7 > 3, we know that I'(j) is neat in the sense of Borel [Bor69], so that
['(j) is torsion-free and satisfies (L3). Furthermore, by [DH99, Lemma 4], cf. [MP14al
Lemma 10.1], we know that the sequence {I'(j)} is cusp-uniform. On the other hand, it
is obvious that each v € I' belongs only to finitely many I'(j). Finally, for a I'-cuspidal
parabolic subgroup P, Lemma 4] implies that jlggo ' Np:T'(j) N Np|] = oo, hence

that lim [I" : T'(j)] = oo. Thus, applying Theorem [[T] gives the following.
Jj—00

Corollary 1.4. Let the assumptions be as above. For each j > 3, let X; :=T'(j) \ H? and
denote by E7 = HY x o) Vz the bundle of free Z-modules over X; associated to a strongly

L?-acyclic arithmetic T'-module V. Then
Z 10g |thor(7j;EZ)|

lim inf gin odd .
jro0 [C:T0)]

where X := T \ H. Furthermore, if Ez = E3 and o is self-dual, then
> log [Hi, (X5 Ey)

q even

> (—1)"t)(2) vol(X) >0,

(1.9) lim inf

11D () vo |
o0 T:T())) > (=1)"ta(0) vol(X) > 0

We can give the following explicit example where the condition Ey = Ej is satisfied.

Example 1.5. Let o : SO,(d,1) — A""(C?*"*2) be the (n + 1)th exterior power of the
standard representation. By [GW0Y, Theorem 5.5.13], 0 = o+ ®o_ for two distinct irreducible
complex representations such that o, = o_o1. In particular, condition ([IL2)) is satisfied. On
the other hand, A" (C?*"2) = V; @z R for the free Z-module

VZ — An—l—l (Z[i]2n+2)

naturally preserved by I' = G(Z) defined in terms of the standard quadratic form of signature
(d, 1), that is, the one with a; = - -+ = ag.1 = 1. Now, this quadratic form induces a canonical
wsomorphism V; = Vg, which in turn yields an isomorphism E = Ej for the associated
bundle of free Z-modules, so that (L) holds in this case. When n is odd, we can look at the
restriction Vz + of Vz to oy to get ezamples where the representation is irreducible. Indeed,
in this case, the representation oy is automatically self-dual by [GW09, § 3.2.5], while the
standard quadratic form induces an isomorphism Vz 1 = 4(V; ), so that the corresponding
bundles of free Z-modules are still self-dual.



EXPONENTIAL GROWTH TORSION 5

In dimension 3, we can give more specific applications of Theorem [Tl Thus, take n = 1
and G = Spin(3,1) = SL(2,C). Let g, : SL(2,C) — GL(V},) be the mth symmetric power
Vi = Sym™(C?) of the standard representation of SL(2,C). Let also F' = Q(v/—D)) be an
imaginary quadratic number field, where D € N is square-free, and let Op be its ring of
integers. Denote by I'(D) := SL(2, Op) the corresponding Bianchi group. In V,,,

(1.10) Ay, := Sym™(O})

is a natural lattice preserves by I'(D). For a non-zero ideal a of Op, let I'(a) be the associated
congruence subgroup of level a as in (.IT]) below. Let N(a) denote the norm of a. In this
context, we will see that Theorem [Tl implies the following.

Corollary 1.6. Ifa; is a sequence of nonzero ideals in Op such that each N(a;) is sufficiently
large and such that lim N(a;) = oo, then for anym € N, for Xp = T'(D)\H?, X; := ['(a;)\H?

1—00
and for L,, the bundle of free Z-modules induced by o,, and the lattice A,,, one has that
. . 10 H2or 72, Lm
Furthermore, when m = 2( is even, then

- og|H2 (Xis Log)| _ (E(6+1) + 3
. > - - 5
(1.12) i = Y ()

) vol(Xp) > 0.

™

Remark 1.7. This is a generalization and a strengthening of [Pfalj, Theorem 1.1], since
Corollary [I.8 does not require m to be even, the congruence subgroups I'(a;) need not be
included in a common torsion-free subgroup of T'(D), and our constant on the right hand

side of (LI2) s slightly bigger.

Remark 1.8. An upper bound of the limsup was obtained in [Rail3]. Unfortunately, since
it is twice our lower bound, we cannot use this upper bound to show that the limit exists. See
the discussion at the end of § [A for more details.

Theorem [ I]can also be applied to Hecke subgroups of Bianchi groups. For a non-zero ideal
a of Op, let I'y(a) be the associated Hecke subgroup of (5.12) below. Such a group is never
torsion-free, but fixing a torsion-free subgroup I of I'(D) of finite index satisfying (L3 for
all I'"-cuspidal parabolic subgroups, we can consider instead the subgroup I'{(a) := Iy(a)NI".

Corollary 1.9. If a; is a sequence of non-zero ideals in Op such that lim N(a;) = oo, then
1— 00

form eN, Xp =T(D)\H3, X, :=T{(a;) \H? and for L,, the bundle of free Z-modules on
X, induced by o, and the lattice A\,,, one has that

.. Jdog|H2 (X4 L,
(1.13) lim inf [gr|( Dt) :(F’o (ai)]” > ) (0m) vol(Xp) > 0.
Again, when m = 20, this can be rewritten as

lim inf tor

inoo (D) : T (ay)]

™

) vol(Xp) > 0.

The above results support the following conjecture.
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Conjecture 1.10. Let d = 2n+1 and let I' C SOy(d, 1) be an arithmetic subgroup. Let {I';}
be a cusp-uniform sequence of torsion free congruence subgroups of I' such that [I': T';] — oo
as i — oo. Put X; = Fi\Hd. Let V; be an arithmetic I'-module and let Ey be the associated
local system of free Z-modules over X;. Then

i 108 1K Bo)| [ (=125 (o) vol(D\HI), - j =n+1,
i—+00 T 0, Jj#En+1

If T is cocompact, this is conjecture 1.3 in [BVI3].

The most interesting case is the case of trivial coefficients, i.e., H{, (I'y;Z). Our method
does not cover this case. There are several new problems that arise if the representation p
does not satisfy (L2)). In particular, the interior cohomology does not necessarily vanish. To
control the growth of the covolume of HZ. _(T'y; V%) in this case turns out to be rather difficult.

free
The case of a cocompact lattice in SL(2,C) and trivial coefficients has been considered

in [BSV16].
Finally, in dimension 3, our method also allows us to obtain growth of torsion when the
group I' C T'(D) is fixed and we let m go to infinity.

Theorem 1.11. Let I' C I'(D) be a torsion-free finite index subgroup such that ([L3) holds
for each I'-cuspidal parabolic subgroup. Let X = I'\ SL(2,C)/SU(2) be the corresponding
finite volume hyperbolic 3-manifold. Then

log |H2 (X: L (X
it OB HHELX )] vol(X)
m—o0 m 21

Remark 1.12. This is a generalization and a sharpening of the exponential growth of torsion
obtained by Pfaff and Raimbault in [PR15, Theorem AJ.

To prove these results, we proceed as in the cocompact case [BV13]. For our approach we
have to work with the self-dual bundle E. Let T(X; E, gx, hg) be the regularized analytic
torsion of X and E with respect to the metrics gx on X and hg in E, which was introduced
in [MP12]. For a sequence {I';} of subgroups of I'; which satisfy the assumptions made in
Theorem [T}, it follows from [MP14al, Theorem 1.1] that

log T(X;; E, gx,
(1.14) = ([f’;r’ﬁlX“hE) = 1{2)(2) vol(X)

where tgg () is the ‘local’ logarithm of the L2-torsion appearing in [MP14al (1.1)]. By [BV13],
Proposition 5.2], we have (—1)"15]%?3 (0) > 0. For Y > 0 let X(Y) be the truncated manifold
X at level Y. Let 7(X(Y); FEX) be the Reidemeister torsion of X (V) and E with respect

to the basis fiy of H*(X(Y), E) given by Eisenstein series [Pfal7], [MRI9]. Using the main
result of [MR19], relating T'(X; E, gx, hg) to 7(X(Y); E,Tiy), it follows that

- log 7(Xi(Y); E, ix,) _
i—00 1N e

(1.15) () vol(X).
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Now recall [CheT9l (1.4)], [BVI13] that the Reidemeister torsion is related to the cohomology
by

free

q . Nl (_1)q+1
(1.16) T(X(Y), Emy,)* =[] (VOI_LHt(OEJ(j( E?(f)z%z))) ’

where 1%, = {7ix,,v/—1Tix, } is the real basis associated to the complex basis 7iy, and
volgz (Hioo(Xi(Y); Ez)) is the covolume of the lattice H{ . (X;(Y); Ez) with respect to the

free free

basis f,. In contrast to the cocompact case, the cohomology H*(X;(Y); Ez) never vanishes.
It is spanned by Eisenstein cohomology classes. To estimate the growth of the covolumes
of the lattices given by the free part of the cohomology, one needs to understand how the
Eisenstein cohomology classes embed into the boundary cohomology, which is a delicate
matter since this embedding is rational, but not integral. To overcome this difficulty, our
strategy, inspired by the discussion in [Pfal7, p.680], is to use Poincaré-Lefschetz duality
[Mil62] to replace the Reidemeister torsion 7(X;(Y), E,Jiy,) by the Reidemeister torsion
T(Xi(Y),0X,(Y), E, Tix, ox,) of the relative complex. One then has to deal with a map from
boundary cohomology to relative cohomology for which covolumes of lattices of free integral
cohomology groups can be easily estimated, see in particular § Bl Notice however that,
compared to the cocompact case, our approach, through the estimate (£4), introduces the
loss of a factor of 2 in the exponential growth of torsion.

The paper is organized as follows. In § 2] we recall the results of [MR19] that we need.
In §[3] we derive estimates for the covolumes of lattices of free integral cohomology groups
on the boundary of the Borel-Serre compactification. This is used in § Ml to prove the main
results. In § Bl we derive the specific applications of Theorem [[LT] in dimension 3. Finally,
in §[@ we give a proof of Theorem [L.TT] for sequences of arithmetic I'-modules.

Acknowledgements. The authors are grateful to the hospitality of the Centre International
de Rencontres Mathématiques (CIRM) where this project started. The second author was
supported by NSERC and a Canada Research Chair.

2. PRELIMINARIES

For d = 2n+ 1 an odd natural number, consider either the groups G := SO,(d, 1) and
K :=S0(d) or G := Spin(d, 1) and K = Spin(d). In either case, K is a maximal compact
subgroup of G and there is a canonical identification H? = G /K with the hyperbolic space
of dimension d. In fact, if g and € are the Lie algebras of G and K, if ¢ is the standard
Cartan involution with respect to K, if B is the Killing form of g and if g = p & € is the
Cartan decomposition, then the restriction of

(2.1) (€1,&2)9 = —ﬁB(fl,ﬁ(&)), §1,62 € 9,

to p induces a G-invariant metric H¢ which is precisely the hyperbolic metric. Let I' C G be
a discrete torsion-free subgroup such that

X =T\H'=T\G/K
is of finite volume with respect to the induced hyperbolic metric gx. Let o : G — GL(V) be
a finite dimensional irreducible complex representation such that

(2.2) 0oV # p.



8 WERNER MULLER AND FREDERIC ROCHON

Recall from [Mil93, Lemma 4.3] that the representation ¢ is automatically unimodular.
Restricting o to I', we can define the flat complex vector bundle

E:=H"x, V onX.
Restricting o to K, we can instead define a homogeneous vector bundle

E::GXQ‘KV on G.

By [MM63, Lemma 3.1], there is a K-invariant Hermitian product (-,-) on V, unique up to
scaling, such that

(0(§)u,v) = (u,0(§)v) VEEDP, VuveV

In particular, since it is K-invariant, it induces a natural Hermitian metric iz on E , as well
as on the quotient I'\ E seen as a vector bundle on X , where the action of I on Eis given
by

7+ lg,vlg = by, vlp
with [g,v] denoting the point of E corresponding to the K-orbit of (g,v) € G x V. By
[IMMG63|, Proposition 3.1], there is an explicit isomorphism between I' \ E and E given by

®: T\E — E
l9: vl = 9 0(9)v]E,

where [g, V], i and [g, v]p denote the corresponding points in I\ E and E after passing to
the quotient with respect to the actions of K and I'. Thus, the Hermitian metric hr\ 7 on
I'\ E and this isomorphism induce a natural Hermitian metric Ay on E. Notice however
that since p|. is not unitary, the flat connection of £ is not compatible with hg.

Let G = NAK be the Iwasawa decomposition of G as in [MP12] § 2] and let M be the
centralizer of A in K. Then F, := NAM is a parabolic subgroup of G. More generally, for
any other parabolic subgroup P of GG, there exists kp € K such that P = NpApMp with
Np = kka}_pl, Ap = l{:pAk}_pl and Mp = l{:pMk:};l. Recall that a parabolic subgroup P of
G is I'-cuspidal if ' N Np is a lattice in Np. In this case, we denote this lattice by

FP =1I'N Np.
Restricting the representation p to I'p, we can define a flat vector bundle
E P = N p X Q‘FP \%
on the quotient Tp := I'p\ Np. Since Np is commutative, notice that the restriction of (2.1I)
to p induces a flat Riemannian metric gr, on Tp. On the other hand, considering the trivial
vector bundle Ep = Np x V and its quotient I'p \ Ep with respect to the action of I'p on
the base Np, there is again an explicit isomorphism
d p: I'p \ Ep — FEp
n, U]FP\EP = [n, o(n)v]e,,
so that the Hermitian product on V' induces a natural Hermitian metric hg, on Ep.
Let Pr be a fixed set of representatives of the I'-conjugacy classes of I'-cuspidal parabolic

subgroups. Then Pr is a finite set with cardinality corresponding to the number of cusps of
X. Suppose now that I" is such that for any I'-cuspidal parabolic subgroup P,

(2.3) I'NP=INNp=Tp.
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Let a be the Lie algebra of A and equip it with the norm induced by the restriction of (2.1))
to p. Let H; € a be the unique element of norm 1 such that the positive restricted root
involved in the choice of N is positive on H;. Consider then the unique group isomorphism

R: Rt - A
whose differential at ¢ = 1 sends 1 onto H;. More generally, denote by Rp : RT™ — Ap the
group isomorphism given by Rp(t) := kpR(t)kp' and set
A%Y];= Rp((Y,00)) forY > 0.

Then there exists Yy > 0 such that for Y > Yj, there is a compact subset C'(Y') of G and a
decomposition

G=T-C(Y)u || I NpALY]K
PePr
such that for each P € Br,

v - NpALYIK N NpALYIK #0 <= ~€Tp.
On X, this induces the decomposition

X=X(Y)u || Fp(y)
PEPr
where
Fp(Y):=Tp\ Np x AL[Y] = Tp x (Y, 0)
with the hyperbolic metric gx on Fp(Y') given by

dt* + gr
(2.4) — Ete (Y, 00).
Moreover, there is an explicit isomorphism

[nRp(r), o(nRp(r))vlp — [(n,7), Q(nRP(T))U]pr; Ep>

where pry : Tp x AL[Y] — Tp is the projection on the first factor. Thus, in the cusp end
Fp(Y'), we can work directly with prj Fp instead of E, keeping in mind that the Hermitian
metric is not quite the one of Ep pull-back to Fp(Y'), but the one given by

hi([(n, 1), o(nBp(r))ulpe gy, [(0,7), 0(nBp(r))lpe; 2p) = (u,v)

in terms of the Hermitian product (-, ) on V. Now, on Tp, Hodge theory induces an identifica-
tion between the cohomology group H%(Tp; Ep) and the space of harmonic forms H?(Tp; Ep)
with respect to the Hodge Laplacian associated to the metric g7, and the Hermitian metric
hg,. If np denotes the Lie algebra of Np, there is also a natural inclusion

Lp Aqﬂ*P(X)V — Qq(Tp,Ep)

(2.5) wRUv WR,

where ¥(I'pn) := [n, o(n)v]g, and @[, = w via the natural identification

A(T*(Tp)) =Tp x A},
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By van Est’s theorem [VE58| (see also [MRI9, Lemma 2.6]), the map (23) induces an isomor-
phism between H9(Tp; Ep) and the cohomology group HY(np; V') of degree ¢ of the V-valued
Lie algebra complex A*n}, @ V' with differential

q+1

dap®(Th, ... Tppr) = Y (=1 o(T)®(Th, ..., T, ... Typ1), ® €A},
i=1

where “7” above a variable denotes omission. Using the inner product (2I]) and the Hermit-

ian product (-,-) induces a natural Hermitian product on A} ® V. Hence, as in [Kos61],

we can consider the adjoint df  : A*np @ V' — A*"'n}, ® V of d,, and the corresponding de

Rham and Hodge operators
Kp:=dy, +d,, Lp:=dyd;, +d; dn,.

np“np
Hodge theory in this setting identifies the Lie algebra cohomology H?(np; V') with the kernel
of Lp,
Himp; V) :={P e A'n}p, ® V | Lp® = 0}.
Thus, to summarize, we have the natural identifications
(2.6) HY(Tp; Ep) = H(Ip; Ep) = H(np; V) = Hi(np; V).

The first identification suggests to take a basis ,unP of HY(Tp; Ep) given by orthonormal
harmonic forms. Since
HY(0X(Y ), E) = @ HY(Tp; Ep),
PePr
this induces a corresponding basis

for H1(0X(Y); E). Now, we know from [Pfal7] that HY(X(Y); E) = {0} for ¢ < n and
q = 2n + 1, while otherwise the natural map ¢y : 0X(Y) — X (Y) induces an inclusion in
cohomology

iyt H(X(Y); E) — HI(0X(Y); E)
which is an isomorphism for n < ¢ < 2n and a strict inclusion for ¢ = n. Furthermore, in
this latter case, as explained in and [MR19], there is an orthonormal decomposition

(2.7) H"(Tp; Ep) = HY(Tp; Ep) ® H2(Tp; Ep)
and a corresponding orthonormal decomposition
(2.8) H"(0OX(Y); E) =H(OX(Y); E) ® H'(0X(Y); E).

If pr_ : H"(0X(Y); E) — H"(0X(Y); E) is the projection on the second factor, then we
know from [Pfal7] or [MRI9] that

(2.9) pr_ouy : H*(X(Y); E) — H"(0X(Y); E)

is an isomorphism. Thus, assuming without loss of generality that uj, = (u7, ") with
w't an orthonormal basis of HY(0X(Y); E), we see that a natural choice of basis p% for
HY(X(Y); E) is obtained by requiring that

(2.10) wypk = pdy forn<g<2n and pr_ouy =pt forq=n.

With this choice of basis, the following relation is obtained between the Reidemeister torsion
T(X(Y), E, px) of the flat vector bundle £ and the analytic torsion T(X; E, gx, hg).
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Theorem 2.1 ( [MRI19]). Let I' be a torsion-free subgroups of G such that (2Z3]) holds and
X = T'\ G/K is a finite volume hyperbolic manifolds. Let o : G — GL(V) be a finite
dimension irreducible complex representation satisfying [22) and let E be the associated flat
vector bundle on X with Hermitian metric hg. In this case,

1
log T(X; B, gx, hip) = log 7(X(Y), B, jix) — 57(0X(Y)> E, pox) + k(X)cy,
where k(X)) = #Pr is the number of cusps and c, is a constant depending only on .

Remark 2.2. The result of [MR19] is slightly more general, since the assumption that ([2.3))
holds can be relazed when G = Spin(d, 1), see [MR19, Assumption 2.2].

3. ESTIMATES OF COVOLUMES

Let G be a quasi-split semi-simple algebraic group defined over Q such that G := G(R) is
isomorphic to SO(d, 1) or Spin(d, 1) with d = 2n + 1. We assume that G is not anisotropic.
Let I' € G(Q) be an arithmetic subgroup. Then I' C G(R) is not cocompact. Let g be a
rational representation of G on a Q-vector space V. Let V = Vp ®q C. Let p: G — GL(V)
be the restriction to G of the representation g of G(C) on V, induced by @. Then p is
the direct sum of finitely many irreducible representations p;. We we assume that each p;
satisfies ([L2]). The existence of such rational representations is proved in sect. 8.1].

For the convenience of the reader we recall the construction. Let T C G be a maximal
torus. Let I' be a Galois extension of Q over which G splits. Let X* resp. X7 be the
character lattice of Ty = T ®q F, resp. the dominant characters of Tp. Given z € X7,
let o, be the unique irreducible representation of G xqg F' with highest weight x on a F-
vector space W,. Let V, := Res F/@(Wx), which means W, considered as a QQ-vector space.
Let 0,: G — GL(V,) be the Q-rational representation, which is the composition of the
representations G — Respjg GL(W,) and Resp/g(W,) — GL(Resp/g W,). The highest
weights of the irreducible components p; of the induced representation of G(C) on V, ®¢ C
are obtained from x by applying the various embeddings of F' into C. In the lemma in
section 8.1 of it is proved that if  is in the complement of the union of finitely many
hyperplanes, then every p; satisfies condition (L2]).

Let Vg denote V seen as a real vector space. Since I' is arithmetic, there exists a I'-
invariant lattice Vz in Vg. We call the I'-module V7 which satisfies the above conditions a
strongly L?-acyclic arithmetic T'-module.

Now, let {I'; }ien, be a sequence of finite-index subgroups of I'

(3.1) I; CLy:=T.

Then for each i, X; :=I'; \ G/K is a covering of X = I'\ G/K. We note that X and X;
are of finite volume. For i > 0, we will also assume that I'; is torsion-free , so that X; is a
smooth hyperbolic manifold of finite volume, and that (Z3]) holds for I';. However, we will
not require that I" is torsion-free or satisfies (2.3)), so that X, may have orbifold singularities.
Since I' preserves the Z-module V7, notice that £ = Ez ®z R for a natural smooth bundle
of free Z-modules

(3.2) Ez :=H"x,_ Vz onX.

To lighten the notation, we will also denote by E = H? x o V and Ez = H¢ x o Vz the

corresponding bundles on X, trusting this shall lead to no confusion. Alternatively, notice
that these bundles can also be obtained by pulling back F and E7z under the covering map
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X; = X. The cohomology group of cochains of degree ¢ with local coefficients in Fy are

then Z-modules admitting a decomposition into a free part Hl_(X;; Ez) and a torsion part
Hgor(Xi; EZ)?
(3.3) HY(X;; Ez) = Hi o(Xi; Ez) & Hio,(Xi; Ez),

so that in particular Hq(XZ, E) = Hq(X“ Ez) Q7 R = ngeo(X“ Ez) X7z, R. If Hq(XZ, Ez)

denotes the corresponding homology group of chains of degree ¢ with local coefficients in E,
then we have a similar decomposition in terms of free and torsion parts,
(3.4) Hy (X35 Ez) = Hy(Xy; Ez)tree © Hy(Xi; E7)tor-
Recall from the universal coefficient theorem that there are natural isomorphisms
H{ (X3 Bz) = Hy (X35 B7)free,

free

Hq (Xza EZ) = Hq—l(Xi; Eg)tora

tor

where E7 is the bundle of free Z-modules dual to £7. To deal with self-dual bundles of free
Z-modules, we will consider the bundle of free Z-modules

with corresponding self-dual flat vector bundle E := E @ E*.
For each i € Ny and P a I'-cuspidal parabolic subgroup, set

FP,Z' Z:FimNp and Tp’i:FRi\Np

(3.5)

with flat metric gr,,, as in (24). Recall that on Tpy = Tp, we have the natural flat vector

bundle Ep = Np x ol V. We can in a similar way define a bundle of free Z-modules
Epz = Np X o, V. To lighten the notation, for each i € N, we will also denote by Ep :=
Np X oy, V and Epz = Np X ey, V7, the corresponding bundles over Tp;. Alternatively,
notice that these bundles can be obtained by pulling back Ep and Epyz under the natural
covering map 7; : Tp; — Tp. As in ([B.6]), we consider the corresponding self-dual bundles

(3.7) Ep=Ep®Ep, and Epg:=Ep;® E}y.

As in (Z0]), Hodge theory and the van Est’s isomorphism induced by the map (23] yield
natural identifications

(38) Hq(Tp’i; Fp) = Hq(Tp’i; Fp) = Hq(np;V) = Hq(ﬂp; V),

where V = V@& V* and H4(Tp,; Ep) is the space of harmonic forms of degree ¢. In particular,
notice that the dimension of H?(Tp;; Ep) does not depend on i € Ny. More importantly,
via the identifications ([B.8)), the natural metric on H4(Tp,; Ep) induces one on HY(Tp;; Ep).
The space He(np; V) also comes with a natural metric, but under the identification (3.5,
it does not quite give the same metric as the one on H4(Tp;; Ep). Indeed, if (-, )7, and

(-, *)np are the inner products on H4(Tp,;; Ep) and Hi(np; V) respectively, then under the
identification (B3.8]), we have that

(39) <'7 '>TP,1' = VOI(TP,Z')<'7 '>nP7
where vol(Tp;) is the volume of Tp; with respect to the metric grp,- Let us denote by

vol(H{ (Tri; Epz)) the covolume of the lattice HY  (Tri; Epz) in HY(Tp;; Ep) with respect
to the inner product (-, )7, .
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Proposition 3.1. For each 1 € Ny,

1 — — b

— i < VOl(Hgo (Tpi; Epz)) < vol(Hg o (Tp; Epz))[Up : Tpil 7,
VOI(H q(Tp; Epz))[rp : Fpﬂ']T

free

where b, == dimg H(np; V).

&S

Proof. Let m; © Tp; — Tp be the natural covering map. Then i (HE (Tp; Epyz)) is a
sublattice of Hl  (Tp;; Epz). Hence, we see that

free
(3.10)

bq
— — VOl T i 2 —
(Tps; Epz)) < vol(r; (Hi..(Tp; Epz))) = vol(Try) vol(H{.(Tp; Epz)),
VOl(Tp)

= [Cp : Dp.] ¥ vol(HE (Tp: Erz)),
giving the inequality on the right. For the inequality on the left, notice that Poincaré duality
induces an isomorphism Hy_ (Tp;; Epz)* = H{ . (Tp; Epyz) and an isometry
H" YTp; Ep)* = HY(Tp; Ep),
so that vol(H (Tp;; Epz)*) = vol(H{

vol(Hy,!(Tpy; Epz)") = vol(Hyo(Tri; Epz)) ™
we see from (B.I0) that

vol(H{

free

(Tp; Epz)). Since essentially by definition

— 1 1
vol(Hgoo(Tri; Epz)) = = - > - .
VOI(Hfreeq(TPJ'; EPZ)) [FP . Fpﬂ'] b72 ! VOl(HgO_Cq(Tp, EP,Z))
Since b,_, = b, by Poincaré duality, this gives the left inequality. O

For ¢ = n, recall that we have an orthogonal decomposition

H*(np, V) =H" (np, V) ®H" (np, V),

which via the identifications (B.8]) induces a corresponding orthogonal decomposition
(3.11) H™(Tp;; Ep) = HY(Tps; Ep) ® H™(Tpi; Ep).
Lemma 3.2. The restriction of Hp. (Tps; Epz) to HY(Tp;; Ep) induces a lattice L;y in
HY (Tp;; Ep).
Proof. The decomposition of H"(np;V) is in terms of the eigenspaces of the action of
(Ad" ®0)(Rp(1)),

(Ad* ®0)(Rp(t))Dy = ton "D, for Oy € H"(np; V).

But by [Pfal7, (6.4), (6.6)], we know that the constants A7, are integers or half-integers.
In particular, the eigenvalues of (Ad" ®p)(Rp(4)) are positive integers. We know also that
(Ad* ®0)(Rp(4)) has rational coefficients. Hence, the projections

pry : H'(np; V) — Hi(np; V)

are given by matrices with rational coefficients. Using the natural identification of (B.]))
induced by the map (1)), we see that the corresponding projections

pry : H(Tp;; Ep) — HL(Tp; Ep)

have rational coefficients, from which the result follows. O
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The covolumes vol(L, 1) of the lattices L; + in H'L(Tp;; Ep) can be estimated as follows.

Proposition 3.3. For each i € Ny,
1 bn

S VOl(Lid:) S VOI(L()J:) FP . FP,Z' K

vol(Los)[Tp : Tpi] % | |

Proof. For the inequality on the right, notice that the decomposition (B.I1I]) behaves well
under pull-back, so that 7} (Lo 1) is a sublattice of L, y. Hence,

bn,

I(Tp;)\ * i
vo ( P, )) VOI(L(],:I:> = [FP : FP,Z']% VOI(LO,:I:>7

VOl(Tp)

giving the desired inequality. For the inequality on the left, notice that since Poincaré duality
induces an isomorphism (H{..(Tpr:; Epz))* = HE . (Tp:; Epz) and an isometry

(H™"(Tps; Ep))* = H"(Tp;; Ep),

(3.12) vol(L;+) < vol(m] Lo+) = (

we have that
vol(Hpyoo(Tpi; Epz)) = vol((Hireo(Tri; Epz))").

Since on the other hand we have trivially that

VOl((Hpooo(Tris Brz))) = (vol( Hpoo( T Brz))
this means that
vol(HE..(Tri; Epz)) = 1.
Now, L; . + L, _ is a sublattice of HZ..(Tr;; Epz). Hence,

free
(3.13) 1 =vol(HE..(Tps; Epz)) < vol(L;+ + L; ) = vol(L; +) vol(L; _),
where in the last step we have used that (BI1]) is an orthogonal decomposition. Hence,
combining this estimate with (8.12) gives the desired inequality
1 1
2 bn °
vol(Lig) ~ vol(Lo+)[Tp : Tpi]

VOI(LLi) 2

4. PROOF OF THE MAIN RESULT

Let Ty, be a complex basis of H*(X;(Y); E) obtained as in (ZI0). Using Poincaré-
Lefschetz duality [Mil62] we have that

T(X(Y), B Tix,) = 7(Xi(Y), 0Xi(Y), E, Fix, ox,);

where iy, 5x, is the basis of H*(X;(Y),0X;(Y); ) dual to Tix,. The basis jx,ox, has
a much simpler description compared to 7iy,, in particular it does not involve Eisenstein
series. Indeed, consider the long exact sequence

41) L= HIX(Y),0X,(Y); B) — HIUX;(Y); E) — HI(0X,(Y); E) — > - --

associated to the pair (X;(Y),0X;(Y)).
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Lemma 4.1. In terms of the boundary homomorphism 0 of the long exvact sequence (&),
Bx,ox, = O(Hox,), where [y, is an orthonormal basis of H(Z; E) = @ pey,. HY(Ip; Ep)
(with respect to the metrics gr, and hg,, where Z; = 0X;(Y')) for 0 < ¢ <n and of

M (Z;E)= € HL(Tr;Ep) C H'(Z;E)
PePy,

for q = n.

Proof. The only delicate point is for ¢ = n, in which case it suffices to use the isomorphism
(Z9) and to notice that Poincaré duality induces an identification

(H:Z(Tp, Fp))* = HZ;(TP, Fp)
Now, by [Che79, (1.4)], we know that

_ (-1
(42) m(X(V),0X:(Y) B ix ox.)* = ]| (m | w@(qq(<> <a X;(a;f <E Z>| E >>) |
4 e X;.0% free z

where ﬁ%{}i,aXi = {lix, 0x,» V—1lix, ox,} is the real basis associated to the complex basis
fx, ox, and VOlﬁR (Hf‘iee( i(Y),0X,(Y); Ez)) is the covolume of the lattice

Hi o (Xi(Y),0X:(Y); Ez)

with respect to the basis 7ix, »x,. However, we have that
(4.3)

volzz (Hq "(Z;; Ey))
Ol (LX), 0%,V ) =

free

[Hiee (Xi(Y XY ) Ez) 0 (Hi (Zi Ez))]

free

with H{_!(Z;; Ey) replaced with H'(Z;; E) N HL_(Z;; Ez) when ¢ = n + 1. Moreover, we

free free

see from the lattice version of (A.I]) that
(Xi(Y),0Xi(Y); Ez) : 0 (Hio. (Zi Bz))) < [Hi(Xi(Y), Ex))|
= |Hige (XY ), 0X,(Y); B,

tor

1 < [qureo
(4.4)

where on the second line we have used the fact that

(4.5) H{p(Xi(Y), Bz) & Hyr(Xi(Y); Eg)ior = Hygy ™ (Xi(Y), 0Xi(Y), Ez)

tor tor

by the universal coefficient theorem and Poincaré-Lefschetz duality. Hence, we see that

voly, (Hi., "(Zi;Ez))

free

(4.6) [ HEE q( V), 0X,(Y): Bn)| SVOIE“}Z-,a (HE(X:(Y),0X,(Y); Ey))

tor
< VOlﬁ (ngeel(Z“ EZ))

Using these inequalities in (ILIG), as well as (A3]) and the fact that
| tor( ( )78X2(Y)>EZ)| > 1a
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we see that
(4.7)

<+Rdd| Hi (Xi(Y ),8Xi(y);FZ|z)

N (1‘[ vols (Hiz! (2 EZ))(—l)‘Z“)

= (H vols (Hie, (Zi Bz)) >> ( [[ 146G Ez|2>
q+n odd
where again HY_'(Z;; Ez) must be replaced with H{_! (Z;; Ez)NH. ' (Z;; E) when ¢ = n+1.
Our objective is now to estimate the growth of the size of H; (X;; E7) as i — oo using this
inequality, Theorem 2.1l and [MP14a]. However, we need first to impose further restrictions
on the sequence {I';} and request that it is cusp-uniform in the sense of [Rail2] and [MP14al,
Definition 8.2 and Lemma 8.3]. Since this notion will play an important role in what follows,
let us briefly recall it. Thus, let P be a I'-cuspidal parabolic subgroup of GG. For each 17, let

(4.8) Ap(Ty) :=log(I"; N Np)
be the lattice in np associated to I'; N Np and let
(4.9) AR(L) = (vol(Ap(T:))) "2 Ap(T)

be the corresponding unimodular lattice. Let us also denote by P(np) the set of isometry
classes of unimodular lattices in np equipped with the standard topology induced by the
natural identification

P(np) = SO(2n) \ SL(2n,R)/SL(2n,Z).
We can now formulate the restriction we impose on the sequence {I';}.

Definition 4.2. The sequence {I';} is cusp-uniform in the sense that for each I'-cuspidal
parabolic subgroup P, there is a compact set Kp in P(np) such that the lattice A%(T;) is
contained in KCp for each 1 € Ny.

We are now ready to give a proof of our main result Theorem [II1
Proof of Theorem[1.1. We know from [MP14al, Theorem 1.1] that

. lOgT(XZ,F, gx.,hE)
4.1 1 :
(1.10) B =

where tgg () is the ‘local’ logarithm of the L2-torsion appearing in [MP14al (1.1)]. By [BV13],
Proposition 5.2], we know that

t(2)( ) vol(X)

(—1)"t2)(2) > 0.
On the other hand, combining Proposition Bl and Proposition B3 with (L4]), we see that
> (=1)# " log volys (Hf,, "(Z;;Ey))

free

4.11 li =
(4.11) iS00 T T .
Similarly, we see from (4]) that

(4.12) T CLOLC S

i—00 [F : Fz]
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Moreover, by Poincaré duality, Milnor duality and [Mil93, Proposition 1.12], we have that
(4.13) log 7(Z;, E,Tiz,) = 0.

Hence, equation ([LH]) follows by combining (A7) with Theorem 2] together with (ZI0),
[LID), [@T2) and [@13)

If we assume furthermore that £ = Ey, then we have that
(4.14) | Hio(Xi(Y); Ez)| = [Hil (Xi(Y); Ez[*.

On the other hand, if we also assume that g is self-dual, which by [GW09, § 3.2.5] is automatic
when n is odd, we then know that there is a canonical isomorphism £ = E* which is an
isomorphism of flat vector bundles and of Hermitian vector bundles at the same time. This
implies in particular that

(4.15) tia(2) = 2322 (0).
Hence, combining (L3]) with (@I4) and (£I5) gives (L4). O

5. APPLICATIONS IN DIMENSION 3

If n=1and G = Spin(3,1) = SL(2,C), we can find many situations where Theorem [[1]
applies. Recall that if o : G — GL(V) with V' = C? is the standard representation, then we
can consider the (m + 1)-dimensional complex representation

(5.1) om : SL(2,C) — GL(V,,) with V,, := Symm™ (V).

This representation is irreducible, both as a complex and a real representation. Furthermore,
if (om)r is 0 seen as a real representation, then for m € N, (p,,)r gives a complete list of

the finite dimensional real representations of SL(2,C). Now, if we let e; = ( (1) ) and

ey = ( (1) ) be the standard basis of C2, then

vj = 6{6?_j, J € {Oa L.. '>m}a

is a basis of V,,. Using the natural non-degenerate complex linear pairing pairing (-|-) :
C? @ C? — C defined by

(5.2) <(Z>|<;)>::ac+bd,

we can identify V* with V' as a complex vector space,
(5.3) g VeV

Under this identification, the basis {e, es} is self-dual. The identification (5.3]) also induces
an identification

(5.4) CVE SV,

Under this identification, the basis {v;} of V;, is self-dual. Under the identification (53,
the dual representation p* is simply given by

o(M)* = (e(M)~H)".
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Thus, if M = ( CCL Z ), then a direct computation shows that

(5.5) @*(M)=<_db _ac):((f _01><ZZ)(—01(1))

In other words, making the identification (5.3) as complex vector spaces, the element

A= (? _01 ) € SL(2,C)

induces an isomorphism of complex representations A : V' — V* such that o*(M) =
Ao(M)A~!. Similarly, making the identification (5.4, the element A induces an isomor-
phism of complex representations

(5.6) 0m(A) : Vin = Vino 05 (M) = 0 (A) 0 (M) 0m (AT).

Now, let F':= Q(v/—D ) be an imaginary quadratic number field, where D € N is square-
free. Let Op be its ring of integers, so that

o { Z++/—-DZ, if D=1,2 mod (4),
D:

(5.7) 7+ (Hi ¢2—D) Z, it D=3 mod (4).

Let I'(D) := SL(2, Op) be the associated Bianchi group. In V,,, a natural lattice preserved
by I'(D) is given by
(5.8) A,, = Sym™ 0%,
so that, as a real vector space, V,, = A,, ®z R. From this point of view, the representation
(0m)r descends to a representation over Q on (V,,,)g := A,,, ®zQ obtained by restricting g,, to
SL(2,C)q := SL(2,Q(v—D)). If (-,-) : V. ® V,;, = C denotes the canonical non-degenerate
pairing, then recall that the lattice A} C V* dual to A,, is given by

A, ={neV,| Renv)yeZ Vvel,}.
Under the identification (5.4)), notice that we have a natural identification

A V=D, it D=1,2 mod (4)

5.9 N = — wh op = ’ ’ '
(5.9) m =, e op {—VgD if D=3 mod (4).
Hence, the isomorphism of representations (5.6) does not identify A,, with A, but the
isomorphism of representations

m(A
(5.10) onlA) Ly

op

does. In fact, it induces an isomorphism of Zppy-modules, yielding the following result.

Lemma 5.1. Let I' C T'(D) be any torsion-free subgroup so that X = I'\ SL(2,C)/SU(2)
is a finite volume hyperbolic manifold. If L,, = H? x omlp Am 18 the bundle of free Z-modules
associated to the lattice \,,, then there is a natural isomorphism L}, = L,,.

Now, let a be any nonzero ideal in Op and let N(a) denote its norm. Then the associated
congruence subgroup I'(a) is defined by

(5.11) F(a)::{(z Z)GF(D)\a—lea,d—lea, b,cea},
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and the associated Hecke subgroup is defined by

(5.12) To(a) = {( “ ! ) ET(D)| ce a}.

As explained in [MP14al p.2779], provided the norm N(a) is sufficiently large, then I'(a) is
torsion-free and (2.3]) holds, which allows us to prove Corollary [[LGl

Proof of Corollary[.8. The norm N(a;) is required to be sufficiently large to ensure that
I'(a;) is torsion-free and satisfies (Z3)). By Lemma Bl L}, = L,,, and by the discussion
around [MP14al Corollary 1.4], the sequence I'(a;) satisfies all the hypotheses of Theorem [I[],
so the result follows by noticing that

|

tor

(Xi(Y); L) =1

thanks to the universal coefficient theorem. Furthermore, when m = 2/ is even, we know
from [MP13] (5.23)] that

Hg(@%) = f’

giving (L.I12). O

On the other hand, the Hecke subgroups I'g(a) are never torsion-free and (2.3) never holds.
However, taking a finite index subgroup I'' C I'(D) which is torsion-free and for which (23]
holds, we may consider the subgroup

(5.13) y(a) :==Ty(a)N T,
which is torsion-free and satisfies (Z3]). We can now prove Corollary

Proof of Corollary[1.9. By Lemma [5.1] and [MP14al, Theorem 1.5 and the surrounding dis-
cussion|, all the hypothesis of Theorem [[T] are satisfied and the result follows by noticing
that

| Hioe (Xi(Y); Lin)| = 1
thanks to the universal coefficient theorem. U

For sequences of principle congruence subgroups, we can obtain an upper bound on the
growth of torsion in cohomology using the approach of Raimbault [Rail3]. We need first to
establish the following two lemmas, cf. [Rail3, Lemma 6.5] for the first lemma.

Lemma 5.2 (Raimbault). If a is a non-zero ideal of Op, then

(m!la)V,, C (T'(a) — Id)V,.
Proof. Consider the matrices
0 0
AO':(I ) and Aoo;(o )>
so that for all a € a,

7Y :=1d+aAy € I'(a), and 7°:=Id+aA. € I'(a).
A direct computation shows that

(5.14) (n° —Id)v; = avy and  (n2° — Id)v,,_1 = avy,.

o O
O =
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More generally, one computes that

k-
Y —Id)v ( ) K=,
=0
so that

k-2
(5.15) kavi_, = (0 — Id)vy — Z < I; ) a" ;.
=0

Hence, using (5.14) and (B.13]), one can show by induction on k that
(KYavg_1 € (T(a) = 1d)V,, VEe€{l,...,m}, Vac€a.
Since avy, € (I'(a) — 1d)V;,, by (B14)), this completes the proof. O

>_A

<.

Lemma 5.3. If a is a non-zero ideal of Op, then

N(a) < [[(D) : T(a)].

Proof. Let a = Hp?, r; > 1, be the factorization into prime ideals. Then

= HN(Pi)Ti > HN(P)

pla

so that

= oy < vy

pla N(P pla pla
Since

(D) :T a0 [T (1 - )
pla )

by [MP14al, (11.1)], the result follows. O

Theorem 5.4. (Raimbault [Rail3]) If a; is a sequence of non-zero ideals of Op such that
lim N(a;) = oo, then for any m € N, for Xp =T'(D)\ H?, X; = T'(a;) \ H? and for L, the
1—00

bundle of free Z-modules induced by o,, and the lattice A,,, we have that

log |HZ (X 4; L)
(5.16) A U D T ()

< =2t} (0,n) vOl(Xp).

Proof. By Lemma [5.2] notice that
| Ho(Xi; Lin)| < (m!N(a;))"™*".
Hence, by Lemma [5.3] this means that

BYTTD) Ty
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By the universal coefficient theorem (B.5)), the same is true for H. (X;; L,,), namely

. log | Hy, (Xi; Lin)|
(5.17) N B B

On the other hand, by Poincaré-Lefschetz duality,
H?*(X;; L) & Ho(X;,0X; L) = {0}.
(Xy; L) = {0}. Using (EH), we see that in terms of

Finally, we have trivially that HC
relative cohomology,

. log |Hp, (X5 0Xi; L) |
(5.18) H [I'(D) : I'(a;)]

tor

=0.

(X,,0X;; Ly,) =2 {0} forqe{0,1} and lir%

These observations imply that (£2]) can be rewritten

' Y - T )\ — or qua_ L _1\q
(X, 0X 5 L) 2 = } t EX o ‘H Vol 2 o (HY. (X, 0X:, L)) 1
tor 19 19

Now, we can use ([L0]) as well as Proposition Bl and Proposition B3 to control the covolumes
in this expression, so that combined with (.I8]), this yields

hm sup 10g| tor(Xi’ 0727Zm)| < hm -2 IOg T(Yi, 07“3771)
i—+o0 [T(D); I'(a)] “imee [I(D) : D(ay)]

Hence, as in the proof of Theorem [[LT] we can use (AI0) and Theorem 2] to conclude that
in fact

1 or <
oo T [P<D>;r<az~>] =

Using (4.5)), this implies that

—2t2)(3,,) vol(Xp) > 0.

lim Sup IOg ‘ tor(Xi; Lm)‘

B D) (ay] S 2 @) vOllXp) > 0

We can then use the fact that L,, is self-dual to deduce the corresponding result for L,,. U

Compared to (LI, the right hand side in (5.I6) has an extra factor of 2, so that Corol-
lary [[LG] and Theorem [B.4] cannot be combined to conclude as in the compact case [BVI13]
that

IOg | tor(Xi; Zm)‘
lim
imoc [D(D); I'(ay)]
exists. The precise point in our argument where this factor of 2 appears is in the estimate
(E4)). More precisely, an improvement in the upper bound in ([£4) would translate into an
improvement of the lower bound in (LI3)), while an improvement in the lower bound of (4.4))

would translate in an improvement of the upper bound in (B.I6). Thus, to prove that the
limit exists, one would need to improve estimate (4.4)).
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6. EXPONENTIAL GROWTH OF TORSION FOR SEQUENCES OF REPRESENTATIONS

Combining Theorem 2.1l with the results of [MP12], we can also obtain results about the
growth of torsion when the group I' is fixed and the representation o varies. To do so,
we will restrict ourselves to the case where I' C I'(D) = SL(2,Op) is a torsion-free finite
index subgroup such that (2.3]) holds and consider the sequence of representations g,, defined
in (BI). Let X =T\ SL(2,C)/SU(2) be the corresponding hyperbolic manifold of finite
volume. Denote by E,, = H? x omlp V.. the flat vector bundle associated to o, with natural
Hermitian metric hg, . Recall also that we denote by L,, = H? x A,, the associated
bundle of free Z-module, where A,, = Sym™ 0%,

If PL(F) is the projective line of the field ¥ = Q(v/—D’), then we know, for instance
from [EGMOS]|, that the cusps of X are in bijection with T\ P*(F). Furthermore, in this
setting, the Iwasawa decomposition SL(2,C) = NAK is given by

A:{(é A(L) |A>o}, N={(é 'ff) \zec},

and the standard parabolic subgroup is Py = NAM with

A0

In particular, P, is the stabilizer of co := [1 : 0] € P(C) and is a I'(D)-cuspidal parabolic
subgroup, hence a I'-cuspidal parabolic subgroup as well.

Given P a I'-cuspidal parabolic subgroup of SL(2,C), it has a corresponding cusp repre-
sented by an element n € P!(F'). Taking

a b
Bp = ( . d) € SL(2, F)
such that Bpn = oo, we see that P is related to the standard parabolic subgroup via

P = Bp'PyBp. In particular, Np = Bp' N Bp, which gives a corresponding identification of
the Lie algebras, np =2 n = C. Under the identification Np = N, the group I'p becomes the

following subgroup of
BpF(D)pB_l = {( é Lij ) | w e 11_2} ,

where u is the Op-module generated by ¢ and d and

Qm|r

u?={weF|ueOpVueu’}.

Thus, in terms of the identification np = n = C, the lattice Ap(I") := log(I'p) C np is a
sublattice of the lattice

(6.1) Ap(T'(D)) =u?cCc FcC.

With respect to this identification, the natural flat metric gr, on Tp = I'p\ Np = Ap(I")\C
is the one induced by the canonical Euclidean metric on C. On Tp, let E,, p = Np x omlr, Vi
be the flat vector bundle corresponding to FE,, with natural Hermitian metric hp_ . and let

m,P
L, p = Np x omlr, A, be the corresponding bundle of free Z-modules. As in § [3] let us

denote by vol(H{ .(Tp; Ly, p)) the covolume of the lattice H{ (Tp; Ly, p) in HY(Tp; By, p)

free
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using the metric induced by Hodge theory and the metrics gr, and hg, . Similarly, for
q = 1 let us denote by vol(H},.(Tp; Limn.p) N HL(Tp; Ey p)) the covolume of the lattice

Hpyoo(Tp; Lin,p) N Hi(Tp; Enp) C HL(Tp; Epn,p)-
We can now state the analog of Proposition for the sequence of representations {g,,}.

Proposition 6.1. There exists a positive constant Cp depending on P and I" such that for
allm € N,
1 < VOI(Hflree(Tp; ZmJD) N H_li_(Tp;Em’p)) < C
((m + DICE2 = vol(HY, (Tp; Lin.p)) vol(H2(Tp; Lmp)) —

where vap = Ly p® L;, p and Emp =Enp®E}, p.

Proof. By Poincaré duality, notice that we have automatically that
VOl(Hyyeo(Tp; Lin,p)) vol(Hioo (Tp; Linp)) = 1,
so we only need to prove that
1
((m + DIy
Using [MR19, (7.1)] and van Est’s isomorphism induced by the map (Z3]), we know that

(6.2)

< VOI(HferC(TP;Zn%p) N H}_(Tp;Em’p)) < Cp.

(63) H_li_ (Tp; EmJD) = CLP('Um ® d?), 7‘[1_ (Tp; Em7p) = CLP(UQ ® dZ),
as well as the dual statement (using g, instead of g, to define ¢p)
(6.4) Hi(Tp; Ef p) = Cup(vy @ dz), HL(Tp; E, p) = Cup(v), ® dz).

Let {71,712} C F beabasisof Ap(I') C F C C=np. Let ¢; : [0,1] = Ap(I")\np be a smooth
path with ¢;(0) = ¢;(1) = 0 and with homotopy class [¢;] € m1(Tp) = m (Ap(I')\np) = Ap(T')
representing ;. Since tp(vy,,) and tp(vg) are flat sections, we compute that

/ Lp(vy ®dz) = / el'dz =7el" € Ay, ®o, F

(6.5)

/ tp(vy ® dz) = /(e;;)mdz =7,(e5)" € Ay, ®0,, F.
2 2

Thus, if wp € N is such that wp¥, € Op for i € {1,2}, we see from (G1]) that
{wptp(vy, ® dZ),/—Dwptp(vy, @dzZ)}, when D =1,2 mod (4)
{r, 12} = -\ 1tV=D . —
{wptp(vy, ® dZ), =257 wptp(vy, ® dZ)}, when D =3 mod (4),
is the basis of a sublattice £ (0,,) of Hi..(Tp; Ly p) N HY(Tp; Ep p), so that
(6.6) VOl(H} oo (Tp; L. p) N H(Tp; B p)) < vol(Ly (01)) = 2vol(Tp)ws Im dp,
where dp is defined in (5.9). Similarly,

{wprp(vy @ dz), \/_;—prLp(v()‘ ® dz)}, when D = 1,2 mod (4),

{wi,we} = { (2wpep(v; ® d7), <1 + +D) wptp(vy ®dz)}, when D=3 mod (4),

is the basis of a sublattice £ (o},) of H}

free

(Tp; L}, p) N Hy(Tp; By, p), so that

) ) ) 2vol(Tp)w}
(6.7) vOl(Hyyoo(Tpi Ly, p) N HL(Tp; By, p)) < vol(L4(e},)) = hiigp
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The upper bound in equation (6.2)) then follows from (G.5), (6.6), and (E1).
To obtain the lower bound, notice by ([BI3) that it suffices to show that

(6.8) vol(H} oo (Tp; Lyn.p) N H (Tp; Epp)) < ((m + 1)ICF)2.
To show this, we perform the analog of (6.5) and compute that

/&LP(UQ ®dz) = /Ei(f)m (( (1) 'i )) ey)dz = /&(eg + zey)"dz

(6.9) m ht 1
m m— fyz m
:kzo(k)e'feQ kk+1eleAm®@DF
and
wnod) = [ (0 ) vde= [ (¢ = zep)mdz
(6.10) : & v :

o A1

= Z ( h ) (—6;)k(69{)m_kkf+ 1671” €A, ®o, F.

Thus, with wp € N as above so that wpy; € Op for i € {1,2}, we see from (G9) that
{((m+ DB ip(ve @ d2), V=D ((m + Dwp™)p(vy @ dz)} if D=1,2 mod (4)

and

{((m—l—l)'wm+1)Lp(vo®dz),1+VQ_D ((m + D2 ip(vo @ dz2)} if D=3 mod (4)

is the basis of a sublattice £_(o,,) of Hi . (Tp; Lim.p) N H  (Tp; Ey p), so that
(6.11)
VOI(Hflree(Tp; Lm7p) N Hi (Tp; Em,P)) S VOl(,C_(Qm)) = 2V01(Tp)((m + 1) m+1) Im 5D-

Similarly,

{(m + D ep(vr, ® dz) (m+ Dwptep(vi, ®dz)} if D=1,2 mod (4)

1
V=D
and

2((m+1)wp e (v, @dz), <1 +

1
(m+Dwpt™ ) p(vi,®dz)} if D=3 mod (4)
/=D ) m
is the basis of a sublattice £_(o,) of H}

free

(Tp; L}, p) N H (Tp; E, p), so that

2vol(Tp)((m + 1)!wp*')?
Im 5D '
Combining (6.I1]) and (612) then gives the upper bound (6.8]) and completes the proof. [J

We can now combine Theorem 2.1l with the results of [MP12] to prove Theorem [L.TI1
Proof of Theorem [ 11 By Proposition [6.1] equation (A7) and the fact that

| tor( ( ) Zm)| - ]-7
there is a positive constant C' such that

(6.13) T(X(Y), Em, )™ < ((m + DIC™ 2| HE (X (Y); L),

(6.12)  vOl(Hyoo(Tp; Ly, p) N HL(Tp; By, p)) < vol(L_(g},)) =
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where "¢ is a basis of H*(X; E,,) as in (ZI0). On the other hand, by Theorem B.1]
(6.14) log T(X; B, 9x, hg,,) = log 7(X(Y), B, %) + K(X)c,,,,

since 7(0X(Y), B, Tiny) = 1 by Poincaré duality, Milnor duality and [Miil93, Proposi-
tion 1.12]. Furthermore, in [MRI9, Theorem 7.1], the constant ¢, was explicitly computed
to be

B
(6.15) cgmzlog(m+1)+$:(’)(mlogm) as m — 0o,
where
_m—llo 2 — i+ /(B — k22004 r)(m—r)
s & ——f-z—l—l—\/%—m—l 2 +2(1+rK)(m—k)

On the other hand, by [MP12, Theorem 1.1],

(6.16) lim 1OgT(X;Em79X,h§m) _ _vol(X)

m—o00 m2 s

Hence, combining this equation with (6.13), (6.14), (6.15) and Stirling’s formula, we see that

(617> lim inf 10g| tor(j(; Lm)| > VOI(X) .
m—00 m =

Finally, thanks to Lemma 5.1l L = Lm, SO

‘ tor( )‘ _| tor( m)|2

and the result follows by inserting this last equation in (G.I7). O

REFERENCES

[BHC62] Armand Borel and Harish-Chandra, Arithmetic subgroups of algebraic groups, Ann. of Math. (2)
5 (1962), 485-535. MR, 0147566

[Bor69] Armand Borel, Introduction aux groupes arithmétiques, Publications de I'Institut de Mathématique
de I'Université de Strasbourg, XV. Actualités Scientifiques et Industrielles, No. 1341, Hermann,
Paris, 1969. MR 0244260

[Bro82] Kenneth S. Brown, Cohomology of groups, Graduate Texts in Mathematics, vol. 87, Springer-
Verlag, New York-Berlin, 1982. MR, 672956

[BSV16] Nicolas Bergeron, Mehmet Haluk Sengiin, and Akshay Venkatesh, Torsion homology growth and
cycle complezity of arithmetic manifolds, Duke Math. J. 165 (2016), no. 9, 1629-1693. MR 3513571

[BV13]  Nicolas Bergeron and Akshay Venkatesh, The asymptotic growth of torsion homology for arithmetic
groups, J. Inst. Math. Jussieu 12 (2013), no. 2, 391-447.

[BZ92]  Jean-Michel Bismut and Weiping Zhang, An extension of a theorem by Cheeger and Miiller,
Astérisque (1992), no. 205, 235, With an appendix by Francois Laudenbach. MR 1185803
(93j:58138)

[Che79] Jeff Cheeger, Analytic torsion and the heat equation, Ann. of Math. (2) 109 (1979), no. 2, 259-322.

[DH99]  A. Deitmar and W. Hoffmann, Spectral estimates for towers of noncompact quotients, Canad. J.
Math. 51 (1999), no. 2, 266-293.

[EGMOIS8] J. Elstrodt, F. Grunewald, and J. Mennicke, Groups acting on hyperbolic space, Springer Mono-
graphs in Mathematics, Springer-Verlag, Berlin, 1998, Harmonic analysis and number theory.
MR 1483315

[GW09] Roe Goodman and Nolan R. Wallach, Symmetry, representations, and invariants, Graduate Texts
in Mathematics, vol. 255, Springer, Dordrecht, 2009. MR 2522486

[Kos61] Bertram Kostant, Lie algebra cohomology and the generalized Borel-Weil theorem, Ann. of Math.
(2) 74 (1961), 329-387. MR 0142696



26
[Lot92]

[Mat92]
[Mil62]

[MM63]
[MM13]
[Mor15]
[MP12]
[MP13]
[MP14a]
[MP14b)]
[MR19]
[Miil93]

[Miil12]

[Pfal]
[Pfal7]
[PR15]
[Rail2]
[Rail3]

[VE58]

WERNER MULLER AND FREDERIC ROCHON

John Lott, Heat kernels on covering spaces and topological invariants, J. Differential Geom. 35
(1992), no. 2, 471-510. MR 1158345

Varghese Mathai, L2-analytic torsion, J. Funct. Anal. 107 (1992), no. 2, 369-386. MR, 1172031
John Milnor, A duality theorem for Reidemeister torsion, Ann. of Math. (2) 76 (1962), 137-147.
MR 0141115

Yoz6 Matsushima and Shingo Murakami, On vector bundle valued harmonic forms and automor-
phic forms on symmetric riemannian manifolds, Ann. of Math. (2) 78 (1963), 365-416.

Simon Marshall and Werner Miiller, On the torsion in the cohomology of arithmetic hyperbolic
3-manifolds, Duke Math. J. 162 (2013), no. 5, 863-888.

Dave Witte Morris, Introduction to arithmetic groups, Deductive Press, [place of publication not
identified], 2015. MR 3307755

Werner Miiller and Jonathan Pfaff, Analytic torsion of complete hyperbolic manifolds of finite
volume, J. Funct. Anal. 263 (2012), no. 9, 2615-2675.

, On the asymptotics of the Ray-Singer analytic torsion for compact hyperbolic manifolds,
Int. Math. Res. Not. IMRN (2013), no. 13, 2945-2983.

Werner Miiller and Jonathan Pfaff, The analytic torsion and its asymptotic behaviour for sequences
of hyperbolic manifolds of finite volume, J. Funct. Anal. 267 (2014), no. 8, 2731-2786. MR 3255473
Werner Miiller and Jonathan Pfaff, On the growth of torsion in the cohomology of arithmetic
groups, Math. Ann. 359 (2014), no. 1-2, 537-555.

W. Miiller and F. Rochon, Analytic torsion and Reidemeister torsion on hyperbolic manifolds with
cusps, posted on arXiv, 2019.

Werner Miiller, Analytic torsion and R-torsion for unimodular representations, J. Amer. Math.
Soc. 6 (1993), no. 3, 721-753.

, The asymptotics of the Ray-Singer analytic torsion for hyperbolic 3-manifolds, Metric
and Dinferential Geometry. The Jeff Cheeger Anniversary Volume, Progress in Math., vol. 297,
Birkhauser, 2012, pp. 317-352.

Jonathan Pfaff, Exponential growth of homological torsion for towers of congruence subgroups of
Bianchi groups, Ann. Global Anal. Geom. 45 (2014), no. 4, 267-285.

, A gluing formula for the analytic torsion on hyperbolic manifolds with cusps, J. Inst.
Math. Jussieu 16 (2017), no. 4, 673-743. MR 3680342

J. Pfaff and J. Raimbault, On the torsion in symmetric powers on congruence subgroups of Bianchi
groups, arXiv:1503.04785, 2015.

Jean Raimbault, Asymptotics of analytic torsion for hyperbolic three—manifolds, to appear in Com-
mentarii Mathematici Helvetici, 2012.

, Analytic, Reidemeister and homological torsion for congruence three-manifolds, available
online at arXiv:1307.2845, 2013.

W. T. van Est, A generalization of the Cartan-Leray spectral sequence. I, 11, Nederl. Akad. Weten-
sch. Proc. Ser. A 61 = Indag. Math. 20 (1958), 399-413. MR 0103467

UNIVERSITAT BONN, MATHEMATISCHES INSTITUT, ENDNICHER ALLEE 60, D-53115 BONN, GERMANY
E-mail address: mueller@math.uni-bonn.de

DEPARTEMENT DE MATHEMATIQUES, UQAM
E-mail address: rochon.frederic@ugam.ca



	1. Introduction
	2. Preliminaries
	3. Estimates of covolumes
	4. Proof of the main result
	5. Applications in dimension 3
	6. Exponential growth of torsion for sequences of representations
	References

