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1. INTRODUCTION

In this paper we study the behaviour of regularized determinants of Laplace type operators
with respect to certain singular deformations which are related to analytic surgery. Ana-
lytic surgery is a method developed by Mazzeo and Melrose [MM] to study the behaviour of
global spectral invariants of Dirac- and Laplace operators with respect to decompositions
of the underlying Riemannian manifolds.

The singular deformations that we consider in this paper are defined in the following way.
Let M be a compact Riemannian manifold and let Y be an embedded hypersurface in M
such that M —Y consists of two components M; and M;. Assume that the metric in a collar
neighborhood N of Y is a product. Then by ”analytic surgery” we mean the stretching of
the collar neighborhood N to a cylinder of infinite length. In this way we get a family of
Riemannian manifolds (M,, g.), > 1. The singular limit of this family is the disjoint union
of two manifolds with cylindrical ends M o, and Ms . Let A: C®°(M,E) — C®(M, E)
be a Laplace type operator on M which is adapted to the product structure on N. Then
we can define an associated family of Laplace type operators A, on M, and the main
purpose of this paper is to study the behaviour of det(4A,) as r — oo. We will show
that logdet A, has an asymptotic expansion and the main ingredient of the constant term
of this expansion are the relative determinants det(A; «,A¢), ¢ = 1,2, associated to the
Laplacian on the manifolds with cylindrical ends M; o, and M, o, respectively. Here the
relative determinants are defined as in [Mul]. For surfaces our results are related to the
work of Bismut and Bost [BB| who studied the Quillen metric on the determinant line
bundle associated to a family of complex curves with singular fibers.

We also consider the analogous problem for a compact manifold with boundary where we
stretch a collar neighborhood of the boundary to an infinite half-cylinder. The singular
limit of the associated family of Riemannian manifolds with boundary is a manifold with a
cylindrical end. The relative determinant of the Laplacian on the manifold with cylindrical
end arises in the same manner as above in the asymptotic expansion of the determinant of
the Dirichlet Laplacians. This gives a new interpretation of relative determinants.

If we compare the asymptotic expansions of the determinants of the Laplacians on the
manifolds M,, M, , and M,,, respectively, obtained by stretching the corresponding collar
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neighborhoods of Y, we recover the adiabatic decomposition formulas of Park and Woj-
ciechowski [PW1], [PW3]. We also establish a gluing formula for relative determinants of
Laplace type operators on manifolds with cylindrical ends.

In the present paper we consider Laplace operators of two types. First we assume that
the induced Laplace operator on Y is invertible and that the Laplacians A, «, 7 = 1,2,
on M; ~, have no nonzero L?-solutions. This simplifies the constructions. The second case
that we consider are Bochner-Laplace operators. In a followup paper we will study the
case of Dirac-Laplace operators A = D2,

Now we describe the content of the paper in more detail. Let (X, g) be a Riemannian
manifold and let £ — X be a Hermitian vector bundle. First recall that a Laplace type
operator

A: C*(X,E) - C*(X,E)
is a second order elliptic differential operator which is symmetric, nonnegative and whose
principal symbol is given by
oa(z,€) =[ € |” ldg, .
Suppose that X is a compact manifold with boundary 0.X, which may be empty. We impose
Dirichlet boundary conditions at 0X and denote the corresponding selfadjoint extension by

Ap. This is a selfadjoint nonnegative operator in L?(X, E). The regularized determinant
det Ap of Ap is defined in the usual way by
s:O) ’

Our first result is a gluing formula for relative determinants of Laplace type operators on
a manifold X with a cylindrical end. By definition, X has a decomposition

X=MUy Z, Z=R"xY,

d
det Ap = exp (—%CAD(S)

where Ca, (s) is the zeta function of Ap.

where M is a compact manifold with boundary Y and the metric ¢* of X is a product
on R" xY. Let E — X be a hermitian vector bundle. We assume that there exist a
hermitian vector bundle Ey — Y such that E|Z = pr} E, and that the fiber metric h¥ of
E is a product on R x Y. Let A: C*(X, F) — C*(X, E) be a Laplace type operator on
X. We assume that the restriction of A to Z satisfies

1.1 Al =—==+A
where Ay is a Laplace type operator on Y. This implies that Ax is essentially selfadjoint
in L?. We will denote the unique selfadjoint extension of Ax by the same letter. Consider
the operator
2
—% + Ay: C®(R' x Y, E) = I2(R" x Y, E).
U
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and impose Dirichlet boundary conditions at {0} x Y. Let Ay be the corresponding self-
adjoint extension. Then the relative regularized determinant det(A, A) is defined as in
[Mul].

Let Ajps denote the restriction of A to M and let Ay p be the selfadjoint extension obtained
by imposing Dirichlet boundary conditions at M. We assume that A, p is invertible.
This assumption is satisfied in many cases. Suppose, for example, that D: C*°(X, E) —
C>™(X, E) is a Dirac operator and A = D?. Then it follows from [Ba] that Ap is invertible.
In particular, if A,: AP(X) — AP(X) is the Laplacian on p-forms on a compact manifold
with boundary, then A, p is invertible. Other examples are Bochner-Laplace operators.

If Aprp is invertible, then the Dirichlet-to-Neumann operator R with respect to the hy-
persurface Y = {0} x Y C X can be defined in the usual way. This is a pseudo-differential
operator of order 1 on Y which is selfadjoint and nonnegative. So R has a well-defined
determinant det R.

The last ingredient of the gluing formula is defined in terms of the space H of extended
L?-solutions of A. Recall that a section ¢ € C*(X, E) is called an extended L?-solution
of A, if ¢ is a bounded solution of Ay = 0 and its restriction to Rt x Y has the form

o(u,y) = o(y) + ¥(u,y),

where 1) is in L? and ¢ € ker Ay. In this case, ¢ is called the limiting value of ¢. Let
V* C ker Ay be the space of all limiting values of extended L2-solutions of A. Given ¢ €
V+, let E(¢, A) be the associated generalized eigensection of A (cf. [Mud]). Then E(¢, \)
is holomorphic at A = 0 and E(¢,0) is an extended L? solution of A with limiting value
2¢. Let py: C®(X,E) — C*®(Y, E]Y) denote the restriction map and set Hy := py(H).
We show that py : H — Hy is an isomorphism. Let ¢, ..., ¢ be an orthonormal basis of
ker A and let ¢, ..., ¢; be an orthonormal basis of V. Put ¢; = py(y;), if 1 <i < k, and
¢k+j = %py(E(QSJ,O)), if 1 S ] S [. Put a5 = <¢7,’,1/Jj>y, 1 S ’L,_] S k +l and let A be the
(k+1) x (k+1)-matrix with entries a;;. Then our first main result is the following theorem.

Theorem 1.1. Assume that Ay p is invertible. Let hy = dimker Ay and denote by Cy (s)
is the zeta function of Ay. Then

det(A,Ag) o Cr (0)-hy det R

det(AM,D) detA'

The same result has been proved independently by Loya and Park [LP].

Now assume that (M, g) is an oriented closed connected n-dimensional Riemannian mani-
fold and let Y be a hypersurface of M such that M — Y consists of two components. We
denote the closure of the components of M — Y by M; and M,. Thus M; and M, are
compact manifolds with common boundary Y such that
(12) M - M1 Uy MQ, 8M1 - 8M2 - Y
Let E — M be a Hermitian vector bundle and let

Apy: C®(M,E) — C®(M,E)
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be a Laplace type operator. We assume that there exists a tubular neighborhood N of
Y which is diffeomorphic to [—1,1] x Y such that all geometric structures are products
over N, i.e., g|y = du® + g", there exists a Hermitian vector bundle Ey — Y such that
E|N = pr}(Ep) and

82
(1.3) AM‘N:_W+AY’
where Ay : C®(Y, Ey) — C*(Y, Ey) is a Laplace type operator on Y. Let Ay be the

restriction of Ay to M;, i = 1,2. We assume that Ay, p and Ay, p are invertible (see the
above remark).

We define a family of Riemannian manifolds (M,, g,), r > 0, as follows. Given r > 0, let
N, =[—r,r] x Y and set

(14) Mr :M1 UY Nr Uy MQ,

where OM; is identified with {—r} x Y and 0M, with {r} x Y. Since g is a product
in a neighborhood of Y, it has a canonical extension to a metric g, on M, such that
gr|n, = du?® + ¢g¥. Similarly, E — M and Aj; have natural extensions E, — M, and Ay,
to M,. Our main purpose is to study the asymptotic behavior of det(Ay,,) as 7 — oo. To
describe the result we need some more notation. Set

Mi,oo = MZ Uy (R+ X Y), 1= ]_, 2.
This is a manifold with a cylindrical end Z = R* x Y. The disjoint union of M; , and
M, o, may be regarded as the singular limit of M, as r — oo. Let A; ,, be the canonical
extension of A M| . 60 M o which is defined by

82
Aiﬂoo‘M,- = AM|M¢’ Ai’oo|R+><Y = T ou? + Ay.

Then A; » is essentially selfadjoint in L?. We denote the unique selfadjoint extension of
A; o by the same letter. Let A be as in Theorem 1.1 and let det(A; o, Ap) be the relative
determinant [Mul].

Let
['(s—1/2)
1.5 = —— —1/2),
(15) 6 (s) = =y (s = 1/2)
where (y (s) is the zeta function of Ay. Our first result concerning the asymptotic behaviour
of the determinant of a Laplace type operator is obtained under the assumption that all

involved operators are invertible.

Theorem 1.2. Suppose that ker Ay = {0} and ker A; oo = {0}, i = 1,2. Then Ay, is
wnwvertible for r > ry and

2
(1.6) lim e ©) det Ay, = (det Ay) /2 ] [ det(A; 00, Ag).-

r—00 .
=1
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In particular, the assumption of Theorem 1.2 are satisfied for the operator A, + A, where
A > 0. Let & (s, A\) be defined as in (1.5) with (y(s) replaced by the zeta function (y (s, A)
of Ay + A. Then we get

Corollary 1.3. Let A > 0. Then

2
lim "N det(Ay, + ) = det(Ay + A) 72 [ [ det(Aj o0 + A, Ag + ).

r—00 .
=1

We note that (1.6) also holds if M has a nonempty boundary M. In this case we impose
Dirichlet boundary conditions at 0M.

In particular, we may consider a separating hypersurface which is parallel to the boundary.
This is a special case which we consider separately. Let X be a compact manifold with
boundary Y and assume that all geometric structures are products in a collar neighborhood
of Y. Let X, = X, Uy ([0,7] x Y) and let Ax, p be the selfadjoint extension of the
corresponding Laplace operator with respect to Dirichlet boundary conditions. Then the
analogous statement to Theorem 1.2 is

Proposition 1.4. Assume that Ay and Ay are invertible. Then Ax, p is invertible for
r > 1o and
(1.7) lim e (/2 det Ay, p = (det Ay) 2 det(Ano, Ag), T — 0.

T—>00

Especially consider the manifolds with boundary M; and M of the decomposition (1.2) of
M. Let M;, = M; Uy ([0,r] xY), i =1,2. If we apply (1.7) to Ayy,,,p and compare it to
(1.6) , we obtain

Corollary 1.5. Let M be closed. Assume that Ay and A, «, @ = 1,2, are invertible. Then
Apn, and Apg,, p, @ = 1,2, are invertible for r > 1o and

A
(1.8) lim det A,
r—oo det AMM,D det AMz,mD

= (det Ay)l/Q.

This is the ”adiabatic decomposition formula” established by Park and Wojciechowski in
[PW1].

Next we study the case of a Bochner-Laplace operator. Let V is a metric connection
on F which is a product on N. Let Ay, = V*V be the associated Bochner-Laplace
operator. Then V has canonical extensions to a connection V" on E, — M, and V»®
on E; o, = M; «, respectively, and Ay, and A; ,, are the corresponding Bochner-Laplace
operators. We need to introduce some further notation. Let

S;(0): ker Ay — ker Ay, i=1,2,

denote the on-shell scattering operator at energy zero associated to (4A;, ) (see e.g.
[Mu4]). This operator satisfies S;(0)* = Id. Let

kerAy = VeV, i=1,2
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be the decomposition of ker Ay into the +1-eigenspaces of S;(0). Let Cjs denote the
restriction of S1(0)S,(0) to the orthogonal complement of (V;F NV, & (V; NV, ) in
ker Ay. Then our next result is

Theorem 1.6. Let Ay = V*V be a Bochner-Laplace operator. Let hy = dimker Ay and
h=dim V" +dimV," —2dimV;* N V,t. Then

lim 77 & ) det Ay, =22 7P (det Ay) /2

(1.9) o 2
- det ((Id —Ch2)/2) | [ det(Ai 0, Ao).-

i=1

If we specialize Theorem 1.6 to the case of the Laplacian A = d*d on functions on a closed
surface M, we obtain

det A, ~ 2det(A] o, Ag) det(Ag oo, Ag)re ™73

as 7 — o0o. This is Theorem 13.7 of [BB| with an explicit constant expressed in terms of
relative determinants.

As in Proposition 1.4, we may also consider the case of a compact Riemannian manifold
Xy with boundary Y. For a Bochner-Laplace operator on Xj it follows from [Ba] that
Ax, p is invertible. Let V' C ker Ay be the +1-eigenspace of the scattering operator S(0)
and let AT = dim V*. The analogous result to (1.7) is

(1.10) lim 77" v € (0/2 det Ax, p = 2" (det Ay) 2 det(An, Ag).

7—00

Now we apply this again to the manifolds with boundary M; and M, of the decomposition
(1.2) of M and compare it to (1.9). In this way we get

Theorem 1.7. Let the notation be as in Theorem 1.6 and let hyo = dim V;" N'V,". Then

. rhy=2h12 et Ay,
lim

r—oo det AMI,T,D det AMQ’T,D

= 27" (det Ay) "2 det ((Id —C15) /2) .

Remark. This result was first proved by by Park and Wojciechowski [PW3] under an
additional assumption, called Condition A [PW3, p.4], which rules out the existence of
exponentially decreasing eigenvalues of Ay, . As pointed out by Park and Wojciechowski,
their assumption implies that 1 is not an eigenvalue of S;(0)S2(0). This has the consequence
that V;* N Vit = {0}, which in turn implies that A = hy and hyy = 0 and Theorem 1.7
specializes to Theorem 0.1 of [PW3].

Next we explain some of the main ideas of the proofs. The strategy to prove Theorem 1.1
is analogous to the proof of the surgery formula in [HZ]. Let z € C—R_. Then the relative
determinant det(A + z, Ag + z) and the determinant det(Ay, p + z) are defined. Moreover
the Dirichlet-to-Neumann operator R(z) with respect to A+z and the hypersurface Y C X
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exists and the determinant det R(z) can be defined. Then by Theorem 4.2 of [Ca| there is
a polynomial P(z) with real coeflicients of degree < (n —1)/2 such that

det(A+ 2,80 +2) P(2)

1.11
(L11) det(An,p + 2)

det(R(2)).

Both sides of this equality have an expansion in z as z — 0. We determine these expansions
and compare the constant terms. This proves Theorem 1.1.

To prove Theorems 1.2 and 1.6, we apply the Mayer-Vietoris formula of [BFK] to det(Aj,, +
A), A > 0, with respect to the decomposition (1.4) and take the limit A — 0. To this end
we assume that Ay, p and Ay, p are invertible. Under this assumption the Dirichlet-to-
Neumann operator R, with respect to the hypersurface ¥, := ({—r} xY)U({r} xY) exists
and we get a splitting formula for det Ay, . We compare this splitting formula with the
splitting formulas for det(A; o, Ag) given by Theorem 1.1. Finally we study the limit of
det R, as r — oo and compare it to det Ry o det Ry .. Let Ay, p be the Laplace operator
on N, with Dirichlet boundary conditions. Under the assumptions of Theorem 1.2 or 1.6
the limit as r — oo of 7" det Ay, (det Ay, p)~! exists and

. Th det AM,«
llm T E—

2
__o—h _ .
" det Ay, p 27" det ((Id —C12)/2) [ [ det(Ai 0, Ao).

i=1

Finally we determine the asymptotic behaviour of det Ay, p as 7 — oco. This completes
the proof of Theorem 1.2 and Theorem 1.6.

2. EXPANSION OF RELATIVE DETERMINANTS

Let X be a manifold with a cylindrical end and let A be a Laplace type operator on X
as above. In this section we consider the asymptotic expansion of logdet(A + z, Ag + 2)
as z — 0. We use the framework introduced in [Mul]. Let H, Hy be two self-adjoint
nonnegative linear operators in a separable Hilbert space H such that et — ¢=tHo ig 3
trace class operator for all £ > 0. Suppose that the following two conditions are satisfied:

1) As t — 0+, there exists an asymptotic expansion of the form
o
Tr(e HH — ¢ tHo) Z a;jt,
§=0

where —oco < op < oy < --- and o — o0.
2) There exist by € C, p > 0 such that
Tr(e ™ — e o) ~ by + O(t*)

as t — oo.



8 JORN MULLER AND WERNER MULLER

Set X
1
Ci(s,H, Hy) = @/ 1 Tr(e ™ —e ') dt, Re(s) > —ay;
0

Co(s, H, Hy) = / 7 Tr(e ™™ — e7tM0) dt, Re(s) < 0.

1
I'(s) /1
Then (;(s, H, Hy) admits a meromorphic extension to C which is holomorphic at s = 0.
Similarly ((s, H, Hy) has a meromorphic extension to the half-plane Re(s) < p which is
also holomorphic at s = 0. It is given by

bo 1 = -1 —tH —tH,
sTH(T — e o) — :
I(s+1)  I(s) /1 e (Tr(e e) — o) dt

The relative zeta function ((s, H, Hy) is then defined by
C(S: Ha HO) = Cl(Sa Ha HO) + §2(S: Ha HO)a

and the relative determinant by

(2.1) Ca(s, H, Hp) = —

+

d
det(H, Hy) = exp (_%g(s,H, HO)‘5—0> '

Let A > 0 and define det(H + A, Hy + A) similarly.
Proposition 2.1. As A — 0+, we have
logdet(H + A\, Hy + A) = by log A + logdet(H, Hy) + o(1).

Proof. From the construction of the analytic continuation of (i(s,H + A\, Hy + A\) and
Ci(s, H, Hyp), respectively, it follows immediately that

/l\iH(I)C{(OaH‘*‘ A, Hy + A) = (0, H, Hy).
%
Let Re(s) < p. Using (2.1) we get

1 o0
G(s,H+ X\, Hy+ ) = —/ e Tr(e ™ — 7o) (1
I'(s) 1

1 o0
__ tS*l —tA T —tH _ —tHg _b dt
F(s)/l e " (Tr(e e o) —by)
bo /Oo 1
4+ — e N dt
F(S) 1
= (o(s, H H)—i—bio—l—b A8 — b—o/lts_le_t)‘ dt + o(1)
S S U P r'(s) J,

as A — 04. This implies that
G(0, H + A, Ho + A) = (5(0, H, Ho) — bylog A + o(1)
as A — 0+. O
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In order to apply this result to our case, we need to compute by. Let £(A) be the spectral
shift function of (A, Ay) [Mul, pp. 315]. By (2.16) of [Mul], we have

(2.2) by = —&£(0+).

So we are reduced to the study of the spectral shift function near zero. Recall that the
spectral shift function is a real valued function in L2 _(R) which is uniquely determined by
the following two properties

(1) £(N\) =0 for all A < 0.
(2) For every f € C®(R), f(A) — f(Ap) is a trace class operator and

Te(f(A) — f(Ag) = /R FONER) dA.

Let Ay and A,. denote the restriction of A to the subspace of L?(X, E) corresponding to
the point spectrum and the absolutely continuous spectrum of A, respectively. By [Do],
the eigenvalues of A have no finite point of accumulation. Hence f(Ay) is a trace class
operator for every f € C°(R). This implies that f(A,.) — f(Ag) is also a trace class
operator for every f € C°(R). Let &.(\) be the spectral shift function of (A, Ag) and let
N(A) denote the counting function of the eigenvalues of A. Then it follows from (1) and
(2) that
(2.3) EA) = =N +&(N).
The spectral shift function &.()\) can be determined in the same way as in Chapter IX
of [Mu3]. The manifolds considered in [Mu3] are manifolds with fibered cusps which are
different from the manifolds in the present paper. However, the structure of the continuous
spectrum is similar and everything said about the continuous spectrum in [Mu3] applies
with minor modifications in our case as well. Let 1 > 0 be the smallest positive eigenvalue
of Ay. Let

S(s): ker Ay — ker Ay, |s| < /pu1,

be the scattering matrix [Mu4]. It is an analytic function. Then it follows as in the proof
of Theorem 9.25 of [Mu3] that

&) = —i(Tr(S(O)) + dimker Ay) + 21 /0 Tr(S'(5)S(—s)) dA

7r
for 0 < A < /u;. Hence we get
£.(0+) = —(TR(S(0)) + dimker Ay).
Together with (2.3) we obtain
£(0+) = —dimker A — %(Tr(S(O)) + dimker Ay)
and by (2.2) it follows that

1
by = dimker A + Z(Tr(S(O)) + dimker Ay).
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Now observe that S(0) satisfies S(0)? = Id. Hence
Tr(S(0)) + dimker Ay = 2dimker(S(0) — Id).
Combined with Proposition 2.1 we obtain the following corollary.
Corollary 2.2. Let k = dimker A and | = dimker(S(0) — Id). Then
logdet(A + X\, Ag+ A) = (k+1/2) log A + logdet(A, Ag) + o(1)
as A — 0+.

3. EXPANSION OF THE DIRICHLET-TO-NEUMANN OPERATOR

Let X = M Uy Z be a manifold with a cylindrical end Z = R xY and let A: C*(Z, E) —
C*(Z, E) be a Laplace type operator on X with properties as above. For z € C — R_ let
R(z) be the Dirichlet-to-Neumann operator with respect to A + z and the hypersurface
Y ={0} xY C X. In this section we study the expansion of det(R(z)) as z — 0. To begin
with we recall the definition of the Dirichlet-to-Neumann operator. Let z € C — R_ and
© € C*°(Y, E|Y). There exists a unique section 1 € C®°(X — Y, F) N L?(X, F) such that
(A+2)=0 on X -Y;
Yv=¢ on Y.

The solution # is obtained as follows. Let ¢ € C°(X, E) be any extension of ¢. Let Ap
be the operator A with Dirichlet boundary conditions along Y. Then

(3.1) =0~ (Ap+2)"((A+2)(9)-
Furthermore, v is continuous on X and smooth on M and Z. Its normal derivative has a
jump along Y. Then R(z)yp is defined by
0 0
(32) R(z)p = %(¢|M)|3M_ %(w‘Z”aZ'

By Theorem 2.1 of [Ca], R(z) is an invertible pseudo-differential operator of order 1. Its
principal symbol is given by

o(R(2))(z,8) = 2v/9:(¢,€) 1dp,, £ €TY.

Furthermore, z € C — R_ — R(z) is a holomorphic function with values in the space of
pseudo-differential operators. Let G(x,v, z) denote the kernel of (A+2)~". Then G(z,y, 2)
is smooth in the complement of the diagonal and for « # y, G(z,y, 2) € Hom(E,, E;). As
shown in the proof of Theorem 2.1 of [Ca], we have

(3.3) R(2) " plx) = /Y G(z,y,2)oly) dy, z €Y, p e OX(Y,E|Y).

In other words
R(z)™' = py o (A+2)7'(-®dy),
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where py is the restriction map to Y and dy is the Dirac d-function along Y. Especially,
if A > 0 then R(\) is an elliptic pseudodifferential operator of order 1 which is selfadjoint
and positive definite. Hence its regularized determinant det(R())) is defined.

Under the assumption that Ay p is invertible, we can also define the Dirichlet-to-Neumann
operator with respect to A and Y. For this purpose we need the following lemma.

Lemma 3.1. For every ¢ € C®(Y,E|Y) there exists a unique v € C®(X —Y,E)N
CY%(X, E), which is bounded and satisfies

AYp=0 on X -Y;

(34) Yy = ¢.

Proof. Since Ay, p is invertible, the Dirichlet problem on M has a unique solution, i.e., for
every p € C®(Y, E|Y) there exists a unique ¢; € C*°(M, E) N C°(M, E) such that

AMwlz() in M,
%\YZSO-

Next we show that the Dirichlet problem on Z has also a unique solution. Let {@;}ien
be an orthonormal basis of L?(Y, E|Y) consisting of eigenfunctions of Ay with eigenvalues
0< A <A <---. Let p € C®(Y,E|Y). Then ¢ has an expansion of the form

v = Z a;jp;.
1=1
Set, ~
Ualuyy) = Y aze Vg (y).
j=1

Then ¢ € C*(Z, E) is bounded and satisfies
(3:5) Ay =0 and ¢5(0,y) = ¢(y), yeY.

This proves existence. Now suppose that Jg is a second bounded solution of (3.4). Set
g =1y — 1. Then g € C*(Z, E) is bounded and satisfies

g(u,y) =0, yeyY.

If we expand g in the orthonormal basis {¢;}en it follows that

9(u.v) = 3o (bju+a)oiw) + 3 BV +ae VI (),

where m = dimker Ay . Since g is bounded, it follows that b; = 0 for all j € N. Using that
9(0,y) = 0, we obtain a; = 0 for all j € N. This proves uniqueness. O
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Now we can proceed as above. Given p € C®(Y, E|Y), let v € C®°(X — Y, E)N C°(X, E)
be the unique solution of (3.4). Then the Dirichlet-to-Neumann operator is defined by

0 0
(3.6) Ry = %(MM”@M_(?_U(WZ)‘@Z'
Next we establish some properties of R.

Lemma 3.2. There exist a smoothing operator K such that
R=2/Ay + K.

Proof. Since X —Y = M U Z, R can be written as
R = Rint + Rext:

where R;, is the Neumann jump operator on M. It is defined as follows. Given ¢ €
C>(Y,E|Y), let ¥y € C®(M,E)NC°M, E) be the unique solution of
AYpr=0 on M, |y =¢
Then R, is defined as
O

Rin =5
of ou ly

Similarly let 1, € C®(Z, E) N C°(Z, E) be the unique bounded solution of
App=0 on Z, thly=¢

Set 5

ReXt(QO) = au2
As explained above, 1) is given by

(p, dj)e V";(y).
j=1
Hence we get
81/1 -
2 Z {0, 95)0;(y) = (VAre)(y)-

Thus R = v/Ay. By Theorem 2.1 of [Le3] it follows that R;,, = v/Ay + K, where K is
a smoothing operator. This proves the lemma. [l

In particular, it follows that R is an elliptic pseudodifferential operator of order 1.

Lemma 3.3. For every ¢ € C*(Y,E|Y), R(A\)¢ is a continuous function of A € [0, 00)
and

,\li>r(r)1+ R(\)¢ = Re.
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Proof. Let A > 0. As above, R(\) can be written as
R(A) = Rint(A) + Rexi(N)-
Given ¢ € C®(Y, E|Y), let () € C°(M —Y, E)NC°(M, E) be the unique section which
satisfies (A + A)91(A) = 0 and ¢ (A\)|y = ¢. Let ¢ € C°(M, E) be any extension of ¢
which is smooth up to the boundary. Then
Y1(A) = ¢ — (Ao + 2) 7 ((Aw + 2)(9)).
Since Ays,p is invertible, this formula also holds for A = 0. From this representation of

1(A) it follows immediately that R, (\)é converges to R;,.é as A — 0+. Next observe
that the unique bounded solution () € C*°(Z, E) N C°(Z, E) of

(A+XYe(\) =0 on Z, a(Nly=¢

is given by
)\ u, y — Z *()\j+)\)1/2u¢j(y)'
j=1
Then Rey(A)@ := 0a(N, u.y)/0uly—o and it follows that R..(\)¢ is continuous in A €
[0,00) and R.,;(\)¢ converges to R..¢ as A — 0+. O

Corollary 3.4. The operator R is formally selfadjoint and nonnegative.

Proof. As explained above, for every A > 0, the operator R()) is formally selfadjoint and
positive, and therefore the claim follows immediately from Lemma 3.3. [l

Together we have proved that R is a first order elliptic pseudo-differential operator which
is formally selfadjoint and nonnegative. Hence the regularized determinant det R is well-
defined.

Our next purpose is to study the bahaviour of the bounded operator R(A)~! as A — 0.
First we recall some facts about the spectral resolution of A. For more details we refer to
[Mu4]. We have

L2(X, B) = L3(X, E) ® L(X, B),
where

L(X,E) = EB&:

is the discrete sum of the eigenspaces of A Wlth eigenvalues 0 < A\; < A\ < ---. Each
eigenspace is finite dimensional. The orthogonal complement L?(X, E) of Li(X, E) is
the absolutely continuous subspace for A. It can be described in terms of generalized
eigensections E(¢;, A) attached to the eigensections ¢; of Ay. Each E(¢;, ) is a smooth
section of F and satisfies
AE(¢j’ )‘) = )‘E((/ﬁj’ )‘)

Of particular importance for our purpose are the generalized eigensections E(¢, \) attached
to ¢ € ker Ay. Let p; > 0 be the smallest positive eigenvalue of Ay. If we put A = s?
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and regard E(¢, \) as a function of s, then E(¢, s) has an analytic continuation to the disc
|s| < . Let
S(s) : ker Ay — ker Ay, |s| < 1,

be the corresponding scattering matrix. It is also holomorphic for |s| < p; and on Rt x Y
we have

(3.7) E(, s, (u,y)) = €™ ¢(y) + e (S(5)9) (y) + ¥(s),

where ¢(s) is in L% Let 0 < p < py and let P, be the spectral projection of A onto [0, p].
By (3.3) we have

(3.8) RA) ' =pyo P, (A+XN) (- ®dy)+ py o (Id—P,)(A+ N '(-® dy).

First we study the second operator on the right. Let
iy : L*(Y,E|Y) — H (X, E)

be the map which is defined by iy (p) = @dy. Then iy is continuous. Furthermore the
restriction map py defines a continuous map

py: HY(X,E) — L*(Y, E|Y).
Since (A + \)~': H-Y(X,E) — H'(X, F) is continuous, we get a continuous map
py o (Id=P,)(A+ N oiy: L*(Y,E|Y) — L*(Y, E|Y).
Lemma 3.5. There exists C > 0 such that
| by o Id —P)(A+X) " oiy ||2< C
for all A > 0.

Proof. Let ¢ € H™'(X, E). Then || ¢ ||g-1=|| (A +1d)~*2¢ || ;2. Hence we get
I (1d =P) (A +X) 7 = (A +1d)(Id =F,) (A + A)7HA +1d) ™2 || 2
<A +I)Ad=P)A+ ) ez - [T la- -
Using the spectral theorem we get
| (A+Id)Id—P)(A+ X)) l2< 1+ 1/p
for A > 0. This implies
I (0d =P)(A+ )" lpg-1an< 1+1/p
for A > 0. Since 7y and py are continuous, the lemma follows. O
It remains to consider the first operator on the right hand side of (3.8). This is a smoothing

operator whose kernel R(y;, y2, A) can be described as follows. Let {¢;} be an orthonormal
basis of eigensections of A with eigenvalues 0 < Ay < Ay < --- and let ¢q,..., ¢, be an
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orthonormal basis of ker Ay. Then it follows from the explicite description of the spectral
resolution of A (see [Gu], [Mu4]) that

R(yr,y2,A) = Y (A +2) 'o;(91) ® 0;(10)

AiLu

(3.9) L
_WZ/O (82+)‘)71E(¢j555y1) ®E(¢ja_8,y2)d8
j=1

We shall now determine the behaviour of this kernel as A — 0. The behaviour of the first
sum is obvious and we only need to investigate the second sum.

Lemma 3.6. Let ¢q, ..., ¢y, be an orthonormal basis of ker Ay. Then

> E(¢),5,51) @ E(¢),—s, 1)

Jj=1

is an even function of s, |s| < .

Proof. We recall that the generalized eigensections and the scattering matrix satisfy the
following functional equations. Let ¢ € ker Ay. Then

E(st _8) = E(S(_S)¢7 S)a

(3.10) S(s)S(=s) =1d, S(s)' = S(s), |s| < .

Let ¢1, ..., ¢, be an orthonormal basis of ker Ay. Then there exist analytic functions a;;(s),
i,j =1,...,m, defined in |s| < pq, such that

(3.11) S(s)pi = ai(s)pj, i=1,..,m.
j=1
Using (3.10) and (3.11) we get
ZE(¢J" —S, Z/l) ® E(¢j’ s y2) = ZE( (_ )¢j’ Sayl) ® E(S(8)¢j’ -5, y2)
j=1 j=1

Z Ak aJl (¢k55,y1) ®E(¢l,—8,y2).

J=1

INgE

1

ol

j
By (3.10) the matrix A(s) = (ai;(s)):; is symmetric and satisfies A(—s)A(s) = Id. This

implies
m m

ZE(¢]7 _Sayl) ® E(d)j’ SayQ) = ZE(¢J7 Sayl) X E(¢J7 _8:y2)

as claimed. O
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By Lemma, 3.6 there exists a smooth section E(s) of EXE over X x X which is holomorphic
for |s| < p such that

ZE(¢jaSay1) ® E(¢]’ _57y2) = ZE(¢Jaoayl) ® E(¢j707y2)
j=1

(3.12) P

+5°E(s, (y1, 12),  |s| < p.

b ds T 1
= —— 400\
/032+A 2V ™

as A — 0. Together with (3.12) we get

m w
iﬁ Z/O (s* +X)'E(¢), 5,41) ® E(6), —5,12)ds
j=1

Note that

\/_ZE ?,0,y1) ® E(¢;,0,y2) + O(1)

as A — 0. To continue we consider the the scattering matrix S(0) at zero energy. It
satisfies
S(0)? =1d.

Let ¢ € ker Ay. If S(0)¢ = ¢ then it follows from (3.7) that on RT x ¥ we have

E(¢,0) =26+ ¢,
where ¢ € L>(RT x Y, E). If S(0)¢ = —¢, then E(¢,0) = 0 [Mu2, p. 209]. Let

ker Ay =Vt V-
be the decomposition of ker Ay in the +1- eigenspaces of S(0). Then V' equals the space

of limiting values of extended solutions of A [Mu2]. Let ¢1,. .., ¢ be an orthonormal basis
of V* and let @y, ..., ¢, be an orthonormal basis of ker A. Define the kernel R; by

1 m
(313)  Ri(y,y2,A) = 5 > 0ilyn) ® 0;(1) + \/— ZE $5,0,51) ® E(9;5,0,y2).
7j=1
Let Ri(\): LAY, E|Y) — L*(Y,E|Y) be the operator defined by this kernel. Together
with Lemma 3.4 we obtain

Proposition 3.7. There exists a bounded operator Ry()\) : L*(Y, E|Y) — L*(Y, E|Y) such
that

RO = Ri(A\) + Ro(A), A >0,
and || Re(A) || is uniformly bounded as A — 0.

Let H C C*(X, E) be the subspace spanned by ker A and E(¢1,0),..., E(¢;,0). Then H
is the subspace of all bounded sections ¢ € C*°(X, F) such that A¢ = 0. Set

Hy = py(H).
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Lemma 3.8. The restriction map py : H — Hy is an isomorphism.

Proof. Let ¢ € H. Then A¢ = 0 and ¢ is bounded. Suppose that py(¢) = 0. This means
that ¢|y = 0. By the uniqueness of the Dirichlet problem, it follows that ¢ = 0. Thus py
is injective and hence an isomorphism. O

Lemma 3.9. ker R = Hy.

Proof. Let ¢ € Hy. Then there exists ¢ € H with ¢|y = ¢. Moreover 9 is bounded and
At = 0. Thus ¢ is a solution of the Dirichlet problem (3.4). Since % is smooth on X, it
follows that R = 0. Now suppose that ¢ € ker R. Then there exists a bounded solution
¥ of (3.4) such that

0 0
%(QMM”BM = %(Wz) ‘az‘

This implies that Ay = 0 in the sense of distributions. By elliptic regularity it follows that
¢ € C°(X, E) and Ay = 0. If we expand ¢|z in the orthonormal basis {¢;};en we get

P(u,y) = Z%fﬁj(y) + ) aje" VY, (y),

j=m+1
where m = dimker Ay. Let ¢ = 7", a;¢;. Then we get
w|Z = QS + ¢la
where ¢, € L2. Put ¢ = ¢ — sE(¢,0). Then it follows that ¥ € ker A. This implies that
v eH. O

Let (-,-)y be the inner product in Hy induced by the inner product in L?(Y, E|Y). Let
©1,...,¢r be an orthonormal basis of ker A. Set ¢; = py(¢;), if 1 < i <k, and ¢4, =
sov(E(9;),0)), if 1 < j < L. Set a; = (¥i,¥j)y, 1 < i, < k+1 and let A be the
(k +1) x (k + [)-matrix with entries a;;, ¢,j = 1,...,k +[. Then the main result of this
section is the following theorem.

Theorem 3.10. Let k = dimker A and | = dimV*. Then
logdet R(\) = (k +1/2)log A — logdet A + logdet R + O(\)
as A — 0+.

Proof. The proof is analogous to the proof of Theorem B of [Lel]. Let
0<m(A) < < (X)) < g (A) < -
be the eigenvalues of R(\). By Lemma 3.9 it follows that
}\ig(l),uj()\) =0 for1<j<k+l,
and p;(A) > ¢ > 0for j > k+ 1. Then
(3.14) logdet R(\) = log(u1(A) - - - pr1(A)) + logdet R 4+ O(A)
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as A — 0. So it remains to determine the behaviour of log(ui(\) - -y (X)) as A — 0.
Let 71(A), ..., ng+1(A) be an orthonormal set of eigensections of R(\) corresponding to the
eigenvalues 1 (\), ..., pryi(A). Let 1 < j < k+ 1. By Proposition 3.7 we get

pi(A) 05 = (RO mi(A), i (N)) = (Ru(N)ma(A), m;(A)) + (Ra(N)mi(A), mi (V)
and the second term on the right remains bounded as A — 0+. By (3.13) the first term
equals

(Br(M)mi(A), (V) = (2p: 1 (A))x (p, M3 (M)

> =
(1~

(3.15) Y
72 ¢q: > < (¢qa ) ( ))Y
Set
~ o Jov(e), if 1<4<Ek,
Pi(A) = {#IJY(E(@,C,O)), ifk+1<i<k-+lI.

Let a;;(\) = (hi(N), ;(A)) and let A()) be the matrix with entries aij(N), 1 <i4,j <k+I.
Then (3.15) can be written as

Ry )(3), () = (AN Ay

and we get

1

()78 = SANAW)); +0(1)

as A — 0+. Note that (g()\)tg()\))w is bounded as A — 0+. Hence for i # j we get
(AN)'A(N))i; = O()) as A — 0+. This implies

(3.16) () - i (V)™ = A det (AN AN) (1 + O(V))

as A — 04. Now observe that A(A\)A())! is equal to the matrix with entries (t;()), Jj(/\)),

1<i4,5<k+1. Let
(ld, 0
C(A) - ( 0 )\1/4 Idl) :

Then it follows from the definition of A that
ANANE=C0)-A-C(N).
Together with (3.16) we obtain
(1 (N) -+ (V) = A2 det(A) (1 + O(N).
Taking the logarithm and inserting the result in (3.14), the theorem follows.
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4. PROOF OF THEOREM 1.1

Let A > 0. By Theorem 4.2 of [Ca] there is a polynomial P()) with real coefficients of
degree < (n — 1)/2 such that

det(A + X, Ag+ )
det(AM,D + /\)
All terms have asymptotic expansions as A — 0. Since Ay, p is invertible, det(Ay, p+ ) is
continuous at A = 0 and lim,_,o det(Ap;,p+A) = det(Aps,p). Next consider the polynomial
P(A). In the proof of Proposition 4.7 of [Ca], Carron has shown that the polynomial P(\)

can be computed in terms of the coefficients of the asymptotic expansion of Tr(e~*AY) as
t — 0. Let

(4.1) ="M det(R(N)).

Tr(e A7) ~ Z a;t= V24 04
=0

be the heat expansion. If n is even, we have P = 0, and if n = 2p + 1 then

L (1

P = —log(2) Y

= p=J)

\P—J
a; AP,

In particular, it follows that
P(0) = —log(2)(hy + ¢y (0)),

where hy = dimker Ay and (y(s) is the zeta function of Ay. Together with Corollary 2.2
and Theorem 3.10, Theorem 1.1 follows.

5. REGULARIZED DETERMINANTS ON A FINITE CYLINDER

In this section we study the regularized determinant of a Laplace type operator on a finite
cylinder over a closed Riemannian manifold Y. Let Ay : C*(Y, Ey) — C>(Y, Ey) be a
Laplace type operator on Y. For r > 0 set

Z, =1[0,7r] x Y.
Let E — Z, be the pull back bundle of Ey, i.e., E = [0,r] X Ey. Let
62
A= AZT = —@ + Ay : COO(ZT,E) — COO(Z,,-,E)

Then A is a Laplace type operator on Z,. Impose Dirichlet boundary conditions at 07,
and let Ap be the corresponding self-adjoint extension. Then Ap is positive definite. Let

0<p <pp<-v- = 400

be the eigenvalues of Ay, counted with multiplicity. Let (y(s) be the zeta function of Ay
and set
_I'(s—1/2)

(5.1) v (s) = WCY(S - 1/2).
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Sine (y(s) has at most a simple pole at s = —1/2, &y (s) is holomorphic at s = 0. The
main result of this section is the following proposition.

Proposition 5.1. Let hy = dimker Ay. Then
(5:2) det(Ap) = (2r)™ e O/2(det Ay) /2 T (1 - e=2v).

u; >0
Proof. The eigenvalues of Ap are given by

Aoy = i + (g)sz, k,leN

Hence the zeta function of Ap equals

Cap(s) = Z (Hl + (g>2k2)_s, Re(s) > @’

2
k,lEN

where d = dim Y. Let ((s) denote the Riemann zeta function. Then

(5.3) Cap(5) = hy (g)_% ) +3 3 (ul + (2)2 k?) " Re(s) > %.

Recall that ((0) = —1/2 and ¢’'(0) = —1/21og(27). Hence we get

(5.4) {(E) e}

Set

= —log2 —logr.
s=0

G(s) = Z Z(,ul + (2)2/3) _5, Re(s) > %

keN p; >0
By the Poisson summation formula we get

F(s)Cl (s) = Z/O e—Ht Ze—(w/r)2k2tts—1dt

w>0 keN
o T 2.2 1 T
= L — e TRty (— — 1) 5 Ldt
(5.5) ,;:o/ﬂ (V”% 2\t
T > 21,2

— —(ut+r2k?/t) 415—3/2
= — e t dt

AR

1 1
- §WF(8 = 1/2)Gr(s = 1/2) = 5T(5)Gr (5)-

Denote by T'(s) the integral-series on the right hand side. For a,b,c¢ # 0 and s € C set
Ky(a,b) = [[° e @H/Ms~1gt and K,(c) = [;° e (10514t
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It is proved in [La, p.270f] that the following relations hold
b S

(5.6) K,(c) = K_4(c), Ks(a,b) = (—) K,(ab), Ky/(c) = \/Ee_%.
a c

Furthermore, for every xy > 0 and o < 07 there exists C' = C(xg, 09, 01) such that
(5.7) |Ky(z)] < Ce™
for all x > x¢ and Re(s) € [0g,01] [La]. With this notation we have

T(s) \/—ZZKS 12(/ 1, k).

kEN p; >0

Using (5.6) and (5.7) it follows that 7'(s) is an entire function of s.. Especially it is

holomorphic at s = 0. Since by (5.6) we have K_;/5(a,b) = VT e—2ab e get
(5.8) =7 z Z VT e 2rvVik — Z log(1 — e~ 2"VH),
keN uz>0 >0
Thus by (5.5) we have
1 1 r I'(s—=1/2) 1
= ——T —-1/2) — - .
Cl(s) F(S) ( ) 2 \/— F(S) — 5 (v (8 / ) ZCY(S)
Using that &y (s) is holomorphic at s = 0, we obtain
1
(1(0) = T(0) + r&(0) - 5 (0).
Together with (5.3), (5.4) and (5.8) we get
1
Cap(0) Z log (1 — e #VF*) +r&,(0) — 5@(0) — hy(log2 + logr).
Hp>0
This implies the claimed equality. U

6. THE DECOMPOSITION FORMULA

Let (M, g) be a closed connected n-dimensional Riemannian manifold and let Y C M be
a separating hypersurface as in the introduction such that

M:MIUYMQ, MlmMQZY
We assume that the metric g is a product on a tubular neighborhood N of Y. For r > 0
let
Ml,r = M1 U ([—7‘, 0] X Y), MZ,T = M2 U ([0,7‘] X Y),
where we identify Y with {—r} x Y in the first case and with {r} x Y in the second case.

Set
Mr = Ml’»,- U{O}XY MQ,T, N'r = [—7', 7'] x Y.
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Then
(61) Mr = Ml Uy N’r Uy MQ,

where OM, is identified with {—r} x Y and 0M, with {r} x Y. The metric g on M has
an obvious extension to a metric on M,. Furthermore, let

Mi,oo:Mi Uy (R+ X Y), 1= ]_,2

Let Ay : C®°(M, E) — C*(M, E) be a Laplace type operator as in the introduction. and
let Ay, be its canonical extension to a Laplace type operator on M,, i.e. Ay, is uniquely
defined by
32
Ay, N, = 5
Let Ay, = Aly, and let Ay p be the selfadjoint extension of Ay, @ CX(M;, E) —
L*(M;, E) with respect to Dirichlet boundary conditions. We assume that Ay, p and
A, p are invertible. Let Ay, p denote the selfadjoint extension of
82
——— 4+ Ay : C®(N,,E) = L*(N,,E
o+ Ay CF(N,, E) > X(N,, )
with respect to Dirichlet boundary conditions. Let Y., := {£r}xY and denote by 3, C M,
the hypersurface

+ Ay.

M; == A|Mza AMT

Yo=Y  UY,.

Given z € C—R™, let R,(z) be the Dirichlet-to-Neumann operator associated to (A, +z)
and the hypersurface X,. We recall the definition of R,(z). Let ¢ € C*°(%,, E,|X,). There
exists a unique section ¢ € C®°(M, — %,, E,) N C°(M,, E,) such that

(Apy, +2)p=0 on M, —%,;

(6.2) p=¢ on X,.
Then R,(2)(¢) is given by
0 0
s R (2) @)y, = 5 (@) loas, = 5, (21w ..
' 0 0
R.(2)(9)]y, = a—u(<P|Nr) v, 8_u(90|M2)‘3M2'

Now we apply the Mayer-Vietoris formula of [BFK], specialized to our case. We note that
Theorem 1.4 of [Ca] also holds in our case, where M, — X, consists of three components.
Thus there exists a polynomial P(z) with real coefficients of degree < (n —1)/2 such that
for every z € C—R™ :

det(Aypy, + 2)
det(An,,p + z) det(Any,p + 2) det(Apsy.p + 2)

Since we assume that the metric of M, is a product on a tubular neighborhood of ¥, the
polynomial depends only on Y and can be computed as follows. Let (y (s, z) be the zeta

= eP®) det R, (2).



DECOMPOSITION OF DETERMINANTS 23

function of Ay + z. Then it follows from [PW1, Theorem 6.3] and also from the proof of
Proposition 4.7 of [Ca] that

P(Z) = —2Cy(0,2).
Thus
det(AMT + Z)

6.4
(6-4) det(An, p + z)det(Ap, p + 2) det(Apgp,p + 2)

= 272v(0=2) Jet R,(2).

Now take z = A > 0 and consider the limit as A — 0 of the left and right hand side of
(6.4). Since Ay, p, @ = 1,2, and Ay, p are invertible, it follows that

(65) ll_I)I(l)det(AM“D-i-)\) = det AMi,D; lgr(l)det(ANr,D-i-/\) = det ANT,D-
Let h, = dimker A,;,. Then

det(AMT -+ A) = )\hT det(AMT |(kerAMT)J- + )\)
and therefore we get

(6.6) lim det(Ayy, + M)A = det Ay, .

A—0
Also note that

(6.7) lim G (0,A) = G (0) + hy,

where hy = dim ker Ay. It remains to consider the limit of det R,(A) as A — 0. Let
pr: C=(M,, E,) > C=(S,, BI%,)

denote the restriction operator. Let H, := p,(ker Ay, ).

Lemma 6.1.
pr s ker Ay — H,

1$ an isomorphism.

Proof. Let ¢ € ker Ay, and suppose that ¢|s, = 0. Let 0 = ¢|n,. Then Ay 1) = 0 and
Y|an, = 0. Since Ay, p is invertible, it follows that ¢ = 0. In the same way we get ¢|p;, = 0,
1 =1,2, and hence ¢ = 0. Thus p, is injective and therefore an isomorphism. O

Let Ay, p be the selfadjoint extension of

Ay, 1 C (M, — %,,E,) — L*(M,, E,)

with respect to Dirichlet boundary conditions. By our assumption, Ay, p is invertible and
hence, the Dirichlet-to-Neumann operator R, associated to A, with respect to ¥, C M,
can be defined in the same way as R,(z).

Lemma 6.2. We have
ker R, = p,(ker Ay ).
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Proof. Let ¢ € ker Ay and let ¢ = p, (). Then ¢ is a solution of the Dirichlet problem
with boundary value ¢. Since ¢ is smooth on M,, it follows that R,.(¢) = 0. Now suppose
that ¢ € ker R,. Then there exists ¢ € C*®(M, — %) N C°(M,) such that Ay, = 0 on
Mr - Era §0|2T = ¢ and

0 0

0
%(SO\MJ\BMI = %(SO\NT)

0
Y_,’ a_u((p|Nr)

Y, a_u(90|M2)‘8M2'

This implies that Az ¢ = 0 in the distributional sense. By elliptic regularity we conclude
that ¢ € ker Ay, and p.(¢) = ¢. O

Let ¢1, ..., op be an orthonormal basis of ker Ay, . Set

bij = (pr(@1)s Pr(@s))ss 45 =1,p
and let
By = (bij); j-1-
Then B, is a symmetric invertible matrix.

Proposition 6.3. Let h, = dimker Ay, . Then
logdet R,.(\) = h, log A — logdet B, + logdet R, + O(\)

as A — o0.

Proof. We use Lemma 6.2 and proceed in the same way as in the proof of Theorem (3.10).
O

Combining (6.4)-(6.7) and Proposition (6.3) we obtain

logdet(Ay;,) =logdet Ay, p + logdet Ay, p + logdet Ay, p

6.8
(6.8) — logdet B, + logdet R, — 2({y (0) + hy) log 2.

Let Z=R" x Y and let Aj be the selfadjoint extension of the symmetric operator

2
—% + Ay : C%(Z,E) = [X(Z, E)

with respect to Dirichlet boundary conditions at 0Z = {0} x Y. Let R; « be the Dirichlet-
to-Neumann operator for A; o, with respect to the hypersurface Y = {0} x Y C M, . Let
A; be the Grahm matrix defined by the restrictions of the extended L%-solutions of A;
to Y as in Theorem 3.10. By Theorem (1.1) we have

log det(A; o, Ag) = logdet R; o + logdet Ay, p — logdet A;
— (¢y(0) + hy)log 2.
Together with (6.8) we get
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Proposition 6.4. Let the notation be as above. Then

logdet Ay, =logdet Ay, p — logdet B, + logdet R,
(6.9) 2
+ Z(log det(Aj 00, Ag) — logdet R; « + logdet A;).

=1

Our next purpose is to study the behaviour of the various terms in this equality as r — oo.
This, of course, will require additional assumptions. We begin with the consideration of
det R,.

To this end we need to describe the operator R, more explicitely. Let (; denote the
Neumann jump operator on M;. In the proof of Lemma (3.2) we established the following
equality

Let Py : L*(Y, E|Y) denote the orthogonal projection onto ker Ay. Let

h,(z) = L

sinh(2+/zr)
Define
K, : LAY, BIY) @ LX(Y, E|Y) — LX(Y, E|Y) & LA(Y, B|Y)
by
1 L (e VA _Id
(611) Kr = <2_7"P0 + hr(AY)PO > ( —Id 6—2\/E7‘
Set
_(Riw 0

(6.12) Ry = ( 0 Rm) .

Recall that 3, 2 Y UY. Using (5.8) and the formula at the bottom of p. 4104 of [Le3], it
follows that

R, : C®(Y,E|Y)® C®(Y,E|Y) = C*(Y, E|Y) ® C*(Y, E|Y)

is given by

(6.13) R, = R + K,.

Next observe that K, is a trace class operator and its trace norm || K, ||; satisfies
(6.14) | K, > 0.

By Corollary 3.4, R; ~, i = 1,2, are selfadjoint nonnegative operators in L?(Y, E|Y).
Lemma 6.5. Suppose that R; >0, 1 =1,2. Then
lim det R, = det R o - det Ry o.

T—00
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Proof. This is proved in [Le3, Lemma 4.1 |. For the convenience of the reader we recall the
proof. It follows from (6.12) and the assumptions that R., > 0. By (6.14) it follows that
there exists ry > 0 such that the operator R, + tK, is invertible for 0 < ¢ <1 and r > rq.
Thus

1
d
logdet(Ro + K) — logdet Ry, = / 7 log det(Ry + tK,)dt
0

1
1
:/ Tr((Re +tK,) 'K,)dt < — || K, ||,
0 2o

where Ay > 0 is the smallest eigenvalue of R,,. The lemma follows from (6.14). O

Let H;, 7 = 1,2, be the space of extended L?-solutions of A; .. By Lemma (3.8) and Lemma
(3.9) it follows that R; « is invertible if and only if H; = {0}, and the latter condition is
a consequence of ker Ay = {0} and ker A; ., = {0}. Furthermore, if Ry is invertible, it
follows from (6.13) and (6.14) that R, is invertible for » > rq. By Lemma 6.1 and Lemma
6.2, R, is invertible if and only if ker A,;, = {0}.

Using these observation together with Proposition (6.4) and Lemma (6.5), we obtain

Corollary 6.6. Suppose that ker Ay = {0} and ker A; o = 0, i = 1,2. Then Ay, is
wnvertible for r > ry and

det A
lim —— =2 = det(Ay 00, Ag) - det(Ag,o0, Ao).

r—oo det ANT,D

The asymptotic behaviour of det Ay, p as 7 — oo is described by Proposition 5.1. Using
this result, Theorem 1.2 follows.

Next we consider a compact Riemannian manifold (Xj, g) with a nonempty boundary Y.
We assume that the metric is a product on a collar neighborhood N = (—¢,0] XY of Y in
Xo. Let

AXO: COO(X(), E) — COO(X(), E)
be Laplace type operator as above such that on N it equals —9%/0u? + Ay. For r > 0 set
Z,=[0,/]xY, and X, =X, Uy Z,

where {0} x Y C Z, is identified with 0X, = Y. Let X, = Xy Uy (R" x Y) be the
corresponding manifold with a cylindrical end. We extend Ay, in the obvious to Laplace
type operators Ax, and Ay on X, and X, respectively. Let Ay, p and Ay p denote the
Dirichlet Laplacians associated to Ax, and Ay , respectively. Furthermore, let R, be the

Dirichlet-to-Neumann operator associated to the decomposition X, = XqU Z,.. Let A > 0.
Then by Theorem 4.2 of [Ca] we have

det(AX“D + )\)
det(AXO,D + )\) det(AZ“D + )\)

(6.15) = 270N det R, ()).
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As above, we let A — 0. Note that Az p is invertible. Assume that Ax, p is invert-
ible. Then as A — 0, the determinants converge to the determinants of Ax, and Ay,
respectively. Furthermore as in Lemma 6.2 it follows that

(6.16) ker R, = py(ker Ay p).
Hence R, is also invertible and
logdet R.(\) = logdet R, + O(\)
as A — 0. Thus taking the limit A — 0 of both sides of (6.15), we get

det AXT,D
det AXO,D det AZT,D

Now recall that by Theorem 1.1 we have
logdet(Ax, Ag) = logdet Ry, + logdet Ay, p —logdet A —log(2) (¢y(0) + hy).
Combining this equality with (6.17) we obtain
logdet Ax, p =logdet Ay, p +logdet R, — logdet Ry
+ det(As, Ag) + logdet A.

To study the behaviour of det R, as r — 0o, we proceed as above. Let

_ Ve
fT(x) - Sinh(r\/f)’

(6.17) =27 det R,.

(6.18)

z € R

Define the operator
L.: L*(Y,E|Y) — L*(Y, E]Y)
by

1
(6.19) L, := (;Po + fr(AY)P()¢> e TVAY

where P, denotes the orthogonal projection onto ker Ay. Then
R, = Ry + L,.

Suppose that ker Ay = {0} and ker A, = {0}. Then it follows from Lemma 3.9 that
ker Ry, = {0} and by Lemma 4.1 of [Le3] we get
lim det R, = det R..

T—00

Since || L, ||— 0 as r — oo, it follows that R, is invertible for » > ry. By (6.16)
this implies that Ay, p is invertible for r > r5. Under the same assumptions we have
det A = 1. Together with (6.18) we get

Proposition 6.7. Suppose that ker Ay = {0} and ker A, = {0}. Then

. detAX D
lim ——"2 — det(An, A).
riglo det AZ,,D det( O)
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Using Proposition 5.1, it follows that as r — oo,
(6.20) det Ax, p ~ e " 072 (det Ay) % det(Ano, Ao).

We apply (6.20) to det Ay, ,,p, ¢ = 1,2, and compare the asymptotic behaviour with (1.11).
In this way we get
. det AMT
lim

r—oo det AMI,T;D det AM2,r=D

= (det Ay)'?

which is the statement of Corollary 1.5.

7. BOCHNER-LAPLACE OPERATORS

In this section we study the case where A is a connection Laplacian. To begin with we
consider a manifold with a cylindricalend X = M Uy Z, Z =R" x Y. Let FF — X be a
Hermitian vector bundle over X such that F|g+xy = pry (Fp) for some Hermitian vector
bundle Fj over Y. Let V be a metric connection in F such that on R x Y it has the form

(7.1) V=d,®ld+d® VY,
where VY is a metric connection on Fj. Let

A=V'V, Ay=(V)VY
be the associated Bochner-Laplace operators. Then

2
(7.2) A:—%—FAY on Rt x Y.

Let A be the unique selfadjoint extension of Ax in L2.

Let {¢;}ien be an orthonormal basis of L2(Y, F|Y) consisting of eigensections of Ay with
eigenvalues
0< Spg <o = +00.

Lemma 7.1. We have -
ker A = {0}.
Proof. Let ¢ € C*(X, F) be a square integrable solution of Ap = 0. Then
0=(V*Vp,0) = Ve [*.

Thus Vi = 0. Since ¢ is square integrable, it has the following expansion on Rt x Y in
terms of the orthonormal basis {¢; }ien :

(73) (10(”’ y) = Z Cie_\/u_iud)i(y)a u € R+a ye Y.
;>0
Furthermore,
9

5, (WY) =Vap=0.

Using (7.3), it follows that the restriction of ¢ to Rt x Y vanishes. Since Vi =0 and V
is a metric connection, it follows that d || ¢ ||?= 0 and hence ¢ = 0. O
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Let
kerAy =V V-

be the decomposition into the +1-eigenspaces of the scattering matrix S(0) (cf. §2) and
let

R:C*(Y,F|Y)— C*(Y,F|Y)
be the Dirichlet-to-Neumann operator with respect to the hypersurface
Y={0}xY CX.
Lemma 7.2. We have
kerR=V".

Proof. Let H C C*(X, E) be the space of bounded solutions of Ay = 0. By Lemma (3.9)
we have ker R = py (H). So it suffices to prove that

py(H) =V
Let ¢ € H. For r > 0 let X, = M Uy ([0,r] x Y). Using integration by parts, we get

0= / (V" Vo), o)) de

- [ woteyas— [ (gt ()

Since ¢ is bounded and satisfies Ap = 0, it has the following expansion on Rt x Y:

(7.4)
dy.

u=r

75 Py =Y as)+ Y he Vo)

i=hy+1

where hy = dimker Ay. This implies that the second integral on the right of (7.4) is
exponentially decreasing as r — oo. Hence V¢ = 0. In particular, it follows that

0
%w(u,y)=0, UER+=?JEY

Together with (7.5) we get
(7.6) 0|z = ¢ € ker Ay.

Thus py(H) C ker Ay. Now recall that ¢ € A if and only if there exist ¢ € VT and
v € L*(Z,F) such that |z = ¢ + 1. By (7.6) it follows that 1) = 0. This proves that
py(H) =VT. 0

Let A be the matrix that occurs in Theorem 1.1.

Corollary 7.3. We have
det A =1.
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Proof. Recall the definition of A. Given ¢ € V', let %E((b, 0) be the extended solution of A x
with limiting value ¢. Let ¢4, . .., ¢, be an orthonormal basis of V. Let ¢; = 1py (E(9,0)).
Since by Lemma (7.1) ker A = {0}, it follows that the entries of A are a;; = (1;,;)y. By
Lemma (7.2), we have $py (E(¢,0)) = ¢ for ¢ € V. Hence a;; = §;;. O

Now consider a compact Riemannian manifold (M, g) and a Hermitian vector bundle £ —
M as in the previous section. Let V be a metric connection on £ such that on the tubular
neighborhood N =[-1,1] x Y of Y in M

(7.7) V=d,®ld+1d®V",
where VY is a metric connection on Fy = E|Y. Let
Ay =V*V.

Let £, — M, and E; ., = M, « be the canonical extensions of the vector bundle £ — M
to vector bundles over M, and M, , respectively. By (7.7), V has a canonical extension
to a connection V" on E, and V** on E, ., 1 = 1,2, respectively. Then

Ay, = (V)V", Ajgo = (VWO)PVH®, (=12
Recall that the Dirichlet-to-Neumann operator R, is a selfadjoint operator in C*(Y, E|Y)®
(Y, E|Y).

Next we determine ker R,.. Let V;* C ker Ay be the subspace of limiting values of extended
L%-sections of A; w0, i = 1,2.

Lemma 7.4. We have
ker R, = {(6,0) | 6 € Vi NV;'}.

Proof. By Lemma 6.2 we have
ker R, = p,(ker Ay, ).
Let ¢ € ker Ay, . Then
0=(V'Vg,¢0) =|| Vg |I*.
Thus
(7.8) V=0 forall p€kerAy .

Next observe that the restriction of ¢ to N, satisfies
82
<_W+AY) So(uay):()a u € [_T,T], yEK
and hence the expansion of |y, in the orthonormal basis {@; }icn is of the form

hy [e's)

o(u,y) = Z(ai + biu)di(y) + Z (cie” VY 4 d;evFi™) g, (y).

=1 i=hy+1
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By (7.8) it follows that 2¢(u,y) = 0, u € [—r,r]. Hence we get

(7.9) www=iy@w%(ww€M-

Actually, by our assumptions this holds on a slightly larger collar neighborhood of Y.
Denote the right hand side by ¢. Then ¢ € ker Ay and it follows that

pr(go) = ((P(—T, ')a <P(7'a )) = (¢a ¢)
Furthermore, let ¢; = ¢|M;, i = 1,2. Then ¢; satisfies

AMﬁ/’i =0 and 90i|(—s,0]><Y = ¢.
Thus ¢;, i = 1,2, has a unique extension ¢; to an extended L2-solution of A; , with limiting
value ¢. This implies ¢ € V;" NV,". On the other hand, suppose that ¢ € V" N V,". Let
$; € C°(M; 00, Fi o), © = 1,2, be an extended L?-solution with limiting value ¢. By (7.6)
we have

Pil(—e0xy = &

Thus we can patch together ¢;|M; and @9| My to a section ¢ € ker Ay, with p,.(¢) =
(¢, ) O

Lemma 7.5. For all v > 0 there exists an isomorphism

Jr  ker Ay — ker Ay,

Proof. Let ¢ € ker Ayy,. By (7.9), there exists ¢ € ker Ay such that

(7.10) o(u,y) = d(y), (u,y) € N;.

Note that by our assumption, V is the product connection on a slightly larger tubular
neighborhood N, .. of Y and (7.10) continues to hold on N, .. Set

By (7.10), it follows that
(7.11) ¢1|6M1 = wQ‘aMQ'
Define ¢y € C*°(M — Y, E)NC°%(M, E) by
M
() = Ui(z), € M,
o(z), x € Ms.

By the above observation, there exists a tubular neighborhood N, = (—¢,€) x Y of Y such
that ¥|n. = ¢. Hence ¥ € C*°(M, E) and Ay = 0. By construction, the map

Jrip €ker Ay, — 1h € ker Ay

is injective and the inverse map can be defined in the same way. This proves that j, is
surjective. O

Corollary 7.6. The dimension of kerys, s independent of r.
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Put
q = dimker Ay .

Let the matrix B, be defined as in the previous section. Our next purpose is to study the
behaviour of det B, as r — oo. To this end we need some auxiliary result. Let

P, : C®(Y,E|Y) = C®°(M;,E), i=1,2

be the Poisson operator. Recall that for ¢ € C=(Y, E|Y), P;(¢) is the unique solution of
the Dirichlet problem

Aph =0, Ylon, = o
Lemma 7.7. There exists C > 0 such that
| B@) ISClloll, ¢€kerAy, i=1,2.

Proof. There exists a collar neighborhood (—¢,0] X Y of Y in M; such that
82
(712) AM1 = —@ + AY on (—6, O] X Y.
Let f € C*(R) be such that f(u) =1 for u > —¢/4 and f(u) = 0 for u < —¢/2. Given
¢ € C®(Y,E|Y), set

o(u,y) = f(u)d(y), u€ (—¢0], yeYy,

and extend (75 by zero to a smooth section of £ — M;. Then

(7.13) Pi(6) = ¢ — (Dusn) ™ (Aus6).
Let ¢ € ker Ay. By (7.12) we get

AMla = _g”¢'
Let A; > 0 be the smallest eigenvalue of Az, p. Then by (7.13) we get

1 Pi(8) IS Cill o] +)\i102 lelI<Cloll,
where C' > 0 is independent of ¢ € ker Ay. O
Lemma 7.8. Let ¢ = dimker R,.. Then
ridet B, =1+ 0O(r ")
as r — 0o.

Proof. Let ,.1,...,%, 4 € ker Ap; be an orthonormal basis of ker Ay . Then B, is defined
as

Br = ((pr(¢r,i)a Pr(%,k)))ik:l .
By (7.9), for each 7 > 0 and k,k =1, ..., ¢, there exists ¢, € ker Ay such that

(714) ¢7‘,k(ua y) = ¢T,k(y)’ u € [_T’ T]a RS Y.
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Let MO = M1 L MQ. Then

(7.15) ik = (Uri> Yrp) M, = <¢r,i‘M0, ¢r,k|MO>MO +27(¢ri, Drk)-

By (7.14) we have
pr(wr,k) = (¢k,ra ¢k,r)-
Hence by (7.15) we get

(716) <pr(¢r,i)7 Pr (’(/J'I‘,k)> = 2<¢r,i7 ¢'r,k> =
Furthermore, by (7.15)

S | =

(1 - (b

My’ ¢T’k|Mo>) :
1
(7.17) I 6 IP< o

Now observe that by (7.14) we have

wk,r‘aMi =¢kr, k=1,...,q
Moreover A4k, = 0. Thus
1/)r,lc‘M0 = ¢r,k|M1 + k|, = Pr(ns) + Po(0ks)-
Together with Lemma (7.7) and (7.17) it follows that there exists C' > 0 such that

Cc
1 k| gy 1< C Il i 11 NG

forall7? >0and k=1,...,q. Hence by (7.15) we get

(pr(r), pr(Prp)) = % <5i’“ +0 (%))

as 7 — oc. This implies r?det B, =1+ O(r1). O

Our next purpose is to study the behaviour of det R, as r — oo. Recall that by Lemma
7.2

(7.18) ker Ry, = Vit @ V5.
Furthermore, by Lemma 7.4 we have
(7.19) ker R, = {(¢,0) | ¢ € Vi" N5},

To study R, on the orthogonal complement of ker R, we need to introduce some auxiliary
subspaces of L2(Y, E|Y) @ L?(Y, E|Y). First put

(7.20) L=V Ny e niy).

By (7.18) we have L C ker R.,. Furthermore, it follows from (6.11) that on ker Ay @ker Ay
the operator K, is given by

1 (1d -1d
(7.21) K,zg(_ld Id).
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This implies that L is invariant under K,. Therefore, L is an invariant subspace for
R, = Ry, + K,. Let
W={(¢.—¢) o€ V" NV, }.
Then by (7.19) we get an orthogonal decomposition
L=kerR,®&W

and it follows from (7.20) that W is an invariant subspace of K, and hence of R,. Moreover
1
R, |lw=-1d.
T
Set
h12 = dlm(VfL N Vv2+)

Note that hjo = ¢ = dimker R,. Let L+ be the orthogonal complement of L in L*(Y, E|Y )&
L*(Y, E]Y). Then it follows that

(7.22) det R, = r~" det (R,|L").

So we can continue with the investigation of R,|L*. Let L; C V' @V, be the orthogonal
complement of L in V" & V;" and (ker Ry )* the orthogonal complement of ker Ry, in
L2(Y, E|Y) @ L2(Y, E|Y). Then

(7.23) Lt = L, @ (ker Ryo)*

with L; C ker R,. This decomposition is invariant under R.,, however, it is not invariant
under K, and hence, it is not invariant under R,. In fact, with respect to (7.23) we may

me= (2 200

where the operators A(r), ..., D(r) are defined as follows. Let II; denote the orthogonal
projection of L+ onto L;. Then

A(’f‘) = HlKTHla B(T) = HlKr(Id _Hl), C(T) = (Id _Hl)Krﬂl,

and

(7.24) D(r) = Rooger oyt + (1d —TTy) K, (Td —TT, ).

Recall that K, is a trace class operator whose trace norm || K, ||; satisfies
I K Jli=0(r")

as r — oc. Thus

(7.25) K,, = (Id-II;)K,(Id —II,)

is also a trace class operator with trace norm satisfying

(7.26) | Kiq 1= 0", r— oo

Furthermore, B(r) and C(r) are finite rank operators with
(7.27) I B(r) I, I C(r) lh=O(r™").
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Finally, A(r) is a linear operator in the finite dimensional vector space L; whose norm is
also O(r~'). This operator can be described more explicitely as follows. First note that
Ly C ker Ay @ ker Ay and hence we can replace II; by the orthogonal projection II, of
ker Ay @ ker Ay onto Ly. Let (V;" NV,;") C V.t denote the orthogonal complement of
VirnVytin Vit i =1,2, and let

P :ker Ay — (Vi nV;h)i
. Then II, = (P, P») and by (7.21)

7

be the orthogonal projection of ker Ay onto (V;*NV;")
it follows that

A(r) = 1 /(P 0 o Id -1Id o o0y _ 1 Py -P P
T \o »)°\-1d W 0 R) "2 \-RP P )
Regarded as operator in (VT N V;"){ @ (VT nV,)y, we get

(7.28) A(r) = % (_15132 _I?) :

Suppose that (¢,1) € L; is in the kernel of A(r). Then it follows that
¢=hPy, ="

Since ¢ € V" and ¢ € V,', it follows that ¢, € V;" NV," and therefore ¢ = ¢ = 0. Thus
A(r) is invertible and its norm satisfies

(7.29) | A(r) |[=ert, r>0.
for some constant ¢ > 0. Let
S:(VirnVihr e (Vitn Vg = (VifnVah e (Vit nh);

denote the restriction of the operator

< Id _Pl) - ker AY ) ker AY — ker AY &) ker AY

-P, 1Id
to the subspace (V;" N V,"){ @ (Vit NV,H)y. Set
(7.30) h:=dimV;" +dimV," — 2dimV;" N V;" and hyp:=dim V" NV,

Lemma 7.9. We have

lim r"t"2 det R, = 27" det(S) det Ry o, det Ry .

w0 = (" bin).

Since A(r) is an invertible operator in a finite-dimensional vector space and D(r) is invert-
ible for r > r¢, it follows that Ty(r) is invertible for r > r and

det Ty(r) = det A(r) det D(r).

Proof. Let
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1= (g V)

Then Ti(r) is a trace class operator with || 71(r) |li= O(r~!) as r — oo, and
R, =Ty(r) + T1(r)
Moreover To(r) + ¢T3 (r) is invertible for 0 < ¢ < 1 and r > ry. Put
To(r) = Ty(r)To(r) "

Let

Then for r > ry we get

1
logdet R, — logdet Ty(r) = / %]og det(To(r) + tT1(r)) dt
0

(7.31) = /O Tr (T4 (r)(To(r) + tT3(r)) 1) dt

= /lTr (To(r) (Id +tT(r)) " dt.
Set,
B(r) = B(r)D(r)™", C(r)=C(r)A(r)~".
Using the definition of Ty(r), we get
_ (0 B
0= (e °0)
By (7.27) and (7.29) it follows that

(7.32) | B(r) |=0("), [IC(r)]I=0(1)
as r — co. Thus o
B(r)C(r) 0
Ty(r)* = ( L )
0 C(r)B(r)

and by (7.32) we have
| To(r)* |=O(r™"), 7 — oo
Let r; > 0 be such that

for r > ry. Then
D Ta(r)* = (1d+Ta(r) Y To(r)*
k=0 k=0

is absolutely convergent and hence, Id +tT5(r) is invertible for 0 < ¢ < 1 and r > r; with

(Id +tTy(r)) " = itkTg(r)k.
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Moreover it follows that
(Id +tTy(r)) ™" = Id +tTo(r) + O(r™Y), r — oco.
Thus
To(r)(d +tTo(r)) ' = To(r) +tTa(r)> + O(r 1) = To(r) + O(r ).
Since Tr(Ty(r)) = 0, we get
Tr(To(r)(Id +tTo(r)) ™) = O(r ™).
Together with (7.31) this implies
| logdet R, — log det To(r)‘ < Or
Hence we get
det(R,|L")
det Ty(r)

As observed above, det To(r) = det A(r) det D(r). Using the definition of D(r) by (7.24)
and that R |(ker Ry)" is invertible, it follows as in Lemma 6.5 that

lim det D(r) = det Ry o det Ry .

T—00

Let h and hys be defined by (7.30). Note that
h = dim(Vi" N V3H)E + dim(V;F 0 V3h)L
Then by definition of A(r)

=1+0(r™"), r— o0

det A(r) = (2r) " det S.
So combined with (7.22) we get
lim r"*thM2 det R, = 27" det(S) det Ry o det Ro -

T—00

O

Next we express det(.S) in terms of the scattering matrices S1(0) and S5(0). Let V' = ker Ay
and set

V=Ve (Vi nWp)e (i niy)).
Lemma 7.10. Let Ci5 = S1(0)S5(0)|Va. We have
det(S) = det ((Id —C12)/2) .

Proof. First we consider the following special case: Assume that

(1) Vi'nVyr ={o}, Vi nVy = {0},
(2) dimV = 2p and dim V;* =dimV,” =p, i = 1,2,
(3) P : V,m — V" is an isomorphism.
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Let ey, ..., ea, be an orthonormal basis of ker Ay such that e, ..., e, is an orthonormal basis
of V;* and ey1, ..., €9, is an orthonormal basis of V;~. Let fi,..., f, € V," be such that

Pl—i_(fz) = €4, 1= 1,...,p.
Then there exists a symmetric matrix A = (a;;) € GL(p, R) such that

p
fi:ei+zaijep+ja 7’:1aap
7j=1
Let A~! = (by) and put

p
fp—Hc :ek+zbklep+ka k= 1,...,p.
=1

Then (fi, fo+;) =0, 4,7 =1,...,p. Thus f,4; € V57, j = 1,...,p. Furthermore P;"(f,4;) =
ej. Thus fyi1,..., fop is a basis of V;, . By definition the matrix 7" which transforms the
basis (e1, ..., €p) into (fi, ..., fop) is given by

Id A
r= (Id —A1> '
Since A is symmetric, it follows that (A% + Id) is invertible and one immediately verifies
that the inverse of T is given by

(A2 +1d)"!  A?(A%2+4+1d)!
T7' =
A(A2 +1d) ! —A(A2+1d) !

Now note that the matrix of S;(0)S3(0) with respect to the basis (ey, ..., €9,) is given by

(7.33) (Ig o d) 0T 1o <I§ o d) oT

Hence the matrix of Id —S;(0)S2(0) in the basis (e, ..., €gp) is equal to
242(A2 +1d)"! —2A(A? +1d)!
2A(A% +1d)1  242(A% +1d) !

This implies
det(Id —S1(0)S5(0)) = 2" det(A?) det(A% 4+ 1d)™".

On the other hand Py = 1/2(Id +S55(0)). So it follows from (7.33) that in the basis
(e1, ..., e9), Py is represented by the matrix

(A2 +1d)t  A(A?2+1d)7!

A(A2+1d) ' A?(A%+1d)
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Thus, with respect to the bases (e1, ..., e,) and (f1, ..., fp), the operator Py : V;7 — V,t is
represented by the matrix (A% + Id)~'. Hence the matrix of S with respect to the basis

(€1, - €p, f1, ...y fp) 1s given by
Id —1Id
—(A’+1d)' 1d /-

Id—(A?2+1d)~* 0
—(A24+1d)"' 1d

Thus

det(S) = det ( ) = det(A?) det(A* +1d)~.

Next we reduce the general case to this special one. If we restrict S;(0) and S3(0) to V5, it
follows immediately that we can assume condition 1). Now suppose that

dimV," <dimV;" and P/ :V," =V

is injective. Let W, := P;F(V;") and let Wy C V;" denote the orthogonal complement of
Wi in V. We claim that W, C V, . To prove this claim let w € W5 and v € V," be
given. Write v = v; + v, v, € V¥, vy € V] . By definition we have (w,v;) = 0. Since
w € Wy C Vi, we have (w,vy) = 0. Thus (w,v) = 0, which shows that W is orthogonal
to V5", and hence W, C V, . Now

(7.34) S1(0)|Wa =1d,  S»(0)|Ws = —1d.

Thus Sl (0)52(0)|W2 = —1Id. Let
V=VoeW,.
Then by (7.34), V is an invariant subspace for S;(0) and S5(0). Let S; = S;(0)|V, i =1, 2.

Then
21d 0
Id —51(0)52(0) = ( 0 Id —5152) .
Hence we get

(7.35) det(Id —S;(0)S5(0)) = 24mW2 det(Id — 5, Ss).
Let V£ C V be the +1-eigenspaces of S;, i = 1,2. Then it follows that
Vit =PH) =W, T =Tk
In particular, P : V;t — V;* is an isomorphism. Thus dim V¥ = V;=. Since VENV;E =

{0}, it follows that dim V;* = 1/2dim V. Thus conditions 2) and 3) are also satisfied and
hence, by the first part of the proof we get

(7.36) det(1d —51.55) = 29m7 det (_Ig; _1? ) .
Finally note that with respect to the decomposition V;" = W, & Wy,
PVt =Vt and PV =Vt
are of the form 3 )
P =(P,0), Pf=P 0.
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Hence -
—pt 1w )= 9, 0]
2 ~-PF 0 I
which shows that ~
IdV1+ -pf Idf,1+ -pPf
det <—P; IdV2+> = det (—P; Iy |
Together with (7.35) and (7.36), the lemma follows. O

Combining Proposition 6.4 with Corollary 7.3 and Lemmas 7.8, 7.9 and 7.10, we obtain
2

h det AM,« det(Ai,oo, Ao) . T’h+h'12 det R,,-
— = H im
detR; c r—oo rhizdet B,

I
TLIEOT det ANT,D
(7.37)

2
=2 "det ((Id —C12)/2) [ [ det(As o0, Ao).-
i=1
Using Proposition (5.1), we get
det Ay, ~ e e 092y =h (et Ay )~1/2
7.38 2
( ) - det ((Id —012)/2) Hdet(Ai,oo:AO)-
i=1
As an example, we consider the case of a closed surface M. Let
ML:M1UY([0,L]XY)U)/M2, Y:R/Z, L>0.
Then
Cv(s) = (2m) *2(¢(2s),

where ((s) denotes the Riemann zeta function. Recall that

¢(-1)= —%, ¢(0) = —%, ¢'(0) = —%log%r.
Since T'(s — 1/2) and ((2s) are analytic at s = 0, we get
roy - L d (T(s=1/2) _ Vmd (T(s—1/2) 2
50 = J (N o) L =5 (B L5
Similarly
¢ (0) = —4log(2m)¢(0) + 4¢(0) = 0.
Thus

det Ay = e v(® = 1.

Furthermore note that hy = hjy =1, h = 0, and det ((Id —C}3)/2) = 1/2. Inserting this
into (7.38), we get

(7.39) det Aps, ~ 2Le ™3 det(A1 oo, Ag) - det(Ag 00, Ag)
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as L — oco. Bismut and Bost proved in [BB] that det Ay, ~ cLe ™3, L — oo, with

some constant c. Our result expresses the constant ¢ explicitely as ¢ = 2det(Aq s, Ag) -
det(Ag,oo, Ao)

Next consider a compact Riemannian manifold (Xy, g) with boundary Y as at the end
of the previous section. We assume that the connection V¥ is a product on the collar
neighborhood N = (—¢,0] x Y of Y in X,. By (6.18) and Corollary 7.3 we have

(7.40) logdet Ax, p =logdet Ay, p +logdet R, — logdet Ry, + det(Aq, Ag).
Furthermore by Lemma 7.2 we have ker R,, = V*. By (6.19) it follows that ker R, is
invariant under L, and hence under R,, and

1
Rr|kerR<x, =-1d.
r

Let At =dim V™. Then
det R, = =" det (R, |(ker Ry,)")
and by Lemma 4.1 of [Le3] it follows that
lim " det R, = det Ru.

T—00
Using (7.40) we obtain
ht
. r* det AX D
lim ————=2= = det(Ay, Ao).
rinolo det ANT,D ¢ ( 0)
Together with Proposition 5.1 we get
det Ax, p ~ 7 W 0o 76 (0/29hy (et Ay) ™2 det(Aoo, Ao)
as r — oo. If we apply this to det Ay, p and use (1.9), we get
rhv=2hiz det Ay,
lim -

= 27" (det Ay)/? det ((Id — 2
r—oo det Apy,  pdet Ay, p (det Ay) et (( C12)/2),

which proves Theorem 1.7.
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