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1. INTRODUCTION

Let G be a reductive algebraic group defined over a p-adic field F' with residue field
F, and G = G(F). Fix a special maximal compact subgroup K, of G. For a maximal
parabolic subgroup P = MU of G and a smooth irreducible representation m of M =
M(F) we consider the family of induced representations Ip(7, s), s € C, which extend the
fixed Ko-representation 50 k. (T|mnK, ), and the associated intertwining operators M (s) =
Mg p(m,s) : Ip(m,s) = Ip(m, s). For any open subgroup K of K, the restriction

M ()" Ipdy (o)™ = Ip(m, 8)" = Ip(m, )% = 150 (wlan, )

of M (s) to the space of K-fixed vectors is a family of linear maps between finite-dimensional
vector spaces which do not depend on s. It is well known that the matrix coefficients of the
linear operators M (s)X are rational functions of ¢~%, whose denominators can be controlled
explicitly (e.g. [23,IV.1.1,1V.1.2]). In particular, their degrees are bounded independently
of K and 7.

What can be said about the degrees of the numerators? In this note, we study the
following conjecture, which should provide a bound of the correct order of magnitude. Let
G’ be the derived group of G and set G’ = G/(F'). Note that K| = K, N G’ is a special
maximal compact subgroup of G'.
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Conjecture 1. There exist constants ¢ > 0 and d, depending only on G, such that for any
open subgroup K C K, the degrees of the numerators of the matriz coefficients of M(s)¥%
are bounded by clog,[Kj : K'| +d, where K' = KNG

There is also the following supplement in a global situation, where we consider a re-
ductive group G defined over a number field £ and its base change to F' = k, for all
non-archimedean places v of k. Let K, be a special maximal compact subgroup of G(k,).

Conjecture 2. In the global situation assume Ky, to be hyperspecial for almost all places
v of k. Then Conjecture 1 is true for all pairs of local groups G(k,) and Ky, with uniform
values of ¢ and d.

It is equivalent to consider the normalized intertwining operators R(s) defined by Arthur
([1]). They differ from M (s) by a normalizing scalar which is a rational function of ¢—*
of degree bounded in terms of G only. If we replace M(s) by R(s) in Conjecture 1,
and in addition G is unramified and K, hyperspecial, then we may take d = 0, since
any representation which admits a K(-fixed vector is a twist by a character of G/G’ of an
unramified representation of G. Similarly, we may take d = 0 in the analogue of Conjecture
2, if G’ is simply connected and we omit the finitely many places v where G(k,) is ramified
or Ky, not hyperspecial.

The main result of this paper is the following.

Theorem 1. Conjectures 1 and 2 are true for the groups G = GL(r). More precisely, the
constants ¢ and d in Conjecture 1 depend only on r and [F : Q,)].

An important motivation for our paper is provided by the analysis of limit multiplici-
ties for non-compact quotients of G(R), where in order to deal with the spectral side of
Arthur’s trace formula it is crucial to bound the degrees of the matrix coefficients of local
intertwining operators. This application (for G = GL(r)) will be discussed in another
paper. We opted to single out our conjectures and results as a separate paper, since they
may be of interest in their own right.

A natural analogue of Conjecture 1 in the archimedean case (FF = R or C) has been
obtained in the appendix to [15]. To explain it, fix a maximal compact subgroup K, of G
(it is well known to be unique up to conjugation). For any Ky-module V and o € Ko let
V7 denote the o-isotypic part of V. Let R(w,s) : Ip(w,s) — Ip(m,s) be the normalized
intertwining operators and R(w,s)? their restrictions to linear maps between the finite-
dimensional vector spaces Ip(m,s)? and I5(m, s)? which do not depend on s. The matrix
coefficients of the operators R(m,s) are rational functions of s ([1, Theorem 2.1]). We
denote by ||o|| the norm of the highest weight vector of o (with respect to a fixed choice of
norm on the vector space spanned by the lattice of characters of a maximal torus of Kj).
Then we can formulate the following direct consequence of [15, Proposition A.2].

Theorem 2. There exists a constant ¢ > 0, depending only on G and the norm |-||, such
that for any mazimal parabolic subgroup P = MU of G, any irreducible representation m
of M and any Kq-type o € Ky the degrees of the matriz coefficients of R(m, s)? are bounded
by cf|o]|.
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Let us now make a few comments about the proof of Theorem 1, at the same time
outlining the partial results that we can prove for general groups G. First, by a standard
argument we can reduce to the case where 7 is supercuspidal. Furthermore, a result of
Lubotzky allows us to assume that K’ is a principal congruence subgroup of G’. After
these reductions, there are two main ingredients. First, assuming the widely believed
conjecture that supercuspidal representations of GG are induced from open subgroups which
are compact modulo the center,! we can deduce a good bound for the support of matrix
coefficients of these representations (property (PSC) of Definition 1 below). This inference
is an explication of an argument which goes back to Jacquet ([11], cf. [4]). The classification
of supercuspidals needed for our argument has been proven for G = GL(7) by Bushnell
and Kutzko ([6]). It is also known in many other cases, most notably for classical groups of
odd residual characteristic ([21]) and for any group in large residual characteristic ([13]).
Therefore, property (PSC) is true in these cases.

The second part of the argument is a simple proof of the rationality of intertwining
operators for parabolic subgroups P with Abelian unipotent radical,> which allows us to
control the degrees of the rational functions involved (Proposition 2 and Theorem 3). For
G = GL(r) this fortunately covers all cases, thereby completing the proof of Theorem 1.
The technical geometric property that is needed for our argument is explicated in Definition
2 below. It is unfortunately not satisfied for all maximal parabolics, even in the case of
classical groups (cf. Remark 5). It is conceivable that a more elaborate argument will work
in general.

We are grateful to Joseph Bernstein, Colin Bushnell, Guy Henniart and Eitan Sayag for
useful discussions. We thank the Centre Interfacultaire Bernoulli, Lausanne, and the Max
Planck Institute for Mathematics, Bonn, where a part of this paper was worked out.

2. THE SETUP

Let F' be a p-adic field with normalized absolute value |-|, ring of integers O and uni-
formizer w. Let ¢ be the cardinality of the residue field of F.

As a rule we write X = X(F') whenever X is a variety over F. Let G be a connected
reductive algebraic group defined over F with center Z. All algebraic subgroups that will
be considered in the sequel are implicitly assumed to be defined over F. Let G’ be the
derived group of G and for any subgroup K C G write K’ = KNG'. Fix a maximal F-split
torus Ty and a minimal parabolic subgroup Py = MU, D Ty of G, where My = Cg(Ty)
is a minimal Levi subgroup of G. Let ® = R(Ty, G) be the set of roots of Ty. The choice
of Py fixes a set of positive roots R(Ty, Uy) C ®. Let Ag C P be the corresponding subset
of simple roots. The standard maximal parabolic subgroups of G correspond bijectively to
the simple roots, and for a € Ay we denote by P* = M*U? the unique standard maximal
parabolic with € R(Ty, U%). We take a representative wy € G for the longest Weyl

n fact, it suffices to assume that every supercuspidal representation is contained in such an induced
representation of finite length (cf. §3 below for more details).
2We also make the additional technical assumption that the group G is split over F.
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element. For any standard parabolic P with standard Levi decomposition P = MU we
denote by P = MU the opposite parabolic subgroup.

Fix a special maximal compact subgroup Ky of G (more precisely, the stabilizer of a spe-
cial point in the apartment associated to Ty), so that we have the Iwasawa decomposition
PyKy = G. In addition, we have the Cartan decomposition G = KoM, Ky, where M is
the set of all m € My with |a(m)| > 1 for all « € Ay ([22, §3.3]). Also, for any parabolic
subgroup P = MU with Levi subgroup M D My we have (PN Ky) = (M N Ky)(U N Ky).
Fix a faithful representation p : G — GL(N) such that Ky = p~'(GL(N,0)) and for
n=12,... let

K,=p"'{g€GL(N,0) : g=1 (mod @w")})
be the associated principal congruence subgroups of K. Note that a more natural filtration
of Ky has been defined in terms of the Bruhat-Tits building of G’ in [17, Ch. I].

Suppose now that P = MU is a standard maximal parabolic subgroup. Let xp be the
fundamental weight of P. Some integral power of yp defines a rational character of P
trivial on U. Therefore |xp| defines a character |xp| : P — Rs and we can extend it
uniquely to a right- Kp-invariant function, still denoted by |xp|, on G. Let 7 = (7, V;)
be an irreducible (smooth) representation of M. Let dp be the modulus function of P.
Consider the family of induced representations Ip(m,s), s € C, of G, that extend the
Ky-representation [ fngO (7|mnr,). Namely, Ip(m,s) is the space of all smooth functions
o G — Vp with p(pg) = |xp|(p)*sp(p)*m(p)p(g) for all p € P, g € G where 7 is
extended to P via the canonical projection P — M, and the G-action is given by right
translations. Any smooth function ¢ : Ky — V; with p(pk) = 7w(p)¢(k) for all k € PN K
extends uniquely to a function ¢4 € Ip(7,s). Let " be the contragredient of 7 and denote
the pairing between V. and Vv by (+,-). Then

<¢,¢V>:=(/QV<w<k>,¢V<k>>dk

defines a pairing between Ip(7,s) and Ip(7", —s). Fix a choice of Haar measure on U.
The intertwining operators M(s) = Mp|p(7,s) : Ip(m,s) — Ip(m,s), which are defined by
meromorphic continuation of the integrals

<M@w@=/¢@ﬁw,webm@

T

were first studied in this generality by Harish-Chandra. (See [23, Section IV] for a self-
contained treatment.) It is known that the matrix coefficients (M(s)ps, ¢Y,) for ¢ €
Ig%KO(ﬂMOKO) and ¥ € Igr(;KO (V| mnk,) are rational functions of ¢=* ([loc. cit., IV.1.1])
and that the degree of the denominator is bounded in terms of G only ([loc. cit., IV.1.2],
cf. also [19, Theorems 2.2.1, 2.2.2], [20]). It is often advantageous to work instead with
the normalized intertwining operators R(s) = Rpp(m,s) : Ip(s) — Ip(s) defined in [1]
which differ from M (s) by a certain rational function of ¢~* depending on 7w whose degree
is bounded in terms of G only. Thus, the matrix coefficients of R(s) are also rational
functions in ¢~° and the degree of the denominator is bounded in terms of G.
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Let g = Lie G and fix an O-lattice A C g stabilized by the operators Ad(k), k € K.
Define a norm on g by ||Z§l:1 t: Xill; = maxy<;<q|t;| for any O-basis X;,..., X  of A. This
defines a norm ||+ ||gna(g) on End(g), namely || A||gna(g) is the maximum of the absolute values
of the matrix coefficients of A with respect to the basis Xi,...,X,. For any g € G we
write ||g]|¢ = ||[Ad(g)|/Ena¢g) where Ad : G — GL(g) is the adjoint representation, and for
any real number R we set B(R) = {g € G : ||9llg < ¢}, which is a compact set modulo
Z. We often omit the subscript from ||-|| if it is clear from the context.

In the global situation of a reductive group G defined over a number field k, we need of
course to fix analogous global data that induce the local data pertaining to G(k,) for the
non-archimedean places v of k. In particular, we fix an Og-lattice A C g to define the local
norms ||-||g,) via base change to Oy,. Also, we obtain the representation p, intervening
in the definition of K, , from a representation p of G defined over k. It is well known that
Ky, is then hyperspecial for almost all v.

We write A < B (or B > A) if there exists a constant ¢ (independent of other quantities)
such that A < ¢B.

3. MATRIX COEFFICIENTS OF SUPERCUSPIDAL REPRESENTATIONS

Definition 1. We say that G has polynomially bounded support of supercuspidal matrix
coefficients (PSC) if there exist constants ¢ and d such that for every open subgroup
K C Ky and any supercuspidal representation 7 of G the support of the matrix coefficients
(m(g)v,vY), ve ™, v¥e (V)X is contained in B(clog,[K{ : K'] + d).

Conjecture 3. Every p-adic reductive group G has property (PSC).

A supplementary global statement for reductive groups G defined over number fields k
and the associated local groups G(k,) will be proved later (cf. Corollary 2 below).

In studying our conjectures, it is useful to restrict attention to the principal congruence
subgroups K, of K{. This is possible by the following statement which is a special case of
a result of Lubotzky ([14, Lemma 1.6]).

Proposition 1 (Lubotzky). There exists constants co and dy such that any open subgroup
K of Ky contains the principal congruence subgroup K, of G' forn = [colog,[Kj : K'|+do].
Moreover, if G is defined over a number field k and Ky, is hyperspecial for almost all v,
then for the pairs (G(k,), Ko,,) we can take uniform values of ¢y and dy (in fact, co = [k, :
Qy] works for almost all v).

Note that in [14] it is assumed that G’ is simply connected, and one can then take dy = 0.
The general case follows easily by passing to the simply connected covering group of G’.

Let L be an open subgroup of G containing Z such that L/Z is compact. We refer to
such subgroups as open compact modulo center (ocme) for short. We say that a finite-
dimensional representation o of L is cuspidal if for every proper parabolic subgroup P of
G with unipotent radical U we have 0"V = 0. Here, it clearly suffices to consider only
maximal parabolic subgroups. By [4, Theorem 1 supp.], this condition is necessary (and
in fact also sufficient, by Lemma 1 below) for Ind¥ o to be of finite length, in which case



6 TOBIAS FINIS, EREZ LAPID, AND WERNER MULLER

it is the direct sum of finitely many irreducible supercuspidal representations. Note that
if o is cuspidal then its contragredient oV is cuspidal as well. We say that a supercuspidal
representation m of G is induced from an ocmec, if there exists a pair (L, o) where L is an
ocme and o € L, necessarily cuspidal, such that = = Indg 0.

It is widely believed that every irreducible supercuspidal representation 7 is induced
from an ocmc,? and in fact this is known in many cases (cf. [6, 13, 21, 24], and earlier
work by Howe, Morris, Moy and others). For our purposes it suffices to know that 7 is a
constituent of Ind$ o for some cuspidal o.

Lemma 1. Let L be an ocmc. Then there exists constants c, depending only on G, and
d, depending on L, such that for any cuspidal o € L, any open subgroup K C Ky and any
f € (Indf o) we have supp(f) C B(clog,[K} : K'] + d).

Proof. Note first that the assertion is trivial if G’ is anisotropic, since G/Z is then compact.
So, we may assume that the F-rank of G’ is nonzero. By Lubotzky’s result, we may
assume without loss of generality that K’ is a principal congruence subgroup K, of G'. In
particular, K’ is normal in K.

Let g € G and write its Cartan decomposition as g = kjaks € G with kq,ky € Ky and
a € M. We first show that there are constants ¢ and d such that ||g|| > ¢**¢ implies the
existence of a standard maximal parabolic P = MU of G satisfying

(1) UNk 'Lk Ca(UNK)a™! for all k € K.

Assume that ||g|| = ||a|| > ¢*** for some ¢ > 0 and d which will be specified later. Note
first that there are only finitely many Ky-conjugates of the group L, and that their inter-
sections with Uy generate an open compact subgroup V(L) of Uy. Using the exponential
map, we can identify Uy with its Lie algebra, which is an affine space. Fixing a choice of
a norm on Uy, we let Uy(n) be the lattice consisting of elements of Uy of norm bounded by
q" and set U(n) = Up(n) NU for any standard parabolic subgroup P = MU of G. Clearly,
there exists a constant ng = ng(L) such that V(L) is contained in Uy(ng), and therefore
the left-hand side of (1) is contained in U(ng) for all k € K.

Let f € Ay with |B(a)] = maxsea,|a(a)]. There exist constants ¢; > 0 and ny
such that maxa,ea,u—n,|a(b)| > ¢~ ™||b]|* for any b € My. Therefore, we obtain from
la(a)] > 1, a € Ay, and ||la| > ¢ that |3(a)| > ¢r"T9 "1 which implies in turn
that |a(a)] > geFerd=m for all roots o € R(Ty, U?). There also exists a constant ng
such that U? N K = UP N K/, contains U?(—n — ny), which implies that a(U” N K)a™*
contains Uﬁ(clcn—l—cld— ny —n —ng). It is therefore sufficient to take ¢ = cfl and
d = ¢ (ng + ny + ny) to obtain (1) for P = P5.

Let now 7 = Ind¥ ¢. For an arbitrary element f € 7% set f, = w(ky)f € 7%, For any
ueUNK=UnNK'"we have

f(9) = fa(kra) = fo(kiau) = fo(u'kra)

3We were unable to trace back who precisely formulated the conjecture in this generality, but it certainly
goes back to the early days of the representation theory of p-adic groups.
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where v/ = kjaua=tk; ', If in addition v’ € k,Uk; ' N L, then we get f(g) = o(v) fa(kia) =
o(u')f(g). Using (1) and the cuspidality of o, we conclude that f(g) € o¥Uk 'L = 0. O

Remark 1. The qualitative statement that in the situation of the lemma any element of
Ind$ o has compact support modulo the center is contained in [4, Theorem 1 supp.] in the
case G = GL(r). The argument is originally due to Jacquet ([11]).

CorollaryA 1. There exist constants ¢ and d' with the following property. Let L be an ocmc
of G, o € L cuspidal and 7 = IndS 0. Let K C Ky be open and let v € 7% and vV € (x¥)¥.
Then the support of (m(g)v,v") is contained in B(c'log,[Kj: K'| 4+ d').

Proof. Clearly, if o is a cuspidal representation of L' and L D L/, then Ind%, o is a cuspidal
representation of L (cf. [4]). We can therefore assume that L is a maximal ocmc. In other
words, denoting by Tq the maximal F-split torus of Z(G), L is the inverse image under the
projection G — G /T of a maximal compact subgroup of G/T¢, which is also the group of
F-points of the algebraic group G/Tg, since the first Galois cohomology of Tq is trivial.
There are finitely many such subgroups L up to G-conjugation (][22, §3.2]). It follows from
the previous lemma that for suitable positive constants ¢ and d the supports S and SV
of v € 7 and v¥ € (7¥)X, respectively, are both contained in B(clog,[K{ : K'] 4 d).
However, (m(g)v,v") = 0 whenever the support of m(g)v is disjoint from the support of
vV, or equivalently whenever g ¢ (SV)~1S. Observing that there exists a positive constant
c1 such that B(N)™*B(N) C B(c,N) for all N > 0, we conclude that the support of the
matrix coefficient (7(g)v,v") is contained in B(ciclog,[Kj : K'| 4 c1d). O

Remark 2. The proof shows also that in the global situation of a reductive group G
defined over a number field k£ there exist uniform constants ¢ and d such that the assertion
of the corollary is true for all local groups G(k,), v a non-archimedean place of k, and
maximal compact subgroups K, that are hyperspecial for almost all v. One only needs to
observe that every maximal compact subgroup of G/T¢ is conjugate to a maximal compact
subgroup L containing a fixed Iwahori subgroup I ([22, §3.7]). Moreover, the index [L : I]
is bounded by ¢", where N does not depend on v. From this, we deduce that the constant
ng in the proof of Lemma 1 can be bounded independently of v. The boundedness of all
other constants is clear.

Remark 3. The maximal ocmes of GL(r, F') are parameterized by divisors of r. If k is
a divisor of r and kl = r, then we take a sequence of O-lattices L; C F", i € Z, such
that Ly, = nL; and dimp, L; /Lii1 = k for all 7. The stabilizer of the sequence L; is the
semidirect product of the cyclic group generated by an element z; of GL(r, F) such that
zL; = L;11 and the parahoric of type (k, ..., k) (cf. [8]).

Corollary 2. Assume that every supercuspidal representation of G is contained in a repre-
sentation induced from a cuspidal representation of an ocme. Then G has property (PSC).
In particular, the following groups have property (PSC):

(1) G = GL(r, F) ([6]),

(2) G =SL(r, F) ([7]),
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(3) G(F) for classical groups G, provided p # 2 ([21]),

(4) G(ky) for any reductive group G defined over a number field k and almost all non-
archimedean places v of k ([13]). Moreover, if in addition Ky, is a hyperspecial
mazximal compact subgroup of G(k,) for almost all v, then there are uniform con-
stants ¢ and d for which G(k,) has property (PSC) with respect to Ky, for almost
all v.

Remark 4. A general finiteness theorem of Bernstein ([2], [3], cf. also [4, p. 110]) shows
(without appealing to any classification results) that for any open subgroup K of K, there
are up to twisting by unramified characters only finitely many supercuspidal representations
m of G with a non-trivial K-fixed vector. Therefore, there necessarily exists a number
N = N(K) such that the support of all matrix coefficients (7 (g)v,v"), v € 7, vV € (7¥)¥,
is contained in B(N). To prove property (PSC) predicted by Conjecture 3 this way, it
seems necessary to obtain an effective version of Bernstein’s stabilization theorem (cf. [5,
Theorem 1]) with a realistic bound for the exponent nx, namely a bound that is logarithmic
in [K{ : K'|.

4. A CLASS OF PARABOLIC SUBGROUPS

Definition 2. We say that a maximal parabolic subgroup P is nice if there exists a positive
constant ¢ such that for all n > 0 we have

B(cn) U PuyK, if woMuwy' = M,

B(en) otherwise.

2) UNUZ(M)B(n) C {

In other words, P is nice, if in a precise quantitative sense, for a compact subset 2 of G
either U N UZ (M) is bounded in terms of 2, or P** = P and for a small open compact
subgroup K = K(Q) of G the set UNUZ(M)Q\ PwoK is bounded in terms of Q.

Our main result concerning this property is the following.

Proposition 2. Suppose that G is split and U 1is Abelian. Then P is nice. Moreover, if
G is defined and split over a number field k, then there is a uniform constant ¢ > 0 such
that (2) is satisfied for all local groups G(k,) where v is a non-archimedean place of k.

The assumption that G is split is mainly for convenience and can probably be suppressed.
For the convenience of the reader, we first present a proof in the case of G = GL(r), where
we can simplify the argument by direct matrix computations. The general case will be
dealt with in Section 6 below.

Lemma 2. For G = GL(r) all mazimal parabolic subgroups are nice.

Proof. To fix ideas, we define the norm of elements of G and the sets B(n) with respect to
the standard O-lattice in g spanned by the elementary matrices. With this normalization
we will obtain (2) for ¢ = 2r. For a matrix X over F' we write ||.X|| (to be distinguished
from ||g|| for invertible g) for the standard norm of X, i.e., the maximum of the absolute
values of its entries.
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Let P be of type (m’,m). We may assume without loss of generality that m > m/, for
otherwise we can apply the automorphism g — wg g twy of G. Let u = ({;f I > and
suppose that

ﬂz(ﬂm' | >g, PWTRSN 92(3 ?)GB(H)-

p

Note that ||[u||¢ < [|X||>. Modifying g by a central element (and A\ and u accordingly) we
can assume that 1 < |det g| < ¢". Then it is easy to see that the entries of ¢g are bounded
by ¢". Note that v = uX and 6 = pl,,. In particular, we have || X|| < ¢™|u|™".

Suppose first that m > m’. Expanding det g as an alternating sum of products of entries
of g we see that each product contains at least one entry (in fact, at least m — m’ entries)
from § as a factor. Thus 1 < |det g| < ¢"~Y"|u| which implies |u| > ¢~"~"" and therefore
|X]) < g™ and [[7lq < ¢

Suppose now that m = m/. We distinguish the two cases |u| > ¢~ and |u| < ¢™.
In the first case we conclude || X|| < ¢ and ||ull¢ < ¢*™ as before. Assume therefore
|| < ¢7™. The products in the expansion of det g which do not contain an entry from §
as a factor add up to (—1)"det 5 det~y. Therefore,

n

ldet g — (—1)™det By| < |u|g" " < g™

On the other hand, we have |det g| > 1. Therefore |det g| = |det fv|. In particular, v is
invertible and

|det 5| ™! = |det By|~"|det ] < [det g|'g™" < g™
It follows that X is invertible and
IXH = [y < (plldet vy < JplgU 0 < g

Finally, the identity

shows that @ € PwykK,,. O
Remark 5. While there are other cases of nice parabolic subgroups (for example, the

maximal parabolics of Sp(4)), unfortunately not all maximal parabolic subgroups are nice.
As an example, consider

G =Sp(6) = {g € GL(6) : g ! g = EEE
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k) ok ok ok ok ok
k ok ok ok ok ok
andk%I)bethamamnwlpmabdkmﬁtheﬂnnlP::{<88111I) € G}. The equality
0000 *
0000 *
1 1 —_aq~ ! a1 1 1 1
1 —a—1 -1 1
1 . 1 % a a 1 1 1
a 1 = 1 1 1 1 1
—a 1 1 a a !t 1 —1
—aa 1 1 a a” 11 1 -1
shows that
1
1 —
e 1 cUNUZ(M)K,
—a 1
—a a 1

for all a € F'. However, if <£ % g) € Pwy K, (with blocks of size 2x2) then ||[A™'B|| < ¢~ ™.

5. MATRIX COEFFICIENTS OF INTERTWINING OPERATORS

We now consider Conjectures 1 and 2 stated in the introduction, and prove some results
in this direction. In particular, we prove Theorem 1.

Definition 3. Let P be a maximal parabolic subgroup of G. We say G has polynomial
growth of matriz coefficients of intertwining operators (P1O) with respect to P, if there
exist constants ¢ and d such that for any open subgroup K C K, and any irreducible
representation m of M the degrees of the numerators of the linear operators Mﬂ p(m,5)K
are bounded by clog [Kj : K'] +d.

If this property is satisfied for all supercuspidal irreducible representations 7 of M, we say
that G has polynomial growth of supercuspidal matrix coefficients of intertwining operators
(PSIO) with respect to P.

Conjecture 1 amounts to the assertion that every p-adic reductive group G satisfies
property (PIO). It is easy to see that we can replace (P1O) by the weaker condition (PSIO).
More precisely, we have the following.

Lemma 3. Suppose that any Levi subgroup of G (including G itself) satisfies (PSIO).
Then G satisfies (PIO).

Proof. Let m be an irreducible representation of M. By the Jacquet subrepresentation theo-
rem, we can embed 7 in an induced representation 1, é% 1 (0) for a parabolic subgroup Q C P
of G with Levi subgroup L C M and an irreducible supercuspidal representation o of L.
We need to introduce the family of induced representations Is(o, A), A € a} ¢ = X*(L)®C,
for arbitrary parabolic subgroups S with Levi subgroup L and the associated interwining
operators Mg, s, (0, A) : I (0,A) — Ig,(o,A) (cf. [23, p. 278]). The embedding of 7
into I3h,, (o) gives rise to an embedding of Ip(7, s) into Ip(o, sxp), and the restriction of
Mg (0, sxp) to Ip(m,s) becomes M(mr, s). We will bound the degrees of the matrix coeffi-
cients of M (o, sxp)¥. Let Q = Qo, Q1, ..., Q; = Q be a sequence of adjacent parabolic sub-

groups from @Q to @ and suppose that Ag, NAg,,, = {a;}. We can decompose M (a, sxp)
into a product of rank one intertwining operators Mg,,,|q,(c,s (xp,®;)). Therefore, it
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is enough to consider the degrees of the matrix coefficients of Mo,,,q;(0, s (xp, )",
1=0,...,0l—1. Fix ¢ and let R = MrNg be the parabolic subgroup generated by @); and
Qiy1. Let Q' = MrNQ; and Q" = Mr N Q;y1. Then Q' and Q" are maximal parabolic
subgroups of My with Levi subgroup L and Q" = Q'. By [23, p. 284, (14)], the matrix co-
efficients of Mg, ,,1q,(0,5 (xp,a)))" are given by those of Mg, (0,5 (xp, ) ™. The
lemma follows. O

Theorem 3. Suppose that P = MU s a nice mazimal parabolic subgroup of G and that
M satisfies property (PSC). Then G satisfies (PSIO) with respect to P.

Proof. Let m be a supercuspidal representation of M. Assume that K’ = K/, n > 0, a
normal subgroup of Ky. Let ¢ € IgﬁKO(ﬂMnKO)K@ and ¥ € Ig:KO(WV\MQKO)Kﬁ. This
is equivalent to p(k) € 7% and ¢V(k) € (7V)MEn for all k € Ky. We extend these
functions to functions ¢4 € Ip(m,s) and ¢’ € Is(mY, —s). Then the matrix coefficient
(M(7, s)ps, pY,) can be computed as

(M(W,S)cps,sovs)z/K (M (7, s)ps) (k), 0" (K)) dk:/U\XPKa)Sf@) du
with
f(@) = /K (oolh), o (k)) d-.

Note that f is right UN K/ -invariant. Since M satisfies property (PSC), there is a constant
¢1 > 0 such that the matrix coefficients (w(m)p(k'), p"(k)), m € M, k, k' € Ky, all vanish
for m € Bps(cin). Furthermore, there exists a constant ¢y > 0 with By (1) C Z(M)B(csl)
for all [ > 0. Applying the Iwasawa decomposition to wu, it follows that the support of f is
contained in U N UZ(M)B(cican). Consider first the case where P™0 # P. Because P is
nice, we conclude from the above that the support of f is contained in U N B(ceican) for
the constant ¢ of Definition 2. Thus, up to a constant the integral becomes a finite sum

> Ixpl(@)*f (@),

ucUNB(cciean)/UNKY,

which is a polynomial in ¢=* of degree at most — log, ming (e, cpm | XP| < 7.

We still need to consider the case P¥0 = P. Note that under the action of K the space
Igr:KO(ﬂ'v‘MﬂKO)K;L is spanned by functions ¢¥ with support (PN Ky)K],. Assume that ¢
is of this form. Clearly, there exists an integer ny > 0 such that Z(G)K], DO Z(G)Kpin,-
If ¢ vanishes at wy, then it follows that f vanishes on Un PwyK! D Un PwyK,1y,, and
we can argue as above.

In the general case, let w, be the character w,|x|® of M and consider the operator

Ays = ws(a)ld —5;%(601(11}0_10,1110, s), a€Z(M),
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on Ip(m,s). Then A, sps vanishes at wg, while

(M(7,5)Aasps,07,) = wsla)(M(m,8)ps, 07,) = 0p* (@) (M(m, s)ps, Ip(wg 'a™ wo, —s)¢Y,
= (wi(a) — wi(wg ' awo)) (M (7, 5)s, 07).
Suppose there exists a € Z(M)' = Z(M) N Ky such that wy(a) # wy(wy awp). Then
(M(m,5)ps,07,) = (wrla) — wr(wg  awo)) ™ (M (7, 5) Aasps, 07),

and since A, s € Ip(T, S)K;L, we reduce to the previous case. Otherwise, wﬂwwolﬂ|Z(M)1 =1
and we take an element a € Z(M) which generates Z(M) modulo Z(M)!. We get

(M(m,5)ps,07) = (wrla)g™™ = wr(wy ' awo)q™) ™ (M (7, 5) Dasps, 07

where |x|(a) = ¢ Now, Ausps € Ip(m, s) for L = K/ N (K’)* '@ So once again,
we reduce to the previous case. O

Remark 6. The argument also gives a simple proof of the rationality of M(x,s) for su-
percuspidal 7 and nice P. More precisely, it shows that M (7, s) is a polynomial in ¢~ if
either P # P or wywy |z # 1. Otherwise, (wr(a)g™™ — wr(a) '¢™)M(n,s) is a
polynomial in ¢~*, where a and m are as above.

Remark 7. In the global situation of Conjecture 2, the proof shows that the constants
¢ and d appearing in the definition of property (PSIO) can be chosen independently of
the non-archimedean place v, if this is the case for the constants appearing in Definitions
1 (definition of property (PSC)) and 2. By the fourth part of Corollary 2, for property
(PSC) this uniformity statement is always satisfied after omitting finitely many places.

Uniformity of the constant in Definition 2 is satisfied in the cases covered by Proposition
2.

Proof of Theorem 1. Lemma 2 and Corollary 2 show that in the case of G = GL(r) the
conditions of Theorem 3 hold for all maximal parabolics of G. Therefore, G satisfies
property (PSIO). Lemma 3 finishes the argument. The assertion on the constants ¢ and d
is clear. U

6. PARABOLIC SUBGROUPS WITH ABELIAN UNIPOTENT RADICAL

In this section, we prove Proposition 2 in general. Parabolic subgroups with Abelian
unipotent radical and the associated action of their Levi subgroup on the radical have been
studied by Richardson, Rohrle and Steinberg ([16]). We recall their results and extend them
as necessary.

Let G be a split reductive group over F'. It will be convenient to write g in terms of a
Chevalley basis ([18]). Namely, choose X, € go, @ € & = R(Ty, G), such that

Na,ﬁXa+ﬁ ifa+ g e d,
[Xa,Xg] = Ha ifOé: —ﬂ,
0 otherwise.
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Here, the structure constants N, g, o, B, a + 3 € @, satisty N, g = £(p+ 1), where p is the
largest integer with § — pa € P.

Obviously, to prove Proposition 2 we can pass to the adjoint group, which is a direct
product of simple groups. Therefore suppose from now on that G is simple and adjoint, P
is maximal and U is Abelian. (Actually, the maximality of P is then automatic.) Let K
be the stabilizer of the O-lattice spanned by the Chevalley basis, which is a hyperspecial
maximal compact subgroup of GG. Let a be the simple root defining P. Write m = Lie M,
u = LieU and & = LieU, so that g = u @ m @ u. Denote by ®&; = R(Ty, U) the roots
in u, namely the roots whose a-coefficient in the expansion with respect to 4\ is positive.
(Since U is Abelian, this coefficient is necessarily 1.) Let p be the highest root. We have
a, p € Py. The roots orthogonal to p form a parabolic root subsystem ®; which contains
a unique irreducible constituent ®; O &y N ®1. If G is not simply laced, we write p, for
the highest short root and 6 = p — ps = —s,ps € ®. We have p,,2p, — p = —s,,p € Oy

Lemma 4. Suppose that G is not simply laced and let p, ps and & be as before. Then the
following conditions are equivalent for v € @y :

(1) v+ 6,7+ 26 € y.

(2) v is long and (5,7") = —1.

(3) 7 is long, (p,7") =0 and {ps,7") = 1.

(4) ~ is the highest root in ®.

(5) v=2ps — p.
Proof. The first three conditions are clearly equivalent and they hold for v = 2p, — p. It
remains to consider the B, and the C), case. In the B,, case p = 2¢;, ps = €1+€2, 0 = €] — €9,
v = 2¢€9. In the C), case p =€ + €3, ps = €1, 0 = €9, 7 = €1 — €3. ]

We fix once and for all a tuple (S, ..., ,) of mutually orthogonal long roots in &y with
r maximal. The following result is [16, Theorem 2.1].

Theorem 4 (Richardson-Rohrle-Steinberg). (1) For any 0 < s <r the Weyl group of
M acts transitively on the set of s-tuples of mutually orthogonal long roots in @y .

(2) Fiz u; € Ug, \ {0}. Then {]];_, wi}i_y is a set of representatives for the M-orbits

in U under the conjugation action. (The integer s is called the rank of the orbit.)

The orbit corresponding to s = r is the open orbit of the M-action on U. It is the
intersection with U of the Richardson orbit associated to P. The orbit corresponding to
s = 0 is the zero orbit.

Remark 8. The possibilities (up to isogeny) for G and P have been enumerated in [16,
Remark 2.3|, and the corresponding values of r are listed in [loc. cit., Table 1]. We can
explicate the orbit classification of Theorem 4 case by case.

In the cases where G = GL(m), M = GL(k) x GL(m — k), U the space of k x (m — k)
matrices, 0 < k < m, or G = Sp(2m), M = GL(m), U the space of symmetric m X
m matrices, the notion of rank given by Theorem 4 coincides with the usual notion for
matrices. In the case G = SO(2m), M = GL(m), U the space of anti-symmetric m x m
matrices, the rank in our sense is one-half of the rank of the matrix. In the case G = SO(m),
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M = GL(1) x SO(m — 2), U a quadratic space of dimension m — 2, the rank is one for a
non-zero isotropic vector and two for anisotropic vectors.

There are (up to automorphisms of G) two exceptional cases. For G = Eg, M =
GSpin(10) and U one of the 16-dimensional half-spin representations of M, we have r = 2.
The non-zero pure spinors (i.e., the spinors in the orbit of 1, the unit element of the
exterior algebra) have rank one, and the remaining non-zero spinors have rank two. The
orbit dimensions are 0, 11 and 16, respectively (cf. [10, Proposition 2]). For G = Er,
M = GFg and U the 27-dimensional representation of M, we have r = 3. The derived
group of M leaves a non-zero cubic form f on U invariant, and this form is unique up to
a scalar. The rank is one for the non-zero vectors in the singular locus of the hypersurface
f =0, two for the remaining non-zero vectors with f = 0 and three for the vectors with
f # 0 (cf. [9]). The orbit dimensions are 0, 17, 26 and 27, respectively ([16, Table 2]).

Note that the second part of Theorem 4 does not apply to the M-orbits in U. However,
the proof of [16, Theorem 2.1] (cf. also [loc. cit., Theorem 5.3]) shows that fixing /i, ..., G,
as above, it is still true that any M-orbit in U of rank s contains a representative of the
form [];_, w; for some u; € Ug, \ {0}. More precisely, we have

Lemma 5. Let (31,...,03, be as above. Then there exists a compact set w C M with the
following property: for all X € u there is m € w such that Ad(m)X is a linear combination
of Xpy, ..., Xp,. If either G is simply laced or p # 2 then we can take w = Ky = M N K.

Proof. Write X = } 5.4 c3(X)Xs. Let p € &y be the highest root. We follow the
argument of [16, Proposition 2.13]. The proof is by induction on the rank of G. The
case X = 0 is trivial, so we assume that X # 0. The first step is to show that in the
Ad Ks-orbit of X we can choose X’ such that |cg(X')| < D|c,(X")| for all 5 € ®y where
D is a fixed constant which can be taken to be 1 if p # 2 or if G is simply laced. This is
done as follows. Let 8y € ®y be such that |cg,(X)| is maximal. Applying a Weyl element
of M we can assume that either 5y = p, or Sy = ps (in the non simply laced case). If
lc,(X)| = |eg,(X)| (and in particular, if G is simply laced), then we are done. Assume
that this is not the case and let 6 = p — ps and X’ = Ad(us(t))X with t € O. It follows
from Lemma 4 and the commutation relations that

Cp(X) £ 2tep, (X) + t2eap,—p(X) iy =0p
cy(X') = ¢ e (X) £ty 5(X) ify#pandy—45e€d.
c(X) ify—90¢

Therefore, we can choose t € O* such that |c,(X')| = maxgeas,|cs(X')| if p # 2 and
ep(X)] > 312 massen, es(X7)] i p = 2.

The second step is to clear the coefficients of all roots which are not orthogonal to p
by conjugating by suitable unipotent elements. This is done as in [16, p. 655] except that
our condition on X’ guarantees that the conjugating elements are taken from K, (or at
least from a bounded set, if p = 2 and G is not simply laced). The rest of the proof (the
induction step) follows [loc. cit.]. O
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Let w = sg,...53,. Note that the reflections sg, commute with each other, since the
roots (3; are mutually orthogonal. For any 3 € @ let N'(3) be the multiset

/62': 6751\/ =1 lfﬂ /67"'767’7
Mg = Vs BB =) W87
18s, Bi} if 8= 0.
Thus, N (/) consists of the roots 3; which are not orthogonal to /3, counted with multiplicity
(B, 8Y). Note that w8 = 8 —>_N(B) for any § € ®y. Also, for any 8 € Oy

(3) N (B) = (8. 5))
i=1
and by [16, Lemma 2.10] we have 1 < |N(8)] < 2.
Suppose that §,v € &y are distinct and S is long. Then the following conditions are
equivalent:

(1) (v, 8") #0,

(2) (v, 8Y) =1,
(3) v —p e,
(4) v — B = s55(7).

For any X € u denote by Dx the double commutator map
1
Dy = 5ad X[ oad X[, € Homp(,u).
Analogously, for X € & we denote by D+ the double commutator map
— 1 — —
D+ = 5 adX|m o adX‘u € Hompg(u,u).
Lemma 6. Let X =Y., t;Xg,. Then
. _q
tit; X _ws  f N(B) = {Bi B;}.

Proof. The statement is clear if 5 = j3; since 8; — 3; ¢ ® for all j.
Now suppose that § # (1,...,5,. Then

adX(X g)= > tXg 4
:8;€N(B)
and therefore
Dx(X_5) =5 > tit; Xp+8,-5
i.5:B: €N (B),Bi+B;—BEPy
Note that if §; € N(B) and § = ; + 3; — B € Py then i # j since f; is long. If we set

v =i — 0 = —sg, then 6 = p; + v and sg,0 = B; — f € ®. Thus, 5; € N(f) and
0= —wp. g

Corollary 3. For any X € u we have || Dx |luom@ms) > || X||°.
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Lemma 7. The following conditions are equivalent:
(1) P is conjugate to P.
2) Pwo =
) P =
) |N(6)| =2 for all 5 € Oy
) 3 >0, B is the fundamental coweight with respect to P.
) 2301 Bi is the fundamental weight with respect to P.
(7) There exists X € u such that Dx is invertible.

If these conditions are satisfied, then Dx is invertible if and only if X belongs to the open
Ad M -orbit in u.

(

(3
(4
(5
(6

Proof. The equivalence of the first four conditions follows from [16, Proposition 3.12]. The
equivalence of the last and the fourth condition, as well as the last assertion of the lemma
follow from Lemma 6. The equivalence between the fourth and fifth condition follows from
(3). Finally, the equivalence between the fifth and the sixth condition is immediate, since
a is a long root. U

Let H be the central element of m such that ad H|u = 21d,.

Lemma 8. Suppose that P* =P. Then
(1) We have H="_, Hg,.
(2) The open (P, P) Bruhat cell is PuwoU.
(3) We have
PuwyU ={g€G: projﬁoAd(g)‘u is invertible}.

(4) For any g € PwoU, the U-part in the Bruhat decomposition is given by exp Y where
2V = (projgo Ad(g)|,) " (projg(Ad(g)H)). B

(5) In particular, for X € u we have exp X € PwoU if and only if X lies in the open
Ad M-orbit, and in this case the U-part of exp X is expY forY = E%l (X).

Proof. The first part follows from the previous lemma. The second part is clear. Let
C={geqG: plroonAd(g)‘u is invertible}. Clearly, C is left and right P-invariant and
wo € C. Therefore C is a union of (P, P) double cosets and PwoU C C. The fourth part is
also clear by direct computation. By [16, Theorem 1.1] every (P, P) double coset intersects
U in a single M-orbit under conjugation. Thus, in order to show that C = PwyU, it is
enough to show that C N U is an M-orbit. However, CNU = {exp X : D¥ is invertible}.
Therefore, the statement follows from Lemma 7. U

Corollary 4. Let 0 be the Cartan involution of G and set d = {8 € @y : B; € N(B)},
which is independent of i. If P =P then d =2dimU/r. For X =)"._, t; X3, we have

(tl ce tr)d Zf Pw - ?,

0 otherwise.

det(@ e} DX) = {
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Remark 9. Suppose that P = P. The character [T;—, Bi of Ty is trivial on M’ and
therefore extends to a rational character ¢ of M. The polynomial Y ;  t;Xg, — t1...1,
extends to an irreducible (Ad M, 1)-equivariant polynomial A on u.

For n € Ny (T) representing w € WM and 8 € ®y let f, 5 be the scalar so that
Ad(n)Xp = fnsXws. Clearly fnip = B(t)fns. In the simply laced case we have

ACY esXp) = Y )

pedy wEN N (To)/To w1 St 0

where n,, is any representative of w in M. The polynomial A is the determinant in the
GL(m) or Sp(2m) case, the Pfaffian in the SO(4m) case, the canonical quadratic form in
the SO(m) case and the relatively invariant cubic form in the E; case.

Corollary 5. Assume that P*° = P. Then

(1) The open orbit in u is the principal open set defined by det@ o Dy.

(2) Assume that X € u is in the open orbit. Then the Jacobson-Morozov parabolic
subgroup of X is P. o

(3) Assume that X = 37 t: Xp, with t1,... . t, # 0. Let X = 37, t;'X g5, Then
(X, H, X) is an SL(2)-triple.

Remark 10. In [12], the double commutator map has been used to obtain relatively invari-
ant polynomials in a more general situation.

Finally, we are ready to prove Proposition 2.

Proof of Proposition 2. Suppose that © € U N Z(M)UB(n) and write 4 = zub where
z€ Z(M),uw e Uandbe B(n). Let A € F* be such that Ad(z)’u = AId,. Also write

U =exp X where X € . As Ad(exp X) = > L (ad X)™ we have

m=0 ml!
(4) Id, —ad X |, + D = Ad(@ )|, = Ad(b™") Ad(zu) |, = A" Ad(b71)] .

It follows that max(1, | D+l|) < |A|7!||6]| and therefore by Corollary 3 (applied to P) that
max (L, [ X)) < [A7H[b]l, or equivalently [A[|b]| max(1, [|X]) < [[b]|* max(1, [ X)~". We
can write (4) in the form

AAd(b) o Dx = (Idg —A) |,

where A = AAd(b) o (Id —ad X) € End(g). Suppose that || X| > ||b]|>. Then ||A] <
IA\|||6]| max(1, | X||) < 1 and therefore Id —A is invertible and ||(Id —A)~!|| = 1. It follows

that D+ is invertible and therefore by Lemma 7 we infer that P = P. Moreover, Dy =
A(Id—A)"" o Ad(b)|, and therefore |Dx || < [A[[[bl|l. By Lemma 8, we get @ € PuoU

and the U-part in the Bruhat decomposition of u is expY for ¥V = E%l (X). Hence
1Y < IAIOIHIX] << [ XN 7H|0])?. This immediately implies Proposition 2. O
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