ANALYTIC TORSION FOR ARITHMETIC LOCALLY SYMMETRIC
MANIFOLDS

JASMIN MATZ AND WERNER MULLER

ABSTRACT. In this paper we define a regularized version of the analytic torsion for quo-
tients of a symmetric space of non-positive curvature by arithmetic lattices. The definition
is based on the study of the renormalized trace of the corresponding heat operators, which
is defined as the geometric side of the Arthur trace formula applied to the heat kernel.
Then we study the limiting behavior of the analytic torsion as the lattices run through a
sequence of congrunece subgroups of a fixed arithmetic subgroup. Our main result states
that for sequences of principal congruence subgroups, which converge to 1 at a fixed fi-
nite set of places and strongly acyclic flat bundles, the logarithm of the analytic torsion,
devided by the index of the subgroup, converges to the L2-analytic torsion.
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1. INTRODUCTION

The main purpose of this paper is to define a regularized analytic torsion for locally
symmetric manifolds of finite volume which are quotients of a symmetric space of non-
positive curvature by an arithmetic group. This is motivated by the recent applications of
the Ray-Singer analytic torsion [RS] to the study of the growth of torsion in the cohomology
of cocompact arithmetic groups [BV], [MaM]|, [MP14b]. Since many important arithmetic
groups are not cocompact, it is very desirable to extend these results to non-cocompact
lattices. There exist some results for hyperbolic manifolds of finite volume [PR], [Rall,
[Ra2], [MR2].

In [MMI17] we have defined the regularized analytic torsion for arithmetic quotients of
the symmetric space SL(n,R)/SO(n). The purpose of the present paper is to extend
the definition to all arithmetic quotients of symmetric spaces X=a /K of non-positive
curvature.

To explain the approach we briefly recall the definition of the Ray-Singer analytic torsion
for a compact Riemannian manifold X of dimension n. Let p: m(X) — GL(V) be a
finite dimensional representation of the fundamental group of X let £, — X be the flat
vector bundle associated to p. Choose a Hermitian fiber metric in E,. Let A,(p) be the
Laplace operator on E,-valued p-forms with respect to the metrics on X and in F,. It
is an elliptic differential operator, which is formally self-adjoint and non-negative. Let
h,(p) := dimker A,(p). Using the trace of the heat operator e **»(")  the zeta function
G(s;p) of Ay(p) can be defined by

(1.1) G(sip) == %3) /000 (Tr (e*mp(p)) - hp(p)) 1 dt.

The integral converges for Re(s) > n/2 and admits a meromorphic extension to the whole
complex plane, which is holomorphic at s = 0. Then the Ray-Singer analytic torsion
Tx(p) € RT is defined by

(12 log Tx(p) = 5 S (17D Golsi )],y

p=1

The definition of the analytic torsion depends on the compactness of the underlying
manifold. Without this assumption, the heat operator e **#() is, in general, not a trace
class operator.

To generalize the above method to non-cocompact manifolds, the first problem is to
define an appropriate regularized trace of the heat operators. For hyperbolic manifolds of
finite volume one can follow Melrose [Me] to define the regularized trace by means of the
renormalized trace of the heat kernel. This method has been used in [CV], [PR], [MP12],
[MP14a], [MP14b]. One uses an appropriate height function to truncate the hyperbolic
manifold X at a sufficiently large height 7" > 0, that is, one cuts off the cusps sufficiently
far out towards infinity. Then one integrates the pointwise trace of the heat kernel over
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the truncated manifold X (7"). This integral has an asymptotic expansion in log7. The
constant term is defined to be the renormalized trace of the heat operator. The crucial
point is that this definition coincides with the spectral side of the Selberg trace formula
applied to the heat kernel.

In higher rank we proceed in the same way as in the case of hyperbolic manifolds.
The problem is to define the right truncation. In [MMI7] we have dealt with the case
G = GL(n). To define the regularized trace of the heat operators we have used Arthur’s
truncation operator [Ar78]. The goal of the present paper is to extend this approach to
quasi-split reductive groups G.

To this end we pass to the adelic framework. For simplicity assume that G is a connected
semisimple algebraic group defined over Q. Assume that G(R) is not compact. Let K., be
a maximal compact subgroup of G(R). Put X = G(R)/Ku. Let A be the ring of adeles
of Q and Ay the ring of finite adeles. Let Ky C G(Ay) be an open compact subgroup. We
consider the adelic quotient

(1.3) X(Kg) = GQ\(X x G(Ay)/Ky).

This is the adelic version of a locally symmetric space. In fact, X (K) is the disjoint union
of finitely many locally symmetric spaces I';\X, i = 1,...,1, (see Section . If G is
simply connected, then by strong approximation we have

X(K;) =T\X,

where I' = (G(R) x Kf) N G(Q). We will assume that K is neat so that X(Ky) is a
manifold. Let v: Ko, — GL(V,) be a finite dimensional unitary representation. It induces
a homogeneous Hermitian vector bundle E, over X , which is equipped with the canonical
connection V”. Being homogeneous, E, can be pushed down to a locally homogeneous
Hermitian vector bundle over each component F,\)z of X(Ky). Their disjoint union is a
Hermitian vector bundle E, over X (Ky). Let A, (resp. A,) be the associated Bochner-

Laplace operator acting in the space of smooth section of E, (resp. E,). Let e~*A* (resp.
e~'A) .t > 0, be the heat semigroup generated by A, (resp. A,). Since A, commutes with
the action of G(R), it follows that e~*2~ is a convolution operator with kernel given by a
smooth map Hy: G(R) — End(V,). Let h{(g) = tr H/(g), g € G(R). Then h} belongs to
Harish-Chandra’s Schwartz space C'(G(R)). Let x, be the characteristic function of Ky
in G(Ay). Define the function ¢} € C*°(G(A)) by

(1.4) 07 (9o09r) = 1 (9oo) X5, (97); 9o € G(R), g5 € G(Ay).

Then ¢} belongs to C(G(A); Ky), the adelic version of the Schwartz space (see Section
for its definition). Let Jy.m be the geometric side of the Arthur trace formula introduced
in [Ar78]. Then in [MMI7] it has been justified to define the regularized trace of e' as

(15) Trreg (6_tAV) = Jge0m<¢ty)
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(see [MMIT, Definition 11.1]). In order to define the zeta function by the analogous formula
(L.1)) we need to determine the asymptotic behavior of Tre, (e*m”) ast — 0 and t — o0,
respectively. To this end we use the Arthur trace formula.

Our first main result is concerned with the small time behavior of the regularized trace.
The general setup is a reductive quasi-split algebraic group G over Q, an open compact
subgroup Ky C G(Ay) and the associated adelic quotient X (/). Let r denote the split
semisimple rank of G. Then we have the following theorem.

Theorem 1.1. Let v : Koo — GL(V,,) be a finite dimensional unitary representation of
K, and let A, be the associated Bochner-Laplace operator on X (Ky). Suppose that Kj
is neat, and let r be the semisimple rank of G. There exist constants aj,b;; € C, j > 0,
0 <@ <r, depending on v and Ky such that

(1.6) Tt e (e 74 —d/zza 4t 1”22{1 /2(log t)!

7=0 =0

ast ™\ 0.

For G = GL(n) or G = SL(n) this result was proved in [MMI17], and for hyperbolic
manifolds in [Mul7]. The method to prove these results is the same as the one used in the
proof of Theorem [[.1} However, the arguments are simplified considerably. In the rank one
case, the short time asymptotic expansion of the regularized trace of the heat operators
can also be obtained by using methods of microlocal analysis [AR] Theorem A.1]. In fact,
this methods works for the more general class of manifolds with cusps. It is a challenging
problem to see if in the higher rank case the asymptotic expansion can also be derived
by methods of microlocal analysis.

To study the large time behavior we restrict attention to twisted Laplace operators, which
are relevant for our purpose. As before, let 7: G(R) — GL(V;) be a finite dimensional
complex representation. Let Fz\)N( .1 =1,...,1, be the components of X(K;). The re-
striction of 7 to I'; induces a flat vector bundle E.; over I';\X. The disjoint union is a
flat vector bundle E; over X (Ky). By [MM] it is isomorphic to the locally homogeneous
vector bundle associated to 7|k . It can be equipped with a fiber metric induced from
the homogeneous bundle. Let A,(7) be the corresponding twisted Laplace operator on
p-forms with values in E.. Let Ad,: Ko — GL(p) be the adjoint representation of K
on p, where p = £+, and v,(7) = A? Ad; ®7. Up to a vector bundle endomorphism, A,(7)
equals the Bochner-Laplace operator A o(r)- 90 T (€ ( _tAP(T)) is well defined. The large
time behavior of the regularized trace is descrlbed by the following proposition.

Theorem 1.2. Let Ky C G(Ay) be an open compact subgroup. Assume that Ky is neat.
Let 7 € Rep(G(R)). Assume that T % 19. Then we have

(17) Trreg (e_tAp(T)) - O<6_Ct)
ast— oo for allp=20,...,d.
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The proof of this theorem is an immediate consequence of Proposition together with
an application of the trace formula.

By Theorems [1.1| and [1.2| we can define the zeta function (,(s;7) of A,(7) as in (11.39)),
using the regularized trace of e7*»(") in place of the usual trace in (T.1)). The corresponding

Mellin transform converges absolutely and uniformly on compact subsets of the half-plane
Re(s) > d/2 and admits a meromorphic extension to the whole complex plane by Theo-
rems and . Because of the presence of the log-terms in the expansion , the zeta
function may have a pole at s = 0 so that we need to use the finite part of (,(s;7) in the
definition of the analytic torsion of X (Ky). More precisely, for a meromorphic function
f(s) on C and sy € C, let f(s) = >, ak(s — s0)* be the Laurent expansion of f at so,
and put FP,_, f := ag. Now we define the analytic torsion T k() € C\ {0} by

d

1 G(s;7)
(1.8) log Tx (s (1) = 5 ;0(—1)% (FPSZO )
In the case of G = GL(3) we have determined the coefficients of the log-terms in [MMI17].
The calculation shows that the zeta functions definitely have a pole at s = 0. However, the
combination Zizl(—l)ppg“p(s; 7) turns out to be holomorphic at s = 0 and we can instead

define the logarithm of the analytic torsion by

d (1L o
log T (1) (7) = s (5 ;(—1) pCp(SaT)) .

Remark 1.3. Let 6(X) = rank G(R)! —rank K. We recall that in the co-compact case,

the analytic torsion is trivial, unless §(X) = 1. As the example of a hyperbolic manifold of
even dimension shows [MP12|, this does not need to be so in the non co—compact case.

The next problem is to study the limiting behavior of log T'x, (7)/ vol(Xy) as N — oo,
where Xy = X (K s) is a sequence of congruence quotients with vol(Xy) — oo as N — oo,
The main goal is to generalize the results of [MMZ2] to other reductive groups. For an adelic

quotient X := X (K7) let T)(? ) (7) be the L*torsion [Lo|, [Mat]. Since the heat kernels on
X are G(R)-invariant, one has

(1.9) log T} (1) = vol(X)t2(7),

where tg) (1) depends only on X and 7. Let {Kj}jen be a sequence of open compact

subgroups of G(Ay). We say that K, converges to 1, denoted by K; — 1, as j — oo, if
for every open compact subgroup U of G(Ay) there exists Ny € N such that K; C U for
all 7 > Ny. Based on the known results in the compact case [BV], we make the following
conjecture.
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Conjecture 1.4. Let 7 € Rep(G(R)) and assume that 7 2 1. Let {K;};en be a sequence
of open compact subgroups of G(Ay) with K; — 1 as j — oo. Then

log T (k) (T) (2

(1.10) o VOl(X(K,)) X

(7)-

In [MM2] we established this conjecture for principal congruence subgroups of GL(n) and
SL(n). Let 6(X) := rankc(G(R)') — ranke(K ). The constant tg) (7) has been computed
in [BV], Proposition 5.2]. It is shown that tg)(r) £ 0 if and only if §(X) = 1.

We are unable to prove Conjecture [1.4]in all generality. Due to problems related to the
spectral side of the trace formula, we have to restrict the reductive groups. We will consider
the following class of reductive groups.

Definition 1.5. A reductive group G is called admissible, if G is an inner form of GL(n)
or SL(n), or a quasi-split classical group.

Due to problems related to the geometric side of the trace formula, we also have to make
restrictions on the sequences of congruence groups that we will consider. The problem is
concerned with the global coefficients in the Arthur’s fine expansion of the geometric side.
For GL(n) estimations of the global coefficients are known [Mal]. For groups other than
GL(n) very little is known about these coeffcients. That is why we need to restrict our
sequences of congruence groups for which we follow [Cl, Sect. 2]. Let S be a finite set of
primes. Let {K};en be a sequence of open compact subgroups of G(Ay). We say that
{K;} converges to 1 at S, denote by K; §> 1, if there exists an open compact subgroup

K® =[], 05 K, of G(A®) such that

(1.11) K;=Kg;x K% with Kg;=]]K,;, and Ks; — 1,
j—00

peES

where the latter condition means that for every open compact subgroup U of Gg :=
HpES G(Q,) there exists Ny € N such that Kg; C U for j > Ny. An example are the
principal congruence subgroups I'; := T'(p’) of SL(n,R), where p is a fixed prime. In the
present paper we will only consider principal congruence subgroups. The main result is
the following theorem.

Theorem 1.6. Let G be an admissible reductive algebraic group over Q. Let T € Rep(G(R)!)
and assume that T % 19. Let S be a finite set of primes with 2 ¢ S. Let {K(N;)};en be
a sequence of principal congruence subgroups of G(Ay) with K(N;) " 1asj — oco. Let

X(N;) :== X(K(N;)). Then
log TX(Nj) (1)

m  ——>—- = (2 T).
b Xy~ x
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The more general case of arbitrary congruence subgroups which converge to 1 at a fixed
set of primes will be treated in a forthcoming paper.

Another problem is the question if there is a combinatorial counterpart of Tx(x,(7),
as there is in the compact case. For hyperbolic manifolds of finite volume there is such
a combinatorial counterpart, which is not equal to the analytic torsion, but differs by a
rather simple term [MR1]. For applications it is important to extend this result to other
locally symmetric spaces. We hope to return to this problems in the future.

Now we briefly explain our method to prove Theorems|[I.I]and [[.2] Overall we follow the
approach [MMI17] but our treatment of the geometric and spectral side of the trace formula
will differ in some crucial places. To determine the asymptotic behavior of the regularized
trace as t — +0, we start with its definition as the geometric side of trace formula.
The first step is to show that ¢} can be replaced by a compactly supported function
¢ € C*(G(A)') without changing the asymptotic behavior. Next we use the coarse
geometric expansion of the geometric side, which expresses Jyeom(f), f € C°(G(A)!), as a
sum of distributions J,(f) associated to semisimple conjugacy classes of G(Q). Let Junip(f)

be the distribution associated to the class of 1. If the support of ¢} is a sufficiently small
neighborhood of 1, it follows that

(1.12) Tryeg (€727) = Junip(@}) + O (e7/*)

ast — +0. To analyze Jump(qbt ), we use the fine geometric expansion [Ar85] which expresses

ump(¢t) in terms of weighted orbital integrals. This reduces the proof of Theorem |1 .
to the study of weighted orbital integrals. In [MMI7] we dealt with this problem for
the group GL(n). In this case all unipotent orbits are Richardson, which simplifies the
analysis considerably. In fact, each local weighted orbital integral can be written as an
integral over the unipotent radical of an appropriate parabolic subgroup of G(R) against a
weight function that behaves logarithmically in a certain sense. This is the key result for

proving Theorem [1.1]in the case of GL(n).

To deal with the weighted orbital integrals for an arbitrary quasi-split reductive group
G we rely on [Ar8§]. Using the proof of [Ar88, Corollary 6.2], we obtain an appropriate
integral expression for the weighted orbital integrals. Again the main issue is the analysis
of the weight function and the proof that it has a certain logarithmic scaling behavior.
Then, as in the case of GL(n) we insert a standard parametrix for the heat kernel into
the weighted integral and determine its asymptotic behavior as t — 0. Finally, this
leads to the proof of Theorem

To prove Theorem , we use the spectral side of the trace formula. Let ¢;” be the
function in C(G(A)'; K), which is defined in the same way as ¢/ in terms of the kernel of
the heat operator on the universal covering. Then by the trace formula

Trreg (e_tA ) - Jspec(gbt’p)'

The key input to deal with the spectral side is the refinement of the spectral expansion of
the Arthur trace formula established in [FLMII] (see Theorem [9.1]). For f € C(G(A)!) we
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have
Jspec(f) - Z Jspec,M(f)7
[M]

where [M] runs over the conjugacy classes of Levi subgroups of G and Jspecns(f) is a
distribution associated to M. The distribution associated to G is Tr Ry (f), where Ry
denotes the restriction of the regular representation of G(A) in L?*(G(Q)\G(A)') to the
discrete subspace. Using our assumption that 7 # 7, we obtain dimker A,(7) = 0. Then
it follows as in the compact case that there exists ¢ > 0 such that

Tr Ry (677) = O(e™), as t — oc.

For a proper Levi subgroup M of G, Jspecm(f) is an integral whose main ingredient are
logarithmic derivatives of intertwining operators. The determination of the asymptotic
behavior of Jepeenr(¢1") as t — oo relies on two properties, one global and one local,
of the intertwining operators. The global property is a uniform bound on the winding
number of the normalizing factors of the intertwining operators in the co-rank one case.
The bound that we need is (11.35)), which was established in [Mu02, Theorem 5.3]. The
local property is concerned with the estimation of integrals of logarithmic derivatives of
normalized local intertwining operators R p(m,, ), which are uniform in m,. For GL(n)
the pertinent estimations exist for the logarithmic derivatives itself [MS04, Proposition 0.2].
In general, the key ingredient for the estimation of the integrals is a generalization of the
classical Bernstein inequality due to Borwein and Erdelélyi [FLM15, Corollary 5.18]. The
application of this result involves the estimation of the order at oo of matrix coefficients
of local normalized intertwining operators Ry p(7y,s). Using the standard properties of
local normalized intertwining operators, the problem can be reduced to the case of square
integrable representations m,, see Proposition [10.2| and its proof for details.

To prove Theorem [1.6]we follow the approach used in [MM2] in the case of SL(n). The new
ingredients are the results of [FL17], [FL18] and [FLI19] concerning the spectral side of the
trace formula. These are estimations of the global normalizing factors of the intertwining
operators and bounds on the degrees of coefficients of local intertwing operators. Based on
these estimations we can extend the main result of [MM?2] about the large time estimation
of the regularized traces of the heat operators to admissible reductive groups. On the other
hand, we can treat the geometric side in all generality, because estimations of the global
coefficients are not available for reductive groups other than GL(n). So we need to make
restrictions on the sequence of congruence subgroups.

The paper is organized as follows. In Section[2]we fix notations and recall some basic facts.
In Section [3] we begin with the study of the asymptotic expansion of the regularized trace
of the heat operator. We show that for the derivation of the asymptotic expansion one can
replace the geometric side of the trace formula by the unipotent contribution. Sections
and [6] contain some preparatory material related to weighted unipotent orbital integrals.
In Section [7] we show that the weighted unipotent orbital integrals with respect to test
functions derived from the heat kernel admit an asymptotic expansion as t — 0. In Section
we use this result combined with Arthur’s fine geometric expansion to prove Theorem
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In Section [9] we recall the the refined spectral expansion of Arthur’s trace formula. Section
is concerned with the study of logarithmic derivatives of local intertwining operators.
In the final Section we use the spectral side of the Arthur trace formula to prove
Theorem which concerns the large time asymptotic behavior of the regularized trace
of the heat operator. Together with Theorem this enables us to define the regularized
analytic torsion. In the final section [12] we study the limiting behavior of the renormalized
logarithm of the analytic torsion and prove Theorem [I.6]

2. PRELIMINARIES

Let G be a reductive algebraic group defined over Q. We fix a minimal parabolic subgroup
Py of GG defined over Q and a Levi decomposition Py = MyUy, both defined over Q. Let F
be the set of parabolic subgroups of G which contain M, and are defined over Q. Let L
be the set of subgroups of G which contain M, and are Levi components of groups in F.
For any P € F we write

P = MpNp,
where Np is the unipotent radical of P and Mp belongs to L.

Let M € L. Denote by Aj; the Q-split component of the center of M. Put Ap = Ayy,.
Let L € £ and assume that L contains M. Then L is a reductive group defined over QQ and
M is a Levi subgroup of L. We shall denote the set of Levi subgroups of L which contain
M by LE(M). We also write FZ(M) for the set of parabolic subgroups of L, defined over
Q, which contain M, and PL(M) for the set of groups in FZ(M) for which M is a Levi
component. Each of these three sets is finite. If L = GG, we shall usually denote these sets

by L(M), F(M) and P(M).
Let X (M)g be the group of characters of M which are defined over Q. Put
(2.13) ap := Hom(X (M), R).
This is a real vector space whose dimension equals that of A,;. Its dual space is
ay, = X(M)g®@R.
We shall write,
(2.14) ap = ay, Ao = Ay, and ag = ap.

For M € L let Ay(R)? be the connected component of the identity of the group Ay (R).
Let Wy = Ngq)(Ao)/My be the Weyl group of (G, Ay), where Ng(q)(H) is the normalizer
of H in G(Q). For any s € W, we choose a representative ws; € G(Q). Note that W} acts
on L by sM = w;Mw;*. For M € L let W(M) = Ngq)(M)/M, which can be identified
with a subgroup of Wj.

For any L € L£(M) we identify a} with a subspace of a};,. We denote by a%, the annihilator
of aj in ap;. Then r = dima§ is the semisimple rank of G. We set

Li(M)={L € L(M):dima}, =1}
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and

(2.15) AM)= ] PW@)

LeL(M)

We shall denote the simple roots of (P, Ap) by Ap. They are elements of X (Ap)g and are
canonically embedded in a}. Let Xp C a} be the set of reduced roots of Ap on the Lie
algebra of G. For any o € ¥); we denote by a¥ € ay; the corresponding co-root. Let P;
and P, be parabolic subgroups with P, C FP,. Then ap, is embedded into ap , while ap,
is a natural quotient vector space of ap,. The group Mp, N P, is a parabolic subgroup of
Mp,. Let Agj denote the set of simple roots of (Mp, N Py, Ap,). It is a subset of Ap,. For
a parabolic subgroup P with Py C P we write Al := Ap .

Let A (resp. Ay) be the ring of adeles (resp. finite adeles) of Q. We fix a maximal
compact subgroup K = [[, K, = K« - K; of G(A) = G(R) - G(Ay). We assume that the
maximal compact subgroup K C G(A) is admissible with respect to My [Ar88] §1]. Let
Hyr : M(A) — apr be the homomorphism given by

(2.16) et = [y (m)| = [ [Ix(ma)l,

for any x € X (M) and denote by M(A)' € M(A) the kernel of Hy;.

Let g and ¢ denote the Lie algebras of G(R) and K., respectively. Let § be the Cartan
involution of G(R) with respect to K. It induces a Cartan decomposition g = p @ €. We
fix an invariant bi-linear form B on g which is positive definite on p and negative definite on
. This choice defines a Casimir operator {2 on G(R), and we denote the Casimir eigenvalue
of any m € II(G(R)) by A;. Similarly, we obtain a Casimir operator k_ on K., and write
A, for the Casimir eigenvalue of a representation 7 € II(K,) (cf. [BGL §2.3]). The form B
induces a Euclidean scalar product (X,Y) = —B(X,0(Y)) on g and all its subspaces. For
7 € II(Ko) we define ||7]| as in [CD} §2.2]. Note that the restriction of the scalar product
(,+) on g to ag gives ag the structure of a Euclidean space. In particular, this fixes Haar
measures on the spaces af; and their duals (af,)*. We follow Arthur in the corresponding
normalization of Haar measures on the groups M (A) ([Ar7S8, §1]).

Let L2 (Ap(R)°M(Q)\M(A)) be the discrete part of L*(Axy(R)°M(Q)\M(A)), i.e.,
the closure of the sum of all irreducible subrepresentations of the regular representation of
M(A). We denote by Ilgis.(M(A)) the countable set of equivalence classes of irreducible
unitary representations of M (A) which occur in the decomposition of the discrete subspace

L2 (Ay(R)M(Q)\M(A)) into irreducible representations.

Let H be a topological group. We will denote by II(H) the set of equivalence classes of
irreducible unitary representations of H.

Next we introduce the space C(G(A)') of Schwartz functions. For any compact open
subgroup K; of G(A;) the space G(A)'/K; is the countable disjoint union of copies of
G(R)' = G(R) N G(A)" and therefore, it is a differentiable manifold. Any element X €
U(gl,) of the universal enveloping algebra of the Lie algebra gl of G(R)!' defines a left
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invariant differential operator f — f * X on G(A)'/K;. Let C(G(A)'; K;) be the space
of smooth right K -invariant functions on G(A)! which belong, together with all their
derivatives, to L'(G(A)'). The space C(G(A)'; K;) becomes a Fréchet space under the
seminorms

1f* Xllroam, X €U(gs)-
Denote by C(G(A)') the union of the spaces C(G(A)'; K;) as K; varies over the compact
open subgroups of G(A;) and endow C(G(A)") with the inductive limit topology.

3. ASYMPTOTIC EXPANSION OF THE REGULARIZED TRACE

Let G be a reductive quasi-split group over Q. We assume that its center Zg is Q-
split and let Ag be the identity component of Zg(R). Then G(A) = G(A)! x Ag and
G(R) = GR)! x Ag with G(R)! = G(A)! N G(R), a semisimple real Lie group. Let
0 : G(R) — G(R) be a Cartan involution and K., = G(R)? its fixed points. For each
prime p fix some maximal compact subgroup K,, of G(Q,) and let K; =[] K,. Let K;
be a finite index subgroup of K; and X (K;) = G(Q)\G(A)'/K? - Ky, where K% is the
connected identity component of K.,. Let r denote the split semisimple rank of G so that

r = dima§.

We recall the definition of the regularized trace. For that we adopt the notation from

[MMI7, §11-12]. Let v: Ko — GL(V,) be a finite dimensional unitary representation.

Let A, be the Bochner-Laplace operator attached to v on the universal covering X =
GR)'/KY of X(K;). Let HY : G(R)! — GL(V,) be the convolution kernel associated

with A,, and let hY = tr H”. We extend b, to G(R) by hY(ag) = h¥(g) for all a € Ag,
g € G(R)". Let 1g, : G(Ay) — C be the characteristic function of K. Put

1k,
VOl(Kf)

(31) XKf =

and

¢t (9) = hi (900 )X, (97)
for g = g - gr € G(A) = G(R) - G(Ay). Let Jyeom denote the geometric side of Arthur’s
trace formula. The regularized trace of e *2v is defined by

(3'2) Trreg(e_tAV) - Jgeonl(qsty)’

This is well-defined because ¢ and all its derivatives are in L'(G(A)') so that Jyem(¢}) is
well-defined by [FLMTII].

3.1. Reduction to unipotent distributions. The proof of Theorem rests on an
asymptotic expansion of certain unipotent distributions J$ (O, -), which will be introduced
in §bland which are defined only for compactly supported test functions. To state this result
we first need to construct compactly supported test functions from ¢y.

Let d(-,-) : X x X — [0, 00) be the geodesic distance on X, and put 7(gso) = d(gooo, o)
where o = K, € X is the base points. Let 0 < a < b be sufficiently small real numbers
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and let 5 : R — [0, 00) be a smooth function supported in [—b, b] such that f(y) = 1 for
0<ly|] <a,and 0 < B(y) <1 for |y| > a. Define

(3.3) V1 (goo) = B(r(goo)) 1y (goo)-
and
(3.4) & (9) = Uy (g00) X, (97)

for g = goo - g5 € G(A) = G(R) - G(Ay). Then ¢ € C=(G(A)") and ¥ € C>(G(R)"). By
[IMMI17, Proposition 12.1] there is some ¢ > 0 such that for every 0 <t < 1 we have

(3'5) Jgeom(qb:;) - Jgeom(q;ty) << e_C/t‘

We note that in [MM17, Sect. 12] we made the assumption that G = GL(n) or G = SL(n).
However, the proof of the proposition holds without any restriction on G. The next result
reduces the considerations to the unipotent contribution to the geometric side. Before we
state it, we recall the coarse geometric expansion of Arthur’s trace formula [Ar(05, §10]:
Two elements 1,72 € G(Q) are called coarsely equivalent if their semisimple parts (in the
Jordan decomposition) are conjugate in G(Q). Then for any f € C°(G(A)') we have

Jgeom(f) = Z Jo(f)a

where o runs over the coarse equivalence classes in G(Q), and the distribution J, is sup-
ported in the set of all g € G(A)' whose semisimple part is conjugate in G(A) to some
semisimple element in o. If 0 # o', the supports of J, and J, are disjoint. Note that the
set of unipotent elements in G(Q) constitute a single equivalence class 0y, and we write
Junip =J

Ounip *

Proposition 3.1. If Ky is neat and the support of B is sufficiently small, then
(3.6) Jesom(3)) = Junp ().

Proof. Let p : G — GL(N) be a faithful representation of G. For each prime p we can
find v, > 0 such that K, C p~'(GLy(p~"*Z,)), and v, = 0 for all but finitely many p.

Hence K; C p~ Y (GLy(M™'Z)) with M =[] p*».

Let x : GLy(A) — A" be defined by mapping elements of GLx(A) onto the sequence
of coefficients of their characteristic polynomials (omitting the coefficient 1 of the highest
degree monomial). Let f,, € C®(G(R)'). Suppose that ¢ € G(A)! is in the support
of foo - 1k, and that the semisimple part of g is conjugate in G(A) to some o € G(Q).
Then x(p(g)) = x(p(0)) € QY, and further x(p(g)) € p~V**Z) for every prime p. Hence
x(p(g)) € M—NZN. Tf we choose f., to be supported in a sufficiently small, bi-K . -invariant
neighborhood of the identity of G(R)! (the support of f,, will possibly depend on M), we
can arrange that x(p(g)) € Z" so that the eigenvalues of p(g) are all algebraic integers.
Shrinking the support of f., even further if necessary, we can conclude the eigenvalues of
p(g) must all be roots of unity. Otherwise, the group generated by the matrix p(g) would
not be contained in a compact set. By assumption, K is neat so that these eigenvalues in
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fact need to be equal to 1. The semisimple part of p(g) therefore equals Iy (the identity
matrix in GLy(Q)), that is, the semisimple part of g equals the identity in G(A)! so that
g is unipotent.

By the discussion above on the coarse geometric expansion, we can now find a bi-K-
invariant neighborhood 2 of the identity in G(R)! such that whenever f,, € C=(G(R)!)
is supported in Q we have Jyeom(f) = Junip(f) where f = foo - 1, € C(G(A)'). Hence

if we choose the support of 8 in the definition of QE;’ sufficiently small, we obtain the
proposition. ]

In light of and we therefore only need to study the asymptotic expansion of
Junip(gz;;’ ) as t \, 0 to prove Theorem . This will be done in the following sections by
using the fine geometric expansion of Jyuip involving weighted orbital integrals over the
unipotent conjugacy classes in G(R).

4. PRELIMINARIES ON UNIPOTENT CONJUGACY CLASSES AND INTEGRALS

Until §8) we will be concerned only with the real Lie group G(R)! so that we write G
for G(R)'.

4.1. Notation. In abuse of our previous notation, we write Py = MyUy C G4 for the
minimal parabolic Py(R) NG = (M(R) N Go)(Up(R) N Gop) in G until

A parabolic subgroup P of G is called standard if it contains Py, and semistandard if
it contains My. A Levi subgroup M in G, is called semistandard if it equals the Levi
component containing M, of some semistandard parabolic subgroup. We write £ for the
set of semistandard Levi subgroups of Go. If M € L, we write L(M) for the set of all
L € L with M C L so that £ = L(M,).

If L € £, then P¥ := PyN L = My(UyN L) is a minimal parabolic subgroup in L, and
P +— PN L defines a surjective map from standard parabolic subgroups in G, to standard
parabolic subgroups in L (with respect to PF). Similarly, we get surjective maps from
semistandard parabolic and semistandard Levi subgroups in G, to such subgroups in L
(with respect to My). If M,L € L, M C L, we write LX(M) for the semistandard Levi
subgroups in L containing M. Further, we write FZ (M) for the set of all semistandard
parabolic subgroups in L containing M. If L = G, we write F(M) = F%=(M). Though
this clashes with our global notation previously used, we hope that it will not lead to any
confusion.

4.2. Unipotent conjugacy classes. We recall some basic facts on unipotent conjugacy
classes, which can for example be found in [Car] or [CoMc]. Let M € £ and let O C M
be a unipotent M-conjugacy class in M. If L € L(M), we write O for the unipotent
conjugacy class induced from O in M to L along some semistandard parabolic subgroup
in L (the induced class is independent of that choice of parabolic).
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Let L € L(M). Let PL C L be a Jacobson—Morozov parabolic associated with OF in L
(see [CoMd, Remark 3.8.5]). We can choose PL to be standard, and we write PX = MLUL
for its Levi decomposition with M* D M.

Let I denote the Lie algebra of L, and let

(=P

i€Z
be the grading attached to the standard triple corresponding to our choice of Jacobson—
Morozov parabolic P*. Put uf := @D, li- Let Xo € I such that ug := =X ¢ OF,

4.3. Measures on unipotent classes. We keep the notation from To define distri-
butions on the unipotent conjugacy classes, we need to fix measures. We fix once and for
all some normalization of measures on G, on K, on the semistandard Levi subgroups
in G, and on the unipotent radicals of the semistandard parabolic subgroups. We choose
those measures such that they are compatible with respect to Iwasawa decomposition. We
also fix a normalization of the measures on the vector spaces ;.

Let L,, be the centralizer of ug in L. Then L,,\L is diffeomorphic to Or and L, is
unimodular being a unipotent group. The quotient measure on L, \L (denoted by d*g)
defines an L-invariant measure on O which in fact is a Radon measure on O and has an
explicit description:

Proposition 4.1 (|[Radl). There exists ¢ > 0 and a polynomial ¢ : ly — C of degree
dim [y such that if f € CX(L), then

1 X+2) 1/2
(4.7) / CRL /V / Fret (X)) p(30) |2 dZ dX

where VO C Iy is the orbit of Xy under ML (a dense subset of Iy), and Jrr s defined by
frr (g fKL f(k=tgk)dk, g € L.

If we want to emphasize the dependence on L, we write VL, [X, ol etc. If Q = LV is a
semistandard parabolic subgroup, we might also write VOQ = ViE 19 = 1F) o9 = pl ete.

4.4. Behavior under induction. Let O C M, L € F(M) be as before. We can induce

in stages, that is, Q% = ((’)L)G‘”. The invariant measure on O%= is then given by a
constant multiple of

(4.8) / /V / fr (eXTZn) M (X)) V2 dZ dX dn
Nq o Juk

for any f € C*(Gw) where Q € F(L) is such that L = L is the Levi component of @),
Ng the unipotent radical of @, and fx_ (g fK (k—'gk) dk.
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Remark 4.2. The dimension of a unipotent orbit can be computed in terms of the dimen-
sions of the grading coming from the attached standard triple. More precisely, dim O =
2dimul + dim [}, see [CoMd, Lemma 4.1.3]. Taking into account that dim V¥ = dim Iy,
and deg o* = dim [; we get

dim O =2 (dim us + dim VOL) + deg ¥,

in particular, the dimension is even. Suppose that QQ € F(M) is any semistandard parabolic
subgroup with Levi component L and unipotent radical N, Q = LN. Then dim Q%> =
2dim N + dim O so that

dim O =2 (dim N + dimu} + dim V{") + deg "

5. WEIGHTED UNIPOTENT INTEGRALS

5.1. Introduction. Arthur’s fine geometric expansion and his splitting formula (see §
describe Jynip as a linear combination of certain products of real and p-adic weighted
unipotent integrals. For our purposes we only need to be concerned with the archimedean
case for which we follow [Ar88]: Let f € C*(G) and let O be a unipotent conjugacy
class in M. The archimedean weighted orbital integrals J =(f,O) can be defined as sum of
integrals over OF= against certain non-invariant measure. Those non—invariant measures
can be described as follows: Using the proof of [Ar88, Corollary 6.2] we have

(5.9)

JG=(f.0) = 0) X tn X+z 1247 dX dn dk
0= ¥ o ) [ Lo o et s o 1000 k.

where the notation is as follows:

e fk..(g fK f(k~tgk) dk

° w]%’e is a certain weight function discussed in [Ar88]. We will study this weight
function in more detail below,
e ¢(Q,0) > 0 are suitable constants coming from the normalization of measures in

and (13).

o for Q € F(M), Q = LgNg denotes its Levi decomposition with Lg its Levi com-
ponent, Lo 2 M, and Ny its unipotent radical.

Set ug1 = ur? @ ng with ng the Lie algebra of Ng. We extend @ and w%ﬁo(exp(-)) to

all of ug; by projecting to qu along ng. Then we can write the integral above also as
B1) (0= Y dQ.0) [ fe (el ol o) ay.
QEF(M) o

Note that for each @, the integral is over the same unipotent orbit @O%= but with different
weight functions.
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5.2. An asymptotic expansion of the weights. We now study the functions w%o(-)
from (5.9) in more detail. For convenience of notation, we only consider the case @) = G.
We write wyro = Wiro-

We fix an embedding ¢ : Go, — GL,(R)" that satisfies certain properties. Write H =
(G), S =1(T(R)), No = t(U(R)), where T'(R) is a maximal split torus in G, and Ny(R)
the unipotent radical of our fixed minimal parabolic subgroup of G,. Then we assume ¢
to satisty the following:

e H is self-adjoint;

e S is contained in the group of diagonal matrices Ty C GL, (R)};

e N, is contained in the group of unipotent upper triangular matrices Uy C GL, (R)?;

e The restriction of the positive roots of (Ty,Upy) to S are positive roots of (S, Np);
every root of (S, Ny) is obtained this way.

The existence of such an embedding follows from [PIRa, Proposition 3.13]. In the following
we will write b for the Lie algebra of H, G,, = GL,(R)! and g,, for the Lie algebra of G,,.

Let P = M N be a semi-standard parabolic subgroup in H and let O C M be a unipotent
conjugacy class. Let P, = M N; be another semi-standard parabolic subgroup with the
same Levi component M. Let @ be a weight on ay;/ay that is an extremal weight for an
irreducible representation A, of H on a finite dimensional vector space V,,, defined over
R, which is also P-dominant. Let Hp : H — a;; be the Iwasawa projection.

Then for any h € H, Arthur defines a weight function vp(w, h) by vp(w, h) = e~=Hr(R)
and as shown in [Ar88, (3.3)], it satisfies

vp(w, h) = e @HPW) — A_(h"Y)og|, heH,

for ¢ a unit vector in the representation space V,, of A, with respect to a fixed norm || - ||
on V.

Let m =uv € P, with w € O and v € N;. Let a € Ay, be regular. Then there is a unique
n € Nj such that

(5.11) ar =n"taun.

Therefore, a — Ay (n!)¢, is a rational function on a dense subset of, and hence on all of

Ant/An.
By Arthur’s construction [Ar88, p. 238-239] there exist unique integers kg > 0 such that

; B _ ,—BYks

(5.12) }}E} H (a” —a ") *vp(w,n)
ﬁGZPﬂEPfl

exists and is non-zero on a dense subset of ON;. Here X p denotes the set of reduced roots

of Apr on N, and similarly, Y- is the set of reduced roots on the opposite parabolic. The

limit is in fact of the form [|[W(1,7)|| with W (1,7) € V, a polynomial on ONj.
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The weight functions wy,(7) appearing in the weighted unipotent integrals are then of
the form

(5.13) wao(m) =Y eq [ log [[Wa(1,7)]|

Q we
where () runs over all finite subsets of extremal weights of a,;, and ¢ € C are coefficients
which vanish for all but finitely many of the 2s. Note that wyo(7) attains a finite value
on a dense subset of 7s.

5.3. Extending polynomials. We recall the notion of a Jacobson—Morozov parabolic
subalgebra. Recall that © C M denotes a unipotent conjugacy class, and let N/ C m be the
corresponding nilpotent orbit. By the Jacobson—-Morozov Theorem [CoMcd, 3.3] we can find
an sly-triple (ho, zo, o) for N in m with hg semisimple and g, yo nilpotent. We decompose
m into eigenspaces under ho, that is m = @, , my, with my, = {X € m | [ho, X] = kX}.
Let M denote the centralizer of Ay in G, and let m C g be its Lie algebra. Then M is a
semi-standard Levi subgroup of G,, with M C M, m C m. Then hy also defines a grading
on ﬁl, m= @kez I’ﬁk

Let ¢ = @,-,m;r C m be the corresponding Jacobson-Morozov parabolic subalgebra.
Let oM = @, ., my; and v}/ = @, _, my. We also define 0 = @My, and gV = @0y,
so that v is a sub—vectorspace of 6.

Then each u € O can be written as k~'eXk for k € K N M and a unique X € v}, Note
that W (1, ) is invariant under the conjugation by elements of X' N M by [Ar88, (3.7)] so
that we can assume that 7 = eX™Y with X € v} and Y € n; where n; is the Lie algebra
of Ny. By [Ar88] p. 253] W (1,7) is a polynomial in X + Y. Similarly, vp(w,e¥) is a
polynomial in Y € n;.

There are~semistandard Levi subgroups P = MN and 151 =M ]\71 of GG, such that N C N
and N; C Nj. Let ny be the Lie algebra of N; so that n; is a sub—vectorspace of n;. We have
a canonical isomorphism f; ~ R¥™ ™ via the coordinates given by the matrix entries. This
also gives a canonical inner product on n; so that we can find the orthogonal complement
of ny in n;. We can therefore extend any polynomial on ny trivially to a polynomial on n,
along that complement. A similar construction holds for polynomials on v} so that they
can be extended trivially to polynomials on 9}/ as well.

In particular, we can extend X +Y +— W (1,eX*Y) to a polynomial on all of 9/ +n,, and
Y — vp(w,e¥) to a polynomial on all of f;. Since X +Y is nilpotent, log(id +X +Y) and
eX*+Y are finite series. Hence we can also consider W, (1,id +X +Y) = W, (1, eloe(id +X+17)
and vp(w,id +Y) = vp(w,e8id+Y)) with X € oM and Y € n; which are again both
polynomials.

5.4. In which the group is GL(n). In this section we first prove a slightly more general
version of [MMI7, Lemma 7.2]. We change the notation for this section slightly: We
assume that H = G,, so that in particular, P = M N and P, = M N; be semi—standard
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parabolic of (G, with the same Levi component M. Let a € Aj; be regular. Suppose that
m € Py is a unipotent element and write 7 = uv with v € M and v € Ny unipotent. Then
there is a unique n € N; such that

(5.14) ar =n"‘aun,

that is, we have a well-defined polynomial map Uy, N; > m — n € N; depending on «a
where Uy, denotes the set of all unipotent elements in M.

Let @ denote the set of all roots of Ty on g,. Let ®); C & denote the subset of roots
which are not trivial when restricted to Ay, and let ®; C &), be the subset of roots that
are positive with respect to N;. Let ®* denote a choice of positive roots in ® such that
®; C &, Let n’ C m denote the nilpotent subalgebra corresponding to ®* ~. ®;. Then

1’ @ n, is the nilpotent radical of the minimal parabolic subalgebra of g,, corresponding to
ORS

If Z € g, is any matrix and 8 € ® a root, we write Zz for the matrix entry of Z
corresponding to 3. Write u = id +X,, v =id+X, and n = id+Y with X, X, Y suitable
nilpotent matrices. Up to conjugation with K N M we can assume that X, € n’ which we
will do from now on.

We show the following:

Proposition 5.1. Let f € ®,. Then for each subset o C &y there is a polynomial
Qpa(Z;a% a€a), Z:=m—id= X+ X + XoX , such that:

QpalaZa™ta% a € a)
YB - Z a® — ]_) )

aCd, HQEQ(

where a runs over all subsets of ®q;
e as a function in the matrixz entries of Z, (3.4 15 a homogeneous polynomial of degree

o
o ifQsn(aZa™t;a% a € a) does not vanish identically, then for X in general position,
its limit as a — 1 is non-zero.

Proof. We introduce a grading on the set ®;: We say that § € ®; has degree k, k > 1, if
the B-coordinate of A* is non-zero, but that of A**! is zero for a general matrix A € n;.

We write @gk) for the set of 8 € ®; of degree k. Note that @gk) = () when k > n.
We rearrange the relation ((5.14)) as follows:
id+Xo+a(Z — Xo)a™! =n"tana ™ + n ' Xoana™!
n—1

n—1
=id+ ) (D)"Y aYa ' = Y] 4+ Xo+ ) ()Y [XpaYa ! - Y X]
k=1

k=1
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For k > 1, the non-zero entries in the matrices Y*~![aYa™! — Y] all correspond to 3 in
CDY), [ > k. Moreover, the matrix entry in
n—1
(5.15) d (=1 ava Tt - Y]
k=1
corresponding to a root [ of degree k is of the form

(@ =Y+ (@ —1)Cy [[ Ya

aca

where the sum runs over all tuples @ = (aq,...) of pairwise different elements in (J,_, 3!
such that 2 < Y dega; < k, and C, € R are suitable coefficients. Note that this in
particular means that the sum over the a in contains only monomials of degree > 2,
and is in fact empty if £ = 1.

The sum Y 51—} (=1)*'V*1 [XpaYa~" — Y Xo] has a similar structure as (5.15), except
that each monomial has exactly one linear factor consisting of a matrix entry of Xy. In
particular, as a polynomial in Y and Xy, there is no linear factor, and the matrix entry
corresponding to a root of degree k has only factors consisting of Y3 with deg 8 < k and
Xo. Moreover, no matrix entry of

n—1
> (=Y [XpaYa ! — Y X]

k=1

is divisable by any of the factors a®—1 (unless it is identically 0), since in [XoaYa ! — Y X
the terms a’Y; and Yj cannot occur with non—vanishing coefficient in the same matrix
entry.

We can now argue inductively in the degree of 8. If 5 € CI>§1), then
(CI/B — 1)Y5 = (Z’BZB.

The assertion then follows by induction from the above description of the matrix entries.
O

5.5. Back to H. We return to the notation of and (5.11). Write u = id+X,, 7 =
id+Z and n = id +Y with X, Z, and Y nilpotent matrices.

Proposition 5.2. There exists v such that
(5.16) IWe(1,id +s2)|| = s”||Wx(1,7)||
for all s > 0.

Remark 5.3. Note that id+sZ is not necessarily contained in O (it does not even have
to be contained in H), but as we discussed above, we can extend W (1,7) to a polynomial
on all of id+0' 4+ 1.
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Proof. We want to use Proposition . The element a in defines a semistandard
Levi subgroup M in G, by taking its centralizer in G,. Then a is a regular element of the
center of M and M C M. Moreover, as before, there are semistandard parabolic subgroups
P =MN and P, = MN; of G,, such that N € N and N; C N;. As explained above, we
can extend vp(w,n) to a polynomial in Y € ny, n =id+Y. Each coordinate Y3 of Y can
be described according to Proposition so that under the change Z +— sZ the coordinate
becomes

4a@salaZa”lia% o € a)
- Z 5T B o 1 '
aCd, HaEQ(a’ - )
Hence by definition of [|[W(1,7)|| in (5.12)) we can find v > 0 such that
IWx(1,id +s2)|| = s"[|[We(1,id+2)]|.

O
Together with ([5.13]) this immediately implies the following:
Corollary 5.4. There exist
e constants r,q > 0,
e polynomials py, . ..,p, : M &0y — R which do not vanish on an open dense subset
of Z with id+Z € ONy, and
e complex polynomials Q); in g-many variables, j =0,...,r,

such that for all Z € oM ®ny and s > 0 we have

T

wiro(id+s2) =Y (log s)'Q;(log [p1(2)], ..., log |py(Z)]).

=0
6. TEST FUNCTIONS

6.1. Linearizing the metric. Let
(6.17) r(g) = d(9Koo, Keo),

where d(-,-) denotes the geodesic distance function on X = Gu /K. We continue to
assume that G, is a real semisimple Lie group, and we fix an embedding of G, into
GL,(R)! for some n > 1 as at the beginning of From now on, we will identify G,
and all its subgroups with their image in GL,(R)! instead of writing H etc., and the Lie
algebra g will be identified with its corresponding image in sl,(R). In addition to the
properties satisfied by G, in we can choose the embedding furthermore such that

e K., CO(n).

e a§ is contained in the subalgebra of diagonal matrices in sl,(R).

o [f g=t®Ds is the Cartan decomposition of g, then s is contained in the symmetric
matrices in sl,(R), and € in the skewsymmetric matrices.
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o For X = (Xij)ij=1..n € 8, put [ X[|? =37, |Xj[*>. Then || || coincides with the
norm on s obtained from the Killing form on g. (More generally, we define || - ||
similarly on all of s[,(R).)

e The unipotent radical Uy of the minimal parabolic subgroup F, is contained in the
group of unipotent upper triangular matrices of GL,(R)*.

Let d,(-,-) denote the geodesic distance function on GL,(R)!/O(n), and let r,(g) =
d,(gO(n),0(n)). By our choice of embedding, the Cartan decomposition on G, with
respect to K, and on GL,(R)' with respect to O(n) are compatible, that is, if g =
kiaky € Go = Koo AS Ko, then kjak, is also the Cartan decomposition of g in GL, (R)!.
Hence r(g) = r(a) and r,(g) = r,(a). By [GaVal, (4.6.25)] we have r(a) = ||loga|l and
rn(a) = ||logal| so that r and r,, coincide on G, C GL,(R)!. This allows us to use results
on the geodesic distance r,, from [MM17] also for r. Recall from [MM17, Lemma 12.2] that
if g=1,+ X € GL,(R)! with X a nilpotent upper triangular matrix, then

1
(6.18) ra(In+ X) = ZI1X|° + O(IXP)
as X — 0. Here I,, € GL,(R)! denotes the identity matrix. Hence if X varies over matrices

such that I, + X € G, then the same is true for r,(I,, + X) by our above remark.

We also need to understand how 7(g) behaves as g varies over unipotent matrices in G,
that become unbounded:

Lemma 6.1. We have . .
> ] 1+ =g — I,
r(0) 2 yiog (14 1o - 1)

for all unipotent g € G.

Proof. Let g € G4 be unipotent and write g = ¢*© with Y; € g nilpotent. There exists
k € K such that Y := Ad(k)Y} is an upper triangular nilpotent matrix. We can therefore
write e¥ = I, + N for some nilpotent upper triangular N € sl,(R). Let X € a§ and
ki, ko € Ko such that g = kjeXky. Then || X|| = r(g9) = r(ke¥k™) = r(e¥), where the
first equality follows from [GaVal, (4.6.25)]. Then

tre?¥ = tr(g'g) = tre¥0e’ = tre¥e¥ = tr(I, + N)'(I, + N) = n+tr N'N = n + |N|%

Let X4,..., X, be the diagonal entries of X. Then

n n
tre?X = E e2Xi < 5 2%l < nelXI,
j=1 j=1

Hence
> (14 [NV
so that ] 1
r(9) = IXI| > 5 log(1+ ||

as asserted. O
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Lemma 6.2. Let uy denote the vector space of all nilpotent upper triangular matrices in
gl,,(R). Then there exists xy > 0 such that for all X € uy with | X|| > zo we have

1

V2

Proof. We consider a more abstract situation: Let P : R¥ — R be a non-negative
polynomial satisfying the following two properties:

le* = L] = =l X].

e P(r) — oo as ||z|| — oo, where ||z]| denotes the usual Euclidean norm on RY,
and

e P(x) can be written as P(z) = ||z]|*+_,, @ax® with a running over all multiindices
a=(ay,...,ay) of degree 3 < |a| =), a; < deg P.

The function iy > X ~ ||eX — [,,||* is a polynomial exactly of this form. It will therefore
suffice to show that for such polynomials we have P(x) > ||z|*/2 for ||z|| > z¢ for some
To > 0.

Fix x € RN with ||z]| = 1 and set Q. (t) = P(tx) —t? for t € R. If Q, vanishes identically
in ¢, we are done. If ), does not vanish identically, then @), is a non-trivial polynomial
of degree > 3 in t. Since P(tx) — +00 as t — oo, we must also have Q,(t) — +oo for
t — oco. Hence there exists ¢, > 0 such that Q,(t) > 0 for all ¢ > t,, that is, P(tx) > ¢?
for t > t,. Since the set of all z € RY with ||z]| = 1 is compact, we can find t, > 0 such
that P(z) > ||x||?/2 for all x € RY with ||z|| > t¢. This finishes the proof. O

6.2. Asymptotic expansion of the heat kernel. We recall the following asymptotic
expansion of hY which, for example, can be found in [MMI17, Corollary 10.4]: If ¢ €
C*(R) is non-negative, equals 1 around 0 and has sufficiently small support, then for any
sufficiently large N and any 0 <t < 1 we have

N
(6.19) hy(g) = (4mt) = (r(g)) exp (—r(9)*/(41)) D ak(g)t" + O (tNH4?)

n=0

where a € C*(G) are suitable functions and the implied constant depends on the
function ¢ but not on N. We further note a uniform upper bound for h} (see, for example,
[IMM17, Corollary 10.2]): There exists C' > 0 such that

(6.20) [y (g)] < Ct= /e @/
forall g e G and all 0 <t < 1.

7. PROOF OF PROPOSITION [7.1]

The unipotent distribution Junip(ét” ) can be written as a linear combination of certain

weighted unipotent integrals J& (O, ¢Y), see §8.1L It will turn out (see §8.2) that for us
only the integrals J$; (O, ") will be relevant. For these we have the following:



23

Proposition 7.1. Let P = MU € F, and let O C M(R) be a unipotent conjugacy
class in M(R). Let OY C G(R) be the unipotent conjugacy class in G(R) induced from
M(R) along P(R). Let d% = dimOY and ry; = dima$,. Then there exist constants
bij =b;;(M,0) e C, j>0,0<i<ry such that for every 0 <t <1
oo TM
JSG(O,)) ~ =423/ ZZZ) /% (log )"
7=0 =0

Moreover, the coefficients b;; are uniformly bounded.

We prove a slightly more general version of Proposition which will make for a cleaner
proof of Theorem in the next section. Let M € L and let P, = MU, € F(M). If
f € C®(Gy) define fp, € C*(M;) by

fp(m) =dp, (m)l/Q/ f (k™ 'muk) du dk
~ JU1

provided the right hand side is finite for any m € M;. If f has compact support, fp, is
compactly supported as well.

If O is a unipotent conjugacy class in M, we can define J]\J‘fl((’), fp,) as before with G,
replaced by M.

Proposition 7.2. Let M € L, O C M a unipotent conjugacy class in M, and P, = M U; a
semistandard parabolic subgroup of G with M C M. Let dg"" = dim O%= be the dimension
of the unipotent orbit in G, induced from M, and let 7"%1 = dim a%l. Then there exist
constants b;; = b;;(M,0) € C, j >0,0<i<ry My such that for every 0 <t <1

0 7"M

(7.21) T O, (1)) p,) ~ t7 IG5/ (log 1)

7=0 =0

Moreover, the coefficients b;; are uniformly bounded.

For the proof of this proposition we follow [MM17, §12] taking into account our results
above. Suppose Q C M is a semistandard parabolic which contains M. Let Q = LyNg

with M C Ly, and let Q = QU,. Then Q is a semistandard parabolic subgroup of G Wlth
Iwasawa decomposition ) = LyNg, Ng = NzUi, that is, @ and Q have the same Levi

component Lg = Lg containing M. Hence o? = <,0@ and wg’ = wg’ - Applying (5.10))
to JAP(O, () p,) and unfolding the definition of (¢})p, , we obtained

72)  RPO.WNN =T Q.0 [ ol ey

where the sum runs over all Q € F(M) in the image of the map Q — Q, and the constants
depend on the normalization of measures. We therefore need to analyze integrals that are
of the form as those on the right hand side of ([7.22)).
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Fix Q € F(M). We equip ug; with a Euclidean norm by fixing some isomorphism

uga ~ RYmue1 which respects the direct sum decomposition ug; = 1, G ng. Let € > 0
and let B(e) C ug, be the ball around 0 of radius €. Put U(e) = ug; \ B(e). We split the
integral on the right hand side of (7.22)) into integrals over B(e) and U (e).

Recall the function § from the definition of ¢f. We assume that § has sufficiently
small support. Let € > 0 be such that S(r(exp(-))) restricted to B(e) is identically equal
to 1. Fix ¢ € C*(R) as in §6.2 (for the expansion ((6.19)) such that the support of the
restriction of ¥ (r(exp(+))) to ug is contained in B(e).

We first show that the integral over U(e) decays exponentially in ¢t~! as ¢t N\, 0 and
therefore does not contribute to the asymptotic expansion. Indeed, it follows from

and (6.20) that
(7.23)

[ el ol av|
Ule)

can be bounded by a constant multiple of a finite sum of integrals of the form

— -7 EY 2
(7.21) e [ e we T togla(e” - Dy
Ule) j=1,....J
where p;, 7 = 1,...,J are suitable polynomials on the Lie algebra as the ones appearing

in Corollary . In particular, p;(e¥ — I) does not vanish identically in Y € U((e).

The polynomial ¢@ has degree dim [9 so that |p@(Y)|"/2 <. ||Y]|9™ ?/2_ Tt follows from

Lemma , that there are constants ¢, c¢; > 0 such that (7.24]) is bounded by a constant
multiple of

.....

provided that e is sufficiently small. Note that p;(e¥ — I) is again a polynomial in Y. By
[IMMI17, Lemma 7.7] this integral converges. (In fact, [MMI17, Lemma 7.7] only treats the
case without the power of ||Y]| in the integral, but it is immediate from the proof that
a polynomial in ||Y]| does not change the validity of the assertion.) Therefore, is
bounded by a constant multiple of e=¢/*, that is, it decays exponentially in ¢~ as ¢ \, 0.

For the integral over B(e) we use and the expansion of ch\?mo from Corollary

Using (6.19) we get

(7.25) /B BN o) ¥
N

— (4rt) 23 / exp (—r(e¥)?/(40)) w(r(e"))as (€)@ (V)] o () dY

B(e)
L0 (tN+l—d/2) ‘

n=0
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We now first proceed as in [MMI7, §12.2] and use Taylor expansion of the functions
exp (—r(e¥)?/(4t)) and f(Y) := ¥ (r(e"))as(e¥)]¢?(Y)|"? in N = ¥ — I around 0. Note
that except for ¢@(Y) all involved functions depend only on 7(e¥), and can therefore be
continued to smooth function on all of gl,,(R). Since ¢?(Y) is a polynomial, we can extend
it to a polynomial on all of gl (R) as well. Then, using , we can write for any K > 1
and any 0 <t <1,

exp (—7”([ - t1/2N)2/(4t)) = exp —|IN]? /4 (Z t*2q.(N) + Rk (t, ))

where g are suitable polynomials of degree < 3nk, qo(/N) = 1, and Rk(t, N) is a remainder
term satisfying

[Ric(t, N)| < et ™02 (14 || N>

for every 0 < t < 1 with ¢; > 0 some suitable constant.

Similarly,
fllog(I +#"2N)) = " bi(N)H"? + Qu(t, N)
I<L

where b; is a polynomial in N of degree < [, and (¢, N) is a remainder term satisfying
QL(t, N)| < et ™HV2(1 4 | N[5+

forall 0 <t <1and N with Y =log(I + N) € B(e) with ¢ > 0 some absolute constant.
Note that b(N) = 0 whenever [ < dim[¥/2 since |¢%|"/? is homogeneous in Y of degree
dim 19/2.

Hence the left hand side of ([7.25) equals after a change of variables

Z Zt (k+1)/24dimug, 1/2/ y exp (_”NH2/4) qk(N)bz(N)w]%([ + t1/2N) dN + CI)K,L@)

k<K I<L B(e)
where B(e) is the image of B(e) in gl,,(R) under Y + N = e¥ — I, and with the remainder
Qg 1(t) satistfying
g1 (1)] < gt EHETD/2,
Note that the Jacobian of the change from Y to NN is a polynomial in N with non-vanishing

constant term that we absorb into the asymptotic expansion. Using the asymptotic expan-
sion for the Welght w% (I 4 t'2N), we can find coefficients ¢, . = such that the left hand

m,j,=
side of ([7.25) equals
—d/2pdimug,; /2 Z Z t™/%(log t)’ Z/ H log ||pe(Y)|| dY + @ (t)

1/2
dim (¥ <m< N J=0 Ble keE

with the polynomials py, k = 1,...,¢, as in Corollary 5.4} = running over (multi-)subsets
of {1,..., ¢} whose size is bounded by the polynomials ); appearing in Corollary and
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® (1) satisfying

(I)N(t)‘ < C4t(N—d+dimr?+dimuQ,1+1)/2.

Now for 0 < ¢ <1 we have

Z/ o )CZ%]',EO/) [T 108 (V) dY = Cry + O (7%
= t—1/2B(e

ke=

which follows as in [MM17, §12]. Hence (7.25)) equals

f(—d+dim (P 4+dimug,1)/2 Z Z C’m,jtmm(log 1y +0 <t(N—d+dim r?+1)/2)

m<N j=0

for 0 <t < 1 where C,,; = . Since dS= = 2(dimug,; + dim [?), the assertion of

the proposition follows.

m4dim (2

8. PROOF OF THEOREM [L.1]

The proof of Theorem [I.1is global so that we return to our global notation. In particular,
G denotes again a reductive algebraic group defined over Q. We fix a minimal parabolic
subgroup Py of G (as an algebraic group over Q), and write Py = MU, with Uy the
unipotent radical of Fy and M, the Levi subgroup of ). We call a parabolic subgroup of
(G standard if it contains F,, and semistandard if it contains M,. Let £ denote the set of
all semistandard Levi subgroups of GG, that is, all M C G which are Levi components of
semistandard parabolic subgroups.

8.1. Arthur’s fine geometric expansion. Let S be a finite set of places of Q, which
includes the archimedean place, such that K, = K, for v € S. Let G(Qs)' = G(Qs) N
G(A)!.

Let M € L. Following Arthur, we introduce an equivalence relation on the set of unipo-
tent elements in M (Q) that depends on the set S: Two unipotent elements u,v € M(Q)
are equivalent if and only if v and v are conjugate in M(Qg). We denote the equivalence
class of u by [u]s € M(Q) and let U2 denote the set of all such equivalence classes.

Note that two equivalent unipotent elements define the same unipotent conjugacy class in
M(Qs), so we can view UM also as the set of unipotent conjugacy classes in M (Qg) which
have at least one Q-rational representative, and we denote the corresponding conjugacy
class by [u|s as well. This differs from our notation for unipotent conjugacy classes in
G(R)! from the previous sections, but we now need to keep track of the dependence on S.

Remark 8.1. (i) If T C S, then we get a well-defined map UY > [u]s — [u]r € UM.
(i) If G = GL(n), the equivalence relation is independent of S and is the same as
conjugation in M(Q).
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For [u]ls € UM and fs € C°(G(Qs)'), Arthur associates a weighted orbital integral
J$ ([u]s, fs) [Ar88] which is a distribution supported on the G(Qg)-conjugacy class induced
from [u]ls € M(Qg). If S = {00}, these distributions were discussed in . Let 1gs €
C>(G(A®)) be the characteristic function of K%, if fs € C>°(G(Qs)'), then we write
[ = fslks € C(G(A)Y).

Proposition 8.2 ([Ar85], Corollary 8.3). There exist unique constants a™ ([u]s,S) € C,
[uls € U, such that for all fs € C’OO(G(QS)l) we have

(8.26) Juin(f) =Y > a Jir([uls, fs)-

MEL [u)seuM

8.2. The splitting formula. To understand the behavior of the distributions J§ ([u]s, fs)
for our test functions, we want to apply our asymptotic expansion for the archimedean
weighted integral. To that end we need to separate co from the other places in S which
we will do by using Arthur’s splitting formula [Ar05, (18.7)]: Suppose that S = S; U Sy
with S7, S non-empty and disjoint, and that fg is the restriction of a product fg, fs, to

G(Qs)l with ij € COO(G(@SJ.)), 7 =1,2. Then
(827) J]\Cj([u]S’fS) = Z d]\G/[(LlaLQ)J]%/[ ([ ]517f51 Q1) ([ ]527f5'2 Qz)

Ly, LyeL(M)

where the notation is as follows: The d%(Ll, L,) € R are certain constants which depend
only on M Ly, LQ, G but not on S. In fact, d§;(L1, Ly) is non-zero only if the natural map
A a 2 — a§; is an isomorphism. The @); are arbitrary elements in P(L;), and

(8.28) fs;.0;(m) = g, (m)*/? / / (k™ 'mnk) dn dk
Ks; JN;(Qs;)

where NV is the unipotent radical of ();. Finally, J MJ ([u]s;,-) denotes the Sj-adic distribu-
tion supported on the L;(Qg,)-conjugacy class induced from [u]s, € M(Qs,) and defined
as in [Ar8§].

8.3. Completion of the proof of Theorem [1.1} Let S be as in §8.1] and write S =
{oo} U Sp. Then K; = Kg,K®. Recall the definition of ¢¥ and ¢/ from (3.4) and (3.3),
respectively, so that

¢ wt 1KS KS .
By Proposition [8.2] we have

unlp ¢t Z Z ([ ]S7wt 1KSO)

MEL [u]geu

This is a finite sum and the number of summands is independent of ¢ because the support
of ¥y - 1 Kg, 18 independent of £. To prove Theorem it therefore suffices to establish an
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asymptotic expansion of J$;([u]s,¥? - 1 KSO) as t (0. We first apply the splitting formula
(8.27) to this integral with S; = {oc} and Sy = Sy;. We get

JACj[([u]S7w7lt/ ’ ]-Kso> = Z d]\G/[<L1> LQ)JZ%/[IGU]OO’wwltj,QJJ]\L/IQ([u]Sov ]‘KSmQZ)'
Ly, LoeL(M)

Again, this is a finite sum with number of summands independent of ¢, and d$, (L1, L)
and J1?([u]s,, 1 Ks,,@») constant in . In combination with the asymptotic expansion of

T ([t] o, Y o,) as t \ 0 from Proposition [7.1| we obtain Theorem

9. THE SPECTRAL SIDE OF THE NON-INVARIANT TRACE FORMULA

For the convenience of the reader we summarize in this section some basic facts about
Arthur’s non-invariant trace formula. The trace formula is the equality

(91) Jgeom(f) = JSPec(f)ﬁ f 6 C?(G(A)l)v

of the geometric side Jyeom(f) and the spectral side Js,ec(f) of the trace formula. The
geometric side has been described in the previous section. In this section we recall the
definition of the spectral side, and in particular the refinement of the spectral expansion
obtained in [FLMT11].

The main ingredient of the spectral side are logarithmic derivatives of intertwining oper-
ators. We briefly recall the structure of the intertwining operators.

Let P = MUp € P(M). Recall that we denote by Xp C a} the set of reduced roots of
Ay of the Lie algebra up of Up. Let Ap be the subset of simple roots of P, which is a
basis for (a%)*. Write ajp, for the closure of the Weyl chamber of P, i.e.

ap, ={reay:(Na')>0forall o € Bp} ={Aeay:(\a')>0foral aeAp}.
Denote by §p the modulus function of P(A). Let Ay(P) be the Hilbert space completion
of

{0 € C*(M(QUP(A\G(A)) : 6p° ¢(-7) € Lo (An(R)"M(Q)\M(A)), Yz € G(A)}

with respect to the inner product

(¢1,02) = / ¢1(9)¢2—@ dg.
An(R)OM(QUP(AN\G(A)

Let o € ¥5;. We say that two parabolic subgroups P, Q) € P(M) are adjacent along «, and
write P|*Q, if ¥p N —Xg = {a}. Alternatively, P and @) are adjacent if the group (P, Q)
generated by P and @ belongs to F;(M) (see for its definition). Any R € F;(M) is
of the form (P, Q), where P, are the elements of P(M) contained in R. We have P|*Q
with oV € ¥} Nalf. Interchanging P and @ changes a to —a.

For any P € P(M) let Hp: G(A) — ap be the extension of Hys to a left Up(A)-and right
K-invariant map. Denote by A%(P) the dense subspace of A?(P) consisting of its K- and
3-finite vectors, where 3 is the center of the universal enveloping algebra of g ® C. That



29

is, A%(P) is the space of automorphic forms ¢ on Up(A)M(Q)\G(A) such that §,2¢(-k) is
a square-integrable automorphic form on Ay (R)°M(Q)\M(A) for all k € K. Let p(P, \),
A € aj; ¢, be the induced representation of G(A) on A*(P) given by

(p(Pa >‘7 y)¢) (ZL’) - qb(xy)e()"HP(a’y)—HP(ﬂﬂ)X

It is isomorphic to the induced representation

Indfia) (L (Anr(R)*M(Q)\M(A)) ® eMHu0)
For P,Q € P(M) let
(9.2) Maip(3) : A(P) = A2(Q), A€ iy,

be the standard intertwining operator [Ar82, §1], which is the meromorphic continuation
in A of the integral

[Moip(N)@](x) = / qﬁ(nx)eO’HP(m)_HQ(””» dn, ¢¢c A*(P), z € G(A).

U (W)NUp(A)\Ug (4)
Given 7 € g (M(A)), let A2(P) be the space of all ¢ € A%(P) for which the func-

tion M(A) > = — 0p%¢(xg), g € G(A), belongs to the m-isotypic subspace of the
space L2(Ay(R)°M(Q)\M(A)). For any P € P(M) we have a canonical isomorphism
of G(Ay) x (g¢, Koo )-modules

jp : Hom(r, L2(Ay(R)°M(Q)\M(A))) ® Indp) (r) — A2(P).

If we fix a unitary structure on 7 and endow Hom(m, L?( Ay (R)°M(Q)\M(A))) with the
inner product (A, B) = B*A (which is a scalar operator on the space of 7), the isomorphism
Jp becomes an isometry.

Suppose that P|*Q. The operator Mg p(7,s) := Mg p(sw)|a2(p), Where @ € aj, is such
that (zw, ") = 1, admits a normalization by a global factor n, (7, s) which is a meromorphic
function in s. We may write

(9.3) Mqip(m,s) o jp = na(m, s) - jo o (Id@Rgp(m, 5))

where Rgp(m,s) = ®,Rgp(7y,s) is the product of the locally defined normalized in-
tertwining operators and 7 = ®,7, [Ar82, §6], (cf. [Mu02, (2.17)]). In many cases, the
normalizing factors can be expressed in terms automorphic L-functions [Sh81], [Sh88].

We now turn to the spectral side. Let L D M be Levi subgroups in £, P € P(M),
and let m = dim af be the co-rank of L in G. Denote by Bp; the set of m-tuples
B=(BY,...,B)) of elements of X} whose projections to az, form a basis for a¥. For any

B=(BY,...,B%) € Bpy let vol(f) be the co-volume in af of the lattice spanned by § and

let

{(Qla?Qm)e-Fl(M)m 62\/60%,221,,77’1,}
= {(P,,P),...,(P.,P.)): PP i=1,_..m}

Zr(B)
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For any smooth function f on aj,; and p € aj,; denote by D, f the directional derivative
of f along p € aj;. For a pair P;|*P, of adjacent parabolic subgroups in P(M) write

(9'4) 6P1|P2 ()‘) = MPz\P1<)‘)DwMP1|P2 ()‘) . AQ(PZ) - AZ(P2)>

where w € aj; is such that (w,a”) = 1. |I| Equivalently, writing Mp, p,(A) = ®((A, o))
for a meromorphic function ® of a single complex variable, we have

5P1\P2()‘) = (I)(<>‘> av>)71q)/<<>‘7 a\/>).

For any m-tuple X = (Q1,...,Qn) € EL(B) with Q; = (P, P)), P,|’ P!, denote by
Ax(P,\) the expression
(9.5)

vol(f3) _
— My (N) 0 e (M) My py (V) -+ Oy, (V) My, 1y, (M 7, (N M p(A)-

Recall the (purely combinatorial) map X : Bp, — Fi1(M)™ with the property that
X (B) € EL(B) for all § € Bpy, as defined in [FLMII, pp. 179-180]f]

For any s € W(M) let Ly be the smallest Levi subgroup in £(M) containing w,. We
recall that a;,, = {H € ay; | sH = H}. Set

= |det(s — 1)z, |

For P € F(My) and s € W(Mp) let M(P,s) : A*(P) — A*(P) be as in [Ar81], p. 1309].
M (P, s) is a unitary operator which commutes with the operators p(P, A, h) for A € iaj .
Finally, we can state the refined spectral expansion.

Theorem 9.1 ([FLMII]). For any h € C>*(G(A)') the spectral side of Arthur’s trace
formula is given by

(96) spec Z Jspec M
(M]

M ranging over the conjugacy classes of Levi subgroups of G (represented by members of

L), where

(97) Jspec,M<h) Z Z AXL (P >\) ( )p(P, >\’ h)) dA

sEW (M) BEBpL, i(af,)"

with P € P(M) arbitrary. The operators are of trace class and the integrals are absolutely
convergent with respect to the trace norm and define distributions on C(G(A)').

!Note that this definition differs slightly from the definition of & p|p, in [ELMII].
2The map X, depends in fact on the additional choice of a vector u € (a3;)™ which does not lie in an
explicit finite set of hyperplanes. For our purposes, the precise definition of Xy, is immaterial.
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10. LOGARITHMIC DERIVATIVES OF LOCAL INTERTWINING OPERATORS

In this section we prove some auxiliary results about local intertwining operators. To
begin with we recall some facts concerning local intertwining operators and normalizing
factors. Let M € L and P,Q € P(M). Let v be a finite place of Q and K, an open
compact subgroup of G(Q,). Let 7, € II(M(Q,)). Given X € a}; ¢, let (I§(m,, A), Hp(m,))
denote the induced representation. Let H%(m,) C Hp(m,) be the subspace of K,-finite
functions. Let

Joip(Ty, A): HY(7,) — H%(m)
be the local intertwining operator between the induced representations I§(m,, A) and
I§(my, A) [Sh8T]. It is proved in [Ar89], [CLL, Lecture 15] that there exist scalar val-
ued meromorphic functions rq|p(m,, A) of X € aj such that the normalized intertwining
operators

(10.1) RQ|p(7Tv,)\) ZT’Q‘p(WU,/\)_lJ@p(WU,)\)

satisfy the conditions (R;) — (Rs) of Theorem 2.1 of [Ar89]. We recall some facts about the
local normalizing factors. First assume that v is a finite valuation of Q with corresponding
prime number ¢, € N. Furthermore assume that dim(ay;/ag) = 1 and m, is square
integrable. Let P € P(M) and let a be the unique simple root of (P, Ays). Then Langlands
[CLLL Lecture 15] has shown that there exists a rational function Vp(7,, z) of one variable
such that

(10.2) r1p(Tw; A) = Vp(y, g; N @),

where & € ay is uniquely determined by «. For the construction of Vp see also [Mu02,
Sect. 3]. We need the following lemma.

Lemma 10.1. Let M € L be such that dim(ay/ag) = 1. There exists C > 0 such that for
all P € P(M) and all m € II(M(Q,)) the number of zeros of the rational function Vp (7, z)
15 less than or equal to C.

Proof. First assume that 7 is square integrable. Then the corresponding statement for the
number of poles was proved in [Mu02, Lemma 3.1]. However, by [Mu02, (3.6)] the number
of zeros of Vp(7, z) agrees with the number of poles Vp(7, z). Now let 7 be tempered. It
is known that 7 is an irreducible constituent of an induced representation I3 (o) where
Mp, is an admissible Levi subgroup of M and o € II(Mg(Q,)) is square integrable modulo
Ag. Then by |Ar89l (2.2)] we are reduced to the square integrable case. In general 7 is a
Langlands quotient of of an induced representation I (o, i), where Mg is an admissible
Levi subgroup of M, 0 € Iliem,(Mgr(Q,)), and g is a point in the chamber of aj/a},
attached to R. Now we use [Ar89, (2.3)] to reduce the proof to the tempered case. O

The main goal of this section is to estimate the logarithmic derivatives of the normalized
intertwining operators Rg|p(m, A). For G = GL(n) such estimates were derived in [MS04]
Proposition 0.2]. The proof depends on a weak version of the Ramanujan conjecture,
which is not available in general. Therefore we will establish only an integrated version of
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it, which however, is sufficient for our purpose. For 7 € Il (M (A)) denote by Hp(w) the
Hilbert space of the induced representation I§(m, \). Furthermore, for an open compact
subgroup K; C G(A;) and v € II(K,,), denote by Hp(m)%s the subspace of vectors, which
are invariant under K; and let Hp(m)%/" denote the v-isotypical subspace of Hp(m)X!.
Let P,QQ € P(M) be adjacent parabolic subgroups. Then Rgp(m, A) depends on a single
variable s € C and we will write

d

Ry p(m, s0) := ERQ‘p(W, s)|

S=50

for any regular sy € C.

Proposition 10.2. Let M € L, and let P,Q € P(M) be adjacent parabolic subgroups. Let
K¢ C G(Ay) be an open compact subgroup and let v € II(K«). Then there exists C' > 0
such that

(103) [ |Ratrity Ryl i0)], v

for all € Ty (M (A)) with Hp(m)Krv £ 0.

(1+th tat<C

Proof. We may assume that K is factorisable, i.e., Ky = [[, K,. Let S be the finite set
of finite places such that K, is not hyperspecial. Since P and () are adjacent, by standard
properties of normalized intertwining operators [Ar89, Theorem 2.1] we may assume that

P is a maximal parabolic subgroup and Q = P, the opposite parabolic subgroup to P. By
[Ar89, Theorem 2.1, (R8)], Rq|p(my, s)** is independent of s if v is finite and v ¢ S. Thus
we have

R?|P<7T7 5)71 /ﬁ|p<7rv S)|Hp(7r)Kf‘” :R?\P(ﬂ-oous)il /F|p<7T0075>‘7_LP(%0)u
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vES

(10.4)

This reduces our problem to the operators at the local places. We distinguish between the
archimedean and the non-archimedean case.

Case 1: v < oo. Define A,: C — End(Hp(7,)%") by
Au(q,®) = R?|P<7Tva 3)}9.[};(,%)1%'

This is a meromorphic function with values in the space of endomorphisms of a finite
dimensional vector space. It has the following properties. By the unitarity of Rp, p(my, it),
t € R, it follows that A,(z) is holomorphic for z € S* and satisfies ||A,(z)|| < 1, |z| = 1. By
[Ar89, Theorem 2.1], the matrix coefficients of A,(z) are rational functions. As in [FLMI15]
(14)] we get

(10.5)

4 HRﬂP(% i)™ Repyp (T 80) |y o, 1

1
(et < (24 3losa,) [ 1A )
S1
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As explained above, A, satisfies the assumptions of [FLMI5, Corollary 5.18]. Denote by
21, ey 2m € C\ ST be the poles of A,(z). Then (z — 21) -+ (2 — 2,,)Ay(2) is a polynomial
of degree n with coefficients in End(HX») and by [FLMI5, Corollary 5.18] we get

|22 — 1 1— |z
|45 (2)] < max | max(n —m,0) + Z %7 Z ﬁ , zesh
|2 — 2| |2 — 2|

J:lz|>1 J:lzil<1

To estimate the right hand side, we need the following lemma.

Lemma 10.3. There exists C > 0 such that for all zy € C\ S*

2 _
(10.6) / BolP =1 <
S

1|z — 20/

Proof. First consider the case |z9| < 1. If we change variables by z = €, then up to a
constant, the integral equals the integral of the Poisson kernel for the unit disc over the
unit circle. From the theory of the Poisson kernel it is well known that, as a function of
29, this integral is a continuous function on the closed unit disc which is equal to 1 on the
unit circle. Thus the lemma holds for |zg| < 1. For |zp| > 1 we use that

/27r |Zo|2—1 d92/27r |z(]_1|2_1 &
o lei? — z? 0 ’eiH_ZO—1|2 ’

which reduces the problem to the previous case. O

Next we estimate m and n. First consider m. Let Jpp(m,, s) be the usual intertwining
operator so that

R?\P(ﬂ-v’ s) = Tﬁ|P(7TU’ S)_IJEP(WM s),

where 75 p(y, s) is the normalizing factor [Ar89]. By [Sh81, Theorem 2.2.2] there exists
a polynomial p(z) with p(0) = 1 whose degree is bounded independently of m,, such that
p(q,*) 5 p(7y, s) is holomorphic on C. To deal with the normalizing factor we use ([10.2)
together with Lemma to count the number of poles of 5 p(,, s)~1. This leads to a
bound for m which depends only on GG. To estimate n we fix an open compact subgroup K,
of G(Q,). Our goal is now to estimate the order at oo of any matrix coefficient of Rp p(my, s)
regarded as a function of z = ¢, *. Write 7, as Langlands quotient m, = J& (4, u) where
R is a parabolic subgroup of M, §, a square integrable representation of Mz(Q,) and
w € (ay/at,)c with Re(u) in the chamber attached to R. Then by [Ar89, p. 30] we have

Rpp(m0, 8) = Rp(py p(r) (0v: $ + 1)

with respect to the identifications described in [Ar89, p. 30]. Here s is identified with a
point in (a},/af)c with respect to the canonical embedding a}, C af,. Using again the
factorization of normalized intertwining operators we reduce the problem to the case of a



34 JASMIN MATZ AND WERNER MULLER

square-integrable representation d,. Moreover &, has to satisfy [I§(d,,s)| 1] > 1. By
[Si, Lemma 1] we have

(10.7) (15 (60, 8)| s 1] > 1 & [5”|KUOM(QU 1] >1

)T =

Let II5(M(Q,)) be the space of square-integrable representations of M(Q,). This space
has a manifold structure [HC] [Si]. By [HClL Theorem 10] the set of square-integrable
representations Iy (M (Q,), K,) of M(Q,) with | 5U|K MG 1] > 1 is a compact subset of

II5(M(Q,)). Under the canonical action of iay;, the set HQ( (Qy), K,) decomposes into a
finite number of orbits. For p € iay and 6, € II,(M(Q,), K,), let (d,), € Ia(M(Qy), Ky)
be the result of the canonical action. Then it follows that

RF|P((5U>M7 )‘) = Rﬁ\P(évv A+ :U’)'

In this way our problem is finally reduced to the consideration of the matrix coefficients
of Rp p (T, 5) ‘ K. for a finite number of representations m,. This implies that n is bounded
by a constant which is independent of m,. Together with Lemma it follows that for
each finite place v of Q and each open compact subgroup K, of G(Q,) there exists C,, > 0
such that

(10.8) /R HREP(WU,it)_l R (T it)
for all 7, € TI(M(Q,)) with I§(m, ‘H o) Ko # 0.

Case 2: v = 00. As above let M € £ with dim(ay/ag) =1 and P € P(M). Let 1 €
II(M(R)) and v € TI(Ky). As explained in [MSO4 Appendix], there exist wy,...,w, € C
and m € N such that the poles of Rp p(7e, s |HP(7r v are contained in Uj_{w; —k: k =

1,...,m}. Moreover, by [MS04, Proposition A.2] there exists ¢ > 0 which depends only on
G, such that

(10.9) r<ec, m<cl+]v]).
Let A: C — H,_(v) be defined by

A(z) == Rpp(Too, Z)|Hp(woo)”

and let b(2) = [[_, [[;,(z — w; + k). Then it follows from (Rg) of [Ar89, Theorem 2.1]
that b(z)A(z) is a polynomial function. Moreover, by unitarity of Rpp(7e,it), t € R, we
have ||A(it)|| < 1. Thus A(z) satisfies the assumptions of [FLM15, Lemma 5.19]. Thus by
[FLM15, Lemma 5.19] and we get

(10.10)

J

1+ )t < C,

(1+[t*)"dt = / LA (1 + [¢]%) " dt

|Re w;) — k| +1
< ZZ ([Re(w;) — k| + 1)2 + (Im(1w;))?

Rﬁ\P(Wom it)” R;D|P(7T°O’ i) "Hp(ﬂoo)”
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Combining ((10.4)), (10.8)) and ((10.10|), the proposition follows. O

11. THE ANALYTIC TORSION

As before we consider a reductive quasi-split algebraic group G over Q, an open compact
subgroup K of G(Ay) and the adelic quotient
X = X(Ky),
defined by ([1.3)). For simplicity we assume that G is semisimple and simply connected.

Let Ko C G(R) be a maximal compact subgroup and let X = G(R)/Ko. Then by strong
approximation we have

(11.1) X =T\X,

where I' = (G(R) x K;) N G(Q). In general, there are finitely many arithmetic subgroups
I'; € GR)', j=1,...,1, such that X (K) is the disjoint union of I';\ X, j = 1,..., .

11.1. The Hodge-Laplace operator and heat kernels. Let 7 be an irreducible finite-
dimensional complex representation of G (R~) on V. Let E, be the flat vector bundle over X

associated to the restriction of 7 to I'. Let E™ be the homogeneous vector bundle associated
to 7|k, and let E7 := '\ E". There is a canonical isomorphism

(11.2) ET~E,
MM, Proposition 3.1]. By [MM| Lemma 3.1], there exists an inner product (-,-) on V,,

which is unique up to scaling, which satisfies

(1) (t(V)u,v) = —(u, 7(Y)v) for all Y € &, u,v € V;
(2) (t(Y)u,v) = (u,7(Y)v) for all Y € p, u,v € V.

Such an inner product is called admissible. We fix an admissible inner product. Since 7|k _,
is unitary with respect to this inner product, it induces a metric on E7, and by (11.2)) on
E., which we also call admissible. Let AP(E;) = APT*(X) ® E.. Let

(11.3) vp(7) == AP Ad" @7 : Koo — GL(APp" @ V).
Then by (|11.2)) there is a canonical isomorphism
(11.4) AP(E;) 2 T\(G(R) Xy, ) (APp" @ V7).

of locally homogeneous vector bundles. Let A?(X, E;) be the space the smooth E.-valued
p-forms on X. Let
C®(GR),vy(1)) :={f : GR) = APp* @ V,: f € C*, f(gk) = v,(7)(k"")f(9),

115
(11.5) Vg € GR), Vk € Koo},

and
(11.6)
CP(MN\G(R), vp(7)) = {f € C(G(R),vp(7)): f(vg) = f(9), Vg € G(R), Vy € T'}.
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The isomorphism ((11.4) induces an isomorphism
(11.7) AN (X,E;) =2 C®(I\G(R), vy(1)).

A corresponding isomorphism also holds for the spaces of L*-sections. Let A,(7) be the
Hodge-Laplacian on AP(X, E.) with respect to the admissible metric in E,. Let Rr denote
the right regular representation of G(R) in L?*(T'\G(R)). Let Q € Z(gc) be the Casimir
element. By [MM, (6.9)] it follows that with respect to the isomorphism one has

(11.8) A,(1) = —Rp() +7(Q) Id.
Let E‘T — X be the lift of E. to X. There is a canonical isomorphism
(11.9) AP (X, E,.) = C®(G(R), v,(7)).

Let KP(T) be the lift of A,(7) to X. Then again it follows from MM, (6.9)] that with
respect to the isomorphism (|11.9) we have

(11.10) A (7) = —R(Q) + r(Q)1d.

Let e~t2#() be the corresponding heat semigroup. Regarded as an operator in the Hilbert
space L*(G(R), (7)), it is a convolution operator with kernel

(11.11) H[": G(R) = End(APp* @ V)

which belongs to C*° N L? and satisfies the covariance property

(11.12) HEP (™ gk') = vy (7) (6) " HE (g (7))

with respect to the representation . Moreover, for all ¢ > 0 we have
(11.13) H” € (C(G(R)) ® End(APp* @ V) Koo xKee

where C?(G(R)) denotes Harish-Chandra’s L?-Schwartz space (see [MP13] Sect. 4]). Let
h{* € C*(G(R)) be defined by

(11.14) WP(g) =t HIP(g), g € G(R).
Let xx, be defined by (3.1). As in (1.4) we define ¢;” € C*(G(A)) by

(11.15) 01" (9o0gr) = " (900) X, (95)

for goo € G(R) and gy € G(Ay). Following the definition [L.5 we define the regularized
trace of e t*r(7) by

(11.16) Trreg (¢7277) 1= Joeom (077).
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11.2. The asymptotic behavior of the regularized trace. Our next goal is to deter-
mine the asymptotic behavior of Tryeg (e*mp(f)) ast — 0 and t — oco. For G = GL(n) or
G = SL(n) this has been carried out in [MM17]. Concerning the asymptotic behavior as
t — 0, we have

Lemma 11.1. There exist aj,bj; € C, j € Ny, @ =0,...,7;, such that ast — 0, there is an
asymptotic expansion

Trreg(e PT d/QZat’+t (d- UQZZZ) tJ/Q (logt)".

7=0 =0

Proof. Let Qk_ € Z(£c) be the Casimir element of K. For p =0,...,n put
Ep(7) = 1p(7) (.. )

which we regard as an endomorphism of APp* ® V,. It defines an endomorphism of
APT*(X) ® E,. By [Mia, Proposition 1.1] and (11.10) we have
Ap() = Ay + T(Q Id — By (7).

Let v,(7) = ®venk..ym(v)v be the decomposition of v,(7) into irreducible representations.
This induces a corresponding decomposition of the homogeneous vector bundle

(11.17) E,m= P mwE.
vell(Keo)
With respect to this decomposition we have
(11.18) E(r)= P m)o(Qx.)ldy,
IIEH(KOO)

where v(Qk_ ) is the Casimir eigenvalue of v and V, the corresponding representation
space. Let A, be the Bochner-Laplace operator associated to v. By ([11.17) we get a
corresponding decomposition of C'*°(X, E,, ()) and with respect to this decomposition we
have

(11.19) A= P mwA..

vell(Keo)
This shows that A, ,(r) commutes with E,(7), and therefore we have
(11.20) HIP = ot @By o o)

Let H} be the kernel of e ~tAs and hy :=troHy. Then it follows from (11.18) and (11.19)
that

(11.21) W= 3 m)e OOy,

I/GH(KOO)
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Using the definition of ¢;” and ¢}, respectively, we get
Trreg (67"7)) = Jpoom(@77) = Y m(p)e TO O g (67)

VET(Koo)
= Z m(v)e OOk Ty (e7"2).
VET(K o)
Applying Theorem concludes the proof. O

To study the asymptotic behavior as t — oo we use the Arthur trace formula . By
[FLMTII], Corollary 1], Jypec is a distribution on C(G(A); K) (see section [2] for its definition)
and by [FL16, Theorem 7.1], Jeeom is continuous on C(G(A); K). This implies that
holds for ¢;”” and we have

(11.22) Trreg (67477) = Jopee(d77).

Now we apply Theorem to study the asymptotic behavior as ¢ — oo of the right hand
side. First we have

(1123) spec Z Jspec M ¢t )

[M]

where the sum ranges over the conjugacy classes of Levi subgroups of G and Jypeenr(¢;7)

is given by (9.7} .

To analyze these terms, we proceed as in [MMI7, Section 13]. Let M € L and P €
P(M). We use the notation introduced in section [0} Recall that the discrete subspace
L2 (A (R)°M(Q)\M(A)) splits as the completed direct sum of its w-isotypic components
for 7 € Ilgis(M(A)). We have a corresponding decomposition of A2(P) as a direct sum of
Hilbert spaces ®rery, (m(a))AZ(P). Similarly, we have the algebraic direct sum decompo-

sition
APy = @ AP,
mellgis (M (A))
where A2 (P) is the K-finite part of A2(P). Let A2(P)%s be the subspace of K j-invariant
functions in A%(P), and for any o € II(K,,) let A2(P)%s be the o-isotypic subspace of
A2(P)%s. Recall that A2(P)%s is finite dimensional [MuQ7, Prop. 3.5].

For P,Q € P(M) let Mgp()) be the intertwining operator (9.2). Denote by Mg p(m, A)
the restriction of Mg p(A) to AZ(P). Recall that the operator Ay (P, \), which appears
in the formula (9.7), is defined by (9.5). Its definition involves the intertwining operators
Mgp(N). If we replace Mg p(A) by its restriction Mg p(m, A) to AZ(P), we obtain the
restriction Ay (P, m, \) of Ax(P,\) to A%(P). Similarly, let p, (P, \) be the induced repre-
sentation in A2(P). Fix 8 € Bpy, and s € W(M). Then for the integral on the right of
(9.7) with h = ¢;? we get

(11.24) Z /( ; AXL (P, M (P,w,s)pﬂ(P,A,gbgp)) d\

7'l'€Hdlb
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In order to deal with the integrand, we need the following result. Let 7 be a unitary
admissible representation of G(R). Let A: H, — H. be a bounded operator which is
an intertwining operator for m|kx_. Then A o w(h}) is a finite rank operator. Define an
operator A on H, ®V, by A:= A®1d. Then by [MMI7, (9.13)] we have

(11.25) Te(A o m(hy)) = e/ T (] 0 )

We will apply this to the induced representation p,(P,\). Let P,Q € P(M) and v €
II(Ks). Assume that (A2(P)%7 @ V,,)¥> =£ 0. Denote by Mg p(m, v, A) the restriction of

Moip(m, \) @ 1d: A2(P)®V, - A2(P)®V,

to (A2(P)%r @ V,)¥=. Denote by Ax, (5(P,m,v,\) and M(P,7,v,s) the corresponding
restrictions. Let m(7) denote the multlphclty with which 7 occurs in the regular represen-
tation of M(A) in Lgis(AM(]R)OM(Q)\M(A)). Then

(11.26) p=(P,N) = &0 Ind() (7, A).

P(A)

Fix positive restricted roots of ap and let p,, denote the corresponding half-sum of these
roots. For £ € II(M(R)) and A € a}, let

G i
N = Indpgg(f ® ™)

be the unitary induced representation. Let £(€2)/) be the Casimir eigenvalue of £. Define
a constant ¢(§) by

(11.27) c(§) == —(Paps Pap) + §(Qnr).-
Then for A € a}, one has

(11.28) Tea(Q) = —[AlI* + c(¢)

(see [Kn, Theorem 8.22]). Let

(11.29) T :={vell(Ks): [vp(r): v] #0}.

Using (11.21)), (11.26)) and (|11.25|), it follows that ([11.24]) is equal to

Z Z e tT(Q)—c(reo))

TFEHdIS(M( ) Z/GT

(11.30) - =~
. / e*t“)‘HQ Tr (AXLS(ﬂ)<P7 T,V )\>M<P7 ™V, 8)) dA.
i(a§ ) ;

Since M (P, r, s) is unitary, (11.30)) can be estimated by

Z Zm ) dim AQ( )Kf’”)

mellg;s(M(A)) veT

,e_t(T(m_dm))/ NP Ry (o (P, 0, V)| dA.
i(af )*

s

(11.31)
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For 7 € TI(M(A)) denote by A, the Casimir eigenvalue of the restriction of 7., to M (R)!.
Given A > 0, let

My (M (A); X)) := {7 € II(M(A)): | M| < A}
Let d = dim M(R)' /K. Tf we use [MuR9, Theorem 0.1] and argue in the same way as
in the proof of [Mu07, Proposition 3.5] it follows that for every v € II(K,,) there exists
C > 0 such that

(11.32) > m(m)dim AP < C(1+ A
TEMgis (M (A)i)

for all A > 0. Next we estimate the integral in (11.31)). We use the notation of section
@. Let 8 = (BY,...,B),) and XL (B) = (Ql,.. ,Qm) € Zp,(B) with with Q; = (B, F;),

PB|PiP! i =1,...,m. Using the definition of Ax, (5(P,m,v,\), it follows that we
can bound the integral by a constant multiple of

- N2 ,
(11.33) dim(») / o H1 UACTEO| B (Y

where 0p,p/(A) is defined by (9.4). We introduce new coordinates s; := (N, BY), 1 =
1,...,m, on (ags’(c)*. Using (9.3) and (9.4)), we can write

(11.34) Sppr(N) = EAGED

(s TP 0 MA@ b, 50) ™ B (1, 50)) © iy

Kf T _ @A2 Kf,u7

veT
where 7 is defined by (11.29). It follows from |[Mu02, Theorem 5.3] that there exist
N,k € N and C > 0 such that

for all 7 € Ty (M (A)) with A2(P)X+7T # 0. Combining (11.34), (11.35) and Proposi-
tion it follows that we have

ot
Jug I

i=1
for all t > 1, and 7 € g, (M(A)) with A2(P)Es7 #£ 0. Thus (11.31)) can estimated by a

constant multiple of

(11.36) Z Zm ) dim (AZ(P)*) (1422 )Ne tr(@clmeo)),

WGHdIS(M( ) Z/ET

Put

(I+s) Fas< o+ )N, i=1,...,m,

5P1\PZ'(/\)

dr < (1+A2_)m™N

Ke,v
AZ(P)TT

Now we can proceed as in [MM17]. For the convenience of the reader we recall the argu-
ments. By (11.27)) we have

(11.37) 7(Q) = e(mee) = T(Q) + [lpall* — X

Too *
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Together with [MMI17, Lemma 13.2], it follows that there exists A\ > 0 such that
7(2) = c(Too) 2 [Ar|/2
for all m € Ty (M (A)) with A2(P)%5T £ 0 and |\, | > Ag. We decompose the sum over

7 in (11.36) in two summands X;(¢) and Xo(t), where in 3 (¢) the summation runs over
all m with |[A;_| < Ao. Using ([11.32)), it follows that for ¢t > 1

Yo(t) < e~ thol/2.

Since 3 (t) is a finite sum, both in 7 and v, it follows from [MMI7, Lemma 13.1] that
there exists ¢ > 0 such that

Yi(t) < e
for t > 1. Recall that [MMI7, Lemma 13.1] requires that P = M AN is a proper parabolic
subgroup of GG. Putting everything together we obtain the following result.

Lemma 11.2. Let 7 € Rep(G(R)). Assume that T % 9. Let M be a proper Levi subgroup
of G. There exists ¢ > 0 such that

Jopeert (¢77) = O(e™)
fort > 1.

It remains to deal with the case M = G. This has been done already in [MM17] for an
arbitrary reductive group G. Using [MM17, (13.34)] and the considerations following this
equality, we get

(11.38) Jspee,a(917) = Oe™)
for some ¢ > 0. Combined with Lemma we obtain
Proposition 11.3. There exists ¢ > 0 such that

Jspec( ?p) - O (e_Ct)
forallt>1 andp=0,...,n.

Applying the trace formula (9.1]), we get
Tryeg (e_tA”(T)) =0(e™®), ast— oo,

which is the proof of Theorem [[.2] The asymptotic expansion as t — 40 is provided by

Lemma [IT.31
Thus the corresponding zeta function (,(s; 7), defined by the Mellin transform
1 o
11.39 )= —— Tryeq (€727 571 4.
(1.9 Gsi7) o= g5 | Tos (720
is holomorphic in the half-plane Re(s) > d/2 and admits a meromorphic extension to the
whole complex plane. It may have a pole at s = 0. Let f(s) be a meromorphic function

on C. For sg € C let
f(s) =" ap(s = so)"

k>ko
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be the Laurent expansion of f at so. Put FP_,, := ag. Now we define the analytic torsion
Tx(1) € Rt by

(11.40) log Tx (1) = %Z(—npp (FPso CP(? 7)) .
Put

d
(11.41) K(t,7) =Y (=1)"pTire (e 4).

Then K(t,7) = O(e™) as t = oo and the Mellin transform

/ K(t, 7))t 'dt
0

converges absolutely and uniformly on compact subsets of Re(s) > d/2 and admits a
meromorphic extension to C. Moreover, by (11.40) we have

(11.42) log Tx (1) = FP.— (ﬁ /0 N K(t, T)ts_ldt) :

Let §(X) := rankc(G(R)') — rankc(Ky). Let T' € G(R)! be a torsion free, co-compact
lattice. Let X = I'\X. If dim X is even or 0(X) > 2, then Tx(r) = 1 for every 7 €
Rep(G(R)') [MP13] Prop. 4.2]. We note that the proof of [MP13, Prop. 4.2] for the case
o ()N( ) > 2 contains a mistake, which is the claim that the Grothendieck group of admissible
representations is generated by induced representations. This is only true for GL(n,R).
However, the proof can be fixed by proceeding as in the proof of [MoS|, Corollary 2.2].
As the example in [MP12] shows, in the non-compact case the analytic torsion need not
be trivial if dim X is even. Hence one may guess that this is also true if §(X) > 2. We
consider here the contribution of the discrete spectrum to the analytic torsion and study
when it vanishes. Let

d d
¢ =Y (=1)Pp¢f? and k] =) (—1)’phi”.
p=1 p=1
Then by (11.16|) we have
(11.43) K(t,7) = Jopec(9])-

For 7 € II(G(R)) let ©, be the global character. Then the contribution of the discrete
spectrum is given by

(11.44) Jpeec(@]) = > m(m)dim (Hff/) 0, (k).

mellqis(G(A))
If dim X is even, we can follow the proof of [MP13|, Prop. 4.2] to show that Jypec.c(¢7) = 0.

We conjecture that Jopeec(¢]) = 0, if §(X) > 2. In [MMI17, Lemma 13.5] it was shown
that this holds for G = GL(n), i.e., Jypec,aLm)(¢]) = 0, if n > 5.
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12. APPROXIMATION OF L?-ANALYTIC TORSION

In this section we prove the Theorem[1.6] To begin with we introduce some notation. Let
G be a quasi-split reductive algebraic group over Q. Fix a faithful Q-rational representation
p: G — GL(V) and a lattice A in the representation space V' such that the stabilizer of
A=Z®AC Ay ®V in G(Ay) is the group Ky. Since the maximal compact subgroups
of GL(Af ® V') are precisely the stabilizers of lattices , it is easy to see that such a lattice
exists. For N € N let

(12.1) K(N)={ge€ G(Af): p(l¢9)v=v mod NA, v e Vi

be the principal congruence subgroup of level N, which is a factorizable normal open
subgroup of K;. Let

(12.2) X(N) := GQ\(X x G(As)/K(N))

be the adelic quotient. Let 7 € Rep(G(R)') and assume that 7 satisfies 7 % 70 6. Let
E;n — X(N) be the flat vector bundle over X (V) associated to 7. Let Tx(n)(7) be the
regularized analytic torsion.

In [FLMI15, Definition 5.9] two conditions, called (TWN) and (BD), for an arbitrary
reductive group have been formulated. These conditions imply appropriate estimations for
the logarithmic derivatives of the intertwining operators, which occur on the spectral side
of the trace formula. Property (TWN) is a global condition concerning the scalar-valued
normalizing factors of the intertwining operators, while (BD) is a condition for the local
intertwining operators. For (BD) we need additional assumptions introduced in [FL19,
Definition 2]. Let S be a set of primes. We say that G satisfies property (BD) for S, if the
local groups G(Q,), p € S, satisfy (BD) with a uniform value of C' (see [FL19] for details).

Proposition 12.1. Let G be admissible. Then G satisfies property (TWN), and property
(BD) with respect to Sa, \ {2}

Proof. In [FL17, Theorem 3.11] it this proved that an admissible G satisfies property
(TWN+) which is even stronger than (TWN). It follows from [FL19, Corollary 1] that
G satisfies property (BD) with respect to Sg, \ {2}. See [FL19, Remark 3] for additional
explanations. O

To establish Theorem , we follow the approach of [MM2]. Let A, y(7) the Laplace
operator acting in the space of E, y-valued p-forms on X (V). We write

> T
/ Trreg (e*tAp,N(T)) tS*ldt — / Trreg (eftApyN(T)) tsfldt
0 0

+/ Tryeg (e_tAP’N(T)) 5 dt.
T

To begin with we estimate the second integral on the right hand side. The first auxiliary
result is the following proposition.

(12.3)
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Proposition 12.2. Let G be admissible. Then there exist C,c > 0 such that
1

) e —tAp N(T) <O —ct

vol(X(N))| trey (€ )| =ce

forallt>1,p=0,..,d, and N € N with 24 N.

(12.4)

Proof. The proof follows from [MMZ2, Prop. 6.6] together with Proposition [12.1]. U

Using Proposition it follows that there exist C, ¢ > 0 such that
1 oo

- T o —tAp N(T) t_ldt <C —cT
T |, ) | < e
foral T>1,p=0,...,d, and N € N with 21 N.

Now we turn to the estimation of the first integral on the right hand side of (12.3)). In
order to study the short time behavior of the regularized trace of the heat operator with
the help of the trace formula, we need to show that we can replace h{"” by an appropriate

compactly supported test function without changing the asymptotic behavior as ¢t — 0.
Let 7(g) be the function on G, which is defined by (6.17)). For R > 0 let

Br:={9 € Gx: 1(9) < R}.

We need the following auxiliary lemma.

(12.5)

Lemma 12.3. There exist C,c > 0 such that

oo

for allt > 0.

Proof. For G = GL,, this was proved in [MM2] Lemma 7.1]. Let d,(-, -) denote the geodesic
distance function on GL,(R)'/ O(n), and let r,(g) = d,,(g O(n), O(n)). At the beginning of
section |§| we have shown that with respect to our choice of the embedding G, C GL,(R)!,
r and 7, coincide on GG,. Thus the lemma follows from the case of GL,,. O

Let f € C*(R) such that f(u) = 1, if |u] < 1/2, and f(u) = 0, if |u|] > 1. Let
wr € CX(G) be defined by

(126) ente) =1 ("2).

Then we have supp pr C Br. Extend pr to G(R) by

PR(92c2) = PR(goc); oo € Goor 2 € Ag(R)".
Define %;’f} € C°(G(R)) by
(12.7) nE(goo) = Pr(goc) PP (9s0),  goo € G(R).
Then the restriction of E;’g ® xx () to G(A)! belongs to C°(G(A)Y).
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Proposition 12.4. There exist constants Cy,Co, C3 > 0 such that

1 7 2
Y TTEC Js ec hT’p _ Js e thP <O —C2R? [t+C3st
vol(Y(N))‘ vec(h{” @ Xxc(w) = Japee(hih ® Xc())| < Cre

forall NeN, p=0,...,d,t>0and R > 1.
Proposition allows us to replace h;* by a compactly supported function.

Proof. Let ¢ :== 1 — @gr. Then

Jspec(hgp 2y XK(N)) - Jspec(h;}g X XK(N)) - Jspec(¢Rh27p X XK(N))
Now we use the refined spectral expansion (9.7). Let M € £ and let Joecns be the
distribution on the right hand side of (9.7)), which corresponds to M. Let
Ag=—-0+420k_,

where Q (resp. Q) denotes the Casimir operator of G(R)!(resp. K,,). Observe that
Yrhy? ® Xk(v) belongs to C(G(A)') and the proof of Lemma 7.2 and Corollary 7.4 in
[FLMTI] extends to h € C(G(A)'). For an open compact subgroup Ky C M(Ay) let u%f

be the measure on IT(M(R)!) defined by

,U,M _ VO](KM,f)
T vol(M(Q)\ M (A))

> dimHomygay (7, L (M(Q\M(A)Y)) dim 7 /6,
mell(M(A)!)

(12.8)

In the notation of [FLMI5| this is the measure u%}s‘”, where So, = {oo}. It follows from
[FLI8, Prop. 4.7] and Proposition that the collection of measures {M%M(N)} Nen 1S
polynomial bounded. Then by [FLM15, Corollary 7.4] it follows that there exists & > 1
such that for any € > 0 we have

(12.9)
1 1

—Js ec hi? = Js e

vol(X(N)) ™™ wrhe” @ Xicn) vol(G(Q)\G(A)1) 7P 2
<o | (TA+AG) (WRTP) || 11 (o) N0 M—dim G)/24

forall N e N;p=0,...,d,t>0,and R > 0, where T is defined by ([11.29). Using Lemma

we can proceed exactly as in the proof of Proposition 7.2 in [MMZ2] and estimate
[(Id +A¢)*(¥rh{") || 21 Gy Combined with (12.9) it follows that for every e > 0 we have

1

vol(X(N)) Topeeau(

foral N e N, p=20,...,d,and t > 0. and R > 1. Let M # G. Then there exist
C1,Cy,C5 > 0 such that
1

vol(X ()

Vrh? @ 1g(ny)

T —cR? im M —dim
¢Rht7p®XK(N)> <. e R/tN(d M—dim G)/2+e

(1210) |Jspec,M<¢RhZ’p ® XK(N))| < 016—02R2/t+03t
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forall Ne N, p=0,...,d,and t > 0, and R > 1.

It remains to deal with the case M = (. In this case we have

Jspec,G(thzyp & XK(N)) = Z my Tr 7T<¢Rh:’p ® XK(N))
m€llg;5(G(A)!)

= e dim(r ) T (gh]).
mEellqgis(G(A))

For v € [I(K ) denote by H,__(v) the v-isotypic subspace. Let
i (G(A)YT = {7 € Haue(G(A)"): 3v € T such that H,_(v) # 0}.
If we argue as in the proof of Propostion 7.2 in [MM2l, pp. 335], we get

1
AN AT Js ec hT.p
< Cre @O K(N) Y medim(ry ) (1 + [An )7
mellg;s(G(A)Y)T
Now recall that, as observed above, the collection of measures { ,u?(( N)} NeN 1S polynomially

bounded. This is equivalent to condition (1) of [FLMI5, Proposition 6.1]. For [ € N let
g1 7 be the non-negative function on II(G,) defined by

L if 7
() __{<1+|Aw\> - ifr € IGER)T,

o, otherwise.

Then it follows from [FLMI15, Proposition 6.1, (4)] that there exists [ € N, which depends
only on 7T, such that

12.11 ¢ _ _VollK(N)) my dim(r YY1+ (A )

1211) o) = gm0 bl
is bounded independently of N € N. Hence there exist C, Cs, C3 > 0 such that
1

vol(Y(N))

forallt >0,p=0,...,d, N €N, and R > 1. This completes the proof of the proposition.

O

| Jspee,c (VR @ XK ()| < O~ CaR? /1+Cst

Now recall that
Trreg (eitAva(N)(T)) = Jspec(h?p X XK(N))

For R > 0 let o € C°(G(R)") be the function defined by (12.6). By Proposition we
have

(1212) Trreg (e_tAp,Y(N)(T)) = Jspec((pRh:t—’p (029 XK(N)) + TR(t),



47

where 7r(t) is a function of ¢ € [0, 7] which satisfies
I
vol(Y(N))

for 0 <t < T. This implies that fOT rr(t)t*~1dt is holomorphic in s € C and

FP,_, (sr—l(s) /OTTR(t)tS_ldt> :/OTTR(t)t_ldt.

-
vol(Y (V)

(12.13) rr(t)| < Cpe=C2IP/tH+Cst

Moreover

T T
/ m(t)tldt’§01 / e O /Gty g
0 0

(12.14) o
< Cle—C4R2/T+CBT/ 6_04/tt_ldt.
0

Now put R = T2 and let
(12.15) hip = orhy™.
Then it follows from (12.12)) and (12.14)) that there exist C', ¢ > 0 such that

1 1 T
——FP (o [ Treeg (e 0 gy
vol<X<N>>' -0 (sr<s>/o frs (€ )

1 g T s— —c
- FPSZO (F(S) /0 Jspec(ht:f; ® XK(N))t ldt) ' S Ce T

forT>1,p=0,...,d, and N € N. Using the trace formula, we are reduced to deal with

1 T
FP.o | —— | Jecom(RTP 7 Ldt ) .
=0 (SF(S)/O geom ( t,T®XK(N)) )

For the following considerations we need to restrict the sequences of principal congruence
subgroups by imposing additional conditions on the levels. Let S; be a finite set of primes.
We say that a sequence {N;};jen of natural numbers converges to oo at Sy, denoted by

(12.16)

1
if there exists Ny € N such that
(12.18) N;=No-Njs,, Njs, = [[p*?, and Njg — oc.
pEST

The corresponding sequence of principal congruence subgroups {K(NN;)};en converges to
1 at S; in the sense of (1.11)), i.e.,
K(N;) - 1, j— o0
1
Let ¢ € C*(G(R)') be such that p(g) = 1 in a neighborhood of 1 € G(R)*. Put
hy? = hy”.
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We consider test functions with ?LZ”’ at the infinite place and xx(n;) at the finite places.
By Proposition (3.1)) we have

(12.19) Tyeom (M ® X () = Junip (BT ® Xxc ()
for all N; provided we choose the support of EZ”’ sufficiently small (this choice depends on
K(1) only). Put

So :={p: pprime, p|No}, S :={o0}USyUS;.

Note that K (N;) =[], K, with K, = K, for v ¢ S. Hence by the fine geometric expansion
(8.26)) we have

Tuip(hi? @ xxvy) = Y Y aM([uls, $)J5 ([uls, h{” @ xx(w;))
MEL [u)geuM

(12.20) = vol(G(Q\G(A) /K (N;)hi*(1)
> M([uls, TG ([uls B @ xieow):
(M, [u]s)#(G.{1})

Concerning the volume factor in the first summand on the right hand side, we used that
Xk (~N;) = Li(n;)/ Vol(K(Nj)). To deal with the first term on the right hand side, we note

that A]*(1) = A]*(1). Furthermore, by [MP13, (5.11)] there is an asymptotic expansion

(12.21) AP (1) ~ Zajt_d/2+j
=0
as t — 0, and by [MP13, (5.16)] there exists ¢ > 0 such that
(12.22) hiP(1) = O(e™)
as t — oo. From and follows that the integral
(12.23) /OO h{P (1)t dt
0

converges in the half-plane Re(s) > d/2 and admits a meromorphic extension to C which
is holomorphic at s = 0. The same is true for the integral over [0, 7] and we get
+ O(e™ ).

(12.24)  FP,_, (%(8) /OThZ”’(l)ts_l) = % (r(ls) /O‘” hz’pmts_l) 5=0

Nw recall the definition of the L(®-analytic torsion [Lo|, [Mat]. For ¢ > 0 let
d

E®(t,7) =) (=1)"ph{*(1).

p=1

@,  1d 1 /OO D) a1
s = —— | = K (t, mt*~dt
%7 2ds (F(s) 0 (t,7)

Put

s=0
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Then by [MP13] (5.20)], the L®-analytic torsion T)(f()Nj)(T) € R* is given by

2)

log Ty, ) (7) = vol (X (N;)) - 12 (7).

To summarize, we get

(12.25) %Z(—l)ppFPSZO (%(8)/0 h;p(1)t“dt) =t2(r) + 0(e™")

for T > 1.

Next we consider the weighted orbital integrals on the right hand side of (12.20]). Note
that by definition of xx(n;) we have

1
vol(K (N;))
To deal with the integral on the right hand side, we use the splitting formula (8.27)). Let
Sy =8\ {00} =5, US;. Then we get
(12.26)

Tils, hi? @ xeop) = Y d§p(Ln, Lo) it (oo, 75, ) T2 ([l Lieny)s, @)
L1,L2€£(M)

Using ((11.21)) and Proposition ([7.2)), it follows that as ¢ — 0, ij([u]wﬁz’gl) has an
asymptotic expansion of the form ([7.21)). This implies that the integral

TS5 (uls, B ® X)) = TS ([u]s, hp? @ 1ga,))-

T ~
(12.27) / Jai ([u]oo, U5 )t dt
0

converges absolutely and uniformly on compact subsets of the half plane Re(s) > d/2 and
admits a meromorphic extension to s € C. Put

(12.28) A ([U)so, T) := FP,_g (8%(8)/0 Jf;([u]ooﬁ;gl)ts—ldt).

By (12.26) it follows that the Mellin transform of J& ([uls, hf* ® Xk(N;)) as a function of
t is a meromorphic function on C, and we get

1 r ~
FP,_o [ —— G ho? Dttt
=0 (SF(S)/OV JM([U]S7 t ®XK(N])> )
- Z d%(LhL2)A§/}([U]OO7T)J]%42([U]5/'7 ]‘K(Nj)Sf7Q2>7
Lq,LoeL(M)

where 1) $5.02 is defined by ({8.28]). Next we deal with the orbital integral on the right
hand side. Let L € £ and let ) = LV be a semistandard parabolic subgroup. Consider

(12.29)
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any congruence subgroup K (N). Using the definition (8.28]) and the fact that K(N) is a
normal subgroup of Ky, we have

1K(N)sf,Q(m) = §g(m)Y/? vol(KSf)/ Lk (s, (mv)dv
V(Qs;)
_ L _
for any m € L(Ay). Hence 1K(N)sf,Q(m) = 0 unless m € K“(N)s, = K(N)s, N L(Ay).
Now if m € K*(N)g,, we have mv € K(N)g, if and only if v € K(N)g,. Hence
1K(N)Sf7Q(m) = VOl(KSj')lKL(N)Sf (m)
Therefore, it suffices to consider the orbital integral Ji([u]s,, 15z Sf). We can assume

that L = (. Now we argue as in [Cl, Lemma 7] to conclude that for [u]s, # 1,
(12.30) lim J37 ([u]s,, 1r(vy)s,) = 0.

Jj—00

Denote by Junip ,{1}(}2[”” ® Xk(n;)) the sum on the right hand side of (12.20). Combining
our results, we have proved

Lemma 12.5. For every T' > 1 we have

1 1 T ~ N
IX () (—sw [ - B v ) w) 0

j
as j — oo.

Now we can complete the proof of Theorem [1.6] Let

d

Kn(t,7) = 5 S0 (-1)h T (6712550)).
k=1

Let T > 0. By (1.8]) and ((11.39)) we have
1 T 00
(12.31) log Tx (n)(7) = FPs—o —/ Ky (t,7)t"\dt +/ Kn(t, 7)t'dt.
sI'(s) Jo T
By ([12.5)) there exist C, ¢ > 0 such that

(12.32)

1 o0
_ Knl(t t_ldt < —cT
vol(X(NN) /T n(t7) ‘ < Ce

forall 7> 1 and n € N.
Now we turn to the first term on the right hand side. Let h;} € C°(G(R)") be defined

by (12.15)). Put

d
1 T
Kn(t,7;T) := 3 Z(—l)kkjgcom(htéf ® XK(N))-
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Using ([12.16)) and the trace formula, it follows that, up to a term of order O(e=“T), we can
replace Ky (t,7) by Kn(t,7,T) in the first term on the right hand side of (12.31]). Let

d

| ,
(12.33) Kunip -y n(t, 73 1) = 5 Y (“0PpTunip -1y (h{F ® X))
p=1
By [Cl, Lemma 5] and (12.20)) it follows that for every T' > 1 there exists No(7') € N such

that
d

vol(X () T
— 5 > (=DFkhE (L) + Kaip—y (6,73 T)

k=1
for N > No(T'). Using (12.25) it follows that for every 7" > 1 there exists No(7') € N such
that

KN(t7 ) T) -

m FP,_, (%(S) / ' Kn(t, 7)™ dt)
(12:34) =tD(r) + m FP,_, (%(S)/O Kumip (3. (L, T)ts_ldt>

+ O(e™ )

for N > No(T'). For the last step we have to specialize to the principal congruence groups
{K(N;)}jen which converge to 1 at S;. Applying Lemma we get that for every T' > 1
and € > 0 there exist constants C1(7"),Cs, ¢ > 0 and Nyo(7T') € N such that

m FP, (SFL(S) /OT Ky, (t, T)ts_ldt> —t2(r)

for j > No(T). Combined with (12.31), (12.32)) and (12.5)), Theorem [L.6 follows.

(12.35) < OT)e + Cre=
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