ANALYTIC TORSION AND REIDEMEISTER TORSION OF
HYPERBOLIC MANIFOLDS WITH CUSPS

WERNER MULLER AND FREDERIC ROCHON

ABSTRACT. On an odd-dimensional oriented hyperbolic manifold of finite volume with
strongly acyclic coeflicient systems, we derive a formula relating analytic torsion with the
Reidemeister torsion of the Borel-Serre compactification of the manifold. In a compan-
ion paper, this formula is used to derive exponential growth of torsion in cohomology of
arithmetic groups.
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1. INTRODUCTION

Let M be a closed Riemannian manifold of dimension d, and g a finite dimensional complex
representation of the fundamental group m (M, zg) of M. Let E, — X be the flat vector
bundle over X associated to p. Choose a Hermitian fiber metric in E, and let A,(p) be
the Laplace operator on E,-valued p-forms with respect to the metric on X and in £,. Let
(p(s; 0) be the zeta function of A, (o) (see [Shu01]). Then the analytic torsion Tx (o) € R,
introduced by Ray and Singer [RS71], is defined by

1< d
(1.1) log Tx (0) := 52(—1)%%@(3;@)]320.

q=1

A combinatorial counterpart is the Reidemeister torsion introduced by Reidemeister [Rei35]
and Franz to distinguish lens spaces that are homotopic but not homeomorphic. It
was conjectured by Ray and Singer and proved independently by Cheeger and the
first named author that for unitary representations the invariants coincide. The
equality was extended by the first author to unimodular representations [Mul93]. The case
of a general representation was treated by Bismut and Zhang . In general the equality
does not hold. The defect was computed by Bismut and Zhang.

The equality of analytic and Reidemeister torsion has recently been used to study the

growth of torsion in the cohomology of arithmetic groups, see for instance |[BV13,|CV12,
1
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Mull12,[MM13,MP14]. This application is based on a remarkable feature of the Reidemeister
torsion, and hence of the analytic torsion. When the complex of cochains, used to define
the Reidemeister torsion, is defined over Z, for instance when p is the trivial representation,
then the Reidemeister torsion can be expressed in terms of the size of the torsion subgroup
of the integer cohomology and the covolume of the lattice defined by the free part in the
real cohomology. For various sequences of manifolds or representations, this can be used to
establish exponential growth of torsion subgroups in cohomology by computing the limiting
behavior of analytic torsion via spectral methods.

In the context of arithmetic groups the manifolds are compact locally symmetric manifolds
['\G/K, where G is a semi-simple Lie group, K maximal compact subgroup and I" a discrete
torsion free cocompact subgroup of G.

Since many arithmetic groups are not cocompact, it is very desirable to extend this method
to the non-compact case. The goal of the present paper is to study the relation between (reg-
ularized) analytic torsion and Reidemeister torsion for odd-dimensional hyperbolic manifolds
of finite volume.

There is related work in [ARS14]. For odd-dimensional manifolds with fibered cusps
ends, which is an important class of complete non-compact Riemannian manifolds of finite
volume including many examples of locally symmetric spaces of rank one, an identification of
analytic torsion with the Reidemeister torsion of the natural compactification by a manifold
with boundary was obtained in |[ARS14] provided that the unimodular representation g :
m (M) — GL(V) is ‘acyclic at infinity’ in a certain sense, that the links of the cusps at infinity
are even-dimensional, and that the Hermitian metric of the flat vector bundle associated to
o0 is even in the sense of [ARS14, Definition 7.6], the latter condition being automatically
satisfied when the representation p is unitary. The results of [ARS14] apply in particular to
odd-dimensional oriented hyperbolic manifolds of finite volume. However, they do not apply
to the representations p that we wish to consider and which are described as follows.

Let G = SOq(d,1) and K = SO(d) or G = Spin(d,1) and K = Spin(d). Then G/K,
equipped with the normalized invariant metric, is isometric to the d-dimensional hyperbolic
space H?. Let I' C G be a torsion free lattice in G. Then

X :=T\G/K

is an oriented d-dimensional hyperbolic manifold of finite volume whose hyperbolic metric
will be denoted by gx. Let o : G — GL(V) be an irreducible finite dimensional complex
representation such that

(1.2) 0oV # o,

where ¢ is the standard Cartan involution with respect to K. By [Miil93, Lemma 4.3], the
restriction of p to I' induces a unimodular representation gl : I' — GL(V), where I' is
identified with my(X). If E = H? x ,_V is the associated flat vector bundle on X, then we
know from [MMG63| that E comes equipped with a natural Hermitian metric hp well-defined
up to a scalar multiple. Notice however that this Hermitian metric is definitely not even in
the sense of [ARS14] Definition 7.6]. In fact, the Hermitian metric hp degenerates at infinity,
so the identification between analytic and Reidemeister torsions obtained in [ARS14] does
not apply.

On the other hand, using a different approach relying on the gluing formula of Lesch
[Les13], Pfaff was able in [Pfal7] to obtain a formula relating the analytic torsion of (X, F)
with the Reidemeister torsion of the natural compactification of X by a manifold with
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boundary X. One delicate point in the formula is that (X, gx, E, hg) always has trivial
L?-cohomology, but the cohomology groups H?(X; E) are not all trivial. Thus, to define
Reidemeister torsion, one has to specify a basis of these cohomology groups. Pfaff does it
using Eisenstein series. When G = Spin(3,1) = SL(2,C) and I is a congruent subgroup of a
Bianchi group, the formula of |[Pfal7] was subsequently used by Pfaff and Raimbault [PR15]
to obtain results about exponential growth of torsion in cohomology for the sequence of
symmetric powers of the standard representation of SL(2,C). However, beyond that, the
formula of [Pfal7] contains a term, namely the analytic torsion of the cusp ends, which so far
seems to have restricted the possible applications about the growth of torsion in cohomology.

In the present paper, we remedy this problem by obtaining a formula where the analytic
torsion of the cusp ends does not appear. To state our result more precisely, recall that the
analytic torsion T(X; E, gx, hg) of (X, gx, E, hg) is defined by the following formula which
is analogous to (|1.1))

d

d
Z(—l)qq£RCq(8; )] _o»

q=0

(1.3) logT(X; E,g9x,hg) =

DN | —

where £(,(s;0) is the regularized zeta function of the Laplace operator A,(g) acting on
E-valued ¢-forms. For Re s > %, this function is defined by

(1.4) R, (s10) = ﬁ/o RTr(etAq@))ts%

and admits a meromorphic extension which is regular at s = 0, where # Tr is the regularized
trace as considered in [ARS14] or [MP12].

In order to define the Reidemeister torsion, we need to choose a basis of H*(X, E). For
the flat bundles that we consider, the cohomology H*(X, E) never vanishes. More precisely,
the L2-cohomology H, (5)(X, E) vanishes (see [Pfal7, Prop. 8.1]), which corresponds to the
vanishing of the cohomology in the compact case. However, there is cohomology coming
from the boundary of X. This is the Eisenstein cohomology Hj (X, E) introduced by
Harder [Har75]. In our case H*(X, E) coincides with H};, (X, E) and each cohomology class
is represented by a special value of an Eisenstein series, which is a lift of a cohomology class
on the boundary Z. Using an orthonormal basis uz of H*(Z, E), the theory of Eisenstein
series gives rise to a basis ux of H*(X, E). For more details see [Pfal7, sect. 8] and §5
below. These are the bases of the cohomology that we use to define the Reidemeister torsion
7(X,E,pux) and 7(Z, E, jiz).

We can now state our main result, referring to Theorem [6.2) below for further details.

Theorem 1.1. If the complex irreducible representation o : G — GL(V') satisfies (1.2]) and
if the discrete subgroup I' C G is such that Assumption below holds, then

— 1
(1.5) logT(X; E,g9x,hg) =log7(X, E,ux) — élog T(Z,E, uz) — Kicy,

where ¢, € R is an explicit constant depending on o, k% is the number of connected com-
ponents of Z on which the cohomology with values in E is non-trivial, and px and py are
cohomology bases of H*(X; E) and H*(Z; E) described above (cf. §@ below). Furthermore,
if n is odd, then 7(Z,E,nuz) =1 and the formula simplifies to

lOg T(Xu E7 9x, hE) = lOgT(Ya Ea MX) - K’?‘CQ'
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Remark 1.2. In a companion paper [MR19], this formula is used to establish exponential
growth of torsion in cohomology for various sequences of groups I' or representations o.

Remark 1.3. When G = Spin(d, 1), Assumption 15 slightly more general then what
the hypothesis [Pfal7, (2.11)] requires for the result of Pfaff. This allows in particular for
situations where k% = 0, in which case H*(X; E) and H*(Z; E) are trivial and our formula
simplifies to

— 1
logT(X; E,gx,hg) =logm(X,E) — 3 log7(Z, F).

Remark 1.4. When G = Spin(3,1) = SL(2,C) and X =T'\ G/K is the complement of a
hyperbolic knot, we know from (MFP14] that kf. = 0 when ¢ is an odd symmetric power of
the standard representation of SL(2,C). Since n =1 is odd in this case, this means that the

formula simplifies to o
T(X;E,9x,hp) =7(X, E).

Remark 1.5. When G = Spin(3,1) = SL(2,C) and ¢ is an even symmetric power of the
standard representation, our formula agrees with the one obtained by Pfaff in [Pfal4] for
normalized analytic and Reidemeister torsions and yields the identity

c(f)  b(l)

L6 ﬁ_@ fort > 2,
where

I = A/ aS Iy ey oy | :
N b(0) .—mkl_lz(\/(€+l)2+£2_(k+12)—k?) ;

c(f) = [ (/+12+ 82— 2 +0) N((ESIEwE 2
LW DE A e D\ 401

Remark 1.6. Multiplying the boundary defining function by a constant changes the bases
Wz and px as well as the right hand side of , which is consistent with the fact that
analytic torsion does depend on the choice of boundary defining function used to define the
reqularized trace.

Combined with [MP12, Theorem 1.1}, our results yield the following corollary, proved at
the end of §[6, about the exponential growth of the Reidemeister torsion for certain sequences
of representations.

Corollary 1.7. Assume that G = SOq(d, 1), that n is odd and that T satisfies Assump-
tion . Fiz natural numbers 71 > 19 > -+ > 71,41. For m € N, let 7(m) be the finite-
dimensional irreducible representation of G with highest weight (1, +m, ..., Ty41 +m) and
denote by E.(y) the corresponding flat vector bundle on X =T\ G/K. Let also jixm be the
corresponding basis of H*(X; E:tm)). Then there is a constant C,, > 0 depending only on n
such that

n(n+1) n(n+1)

(1.8) (X, Ermys ixm) = Cuvol(X)m™ 2 714+ O(m™ 2 logm) asm — oo.
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Remark 1.8. If in fact n = 1 and G = SL(2,C), a formula similar to (1.8)) was obtained
by Menal-Ferrer and Porti in [MFP1/4] using [Mull2] and suitable approzimations of X by
compact hyperbolic manifolds.

Our strategy to prove Theorem is to apply the general approach of [ARS14]. Indeed,
even if [ARS14, Theorem 1.3] does not apply since hg is not an even Hermitian metric, the
results of [ARS14] concerning the uniform constructions of the resolvent and heat kernel
under a degeneration to fibered cusps are formulated quite generally and do apply. This
is because the Hermitian metric hg degenerates at infinity in a similar way that gx does,
which ensures that this can be incorporated in the framework of [ARS14]. More precisely, if
M = X Uyx X is the double of X on which we consider a family g. of Riemannian metrics
degenerating to the hyperbolic metric on each copy of X inside M as € N\, 0, then recall
from [ARS14] that in a tubular neighborhood N 2 X x (—4,d),, we can take g. of the form

dz?

m + (1'2 + 52).98?, xr € (—(S, 5),

ge =

where g % is the (flat) Riemannian metric on 9X such that

dx?

outside a compact set of X. For the Hermitian metric hg, we can in a similar way introduce
a family of Hermitian metrics h. on the double of E on M degenerating to the Hermitian
metric hg on each copy of X as € \, 0. This can be described in a systematic way using
the single surgery space of Mazzeo-Melrose [MM95]. The upshot is that we end up with a
family of Dirac-type operators for which the uniform constructions of the resolvent and heat
kernel of [ARS14] Theorem 4.5 and Theorem 7.1] do apply directly. The way the Hermitian
metric hp degenerates is then incorporated in the model operators D, and D, of |[ARS14],
cf. JARS14} (2.7) and (2.8)] with and below. Taking this into account, we
can still show that the model operator Dy is Fredholm, which ensures that the eigenspace of
eigenvalues of the Hodge Laplacian going to zero as € “\, 0 is finite dimensional. Furthermore,
comparing the cohomology of M taking values in the double of E with the L?-kernel of D,
allows us to conclude that there is a spectral gap: no positive eigenvalue tends to zero as
e \( 0. This greatly simplifies the computation of the asymptotic behavior of analytic torsion
as € \ 0, since this amounts essentially to compute the analytic torsion of the operator D?.
To do this, we rely on the delicate computation in [ARS18|, § 2.2] of regularized determinants
of Laplace-type operators on the real line.

For Reidemeister torsion, we can track relatively easily what happens under surgery using
the formula of Milnor [Mil66]. What is more delicate however is that as in [ARS18, §3.3], we
need to carefully compute what happens asymptotically to a basis of orthonormal harmonic
forms as € N\, 0. One subtle point is that to understand what happens at the cohomological
level, it is not enough to determine the top order behavior. Indeed, there are lower other
terms in the expansion which are negligible in terms of L?-norm as e \, 0, but nevertheless
contribute non-trivially cohomologically, a phenomenon intimately related with the behavior
at infinity of the Eisenstein series used by Pfaff in [Pfal7].

The paper is organized as follows. In §[2| we recall basic properties of the canonical bundle
FE associated to a choice of irreducible complex representation p. We then describe in §
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the cusp surgery metric and the corresponding degenerating family of Hermitian metrics
and compute explicitly what are the model operators D, and D,. This is used in § 4] to
determine the asymptotic behavior of analytic torsion as € \, 0. In § 5, we introduce the
basis ux and py of Theorem and give a formula relating the Reidemeister torsions of M
and X. Finally, we prove our main result in § |§|, while in § 7, we compute more precisely
the constant ¢, when G' = Spin(3,1) = SL(2, C).

Acknowledgements. The authors are grateful to the hospitality of the Centre International
de Rencontres Mathématiques (CIRM) where this project started. The second author was
supported by NSERC and a Canada Research Chair.

2. THE CANONICAL BUNDLE OF MATSUSHIMA AND MURAKAMI

Let d = 2n + 1 be odd and consider the d-dimensional hyperbolic space seen as the
homogeneous space HY = G/ K with either G = Spin(d, 1) and K = Spin(d) or G = SO,(d, 1)
and K = SO(d). The hyperbolic metric gny, on H? can be described in terms of the Killing
form B of the Lie algebra g of G. Indeed, if £ is the Lie algebra of K, ¢ is the standard
Cartan involution with respect to K and g = € ® p is the Cartan decomposition of g, then
the restriction of

(2.1) (X,Y)y = — 2

2(d—1)
to p induces a G-invariant metric on H¢ which is precisely the hyperbolic metric gyy,. Suppose
now that (X, gx) is a complete finite volume oriented hyperbolic manifold of dimension d
such that

(2.2) X=T\H'=T\G/K

for some discrete subgroup I of G, so that the fundamental group 71 (X) is naturally identified
with I and the metric gx on X lifts to give the hyperbolic metric gy, on H?. Let o : G —
GL(V) be an irreducible representation on a complex vector space V' of complex dimension
k. Then the restriction of o to I' induces a unimodular representation of the fundamental
group of X, which in turn induces a flat vector bundle

(2.3) E:=H'x, V onX.

We can instead restrict p to the maximal compact subgroup K and consider the associated
homogeneous vector bundle

(2.4) E:=Gx, V on H'=G/K

B(X,9(Y)), X, Yeg

and the corresponding locally homogeneous vector bundle T"\ Eover X =T \H9. The space
of smooth sections C*(H%; E) of F is canonically identified with

(2.5) Co(G;0) = {f € CG; V)| flgk) = o(k"")f(g) Vg € G, Yk € K}
Similarly, the space of smooth sections of C*(X ;T\ E) is canonically isomorphic to

(2.6) C¥(T\G;0) :={f €C™(G;0) | fvg) = f(9) Vg € G, Vy €T}.

From [MMG63, Proposition 3.1], we know that there is a canonical vector bundle isomor-
phism

(2.7) ®:T\E—E
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explicitly given by
D F\GXQ|KV — G/K XQ‘FV

(2.8) 9. 0lng = g 0(9)v]m,

where [g, v] 5 and [g, v]p denote the corresponding points in I' \ £ and E after taking the
quotient by the actions of I' and K. Using this natural isomorphism, we can equip E with
a canonical bundle metric. More precisely, by [MM63, Lemma 3.1], there exists an inner
product (-,-) on V such that

(2.9) (o(Y)u,v) = —(u, o(Y)v) VY € & Yu,v € V;
(2.10) (o(Y)u,v) = (u, o(Y)v) VY € p, Yu,v € V.

Clearly, ol is unitary with respect to this inner product, which means that (-, -) induces a
bundle metric iy, 5 on I'\ E,

2.11) bz (9,005 (9wl 5) 3= (o, 00),

and hence a corresponding bundle metric hg on E via the isomorphism ([2.7)). This bundle
metric hg and the flat connection on E allow to define a de Rham operator and a Hodge
Laplacian,

(2.12) Op =dp +dy, Ap=0%=dgdy+ dydpg,

where dg : Q*(X; E) — Q*"}(X; E) is the exterior derivative acting on differential forms
taking values in £ and d, is its formal adjoint with respect to the L%-inner product induced
by gx and hg.

Let G = NAK be the Iwasawa decomposition of G as in [MP12, §2] and let M be the
centralizer of A in K. Let n,a and m be the Lie algebras of N, A and M respectively.
Consider the group Py := NAM. Recall that dimg a = 1. Equip a with the norm induced
by the restriction of . Let H; be the unique vector of norm 1 such that the positive
restricted root, implicit in the choice of N, is positive on H;. Then every a € A can be
written as a = exp(loga) for a unique loga € a, where exp : a — A is the exponential map.
For t € R, set a(t) := exp(tH;). Given g € G, we define n(g) € N, H(g) € R and k(g) € K
by

g9 = n(g)a(H(g))r(g).

If P is a parabolic subgroup of G, then there is kp € K such that P = NpApMp with
Np = kkag,l, Ap = k’pAk;l and Mp = kpMkISl. For instance, for P = F,, we can take
kp, = 1. For such a choice of kp, let ap(t) = k:pa(t)k:;l. For g € G, define np(g) € Np,
Hp(g) € R and kp(g) € K by

g9 =np(g)ap(Hp(g))rr(g)
and consider the group isomorphism
RP . RT — AP
(2.13) t — ap(logt).

We set A%[Y] := Rp(Y, 00) for Y > 0.

Definition 2.1. A parabolic subgroup P of G is said to be I'-cuspidal if '\ Np is a lattice
in Np. Let Pr be a set of representatives of the I'-conjugacy classes of I'-cuspidal parabolic
subgroups of G.



8 WERNER MULLER AND FREDERIC ROCHON

Note that Pr is a finite set with cardinality equal to the number of cusps of X.

Assumption 2.2. When G = SO,(d, 1), we will assume that for all P € Pr we have
(2.14) I'NMP=INNp,

while when G = Spin(d, 1), we will be more flexible and only assume that for all P € Pr we
have

(2.15) ) N7(P)==nT)Nn(Np),

where 7 : Spin(d, 1) — SO,(d, 1) is the canonical covering map. Furthermore, when G =
Spin(d, 1) and (2.14) does not hold for all T'-cuspidal groups, we will also assume that
(2.16) ole—1) = £1d,

where e_; € Spin(d, 1) denotes the element different from the identity such that w(e_1) gives
the identity element in SOq(d, 1).

For a choice of Pr, there exists Yy > 0 such that for each Y > Y}, there is a compact
connected subset C'(Y') of G and a decomposition

(2.17) G=T-C(Y)u | | T-NpAR[Y|K
PePr
such that for each P € Br, one has that

(2.18) (v- NpALY]K) N NpALY|K #0 < yeI'NP.

Set I'p :=T' N Np =INP when G = SO,(d,1) and I'p := 7n(I') N 7(Np) = 7n(I") N 7(P)
when G = Spin(d, 1). In the latter case, notice that Np is canonically identified with 7(Np)
via the canonical covering map, so that we will often denote m(Np) by Np to lighten the
notation. With this notation understood, if we set

(2.19) Fp(Y) = AB[Y] x (Tp\ Np) = (Y,00) x (Tp\ Np),

then there is a corresponding decomposition of X, namely, there exists a compact manifold
with smooth boundary X (Y) such that

(2.20) X=X(Y)u || Fp(y)
with X(Y)NFp(Y) =0X(Y) =90Fp(Y) and Fp, (Y)N Fp,(Y) =0 for P, # P in Pr. If gp
is the invariant metric on Np induced by (2.1) and g7, is the corresponding metric on the
quotient Tp = I'p \ Np, then the restriction of the hyperbolic metric on Fp(Y) is given by

dt? + 91p

12 ’
Since Np is abelian, notice that gp and gp, are flat. Since the hyperbolic metric is G-
invariant, notice also that this description is consistent with the adjoint action of Ap on the
Lie algebra np of Np,

(2.22) Ad(ap(r))n=¢€n, nenp, Ad*(ap(r))p=e"p, unenp.

By condition (2.10) and the fact that a C p, there exists a basis {vpy,...,vpx} of V or-
thonormal with respect to the admissible inner product (-,-) which is compatible with the
weight decomposition of V' in terms of the action of Ap. Thus, we suppose that

(2.21) t e (Y, 00).

(2.23) o(ap(r))vp; = e"""vp; for some w; € R.
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Remark 2.3. Since Ap = kpAk:;l, we can assume that the weight w; does not depend on
P

If holds or p(e_;) = Id, let Zp : Np — {1} be the trivial group homomorphism,
and otherwise let Zp : 7(Np) — S' € C* C End(V) be a choice of group homomorphism
such that Zp(m(y))Id = o(kp(7)) for all v € T'N P. In particular, by (2.16), it is such
that Z(I'p) C {1, -1} and o(v) = o(np(y))Zp(7(y)) for all v € I' N P. Notice that using
the decomposition G = NpApK, the basis {vp;,...,vp;} yields an orthonormal basis of
sections

g+ [np(g)ap(Hp(9)), Ep(m(np(9)))vrdm 5
of I'\ E over the cusp Fp(Y), and hence under the isomorphism (2.7), an orthonormal basis

of sections
(2.24)

vpi(9K) = [np(9)ar(Hp(9)),. Ep(m(np(g)))o(np(g)ar(Hp(g)))vpile  of E over Fp(Y).
Let op : Np — End(V) be the restriction of ¢ to Np twisted by Zp, so that
op(n) =Zp(n(n))o(n) Vn € Np.
The representation pp defines by restriction to I'p a flat vector bundle Ep := Np X
on 0Fp(1) =I'p \ Np = Tp and the basis {vp,;} induces a basis of sections

v

QP|FP

(2.25) Unp.i(Dpn) == [n, 0p(n)vpilE,.

The admissible product (-, -) naturally induces a bundle metric hg, on Ep, namely the one
obtained by declaring {vx, ;} to be an orthonormal basis of sections. By our choice of basis
{vp;}, notice that on Fp(Y'), we have the following relation,

(2.26) vpi(Cnap(r)) = e“"vy, (I'pn) ¥n € Np.
Let
(227) 6Ep = dEp -+ d*Ep and AE‘p = 6]25})

be the corresponding de Rham operator and Hodge Laplacian, where dg, : Q*(Tp; Ep) —
Q' (Tp; Ep) is the exterior derivative and dj, is its formal adjoint with respect to the
L*-inner product induced by gr, and hg,. There is a natural inclusion

Lp Apn*P®V — Qp(Tp,Ep)
(2.28) WOV = D®D,
where ¥(I'pn) := [n, op(n)v]g, and &, = w under the natural identification
(2.29) AP(T*(Tp)) = Tp x APn}p.

In fact , A*n}p ® V is a V-valued Lie algebra complex with differential dp = d,, + d=, given
by
q+1 R
(230)  dup®(Th,.... Tppr) = Y (1) o(T)®(Th,..., T}, ..., Tys1), ®EAM, @V,
i=1
q+1 R
(231)  dz,®(Th,.... Ty) = Y _(-D)MEp(T)R(Th, ... Tiy. .., Tyr), P EAMERYV,

i=1
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where the “~7 above a variable denotes omission. Of course, the map (2.30) is also a
differential inducing another Lie algebra complex structure on A*n}p ® V, in fact the same
whenever Zp is the trivial homomorphism.

Now, the inner product and the admissible inner product (-,-) on V induce an inner
product on A @V for each ¢. Let df, : A*'np®@V — A* " 'np @V be the adjoint of dy,, with
respect to this inner product. Following Kostant [Kos61], we can consider the corresponding
de Rham and Hodge operators

(232) KP = dnp + d:P’ Lp = K]% =d, . d; + d:Pd"P

np“np

and identify the Lie algebra cohomology H*(np; V') induced by the differential d,,,, of (2.30))
with the kernel of Lp,

(233) Hq(np; V) = Hq(llp; V) = {Cb € Aqn} RV | Lp® = O} .

On A}, ® V, there is also a natural action of Ap an its Lie algebra ap induced by
q
(2.34) AAd" @o(Hp)®(Ty, ..., T,) = o(Hp)®(Ty,..., Ty) = Y  ®(Th,...,[Hp,T},...,T,)
i=1

for ® € A}, ® V and Hp := k;lekrl_;l € ap.

Proposition 2.4. The operators d,, and d; , are equivariant with respect to the actions of
Ap and ap.

Proof. A direct computation shows that
(2.35) dyp o (A Ad* ®0)(Hp) = (N Ad* ®0)(Hp) o d,,,.

Now, by property ([2.10)) of the admissible product and (2.22)), the operator (A? Ad* ®p)(Hp)
is self-adjoint, so taking the adjoint of (2.35)) gives

(2.36) d: o (A Ad* @o)(Hp) = (A" Ad* ®0)(Hp) o d7,.
O

Corollary 2.5. The operators Kp and Lp are equivariant with respect to the action of Ap
and ap.

However, unless Zp is the trivial homomorphism, the operator d=z, and its adjoint d%  are
not equivariant with respect to the action of Ap and ap. A direct computation using (2.22))
shows that we have instead

dz, o (A° Ad* ©0) (Hp) — (A* Ad® ©0) (Hp) o dz,, = d=

=p>

dz, o (A" Ad* ®0)(Hp) — (A" Ad" ®p)(Hp) o dz, = —dz,.

Lemma 2.6 (van Est’s theorem). If Zp is the trivial homomorphism, then the map (2.28))
1s a map of complexes which induces an isomorphism in cohomology. If instead =p is a
non-trivial homomorphism, then H*(Tp; Ep) = {0}.

(2.37)

Proof. This is one of the many manifestations of van Est’s theorem [vE58|. First, fixing a
basis {wy, ... ,wi} of A%n% @V, we can write a general element A € Q4(Tp; Ep) as

(2.38) A=Y _"Wwl, h eC®(Tp).
J
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We can in this way extend the definition of d,, to a differential on all of Q*(7; Ep) by
doph =Y W dy,w).
J

We can also introduce another differential d; on the complex Q*(Tp; Ep) defined by
dph =" (dh? A w) + W dz,w)).

J
In other words, the differential d; corresponds to the differential of the flat vector bundle
(239) Np x EP|FP V= (Np X = (C)k

Plr,

Then a simple computation shows that d,, and d; anti-commute. Moreover, in terms of
these differentials, we have that
dg, = df +dy,.

Using the action as well as Proposition and , the complex of dg, = df +d,,
can be seen as a double complex with bigrading given by declaring an element tp(w®vp;) of
bidegree (—w;+¢q, w;) whenever w € An},, where we recall that the weight w; was introduced
in equation (2.23)). If =Zp is the trivial homomorphism, then the first page of the associated
spectral sequence is By = A*np ® V' with differential d; = d,,, so that the spectral sequence
degenerates at the second page Ey = H*(np; V), yielding the result. If instead Zp is a non-
trivial homomorphism, then the complex of the differential d; is acyclic. Indeed, by ,
it suffices to show that the flat line bundle L := Np x =rlr, C on Tp has trivial cohomology.
Now, if {71,...,%2n} is a basis of T'p, let L; — S be the flat line bundle with holonomy
given by Zp(7;). By the Kiinneth theorem, we have that

2n
H*(Tp; L) = (K H*(S"; Ly).
=0

Since =p is non-trivial, at least one of the L; must have non-trivial holonomy, that is, trivial
cohomology, and therefore H*(Tp; L) must vanish as claimed. Thus, coming back to the
spectral sequence, this means in this case that it degenerates at the first page E; = {0},
from which the second statement follows. 0J

3. THE CUSP SURGERY METRIC AND AND THE CUSP SURGERY BUNDLE

The hyperbolic manifold (X, gx) has a natural compactification by a manifold with bound-
ary X obtained from the decomposition (2.20) by replacing Fp(Y) = (Y,00) x Tp by
FP(Y) = (K OO] X Tp,

(3.1) X=X) || Fp(v), 0X= || {co}xTp.

PeBr PePr

On X, we can choose a boundary defining function Z such that for each P € Pp, 7 = !
on Fp(Y) = (Y, 00] x Tp with t the coordinate on the first factor. Hence, in terms of 7, the
hyperbolic metric on Fp(Y') is given by

3.2 -
( ) EQ +.T ng
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and {Z "vy,;} is an orthonormal basis of sections of E. Let

(3.3) M=XJXx

X
be the double of X obtained by gluing two copies of X along their boundary. Let us denote
by X and X5 the copies of X in M intersecting on their boundary and let Z; and T be
there corresponding boundary defining functions. We can equip M with an orientation by

declaring that X; has the same orientation as X and X, has the opposite orientation. The

closed manifold M has a distinguished hypersurface Z C M corresponding to the intersection
of X1 and X,

(34) Z = 71 ﬂ72 = 871 = 872 = (97 = |_| TP-
PePr
The hypersurface Z has a tubular neighborhood vz : (=Y 1, Y1) x Z < M defined by
vy(s,7) = (s 7)€ Fp(Y)C X, forT€Tp,s>0
and by
vy(s,7) = (—s ' 7)€ Fp(Y) C Xy forT €Tp,s<0.

Let 2 € C>°(M) be the function which restricts to ; on X and to —T» on Xy, so that v}
is just the projection (=Y =1 Y1) x Z — (=YL, Y1) on the first factor. Taking Y bigger
if needed, consider then on M a smooth family of metrics g. parametrized by ¢ > 0 such
that v} g. is given by

dx?
x? + 2
and which away from Z converges smoothly to the hyperbolic metric gx, on each copy X;
of X inside M. To see that such families of metrics exist, let x € C*(M) be a function

taking values in [0, 1], of compact support in the image of v, and identically equal to 1 in a
neighborhood of Z. Then we can take

(3.5) + (2® +e¥)gr, on(—e Y, e¥)xTp for P € Pr,

2

(3.6) %z%l—XMm+x(@d*(i@—v+@?+§mﬂ>)

x? + €2
where ¢q is the hyperbolic metric on each copy of X in M. For such a family of metrics, it
is useful to consider the single surgery space of Mazzeo and Melrose [MM95]

(3.7) X, = [M x [0,1], Z x {0}]

obtained by blowing up Z x {0} inside M x [0, 1] in the sense of Melrose [Mel93].

It is a manifold with corners with natural blow-down map 5 : X, — M x [0,1].. We
denote by By, := 8;1(Z x {0}) the new boundary hypersurface introduced by the blow-up
and by B, := ;1 (M \ Z) x {0} the lift of the old boundary hypersurface at ¢ = 0.

There is also a boundary hypersurface at ¢ = 1, but it will not play any role in what
follows. Notice then that the function

(3.8) pi=Va?+e?

is a boundary defining function for By, so that % is a boundary defining function for By,,.
Let E; — X, be the flat vector bundle £ — X on the copy X; of X in M. On Xj, we
can then consider the vector bundle E, — X, which away from 8;1(Z x [0,1].) is just the
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€

F1GURE 1. The single surgery space X

pull-back of E; — X; on X; x [0,1]. C X, and near 3;!(Tp x [0,1].), is spanned by the
sections

(3.9) p YN, ie{l,... k},

which we declare to be linearly independent in each fiber of Ey where they take values, as
well as smooth and bounded near B,,. Consider on F, a smooth bundle metric hg such that
the sections form an orthonormal basis of sections of E, near 8, (Tp x [0,1].) for each
P € Pr and such that away from B, hs converges smoothly to the bundle metric hg, on
each copy X; of X in M as e ~\,0. As in , such a bundle metric can be constructed
using cut-off functions. Notice that the flat connections on £ and Ep for P € Pr induce a
flat connection d. on E, on level sets of € for £ > 0. For instance, in terms of the local basis

of sections (3.9),

(310) de(p_inNp,i) = —:L;L)UZ (d—,: & p_wiI/NP,Z'> + p_widEPVNm,

while away from 5;1(Z x [0,1].) it converges smoothly to the flat connection of E; on each
copy X; of X inside M. In particular, in terms of the usual cotangent bundle on X, this flat
connection develops singularities at B,,. However, it is more useful to describe it in terms
of the €, d-cotangent bundle #4T* X, of [ARS14|, which in vz((—e™Y,e™¥)Tp) is spanned by
the sections

d
(3.11) & pdri,. .., pdra,
p

considered as smooth, bounded and non-vanishing all the way to B, as sections of &47T* X,
where the 7; are a choice of coordinates on Tp.
Proposition 3.1. The family of flat connections d. on E induces an operator
de : C¥(X A (ITX,) @ E,) — p 'C®(X AL (9T X,) @ B)
which is an e, d-differential operator of order 1 in the sense of [ARS1/), that is,
d. € Diff] 4(Xs; A* (7T X,) ® E,) = p~' Diff] ,(Xs; A* (5T X,) ® E,),

where ¢ : Z — Pr is the projection which sends the connected component Tp C Z onto
P e Pr.
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Proof. When the exterior derivative hits the ‘form part’, this can be treated as in [ARS14,
§ 2.2]. When we differentiate sections, the first term on the right hand side of (3.10)) can
also be treated as in [ARS14} § 2.2], so the only delicate point is the second term in (3.10)).

However, since vy, ; is in the image of (2.28)), we see by Proposition and (2.37)), that
dg,Vnp,; has a part of weight w; (coming from d,,) and a part of weight w; — 1 (coming

from dz,) with respect to the action of Ap and ap, which means that the pointwise norm of
p‘wi“dEPl/NP,i with respect to g. and h, is bounded and that p_wiﬂdEPl/Nm is a smooth
bounded section of E;. In fact, for the part of weight wj, it is even better, namely p~"id,,vn, i
is a smooth bounded section of F,. O

Using the family of metrics g. and the bundle metric h,, we can define an L%-inner product
for each ¢ > 0 and consider the formal adjoint d?, as well as the corresponding de Rham
operators and Hodge Laplacians,

(3.12) 0. =d.+d:, A. =0
We deduce the following from Proposition [3.1]
Corollary 3.2. The family of de Rham operator 0. induces an operator

0. : C(X; A (T X,) @ Ey) — p1C® (X, AT (HIT* X)) ® E).
which is an e, d-differential operator of order 1. Similarly, A. induces an operator

A C¥(XG A (IT"X,) @ Ey) = pC¥ (X A (59T X,) © E,)
which is an e, d-differential operator of order 2, that is,

A, € Diff? (X A*(*9T*X,) ® E,) = p > Diff] ,(X,;; A*(7'T* X,) ® Ey).
To check that the uniform construction of the resolvent of |[ARS14, Theorem 4.5] does

apply to these operators, we need however to analyze more carefully the limiting behavior of

0. as € \( 0. First, to work with b-densities, we proceed as in [ARS14] and consider instead
the conjugated family of operators

(3.13) D, :=p"0.p",

where we recall that dim X =d =2n+1. On C®(Tp; A*(T*Tpr) ® Ep), let W be the weight
operator with respect to the action A* Ad* ®p of Ap, so that

(3.14) W(w®vn,i) = (w; —q)(wRvn,,) forwe QI(Tp).
Now, the section vy, ; is not necessarily flat, but we see from Proposition and ([2.37)) that
W(danNp,i> = widt‘lpVNp,iv W(dEpVNp,i) = (wi - 1)dEPVNp,i-
Hence, in terms of the decomposition
d
(3.15) AT X,) @ By = p"AYT Tp) @ By @ — A pt~ ' A" (T*Tp) @ E,
p
in a tubular neighborhood of Tp in X, and with respect to the basis of sections (3.9) and
the basis of forms (3.11]), one computes using (3.10) that the operator D. takes the form
DE: %8TP+KP —paml—(W—l—n)%
p@z—(W%—n)g _/_)6TP_KP

p

(3.16)
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near 3;'(Tp x [0,1]), where 7, is the de Rham operator on (T, g7,) acting on the vector
bundle Ep with flat connection obtained by declaring the sections vy, ; to have differential

d=
(3.17) dvNp; = —— @ UNpa,

—_

=p
while the de Rham operator of Kostant Kp acts pointwise via the identification
V(T Bp) = p W C¥(Tpi A @ V),

keeping in mind that Kp commutes with W by Corollary Notice that Ep, equipped
with the flat connection given by (3.17)), corresponds to the flat vector bundle

Np XEP|FP 1%

with holonomy representation given by the restriction of Zp to I'p = m1(Tp). In particular,
it is a trivial flat vector bundle when =p is the trivial group homomorphism, but otherwise
has no flat section and gives rise to an acyclic complex of differential forms.

The vertical operator of [ARS14, Definition 4.1] is then obtained by restricting the action
of pD. to By in X,. Now, when we restrict the action of

D — Or, + pKp —p?0, — (W +n)zx
pre = ana: - (W + n)x _6TP — pKp
to the connected component By, p := 5 Y(Tp) of By, we get the constant family
[ Or, 0
(3.18) D, p= ( 0 —dy, ) )
More precisely, using the angle § = arctan £ gives a natural identification B, p = [, 5] ¥
Tp,and D, p is seen as a family of operators on Tp parametrized by 6 € [—7, 7]. In particular,

by Lemma the kernel of D, p is trivial if the homomorphism Zp is non-trivial, and
otherwise is a vector bundle over [-7, 7] with space of smooth sections canonically identified
with C*([-F, 5; A"np ® V @ A*n}p ® V) via the isomorphism
(3.19) Up COO([—g, g]; A VeAn,oV) - cw([—g, g]; ker D,)
defined by
—w; . dT
Up((w,vi), (n,v5)) = (0" "w @ vy, p° " AN AVNg;)

for w € C*([-%, 5]; APnp) and n € C=([-F, §]; Anp).

Let II;, be the fiberwise L2-orthogonal projection onto the kernel of D, with respect to the
fiber bundle

T T
Bap = [—57 5] XTp — [—57 5]

Then the model operator Dy, of [ARS14, Definition 4.2] is obtained by looking at the action

of D, on the sections of ker D,,

Dyu =11, (D:u)|y,  for u € C(By; ker D,),

where u € C®(X,; A*(59T*X,) ® E,) is any smooth extension which restricts to give u on
B, Hence, using the identification (3.19) and the variable X = £ = tan 6 on the interior of
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B, p, we see that on By, p, the model operator D is trivial when the homomorphism =p
is non-trivial, and otherwise is given by

Kp —(X)dx — (W +n)&5 )

(3.20) Dy p = < <X>3X _ (W + n)% —Kp

where Kp is the de Rham operator of Kostant given in (2.32)) and (X) = v/1 + X?. Using
the notation

X
(3.21) D(a) = (X)™(X)dx (X)* = (X)dx + <‘LX—> for a € R,
this can be rewritten as
_ Kp —D(W +n)
(3.22) Dyp = ( DLW —n) Ky > .
By Corollary [2.5] the operator Kp commutes with the weight operator W, so that
s [ K3 —D(W +n)D(—W —n) 0
(323)  Dip= ( 0 K2 — D(—~W —n)D(W + n)

The behavior is clearly different whether the homomorphism =p is trivial or not. For this
reason, we will denote by 7 the subset of Br consisting of parabolic subgroups P such that
Zp is the trivial homomorphism.

Lemma 3.3. The operators Dy and D} are Fredholm as b-operators for the b-density % for
X € R provided g o9 # o, where v is the Cartan involution.

Proof. By [Mel93], it suffices to check that the indicial family 7(DZ, \) is invertible for all
A € R. Clearly, it suffices to check that [ (Dg p» A) is invertible for each P € P and A € R.
Now, as shown in [ARS18, (2.12)], the indicial family of D(a) is I(D(a),\) = +(a — i)) at
X = %00, so that the indicial family of D p is given by

2 K3+ (W +n)2+ )\ 0
(3:24) 10t = ( ; Kot (e
at both ends. Clearly, this is invertible for A € R\ {0}, while at A = 0, it is invertible
provided W + n # 0 on the nullspace of Kp,

ker Kp = H*(np; V) = H*(np; V)

Recall that the highest weight A(p) of ¢ is given by

Alo) = ki(o)er + -+ knt1(0)ens1,  ki(0) = ka0) > - ++ > kn(0) = [knt1(0)],
where (k1(0), . .., kn+1(0)) belongs to Z[1]"*! if G = Spin(d, 1), and to Z"*!, if G = SOy(d, 1).
For g =0,...,n let

Ao = kgr1(0) +n — g,
and forg=n+1,...,2n, let
Ao = —Ap2n—q-
Furthermore, let
Aon = Aoar Agq = Ao if kny1(0) >0,
{)\;n ==Xy Agg = Ao if kni1(0) <O.
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Now, by [Pfal7, (6.4), (6.7)], cf. [BW80, ChapterVI1.3], we have that for ¢ # n

(3.25) W +n=M\,, when acting on H(np;V),

while for ¢ = n, there is a decomposition

(326) ’H”(np;V) = Hﬁ(np;‘/) @Hﬁ(np,V)

into eigenspaces of W +n in such a way that W +n = )xjin when acting on H"(np; V)1 with
/\Zn = —\,,,- Furthermore, if o) # ¢ where o is the Cartan involution, we see, for instance
from [Pfal7, (2.4) and (2.7)], that

(3.27) Aog >0 for0<g<n and A, >0.

This implies that W 4 n # 0 on ker Kp and that I(Dj p,0) is invertible as desired.

Remark 3.4. From [Pfal7, (2.4) and (6.6)], we see that
Aok = Xogr1 + 1, for 0<EkE<n—2 andthat N,p—1 > /\z;n + 1.

To make use of Lemma 3.3, we will therefore assume that

(3.28) 0oV # o,

where ¥ is the Cartan involution. The operator D, is then Fredholm and the uniform
construction of the resolvent of [ARS14, Theorem 4.5] does apply.

Theorem 3.5. Suppose that the representation o satisfies condition . Then the family
of operator D, has finitely many small eigenvalues, that is, there are finitely many eigenval-
ues of D tending to 0 as ¢ N\, 0. Furthermore, the projection Ignan on the eigenspace
of small eigenvalues is a polyhomogeneous operator of oder —oo in the surgery calculus
of [MM95]. More precisely, Tgman € ¥, (X A*(59T*X,) @ E,) for some index family
K with inf IC > 0. Moreover, at ¢ = 0, ﬂsmau corresponds to the projection on kerpz2 Dy, on
By, and to the projection on the L*-kernel of Dy, = T1'0g,T; " (using b-densities) on each
connected component X; of Ben. In particular, the number of small eigenvalues counted
with multiplicity is given by

(3.29) rank IIgnan = dimkery2 Dy + 2 dim ker;2 0.

Proof. Assumption 1 of [ARS14, Theorem 4.5] is automatically satisfied by D., while As-
sumption 2 is a consequence of Lemma . We can therefore apply [ARS14, Theorem 4.5]
to conclude that there are finitely many eigenvalues, while the properties of the projections
Hgman follows from [ARS14, Theorem 4.5 and Corollary 5.2]. For the formula for rank I yan,
it is clear that

rank Ilg.n = dim kery2 Dy, + 2dimker;2 Dg,
so it suffices to notice that the L?-kernel of D = Z"05Z " in terms of the b-density ‘égTif is,

via multiplication by ™", naturally isomorphic to the L?-kernel of 8z with respect to the
density dgx of the hyperbolic metric. O
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4. CUSP DEGENERATION OF ANALYTIC TORSION

To study the behavior of analytic torsion as ¢ \, 0, we need to give a more precise
description of the small eigenvalues of D.. For this, we must determine the L2-kernel of 0,
Dy, and D, for € > 0. For Og, it is a standard result.

Proposition 4.1. If ¢ satisfies condition (3.28)) then kerp2 0 = {0}.
Proof. See for instance [Pfal7, Proposition 8.1]. O
However, the L?-kernel of D, is non-trivial in general.

Proposition 4.2. If (3.28)) holds, then the L*-kernel of Dy is given by

(4.1) @ ((@( <X>O_AM )p“‘Ae,qu(np;V)) ® ( (X;L;n )p“‘AInﬂﬁ(np;V)

Pep q<n

® ( Xyt ) P (s V) & (6]9 ( o ) p e H (s w)) -

q>n

Proof. Fix P € P{. Since —D(—a) is the adjoint of D(a), the operator (3.23)) is positive
when restricted to a positive eigenspace of K%. Hence, the L*-kernel of D, p is the same as
the operator

2) ( D(_M(;_n) —D(W()/Jrn) )

acting on sections on R taking values in ker Kp. Since the kernel of D(a) is spanned by
(X)7® which is in L? with respect to the b-density < 59 > if and only if a > 0, the result follows

from the description of the action of (W +n) on H%(n; V') given in - and (| -
together with the fact that A\, = =X, 20— for ¢ < mn and that A} = —A7 .

To determine the kernel of D, for £ > 0, we need to give a descrlptlon of the cohomology
groups HY(X (Y); E). In order to do this, we shall first compute the L?-cohomology of Fp(Y)
with coefficients in F.

Lemma 4.3. The L*-cohomology Ho (Fp(Y); E) of (Fp(Y), dt2+gTP) with coefficients in E

$2

1s trivial if Zp is the trivial homomorphism, and otherwise is given by
HY(Tp; ), ifq <n,
(Fp(Y); E) = § Hi(wp;V), ifqg=n,
{0}, if g >n.

(4.3) HY,

Proof. Unfortunately, we cannot use the L?-Kiinneth formula of Zucker [Zuc83] as in the
proof [HHMO04, Proposition 2], the reason being that in our setting, the function ¢ of |[Zuc83|,
(2.3)] also depends on w in [Zuc83|, (2.3)]. We will instead use spectral sequences.

First, consider the space L2AnQ9(Fp(Y); E) of L2-sections of AY(*4T*X,) ® E, on
F p(Y) € X C X, at ¢ = 0 that have a polyhomogeneous expansion in z in the sense
of [Mel93]. Then the subspaces

LQApthq(ﬁp(Y) E) = {v € L*A,;,, Q" (Fp( ) E) | dv e L2Apthq+1(Fp(Y) E)}
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form a complex

(4.4) e LA Q8 (Fp(Y); B) = LPAL, Q0 (Fp(Y ) B) = -

whose cohomology is precisely H (*2)(F p(Y); E). Indeed, given a closed L?-form with value in

E on Fp(Y), it always admits an L?-polyhomogneous representative, namely its harmonic
part in the Hodge decomposition (the polyhomogeneity of L?-harmonic forms can be seen
for instance from |[ARS14, Corollary 5.2] restricted to the face By,,). Moreover, if w is a
L?-form such that n = dw is L?-polyhomogeneous, then replacing w by its part in the image
of d* in the Hodge decomposition, we can assume that d*w = 0 as well. Hence, (d+d*)w = .
From |[HHMO04| and [ARS14], we thus see that w has to be polyhomogeneous, showing that
the cohomology of is precisely L2-cohomology.

Now, d can be decomposed in three differentials,

d=d,+dy, +dy,

where d,,,, and d; are the differentials of the proof of Lemma acting on the second factor
in FP(Y) = (K OO) X Tp and
v

div =dt N —
tV ata

where t € (Y, 00) is the coordinate on the first factor. If we rewrite this as d = d4 + dp with
da = dy and dp = dy, + d;, this can be seen as a double complex with bigrading given by
declaring the elements t“i=97%,p(w ® vp,) and twi_q_é% A tp(w® vp;) for & > 0 respectively
of bidegrees (¢ — w;,w;) and (¢ — w;,w; + 1) whenever w € An}. A subtle point in the
definition of double complex is that we need the projection onto a bidegree component to
still be in the space. This is the reason why we are using polyhomogeneous L?-form, since
then d; automatically preserves such a space, which ensures in turn that the projection of an
element of L* A7, Q4(Fp(Y); E) onto one of its bidegree components is again in that space.

If =p is a non-trivial homomorphism, then by Lemma the corresponding spectral
sequence degenerates at the first page with E; = {0}, so the result follows. If instead Zp is
the trivial homomorphism, then the first page is

By = L2, 05((Y, 00); A*(n}) & V)

phg
with differential dy = dp = d,, + d;. Moreover, the spectral sequence degenerates at the
second page, which is just the cohomology of (Ey,d;). To compute this cohomology, we can
notice that the decomposition d; = d,, + d; induces a structure of double complex with
bigrading obtained by declaring w ® vp; and % ® w @ vp; respectively of bidegrees (¢,0) and
(¢,1) whenever w € An%. The corresponding spectral sequence has first page given by
By = L2A, Q((Y,00); H*(np; V)

phg

with differential d; = d;. Hence, the spectral sequence degenerates at the second page Fj,
which shows that the L?-cohomology is identified with E,, which is just the cohomology of
LPAL (Y, 00); H (np; V) with differential d;.

Now, let

WH(a) == {7 € ©"L*((¥,00): ©) | df = 0)
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be the weighted L? cohomology of degree zero and weight o € R\ {0} on the interval (Y, 00)
for the measure %. Recall from [HHMO04] that

C, ifa>0,
WH(e) = { {0}, otherwise,

while the corresponding cohomology group in degree 1 vanishes unless o = 0, in which case
it is infinite dimensional. Hence, the above discussion shows that Hp, (Fp(Y); E) is always

trivial for ¢ = 2n + 1, while using (3.25)) is given by
Hq(TP; E)> q<n,

(4.5) H (0}, ¢>n

(2)
for ¢ ¢ {n,2n + 1} and by

Hpy (Fp(Y); E) = WH(AL) @ He (np; V) @ WH(A,,) @ H" (np; V)
= Hi(np; V)

for ¢ = n, giving the desired result when Zp is the trivial homomorphism.

(Fp(Y)): E) = WH(\,,) ® HY(Tp: E) = {

(4.6)

O

Proposition 4.4. The cohomology group HY(X(Y); E) is trivial for ¢ <n and ¢ =2n + 1,
while the inclusion vy : 0X(Y) — X (Y) induces an isomorphism

(4.7) i HYX(Y); E) = HYOX(Y); E) forn<k<2n
and an inclusion
(4.8) vy HY(X(Y); E) — H"(0X(Y); E)

such that dim H"(X(Y); E) = : dim H"(0X (Y); E).

2

Proof. The result follows from Lemma [£.3] the fact implied by Proposition [4.1] that

(4.9) HE"Q)(X; E) =kerdg = {0}
and the Mayer-Vietoris long exact sequence in L?-cohomology
(4.10)

— > HY

(X B) —= HU(X(Y); E) © ( D HEIQ)(FP(Y);E)) — HIOX(Y), E) —

PePr
induced by the decomposition (2.20]) of X. O

Remark 4.5. When (2.14) holds for each P € Pr, Proposition is proved by Pfaff
in [Pfal7, § 8] using the approach of Harder [Har75]. See also [MFP12] for a proof when
n =1 and G = Spin(3, 1) = SL(2,C).

Proposition 4.6. Fore > 0, consider the restriction E. = Eg|g-1y/, 1) of Es on BH(M x
{e}) =2 M. Then the cohomology H*(M; E.) of the complex induced by the flat connection
d. 1s such that

0, if g € {0,2n + 1};
ki dim H7H(n; V), if1<qg<mn;
(411) dim HY(M; E.) = ¢ kf (dim H* ' (n; V) 4 5 dim H"(n; V), if g = n;

rE (dim Ao V) + s dim H"(n; V), ifg=n+1;
k% dim Hi(n; V), ifn+1<q<2n;
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where KE 1= #PEL.

Proof. Consider the Mayer-Vietoris long exact sequence in cohomology

0g—1 iq ~ ~ iq 94
(4.12) S HYM B — HI(X, B @ HY(X; E.) 2~ HY(Z; E.) — - - -

coming fr_om a decomposition M = U JV, where U and V are open sets of M containing
X1 and X5 in M such that

UNYV =vz((—6,0) x Z)
is a tubular neighborhood of Z = 90X in M. In particular, the map Jq is defined by
Jo(wi,w2) = 13wy — tyws. Now, by Lemma we have that

(4.13) HYZ;E.)= HY(0X(Y);E) = € HTp;Ep) = @ H(np; V) = (H(n; V)",

Pepi Pep?

where the last isomorphism follows from the fact np = Ad(kp)n. Hence, the result fol-
lows by plugging this into the long exact sequence (4.12f), as well as the description of
H*(X(Y); E.) = H*(X(Y); E) given above, using the fact that the map ¢}, : H4(X(Y); E) —
H9(0X(Y); E) is an inclusion for all q.

O

This yields the following useful fact about the small eigenvalues of D..

Corollary 4.7. If the representation o satisfies condition (3.28)), then D. has no small
eigenvalues that are positive and gy s the projection on the kernel of D, for e > 0 and
the projection on the L?-kernel of Dy for e = 0.

Proof. Tt follows from Proposition [£.2] and Proposition [4.6] that
dimkery2 Dy, = dim H*(M; E.) = ker D. for ¢ > 0.

Since kery2 0 = 0 by Proposition , we see from (3.29) that rank Ilg,.; = dimker D, for
€ > 0. Since ker D, is obviously included in the range of I, the result follows. O

The fact that there are no positive small eigenvalues as ¢ \, 0 greatly simplifies the
description of the limiting behavior of analytic torsion as ¢ 0.

Theorem 4.8. For e > 0, let us denote by h. the bundle metric on E. induced by hg. Then
as € N\ 0, the logarithm of the analytic torsion of (M,g., E-,h.) has a polyhomogeneous
expansion and its finite part is given by

(4.14) FPlog T(M; E., ge, he) = 21og T'(X; E, gx, his) + log T(D}).

Proof. This is a particular case of [ARS14, Corollary 11.3] except for the fact that the bundle
metric is not even in the sense of [ARS14, Definition 7.6]. This later condition was there to
invoke |ARS14, Corollary 7.8]. However, in the present setting, the same argument works
to prove the analog of [ARS14, Corollary 7.8] if we substitute the number operator Ngy
occurring in the definition of the even and odd expansions of [ARS14} (7.33) and (7.34)] by
the weight operator W of . Indeed, once we choose normalized sections as in , the
only effect on the model operator is to add terms of order zero which do not depend
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on /ﬂ and these extra terms do not affect the parity of the operator. In particular, for the
part given by Kp, this latter point is a consequence Corollary [2.5]
O

To compute the contribution of T'(D?) coming from Tp for P € %, notice from (3.23)
that

log T(Dj p) = Ap + Bp,

where Ap denotes the contributions coming from ker Kp @ ker Kp, while Bp denotes the
contribution coming from ker K3 & ker K.

Lemma 4.9. The number Ap does not depend on P € Bi. and is given by

1
AP 5 Z(_l)q [log C)‘qu B (2q + 1) log (2/\g,q)} dim Hq(ﬂ; V)

2

q<n

(4.15) + = Z “logc_y,, + (2¢ + 1) log (—2X,)] dim H?(n; V)
q>n
log ¢

()f)‘qu H (n; V).

where
dX TOT(3)
4.16 cp = / X)~% = 2Z forb > 0.
10 AR (R
Furthermore, if n is odd, this formula simplifies to
(4.17)
log ¢

Ap = ()f)\z’rq dimH"(n; V) + Z [logcy,, + (2n — 2q) log (2X,4)] dim HI(n; V).

q<n

Proof. When we restrict the action of Dl?, p to the kernel of ker Kp, we obtain the operator

( —D(W +n)D(—=W —n) 0 )
0 —D(—W —n)D(W +n) |-

Setting A(a) := —D(—a)D(a), we know from [ARS18| equation (2.16)] that

(4.18) log det A(a) = log ¢|q — sign(a) log(2]a|) for a # 0.

ISince £ = sind in the coordinates of [ARS14].
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Hence, using the decomposition of ker Kp into eigenspaces of W + n given in (3.25) and
(13.26)), we see that
(4.19)

1
Ap = —3 Z [(—1)%qlog det A(—=Apq) + (—=1)7 (g + 1) log det A(X,4)] dim He(np; V)
q#n

— = [(=1)"nlogdet A(=A},) + (=1)""'(n + 1) logdet A(X} )] dim H'} (np; V)
— = [(=1)"nlogdet A(=A,,,) + (=1)""'(n + 1)log det A(X, )] dim H" (np; V)

_ ! [(—mqlog (Poatrn) + (- 1>q+l<q+1>1og<”

W) P

1 c_
B |:(_1)qq log (ﬁ) + (_1)q+1 (q + 1) IOg (—2)\9,chqu):| dim Hq(‘ﬂp; V)
0,9

& 3 n .
_Z {(—1)7171 log (2/\;:”0)\;”) (=1 (n + 1) log < Agn )] dim H" (np; V)

227, 2

1 A n dim H"(np; V
-3 {( 1)"nlog <2/\+ ) + (=1 (n +1)log (2)\:’”0/\:{”)] 2( riV)

== Z [logcy,, — (2¢ 4 1) log (2X,4)] dim H(np; V')

+ - Z “logc_y,, + (2¢ + 1)log (—2X, )] dim H(np; V)

q>n

log ¢
Hfmd W (e V),

Since np = Adkp(n), we see that dimH9(np; V) = dimH?(n; V') and the result follows.
Furthermore, when n is odd, we know from |[Oni04, Theorem 8.3 p.68] or [GW09, § 3.2.5]
that the representation p is self-dual, which implies that there is a canonical isomorphism
E} = Ep which is an isomorphism of flat vector bundles and of Hermitian vector bundles.
Hence, we see by Poincaré duality that

(4.20)  dimH*" Unp; V) = dim H*""%(Tp; Ep) = dim HY(Tp; Ep) = dim Hi(np; V),
from which (4.17) follows. O
To compute Bp, we need the following result.

Lemma 4.10. For a € R and b > 0, we have that

log det (A(a) 4+ b°) — logdet (A(—a) + %) =

(a—l-\/m)
—2log B —

Proof. By the proof of [ARS18, (2.14)], we have that

R Tr(e—tA(a)) R Tr —tA(— / / —tu du.
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Hence, for Res > —3, the difference of the regularized zeta function of A(a) + b* and
A(—a) + b* is given by
(4.21)

((3):%/ toe tb?(/f“uz)‘” (/ tsf 2+b2dt)

2F(3+ 3) B % )

VT T(s) /0 (u2+b2) 2 VT o (u2+b2)%+0( )

<a+\/m>
b

= 2slog + O(s?)

as s — 0. Hence, we see that

from which the result follows.
O

We will also need the fact that the positive eigenvalues of K% come in pairs. Indeed, if
v e A @V is such that d v = 0 and Kpv = b*v with b > 0, then v' := d,,v € A9 '@V
is such that

K =0, d; v = Kjv = bo.
Furthermore, by Proposition [2.4] we have that
(WaHn)w=av = (W+n)'=av.

Hence, for ¢ € N, a € R and b > 0, let V4, be the subspace of elements v in ker(dy,) N
A}y ®@ V osuch that

(W +n)v=av and Kpv = b0,

so that we have the decomposition

(4.22) (ker Kp)" = @D (Vaa @ dupVaas)

q,a,b
Remark 4.11. Conjugating with kp € K, we see that dim V, ., does not depend on P € LB7.
Lemma 4.12. The term Bp does not depend on P and is given by

2 b2
Br— S"(-1)log <+— Vit ) GV,

q,a,b
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Proof. Set d(a,b) = logdet (A(a) 4+ b*). From (3.23)) and the decomposition ([#.22)), we see
that

Bp= 37~ S8 [(~1)9g + (1) g+ D)d(~a, 1)

2

q,a,b

(4.23) (=)™ g+ 1) + (=1)""*(¢g + 2))d(a,D)]
q+1 d V. a
=y VTVt 4, by — (a1,

q,a,b

so that the result follows by applying Lemma O
Thus, we deduce from Theorem [4.§ that,
(4.24) FPlog T(M; E, ge, he) = 21og T(X; B, g,h) + Y (Ap + Bp),
Pep?

where Ap and Bp do not in fact depend on P € B} and are computed explicitly in Lemma
and Lemma [£.12]

5. CUSP DEGENERATION OF THE REIDEMEISTER TORSION

To study the behavior of the Reidemeister torsion under the above cusp degeneration, we
can use the Mayer-Vietoris long exact sequence (4.12)). For ¢ # n, let u%, be an orthonormal
basis of

HY(Z; E;) = @ HY(Tp; Ep)
Pepl

with respect to the metrics g7, and bundle metrics hg, for P € PB7. For ¢ = n, using the
decomposition (3.26)) and Lemma , we have a decomposition

(1) H"(2: E.) = H\(Z: E.) & H'(Z: E.)
with
H"(Z;E.): = @ H"(Tp; Ep)s,
PRl

where H"(Tp; Ep)+ is the image of H"(np; V) under the map (2.28)). Let u’t be an or-
thonormal basis of H"(Z; E.)+ with respect to the metrics g7, and the bundle metrics hg,
for P € P{. Notice that, combining (4.6 and (4.9) with (4.10), we see that the map

(5.2) pr_ouy : H*(X(Y); E) — H"(Z; E.)

is an isomorphism, where pr_ : H"(Z; E.) — H"(Z; E.) is the projection induced by the
decomposition ([5.1]). We consider then on H"(Z; E.) the basis

py = (i, 1),
where p% is the basis of H™(X; E.) = H"(X(Y); E) chosen such that pr_ ok (u%) = u".

Remark 5.1. The basis p7 is typically not orthonormal with respect to gr, and hg,, but
the change of basis from py to (u™, plt) has determinant 1.



26 WERNER MULLER AND FREDERIC ROCHON

One advantage of the basis u% is that it is compatible with decomposition
HY(Z;E.) =kerd, ® ImJ,
induced by the long exact sequence (4.12). Now, the map j, is explicitly given by
Je(u,v) = tyu — Ly,
SO
ker 9, = Im j, = Im ¢y

Hence, on H9(X(Y'); E), we have an induced basis p% such that o§ (u%) = qu‘keraq (which
gives back u’% above when g = n). This basis in turn induces a basis % @ pu% on H(X; E.)®

HY(X; E.). Similarly, the map i, is given by
Zq(u) = (LTU, L;U),

where ¢; : X < M for i = 1,2 is the inclusion of each copy of X in M. In particular, we see
that Im i, = Im(:3-¢}) since ¢} is injective. We have in particular a natural decomposition

HY(M;E.) =1Im0, 1 & Im(c5),

and the basis u} induces a basis u%, of H1(M; E.) compatible with this decomposition given
by

-1 * %\ —
:U’(JI\/[ - (8q—1<,uqz ‘qul(Z;Es)/keran)a (LYLI) l(lqu|ker8q)'

With these choices of bases, we see that |det((9,),)| := |det(d, : (kerd,)* — Im9,)| = 1.
For the map i, and j,, there are some factors of V2" to take into account. Indeed, if
phe = {ua, ... ue} so that p% @ p% = {(u1,0),..., (ug0),(0,u1),...,(0,u)}, then one can
consider instead the orthonormal change of basis

up U Uy Uy

( Joos (T ) (=)
ﬁ?ﬁ""? ﬁ’ﬁ’ \/?7 \/57'"7 \/?7 \/?
compatible with the decomposition H4(X; E.) ® HY(X; E.) = ker j, ® Im j, since
Ay e By
V2T V2TT 2T
Since jq(%, —%) = V2, and i,((¢}) " (uy)) = ﬁ(%, %), we thus see that

dim HY(X;E¢)
2

)

ker j, = span{(

(5.3) [det((G) )] = | det((i,)1)] = 2

Theorem 5.2. With the above choices of bases in cohomology, we have that the Reidemeister
torsions of M and X = X (Y') are related by

T(X(Y), E, px)?

M, E., =
T( ’ MM) T(Z7E7H’Z)

Furthermore, if n is odd, then 7(Z, E, uz) = 1 and the formula simplifies to
(M, E., par) = 7(X(Y), B, pix )*.
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Proof. By the formula of Milnor, we have that
T(X(Y)7 E, MX)Z
T(M7 E67 MM)T(Z7 Ea /‘LZ)

where 7(H) is the torsion of the complex (4.12)) with preferred basis given by pns, px ® pix
and pyz. Using (j5.3]), one computes that in fact

r(1) = T (1 det(Gia) 1)1 det((ig) 1)) =1,
q

from which the first formula follows. For the second formula, notice first that by Remark [5.1],
we can replace the basis uz with an orthonormal basis without changing the torsion. Now,
when n is odd, we know from |[GWO09, § 3.2.5] that the representation g is self-dual. This
means that there is a canonical isomorphism E* = FE which is an isomorphism of flat
vector bundles and of Hermitian vector bundles. Thus, by Poincaré duality, Milnor duality
and |Miil93, Proposition 1.12], we have that

7(Z,E, uz)? =1 = 7(Z,E,uz) = 1.

6. FORMULA RELATING ANALYTIC AND REIDEMEISTER TORSIONS

By [Mil93, Theorem 1], we know that for € > 0,

(6.1) MWWEWWZMNME%M—MOﬁMMHO,

q

where w? is an orthonormal basis of harmonic forms with respect to g. and h. and [p?,|w?] =
| det W] with W the matrix describing the change of basis

()i = Z WZW?

J

To obtain a formula relating analytic torsion and Reidemeister torsion on the hyperbolic
manifold (X, g), we will take the finite part at ¢ = 0 of the right hand side of (6.1). By
formula (4.24)), we know how to compute the finite part of log T(M, E, g., h.) as ¢ \, 0. To

compute the finite part of log <1_[q[,u‘]1\4|wq](—1)q>7 we will proceed as in [ARS18, § 3.3].

First, by the definition of ¢, given in (4.16)) and using (3.25]), we see that an orthonormal
basis of kery2 Dy, is given by
(6.2)

1 _ .
( 0 > pt ety in degree 1< g < m;

/CAQ,qfl <X>7)\qu71
: 0 et L (QORY g |
v ey A d — .
( C)\g,n—l (<X>_>\Q’nl>p Kz ’m( 0 P n_ ], 1In degree ¢ n;

1 O _>\+ 1 <X>>\g,n+1 —AQ . 1 '
e ——— " " g = 1:
(VC/\L <<X>_/\g’") g e m ( 0 P Kz in degree g=n+1;

1 Ao,
(<X> q) p el in degree n+1<q < 2n.

V €A 0
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Extending this basis smoothly to (X, Es) and then applying e, p. = Hgman to them gives,
for ¢ small enough, a basis of ker D, made of polyhomogeneous sections of A**9T*X, ®
E,. Applying the Gram-Schmidt process, we can assume furthermore that this basis is
orthonormal. Hence, we see that there is an orthonormal basis p%_ of ker D, in degree ¢ of
polyhomogeneous sections which restricts on By, to give the basis in degree q.

Now for 1 < ¢ <n and vi! € ,qu_l, consider the family of harmonic forms w? of degree ¢
with respect to 0. such that in terms of the operator D. = p"0.p™", we have that p"w? € ,ug(s
restricts to

(63) ; ( _0)\ - > pn*)‘g,q—lfU‘I*l — '0n€—>w_1<X>*2)‘g,q—1ﬂ AvTl at e =0.
V CAg,qfl <X> e V C/\g,qfl <X>

If e#w for g > 0 is a higher order term in the expansion of wf? as ¢ N\, 0, then since D,

commutes with e, we see that p"w € ker D,, so in particular the restriction p"wg, p of p"w

to B, p is in ker Dy, p. As opposed to the L?-kernel of Dy, p, the full kernel of Dy, p is more

complicated and involves more substantially the operator Kp. For us, what is important is

that it decomposes into two parts,

ker Dy, p = ker; Dy, p @ kery Dy p,

where ker; Dy, p and kery Dy, p correspond to the elements of ker D, p which are sections on
R taking values in ker Kp and (ker Kp)® respectively. Thus, the first factor contains the
L?-kernel and corresponds to the kernel of the operator in for sections on R taking
values in ker Kp. This part can be written explicitly using the fact that the kernel of D(a)
is spanned by (X)~*. The second part is more intricate to describe, but the key observation
for us will be that, since it comes from (ker Kp)*, it leads to no cohomological contributions
as we will see.
Thus, if ¢ < n, the above discussion implies that

" 0 e X)rea \ -
(6.4) p Wspp = ( (X)Pea-t )P Aealg g p ( < (>) )P ety p + g, p,

with w, p € HY(Tp; Ep), where the first two terms are in ker; Dy p and a,p € kery Dy p.
This means that

dX
(6.5) P wep p = = Aeq-1 <X>—2/\g,crlm NwWy—1,p + 6"_’\9’qwq7p +elp"ag p.

Moreover, by Proposition and its proof, only the first term contributes cohomologically.
If instead ¢ = n, we must replace (6.4) by

n 0 —
(6.6) P Wsp,p = < <X>f>\g,n,1 )P )‘Q’"’lwq_LP

A;;l:n _)\;n

with wip € H"(Tp; Ep)+ and a, p € kery Dy, p. Hence, in this case,

dX + +
_ —Ao,n— —2Xo.n— B D D _
(6.7) elwgy p = el ten1(X) e 1<X_> Nwg-1,p e rerw p+eerw, p+efp ™ ay p.

Clearly the last term does not contribute cohomologically. Hence, since 1 > 0 and A, ,,—1 >
/\Zar,n > (0 by Remark , we see that (6.5) and are cohomologically negligible compared
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to (6.3 multiplied by p~" as € N\ 0. Hence, asymptotically, as € \, 0, we have that

S —Ao.q—
wg ~ <AX>—&(11d_$ /\ p_)‘Q’Q*lqu_l — i X>_2>‘Qa‘Z*1ﬂ /\ qu_l
V C>\g,q—1 p V c)\g,q—l <X>
Since
o0 g_>‘9,q71

dX
- X>_2/\97q—1_ — 5_/\g,q—1 /C,\ .
—00 \/ c)\g,q—l <X> et
this means that, in terms of cohomology classes,

(6.8) Wil ~ e et e 0 [T ase N\, 0.
Similarly, for ¢ = n+1, if v} € p7t, let w?** be the family of L*-harmonic forms with respect
to 0. such that p"w?™ € pit! restricts to

1 0 b pte e o dX
69) o= () o = e e g e

Again, if e"w is a higher order term in the expansion of w™! as e N\ 0, then again the
restriction p"wg, p of p"w to B, p is in ker Dy, so that

(6'10) P Wspp = ( <X>—>\2,',n )p /\Q’antP

0 et X))o+ e
+ ( <X>,\Z§,n )P Hg’"wn,P + ( < >O )P Aemt i, 1 p + Ay p

with wip € Hi(np; V), wyr1p € H' (np; V) and a, 11 p € kery Dy p. Hence, we have that

dX + + dX
6.11 P p = B=Agm | X\ =2 S At WG ( XV SN -
( ) & Wsp,pP € < > <X> Wy, p +e < > <X> Wy, p

—A -n
—I—&‘” 9,n+1wn+1’P_|_€Hp Upt1,P-

Clearly, the last term does not contribute cohomologically. Moreover, if w,, p is non-zero,
we must have that p > A} . otherwise p"w™ would not vanish at 9B, as a section of
A*(*9T*X,) ® E5. Since p > 0 and A,,11 < 0, we thus see that the other terms are
cohomologically negligible compared to as € \, 0. Hence, proceeding as before, we see

that in terms of cohomology classes,

(6.12) [wit] ~ g en [ O[] ase N0

Now, since the representation ¢ is self-dual when n is odd and ¢* = p o9 if n is even, we
see that the above results holds for the dual representation p* and the corresponding dual
vector bundle E*. Now, Poincaré duality gives a canonical isomorphism

H"(Tp; Ep)t = H"(Tp; Ep)+-

Hence, applying Poincaré duality on M and Z, we can dualize . More precisely, for
n+1<qg<2nand v € puk, let w? be the family of L?-harmonic forms of degree ¢ with
respect to 9, such that p"wd € p%  restricts to

1 Ae,q
() Py at e = 0.
V C-Xoq 0
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Then, the dual statement of is that asymptotically, in terms of cohomology classes,
Y
I 0,9
6.13 Wl ~ —— () ] ase N\, 0.
(6.13) [we] m( yi) (0]
Finally, for ¢ = n and v" € p”, let w?_ be a family of L2-harmonic forms with respect to
0. such that p"w? € p' restricts to

n
(6.14) ! <<X> AM) prHenyt at e = 0.
/CAZ;r,n 0

In this case, it is delicate to take the Poincaré dual of , since the Poincaré duality
on M behaves differently from the Poincaré duality on Tp. On the other hand, computing
the asymptotic behavior of the cohomology class [w!'_] is slightly more complicated. This
is due to the fact that in the asymptotic expansion of w _ as & ™\ 0, there is a lower order
term which in terms of L? norm becomes negligible, but in terms of cohomology, is of the
same order as the top order term in the expansion.

To compute this term in the expansion of w”_, recall first that on the single surgery space

&,—)
Xs, p is a boundary defining function for By, and xg,, = % = ﬁ is a boundary defining

function for B,,,. Hence, we see from (6.14)) that the restriction of p"w[ _ at By, has a term

)\+
of order z5%" at By,

+ + o~
pnwg,f ~ x?ﬁ@n = 5)\p’nf as  Tsm 0,

where f: % and f is a bounded polyhomogeneous section of A"(59T*X,) ® E, on B,,,,.

o,n

In particular, since fly_ £ 0, we see that f is not in L2. Moreover, since D (p"w? ) =0

mm%sb .
and D, commutes with e, we see that Dy f = 0, where Dy is the restriction of D, to B,,.
On the other hand, if p"w? _ has a term of the form p*(log p)w in its expansion at By, p
with > 0, £ € Ng and w € Apyg(Xs; A"(597* X, ) ® Fs) a bounded polyhomogeneous section,
then since D. commutes with e, we see that
(X)"(log(X)Ywly €ker Dy, j€{0,...0},

though it is not necessarily in kerz Dy. In particular, (X)*w[y =€ ker Dy. From the indicial
family (3.24)), we see that the elements of the kernel of ker D, only involve powers of (X)
and logarithmic term log(X) in their expansion at X = +o0, which implies that ¢ = 0.

Then, from (3.20) and (4.1]), this means that

1 0 ) .
6.15 X)Hw = — _ prren ', + ay,
( ) < > %sb,P \/m ( <X> )\Q,nfl P ,P
+ Ot
+ Cl ( <XéAM )pn_Az"wF + < <X>0 e )p"H;"wE
VN
with wp € H" " (Tp; Ep), al, p € kery Dy, p and w € H™(Tp; Ep)x. Clearly, the second term
does not contribute cohmologically and can be forgotten. Now, the term coming from w) in
the expansion of w? _ is asymptotically of the form

1 0 1 dX
6.16) e—— Doty P VI WL, S
( ) ) V C)‘Q,n—l ( <X>_/\Q7n_1 ) p wP7O C)\Q,n—l © < > <X> wP’
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so that at the cohomological level,
(6.17)

1 dX
—gﬂf)\g,nfl <X>72)\g,n—1<7> A w;: ~ EM*Ag,n—l /_C)\‘g,nfl 871‘71 [w;?] as ¢ \ 0

Cx

omn—1

using the same argument leading to

Remark 6.1. Notzce that ( 15 not neglzgzble in the expansion of wl, but it is when we
compared to since we assume > 0.

On the other hand, for the term coming from wy, it is of the form &* times a term

comparable to p w?_, so will be negligible cohomologically in the limit € \, 0.

Finally, if w}, # 0, we see that the term coming from w}, in the expansion of wl_is

g,—?

+
N N g EMTREn
(X)lenp~tenwh = ———wph, as € \0.

AL VO,

When we pull-back to Z, this gives at the cohomological level

ek

+ +
cren ch—Aon

[v"] + Z
CAZ:" PE‘BF \% C/\z;’ﬂ

However, since (5.2)) is an isomorphism in cohomology, we must have that u = 2)\+n and
that

(6.18) [Lpw? | ~ [who] as e\0.

(6.19) (LWl ] ~ T;nb*zw% as € \(0,

where w}, € H"(X(Y); F) is the unique cohomology class such that pr_ o} (w},) = [v"].
Combining (6.8), (6.12), (6.13), (6.17), (6.19) and keeping in mind Remark [6.1] we finally

obtain

q q( 1) HI‘ i q(q:
FP log (H[ 4rlw] > Z “[logcy,, ] dimH(n; V)

q qg<n
0
(6.20) + % (=1)7 [log c_,, ] dim HI(n; V)
q>n
kr(—1)"logc
n r(- )2 A Qim K (n; V).

This yields the following formula relating analytic torsion and Reidemeister torsion.

Theorem 6.2. If the irreducible representation ¢ is such that Assumption and (3.28)
hold, then the analytic torsion of (X, gx, E, hg) and the Reidemeister torsion of (X (Y), E, jx)
are related by

0

1 K
(6.21) logT(X; E, gx, hg) =log7(X(Y), E, ux) — 3 log7(Z, E, jiz) — 7F (ap + By)

where k& = #PBL is the number of connected components Tp of X for which H*(Tp; Ep) is
non-trivial,

(6.22) == Z 1(2q + 1) sign(q — n)log (2|A,4|) dim H(n; V)
q#ﬂ
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and

a++a? +b*
(6.23) ZZ 1)?dim V, 45 log (T)

g,a b>0
with Vg 5 the vector spaces occurring in the decomposition (4.22)) for the parabolic subgroup
p - P[).

Proof. The formula follows by taking the finite part as ¢ N\, 0 of the right hand side of (6.1))
via (4.24) and (6.20) and by applying Theorem 5.2 to the left hand side of (6.1)). O

Corollary 6.3. If n is odd, then the formula of Theorem[6.3 simplifies to
4

K
(6.24) log T(X; E, gx,h) =log7(X(Y), E, ux) — % (g + Bo)
with o, given more simply by
(6.25) =2 (—1)%(n — q)log (2\,,) dim H’(n; V)
q<n
Proof. This follows from Theorem [5.2| and (4.17)). O

Comparing our formula with [Pfal7, Theorem 1.1] gives the following formula for the
analytic torsion of the cusps.

Corollary 6.4. If (2.14) holds, then

1
(6:26) 10g Ty (Fx, 0Fx; B) = =3 log 7(Z, B, pz) - % (atp + B,) + c(n)(rank E) vol(9Fy)

(=1)" : n Kr .
— Ry log(A,,) dim H"(n, V) — T ;(—l)qlog |Ap.q| dim HY (n; V')
q#n
where ¢(n) is defined in [Pfal7, (15.10)] and kr = #Pr is the number of cusps of (X, gx).

To conclude this section, let us give a proof of Corollary [L.7]

Proof of Corollary[1.7 In this case, HF = #Pr does not depend on m and is simply the
number of cusp ends of X. By Corollary ﬂ and [MP12, Theorem 1.1], the results will follow
provided we can show that the defect —#fr (aT(m) - BT(m)) in (6.24]) is O(m nltt logm) as
m — 00. To see this, recall that by Weyl’s dimension formula, there exists a constant C' > 0
such that

n(n+1) n(nJrl) _1

dim(r(m)) =Cm 2 +O(m
Hence, we easily see that

) asm — 0o.

n(n+1)

dimH*(n;7(m)) = O(dim7(m)) =O(m 2 ) asm — 0.
Thus, since by definition A;(y),q = 7411 +m +n — ¢, we see directly from (6.25]) that

n(n+l)

Qrm) = O(m logm) asm — oc.
Similarly, (ker Kp)* in (4.22) is clearly such that
n(n+1)

dim(ker Kp)*© = O(dim7(m)) = O(m™ 2 ) asm — oo,
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while the weights w; in (2.23) are all O(m) as m — oo. Indeed, the w; are obtained by
restricting the weights of o to a, so this follows from the description of the weights of o in
terms of the highest weight, see for instance |GWO09, §3.2.2]. Therefore, we see from ([6.23))
that

Brim) = O(mnm‘gﬂ) logm) asm — oo,

from which the result follows. O

7. EXAMPLES IN DIMENSION 3

We will now apply focus on the case d = 3 and n = 1 with G = SL(2,C) and K = SU(2).
The standard Iwasawa decomposition of G = NAK is then given by

N:{(éi)eSM&CHzeC}

with Lie algebra
and

with Lie algebra

a:{ g %)eﬂ@@ﬂaeR}zR
2

In this case, the generator H; of a is explicitly given by

19
2

The standard parabolic subgroup with respect to this decomposition is then given by Fy =

NAM with _
e? 0
M = 0 it €SL(2,C) | eR}.

Now, the irreducible real representations of SI(2,C) are given by the complex symmetric
powers of the standard representation,

om : SL(2,C) — GL(V,,), V= Symm(C2), m € N.
If we let e = ( (1) ) and ey = ( (1) ) be the standard basis of C?, then

v =¢ley ™, j€{0,1,...,m}

is a basis of V,,,. An admissible inner product on V}, is obtained by declaring the basis {v;}
to be orthonormal. Regarding dz and dz as elements of n* ® C, a simple computation shows
that

Cup, q=0,
(7.1) Hi(n; Vi) =< Cupdz @ Cupdz, g=1
Cuvpdz N dz, q =2,
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with #% (n; V,,) = Cu,dz and H (n;V;,) = Cupdz. Moreover, the number A, , describing
the action of H; € a on these spaces are given by

m m _ m m
(7-2) )‘@m,O = E +1, )‘zm,l =5 )‘gm,l = _57 )\Qm,2 = —5

: — 1.
2

We also compute that
dyvp = (m — k)vgdz,  dyogdz =0,
73 dyvpdz = (m — k)vg1dz A dz, dnvk%dz ANdz =0,
) divg =0, divgdz = 2kvg_q,
drvpdz = 0, d:vk%dz AN dzZ = ikv,_1dZ,
so that the Kostant Laplacian K3 = (dn + df)? is given by
13 (0x(d=)P A (d2)7) = 20k + 1~ p)(m — &+ p)ug(d=)P A (d2)"

Moreover, we have that

Vm; q= 07
kerd: N (A" @V,,) =¢ V,®dzZ® Cuy®dz, q=1,
Cvy®dz Ndz, q =2,

so that

Voj-giry/eimmy = S Vijopaimm— T
and otherwise V, ., = {0} for other values of ¢ and @ when b > 0.

Now, let I' C SL(2,C) be a discrete subgroup such that X = I'\ G/K = '\ H? is
a hyperbolic manifold of finite volume. In this setting, the assumption (2.14) does not
necessarily hold, but will. Furthermore, o,,(—1d) = (—=1)"1d, so th holds.
We can therefore apply Corollary [6.3] giving the following formula.

Theorem 7.1. For d = 3, let X = I' \ SL(2,C)/SU(2) a finite volume 3-dimensional
hyperbolic manifold, where I' is a discrete subgroup of SL(2,C). Let E — X be the canonical
bundle of [MMG65] associated to the irreducible representation o, : SL(2,C) — GL(V,,,) and
equipped with the admissible metric hg. Then we have the following relation between the
analytic torsion of (X, E,gx,hg) and Reidemeister torsion of (X(Y), F),

log T(X, E, gx,hg) =logm(X(Y), E, ix) — km(X) (10g(m—|— 2) + @)

where

(7.4) wazgfbg< m it (B =R+ 2(0+R)(m—r) )

— k=12 +2(1+ K)(m — k)

and k,,(X) is the number of connected components Tp of 0X for which H*(Tp; Ep) is non-
trivial. In particular, r,,(X) is equal to the number of cusps when m is even, but can be
smaller when m s odd.

Corollary 7.2. If m is odd and H*(Tp; Ep) = {0} for each P € Pr, then the formula
simplifies to o
logT(X,E,g,h) =log7(X, E).
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In particular, when 0X = Tp is connected (e.g. X is the complement of a hyperbolic
knot), we know from [MFP12| that H*(Tp; Ep) = {0} when m is odd, so Corollary
applies.

Instead, when m = 2n is even, the formula gives.

Corollary 7.3. When m = 2 is even, this gives the following formula

logT(X, E,g,h) =log7(X, E, i) + kr log (b()) .

-1 e e 3
b0 o= L H<\/(€+1)+£ -k 1>.

w2 AL\ (k1) —k

where

Proof. If we set k =k — % =k — £ in ([7.4)), one computes that

Ly N (™S ey gy oy v
B2 = 1g<H <\/(€+1)2+€2—(k:+12)—k:>)’

k=—/¢

from which the result follows. O

This should be compared with [Pfal4, Theoreml.1]. In this formula, the torsion of X is
defined in terms of homology with basis specified in [MFP14]. As one can check, the ratio of
torsions considered in [Pfald, Theoreml1.1] remains the same if we define it instead in terms
of cohomology using the bases specified in Theorem [7.I] Hence, we deduce the following
identity from Corollary [7.3|and [Pfal4] Theoreml.1],

() _ b(f)
(7.5) @ b2 for £ > 2,

where

(o TAVCT e (EPrre )
LWV =2+ 0+ ) \ I+ 2+ 41

j=1
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