THE METRIC ANOMALY OF ANALYTIC TORSION ON
MANIFOLDS WITH CONICAL SINGULARITIES

WERNER MULLER AND BORIS VERTMAN

ABSTRACT. In this paper we study the analytic torsion of a manifold with isolated
conical singularities. First we show that the analytic torsion is invariant under de-
formations of the metric which are of higher order near the singularities. Then we
identify the metric anomaly of analytic torsion for a bounded generalized cone at its
regular boundary in terms of spectral information of the cross-section. In view of
previous computations of analytic torsion on cones, this leads to a detailed geometric
identification of the topological and spectral contributions to analytic torsion, arising
from the conical singularity. The contribution exhibits a torsion-like spectral invariant
of the cross-section of the cone, which we study under scaling of the metric on the
cross-section.
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1. INTRODUCTION

In this paper we study the Ray-Singer analytic torsion of a compact Riemannian
manifold with an isolated conical singularity. This means the following. We consider
an open Riemannian manifold (M, g*) which admits a decomposition

M=% Uy X,

into a compact Riemannian manifold X with boundary N and an open truncated
generalized cone % over N. Here % = (0,1] x N, and the metric on % takes the
special form

9" = da? @ 2*g" (x), x € (0,1),

where ¢V (x) is a family of metrics on N which is smooth up to 0. Our goal is to study
the analytic torsion of such manifolds.

The analytic torsion of a compact Riemannian manifold, equipped with a flat Her-
mitian vector bundle, was introduced by Ray and Singer [RASI71] as an analytic coun-
terpart of the Reidemeister-Franz torsion. The latter is defined combinatorial, whereas
the analytic torsion is defined as a weighted product of regularized determinants of the
Laplacian on p-forms with values in the flat bundle. The conjecture of Ray and Singer
that the two invariants are equal was proved independently by Cheeger [CHE79A] and
Miiller [MULT78]. Liick [LUc93] and Vishik [V1S95] extended this result to compact
Riemannian manifolds with boundary under the assumption that the metric is a prod-
uct near the boundary. Equality still holds up to a term which is given by the Euler
characteristic of the boundary. If the metric is not a product near the boundary, ad-
ditional terms, called anomaly, arise in the difference between the analytic and the
combinatorial torsion (see [DAFA00] and [BRMAOG]).

A natural problem is to determine whether the equality of analytic torsion and Reide-
meister torsion for compact Riemannian manifolds has any analogue for manifolds with
singularities. To begin with one needs to define both invariants for such spaces. On
the combinatorial site, Dar [DAR87] has defined the intersection R-torsion for pseudo-
manifolds. Furthermore he has shown that the analytic torsion is well-defined for com-
pact manifolds with conical singularities. Therefore it makes sense to study the relation
between analytic torsion and intersection torsion for compact manifolds with conical
singularities. The present paper is a contribution to this goal. As already mentioned,
we study the analytic torsion of a manifold with conical singularities.

First we derive a variational formula which shows that we may assume that the metric
in a neighborhood of the cone tip is an exact cone metric. Using a splitting formula
(which we don’t prove in this paper) together with [BRMAO6], it follows that one can
replace M by an exact cone C'(N), i.e., C(N) = (0,1] x N, equipped with the metric
dx? + 22gN(0), and study the problem for this case.

In [VER09A] the second named author has derived a formula which expresses the
analytic torsion of C'(N) in terms of spectral invariants of N. In the present paper
we will identify some of these terms. More precisely we will show that the analytic
torsion of C'(N) is the sum of three terms. The first one is a linear combination of Betti
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numbers. The second term equals the metric anomaly of Briining and Ma [BRMAOQG].
The remaining term is a torsion-like spectral invariant of the cross section N.

The paper is organized as follows. In Section 2 we will summarize the basic facts
about analytic torsion of manifolds with conical singularities and state the main results.
In Section 3 we will establish invariance of the analytic torsion under higher order
deformations of the conical metric, assuming essential self-adjointness of the Gauf-
Bonnet operator. The result is a special case of a more general investigation of analytic
torsion on manifolds with incomplete edge singularities by Mazzeo and the second
author in [MAVE1L0]. Essential self-adjointness of the Gauf-Bonnet operator is posed
only within the limits of Section 3 and can always be achieved by appropriate rescaling
of g™ (0).

In Section 4 we discuss the metric anomaly formula for Ray-Singer analytic torsion
on manifolds with boundary, established by Briining-Ma in [BRMAOG6]. Especially we
prove that the metric anomaly is scaling invariant.

We proceed in Section 5 with computing analytic torsion of a truncated cone. This
leads in Section 6 to an explicit identification of the metric anomaly at the regular
boundary of the cone in terms of the spectral information of the cross-section N. This
shows that the main contribution of the conical singularity to the analytic torsion is
given by a torsion-like spectral invariant of the cross section.

In Section 7 we study the behavior of this invariant under scaling of the metric on
the base of the cone and compute its value for some examples.
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2. PRELIMINARIES AND STATEMENT OF MAIN RESULTS

In this section we summarize some facts about the analytic torsion for manifolds with
conical singularities and we state the main results.

2.1. Definition and variation of Analytic Torsion. Let (M™, ¢g™) be an odd-
dimensional oriented Riemannian manifold with an isolated conical singularity. Thus
M = % Ux X, where (X, ¢|x) is a compact Riemannian manifold with boundary
0X = N and 7 is a truncated generalized cone, which means that % = (0,1) x N and
the metric on % is given by

(2.1) g"

where ¢V € C* ([0,1],Sym*(T*N)). Actually the assumptions on the the behavior
of g™(x) at x = 0 can be weakened (see [BRLE93, Section 2]). For simplicity we will
work with the stronger assumption that g™ (x) is smooth up to 0.

w = di* @ a?g" (z),
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Fix a base point xq € M and let
(2.2) p:m(M,xy) — U(n,C)

be a unitary representation of the fundamental group (M, zo). Let (E,V, h¥) be the
flat Hermitian vector bundle over M, associated to the representation p. Here h¥ is the
flat Hermitian metric on E, induced by the standard Hermitian inner product on C".
We may assume that o = (¢,40) € %. Then E|4 is the flat bundle associated to the
composition py of (% ,x9) — m (M, x9) and p. Note that m(N,yg) = m (%, x0). So
we may regard py as a representation of 7 (N, yo). Let (En, Vi, hy) be the associated
flat Hermitian bundle. Then we have

(2.3) Ely = p"(En) = (0,1] x Ey,

where p: (0,1] x N — N is the canonical projection. Moreover the isomorphism (2.3)

is compatible with the Hermitian metrics and the flat connections. The flat covariant

derivatives V and Vy are related as follows. For s € C>([0, 1], C*(Ey)) = I'(E|#) we

have

2.4 05 o d

(2.4) VS—%® x4+ Vys.

Let (2*(M, E), d.) be the associated twisted de Rham complex, where Q*(M, E) denotes

the space of E-valued differential forms. Denote by Q* (M, E) the subspace of differential

forms with compact support. Let Ay be the corresponding Laplace operator on k-forms.

We regard dj, and A, as unbounded operators in L2Q*(M, E) with domain QF(M, E).
Consider the maximal extension dj, yay of d in L*QF(M, E) with domain 2(dj, max)-

The minimal extension dj min Of dp with domain Z(djmin) C Z(dkmax) is the graph

closure of d. Ideal boundary conditions for the de Rham complex (Q*(M, E),d.,) is a

choice of closed extensions D, of dj for each k£ =0, ..., dim M with

@(dk,min) g -@(Dk) g -@(dk,max)a

which combine into a Hilbert complex in the sense of [BRLE93]. Ideal boundary con-
ditions for the de Rham complex induce a self-adjoint extension for each Aj. The two
special cases are the relative and absolute boundary conditions

(25) Ak,rel - d]:(;,mindk,min + dk—l,mindz*—l,mina

Ak:,abs - dk,maxdk,max + dk—l,maxdk_LmaX-

We recall from [CHE83] and [BRLE93, Theorem 3.8] the following facts. Ideal boundary
conditions are unique in degrees k # (m — 1)/2, m = dim M. If we assume the Witt-
condition HP?(N, Ey) = 0, p = (m — 1)/2, then ideal boundary conditions are unique
also in degree p.

However, the Witt condition which implies uniqueness of the ideal boundary condi-
tions, does not imply essential self-adjointness of Ay and the Laplacian corresponding
to the (unique) ideal boundary conditions need not be given by the Frederich’s ex-
tension in degree k = (m £ 1)/2. In fact, by [BRLE93, Corollary 3.5] the extensions
Ak e and Ay s are given by the Friedrich extension in any degree if and only if the
GauB-Bonnet operator is essentially self-adjoit. This can always be achieved by scaling
g™ (0) to 2g™(0) with ¢ > 0 sufficiently small.
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Choose either the relative or the absolute self-adjoint extension of A, which we
denote again by the same letter for the moment. It is known that Ay has pure point
spectrum [LES97]| and by [LES97, Corollary 2.4.3] it follows that for every ¢ > 0,
exp(—tAyg) is a trace class operator. Moreover we have the following theorem.

Theorem 2.1. Let (M, g) be a compact odd-dimensional Riemannian manifold of di-
mension m with a conical singularity. Let (E,V,h%) be a flat Hermitian vector bundle
over M and (En,V i, hy) the associated bundle over N. If gV (z) is not constant in
x € [0,1], we assume essential self-adjointness of the Gauf-Bonnet operator. Then
for the absolute or relative self-adjoint extension Ay of the Laplacian on QF(M, E),
k=0,...,m, we have

(2.6) Tr (e’mk) ~t 04 Z A7 + Z Cjt% + Z Gjt% logt.
=0 j=0 j=1

For g™ = ¢"(0) the result is well-known (see [CHE83]). Otherwise, asymptotic ex-
pansions with G = 0 are known only for the Frederich’s extension A7 (see [M0099])

and essential self-adjointness of the Gaufl-Bonnet operator is imposed above to guar-
antee A = A7,

Remark 2.2. In fact it suffices to impose the Witt condition H?(N,Ey) = 0, p =
(m—1)/2 instead of essential self-adjointness of the Gau-Bonnet operator for Theorem
2.1 to hold in case g™ (z) is not constant in = € [0,1]. Under the Witt condition the
heat kernel of A} is still polyhomogeneous on a certain parabolic blowup of RT x M2
(see [M0099]) and the heat trace expansion follows by the Push-forward theorem.
We confine ourselves to the case of essentially self-adjoint Gaufl-Bonnet operator for
simplicity.

Let \g < A; < -+ denote the eigenvalues of Ay. It follows from (2.6) that Weyl’s law
holds for the counting function of the eigenvalues. This implies that the zeta function

Cls k) = D A"
)\j>0
converges in the half-plane Re(s) > m/2 and it can be expressed in terms of the trace

of the heat operator by

1
['(s)

(2.7) C(s,Ag) = /000 51 Tr(e7 ™ — P dt, Re(s) > m/2,

where P, denotes the orthogonal projection of L*Q*(M,E) onto the subspace
t%’é‘“) (M, E) of harmonic k-forms. Then the asymptotic expansion (2.6) yields the mero-
morphic extension of the right hand side and hence, of the zeta function, to the whole
complex plane. Furthermore it also follows from (2.6) that ((s, Ag) is regular at s = 0.
We can now define the analytic torsion of (M, ¢gM) and (E,V,h¥) as in the compact
case. Let Ay.ps (resp. Agra) denote the self-adjoint extension of Ay, with respect
to the choice of absolute (resp. relative) boundary conditions. Recall that boundary
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conditions need to be imposed only if £ = (m + 1)/2. Then we define
1« d
MY T 1\ .
(28) 10gTabs<M7Evg ) i 9 kz_o( 1) k dSC(SaAk,abs)L:Oa
and define Ty (M, E; g™) similarly. Since h¥ is the canonical metric on E, in-
duced by the unitary representation, we suppress it from the notation. Observe that
*Ap abs = Am_kre*. Denote the Laplacians on closed or coclosed differential forms by
an additional subscript cl or ccl, respectively.
Since the dimension of M is odd, it follows by Poincaré duality that

3

(_1)k+1i

TabS(MaESQM) ds

C(Sa Ak,ccl,abs) |s:0

>
Il
<)

3

d
_C<87 Amfk,cl,rel) ‘s:O

(2.9) -

(_1)k+1

>
Il
o

3

(_1)k+1%C<37 Al»c,ccl,rel) |s:0 = Trel(Ma E7 gM>

k=0
For the second equality we have used that *Ay . abs = Ap—g crer®. The third equality
follows from the fact that for an eigenvalue A # 0, d is an isomorphism between the \-
eigenspace of the Laplacian on co-closed forms, satisfying relative boundary conditions,
and the \-eigenspace of the Laplacian on closed forms, satisfying relative boundary
conditions. So we will denote the torsion simply by T'(M, E; g*).

Remark 2.3. Dar [DARST] also discusses the analytic torsion of a manifold with conical
singularities, where the cross section /V is allowed to have a non-empty boundary. In this
case the zeta-functions may have a pole at s = 0. However, due to residue cancellations,
the analytic torsion is still well-defined. If 9N = (), the case treated in the present paper,
the zeta-functions are regular at zero individually.

For a finite-dimensional vector space F, set det F' := A™**F and denote by (det F')~*
the dual line det F*. Let 75 (M, E) be the space of square integrable harmonic forms

,%’g) (M, E') which satisfy absolute boundary conditions. The determinant line of (M, E')
is defined as

m _1\k
(2.10) det A5 ( = [det % (M, E)]

k=0
Definition 2.4. The Ray-Singer metric || - \ (Mg OD det %”2)(M E) is defined by
(211) H ) H(M,E;gM) = T(M7 Eag ) ’ || ||detif(2)(M,E)7

where || - Hdet%g)(Mﬂ) is the norm on det ,%”(’2“)(M, E) induced by the L?>-norm on the

space of harmonic forms 75, (M, E).

Using methods developed by Melrose [MEL93], we study the variation of the analytic
torsion with respect to the variation of the metric g™ . Our main result is the invariance
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of analytic torsion of manifolds with isolated conical singularities under higher order
deformations of the metric near the conical tip, assuming essential self-adjointness of
the Gau3-Bonnet operator. More precisely, we have

Theorem 2.5. Let (M™, gM) be a compact odd-dimensional Riemannian manifold with
an isolated conical singularity, and a neighborhood % = (0,1) x N of the singularity
with

M T U = da? @ 2?gN(x), ¢V € O ([0, 1], Symz(T*N)) .

Let (E,V,h¥) be a flat Hermitian vector bundle and (Ey, ¥V, hy) its restriction over
N. Assume essential self-adjointness of the Gaufs-Bonnet operator. Then the Ray-

Singer metric || - ||5\§ gy 18 invariant under all deformations of g™ that fix g™ (0).

2.2. Analytic Torsion of a bounded Cone. It follows from Theorem 2.5 that for
spaces with isolated conical singularities with appropriately rescaled ¢ = ¢™(0), so
that the Gauf-Bonnet operator is essentially self-adjoint, we may assume that the
neighborhood of the singularity is a bounded exact cone C(N), i.e.,

(2.12) C(N)=(0,1] x N, g=dz*+2%¢", ¢V € Sym*(T*N).

Now recall that for a compact manifold there is a splitting formula for the analytic
torsion [V1s95]. It is very likely that the splitting formula continuous to hold for
compact manifolds with conical singularities. Assuming this, the study of the analytic
torsion for such manifolds can be reduced to the study of analytic torsion of a bounded
cone. In [VERO09A], the second author has derived a formula which expresses the
analytic torsion of a bounded cone in terms of spectral and topological data of the cross
section. The computation uses the double-summation method developed by Spreafico
in [SPRO5], [SPROG], and a symmetry observation by Lesch [LES94]. We recall the
result in odd dimensions.

Theorem 2.6. (Vertman, [VER09A]) Let (C(N),g) be a bounded cone over a closed
even-dimensional oriented Riemannian manifold (N", gN). Let (E,V,h¥) be a flat
Hermitian vector bundle over C(N)and (En,Vy,hy) the associated flat Hermitian
vector bundle over N. Let b, = dim H*(N, Ex), k =0,...,n, and x(N, Ex) the Euler
characteristic of (N, Exn). Denote by Ay can the Laplacian on coclosed Ey-valued k-
forms on N and define

-1 /
= (n 5 _) —k, v(n)=+/n+ai, forn€ Ey = SpecAy can\{0},

Gen(s) =Y m(n) v(m) ™, Gen(s, o) = Y m(y) (v(n) )™, Re(s) >0,

nELy nekEy

where m(n) denotes the multiplicity of n € Ey. Then the logarithm of the analytic
torsion of C(N) is given by a sum of three terms:

log T(C(N), E; g) = Top(N, En; g™) + Tors(N, En; g") 4+ Res(N, Ex; g™),
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where the first term is a combination of Betti numbers

Top(N, En; g") 1052 (N, En)
(2.13) 51 1 k-1
— Z(—l)kbk 5 log(n — 2k +1) + Z log(20 + 1)
k=0 1=0
The second term, which is a torsion-like term, is given by
(2.14) Tors(N, Ey; g™) = %ni(—nk(,;w(o, o).
k=0

The third term, the residual term, is a combination of residues of (i n(S):

n/2— 1 k n/2

(2.15) Res(N, En; g") = Z ZRGSCkN Z Tb(ak)llil((gi:))’

where the coefficients A, (o) are determined by certain recursive formulas, associated
to combinations of special functions.

Remark 2.7. The computations in [VER09A] are only done in the case of the trivial
bundle E. However, using (2.3), everything in [VERO9A] can be extended to the twisted
case without difficulties.

Our next result identifies Res(N, Ex; g™) with the metric anomaly of the boundary
{1} x N of (C(N),g). The metric anomaly has been studied in [BRMAOG]. We recall
the basic facts. Let (X,g¢*) be an oriented compact Riemannian manifold of odd
dimensions, with boundary 0X. Let (E, VE h¥) be flat Hermitian vector bundle over
X. Let VI be the Levi-Civita connection associated to g*. Briining and Ma define a
secondary class B(VTX) € Q*(0X, Elsx) (see [BRMAO6, (1.19)]) which describes the
metric anomaly in the following sense. Let ¢;¥, i = 1,2, be two Riemannian metrics on X
and let VI¥ denote the corresponding Levi-Civita connections. Denote by || - H?)? EigX)’

i = 1,2 the Ray-Singer metrics on det H*(X, E). Then

S e

Now we can state our next result.

Theorem 2.8. Let (C(N), g) be the cone over a closed oriented Riemannian manifold
(N™, g) of even dimension. Let (E,V,h®) be a flat Hermitian vector bundle over
C(N) and (Ex,V,hy) the associated flat vector bundle over N. Let VTN be the
Levi-Civita connection of g. Then the residual term of Theorem 2.6 equals

Res(, Bivsg) =~ [ pyrem),
N

where N is identified with {1} x N.
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We note that De Melo, Hartmann and Spreafico [HASP10] and [DMHS09] computed
the analytic torsion in the special case of a cone over the sphere S™ and verified that in
even dimensions the residual term Res(N, Ey; ¢") equals the anomaly term by direct
comparison.

Remark 2.9. Consider the example of a cone over the n-dimensional flat torus 7™
and assume that E is the trivial line bundle. Then from (2.15) one finds that the
integral of B(VT¢(T™) is given in terms of residues of the shifted zeta function (j x(s).
These are rational multiples of (7)~/2Vol(T™). This agrees with the explicit formula
in [BRMAOG, (4.43)].

Remark 2.10. In general, the metric anomaly in [BRMAO6] is expressed in terms of the
curvature tensor, whereas our result provides an expression in terms of residues of the
shifted zeta function (g n(s). The residues can be computed in terms of the coefficients
of the asymptotic expansion of the trace of the heat operator of the Laplacian of N
on forms. It is well-known that these coefficients are given by the integral of universal
polynomials in the covariant derivatives of the curvature tensor.

An immediate corollary is the identification of the Ray-Singer metric for a bounded
generalized cone with exact cone metric near the singularity and product metric near
the regular boundary.

Corollary 2.11. Let (C(N), g) be a cone over a closed oriented Riemannian manifold
(N™ gN) of even dimension. Let (E,V,h¥) be a flat complex Hermitian vector bundle
over C(N) and let (En,V iy, hy) be the associated flat vector bundle over N. Let gy be
a metric on C(N) which coincides with dx* + x%g"™ near the singularity at x = 0 and
with the product metric dz® @ g~ near the boundary {1} x N. Then

I RS
10g || ”(C(N),E,go) — TOp(N7 EN, gN) 4 TOI'S(N, EN,9N>,
I laes mcv),)

where Top(N, En; gV) and Tors(N, En; g%) are given by (2.13) and (2.14), respectively.

Corollary 2.11 shows that the main contribution of the conical singularity to the
analytic torsion is given by Tors(N, Ey;g’¥). This result will be of significance in
regard of the splitting formula.

Next we study its asymptotic behavior under scaling of the metric of N.

Proposition 2.12. Let (N, g") be a closed oriented Riemannian manifold and let glﬁv =
pw2gN ;> 0. Then

log 11
7]

(2.17) Tors(N, En; g)) = O ( ) L — oo

3. VARIATION OF ANALYTIC TORSION UNDER HIGHER ORDER DEFORMATIONS

In this section we recall some facts about the asymptotic properties of the heat kernel
on a manifold with conical singularities. Then we will show that the Ray-Singer metric
is invariant under higher order deformations of the metric near the tip of the cone.
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Let (M, g™) be an odd-dimensional compact Riemannian manifold with an isolated
conical singularity with M = % Uy X and metric on % given by (2.1). Let (E,V,hF)
be a flat Hermitian vector bundle over M and let (Ey, V, hy) be the flat Hermitian
vector bundle over N associated to E via (2.3).

Let (*(%,FE),d.) be the twisted de Rham complex over %. In this section we
assume essential self-adjointness of the GauB-Bonnet operator, so that the Laplacian
Ay defined with respect to relative or absolute boundary conditions coincides with the
Frederich’s extension Ay in all degrees k = 0,...,m. Essential self-adjointness of the
GauB-Bonnet operator can always be achieved by scaling g™V (0) to ¢?¢™¥(0) with ¢ > 0
sufficiently small, see [BRLE93].

Remark 3.1. The variational result of this section holds in fact for any self-adjoint
extension of the Laplacian satisfying Theorem 3.4, which does hold for the Frederich’s
extension A”. However it suffices to impose the Witt condition H?(N, Ey) = 0,
p = (m — 1)/2 instead of essential self-adjointness of the GauB-Bonnet operator for
Theorem 3.4 to hold for the relative and absolute self-adjoint extension. We confine
ourselves here to the case of essentially self-adjoint Gaufl-Bonnet operator for simplicity.

We use the unitary rescaling transformation over %, introduced in [BRSESS, (5.2)]
Wy, : C2((0,1), Q" YN, Ey) & QY(N, Ev)) — Q% , E)
(b1, 1) = "2y Adx + 2F Ty,

where ¢y, ¢._1 are identified with their pullback to % under the projection 7© : % =
(0,1) x N — N onto the second factor, and = € (0, 1) is the radial coordinate.

(3.1)

Proposition 3.2. [BRSESS8, (5.4)] The rescaling map @y extends to a unitary trans-
formation

L2((0,1), LA Q"1 (N, BEx) @ QY(N, Ex), g™ (2), hw)) = L* Q"% , E), g" |, h® |2 ).

Throughout this paper we will use the unitary transformation (3.1) and denote the
heat operator under the unitary transformation again by e ***. By a small abuse of
notation we denote the heat operator and the corresponding heat kernel both by e *2*.

3.1. The Heat Kernel on Manifolds with Conical Singularities. In order to
describe the asymptotic properties of the heat kernel e~*2* accurately, we consider M
as the interior of a compact manifold M with boundary.

The heat kernel of e *** is a priori a k-form valued distribution on a manifold with

corners M? = R* x M. Tts singular structure can be conveniently described by lifting
e~ Ak to the heat space .2, which is a resolution of M? obtained by blowing up certain
submanifolds of its boundary, see ([M0099]). We begin by a blowup of

(3.2) A={t=0}x (OM)* Cc M},

where the R —direction is scaled parabolically, according to the parabolic homogeneity
of the problem. The resulting space [M?Z, A] is defined as the union of (M?\ A) with the
interior spherical normal bundle of A in M?. The blowup [M?, A] is endowed with the
unique minimal differential structure, including v/¢, smooth functions in the interior of
M} and polar coordinates around A. The blowup introduces an additional boundary
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hypersurface, which we refer to as the front face ff. We refer to [MEL93] for a careful
definition and general discussion of parabolic blowups.
The actual heat-space .} is obtained by blowing up [M7?, A] at the lift of the diagonal

in M att = 0, again parabolically in the time R™—direction. This blowup introduces a
boundary hypersurface, which we refer to as the temporal diagonal td. The heat space
comes with a canonical blowdown map 8 : .#? — M} and may be visualized as follows.

If rf

tf tf
td

FIGURE 1. Heat-space Blowup 7.

We fix coordinate chart (x, z) in the singular neighborhood % C M. Two copies of
this chart together with the time coordinate yield a coordinate system (t,z,z,7,%) on
M?. The projective coordinates on .#;? are then given as follows. Near the top corner
of the front face ff, the projective coordinates are given by

(33) p:\/%v {':x/p, g:%/p7 z, Z,

where in these coordinates p, &, 2 are the defining functions of the boundary faces ff, If
and rf respectively. For the right hand side bottom corner of the front face projective
coordinates are given by

(3.4) T=1t/7% s=1/, 2, 7, Z,

where in these coordinates 7, s, T are the defining functions of tf, rf and ff respectively.
For the left hand side bottom corner of the front face projective coordinates are obtained
by interchanging the roles of z and Z. Projective coordinates on .#} near temporal
diagonal are given by

WVt o, (-7 (2 —2) = 3
(3.5) 1= S= T 4=T N T R

In these coordinates tf is the face in the limit |(S, Z)| — oo, ff and td are defined by
T, n, respectively. The blow-down map 3 : .42 — M7 is in local coordinates simply the
coordinate change back to (t, (z, z), (Z,2)). The heat kernel lifts to a polyhomogeneous
conormal distribution on .#;? with product type expansions at the corners of the heat
space, and with coefficients depending smoothly on the tangential variables. More
precisely we have the following definition.

Definition 3.3. Let 20 be a manifold with corners, with all boundary faces embed-
ded, and {(H;, p;)}Y., an enumeration of its boundaries and the corresponding defining
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functions. For any multi-index b= (by,...,by) € CN we write p? = pi* ... p%. Denote

by Vy(20) the space of smooth vector fields on 20 which lie tangent to all boundary

faces. A distribution w on 2 is said to be conormal, if w € p?L>°(2J) for some b € CV

and Vi...Vou € pPL>(20) for all V; € V(W) and for every £ > 0. An index set
={(v,p)} € C x N satisfies the followmg hypotheses:

(ii) For each « there is P, € Ny, such that (v,p) € E; for p < P, < o0,
(iii) If(’YP)eEutheH(’V—i-jp)EE forall j e Nand 0 < p' < p.

(
(i) Re(y) accumulates only at plus infinity,
i)

An index family F = (Fy, ..., Ey) is an N-tuple of index sets. Finally, we say that a
Conormal distribution w is polyhomogeneous on 20 with index family E (denoted by
€ o, (2)), if w is conormal and if in addition, near each Hj,
we Y ayuilloga, as g0
(v.p)EE;

with coefficients a. , conormal on H;, polyhomogeneous with index F; at any H; N H;.

The asymptotic properties of the lift 3*e~'** of the heat kernel to .#7 in an open
neighborhood of the front face have been described by Mooers in [M0099].

Theorem 3.4. ([M0099]) The lift B*e~*** is polyhomogeneous conormal distribution
on M} of leading order (—1) at the front face ff, leading order (— dim M) at the temporal
diagonal td, and of leading order 1/2 at the left and right boundary faces. [3*e™'A*
vanishes to infinite order at the temporal face tf and does not admit logarithmic terms
in its asymptotic expansion at ff and td.

The asymptotic properties of the heat kernel e™*A* has been discussed by various
authors, with major contributions by Briining-Seeley in [BRSE85], Lesch [LES97] and
Mooers [M0099]. The heat calculus on manifolds with edges by Mazzeo-Vertman
[MAVEL0] contains the setup of isolated conical singularities as a special case.

3.2. Analytic Torsion under Metric Variation at the Cone Tip. We now study
analytic torsion of (M, g™) under higher order deformations of the Riemannian metric
gM. Let # C R be an open interval and let (gfy,p € ) be a smooth family of
Riemannian metrics on M with

(3.6) g 1 U = da® @ 2*g" (2, ), g% € C ([0,1] x 7, Sym*(T*N)) .

The dependence of Ay on the parameter is denoted by Ag(u). For u # po the cor-
responding operators Ay(u), Ag(po) act on different Hilbert spaces L*Q*(M, g)) and

L2QF (M, g% ), respectively. We fix some pg € .# and employ the natural isometry
T, : L*QN(M, g)") — L*Q(M, g,0),
to define self-adjoint operators in the fixed Hilbert space L*QF(M, gi!)

Hi(p) =T, 0 Ay(p) o T, .
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As a simple consequence of the semi-group property we have for any p, g € &
e~ tHr(p) _ g—tHk(1o) /t o (e—(t—S)Hk(Mo)e—SHk(u)) P
= — s
K= ko o Os K= Ho

t
:/ e~ (t=8)Hy (o) (Hk(ﬂ()) _ Hk(’u>> e sHk (1) g
0

K= Ho
Taking the limit p — pgo this leads to

t
0 - / Tr (e—u—s)Hk(uo) (kao)) e—sHkmo))
0

— Tr (e—tHk(u))
=—t-Tr ((Hk(ﬂo)> e_tHk(“0)> ,

o
where the upper-dot denotes the derivative with respect to . Evaluating H k(1) explic-
itly in terms of the isometry 7),, we find

agTr (e_tHk(M))

K p=tio

(3.7) — Ty (Ak(uo) o T,LL_OITMO o 6—tAk(HO)>

p=Ho

=—t-Tr <Tuo 0 Ap(pg) o e tAkK0) o Tu_o1>

—t-Tr (Ak(ﬂo) o 6_tAk(MO)> _

For the second summand in (3.7) we employ commutativity of bounded operators under
the trace and find

Tr (Ak(uo) o T;;olTuo o e*tAk(,U«O)> = Tr (e*t/mk(“O)Ak(uo) o T;ZJlTuo o e*t/2Ak(NO)>

=Tr (T';OIT#O o Ay (o) o e—tAk(uo)> — —Tr (T;Z]lTuo o Ag(po) o e—tAk(#O)) ‘

Consequently the first and the second summands in (3.7) cancel and we get

2 —tAg(w)
(3.8) 0uTr (e7arl)

Let Py(p),n € & denote the orthogonal projection onto the kernel of Ag(u). Let =,
denote the Hodge-star operator associated to g}f, 1€ Z, and put aﬁ = *;14% with the
upper-index k denoting the restriction to forms of degree k. Repeating the arguments

of Ray-Singer in [RASI71, p. 152-153] we get

= —¢t.Tr <Ak(,u0) o 6—tAk(M0)> )

B=Ho

a dim M
— —1)kE k- Tr (et W — P
OMCRLEC (10)
(3.9) 9 dim M
=ts ; (—1)*Tr (aﬁ (e‘mk(“) — Pk(u))) dt
Put
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Then by definition we have

0
3.10 logT(M,E, g} = —
(3.10) ogT(M,E,g,") = 5
Since the heat trace is exponentially decaying, we can differentiate f(u,s) with re-
spect to p € I in the half-plane Re(s) > 0, by differentiating under the integral sign.
Choosing Re(s) large enough so that boundary terms vanish and using (3.9) we get

f(, 8).

s=0

0 _ 1 =~ k 1 > s d T k —tAg(p) P, d
o (k, s) = 3 > (=1 ) J, A r(ay, (e — Py(p))) dt
k=0

(3.11)

dim M

¥ gt [emt s oy

Let us henceforth assume that the metric family gljy differs only in its higher order
terms on the singular neighborhood %/. More precisely, assume that for all y € .#

(3.12) g™ (0, 1) = g™(0).

Under the transformation (3.1), alls, € C* ([0,1],End (Q*'(N, Ex) ® Q*(N, Ey)))
for any p € ., and by (3.12), it follows that

oaf(z) =0(x), z—0.

In

Let 7 : R x M~ — M be the projection onto a copy of M. Then, employing the
projective coordinates on the heat space .#7?, the lift (7 o 3 )*OéZ is a polyhomogeneous
function on .7 with

(3.13) (o B) k= papus - B

where pg and p,s are boundary defining functions of the front and the right boundary
face, respectively; 2 is a polyhomogeneous bounded function on .#?. If we compose
(mo 5)*042 pointwise with *e~**+®) and use Theorem 3.4, we obtain the following
lemma.

Lemma 3.5. The lift 5* (aﬁe‘m’“(“)) 1S a polyhomogeneous conormal distribution on
ME of zero leading order at the front face ff, leading order (—dim M) at the temporal
diagonal td, and of leading order 1/2 and 3/2 at the left and right boundary faces,
respectively. [(* (aﬁe‘mk(“)) vanishes to infinite order at the temporal face tf and does

not admit logarithmic terms in its asymptotic expansion at ff and td.

For any fixed ¢t > 0
(3.14) ake 80 e ARTM R ART*M = (AMT*M)* R’ AMT*M.
The right hand side of (3.14) admits on the diagonal an invariantly defined pointwise
trace tr, and tr (aﬁe_mk(“)) defines a polyhomogeneous conormal distribution on the lift

2 of the diagonal in M to the heat space 7. The lifted diagonal Z is a resolution of
R* x M, obtained by blowing up {0} x 9M, with the RT —direction scaled parabolically;
2 may be visualized as in Figure 3.2.
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1f 9 C M

td

FIGURE 2. The lifted diagonal 2 of the heat-space .#}.

By a small abuse of notation, we refer to the boundary faces of the lifted diagonal
9 C M? again as temporal diagonal td, front face ff and left face If, respectively. The
projective coordinates (3.3) and (3.5) on .#} yield projective coordinates on 2. Near
the top corner of & the projective coordinates are given by

(3.15) p=vi E=z/p, z,

where in these coordinates p and & are the defining functions of the front and the left
boundary face, respectively. Near the lower corner of & the projective coordinates are
given by

(3.16) n=t/z, x, z,

where in these coordinates x and 7 are the defining functions of the front and the
temporal diagonal boundary face, respectively. & comes with a canonical blowdown
map By : 2 — Rt x M, which in local coordinates is simply the coordinate change
back to (t,z, z).

The identification of the exterior bundle A*T™*M with its dual (A*T*M)* via g™ in
fact does not induce any shift in the polyhomogeneous expansion of aﬁe*mk(“), since
we consider the setup after unitary transformation in Proposition 3.2 to a product
L?-space. By Lemma 3.5 we arrive at the following

Proposition 3.6. The lift B7,tr (al’je’mk(“)) s a polyhomogeneous conormal distribu-
tion on 9 of zero leading order at the front face ff, leading order (—dim M) at the
temporal diagonal td, and of leading order 2 at the left boundary face If. Moreover the
asymptotic expansion at ff does not admit logarithmic terms and the expansion at td
(pta denotes the defining function of td) is of the form

(3.17) Botr (aﬁe’mk(“)) ~ pr M (Z azkﬂi’f) , as pyg — 0.
k=0

Proof. The polyhomogeneity and the leading orders in the asymptotic expansions of

By tr (aﬁe*mk(“)) at the boundary faces of Z follow by Lemma 3.5. Moreover, at the
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temporal diagonal Lemma 3.5 implies

(3.18) Btr (afe Bk I) ~ prdim M (Z akﬂm) , as pra — 0.

We have the following classical pointwise trace expansion on Riemannian manifolds
(3.19) tr (aﬁe_m’“(“)) ~ (\/E)_dimM Za%(\/%)%, ast — 0.

Employing the projective coordinates (3.15) and (3.16) we find 85t = pip?,. Hence,
lifting (3.19) to 2, we deduce for (3.18) that a; = 0 for k£ odd. O

Suppose p is a density on &, which is smooth up to all boundary faces and nowhere
vanishing. A smooth b-density p; is by definition any density of the form (pgpiepia) -
Let 7y : RY x M — R* is the projection onto the first factor. We can push forward
densities in a natural way and a straightforward computation in local coordinates shows

dt
(3.20) (79 © Bg)By (z - tr (aﬁe‘m’“(“))) =Tr (aﬁe‘m’f(“)) f(t)?,
where f is some smooth function on R* U {0}. We derive the short-time asymptotics
of Tr (aﬁe‘mk(“)) employing the Push-forward theorem of Melrose [MEL92]. We also

refer to [MEL92] for the exact definition of b-fibrations and b-densities.

Theorem 3.7. (Melrose, [MEL92]|) Let 21, Ws be manifolds with corners, and let
{(Hi, pi) }ier and {(K;,0,)}jes be the respective indexing of the boundaries and the cor-
responding defining functions. Let f : 03, — Wy be a b-fibration with
(3.21) RS |
iel

where h € C° (W) is strictly positive and the exponents e(j,i) € No are such that for
any j € J there is at most one i € I with e(j,i) # 0. If w € phg(ﬁﬁl) for an index
set B = (E;)ier such that f.w exists, then f.w € %J;fg (205), with the index family
f+E = (fiE)jes, where the index sets (f.E); = {(7,p)} € C x Ny are comprised of all
pairs (v, p) such that

(1) (v,p) = (s/e(4,4),1), for (s,1) € E; with e(j,i) # 0,

(ii) (v,p) = (s/e(4, ) l+1U'+1), for (s,1) € E; and (s',1') € Ey

with (), 1), (4, ) # 0 and s/e(j, i) = & fe(j, ).
In the projective coordinates (3.15) and (3.16) we directly verify that the b-fibration

(g o Bg) satisfies (74 o B5)*t = pip?,. Hence, by Push-forward Theorem 3.7 we infer
from (3.20) and Proposition 3.6

(3.22) Tr (a; ko tAk(k ZA t]_7+20t2 +2Gt2logt ast — 0.

Consequently

(3.23) Res /000 ' Tr (a I’j (e —tAkl) _ Py(p))) dt = —Tr(a/’sz(u)).

s=0
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In view of the additional s-factor in (3.11), we find by (3.10)

dim M

J 1
ap s TOLE.gh) = 5 3 (Z1)Tr (e Puln)
(3.24) g -
d -1
— @ log || - ||detH*(M7E)79;Iy'

We have proved the following main result (Theorem 2.5) of this section.

Theorem 3.8. Let (M, gﬁ"),u € Z be a compact odd-dimensional Riemannian man-
ifold with an isolated conical singularity and a singular neighborhood % = (0,1) x N,
endowed with a family of conical metrics, parametrized over an open .# C R, such that

(3.25) giw | U = da* @ 2?g" (z,p), g~ € C*([0,1] x &, Sym*(T*N)).

Let (E,V,h¥) be a flat Hermitian vector bundle over M and let (Ex, Vi, hy) be the
flat vector bundle over N, which is associated to Fl|y. Assume that the Gaufs-Bonnet
operator is essential self-adjoint. Then the Ray-Singer norm || - ||%3 15 independent

(M,E;g}")
of i, i.e.
(3 26) i|| : ||RS My — 0
) dp (M,E;g)") )

4. SCALING INVARIANCE OF THE METRIC ANOMALY FOR ANALYTIC TORSION

To begin with we need to introduce some notation. Let @7, & be two Zs-graded
algebras with identity and let o/ ®% denote their Z,-graded tensor product. Identify
o with /&I and let # = IQHA. Write A := ® so that /' RB = o N B.

Let (X, g%) be a compact oriented Riemannian manifold of odd dimension m with
boundary 0X. In [BRMAOG, (1.15)] elements

(4.1) RT0X ¢ AT*0X ®@AT*0X and S € AT*OX®AT*0X

have been introduced. They are defined as follows. Let R79% be the curvature tensor
of (0X, ¢g?X) and denote by {ex}™, a local orthonormal frame field on (TX, g%%). We
assume that near the boundary e, is the inward-pointing unit normal vector at every
boundary point. Let {ej}7-; be the dual orthonormal frame field of 7*X and let eA}; be
the canonical identification with an element of AT*X. Let j: Y < X be the canonical
embedding. Then

. 1 ~ ~ . 1 —

(4.2) RTOX .= 5 Z (er, RT%%e;)er N er and S:= §j*VTXej;1.
1<k,j<m—1

RT0X is defined in terms of the curvature of the Levi-Civita connection, induced by

¢°%. S measures the deviation from a metric product structure near the boundary.

RTOX and S? are both homogeneous of degree two. Let

Bax e
(4.3) / C AT*0X ® AT*0X — AT*0X,
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be the Berezin integral (see ([BRMAO6, Section 1.1]). It is non-trivial only on elements
which are homogeneous of degree m. Then the secondary class B(VZ¥), introduced in
[BRMAOG, (1.17)] is defined as follows

(4.4) B(VT¥) = / o exp (—%RTW) g %.

By([BRMAO6, Theorem 0.1] the metric anomaly of analytic torsion is expressed in
terms of B(VT¥). For our purpose we will need that B(V?*) is scaling invariant. This
is verified in the next proposition.

Proposition 4.1. Let g be a Riemannian metrics on a compact manifold (X,0X)
with boundary. Let s > 0 and put g5 = s-gi. Let VIX VIX denote the corresponding
Levi-Civita connections. Then

(4.5) B(Vi™) = B(Vy").

Proof. Denote by (RT?X and S; the elements (4.2) with respect to the metric g7,
i =1,2. It follows from (4.2) that

(4.6) R (g3) = sk (g7),  S(g5) = v/3S(g).

The Berezin integral also depends on the metric. We denote it by ijBX, j =1,2. Using
the definition of the Berezin integral [BRMAOG, (1.1)] we obtain

Bsx Bax
(47) / — S—dimaX/Q/
2 1

Since RT?X and 52 are both of degree two and the Berezin integral is non-trivial only
on terms homogeneous of degree dim 0.X, it follows from (4.6) that

B(VTX) — /B(?X exp _ERT(?X i <_822)k
2 ) 2" 2 4kT(k +1)

k=1
Bax 1. a <_5'2)k .
— exp __RT8X> 2 .5 dim 0X/2
/1 < 272 ; 4kT(k + 1)
Bax 1. o (_S«Z)k
ToX 1 TX
= —= —— =0 .
/1 P < ot > ; ke - PV

O

In the special case of a cone with a flat cross-section N the scaling invariance of the
metric anomaly follows also from [BRMAOG6, (4.43)].

5. ANALYTIC TORSION OF THE TRUNCATED CONE

5.1. Decomposition of the de Rham Complex of the Truncated Cone. The
Analytic torsion of an exact cone can be evaluated by decomposing the de Rham com-
plex into short subcomplexes. This decomposition has been used in the computation
of analytic torsion of cones in [VER09A]. The same decomposition and its symmetry
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are in fact also valid for truncated cones. Let I be either the open interval (0, 1) or the
closed interval [g,1], € > 0. Let (N™, ¢g") be an even-dimensional closed Riemannian
manifold and let C;(N) := I x N, equipped with the metric

g=d?* @ z*¢gN,x el
Let (E, V,h¥) be a flat complex Hermitian vector bundle over C;(N) and (Ey, Vy, hy)
its restriction to the cross-section N. Let (Q:(Cr(N), E),d.) be the associated twisted
de Rham complex, where Q}(C;(N), E) are the E-valued differential forms on C7(N)

with compact support and d, denotes the differential. As in Section 3 we consider the
map given by separation of variables

(5.1) Uy, C°(1, Q" Y(N, Ex) @ QF(N, Ey)) — QF(C(N), E)
(W1, wg) — 220 0 A da + 2wy,

where wy, wy_1 are identified with their pullback to C;(N) under the projection 7 :
I x N — N onto the second factor, and z € I C R*. As in Proposition 3.2, the map
U, extends to an isometry

Uy, LA, LA(Q"Y(N, Ex) @ Q%(N, Ey), ¢, hy), dz) — L*(QF(C1(N), E), g, h®).
Let n
(Ve (e _
o= (=1) (k 2), k=0, ..m.
As in [BRSES8S, (5.5)] we obtain
dk 1,N
de ’

0 1)*o,
(0< )i
(dklN )
USY
)-

1 0
Following a suggestion of M.

where di y is the exterior differential on Qk(N Ex
Lesch, we decompose the de Rham complex (Q(C;(N), E),d,) into a direct sum of
subcomplexes of two types. The first type of the subcomplexes is given as follows.
Let ¢ € Q%(N, Ey) be a coclosed eigenform of the Laplacian Ay y on Q¥(N, Ey) with
eigenvalue 7 > 0. We consider the following four associated pairs

&= (0,9) € "N, Ey) @ QF(N, Ey),

& = (¢,0) € Q"(N, Ex) @ Q""Y(N, Ey),

& = (0,dntp//n) € QF(N, Ex) @ Q"H(N, Ey),
& = (dnt//,0) € Q°TY(N, Ex) @ Q"2(N, Ey).

Denote by (&1, &2, &3, &) the span of &;,...,&. Then C°(1,(&1,&2,83,&4)) is invariant
under d,d* and we obtain a subcomplex

(5.4) 0 — CX(I, (€))L C(1, (€, &) L5 C(1,(€4)) = 0

where dy, d; take the following form with respect to the chosen basis:

_( (=Dfo:+ o _ (-1 1y\k+L Cht1
do—( Iil\/ﬁ i d1—<(L’ ﬁ,(l) 8z+ [E)

(5.2)

8|~ 8|

(5.3)
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The associated Laplacians are of the following form

1 n\> 1 .
n+(k+=—=) —=| =did; = Ay,

. 1
(55) AO,n = dodO = —85 ‘l‘ .I_ 2 2 4

with respect to the identification of ¢ = f-§& € CX(1,(&)), i = 1,...,4, with its
scalar part f € CX([). The subcomplexes (5.4) always come in pairs on oriented
cones. The twin subcomplex is constructed by considering ¢ := xy1 € Q" F(N, Ey).
Then djy¢//7 is again a coclosed eigenform of the Laplacian on Q" (N, Ey) with
eigenvalue 7, and we put

& = (0,dy¢/ /) € (N, Ex) & " FTN(N, By),
& = (dyo/v/n,0) € Q" 1N, Ex) ® Q" "(N, Ey),

& = (0,¢) € YN, By) © 0NN, Ey),
&= (,0) € Q" F(N, Ey) & Q" *(N, Ey).

Denote by <£Nl, ng, £N3, §N4) the vector space, spanned by these vectors. C°(1, <£N1, fNQ, §~3, §N4>)
is invariant under the action of d, d* and we obtain a subcomplex

(5.7) 0= C2(I,(6)) B (1, (€ &) B (1, (€)= 0.

Computing explicitly the action of the exterior derivative (5.2) on the basis elements EZ
we find

= (=), 4 7o (.1 n—k Cn—k
do—( s , d1—<x Vil (2170, + )

As before we compute the corresponding Laplacians and find

+k+1”21
" 5 2 4

where the operators are again identified with their scalar actions.

The second type of the subcomplexes comes from the harmonic forms H*¥(N, Ey)
on N. Fix an orthonormal basis {u;} of H*(N, Ex) and observe that any subspace
C(1, (0 @ u;, u; @ 0)) is invariant under d, d*. Consequently we obtain a subcomplex
of the de Rham complex

~ ~ 1
(58) AO,T] — Alm - —ag + P — Ao’n - ALT]?

0 — C2(1, (0@ uk)) 25 O=(1, (u¥ ©0)) = 0,

(5.9)
d = (~1)ka, + &,
X
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where the action of dI is identified with its scalar action, as before. The Laplacians of
the complex are given by

. 1 (/(n—1) S|
Hg::(df)dg:_aﬂ%*x?(( 2 _k> WI)’
. 1 (/((n+1) S|
Hys = i) :_33%2(( 2 _k) _Z>'

5.2. The Relative Ideal Boundary Conditions. By (2.9) the analytic torsion with
respect to absolute or relative boundary conditions coincide. We will work with relative
boundary conditions.

Let dj max denote the maximal extension of d, in L*(Q}(C;(N), E), g, h¥). Further-
more, let djmim denote the graph closure of dj, in L*(Q}(C;(N), E), g,h¥). Then we
have Z(dgmin) C Z(dk.max), where both spaces are the Hilbert spaces equipped with
the graph-norm. Despite the fact that the differential dj. is not elliptic, there is still a
well-defined trace on its maximal domain by the trace theorem of Paquet [PAQ82].

(5.10)

Theorem 5.1. [PAQ82, Theorem 1.9] Let (X, g%) be a compact oriented Riemann-
ian manifold with isolated conical singularities and with smooth boundary 0X. Let
t:0X = X be the natural inclusion. Let (E,V,h¥) be a flat complex Hermitian vector

bundle over X and (Eax,Veax,hox) its restriction to the boundary. Then the pull-
back o* : QF(X, E) — QF0X, Epx) with QF(0X, Esx) = {0} for k = dim X, extends
continuously to a linear surjective map

(5.11) v D dimas) = H P (dyox),

where dypx is the differential on QF(0X, Epx), H™V*(Q*(0X, Epx)) the (—1/2)-th
Sobolev space on 0X and

H Y (dyox) i= {w € HV2(QMOX, Eox)) | droxw € H Y QF(OX, Eox))},
15 a Hilbert space with respect to the graph-norm.

Remark 5.2. The trace theorem [PAQ82, Theorem 1.9] is stated for the untwisted case
on compact (non-singular) Riemannian manifolds. Extension to flat Hermitian vector
bundles is straightforward. Moreover, the analysis localizes to an open neighborhood of
the boundary 0.X, so the trace theorem carries over to compact Riemannian manifolds
with singular structure away from 0.X.

ES
k,min

(512> Azel = dz,mindkﬂﬁn + dkfl,miﬂdltfl,min'

The minimal extension dj, min is defined as the graph closure of the de Rham differential
d, on Q(C;(N), E) in L*(Q*(C;(N), E), g, h*). Hence, Theorem 5.1 implies

-@<dk,min) - {W € @(dk,max)|b*w = 0}7
DA € {w € D(Dpmax)|t’w = 0,0 (dj_yw) = 0}.

Fix the relative extension of the Laplacian, induced by d

(5.13)
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By the Hodge decomposition of Q*(N, E), the de Rham complex (Q2%(C(N)),d) de-
composes completely into subcomplexes of the three types (5.4), (5.7) and (5.9). It has
been observed in [VER0O9A, Theorem 3.5] that in each degree k this induces a compati-
ble decomposition for the relative extension of the Laplacian. In the classical language
of [WEI80] we have a decomposition into reducing subspaces of the Laplacians. Hence
the Laplacians A induce self-adjoint relative extensions of the Laplacians Ag’, A?,
j=0,1,and HY, H}.

In order to discuss the corresponding relative boundary conditions explicitly, note
that by the classical theory of linear differential equations for any element f of
Q(A;ﬁmax) @(Afmax) j=20,2,0or 2(H},,,),7 = 0,1, f and its derivative f" are both
locally absolutely continuous in I with well-defined values at x € dI. More precisely at
x =11in case I = (0,1], and = € {¢,1} in case I = [¢, 1]. Hence the following boundary
conditions are well-defined

By(2)f = f'(@) + (=) erf(x), Bp(x)f:=f(z), =€l

In case of I = (0,1] boundary conditions at x = 0 need to be imposed. By the well-
known analysis, compare [BRSE88], [CHE79B] and the basic discussion of the second
author [VER09B], any solution f € L?(0,1) to

(5.14) —dQ—eri <u2—l)f=g€L2(0,1),

dz?  x? 4
admits an asymptotic expansion of the form

cl(/)VE + e f)yrlog(z) + O*?), v =0,
(5.15) f(x) ~ < (a2 f (a2 + O@%?), ve(0,1), z—0,
O(z*/?), v>1,

where the coefficients ¢;(f) and cy(f) depend only on f. Consequently the following
boundary conditions at x = 0 are well-defined

(5.16) BN<0>f:={gf(f>’ v €[0.1), BD(O)f::{(Cf(f)’ v€[0.1),

v>1.

Proposition 5.3. Let A;,, Am,j = 0,1, be the Laplacians of the pair of subcomplezres
(5.4) and (5.7), and let HY, HF, be the Laplacians of the subcomplex (5.9). The domains
of their relative self-adjoint extensions are given as follows. For I = [e, 1]

DALY = {f € 2(A) | Bp(e)f =0, Bp(1)f =0} = 2(A%),
DAY = {f € D(AT™) | B&(e)f =0, BE(1)f = 0},
D(AF)) = {f € D(AT™) | By "(e)f =0, By *(1)f =0},
2(

(

1rel) {fe 9( lmax) ‘ B]Ii/(e)f:(l B]Ii/(l)f:()},
| Bo(

D(HS ) ={f € 2(H, €)f =0, Bp(1)f =0}.

0 max)
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For I = (0,1] the domains are given by
D(AF) ={f € (A7) | Bp(0)f =0, Bp(1)f =0} = D(AF)),
D(AY) ={f € D((ATF) | Bp(0)f =0, BE(1)f =0},
DAY = {f € D(AY™) | Bp(0)f =0, By *(1)f =0},
P(Hf ) = {f € D(H o) | BN(0)f =0, BX(1)f =0},
D(Hgra) = {f € D(H o) | Bo(0)f =0, Bp(1)f = 0}.

Proof. The choice of the boundary conditions at = 1 in case I = (0,1], and at
z € {€,1} in case I = [, 1], follows for the individual relative self-adjoint extensions
from (5.13), the explicit form of the exterior differentials (5.2) and the fact that for
any x € 01 and the inclusion ¢, : {x} x N — C;(N), we have ¢ (fx—1, fr) = fx(z) for
any (fr—1, fr) € Z(Amax) with fi continuous at z. The boundary conditions at x = 0
in case I = (0, 1] have been determined in [VERO9B, Corollary 2.14] and [VER0O9A,
Proposition 3.6 and 3.7]. O

5.3. The Difference of Analytic Torsion for the Truncated and the Full Cone.
Let (N, g") be a closed Riemannian manifold of even dimension. Let C(N) := (0, 1] x
N, equipped with the metric g = dz? ® z%¢" and for ¢ > 0 let C.(N) := [¢,1] x N,
equipped with the same metric. Let Aj' and A}l denote the Laplacians with relative
boundary conditions on k-forms associated to (C(N),g) and (Ce(N),g), respectively.
Put

(5.17) T(e,s) := 1 dimzc‘im(—n’f ke (s, AR — (s, AFY)

) 9 £ ke » =k
T'(e, s) is related to the scalar analytic torsions of (C(N), g) and (C(N), g) by
(5.18) T'(6,0) =logT(C(N), E,g) —1logT(C(N), E, g).

Consider the decomposition of the de Rham complex as described in Section 5.1. For
each fixed degree k, the subcomplexes (5.4) and (5.7) are determined by a coclosed
eigenform ¢ € QF(N, Ey) of the Laplacian Ay with eigenvalue n > 0. For k =
0,....,n+1let

E} = Spec(Ag.can)\{0}.

For n € Ej, the relative boundary conditions for the Laplacians A;,, Aj,na j =0,1, of
the subcomplex-pair (5.4) and (5.7), and the Laplacians HY, HY, of the subcomplex
(5.9) are discussed in Proposition 5.3. Here we distinguish operators on (C.(N), g) by
an additional e-subscript.

Definition 5.4. Denote by m(n) the multiplicity of n € Ej. For Re(s) > 0 put
C’mH(S? 6) = dim Hk<N7 EN) (C(SJ Hg,e,rel) - C(Sa H(])C,rel)) )
.1 re ~re re ~re
G199 G(s,0 = 3 mlm) (¢ls 8%, = (s, A1) = (s, AT = C(s, A5

neEy
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We note that T'(e, s) can be expressed in terms of ¢ y(s, €) and (i (s, €) as follows

n/2—1 n

Z (=1)*Cu(s,€) + % Z(—l)k+1gk7H(s, €), Re(s) >0

k=0 k=0

(5.20) T(e, s) =

N | —

(see [VERO9A, (4.3), (4.4)]). Evaluation of (}(0,€) requires application of the double
summation method, which has been introduced by Spreafico in [SPRO5], [SPRO6]| and
was applied by the second named author in [VER09A], see Theorem 2.6, to derive
the general formula for analytic torsion of a bounded cone in. Evaluation of ¢; ;(0,€)
reduces to an explicit computation of finitely many zeta-determinants and application
of [LES98]. We begin with the evaluation of (}(0,€) for each fixed degree k along the
lines of [VER09A, Section 6.

Proposition 5.5. Forc > 0 let
Ac:={X € C: |arg(\ — ¢)| = w/4}
and assume that A, is oriented counter-clockwise. Put
n—1
oy = % —k, v(n):=+/n+ai, neSpec.Acan\{0}

Let c(n) = co/(2v(n)?), where co > 0 is a fized positive number, smaller than the lowest
non-zero eigenvalue of A and A, such that c¢(n) < 1 for alln € Ey. Then (i(s,€)

*,€7

admits the following integral representation for Re(s) > 0

2 o0 1s—1 -\t
G50 = 3 mnwn) = / r / €tk (NdAdt,
Pls+1) Jo 2mi )y, =A™

nEEy

where t’;,e()‘) is defined in terms of zeta-determinants by
det¢ (zfqu,e - V(n)z/\>
det (A, )
det¢ (ALY — v(n)?)) det (Af}] - V(U)Q)‘>
7 rel o log ~
det (A7) det (A7)

det (Af}m — V(n)2)\)
det (Af}w)

k _
tne(A) = —log + log

(5.21)

+ log

and log denotes the main branch of the logarithm.

Proof. Recall that the spectrum used to define (x(s,€) is the union of the spectra for

the Laplacians A} ., A} and Arel  Arel

Le 1n.er A%, where i runs over Ej. For any choice

Ln) € {ap a9, Ar AL g € B,
the spectrum Spec L(n) C RT is strictly positive. Indeed, Spec L(n) is contained in the
spectrum of the non-negative Laplace operator on the truncated or full cone, and its

zero eigenvalues arise in both cases only from harmonic forms H*(N, Ey). We note
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that the resolvent of L(n) is a trace class operator [LES98], and from Definition 5.4 we
infer for Re(s) > 0

622) Gl = Yomin) vl s [ oo [ e i

1T L(s) TS

where

Ipe(A) = Tr (A — () 205" >_1 ~Tr ()\ ()2 AL )‘1

n,€ 2,€,rel 2,e,rel
_ ~ N1
—Tr (A — 1/(77)*2Af717) 4T ()\ — V(n)*zAf}Y) :
For any choice of

L(T]) € {Afi%e,Arel &rel

1 =1m,e

85?717} N € Eku

we find by [LES98, Proposition 4.6] that, enumerating Spec L(n) = {\;}5°; in increasing
order, the series

R )

converges and by the choice of the logarithm branch is holomorphic in A € C\{z € R |
x > ¢(n)}. Moreover,

(5.24) T (M _ A) g dete(L(n) — v(n)2\)

=
v(n)? ax T det L(y)

By the definition of ¢(n) > 0, (5.23) is holomorphic in an open neighborhood of the
contour A.(;), and so we may integrate (5.22) by parts first in A then in ¢, and obtain

(5.25)  G(s,e) = Y _ m(n) y(n)—%i /0 T L /A e MhE (N)ddt

YIS F(S) 2m e(n)
5 82 o] . 1 e—/\t .
(5.26) = m(n) v(n)~ 5—/ t° —/ —t, (N)dAdt,
neZEk I'(s+1).J, 2mi Jp .y A"
where

det (A5, — v(n)*2)
det (Ef}@

det (35?3; - V(n)QA)
det (&rel) '

det, (Af}%e — 1/(7})2>\)
det (A1l )

tk (A\) = —log

e + log

(5.27)
dete (Af}] — V(T])Q)\)
det (A1)

+ log — log

1n
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Lemma 5.6. For any v > 0 and z € C we have

det Arel + 2.2 v
cte (AT, +1°2%) = 2T(v) (vell(vz) + ol (v2))
det (A})) (vz)V (14 oy /v)
det¢ Arel 4 22 v
( 1’71 ) = 2T () (vl (vz) — a1, (v2)).
det (A;e}?) (v2)" (1 — o /v)
dete (AL, +v°2%)  (vzll(vz) + oanl,(v2)) (veeK) (vze) + ap K, (vze))
det (A} ) B (12 —ai)(er —eV)

N <1 _vzK (vz) + apK, (vz)  vzel)(vze) + agl, (vee) ) |

vzl (vz) + apl,(vz)  vzeK!(vze) + ap K, (vze)
dete (Aﬁze + V222> _ (vzl)(vz) — gl (vz)) (vzeK) (vze) — o K, (vze))
det <§f6‘1 ) (2 — ) (e —e7)

1,m,e

NOWN: (1 _

vzKl(vz) — ap K, (vz)  wvzell(vze) — oyl (vze)
vzl (vz) — agl,(vz) vzeK!(vze) — ap K, (vze)

Proof. We evaluate the zeta-determinants using their explicit relation with the normal-
ized solutions of the operators, established by Lesch in [LES98, Theorem 1.2]. The first
two equations have been evaluated in [VER09A, Corollary 6.3]:

det Arel + 1/222 T

(Af +072) W) (02 (2) + anl, (v2)

det (A1) (v2)"(L+ /)
5.28 A re
B2 dot (Bp +0222) 2T (v) ,

— = ” (vzl,(vz) — ol (v2)).

det (A1) (vz) (1 = ax/v)

In order to evaluate zeta determinants of Af}%e and Ef}%g, consider solutions fy (-, 2)

and f4, (-, z) of (A} .+ 2%)u = 0 and (&?}76 + 2%)v = 0, respectively, normalized at

xr = 1. By definition (see [LES98, (1.38a), (1.38b)] these are solutions of the respective
operators, satisfying relative boundary conditions at * = 1 and are normalized by

for(1,2) =1and fs,(1,2) =1, ie.

(él,n,e + ZQ)f’t/J,V<'7 Z) = 07 fql/;7y(17 Z) + (_1)kck+1f¢,u<17 Z) = 07 fz/J,V('a Z) = 17
(Arpe+22) fou(2) =0, f,(L2)+ (=1)""eppfou(l,2) =0, fou(-,2) =1.
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Normalized solutions are uniquely determined and explicit computations lead to the
following expressions

fow(w,2) = (21,(2) + awly (2))Va K, (22) — (2K,(2) + K, (2)) V2l (27),
foulw, 2) = (21,(2) — L, (2))Va K, (22) — (2K(2) — oK, (2))Val, (z2),

1
(5.29) Fouw(2,0) = Z(V ~ag)a E(V )
1 1
f¢,u(l‘, O) = E(V + Ozk)xu+1/2 + 5(” . ak)x_”+1/27
where we use
1
5-30 K,()I(2) — K (2)I,(z) = —-.
1% v Z

In view of [LES98, Theorem 1.2] we find

dete (A1 +v72%)  fl (ev2) + (=1)f e fy (e, v2)
(

det (Alie}y e) a f1;7y(€7 O) + (_1>kck+1f’¢1,u €, 0) 7
5.31 ”
O30 et (B 4 #22) () + (DR funlev2)
det (A, ) J3,0(6,0) + (=i fo(e,0)

We note that in the non-singular case this is due to Burghelea-Friedlander-Kappeler in
[BFK95]. Plugging in the expressions (5.29) we obtain the lemma. Il

In particular, applying Lemma 5.6 several cancellations lead to a representation of
ty () in terms of Bessel functions with v = v(n) and z = v/—X, where we use the main
branch of logarithm in C\R™, extended by continuity to one of the of the cut

tfm()\) = —log (vzeK ) (vze) + . K, (vze)) — log (1 + %)

+log (vzeK, (vze) — ap K, (vz€)) + log (1 — %>
v
(5.32) oo (1 v2K (vz) + ap K, (vz)  vzell(vze) + axl,(vze)
— O —_— .
& vl (vz2) + apl,(vz)  vzeK! (vze) + ap K, (vze)
vzKl(vz) — ap K, (vz)  vzel (vze) — oy 1, (vze)
vzl (vz) — apl,(vz) vzeK!(vze) — ap K, (vze)

+log <1—

For the arguments below we need to summarize some facts about Bessel functions.
We consider expansions of Bessel-functions for large arguments and fixed order, (see
[ABST92, p.377]). For the modified Bessel functions of first kind we have

- L(z) = J;W_z (1 +0 (é)) ,
- o)

|z| — o0.
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Expansions for modified Bessel functions of second kind are

Ko () — \/Z (1+0 (i)) ,
K (2) = —\/gez (1+o (é))

The expansions (5.33) and (5.34) hold in |arg(z)| < 7/2, in particular they hold for
z = y/—A with A € A, large. For small arguments and positive orders v > 0 we have
the following expansions

(5.34) 2| — oo.

v r
L)~ Ky(e) ~ 2t B
2T(v+ 1) v
(5.35) 1 P+ 1) as |z| — 0.
z v
_[/ ~ K/ ~ _21/—1—
Z/(Z) 2VF(V)’ I/(Z) ZV+1 )

Next recall the expansions of Bessel-functions for large order v > 0 (see [OLV97, Section
7]). For any z € {w € C: |arg(w)| < 7/2} U {iz|x € (—1,1)}, put

t:=1+2>)"Y% and €:=1/t+log(z/(1+1/t)).

For the modified Bessel functions of first kind we then have

1 an v, z)_
I, 1 ;
(VZ) /27_”/ (1 + 22 1/4 + Tzl ]
(5.36) -
N-1
I/ (I/Z) _ 1 + Ur(t 77N2 v, Z)
v \/27r1/2(1+z2 —1/4 — v |

Expansions for modified Bessel functions of second kind are

S e V¢ = u,(t) 77N73(1/, z)
K”(””‘\/;(Hz?)w Ly Ty |
(5.37) - . -

oy — [T S ot na(v2)
Kolrz) = \Ezuw)—w L T

The error terms 7y (v, z) are bounded for large v uniformly in any compact subset of
{z € C: |arg(z)| < m/2} U{iz|zr € (—1,1)}. For this fact see the analysis of the validity
regions for the expansions (5.36) and (5.37) in [OLV97, Section 8]. For A € A, with
0 < ¢ < 1, the induced z = /=X is contained in that region of validity, where we use
the main branch of logarithm in C\R™, extended by continuity to one of the sides of the
cut. The coefficients u,.(t), v.(t) are polynomial in ¢ and defined via a recursive relation

(see [OLVIT, (7.10)]).

3

<

3
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Asin [BKD96, (3.15)] we have for any fixed o € R the following expansion as v — oo

log (1 + Z (il(jt))r Nl)) ~ Z g;fgz + 0N,
(

The coefficients D,.(t) and M, (t,«) are polynomial in ¢ of the form

r

(5.39) D, (t Z:pr 2 M (t o) = ervb(a)t’"“b.

b=0

This follows from the fact that the w,.(t)’s and v,.(t)’s are polynomials. See also [BKD96,
(3.7), (3.16)]. As a consequence of [BGKE96, (4.24)] we have

(5.40) M,(1,a) = D,(1) — @

Proposition 5.7. There ezist €,¢ > 0 such that for Re(s) > 0 we have

82 Oots 1
Ck(57€>zr(8+1)/0 2m/ — T (s, N)dAdt,
= m(n) tk (N v(n)~

nEEy

Proof. Consider the expression of /' ()) in (5.32) in terms of Bessel functions. We
need to investigate its behavior for large 7, or equivalently for large v(n). Let z € {w €
C: |arg(w)| < 7/2} U {iz|z € (=1,1)} and t. := (1 + (e2)?)~Y/2. By (5.37) we find

—log (vzeK] (vze) + ap K, (vze)) + log (vzeK] (vze) — ap K, (vze))

1 [ = vy (te) o =2 ur(te) Kna(v, ze)_
(5.41) s _(1 > <—u>r> e (1 *2 (_,,)T) e
5 [ = v (te) oy e ur(te) Kna(v, ze)_

+ log _(1 + 3 (_V)r> R (1 - z; (_V)T) LEE |

where the error terms
kna (v, z€) =y a(v, z€) + (aute)nn—13(v, z€)

5.42
( ) kna(v, z€) = nna(v, z€) — (aute)nn—13(v, z€)

are bounded for large v uniformly in any compact subset of {z € C: |arg(z)| < w/2} U
{iz|z € (—1,1)}. Employing (5.36) and (5.37) we find with £ := 1/t +log(z/(1+ 1/t))
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and & := 1/t. + log(ez/(1 + 1/t.))
log (1 2K (vz) £ a K, (vz)  vzel(vze) £ ogl, (vze) ) _
vzl (vz) £ apl,(vz) vzeK!(vze) + ap K, (vze)
log (1 — e *"9(1 + K(v, 2))) ,
where the error term k(v, z) is again bounded for large v uniformly in any compact

subset of {z € C: |arg(z)| < w/2}U{iz|z € (—1,1)}. We need to consider the difference
(& — &) in detail.

—&=/1+ \/1+z2+log<

(5.43)

1+¢f+7<ez>z) “tox ()

B 1 e+ (e2)? €z o z
= Vi) [1 1+ (e )] g<1+«/1+(ez)2> 1g<1+\/1+z2)'

We are interested in the asymptotic behavior of ({ — &) as € — 0, which is possibly
non-uniform in z. Hence, we consider (§ — &) under three asymptotic regimes, |ez| —
00, lez| — 0 and |ez| ~ const. We find by straightforward estimates

Re (& — &) ~€eRe(z)(1 —1/e) = Re(z)(e — 1), as |ez| = o0, € = 0,
(5.44) Re (& — &) ~ loglez| — Rev1+ 22, as |ez]| = 0, € — 0,
Re (& — &) ~ —Ce™ !, as |ez| ~ const, € — 0,

for some constant C' > 0. For {z € C: |arg(z)| < 7/2} U{z = iz|x € (—1,1)}, we have
Rev1+ 22 > 0, and Re(z) > 0 as |z| — oo. Consequently, for € > 0 sufficiently small
Re(& — &) < 0 < 0 for some fixed 6 < 0 and hence exp(2v(§ — £)) vanishes as v — oo,
uniformly in any compact subset of {z € C: |arg(z)| < w/2} U {iz|z € (—=1,1)}.

The uniform expansions above show that in (5.41) and (5.43) the arguments of the
logarithms stay away from the branch cut C\R~ for v large enough and € > 0 sufficiently
small, uniformly in any compact subset of {z € C: |arg(z)| < 7/2} U {iz|z € (—1,1)}.
Consequently, in view of the expression (5.32), 776()\) is in particular holomorphic in
an open neighborhood of {\ € [0, ]} C C for some 0< ¢ <1 and v(n) > vy. Moreover,
for any 1 € Ej, t; (A) is holomorphic in A € C\{z € R | z > ¢(n)}. Thus, setting
c:=min{d,c(n) | n € Ex,v(n) < v}, we deduce for € > 0 sufﬁciently small

s = S mi v > [ 5 [ Sk o

nEEy

The deforming of the contour of integration from A.(;) to A. is permissible, as the defor-
mation is performed within the region of regularity for each tﬁve()\), n € Er. Employing
again the expansions (5.36) and (5.37) we find that

(5.45) > m(n) t (Aw(n), Re(s) >0,

converges uniformly in A € A. and hence by the uniform convergence of the integrals
and series we arrive at the statement of the proposition. 0
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Proposition 5.8. Let the notation be as in Proposition 5.5 and 5.7. Let X € A,
and t(\) := (1 — (2X))"Y2. Then for ¢ > 0 sufficiently small we have the following
asymptotic expansion for large v(n),n € Ey

o0

)~ Y s (M), ) = 00+ (EEE2L) )

r=1

Proof. Consider expansions of the individual terms in the expression (5.32) for ¢} ()).

For A € A, z = /= lies in the region of validity of the expansions (5.36) and (5.37).
Combining (5.37) and (5.38) we compute for large v = v(n)

—log (vzeK, (vze) + ap K, (vze)) + log (vzeK] (vze) — ap K, (vze))

w5

k=1 r=1

+log (1 +3° U(%?”) _ (f’;)te(x) (1 Y u((_t_y()A)))

o0

~ Z (_—11/)7‘ (=M, (t(N), o) + My (te(N), —ay)) , as v — oo.

The standard expansion of the logarithm yields for large v

—tog (1 %) +1og (1- %) = 30 (A=),

This already gives all the terms in the stated asymptotic expansion of tfj’g(—zz). Thus
we need to check that the remaining terms indeed have no asymptotic contribution.
Using (5.36), (5.37), and putting & = 1/t.(\) + log(ez/(1 + 1/t()\))), the remaining
terms are estimated as follows

vzKl(vz) £ ap K, (vz) wvzell (vze) £ oy 1, (vze)
vell(vz) £ apl,(vz)  vzeK! (vze) £ oK, (vze) -

r=1

(5.46) O(e* &) v — oo.

The difference (£ —&) has been considered in detail in Proposition 5.7. For e sufficiently
small, Re(¢, — €) < 0 and hence the remainder term O(e?(¢9) in (5.46) does not
contribute to the asymptotic expansion for large v. 0

Next we introduce a (shifted) zeta-function by

(547)  Gunls) == D mn) v(m) ™ = ¢ (5 Areay +af) , Re(s) >,

nEEy

where as before m(n) denotes the multiplicity of n € Ej. The heat trace expansions
for (Apcan + ai) and Ay .qn have the same exponents, and hence ¢ n(s) extends
meromorphically to C with simple poles at {(n — 2k) | £ € N}. Consequently, the
terms »(n) " in the asymptotic expansion of ¢§ (\) with r = n—2k, k € N, may lead to
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singular behavior of T¥(s, \) at s = 0. We regularize T (s, \) by subtracting off these
terms from ¢§ (), and define

7560‘) =(=17 (Mr(teo\); —ay) — M (t(N), ag) + (M)) 7
(5.48) .
Phe) =t () = v I, PR ) = 3 m (gl (W)

r=1 neky

By construction, P¥(s,\) is regular at s = 0. The contribution of the terms fF ()) is
computed in terms of the polynomials M,(¢, ) in (5.39). The computation uses special
integrals evaluated already by Spreafico [SPRO6].

Proposition 5.9.

< 1 e M d L(s+b+1r/2)
T [ R dNdt = (1)) (zep(—an) — 2 >
/0 / 2\ fr,e( ) ( ) (Z ,b( ak) Z ,b<ak)) SF(b—f—T/Q)

271
Ae b=0

Proof. The M-independent part of f,ffg()\) vanishes after integration in A\. The coefficients
M, (t(X), £ay,) in the definition of f¥ (X) are polynomial in t.(A) = (1—€2A)~"/%. Hence
we compute, by substituting first u = €2\, and then 7 = ¢ /¢

o 1 e~ 1 o 1 e hr 1
5 — d\dt = ** 31—/ ——dpd
/0 2mi //\c A (1 —€e2\) ‘ /0 T omi n, — (1—p)e par

2c

For the inner integral we obtain by substituting z = 7(u — 1)

1 —HT 1 1 —
— ‘ ——dp = ——,e_TT“/ ¢ (—z) %z,
2mi S, —k (1 —p) 2mi ANZFT

where A = Ar(c2.—1). The contour of integration encircles a pole singularity z = 0 of the
integrand and the second pole at z = —7 lies outside the contour of integration. Hence
we can deform the contour to start at infinity of the real axis, continue along real axis
to some ¢ > 0, continue along the circle of radius ¢ around the origin counter-clockwise,
and then continue from d back to infinity along the real axis.

The deformation does not change the value of the integral, and the deformed contour
shall be denoted by 65, with its three components €7, j = 1,2, 3, as in Figure 5.3 below.
We can now evaluate the integral along each of these three components.

Note that the many-valued function (—z)~* is made definite by the convention

(_Z)fa _ efalog(fz)’
with the main branch of the logarithm. Along %} we have arg(—z) = —, and along
%2 we have arg(—z) = 7. Consequently, we find

1 —Zz M oo —z
——e 7" / < (—2) %z = Sm(aﬁ)eTT“/ € gy
5
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&)
/)
I

6? 5

F1GURE 3. The deformed integration contour %j.

Assuming Re(q) < 1, the limits as § — 0 for the integrals along each of the three
components 67,7 = 1,2, 3, are well defined and in fact the integral along €3 vanishes
in the limit. Consequently we obtain using [GRRY94, 8.353.3] and assuming Re(a) < 1

1 —z : 0o -z
(5.49) ——,e_TT“/ c (—2) %z = Sm(aw)e_TT‘l/ £ g
2mi ANZ+T m 0o 24T
(5.50) S b (= ).
7r

Since the left integral in (5.49) and the expression (5.50) are both analytic in a € C,
the equality between the two in fact holds for any a € C and the statement follows
finally from the relation between the incomplete Gamma function and the probability
integral

* _oaller)  T(s+a)
(5.51) /0 T T(a) dr = ST

O

Consequently we arrive at the intermediate representation of (i (s, €) for Re(s) > 0

tsfl efkt .
Ce(s,€) GED) 5 ) PF(s,\)d\dt

" Z G (25 + ”r(( ff) > (et-n) = ralo)

(5:52) L(s+b+71/2) ,

L'b+r/2)

While the second summand in (5.52) extends meromorphically to C, it still remains
to derive an analytic extension to s = 0 for the first summand.

S

Proposition 5.10. Let the notation be as in Proposition 5.5 and (5.48). Then for
large arguments A € A. and fixed order n € Ej we have the following asymptotics

pf],e(/\) = bﬁ,e +0 ((_)\>71/2) )

where

e =tos (1575 ) e (145357) - Z = ()
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Proof. The function pgje()\) is given by the following expression

n

Phe) =1t (A) = ﬁ (

The polynomials My, (tc(X), 2ay) have no constant terms, and hence My, (tc(A), ay) ~
O ((—=A)7"?), A = oo, since

> Mo(t(0), —an) — Mo(t(N), ax) + (M)) |

_ 1 _ 172 5o
(5.53) te(\) = Nt O((=N""), X— .
By (5.33) and (5.34), setting v = v(n)

—log (vzeK, (vze) + ap K, (vze)) + log (vzeK] (vze) — ap K, (vze))
~log (1 + %> —log (1 - %> +0 ((—)\)_1/2) ~ O ((—/\)_1/2) ., A — 00.
vze
Moreover
vzKl(vz) £ ap K, (vz) wvzel (vze) £ a1, (vze)
vzl (vz) £ apl,(vz) vzeK!(vze) £ ap K, (vze)
(e —1) < 0 and Re(z) > 0 for large z = /=X, A € A.. Consequently O(e?*(<~1)) is in

particular of O ((—)\)_1/ 2) asymptotics for A — oo, A € A.. By the explicit expression
for ¢} .(X) in (5.32) the statement follows. O

vze

~ O <) X = oo0.

Definition 5.11. Define for Re(s) > n in notation of Proposition 5.10
(5.54) Bf(s) == > m(n) b v(n) .
neEy
B¥(s) converges at s = 0 by construction, since ¢; x(s) converges for Re(s) > n.
Proposition 5.12. Let P(s, \) be defined by (5.48). Then
P¥(s,0) = 0.
Proof. By (5.40)

(=) — o,

(5.55) M, (1, o) = My (1, o) = "

For any fixed € > 0 clearly A\ — 0 implies that ¢t = (1 — €2X)~'/2 tends to 1. Hence

) = (-1 (Mr(l, —an) = My(1, o) + (M» 0.

r
Moreover, by (5.35)
—log (vzeK), (vze) + ap K, (vze)) + log (vzeK, (vze) — ap K, (vz€))

Nlog(l—{—%)—log(l—%), as A — 0.
v v

Moreover we have
vzK(vz) £ ap K, (vz) wvzel (vze) £ a1, (vze) 9 N0
: ~ €, as :
vzl (vz) £ apl,(vz) vzeK!(vze) £ ap K, (vze) ’
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By the explicit expression for ¢ (A) in (5.32) the statement follows. Note that the
e—dependence cancels. U

We can now put everything together and write down the meromorphic continuation
to s = 0 of the zeta-function (i (s, €), introduced in Proposition 5.5. By the arguments
of [SPRO5, Section 4.1] we have

Ck(s,€) = m (PF(s,0) — BE(s))
(5.56) + ngN (25 + r)r(( l f) 2 (zr,b(—ak) - Zr,b(Oék»F(;(‘;)‘j:"/g/)Q) 2
+ m h(S, 6),

where h(s, €) vanishes with its derivative at s = 0. Note that all the terms are regular
at s = 0. Inserting the results of Proposition 5.9, Proposition 5.10, Proposition 5.12
together with Definition 5.11 into the expression (5.56) we obtain the following

Proposition 5.13. Let (En, Vi, hy) be a flat Hermitian vector bundle over an even-
dimensional oriented closed Riemannian manifold (N, g"). Denote by Agcan the
Laplacian on coclosed k— differential forms QF (N, Ey). Let the notation be as in (5.39)
and (5.47). Put

n—1 /
ay = ( 5 ) —k, v(n)=+/n+ ai, for n € Ey = SpecAy ca,n\{0}.

Let m(n) denote the multiplicity of n € Ey. Then for € > 0 sufficiently small, (x(s,€)
defined in Definition 5.4 admits an analytic continuation to s = 0 of the form

5 (S m) w2 [rog (142} 4y )
G(5:6) = 7y (Z (n) v(n) (1g(1+y(n))+;ryw)>

: > | o _ % —~ aj
(5:57) RSE <Z o (l «(1-55) 2 ww))
Y (1)'s §
+ ;Ck,N(QS + r)m b_o(z,,«b( ar) — zrp(ag))
L(s+b+71/2) , 52
To+r2) ¢ T Tean e

where h(s) vanishes with its derivative at s = 0.

Note the full analogy (up to computationally irrelevant, but geometrically crucial
sign differences) to the corresponding result in [VER09A, Proposition 6.10]. An ad
verbatim repetition of the arguments in the proof of [VER09A, Corollary 6.1] leads to
the final formula.
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Corollary 5.14. Let (En,Vn,hy) be a flat Hermitian vector bundle over an even-
dimensional oriented closed Riemannian manifold (N, g"). Denote by Apcan the
Laplacian on coclosed k— differential forms QF (N, Ex) and put

n—1 /
ap = ( 5 ) —k, y(n) =\/n+ az, for ne k= SpeCAk,ccl,N\{0}7

Gen(s) =Y m(n) v(m) ™, Gen(s,Far) = ) m(n) (v(n) £ )™, Re(s) >0,

nEEy nEEy

where m(n) denotes the multiplicity of n € Ex. Then we find in notation of (5.39) for
e > 0 sufficiently small

n/2 2r
I'(b+r)
(0, E:R )3 Cans(—a) — 220 .
(0, €) es G, (s 2 0(22 b(—ar) — zarp(ar)) T

+ Ck,N( , =) — Ck,N(Ov ).
Proof. We follow the approach of [BKD96, Section 11]. Define
K(s,+ay) == Z m(n) v(n)~* | —log (1 + &) - i (Faw)S :
o vin)) = rv(n)

The series K(0,+ay) converges absolutely, since (i n(s) converges absolutely for
Re(s) > n. In order to evaluate K (0, +aqy), define

n
t T
(s, tayg) : E m(n / 5= Le—v(mt <e¥akt — E (:Fa;e ) ) dt
r!

(5.58) neb i =
= F(S) Ck,N(Sa :tak) — Z (:Fak> F(S + 7”) Ck,N(S -+ 7’).

r!
r=0

Ko(s, £ay) is an absolutely convergent sum at s = 0, since (x y(s) converges absolutely
for Re(s) > n. By construction

(5.59) K(0, £a;) = Ko(0, £ay,).
Furthermore we find from (5.58) and regularity of Ko(s,+ay) at s =0

n Ta r
(5.60) G0, £0) = Gon(0) + 3 T Res g (s).
Using (5.60) we obtain following expansion at s = 0

['(s) Gen(s, Tag) ~ (% — v+ O(s)) (Cen(s, £ag) — Gn (0, £ag))

5:61) # (£ =7+ 06)) G0 £00) ~ 6010, 20n)

s (1 - 7) (@,ﬂo) Ly o, gk,N<s>) +0(s).
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Similarly we find
56 TEGN() ~ G0 + (5~ () + 0s), a5 5 0.

Moreover, denoting by PP(, n(r) the constant term in the asymptotics of (; y(s) near
the pole singularity s = r, we compute

n n

Z (o)’ L(s+7)Cn(s+r)~ Z T o) Res Gy (5)

— 7l — 7l s
(5.63) - -

+ Z (¢i%) PP n(r) + O(s), as s — 0.
r=1

Plugging (5.61), (5.62) and (5.63) into (5.58) we arrive at the following
K(0, o) = Ko(0, £ax) = ¢ v (0, @) = G v(0)

(5.64) _ g @ (E{frs Crn () (7 + 11:/((:))) + PPCk,N(T)) ;

This result corresponds to the result obtained in [BKD96, p. 388], up to certain factors
due to a different notation. Furthermore, we compute straightforwardly

d s T(s+b+5) 1 I (b+1%)
— 25 + 22 == ———2L 4 + PP .
RIS TP T VO L L oy s S Gn(r)
Finally, note by (5.39) and (5.40)
: —ay)" — af
(5.65) > (zra(—an) = zpen)) = My (1, —ay) — M, (1, ) = (Zow)" —aj

r
b=0

Differentiating (5.57), we arrive at the result; note that e—dependence cancels, since

(5.65) vanishes for r even, whereas on the even dimensional closed Riemannian manifold

(N™ g") the residue Res (; v(s) vanishes for r odd. O
s=r

Proposition 5.15. Let (En, Vi, hy) be a flat Hermitian vector bundle over an even-
dimensional oriented closed Riemannian manifold (N, gV). Denote the Euler charac-
teristic of (N, Ey) by x(N, Ex) and the Betti numbers by by, := dim H*(N, Ey). Then
in notation of Definition 5.4 we find

n (_l)k_H , n (_1>k 1— 6n—2k—i—1
pr— 1 —
Z 5 G (0, €) Z 5 b log n ok 1

k=0 k=0
n/2—1 n/2—k—1
(5.66) + ) (=1 > log(20+1)
k=0 =0
n/2—1

+ > <_21)k by log(n — 2k + 1)
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Proof. By Definition 5.4 we can write

n o q\k+1 N a\k+1
SOV a0 =3 Y b s, A,

k=0 2 k=0 2
(5.67) -
(_1>k+1 k
= b (s Hf ) = His. ) — H(s).
k=0

H'(0) has been evaluated in [VER09A, Theorem 7.8] with

n n/2—1
(=D log 2 (—1)F
——D 0, H =—x(N,Ey) — b 1 —2k+1
kzg 9 kC( ) O,rel) 2 X( ’ N) kz; 9 k Og(n + )
(5.68) n/2—1 n/2—k—1
= > (=DFb > log(2l+1).
k=0 1=0

We evaluate H'(0,€) using [LES98, Theorem 1.2}, which relates the zeta determinants
to the normalized solutions of the operators, satisfying the corresponding boundary
conditions. The boundary conditions for Hé“,grel have been determined in Proposition
5.3, and are given by the Dirichlet boundary conditions. By the formula [LES9S8,
Theorem 1.2] we then find

) ﬁ (e_lak| _ €|Oék|) )

oyl

(5.69) det; (H

0,¢,rel

Taking logarithms and employing Poincare duality on (N, ¢g") we find

no ok
HI(O, 6) = Z ( 21) bk 10?; detC (Hg,e,rel)

(5.70) DY o (ﬁ (el €|ak|))

il
=)

2

I
ol
. HM
o

—1)k €
( 2) by log (|Oél:/_—|— 1| (€_|ak+1| — €|ak+1|)> .

Obviously, we can replace |ay + 1| by (ax + 1) in the expression above, and find after
straightforward cancellations

k=0

H/(07 6) = % bk IOg ((@—\/El) (6—(0%4-1) . E(O‘k-i-l)))

i\

kT
n (_1)k P 1_6n72k+1
= b, log | 2eF /2 [ ————
(5.71) % 5~ i log | 2¢ TR
(1) 1— e 2N log?2
- ybelog ( Sgpmy ) T (L B,

k=0
The statement follows by combination of (5.68) and (5.71). O]
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Summing up the expressions in Corollary 5.14 and Proposition 5.15, we arrive at the
following result.

Theorem 5.16. Let (C(N) = (0,1]x N, g = dz*®z*g") be an odd-dimensional bounded
cone over a closed oriented Riemannian manifold (N™, g"). Denote by (C.(N) = [e, 1] x
N, g) its truncation. Let (E,V,h%) be a flat complex Hermitian vector bundle over
(C(N),g) and (En, Vi, hy) its restriction to the cross-section N. Denote by x(N, Ey)
the Buler characteristic and by by := dim H*(N, Ey) the Betti numbers of (N, Ey).
Denote by Ay can the Laplacian on coclosed k— differential forms ch(N, EN) and put

-1 /
ap = (n 5 ) _ k;7 V(T]) = N+ Oéi, for n e Ek = SpeCAk,ccl,N\{0}7

Gen(s) = D m(n) v(m)™,  Gun(s,xar) == Y m(n) (v(n) £ax)™*,  Re(s) >0,

nEEy nEEy

where m(n) denotes the multiplicity of n € Ey. Then the difference of the scalar analytic
torsions for (C(N),g) and (Ce(N), g) is given by the following explicit expression

logT(C.(N), E,g) —logT(C(N),E, g) = Z (—1) b log (ﬁ)

=0

prd 2 n—2k+1
n/2—1 n/2—k—1 n/2—1 (_1)k
+ ) (D Y log2+1)+ > 5 belog(n — 2k +1)
k=0 1=0 k=0
n/271 k n/2 ,
I"b+r)
Res G, ( (zorp(—ar) — 22rp(ar)) =7 —=
S S a3 ot
n/2—1

O (Gn(0. ) — (0. 00)

+
k=0

Comparison of Theorem 5.16 and Theorem 2.6 yields the following

Corollary 5.17. Let (C.(N) = [e,1] X N, g,90),€ > 0, be an odd-dimensional cylinder
over a closed Riemannian manifold (N, g"), with a pair of Riemannian metrics g =
da?® @ 229" and go = dx® ® g~. The Riemannian manifold (C.(N),g) is a truncated
cone, while (Co(N), go) is an exact cylinder. Fiz a flat complex Hermitian vector bundle

(E,V,h¥). Then

n _1k 1 — n—2k+1 log 2
log T(CL(N), E.g) = 5 ¢ >mm< ‘ >+%XWEM

2 n—2k+1 2
(572) n/2— 1 k n/2 F/(b —+ T)
+ Z Z Res Cr.n ( Z (22rp(—an) — z2rp(ar)) Lb+7)’

=0
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and the analytic torsion norms of (Ce(N),g) and (Cc(N),go) are related as follows
H ‘ n/2— 1 k n/2

log { - Nicim.g) Z 253 R
I 116 ). 2.90)

X Z <Z2r,b(_04k) - ZZr,b(ak))

(5.73)
'b+r)
r'b+r)

Proof. The first relation (5.72) follows by a direct comparison of Theorem 5.16 and
Theorem 2.6. For the second relation note, that by definition of analytic torsion norms
we have by (5.72)

|- |(C (N),E; - (—1)’C 1 — en—2k+1 1
(n 75 o > S wton (L= ) — XN B st~

N),E;g0) k=0
n/2— 1 k: n/2 or ,
I"b+r)
ReS Cen ( (zorp(—ag) — 2orp(Og)) =
S 0 ot
4 log ( - ||detH*(C( )E)g>
|+ llaet &+ (Ce (), ) .90

The quotient between the norms on det H*(C.(N), E), induced by the L*(g, h¥) and
L?(go, h¥) norms on harmonic forms, amounts by a straightforward computation to

| - Ildet 7+ (C (), E) g 1 n (—1)* 1 — en—2k+1
1 59 ) = Z (N, Ex)log(l — €) — by 1 _

|+ aet 2+ (ce(v).2).90 = 2 2k+1

Hence overall we arrive at the following

RS n/2— 1 g /2 2r ! r
lo (H”—)> Z Z Res Cen ( Z (z2rp(—a) — z2rp(ar)) %

H |(C(N ),E590) k=0 =0

6. METRIC ANOMALY AT THE REGULAR BOUNDARY OF THE CONE

Consider a truncated cone C.(N) = [¢,1] x N, g = dz* ® 22¢g" over a closed oriented
Riemannian manifold (N, ¢"V). The Levi-Civita connection V7¢(®) induced by g,
defines secondary classes B.(VT¢ ™)) and B;(VT%M) at the left {x = €} x N and the
right {z = 1} x N boundary components of C.(N), respectively.

Introducing new coordinates y = log(1/x) near the right boundary component {x =
1} x N of C.(N), and z = log(x/€) near the left boundary component {x =€} x N, we
can write for 4 > 0 small the Riemannian metric g as follows

g=re(dy*+g"), y €[0,0), near {x =1} x N of C.(N),
g=¢€e”(dz>+g"), 2 €[0,6), near {x =€} x N of C.(N).

By Proposition 4.1 and in view of (4.4) and the explicit formulae in (4.2), we deduce
(6.2) B(VTOWN)) = By (VTN =: By (gV),

(6.1)
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independent of € > 0. Note, that the metric anomalies at z = € and x = 1 are defined
with respect to different inward unit normal vectors at the boundary, which amounts
to an additional sign only in case of an odd-dimensional cross section. In our setup
of even-dimensional cross-section, both anomalies coincide. Since the corresponding
secondary classes induced by the product metric on C.(NN) are zero, we arrive by (2.16)
at the following proposition.

Proposition 6.1. Let (C.(N) = [e,1] X N, g, g0),€ > 0, be an odd-dimensional cylinder
over a closed Riemannian manifold (N,g"), with a pair of Riemannian metrics g =
dz? @ 229N and go = dz* ® gV. The Riemannian manifold (C.(N),g) is a truncated
cone, while (C.(N), go) is an exact cylinder. Fiz a flat complex Hermitian vector bundle
(E,V,h¥). Then the analytic torsion norms are related as follows

1 1S oy .g>> N
6.3 lo T’ — —rank(E) [ Bi(g").
(6.3) <|| i (B) /N (™)

Comparing Corollary 5.17 and Proposition 6.1, we arrive at the following result.

Corollary 6.2. Let (C(N) = (0,1) x N,g = dz* & 2%g") be an odd-dimensional
bounded cone over a closed oriented Riemannian manifold (N", g"). Let (E,V,h¥) be
a flat complex Hermitian vector bundle and (Ex,Vy, hy) its restriction to the cross-
section N over C(N). Then, in the notation of Section 5, the integral of the secondary
class B1(g™) may be expressed as follows

n/2—1 k 1 n/2 2r / r
rank(E) /N B1(gN) _ Z ( i Z 1%_@? Ck:N Z (ZQT,b(_ak) - ZQr,b(ak)) FF((£++_T)) .

Remark 6.3. The quotient of analytic torsion norms in (5.73) is independent of € >
0, which also implies scaling invariance of the secondary class By (V7)) and the
statement of Proposition 6.1 follows, independently of the general result in Proposition
4.1.

Example 6.4. The following example might be illuminating for the identity in Corol-
lary 6.2. Consider the special case of N = T? being the two-dimensional flat torus,
and E a trivial line bundle. Then one can verify Corollary 6.2 by direct computations.
Indeed, from [BGKE96, (3.6), (3.7)] we infer

1

Consequently, with n = 2 and ag = 1/2, we find
(20(=1/2) = 220(1/2)) ?((11)) _ _%1;((11)) 2
(6.5) (o1(—1/2) — 2y (1/2)) BB L0 Ly

(222(=1/2) — 202(1/2)) T
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Moreover, the heat trace expansion for the flat two-dimensional torus implies
R_628 Con(s) =2~ R_els(’(s, Ao n) =2 (47) " Vol(T?).

In total we find for the right hand side of the equality in Corollary 6.2
n/2—1 ket n/2 2 ,

D > ResGun(s) Y (zarp(—ar) = 2ap(an)) =

(66) =0 2 —1 s=2r b—0 F(b + T)

1
= ——Vol(T?).
87TV0( )

On the other hand, the expression for the integral of Bi(g") follows from [BRMAO6,
(4.43)], which in our special case reduces to

(6.7) /NBl(gN) = —% (%)QVOI(TQ) = —%VOI(TQ).

Both, (6.6) and (6.7) agree, as asserted by Corollary 6.2.

Corollary 6.2 together with Theorem 2.6 leads to the main result of this section,
announced in Theorem 2.8.

Theorem 6.5. Let (C(N) = (0,1)x N, g = de?®2?g") be an odd-dimensional bounded
cone over a closed oriented Riemannian manifold (N™, gN). Let (E,V,h¥) be a flat
complex Hermitian vector bundle and (En,Vy,hy) its restriction to the cross-section
N over C(N). Let by = dim H*(N, Ex) be the Betti numbers and x(N, Ey) the Euler
characteristic of (N, Ey). Denote by Ay can the Laplacian on coclosed k— differential
forms QF (N, Ey). Put oy, = (n —1)/2 — k and define

ccl
v(n) = y/n+ a3, for n € Ex, = SpecAy .an\{0},
Cen(s, ag) = Z m(n) (v(n) £ ax)™%, Re(s) >0,

nEEy

where m(n) denotes the multiplicity of n € Ey. Then the logarithm of the scalar analytic
torsion of (C(N),g), is given by

n/2—1 (_1)k+1 n/2—k—1
logT(C(N), E,g) = Z 5 b Z log (20 + 1) + log(n — 2k + 1)
k=0 1=0

n/2—1 (_1)k
+ >0 (G0, ) = G (0. ~a))
k=0

log 2
2

1
X(V, Ex) — 7 rank(E) / Bui(g").
N
Theorem 6.5 identifies the residual term in the formula for analytic torsion of a
bounded cone in Theorem 2.6 in terms of the metric anomaly of analytic torsion at
the regular boundary of the cone. This identifies the actual contribution of the coni-
cal singularity to the analytic torsion, clearing up the formula in Theorem 2.6 of the
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contributions from the regular boundary. We can rewrite Theorem 6.5 in terms of the
analytic torsion norm.

Corollary 6.6. Let C(N) = (0,1] x N, g = da* ® 2*g" be an odd-dimensional bounded
cone over a closed oriented Riemannian manifold (N™, g™). Consider (C(N), go), where
gpr coincides with g near the singularity at x = 0 and is product dz* & gV near the
boundary {x = 1} x N. Let (E,V,h¥) be a flat complex Hermitian vector bundle
and (En,Vn,hy) its restriction to the cross-section N over C(N). Then the quo-
tient of analytic torsion norm for (C(N),gy) and the L*(g, h¥)—induced norm on
det H*(C(N), E) is given by

|- 1 e b [
log (C(N),E;gpr) _ Z (_1)k+1_k Z log(2l+1)2+log(n—2k+1)
H ’ ||detHk(C(N),E),g k=0 z 1=0
n/2—1
log 2 (=1)*
+ = x(N, By) + ; 5 (Gin (0, 0k) = Gy (0, —a)) -

Proof. The metric variation for analytic torsion is local by the gluing formula in [LES10]
and hence the metric anomaly formula of Briining-Ma in[BRMA06] holds also in case

of manifolds with isolated conical singularities away from the variation region, so that
(2.16) applies to (C(N), g, gpr)-

_|RS
log( | ||(C(N),E;gpr) )_10 (Ww>+logT(C(N),E;g)

H ’ ”det Hk(C(N),E),g

=logT(C(N),E;g) + % rank(E) /NBl(gN).

The claim follows by Theorem 6.5. U

7. ASYMPTOTICS OF THE NEW TORSION-LIKE SPECTRAL INVARIANT

Analytic torsion defines a topological invariant of an odd-dimensional closed oriented
Riemannian manifold with a flat Hermitian vector bundle. In even dimensions, analytic
torsion is trivial as a consequence of Poincare duality. Theorem 6.5 identifies the contri-
bution of a conical singularity to analytic torsion in terms of a new torsion-like spectral
invariant of the even-dimensional cross-section, which is non-trivial despite Poincare
duality and deserves an independent definition.

Definition 7.1. Let (N",¢") be an even-dimensional closed oriented Riemannian
manifold and (Ey, Vy,h) a flat flat complex Hermitian vector bundle. Denote by

Ay ca,n the corresponding Laplacian on coclosed k—differential forms QCCI(N ,En). Put
ar = (n—1)/2 — k and define

V(77> = \/ n + &%7 for n € Ek = SpeCAk,ccl,N\{O}a
G (s, o) := > m(n) (v(n) £ax)™",  Re(s) >0,

neEy
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where m(n) denotes the multiplicity of 7 € Ej. Then the "torsion-like” invariant
Tors(N, En; gVV) is defined as

n/2—1

Tors(V, Exig™) = 5 30 (<1 (G0, 00) — (0, ~a1) =
k=0

—_

3

(=1)" G (0, ).
0

N | —
ol
I

We study the asymptotic behavior of Tors(N, E; ¢™V) under scaling of ¢, employing
the perturbation analysis by Gambia-Mushiest-Solo min in [GSMS83]. Let A be an
elliptic non-negative self-adjoint differential operator of second order over a closed Rie-
mannian manifold (N, g"V) acting on sections of a Hermitian vector bundle E. Consider
the square root A, := VA + a2, which is a self-adjoint pseudo-differential operator
of first order. Following the arguments of [GSMS83, Corollary 1] we arrive at the
following result.

Theorem 7.2. The zeta-function of (A, + «) is analytic for Re(s) > —(dim N + 2)
with the following expansion ( K =dim N + 2 )

K-1

C(s, Ap + ) = ((s,An) + Z of (s, a) + o R (s, ),
k=1

where Xk (s, a) is holomorphic and Ry, 0sZx are locally uniformly bounded in o, and

|
—

k k
T(s,0) = (=1) C(s+k,Ad) | (s + 7).

J

Il
=)

We now can prove the main result of this subsection.

Corollary 7.3. The zeta-functions of (A, + «) are reqular at s =0 and

d
C(s,Aq + @) — T

7 ((s,Aq —a) =0(a), a—0.

0

0

Proof. Theorem 7.2 implies for K = dim N + 2

(s, Ap + ) — (5, Ay — ) = i 208 T (s,a) + o (B (s, a) — Zx (s, —a))).

k=0, 0dd

The term (Zk(s,a) — Zk(s,—a))), and also its Os-differential, are both regular at
s = 0 and locally uniformly bounded in o € R. Hence it remains to analyze the terms
(s, ). Repeating the arguments of Theorem 7.2 now for (A + a?) as a perturbation
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of A, we find

%(s,a)z(((s+k),A+a2><( kk_lsﬂ)
oo () (52 B (5 )
x <<—pl!)p’ﬁ ((@Lﬁ +j)> +@F<(s+n>/z,a>] ,

Jj=0

Again, the term @F and also its Os—differential, are both regular at s = 0 and locally
uniformly bounded in o € R. The zeta-functions (((s + k)/2 + j, A) are meromorphic
possibly with simple poles at s = 0, canceled by the additional s-factor in (7.1), so that
Tk(s, ) is regular at s = 0 and its derivative at s = 0 is locally uniformly bounded in
a € R. The statement now follows. OJ

We close the section by deriving the scaling behavior of the torsion-like invariant
(Theorem 2.12), combining of Theorem 7.2 and Corollary 7.3.

Theorem 7.4. Let (N™, ") be a closed oriented Riemannian manifold of even dimen-
sion and (Ex, Vi, h) a flat complex Hermitian vector bundle. Let g™ (1) == p= 29", €
R* and denote by Agcan(p) the corresponding Laplacian on coclosed k— differential
forms QF (N, Ey). Put oy, = (n —1)/2 — k and define

V(n) =V n+ O[i, for n e Ey = SpeCAk,ccl,N\{O}v
G (s, Fag) i= > m(n) (v(n) £ )™, Re(s) >0,

nEEy

where m(n) denotes the multiplicity of n € Ey. Then the associated family of "torsion-
like” invariants Tors(N, En; g™ (1)) admits the following asymptotic behavior as j — oo

n/2—1

Tors(V. By g™ (1)) = 5 3 (<1F (6hc(0. a0, 2) = Gy (0., 1)) = O (%”) -
k=0

Proof. Write A for the coclosed Laplacian on QF (N, Ey) associated to g"v. Put a(u) :=
app~t and consider Aq(y in the notation as fixed before. By definition, Ay can (i) =

p2A, and consequently, SpeCAkychN(u) = pu?SpecA. Hence

Crov (8, T, 1) = (s, Ay £ a(p)).
Taking derivatives at s = 0 we obtain

d

E Ck,N(Ov :l:aka ,u) = - 108;# ' C(O, Aa(u) + O‘(,u)) + C/ (07 Aa(,u) + Oé(:“)) .
s=0
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Theorem 7.2 and Corollary 7.3 assert that as 1 — oo

0, Auy + (i) — (0, Ay — au) = O (1) |

€0, Augy + (i) — (0, Augy — ) = O (1) .

This proves the statement. O
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3 The deformed integration contour %j.
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