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Exercise 25. (4 points)
For x ∈ Rn r {0} let

G(x)

{

1
2π

log ‖ x ‖, n = 2

− 1
(n−2)ωn‖x‖n−2 , n ≥ 3,

where ωn = vol(Sn−1). Then G(x) is locally integrable. Let δ be the δ- distribution.
Show that

∆G = δ.

(G is called fundamental solution).

Exercise 26. (2 points)
Let (X, g) be a compact Riemannian manifold. Let

∆: C∞(X) → C∞(X)

be the Laplace operator.
Let λ ∈ Cr [0,∞). Show that for k > n(n+ 1), (∆− λ)−k is an integral operator with a
continuous kernel K(x, y).
Describe the kernel explicitly in terms of the spectral resolution of ∆.

Exercise 27. (4 points)
Let v1, ..., vn ∈ Rn be a basis.
Let

Λ = Zv1 ⊕ · · · ⊕ Zvn.

Then Λ ⊂ R
n is a lattice. Let

T : = R
n/Λ.

Then T is an n-dimensional torus. Equip T with the metric induced from R
n and let ∆

be the corresponding Laplace operator.
Let

Λ⋆ = {µ ∈ R
n : 〈µ, λ〉 ∈ Z, ∀λ ∈ Λ}

be the dual lattice.
For µ ∈ Λ⋆ let

ϕµ(x) =
e2πi〈µ, x〉
√

vol(T )
.

Show that {ϕµ}µ∈Λ⋆ is an orthonormal basis of L2(T ) consisting of eigenfunctions of ∆.

Exercise 28. (2 points)
Let (X, g) be a compact Riemannian manifold with nonempty boundary ∂X . Let ∆ be
the Laplace operator of X . Consider ∆ as operator in L2(X) with domain C∞

c (X):



Let
∆D : dom(∆D) → L2(X)

be the selfadjoint extension of ∆ with respect to Dirichlet boundary conditions. Then

dom(∆D) = H2(X) ∩H1
0 (X)

where
H1

0 (X) = {f ∈ H1(X) : f |∂X = 0}.

Show that ∆D > 0.


