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Exercise 21. (2 points)
Let P € VDO,,(R™). Assume that P is elliptic in the sense that

AM > 0,A>0V(z,&) e R" xR": || £||> M = |a(z,&)| =A™ .
Construct Qo € VDO _,,,(R™) such that
PQy=1d+FE;, QyP =1d+E,,
where Ey, By € VDO_1(R™).
Exercise 22. (2 points)

Let 27 be a Hilbert space and T': 7 — ¢ a bounded linear operator. Show that the
following conditions are equivalent:

1) T is a Fredholm operator.

2) dimker 7', dimker 7 < oo and T is bounded from below, i.e. there exists € > 0 such
that
Vo € (ker T)*:: ||T(2)| > el|z]|.

3) T*T is a Fredholm operator.

Exercise 23. (3 points)

Let a,b € R, a < b. Let D = i%. Consider D as operator in L?*(a,b) with domain

2(D) = C®(a,b). Let D be a selfadjoint extension of D with domain 2(D) > 2(D).
Show that there exists A € S* such that

(D) ={f € H'(a,): f(b) = Af(a)}
Exercise 24. (3 points)
Let 57 be a Hilbert space, ¥ C ¢ a dense subspace and
A9 — H
a linear operator. Recall that A is called symmetric if
Ve,y € 9: (Ax,y) = (x, Ay).
Prove the following statements:

a) If A is symmetric, then A is closable. Let A be the closure of A. Then A is also
symmetric.

Hint: Show that A* is a closed operator and A C A*.

b) Assume that A is symmetric. Let B D A be a symmetric extension of A. Then
B C A~

c) Let A be selfadjoint. Then A is closed and A has no nontrivial symmetric extensions.



