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The Hodge *-operator

Let (V, (-,-)) be a Eucledean vector space of dimension n. The inner product (-, -) induces
an inner procuct in APV by
(UL A Avpwy A=+ Awy) = det (3, w;)7 ;) -

Let e1,...,e, € V be an orthonormal basis of V. Let V be oriented by (eq,...,e,). The
operator x: APV — A""PV is defined by

*(eil FANKIIIAN eip) = 62‘17___71'1)7]‘17.“7%7176]‘1 A A Gjnfp,
where {j1, ..., Jn—p} = {1, ..., n} \ {t1,....4,} and

. ]_.p(p+1)..n
521,...,2p,]1,...,]n—p = S1gn ( il RPN ipjl c 'jn—P .

Exterior and inner multiplication: For v € V' let £: A*V — A*V be defined by
e)p=vANp, peAV.
Let i(v): A*V — A*V be the adjoint of ¢, i.e., we have

(e, ) = (p,i(v)y), Vo, e AV

Exercise 13. (2 points) Show that

1. On APV one has *+ = (—1)P("=P) Id.

2. (v,w) = *(v A *xw) = *(w A *v), v,w € APV.
Exercise 14. (2 points)

Let (M, g) be an oriented Riemannian manifold. Let (-,-) be the inner product in A?(M),
which is induced by the Riemannian matric. Show that

{0, ) Z/MsM*z/_z

for all ¢, € A2(M).
Hint: Use Exercise 13, 2), and *(1) = dy, (the volume form).
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Exercise 15. (3 points) Let d\: AP(M) — AP~'(M) be the formal adjoint operator of d,,.
Show that
df = (—1)"PH T s d s

Hint: Use that [, dw = 0 for all w € A?~'(M). (This follows from Stoke’s theorem)

Exercise 16. (3 points) For £ € T*(M), let i(£): APT(M) — AP~'T*(M) denote the
interior multiplication by &. Show that the principal symbol o4« of d* is given by

O gx (SL’, f) = _Z<§)



